ABSOLUTELY CONTINUOUS SOLUTIONS FOR CONTINUITY EQUATIONS
IN HILBERT SPACES
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ABSTRACT. We prove existence of solutions to continuity equations in a separable Hilbert space.
We look for solutions which are absolutely continuous with respect to a reference measure v which
is Fomin—differentiable with exponentially integrable partial logarithmic derivatives. We describe a
class of examples to which our result applies and for which we can prove also uniqueness. Finally,
we consider the case where ~ is the invariant measure of a reaction—diffusion equation and prove
uniqueness of solutions in this case. We exploit that the gradient operator D, is closable with
respect to LP(H,~) and a recent formula for the commutator Dy Py — P D, where P, is the transition
semigroup corresponding to the reaction—diffusion equation, [10]. We stress that P; is not necessarily
symmetric in this case. This uniqueness result is an extension to such « of that in [I2] where v was
the Gaussian invariant measure of a suitable Ornstein—Uhlenbeck process.

RESUME. On démontre 'existence d’une solution de quelques équations de continuité dans un
espace de Hilbert séparable. On s’interesse aux solutions absolument continues par rapport a une
mesure de reference v que 1’on suppose dérivable au sens de Fomin et ayant les derivées partielles
logarithmiques exponentiellement intégrables. On décrit une classe d’exemples a qui nos résultats s’
appliquent et dont on peut aussi montrer 'unicité. Finalment on consideére le cas ou -y est la mesure
invariante d’une équation de réaction—diffusion dont 1’on prouve 'unicité des solutions. On utilise le
fait que le gradient D, est fermable dans LP(H,~) et aussi une récente formule pour le commutateur
Dy P,—P,D,, P, étant le sémigroupe de transitions qui corréspond a 1’équation de réaction—diffusion
considerée [I0]. On souligne que dans ce cas P; n’est pas nécessairement symétrique. Ce résultat
d’unicité est une extension de celui obtenu dans [12] ou v été la mesure invariante Gaussienne d’un
processus de Ornstein—Uhlenbeck approprié.

1. INTRODUCTION

We are given a separable Hilbert space H (norm |- |g, inner product (-,-)), a Borel vector field
F :]0,T] x H— H and a Borel probability measure ( on H. We are concerned with the following
continuity equation,

T
/ / (Dyu(t,z) + (Dyult, z), F(t,2))] vi(d) dt = — / u(0,2)C(dx), VueTCln (L)
0 H H

where the unknown v = (v¢),¢[o,7 is a probability kernel such that 1y = (. Moreover, D, represents

the gradient operator and SVCI}’T is defined as follows: let ?Cf and ?C{f, for k € NU {00}, denote
the set of all functions f : H — R of the form

f(x):f«hl?x)f"7<hN7$>)7 reH,
where N € N, fe C{f(RN), CE(RN) respectively (i.e. fhas compact support) and hi,--- ,hy €Y,
where Y is a dense linear subspace of H to be specified later. Then &"C{;“T is defined to be the
R-linear span of all functions w : [0,7] x H — R of the form

u(t,z) = g@t)f(z), (t,z)€(0,T]x H,
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where g € C1([0,T];R) with g(T) =0 and f € FCF. Correspondingly, let V?CQT be the set of all
maps G : [0,7] x H — H of the form

N
G(t,z) =Y uilt,x)hi, (t,z) € [0,T] x H, (1.2)
=1

where N € N, uq,--- ,uy € ?C{:T and hi,--- ,hy €Y. Clearly, FC;7 is dense in LP([0,T) x H,v)
for all finite Borel measures v on [0,7] x H and all p € [1,00). VFCF denotes the set of all G as in
with u; € ?C{f’T replaced by u; € ?Cf. Of course, all these spaces FCF, S’C'(’f, ?C{;T, VS"le,
V?C,ﬁT depend on Y. But since v in Hypothesis [1| below will be fixed and hence the corresponding
Y defined there will be fixed we do not express this dependence in the notation.

It is well known that problem in general admits several solutions even when H is finite
dimensional. So, it is natural to look for well posedness of within the special class of measures
(Vt)tefo,r] which are absolutely continuous with respect to a given reference measure . In this case,
denoting by p(t,-) the density of v with respect to ~,

vi(dx) = p(t, x)y(dx), t€[0,T],
equation (|1.1]) becomes

T
/ /H [Diu(t, z) + (Dgu(t, z), F(t,x))] p(t, ) y(dx) dt
° (1.3)

= —/ u(0,x) po(x)y(dx), Vue H’C;f.
H

Here po := p(0, -) is given and p(t,-), ¢t € [0,T], is the unknown.
In this paper we prove existence and uniqueness results for solutions to (1.3]).
Our basic assumption on 7 is the following

Hypothesis 1. 7 is a nonnegative measure on (H,B(H)) with v(H) < oo such that there exists a
dense linear subspace Y C H having the following properties:
For all h € Y there exists By, : H — R Borel measurable such that for some cp > 0

/ €Ch|5h‘ d’}/ < 00
H

/ahudvz—/ B d,
H H

where Opu denotes the partial derivative of w in the direction h.

and

Assume from now on that ~ satisfies Hypothesis

Remark 1.1. It is well known that the operator D, = Fréchet—derivative with domain CT’C’I} 18
closable in LP(H,~) for all p € [1,00), see e.g. [1. Its closure will again be denoted by D, and its
domain will be denoted by WP(H, 7).

Let D} : dom(D}) C L*(H,~; H) — L?(H,~) denote the adjoint of D,.

Lemma 1.2. VFC} C dom(D?) and for G € VFC}, G = SN | ush; we have

N
DG == (Onui + Bpui)-

=1
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Proof. For v € ff"C’,} we have

N
Dy, G)gdy = /8ivuid’y
/H< VH ; O
N N
= On,; (vug) dy — /v@iuid’y
;/H i (v i) ; VO

N
= —/ v Z(@hluz + Bhluz) dry.
H =
OJ OJ

We stress that if H is infinite dimensional, 3, is typically not bounded and not continuous. Here

are some examples. For G as in Lemma below we sometimes use the notation

N

div G := Z@hiui.

i=1
Example 1.3. (i) Let @ be a symmetric positive definite operator of trace class on H and ~ :=
N(0,Q), i.e. the centered Gaussian measure on H with covariance operator (). Assume that ker
Q@ = {0} and let Y be the linear span of all eigenvectors of ). Then Hypothesis [1|is fulfilled with
this Y and for h € Y, h = ajhy + -+ - + ayhy with Qh; = A\, 'h;, we have

N
Bh(x) = —Zai)\i<hi,x>H, xr € H.
=1

This, in particular, covers the case studied in [I12], where only uniqueness of solutions to (|1.3) was
studied.
(ii) Let H := L*((0,
We recall that N (0,

1),d¢) and A := A with zero boundary conditions.

2(—A)"H((C([0,1];R)) = 1. Define for p € (2,00) and «a € [0, 00)
1 _ap1y, _

Y(da) = ¢ v Jo [2OFIE £ 1 (—A) 1) (da),

where
o 1
7 = /Hep Jo lz(€)Pde N(O, % (—A)fl)(dx).

Then with Y as in (i) for @ = 4 (—A)~! we find for h = a1h1 + -+ + anhy as in (i)

N 1
(o) = = o (Ml +a [ IO I(OP 2 2(©)ds)  for NOJ () ) ve v
i=1 0
(1.4)
and obviously also the exponential integrability condition holds in Hypothesis
(iii) Let H and A be as in (ii) and let v be the invariant measure of the solution to
dX(t) = [AX(t) + p(X(¢))]dt + BdW (t),
(1.5)

X(0)=z, =z€H,

where p is a decreasing polynomial of odd degree equal to N > 1, B € L(H) with a bounded inverse
and W is an H—valued cylindrical Wiener process on a filtered probability space (Q, F, (F;)¢>0, P)
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(see [II]). Then it was proved in [II, Proposition 3.5] that Hypothesis [1] holds with Y := D(A),
where A is as in (ii) above except that each 3, was only proved to be LP(L?(0,1),~) for every
p > 1. More precisely, it was proved (see [11} eq. (3.17)] ) that for all h € D(A)

1

p
/ Balrdy) < Colanl, Vp>2,
£2(0,1)

where C), is the constant of the Burkholder-Davis-Gundy inequality for p > 2 which (when proved
by It6’s formula) can easily be seen to be smaller than 12p if p > 4. For the reader’s convenience
we include a proof in Appendix B below. Hence, because for all n € N by Stirling’s formula

n

1 1
1 " 1 1 \*" 1 1
—12mam ) <120 ———n T r e ) =12 ———= ) emmIm 12 asn — oo,
(n! > - <\/27r ) <v27r>
we have for all € € (0, (12¢|Ah|)~1),h € D(A)\ {0},

[e.e]
1
/ eIPnl gy < E —€"12" n"|Ah|" < cc.
L2(0,1) "0 n:

So, for any ¢, € (0,(12e|Ah|)~1), exponential integrability holds for |3;| and Hypothesis [1] is
satisfied.
Define for an orthonormal basis {e;, i € N} of H consisting of elements in ¥ and N € N

Hy :=lin span{ey,...,en}

and let IIy : H — EN be the orthogonal projection onto Ey := H]%[, where H]Jg is the orthogonal
complement of Hy, i.e.
H=Hy ® Eyx =R x Ey, (1.6)
hence, for z € H, z = (x,y) with unique z € RY, y € Ey.
Letting vy := v oIIy' be the image measure on (Ex, B(Ey)) of v under ITy. Then we have the
following well known disintegration result for ~:

Lemma 1.4. There exists Uy : RNV x Ex — [0,00), B(RY x Ey)-measurable such that

y(dz) = y(dz dy) = U3 (z,y)dz vy (dy), (1.7)
where dx denotes Lebesque measure on RN . Furthermore, for everyy € Ey
\IIN('ay) € HLQ(RNadx)a (18)

i.e. the Sobolev space of order 1 in L*(RY dx).
Proof. See [2], Proposition 4.1]. O O

We have by Hypothesis (1] ! that for all 1 < i < N there exists ¢; € (0,00) such that

oo > / CZ|551d7—/ / eCilBe; () g2 y(z,y)dz vy (dy)
Ex JRN

(1.9)
= [ [ e [ W () B, y>H W, (2, )z v (dy).
En JRN
where we used that for 1 << N
)
Be(,y) = o U2 (2,9) /9% (2, y), (x,y) e RN x Exy = H, (1.10)
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which is an immediate consequence of the disintegration ([1.7]), and the right hand side of ((1.10]) is

defined to be zero on {¥x = 0}. Hence
9 \I/?V(x,y)/\lf%v(:n,y)u U3 (z,y)dx < oo for vy-a.e., y € Ey (1.11)

ex C;
/RN P |: t 833‘1

Define for M,l € N and (x,y) € RN x Ex(= H)

Unari(e,y) = Un(z,y) if UX (-, y)is C?, strictly positive and bounded
and otherwise
Unar(@,y) = (U (2, y) A M Vv M2, (1.12)
1/2
Unarg(@,y) = (Vi () * 6) / (), (1.13)

where §;(z) = [Vn(lz), € RN, n € Cg°(RY) with support in the unit ball, n > 0, n(z) = n(—=z),
z € RN, and Jgxndz = 1). We note that then clearly Wy ri(z,y) > M~! for all z € RN,
Obviously,

O ‘I’?V,M,l('vy) _ e, ‘P%V,M('vy)
\II?V,M,Z(Wy) \II?\/,M('?y)

Concerning F' in we assume for v and Y given as in Hypothesis
Hypothesis 2. (i) F:[0,T] x H — H is Borel measurable and bounded.

in L}, (RN dx)asl — oo, Vy€ Ey, 1<i<N.  (1.14)

(i1) There exists an orthonormal basis {en, n € N} of H consisting of elements in'Y such that
for every N € N and vy a.e. y € En

(Please see the “Note added in Proof” after the acknowledgement).

€ L. (RN, dx) (1.15)

(iit) There exist F; : [0,T] x H — H, j € N, such that for some N; € N increasing in j,

N
Fi(t,z) =>_ fij(t,x)ei, (t,x) € [0,T] x H,
=1

(with e; as in (i)), where for 1 <i < Nj

fij<t7 .%') = J};j(t? (<1‘, €1>7 A <$7 eNj>))
with ﬁj € Cy([0,T] x RNi;R) and ﬁj(t, ) € C2(RN3;R) for all t € [0,T)] such that all first and all
second partial derivatives are in C([0,T] x RNi;R),

lim F; = F dt ®y-a.e.

j—o0

Sup [Fjlloo < o0,

JE€

30 > 0 such that M := sup CF,(5) < oo,
JEN

where Cr,(0) := [5 Cr;(d,y) v, (dy) and
J

T « . +
CFj(d, y) = sup / (/N 65(DNJ-,M,1FJ(t,r,y)) _ 1) \Il%vj,M,l(x7y) dx dt,
M,eNJo RN
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with

Mg

0
D i 5t (azfu (02 + £0:2) 5o W ale0) W anse) ) - (116)

=1

Remark 1.5. We shall see in Example [2.9} ﬂ below that Hypothesis (ii) is trivially fulfilled in
Examples [1.3|(i) and (ii). Whether it holds in Example |1.3(iii) is an open problem (see Remark
below) and will be a subject of further study.

Here is an abstract condition which ensures Hypothesis [2. Some concrete examples will be given
later.

Proposition 1.6. Let vy be a nonnegative measure satisfying Hypothesis 1; let U (z,y) be defined
by (1.7). Let A : H — H be a posz’tz’ve selfadjoint Hilbert-Schmidt operator with Ae, = €,e,, for
a sequence {€,} such that > °0 | €2 < oco. Let F : [0,T] x H — H satisfying the conditions below.
Assume:

i) Un (-,y) is of class C? (RN), bounded and strictly positive for all y € Ey
ii) F' = AFy, where Fy : [0,T] x H — H is uniformly continuous and bounded
iit) (divergence bounded from below) for some constant C > 0

N
Z@en (F (t,x),en) > —C for every N and x € H

iv) for some constants 6 > 0

/ T enlBen @y (dg) < 00
H
Then Hypothesis 2 is fulfilled.

Proof. Step 1 (definition of Fy). In the verification of Hypothesis 2 we shall take N; = j hence,
for simplicity of notations, we use N in place of j. For every n,N € N with n < N define
o8 fan 1 [0,T] x RN — R as

N
fg,N (twrlv 75UN) - <F0 <t7zxzez> 7en>
i=1
~ N o~
fan (tx1, .. aN) = <F (t,Za:i@) ,en> = enf,?’N (t,z1,....,TN) -
i=1

For every N € N, let %V : RV — R be a smooth probability density with support in the unit ball
of center zero and for every § > 0 set

oY (z) =6 NoN (5_133) .

Let (dn) be an infinitesimal sequence. Define f27N, fan 1 [0,T] x RY - R as
fon (e wn) = (08, PO (69)) (21, s)

S (b, ) = (85, # Jav (6)) (@1, o8) = nfy (621, 28)
Then define

anN (z,e1) .y (T, en)) €n

The structure and regularity of Fy (¢, 1‘) are obviously satisfied.
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Step 2 (convergence of Fy). We prove here that the sequence of functions Fy (t,z) converges
pointwise to F' (¢t,x). Let (t,z) € [0,T] x H be given. From the inequalities

0o 2

anN (@,€1),o0s (m,en)) en — Y (F én
n=1 H
N 00
Z Fan (& (@ e1) s (en)) = (F (82) e0)) +2 Y (F(t,2),eq)°
n=1 n=N+1
N %)
<9 Z (8, (@ e1) oo (o)) — (Fo (t,2) sen))” + 2| B2 Y €
n=1 n=N-+1

and the convergence of > o0 ; €2 < oo we see that it is sufficient to prove

lim sup (an( (w,e1),....{(w,en)) — (Fo (t,x) a€n>)2 =0.

N—>oon<N

Since (a priori we have to write lim sup instead of lim)

N 2
i (5 (135 eee) ) - )

N N 2
SJ\}I_I;HOOH:I< (t,; T, e;) 1> Fy (t,z),e >

2
( Z x, e’L z) Fy (t l‘)

because of the uniform continuity of Fj, we see it is sufficient to prove that

N N 2
]\}gnoo ( n07N (t,(x,e1), ..., (z,en)) — <F0 (t,Z(w,eﬁ e7;> ,en>> =0.
n=1 =1

Denote <F0 (t, Zf\il (x,e) ei) ,en> by hn n (t,x). We have

=0
H

N 2
<F0 (t,Zx;ei) ,en> — hpn (t,z)| do..dxy

/ /
d$1d$N

A
VR
\.(‘!-
M=
@8%

D
~___—
|
=
Y
\’PF

i
w®
D
&L
~_—
(V)



Since 6V has support in the unit ball of center zero, 9(]5\]7\[ has support in the ball or radius ény and
center zero. Denoting by 7y the numbers (related to modulus of continuity)

N N
Fo <t7zw;€i> — ko <t,z (2, €) 61')‘
=1 i=1

Z\fﬁN (@,1) oy (m,8)) = o (1, 2)]7 < 1

NN = sup
|Zf\]:1 x;ei_sz\r 1{@.e 51|H<6N

we have

Since oy — 0 and Fy is unlformly continuous, we deduce 77?\7 — 0 and the proof is complete. The
proof of the equi-boundedness of the family Fi (¢, ) is similar (we only sketch the main steps):

N
|FN (tax)|12LI = Z (fn,N (tv <$761> PR <.7},€N>))2

n=1

) S
6721 ( n,N (ta <.%', 61> y ooy <$,€N>)) < HF()Hio ZGEL

[
WE

1

n

Step 3 (exponential bound). Finally, let us check the last condition of Hypothesis 2. Since
Uy (+,y) is of class C? (RY) and bounded, we can take Uy a7 (z,y) = Un (-,y). If Gy (z) =

SNy (%) en, then, with the notations used above,

Dy argGn (2,y) Z (O, tn (7) + un (7) Be,, (x,)) -
n=1

Hence
Dy, MlFN (t, (z,y))

:_Z aenan 13 6l> <x76N>)+fn,N (t7 <$a61>""7<$’eN>)Ben (x,y))

< - (9(]5\][\, * Zaenﬁ,N (ta )) (<3§‘,€1> :L' 6]\[ + Zen ‘an ZL‘ 61> <x7€N>)‘ |ﬁ6n (l’,y)|

n=1 n=1
But
N N N N
Zﬁenfn,]v (t,z1,....,oN) = Z@en <F <t,Zmiei> ,en> > -C
n=1 n=1 i=1
hence
N ~
- (9(]5\][\/ * Zaenfn,N (tv )) (<l’,€1> 3oy <$76N>) <C
n=1
And N
}fg,N (t, <QZ, 61> IRRED <$a eN))’ < ‘(0(]5\1[\; * fg,N (ta )) (<$7 61> ERRED) <l’, 6N>)
N
< / Hfi\zfv (cony (m,€5) — , ) ‘<F0 (LZ%@) ,en> dz...dz'y < || Follo
RN i—1
Summarizing,
N
Dy arFn (t, (2,9)) < C + |Folloe Y €n |Be, (2,1))
n=1

8



and thus, finally,

T
sup / sup </ / PN N B@I G2 () dxdt) vy (dy) dt
NeNJEy MjleN \Jo JRN T

ST/ CHP o S enlBen @]y, (d2) < o0
H

for some 6§ > 0. O O

Definition 1.7. Let pg € L'(H,v)). A solution of the continuity equation (1.3) is a function
p € LY0,T; L*(H,~) such that p(0,-) = po and (1.3) is fulfilled.

If poIn pg € L*(H,~), in Section 2, we shall prove existence of a solution of (I.3)) by introducing
the following approximating equation, where F is replaced by (F}) (fulfilling Hypothesis [2) and pg
by pj0, where (p;jo) is a sequence in FC}, converging to po in L*(H,7):

T
| [ Dtt.) + (Dault ), E )] py(t.0) 1)
o (1.17)

—— [ w02 pio(on(do), ¥ ueTChy,
H

which has a solution p; since Fj is regular. Then we shall show that a subsequence of (p;) converges
weakly to a solution of . In Section 3 we prove uniqueness of solutions to (|1.3|) for a whole class
of (non—Gaussian) reference measures v based on an infinite dimensional analogue of DiPerna—Lions
type commutator estimates (see [14]).

We present a whole explicit class of examples to which our results apply, i.e. for which we have
both existence and uniqueness of solutions to (1.3)) (see Example below).

To our knowledge, earliest existence (and uniqueness) results for equation concern the case
where H is finite dimensional and the reference measure is the Lebesgue measure, see the seminal
papers [14] and [3]. If H is infinite dimensional and +y is a Gaussian measure, problem has
been studied in [4], [16] and [12]. In [I7] also non—Gaussian measures, 7, e.g. Gibbs measures were
studied. However, only in the case where F' does not depend on t. A very general approach in metric
spaces has been presented in [5], but under the assumption div.,F" is bounded. Our assumptions
for getting existence of solutions, however, do not require div,F' to be bounded and our uniqueness
results include cases where the reference measure v is not Gaussian and not even Gibbsian, i.e. the
smoothing semigroup P, is not symmetric on L2(H, 7).

We finish this section with some notations and preliminaries. B(H) denotes the set of all Borel
subsets and P(H) the set of all Borel probabilities on H. A probability kernel in [0,T] is a mapping
[0,T] — P(H), t — p, such that the mapping [0,7] — R, t — u:(I) is measurable for any
I € B(H). L(H) is the set of all linear bounded operators in H, Cy,(H), Cy(H; H) the space of all
real continuous and bounded mappings ¢: H — R and ¢: H — H respectively, endowed with the
sup norm

l¢lloo = sup |p(z)],
zeH

whereas C’f(H ), k > 1, will denote the space of all real functions which are continuous and bounded
together with their derivatives of order less or equal to k. By(H) will represent the space of all
real, bounded and Borel mappings on H. Moreover, we shall denote by || - ||, the norm in LP(H,~),
p € [1,00]. For any z,y € H we denote either by (x,y) or by x -y the scalar product between
x and y. Finally, if (e;) is an orthonormal basis in H we set x;, = (x,ep) for all x € H and
Ghn = (G,ep), h €N, for all G € L?>(H,v; H). Finally, we state a lemma, needed in what follows,
whose straightforward proof is left to the reader.
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Lemma 1.8. Assume, besides Hypothesis that F € dom (D) and ¢ € CL(H). Then ¢F € dom
(D) and we have

Di(pF) = ¢ Dy(F) — (Dgp, F). (1.18)

2. THE MAIN EXISTENCE RESULT

First we notice that if F' € dom (D?) then a regular solution p to ([1.3]) solves the equation

(2.1)
p(07) = P0,

and vice-versa. In fact, since for all u € ?CZ}T

T T
/ Dyu(t, x) p(t,x) dt = —/ u(t,x) Dp(t, z) dt — u(0,2)p(0,2), =€ H, (2.2)
0 0

and (thanks to Lemma |1.8)

[ (Datt2). Ft.2)) plt.2)2(d0) = [ (Dult ). plt, ) F(t,2)) ()
H

H

— [ a(t.) D3P t,5)(d) = [ ulta) ) DL () (do) (2.3)
H H

- / u(t, ) (Daplt, ), F(t,2)) 1(de).
H
Clearly (2.2) and ({2.3]) imply that (1.3)) is equivalent to

T
| [ ut.o) = Dip(t.) + DF(t,2)pt. ) ~ (Daplt ). Fit.) 1) e =0,
0 JH (2.4)
0(07 ) = Po,
for all u € ?Cl}jT. By the density of V&"C&T in L2([0,T] x H,dt ® dvy) we obtain (2.1).

Theorem 2.1. Assume that Hypotheses [ and[q hold. Let ¢ := po -~y be a probability measure on
(H,B(H)) such that

/Hpo In pg dy < o0. (2.5)

Then there exists p : [0,T] x H — Ry, B([0,T] x H)-measurable such that vi(dx) = p(t,z)y(dx),
t € (0,71, are probability measures on (H,B(H)) such that (1.1) (equivalently (1.3)) holds. In

addition,
T
/ / p(t,z) Inp(t, ) y(dx) dt < oo. (2.6)
0o JH
Proof. By disintegration we shall reduce the proof to the case H = RM and by regularization to
Corollary in Appendix A. Let {e,, n € N} be the orthonormal basis from Hypothesis (ii)

Case 1. Suppose first that F' : [0,7] x H — H is as an Fj from Hypothesis (iii), po € FCE,
po = 0.
10



Hence for some N € N (which we fix below and shall no longer explicitly express in the notation
below, i.e. write Wy a7 as Wz, E instead of Ey, etc.)

N
=Y filt,x) e, (t,x) €[0,T) x H, (2.7)
=1

where for 1 <i < N,
filt,z) = fi(t, {er, ), ..., (en, @)
and
po(x) = po((e1, ), ..., (en, )

with pp € C}(RY) and fl as in Hypothes1sl (iii)
Then by Corollary [A.2| applied with ¥ = ¥2, ( y), we know that

pani(ts (2,9)) = po(€(T, T — t, x)) o Ding FA—w@T—uT=tlu)du (4 0y ¢ [0,T] x RN, (2.8)

where (see Lemmdl.2] and (1.16])

N
DiniFir e.0)) = = 3 (Oufis(ta) + £ (t.0) 5 Whnaoan) Wi} (29)

=1
€ [0,T], z € RV, solves
DtpM,l(t’ (JI, y)) + <F(t7 x)7 Dx/)M,l(t; (x, y))> - DX/[,ZF(tﬂ (.T, y))pM,l(t, ((l:, y)) =0, ( )
2.10
PM,I(07 (ac, y)) = po(ﬂ?).

Since pg has compact support in RY and since F' is bounded, we see from (2.§)) that there exists a
closed ball Kr C RY, centred at zero and radius R > 1, such that

para(t, (y) =0 onRN \ Kp for all (t,y) € [0,T] x E; M,1 € N. (2.11)
Furthermore, rewriting (2.8 as (2.1) one easily sees that for all ¢ € [0, T
| it ) B ndo = [ o) Wi(o.p)de. (2.12)

Below all statements are claimed to hold for v-a.e., y € E.
We need a few further lemmas of which the first is the most crucial, to prove Case 1.

Lemma 2.2. Let ¢ > 0. Then for all1 <i< N,I,M €N
ovi,
/]RN (exp [6 ( axi’ ?W,l) (I’,y)
U2
< [ (o e (G2 w0 ) ]| - 1) wemas (213)
RN L

< [ (e lelfe o) - 1) ¥y de

Proof. Obviously, the left hand side of (2.13)) is equal to

/RN (exp [6 /RN <a§24 /‘ﬁu) (Z,y) U3,(2,y) o1z — &) dE (V3 (2, y)) "

- 1) ‘;[I?W,l(xa y) dx

| 1) st s

(2.14)
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Taking the modulus under the integral and applying Jensen’s inequality for fixed z € R to the
probability measure

\I/?W,l(xv y))il \II?W(ja y) (5[(% - j) dz
and the convex function r — e — 1, » > 0, we obtain that is dominated by

/RN /RN <6Xp [€< a@f ) (z, >] - 1) 3,(%,y) 6 (x — &) di da.

|01l| 1 (mvy = 1, the latter is dominated by

By Young’s inequality and since

[ [|0¥3,
/ (exp € <‘ /03, > (w,y)} - 1) U3, (x,y) de. (2.15)
RN L 8113
Hence the fist inequality in (2.13]) is proved. To show the second we note that
ov?, ov?

axi (7y) = ]1‘{M*1<\1/2(.,y)<]\/[} 875[,‘1(7 y), dr—a.s..
Hence the integral in (2.15)) is dominated by

ov?
/RN Liv-1cwz( y)<mry <6XP [6( oz, |¥ )( )] - 1> V2(z,y) d,
which in turn by (1.10)) is dominated by the last integral in (2.13]) O O
Lemma 2.3. For 6 > 0 let Cp(6) and Cr(d,y) be as in Hypothesis @(m) Then for

C;
6 = 1 f 0 e A
1%?§N N([| filloo + 1)

Cr(d,y) < su // ex Y O, ft,x)
v e ( [ Z A

\112
X exp [(szufzuoo (‘l

and Cp(d) < oo.

Proof. By (1.10)), (1.11)) and convexity of the function r — be® — 1, r > 0, for a,b > 0, this follows
immediately from Lemma and ((1.9). O O

Lemma 2.4. (i) We have for all M €N, t €0,T]

we have

qj?%l) (xay)] - 1) qfﬂﬂl‘,y) dx dt < oo

ov? .
hm DMlF Z |:aezf’t t X +fl(t l‘) ( 6.%'M /\Ij?\/l> (Jf,y):| = DMF(t7 (xay))a
=1 ¢
and
N
Jim Dy F(t, ; [0e, fi(t,2) + filt, 2)Be,(x,9)] = DEF(t, (z.1)),
in L}, (RN dz).

(11) Let pyr and p be defined as ppr; with Dy F replaced by Dy F and D3 F respectively.
Then there exist subsequences (Iy)ren, (Mp)ren such that we have for dz—a.e. x € RN, for all
M eN
kli{glo PM, Iy, (t7 (.T, y)) = pM(t7 (.T, y))? Vie [07 T]
12



and
lim pMk( (z,y)) = p(t, (z,y)), Vte [O’T]'

k—oo

Proof. (i) Obviously, for all M € N by (|1.14])
lim D}leF(ta (7y)) :D}kWF(t7<7y))7 in Ll
l—0o0 ’

loc

(RN, dx), ¥Vt € [0,T).
The second assertion follows, because
ov?
(52 93 ) (o) = Laar san (2(e00) (S

(ii) Fix t € [0,T]. Then for all u € [0, ¢]
x> &T —u, T —t,x)

ov 2

) (7). (2.16)

is a C'-diffeomorphism on RY. Let Dut RN — RN be its inverse (i.e. just the corresponding
backward flow). Then for every K C RY, K compact, and AD}, ,F := |D},F — D}, ,F| we have

//ADMZF(T u, (§(T —u, T —t,x),y) dudx

// ADMZF( u, (z,y)) | det Doy, ()| dz du.
T—u,T—t,K)

Since F' is bounded, there exists a ball Br(0) so that for large enough R > 0, {(T —u, T —t,K) C
Bpr(0) for all ¢t € [0, T]. Hence by Fubini’s Theorem the above integral is dominated by

t
/ / | det D (2)|AD}  F(T — u, (2, 1)) da du. (2.17)
Br(0) Jo ’

The specific dependence of F' on T'— u and the well known explicit formula of det D¢, ¢ (recall ¢y, ¢
is a flow) implies that

t ~
ors [ det Do )| FAT — )
0

is locally bounded on R™, so that (1.14]) can be applied to show that the term in ([2.17)) converges
to zero as [ — oo . So, the first assertion follows. Then also the second assertion follows by (1.15]),

(2.16|) and the same arguments. O O
Lemma 2.5. Let [, M € N. Then for allt € [0,T] and § > 0

[ paaa(t () (. () = 1) Wy o) o

< ell [/RN po(2)|In po(z) — 1|¥%, (2, y) dz + Cr(3,y) (2.18)

t t
—|—|ln6]/ po(2) W3, (x, y) da:—l—KR+1|—|-t/ U2(z,y) dx
) RN ’ M RN

where Cp(8,y) is as defined in Hypothesis[d(iii) and |Kgy1| denotes the Lebesque measure of the

ball Kry1 C RY, centred at 0 and radius R+ 1, where R is as in ([2.11)).
13



Proof. Since pyri(t, (,y) has compact support in RY for all (¢,y) € [0,7] x E by the regularity
properties of pys r, stated in Corollary of Appendix A, all integrals below are well defined. Since
M,l € Nand y € E are fixed, for simplicity of notation we denote the maps z — par,(t, (z,y)) and
x = Uari(z,y) by p(t), ¥ respectively. Then for ¢t € [0, 7],

[ oot - 1 v
RN
:/ po(Inpp — 1) \IJQda:—i-/ / Zslo(s)(Inp(s) — 1)] ds U2dx
RN
t
:/ po(lnpol)\IIZd:ch/ /Inp(s)Dsp(s)ds‘ll2da:
RN RN Jo
t
= [ gy~ 0¥z = [ [ (0 Dalp(s) tnpls) — 1)) Wi s
RN 0 JRN
¢
[ Di PG )ols) npls) WP ds
0 JrRN
t
— [ g~ 0@zt [ iy P (p)ols) dwds
RN o JRN ’
t
</ po(lnpo—l)\llzdx—i—/ / [eé(DMlF(S’("y))jL — 1+ %p(s) (ln(%p(s))—l)} W2dx ds
RN 0 JRN

+t/ U2 (z,y) dy,
Kgr

where in the third equality we used ([2.10), in the fourth equality we used Fubini’s theorem and the
definition of Dj,; and finally, in the last inequality we used (2.11)) and that ab < e + b(Inb — 1)
for a,b > 0. Now the assertion follows by Gronwall’s lemma, since by (2.12)

/ para(ts (2,9)) Wy () dr = / po(@) Uy () dz, ¥ € [0,T), (2.19)
RN RN

and since
1
| Waayde < knal+ [ 9 de
Kn M RN
U U

Lemma 2.6. Let M € N, pyriy(t,z) :== pari(t, (z,y)), t € [0,T], x € RN, and ¥y, (x) =
Unri(z,y), € RN, Then {pruy - \If?\/“’y : 1 € N} is uniformly integrable with respect to the

measure x(z) dx dt, where x is the indicator function of an arbitrary compact set in RV,

Proof. Let ¢ € (1,00). Then for all I € N and p; := pary, Y1 := Yy,

T T
/0 /RN Ly uzsey VT xdadt < mlc/o /RN Lz (Inpr + I W7)p U7 x dar di

hw// ]pllnpl\\llldxdt—i- f\f:l/ / U dz dt.
RN



Since rlnr —r > —1, r € [0,00), it follows by Lemma and (2.19)), that both integrals on the
right hand side of the last inequality are uniformly bounded in [ and the assertion follows. [ [

Now we proceed with the proof of Case 1 of Theorem [2.1} It follows by (2.10] - (analogously to

(2-1)—(2.4) above) that for all
u(t,z) := g(t)f(z), te[0,T], zecRY, (2.20)
g € CY([0,T);R) with g(T) = 0 and f € C(RY) that
[ 1Pt a) + Do) P ) a0 W)
(2.21)
== [, u0.2)poe) ¥y (o)

By Lemma [2.4ii) and Lemma[2.6] we can pass to the limit in (2.21)) along the subsequence (Ix)xen
from Lemma 2.4] to conclude that for such u

T
/ o [Dyu(t, z) + (Dyu(t, z), F(t, z))] par(t, (z,y)) O3, (z,y) dz dt

(2.22)
—— [ u(0.0)p0(e) Wy, p) do
RN
We can also pass to the limit in (2.19) to get
/RN o (t, (z,y) O3, (z,y) de = /RN po(x) U3, (x,y),dx, Ytecl0,T]. (2.23)

Furthermore, by Lemma ii) and Lemma [2.5| we deduce from ([2.18)) by Fatou’s lemma that for
allt € [0,7],6 >0

[ pare )i s (o) = 1) ¥y )
< et/d [/ po(x)| In po(z) — 1] \I/%M(CC, y)dz + Cr(d,y) + §| 1116]/ po(z) \I/%/I(m,y) de  (2.24)
RN RN

t
b nal +t [ 0g)dd]
M RN

Taking now the subsequence (Mjy)ren from Lemma instead of M and using exactly analogous
arguments as above, we can pass to the limit in (2.22), (2.23]) and (2.24)) to obtain that for all u as

in (220)

T
| [ Dt + (Dt 0), F @) ol ) 92(0) o d
. (2.25)

:—/ u(0, z)po(z) 2 (z,y) dz,
RN

and for all ¢ € [0,7]

/ plt, (2,9)) O (2, ) dw = / po(z) V(2. y) da, (2.26)
RN RN
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and for all t € [0,T], § >0

Lt ) nptt, (2.) = 1) ¥.9) da
< et/‘s[/ po(z)|In po(z) — 1| ¥*(z,y) dz + Cr(6,y) + §| 1115’/ po(x) W2 (x,y)dx  (2.27)
RN RN

+t /RN T2(z,y) da:]

Taking the special § from Lemma and Cr(d,y) as in Lemma in the situation of Case 1 the
assertion of Theorem now follows easily from the disintegration formula , integrating %
with respect to v and by approximating the functions v in in the obvious way. From ([2.27
we get after integrating over y with respect to v. O O

Remark 2.7. (i) We here emphasize that in the situation of Case 1 we have an explicit formula
for the solution density in (2.25) given by

plt, (1,9)) = po(E(T.T — t,x))e” Jo DRF(T—us(T-wT=ty))du (2.28)

for t € [0,T] and dr—a.e. x € RY with £ given as in Corollary of Appendix A.
(ii) Integrating (2.27)) over y € E with respect to v, from Lemma we obtain that for all
tel0,7],6>0

[ ptadnptta) = )2(an) < | [ ol = 1lay+ Co(6) + sl [ poay a0
H H H

(2.29)
and likewise from ([2.26)) that for all ¢ € [0, T]
| ottorr(@n) = [ pia)atdn) =1, (2.30)
H H
Case 2. Let F}, j € N, be as in Hypothesis |2, Choose nonnegative pg ; € FC} such that
lim po; = po in L'(H,~) (2.31)
j—00
and
sup/ po; Inpg jdy < oo. (2.32)
jENJH

For existence of such po ;, j € N, see Corollary in Appendix C below.
Let p; be the corresponding solutions to (1.1)) with F} replacing F' and ¢ := pg -, which exist by

Case 1. Then by ([2.29) with pj, F}j, po; replacing p, F' and pg respectively, Hypothesis |2 and ([2.30))
imply that

sup sup / pi(t,x) Inp;(t, z) y(dr) < oo. (2.33)
jeN te[0,T] JH

By Case 1 we have for all u € S"Cg’T

T
/ / {iﬁu(tax)+<Dxu(t7x)aFj(t7x)>H Pt x) ~(dx) dt
0 H
(2.34)

:—/ u(0,z) po,j(z)y(dr).
H
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So, by (2.31]) we only have to consider the convergence of the left hand side of ([2.34)), more precisely
only the part of it involving F;. But

/OT/H«DW, F)) it p; — (Do, FYyg p) dydt‘

(2.35)
T T
SHDUIIOO/ /IFj—F\HpjdvdH/ /<F7DU>(pj—p)dvdt
0 H 0 H

Because of the boundedness of (F, Du) the second term on the right hand side of (2.35)) converges
to 0 if j — oco. Let € > 0. Then, by Young’s inequality, the first term on the right hand side of
(2.35) is up to a constant dominated by

T T
/ / eclFi—Fln dry dt + e/ / pjIn(ep;) dvy dt,
o JH o JH

of which the first summand converges to zero as j — oo, since F};, F' are uniformly bounded, while
the second summand is dominated by

T
e/ / pilnp;dydt + elne,
0 H

which can be made arbitrarily small uniformly in j because of (2.33]). Hence putting all this together
we conclude that the right hand side of (2.35|) converges to 0 as j — oo. (2.6]) then follows by weak

lower semi-continuity. Finally from (2.30) and (2.31)) it follows that v (dx) := p(t,x) y(dz) is a
probability measure for all ¢ € [0,7]. Thus Theorem is completely proved.

Remark 2.8. Though the finite entropy condition in the initial measure pg is crucial in the proof
of Theorem it could be replaced by a corresponding assumption with r» — r(Inr — 1) replaced
by another Young fnction (see Appendix C below) and adjusting Hypothesis [2{ii) accordingly. In
particular, we can take e. g. r — P, r > 0, p > 1. Then the exponential integrability condition on
DX F in Hypothesis (iii) can be replaced by an LP -integrability condition with p/ = ]ﬁ. Hence
the solution p to (1.3) would be in LP(]0,T] x H,dt ®y), provided po € LP(H,~y). Therefore, we get
existence of solutions also in the situation of Section 3, provided B in is the identity operator
(see Corollary below). Likewise, e.g. for the Young r — P, » > 0, p > 1, one can relax the
assumption on exponential integrability on 55, h € Y, in Hypothesis |1| by LP(H,~y) integrability.

Example 2.9. Let us discuss Hypothesis [2[(ii) for v as in Example [L.3{ii). In this case we choose
{en : n € N} to be the eigenbasis of A given by

en(§) = \/Z sin(nm€), € €10,1], neN.

Then for A,e, = —Apen with A, := 7212, n € N. Now consider the corresponding disintegration
(T.7). Then N (0,2 (—A)~!) is by independence equal to the convolutions of his projections on Hy
and En respectively. Hence

1 a [ . 1 N)\_1 .
v vor s Rl Gl MCORRTG] PR

where y € En and z(§) = (z,e1)e1(§) + -+ + (x,en)en(§). So, obviously for vy-a.e. y € Ey,
T \I/?V(x,y) is continuous and strictly positive on Hy, since x +y € LP(0,1) =: LP, because
N(0, %(—A)*l)(C([O, 1];R)) = 1. Thus holds. Unfortunately so far we do not know whether
holds in case of v as in [L.3}-(iii). Now consider again the situation of [[.3|-(ii). We are now
going to present a class F' : [0,7] x H — H for which Theorem [2.1]applies: Let f € Cy([0,T] x R; R)

17
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such that f(t,-) € C1(R;R) for every t € [0,T] and there exist K € (0,00), § € (0,p) such that for
f't,r) = fe(t,r)

ftr) = =K+ [r +ofrP™®), ¥ (t,r) €[0,T] xR

Define Fy : [0,T] x L?(0,1) — L?(0,1) by
Fo(t, 2)(§) = f(t,x(§)), £€(0,1), t€[0,T]]
and F : [0,T] x L?(0,1) — L%(0,1) by
F(t,z) = (=A) " 'Fy(t,z), =€ L*0,1), te0,T]. (2.36)

Now we want to check Hypothesis |2] for this type of F'.
Claim 1. For every € > 0 there exists C, € (0,00) such that

N
Z@eiFi(t, z) > —Ce — €(|z[72 +a|x]1£p]), xz e LP(0,1), t € [0,T], N € N,
i=1
where
Fz(t,[ﬁ) = <615F(t71‘)>
Proof of Claim 1. Let z € LP(0,1), t € [0,7]. Then

1
0

N ' N
S 0. Filtn) = Z)\;l@ei/ ei () F(t, 2(€)) de
i=1 i=1

N 1
= —1 e2 "(t, x
px /0 2(6) £'(t, 2(€)) de

0 1
> KA [ O M+ ROF + ala(©P )
=1
> —Ce—e(|z(9)]72 + alz()]],)
by Youngs inequality. O

Claim 2. For every € > 0 there exists C, € (0,00) such that

N
> Bi@)Fi(t,x) = —Ce — e(lz(§)[72 + |z (§)[F,), Va e LP(0,1),t€[0,7], N € N.

i=1
18



Proof of Claim 2. Let x € LP(0,1), t € [0,T]. Then by (1.4
N

1 1
Zﬁl LCEIEEDY | etoa@as [ e sie.ate e

N

—a;&-l/olei(& (€)7o df/ ei(€) £(t,x(€)) de

o0
—(PyFo(t,z), Pvz) —a > A7 | fleo \/g\ei\m 2 T

Y

oo
— -1
—|Fo(t, @)1 |2lre — @ YAt |f | 2l

i=1

v

> —Ce—e(lzfiz +alzlf,),

where Py denotes the orthogonal projection in L?(0, 1) onto Hy, i.e. the linear span of {ej, ...,ex}.
O

We note that C, can be taken in both claims to be a function only on ¢, K and |f|. which is
increasing in K and |f|., while decreasing in 6.

Now let us prove that by Claim 1 and Claim 2 that Hypothesis [2|is satisfied. To avoid a further
regularization procedure let us additionally assume that f(¢,-) € C?*(R) for all t € [0,7] and

2 f(t,), & f(t,-) € C([0,T] x R). Define for j € N, z € H, t € [0,T]

Fj(t,x) := PjF(t, Pjz) = ) (/\ZI/O ei(§) f(t, (ij)(ﬁ))dé) €i, (2.37)

=1

where P; is the orthogonal projection onto the linear span of {ei,...,e;} in H = L?(0,1). Then
obviously F} is as in Hypothesis iii) with N; = j and

filt,ay, . )—)\/ ( lee, )df,

for (x1,...,z;) € R7. Now let us consider the corresponding Cf; (6) from Hypothesis (iii) and Uy
defined in Lemma Note that W%, (-,y) above is C? and strictly positive on H; = R’ for vy-a.e.
y € E. Hence by definition \I'?V,le = W3, for all M, € N. Hence for (z,y) € H, EBH}, t €[0,T] by
Claim 1 and Claim 2

DTVj,M,le(u (:L',y)) < CE + 6(‘(%,:{/)‘%2 + 0(|(.I,y) ip)‘

Here we used that || Pj||rr—1» < ¢p € (0,00) which is independent of j (see e.g. [19, Section 2C16]).
Hence obviously for 6 € (0,1)
sup CF; () < oo.
jeN
Hence by Theorem we have a solution
vi(dz) = p(t, z)y(dx), te€[0,T],

with v as above, for equation (|1.1]) for ' as above with initial condition pg~y with pg in L log L with

respect to 7.
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Now we shall prove that this solution is also unique provided « > 0, so 7 is not Gaussian. We
shall, however, apply a uniqueness result for the Gaussian reference measure N (0, %(—A)_l) proved
n [12], because 4 has the density

pt,x) = p(t,x) %L e ~plalip (t,z) € [0,T] x H
with respect to N (0, 5(—A)~!). Let us first show that p is bounded in (¢,z). To this end we first
note that because 22, \;' < oo,
Ri=sup [|F]1 ., < o0
jEN
Hence the corresponding flows &; from (A.1)) with F; replacing F' will all stay in the L? ball B, ()

for all times in [0, T when started at  in LP(0,1). This implies by Claim 1 and 2 that the exponent
of the density p’ in (2.28) with Fj replacing F' will also have an upper bound of type

Ce+ e(|z]32 + alzlh,), Ve LP(0,1)
independent of j. Hence it follow that
Pta)=pl(ta) e ? v (t,0)€0,T] x H

is N(0, 3(—A)~!)-essentially bounded, uniformly in j, hence so is its a.e. limit p.

Now we can apply Theorem 2.3 in [I2] for p = oo (which by a misprint there, seems to be
excluded, but is in fact included in that theorem) to conclude uniqueness if we can prove the
following properties (a)—(c) of F' defined above. For this we additionally assume:

There exists C, M € (0,00) such that |f'(t,r)] < C(1 + |[r[™), reR. (2.38)
(a) F([0,T] x H) C (=A)"/*(H).
(b) There exists s € (1,00) such that

/ / (= AV 2B, 2)[3 vo(d) dt < oo,

(c) F € L*(0,T;WhY(H; H, o), which is defined as the closure of all vector fields F([0,T] x H) —
H of type (2.7) with respect to the nom

T 1/s
1Pl = ( | [ ADP.)1 0y + 1P 2) ) ol dt) ,

where [ - || ¢, gy denotes the Hilbert—Schmidt norm and ~o = N(0, (=A™,
By the deﬁmtlon of F'in 6)) property (a) obviously holds. (b) holds for all s € (1, 00) since
\(—A)l/QF(tax)\H = [(=4) "2 Fo(t,2) | ir < const.||f]o.
So, let us check (c): Let F be as in (2.37). Then for 1 <i,j < N
0yt Fx(t,0) = 1 [ s @es(@F @ Py de, (.)€ 0,71 < A
Hence by for some constant ¢; € (0, 00)

N 1 1
IDF(ta) By = 25 [ O1F . (Pa)(e) P e
i=1 "

(o)
<C; Z i UP ”PN||L2A14>L2]\/I (1 + |JU‘L2M) .
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Hence Fy(t,z)), N € N, is bounded in the norm || - [|1 2 7. Since sup,, ey [|[Fn|loo < 00 and Fy — F'
dt ® ~yp—a.e., (c) follows for s = 2, because the operator D is closable.

3. UNIQUENESS

In Example of previous section we proved uniqueness for using the uniqueness result
from [I2] for Gaussian reference measures . For non—Gaussian, reference measures v uniqueness
for is much more difficult to prove. In this section we do that for a whole class of non Gaussian,
reference measures 7.

3.1. Notations and preliminaries. In this section, we take as reference measure v the invariant
measure of the following reaction—diffusion equation in H := L?(0,1),
dX(t) = [AX(t) + p(X(t))]dt + BAW (1),
(3.1)
X0)==z, =ze€H,
where A is the realisation of the Laplace operator Dg equipped with Dirichlet boundary conditions,
Az =Dix, =€ D(A), D(A)=H?*0,1)nHj(0,1),

p is a decreasing polynomial of odd degree equal to N > 1, B € L(H) with a bounded inverse and
W is an H—valued cylindrical Wiener process on a filtered probability space (2, F, (F¢)¢>0,P). Let
us recall the definition of solution of (3.1)).

Definition 3.1. (i). Let x € L*N(0,1); we say that X € Cy ([0, T]; H) is a mild solution of
problem (3.1)) if X(t) € L*N(0,1) for all t > 0 and fulfills the following integral equation

t t
X(t) = ety + / e(=An( X (5))ds + / (DAG (), 1> 0, (3.2)
0 0

(ii). Let x € H; we say that X € Cw ([0, T]; H) is a generalized solution of problem (3.1) if there
exists a sequence (z,) C L?N(0,1), such that

lim z, =z in L?(0,1),
n—0o0

and
lim X(-,z,) = X(-,x) in Cw([0,T]; H).

n— oo
It is convenient to introduce the following approximating problem
an(t) = (AXa(t) +pa(Xa(t))dt + B dW(t)v
(3.3)
Xo(0) =z € H,

where for any « € (0, 1], p, are the Yosida approximations of p, that is

Pa(r) = é (r = Ja(r)), Ja(r) = (1 —ap()"}(r), re€R.

Notice that, since p, is Lipschitz continuous, then for any a > 0, and any = € H, problem (3.3)
has a unique solution X, (-,z) € Cw([0,T]; H).
The following result is proved in [8, Theorem 4.8]

Proposition 3.2. Let T > 0, then
(i) If x € L*N(0,1), problem (3.1) has a unique mild solution X (-, z).
(I)By Cw ([0,T]; H) we mean the set of H—valued stochastic processes continuous in mean square and adapted to

the filtration () .
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(ii) If x € L?(0,1), problem (3.1) has a unique generalized solution X (-,x).
In both cases lin%Xa(-,x) = X(-,z) in Cw([0,T]; H).
a—

Let us introduce now the transition semigroups P; and P, setting

Fip(x) = Elp(X(t,2))], ¢ € By(H) (3.4)
and
Po(z) = Elp(Xa(t, )], ¢ € By(H).
This definition extends to vector fields: if G : H — H is measurable bounded, we call (P:G) (z)
the element of H such that

(P:G) (), h)y = E[(G (X (t,2)), h)y]
for every h € H. It exists since
[E[G (X (e,2)), )]l <E[|G(t, 2)|u] |hly < Cq |hla

where Cg bounds G. In the sequel we shall use the notation

<I_tPt>G(t,:1;)

for G(t’z)f(ﬂtc(t"))(m) and for analogous expressions. We shall use similar notations for the semi-
groups associate to the Yosida regularizations, P and P§'.

Denote by Lo (H) (resp. £ (H)) the Hilbert-Schmidt norm (resp. operator norm) of operators
in H.

The sequence (e;)

ej(€) = /2 sin(jms), €€ 0,1], jEN, (3.5)
is an orthonormal basis in H and it results
Aej = —ajej, YjeN, (3.6)

where
o =722 VjeN,

Lemma 3.3. For every 0y > 1/4 we have (—A)~% € Lo(H).
Proof. We have in fact

) =) 49
(=A™, = D1 el =D 1317 < oo

JEN jEN

O

O

In the sequel we denote by 6y any number in (%, %) We need 6y < % for the results on stochastic
convolution.

Remark 3.4. When B is equal to the identity, (3.1]) is a gradient system and the corresponding
transition semigroup P; is symmetric whereas if B £ I, P; is not symmetric.

For P the following Bismut-Elworthy-Li formula holds, see [I5] and [13].

(Darrela) ) = 4 B [e(Xalt.a)) [ (B ko). aw (s ne (3.7)

where for any h € H, nl'(t,z) =: D, X,(t,x) - h is the differential of X, (t,x) with respect to x in
the direction h. n”(t,x) is the solution of the following equation with random coefficients

Dyl (t,2) = Anli(t, x) + Dypa(Xa(t, x))nl(t, z), nl(0,z) = h. (3.8)
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The proof of the following lemma is a straightforward consequence of the dissipativity of p(-).
Lemma 3.5. It results
[t x)|g < |h|lg, Yt>0,z,heH, ac/(0,1]. (3.9)

Proposition 3.6. Semigroups P; and P have unique invariant measures v,y respectively. More-
over ¥* is weakly convergent to v and for any N € N there exists cy > 0 such that

/H |x|2L12VN(071)fya(dx) <cn, /H |x]%]¥N(O’1)’y(da:) < cn. (3.10)
(see [8, Proposition 4.20] and [10, Proposition 15]).

Corollary 3.7. Let h(z) € D(A)v-a.e. x € H, and Ah € L*(H),~). Then there exists K > 0
such that

/ | Dpal)h(@) P y(dz) < K| ABl2agr s ¥ € (0,1, (3.11)

Proof. Let h(z) € D(A). Then there is K7 > 0 such that
' (2)h(2) [ < Kila™ P [h(@) [Day < Kalaelran 2 [P(2) -

Integrating with respect to v over H and using Holder’s inequality, yields

/H P @h@) () < K / 22N, | AR ()| (da)

IN

K [ Jelfe 2 (o) AR
Now the conclusion follows from ((3.10)). O O

Let us finally recall the elementary identity, see [10]
t
(P*Dyp,h) = (D P, h) —/ P2 [(Ah + Dyp®(x)h, D, P&¢)] ds. (3.12)
0

where h € D(A) and ¢ € C}(H).

3.2. The range condition. Let us consider the Kolmogorov operator
Ku(t,x) = Dyu(t, z) + (F(t, z), Dyu(t, x)), (3.13)

defined for all u € SFC§7T, the space of all functions u defined in Section 1 with Y = D(A).
Now the continuity equation (1.3)) can be written as

T
/ / Ku(t,z) p(t, ) v(dx)dt = —/ u(0, z)po(z) y(dz), u € FOL. (3.14)
0o JH H
The following result has be proven in [12].
Proposition 3.8. Assume that for p € [1,00) the following range condition is fulfilled
K(FCyrp) is dense in LP([0,T]; LP(H, 7)) (3.15)

Then if p1 and pa are two solutions of (3.14)) in Lp/([O,T]; Lp/(H, v)), with p' = 1%7 p= ;%7 we
have p1 = p2.
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Let now consider the approximating equation

Dtuj(ta $> + <F17'(t7 33'), Dzuj(t7 l‘)> = f(ta :U)a
(3.16)
Uy (Ta ) =0,
where (Fj) where defined in Hypothesis 2| and f € S"Cb{T. Problem (3.16)) has a unique classical

solution given by

T
uj(t,x) = —/ f(s,&(s,t,x))ds. (3.17)
¢
where §; is the solution to

d
260 = Bg0), &) = (3.18)
Let us consider a further approximation P.u;(t, z) of u(t, ), where P, is the transition semigroup
defined in (3.4) and € € (0,1]. Applying P, to both sides of equation (3.16]) we have

Dt(P€Uj) + <F, D$P€Uj> =P f+ <F — F’j, DIPEUJ‘> + BE(Fj, Uj),
where B(F},u;) is the DiPerna-Lions commutator defined for € € (0, 1] as

Be(u, F)(t,x) := (DyPeu(t,x), F(t,z)) — P((Dgu(t,x), F(t,z))), Yuec ?C&T,F € V&’CZ}’T.
(3.19)
Now the range condition follows provided

lim lim B.(u;, Fj) =0 inwue LY([0,T], L (H,7)). (3.20)

e—0j—o00

As shown in [12], the basic tool to show (3.20) is provided by an estimate for the integral
T
/ / |Be(u, F)|dtdy, €€ (0,1, YueFCyip,FeVFCyy,
o JH

in terms of ||u||c independent of e.
3.3. Main result. To express the main result of this section we need some definitions.

Definition 3.9. We call V (H,~) the space of all measurable functions ¢ : H — R such that

6l = sw0 [ o) (T ) ot0) ()

ec(0,1) €

is finite and we endow V (H,~) by the norm ||¢||V(H,7)' Similarly we call V (H, H,~) the space of
all measurable vector fields G : H — R such that

I-P,
(6= s [ (T2 6w).66)
e€(0,1) JH € H

is finite and we endow V (H, H,~) by the norm ||Glly g g -

We note that in the symmetric case (B = I), V (H,~) coincides with D((—£)Y/?).
Lemma 3.10. The space FCZ(H) is contained in V (H,~). Similar result holds for every vector
field G of the form G =% _, Gpep, with G}, € ?CE forallh=1,...n.
Proof. We have
(1= P)o@) = [ PLo(a)ds

where £ is the infinitesimal generator of P;. One can check that £¢ is a bounded continuous
function; in particular this is true for the term (p (z), D,¢ (x)) because the argument of ¢ is in the

space of continuous functions. Hence (IZ—PG) ¢ is also bounded and thus ¢ € V (H, 7). O 0
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Finally, we have our main estimate. Given 0y € (i, %) and 0 € (00, %), we define

GOF‘

Pl = -
H Hp,qu Lp p=1(0,T;V(H,H,y))

feae

B + ||d1VFH P
L7ET (075 (H)) o

0,TsLPT (H, 'y)) '
Theorem 3.11. For every p,q satisfying
1 1
€(2,00), —+-<1,
p g
for every vector field F : [0,T] x H — D ((—A)1/2+9) such that [|F|[, ,

one solution of the continuity equation in LY ([0,T]; L (H,~)), with p' = - Lo 4 = L.

7 s finite, there is at most

Proof. The conclusion of the theorem follows from the rank condition proved in Theorem
below, and Proposition [3.8] O O

Corollary 3.12. If B in (3.1)) is the identity, then under the conditions of Theorem there
exists a unique solution of the continuity equation in LY ([0,T); LY (H,~))

Proof. The existence follows by Theorem and Remark O O

Remark 3.13. As already mentioned in Remark so far we cannot prove whether Hypothesis
2{(ii) holds for + as in Example [1.3[(iii), if B in (L.5)), is not the identity operator. In this case
it was proved in [7], [9] that v has a density f with respect to 79 := N(0, 3 (—A)~!) such that
Vf € WY2(H,~p), i.e. the Sobolev space of order 1 in L?(H,v). To Verlfy Hypothesis [2) I (ii) it
would be enough to show that x — f(x,y), (z,y) € Hy ® Ey, is continuous and strictly positive on
Hpy, for all N € N and vy—a.e. y € Ey, where A, Hy, Ey and vy are as in Example[2.9] However,
so far we did not succeed to prove this. If this could be shown, Corollary would hold for any

5 (T3). B,

3.4. Estimating the commutator. We first express the DiPerna-Lions commutator Be(u, F)
using the identity (3.12). It is convenient to introduce the approximating commutator

B (u, F)(t,z) := Dy Pu(t,x) - F(t,z) — P*(Dgu(t,x) - F(t,z)), Yuc¢c ’J"CliT(H) JF e VS"CI}I(H)
(3.21)
for any a € (0, 1].

Lemma 3.14. Assume that F = Y 7_, Fley,, with F" € V?C§7T(D(A)), h =1,..,n. Then we
have

B(u,F) = & [u(t, Xo(e,2))(F(t 2) — F(t, Xa(e, 2)) - /O (DX (1, x))*wn(B_l)*dW(n)]

€

+/OE Pin{lE [u(t,Xa(ﬁ,l‘))

(Pt Xalm), [+ Dpa(o))(DXalr ) mu(B) W) }dn

3

+P*(udiv F),
(3.22)
where 1, is the orthogonal projector on (e, ...,ep).
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Proof. Taking into account (3.12)), we write

P*(Du-F) = Zn: PY(Dpu F") = Zn: PY(Dy,(uF")) — P*(udiv F)

h=1 e
(3.23)
=Y DuPuF) -y / P2 [DyP(uFy) - (Aen + Dpaen)] dn — PO (udiv F).
h=1 h=170
Therefore
B (u,F) =Y [DyP*(u)Fy, — Dp(P(uFy,)]
h=1
(3.24)

3 / P2 D, Pe(uF}) - (Aey + Dypal@)en)]dn + PO (udiv F)
h=1"0

=0 +1y+ Is.

Let us write I; and I3 in a more compact way. Recalling the Bismut-Elworthy-Li formula (3.7 we
have

I, = 1 ZE [u(t,Xa(e, x))(Fp(t,x) — Fr(t, Xo(€,x)) /06 DX (n,z)ep) - ﬂ'n(Bl)*dW(n)]

= %]E [u(t,Xa(e,x)(F(t, x) — F(t, Xo(e,x)) - /Oe(DxXa(n,a:))*wn(B_l)*dW(n)}

(3.25)
(the last integral is well defined because obviously m,(B~1)*(X,(n,z))* is Hilbert-Schmidt.) As
for I, we have, using again (3.7))

L=Y" / E P2, [Dy Py (uFy,) - (Aep + Dapa(x)en)]dn
h=1"0

n € N 1

= hzzl /0 Pe_n{’l’]E {u(t, Xa(777 l‘)) Fh(t’ Xoé(nﬂ fL‘)))
n
x / (BLD, Xo(\, 2)(Ampen +Dmpa7rneh),dW(A)>} }dn (3.26)
0

-[ Pf_n{lE[U(t,Xa(n,ﬂf))F(t, Xa(n,2)))

0 n

[ A Dapa@) (Do X)) B W ()] }dn.

So, (3.22)) follows. O O

The following corollary is a consequence of Lemma taking into account the invariance of 7.
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Corollary 3.15. Assume that F = Y 1_, Fley,, with F" € FCL(D(A)), h = 1,...,n. Then we
have,

JRLATRIE
<t [E
+/H/O ;E’u(Xa(n,x))F(X(mx)))

A Do) D2 Xal ) (B W )

u(t, Xo(e,2))(F(t,2) — F(t, Xoe, 7)) /0 (Du X (. 2)) 1 (B dW ()| drye

+/ \udivF!d’ya = J1+ Jo + Js.
H
(3.27)

To estimate [}, |Be(u, F)| dy we need some preliminary results.

Proposition 3.16. For every p € (2,00| there is a constant C}, > 0, independent of a and €, such
that

1/HIE[u(t,:L‘) <F(t,x)—F(t,Xa (6,1})),/06 (DaXo (1, 2))" (3—1)*dw(n)>H o (d)

< Casy (/H < (IePa) (A F (t,2), (- A)" F (¢, m)>H% (da:)> v < /H u (t,2) P e (da:)) .

where Ca pp = C)p H(—A -

i HB_lHL(H) for some constant C), > 0.

Proof. Call T the integral we have to estimate. To shorten the notations, call I’ the stochastic
integral

= / (—A) % (D Xy (n,2))* (B~ dW (n).
0

We have

I= 1/ E[ (t, ) <( AP F (4 2) — (A2 F (&, X, (6, 7)) ,I’>} o
(/ [H A F(t )= (AP F(t, X, (faﬂﬁ))HZ] . (d;p)>1/2
‘(Agwtmwmww)p(LEUVM@yMW@>W@

with + »>t3 + = 1 namely r (p) = 222 and in particular with the condition
( ) 2p

€ (2, 00].
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By the Burkholder-Davies—Gundy inequality,

E||1["] < GE

</oE H(_A)_GO (Dy X4 (n,2))" (B7Y)" ;(H) dn)*(p)m]

€ ) r(p)/2
( /0 192 X (1,12 dn)

B, (v

6o ||"P) 1)
SCpH(—A) N 1B~ () E

r(p)

= CPH(_AYGO Lo(H

because, by dissipativity of the reaction diffusion system,
[ Dz Xa (777x)HL(H) <L
Therefore

where ¢ = C1/"® H(—A)f"’o

L) HB_IHL(H). Finally, writing G (t,z) = (—A)" F (¢, z),

/ E U(—A)l/2 F(t,z)— (—A)V2F(t, X, (e,x))m e (d2)
H

= [ (160l =226 ¢.2).G (1. Xa (0l +E [|6 (¢ X (e }]) 30 (d0).
Now

E{G (t,2),G (t, Xa (6,2) ] = (G (t,2) ,E[G (t, Xa (6, 2))]) g = (G (t,2), (PEC (L)) (2))

| B[I6 X co)li] ) = [ (P16 (¢ )f) (0)70 (o)
= [ 16 .0 @

because 7, is invariant for P®, hence

/HIE “(—A)WF (t,2) — (—A) 2 F (£ X, (e,x))m o (d2)

Collecting these facts, we have proved the proposition. ] O
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Proposition 3.17. Under the assumptions of Theoremm 1| there exist constants Ca g, (given by
Proposition u and Ca B p.q.6, both independent of o and €, such that

/ (B2 (u, F) (t, )] 7o ()
H

< Cama Moy ([ ((F50) CAPF ) (A" F(t.0))

€

Ya (dfﬂ)> -

H

[N

+CaBpgollu(t, ')HLP(H,VQ)
oy 18V F () 2y

for all functions v € FCL..(H) and vector field F of the form F =Y_}_, Fyep, with Fj, € FC?..(H
bT h=1 b, T
forallh=1,...n

Proof. Step 1. We know

Lq(Hv’YOé)

[ 182 ) () v () < 1+
H

where

1
JIZ/E[
€ JH

ultso) (P (00) = F (0. X o), [ (00 0" (57 a ()] 2 (02)
J2_// [|u(t, Xa (n,2)) (F (t, Xa (n,3)), J3)|] dndva (z)

J3 = /Hu (t,x)div F (t,z) vo (dz) .

where for shortness we wrote

n *
i :/ (A+ Dupo (2))" (DaXe (N )" (B™Y)" dW (2.
0

The estimate for J; has been made above and the estimate for Js is trivial. We need only to
estimate Jo. Let r > 0 be such that

1 1 1

+ -+

p q T

Then




and using invariance of v, for P and the fact that B! is bounded,

Jo < HB_lHL(H) C (61 0, T‘) ||U (t7 ')HLP(H,’ya)

where C' (¢,60,r) and g(x) are given respectively by:
[im(f
< fp (e
0

It remains to estimate C (€, 6,r,0) (which a priori may be infinite).
Step 2. From [I1], Corollary 2.3], we have, for § € (0,1 — ),

(SRR

Lq(Hz’YDL)

</ H TP (A Dypa (2) (DaXa (A @) ;(H) d/\>r/2] Va (d:v))

r 1/r
(/ |2 (Do X (1.2 ;(H) CM) /2] 9 (%) Yo (daz)>

g(@)i=||[(=4) 7" (A+ Dypa ()" (—A)’”MH;(H) :

1/r

(1 a—1¥4)/2 2 S 2
[[-a DX (1) B dt < € (T) Ag () [y o

where

Ar(2) =1+ sup ||Dupa (Xa (t,2))]|%
t€[0,T]

(it is a random variable). In particular, choosing ¢ very small and o =1 — 26 < 1 — ¢, since the H
norm is bounded by any D ((—A)®)-norm for € > 0, we get

n
1D by Wyt < € 1) A ) il gy

Hence, for 6 = 6 — 6y (all constants denoted by C,C (T) below, different from line to line, may
depend on T but not on «)
X

/ [care x|l
_ /O | DeXa O 2) (—4)172) ;(H)
_ gk:/o" ]Dmxa (o) () ax
< C(T) Ay @) 07 32| )0 i
= C(T) Ar (z) % ; ™ 6k‘H

= C/(T) A (2) 1~

2

dX

((_A)71/2+(9700))

a7,
La(H)

Hence

C(E,H,T)S/ 1dn(/IE
oM H

= 0@ |4

1/r
(—A)~"

(c (T) A (2)

9 r/2
) ] 9(@) 7 <dx>>

€ . r(6—00)/2 1/r
n r/2
_— E A o
Lz(H)/o U o </H { r (@) ]g(xw (dx)>
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It remains to bound
[ E[ar @] @) v )
H
Ll s omorcanes

<o [ elarcr® <1+H<—A>-”2+9Dxpa<x><—A>—w—e

<o( [ Bl @ @) "

([ (1 a2 Dap ) -

renaming the constants. We have

Ap(x) <14+ C sup || Xq (¢, x)“ivo_l
t€[0,7)

and thus, by [I1, Theorem 4.8 (iii)],
E[Ar (2)"] < C+ C|z[}V Y
which implies
| Blar @) ) <.
H

Finally, since

(Dzpa () h) (§) = p'(Jal2(£)))(E)
we have
| Dapo () bl gy < C )| 57 1Bl
namely
1Dapa (@)l ¢z < C llll

and therefore, being both (—A) %™ and (—A)™Y/?7% bounded in H (recall that 6 < ),

| A 24 Dapa ) ()2 < 1D @) e < C X

which implies

/H (1 + H(—A)*l/zw Dipa (z) (—A) Y270 ,25(110) Yo (dz) < C.

O n

Corollary 3.18. Under the assumption of Theorem there ewist constants Ca g p, CA Bpg0s
independent of €, such that

[ 1B P ()l () < Ol 8 sy | (=07 7 (1)

+ Cipao [0 (8 oy || (A F (2.0)

V(H,H,y)

() oy iV E (2, )]

_pP_
La(H,y) Lr=1(Hyy)

for all functions u € SFCZ}?T and vector field F of the form F =%, _| Frep, with Fj, € S"C’Z’T for all
h=1,...n
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Proof. Let us consider term by term the main inequality of Proposition Since x — u (t,-) is
bounded continuous function,

: p
tim 8y = T [ (6220 () = [ )y (o)

because v, converges weakly to . The same argument applies to the terms H (—A)l/ H0p (¢, ))
and ||div F' (¢, )]
LP™T (Hpya)’
We have to prove that

tim [ 1B (0. F) (t.0) 20 (00) = [ 1B (0. F) (12)] 3 (da).

a—0

Lq(HfYCk)

We have

] / B2 (u, F) (t, 2)| yo (dz) - / B, (u, F) (t,2)| v (dx)| < I + | o
H H

where

L= /H 1BE (u, F) (t, 2)] — | Be (u, F) (1, 2)] 7o (d)

B [ 1B (0 F) ()]0 ) = [ 1B F) ()] (d).

Recall that ¢ bounded continuous implies x +— (P®¢) (x) continuous and bounded by ||¢|| ... One
can prove that when ¢ has also bounded continuous derivatives, z — (D, P%¢) (x) is also continuous
and uniformly bounded in «. The same is true without . Then |Bc (u,F)(t,z)| is bounded
continuous. It follows that |Io| — 0 as o — 0, because 7, converges weakly to . Moreover, since
the family {v,} is tight, given n > 0 there is a compact set K, C H such that v, (K;) > 1—17
for all a; and for what we have just said, outside K, we may use the fact that |B& (u, F') (¢, z)| is
uniformly bounded in «. Then we rewrite

B< [ B2 0 F) ()] - B0, F) ()] 70 (d2) + O
0
Recall that, when ¢ is bounded continuous, P®¢ converges to P.¢ as a — 0 uniformly on bounded
sets of H; and when ¢ has also bounded continuous derivatives, also D, P*¢ converges to D, P.¢
as @ — 0, uniformly on bounded sets of H. Hence ||B% (u, F) (t,z)| — | Be (u, F') (t,2)|| converges
to zero uniformly on K.
With the same argument, given ¢ € ?Cg, for every €, we have

i [ o) (1 Pa)wx)%(dx):/ﬂx) (*

Then, for every e,

Pﬁ) 6 ()7 (dz).

li r-r dr) < 2

dy | ¢ (z ¢ (%) Va (dz) < [[ly ) -

We apply this inequality in the vector case to (—A)a0 F(t,-). O O
Finally, we have our main estimate.

Theorem 3.19. Under the assumptions of Theorem there exist constants Ca B p,CA B pq0
such that

T
| 1B )l ) dt < Coa Vil oo Pl
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for all functions w € LP (0,T;LP (H,~)) and vector fields F : [0,T] x H — D ((—A)1/2+9) such
that ||[F|, , .z is finite. Moreover, for such (u, F),

T
lim/ / \B. (u, F) (t, 2)|  (dz) dt = 0.
e—0 0 H
Under these conditions, the rank condition follows.

Proof. The proof is similar to [12]. O
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Appendix

APPENDIX A. DETERMINISTIC FEYNMAN-KAC FORMULA AND THE SOLUTION OF (2.1) FOR
SUFFICIENTLY REGULAR F'

Consider the equation
d ~
—&(t) = F(t,£(1)),
ai (A1)
{(s) =z, xeRY,

with F' regular, namely it belongs to the class VFCL(H). Let V: [0,T] x R? — R be also regular.
We want to solve

vs(s,x) 4+ (Dpv(s,z), F(s,2)) + V(s,z)v(s,z) =0, 0<s<T,
(A.2)
v(T,z) = ¢(z), ze€H.

The following result is well known, see e.g. [20]. We present, however, a proof for the reader’s
convenience.

Proposition A.1. Assume F € Cy([0,T] x R R?) such that F(t,-) € CHRY,RY) for all t € [0,T]
and let V € C([0, T] x R?) such that V (t,-) € CY(R?) for all t € [0,T)] such that D,V : [0,T] x R? —
R? is continuous. Let o € C*(RY). Then the solution to (A.2) is given by

o(s,2) = Q(€(T, 5,))el Viwelusadde (5 3) € [0,7] x RY, (A.3)
where for s < t, &(t,s,x) denotes the solution to (A1) at time t when started at time s at x € R?,
In particular, v(-,z) € C1([0,T]) for every x € R? and Dy € C([0,T] x RY).

Proof. We only present the main steps. We shall check that v defined by (A.3]) is a solution to
(E2).
For any decomposition {s = sp < s1 < --- < s, =T} of [s,T] we write

n

o(s,2) - p(2) = — 3 [olse. @) — v(sp_1, )],

k=1

which is equivalent to,

v(s, @) —p(x) = = [v(sk, @) — v(sk, E(sk, 551, 7))]

k=1
(A.4)
- Z[U(sk,é(sk, Sk—1,2)) — V(sp—1,x)] = J1 — Ja.
k=1
Concerning J; we write thanks to Taylor’s formula
n n
Ji~ Y ADav(sg, @), E(sk, sko1,2) — &) ~ Y (Dyv(sg, ), F(sk, x)) (sk — s-1)

k=1 k=1 (A.5)

T ~
— / (Dyv(r,x), F(r,x))dr.
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Concerning Jo we write
n

Jo = ZU(Skaf(ska Skfljw)) - U(Sk*hx))

k=1

n T
= 3 (T s Elsr sy, )l Vo
k=1

n T
= QT gy, @))elon Vs
! (A.6)
.6
=3 (T 511,) [eff; Vintwsnsaidu _ ol V0o )
k=1

n

o(spy,a)) (¢ T Vinelmm i)

o

=1

n

T
~ — v(sgp—1,2)V(sk—1,2)(Sk — Sk—1) — —/ v(r,z)V (r,z)dr.
k=1 s

Replacing J; and Jy given by (A.5) and ({A.6) respectively in (A.4)), yields

T _ T
v(s,z) = p(x) + / (Dyv(r,x), F(r,z))dr —l—/ v(r,x)V (r,z)dr
and the claim is proved. O O

As a trivial consequence we obtain

Corollary A.2. Let ¥ € C%(R?), ¥ bounded and strictly positive. Let F € Cy([0,T] x R%;RY) such
that F(t,-) € CL(R%RY) and define

DiF(t,) = —div F(t,-) — (F(t,-), Dy ¥/ T)ga.

Assume that DXF(t,-) € CY(R?) for allt € [0,T], and DEF € C([0,T] x RY), D,D:F € C([0,T] x
R4 RY). Then for every po € C*(R?), po > 0,

plt,w) 1= po(E(T, T — t,))elo P2F (I —u (T —uT —t))du

is a solution of [R2.1)), where £(-,s,x) is the solution to (A1) started at time s at x € R?, with
F(t,x):= —F(T —t,x), (t,z) € [0,T] x R%. Furthermore, p(-,z) € C*([0,T]) for every x € R? and
Dyp € C([0,T] x RY).

Proof. Apply Proposition with F as in the assertion above,
V(t,x) = DIF(T —t,x), (t,x)ec[0,T] x R

and @ := po. | ([l

(2)In the second line below we use that (T, sk, E(sk, Sk—1,)) = (T, S—1, )
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APPENDIX B. A REMARK ON THE BURKHOLDER-DAVIS-GUNDY INEQUALITY
Our aim in this section is to prove the following proposition.

Proposition B.1. Let p > 4. Then for every t > 0,

[ i) <cp[ ([ s HLods) ]

E sup
s€[0,¢]

where ¢, := 12P pP.
Proof. Set
Z(t) = /tq)(s)dW(s), t>0,
and apply Itd’s formula to f(Z(-)) where ;(x) = |z|P, x € H. Since
foo(@) = p(p = 2)|zP 'z @2 +plzfP?L, w e H,
we have
oo (@)l < p(p — 1)|zP~2,
therefore
| Tr @ (t) f2a(Z (1)) 2()Q] < p(p = DIZE)P 2 2(1) 175
By taking expectation in the identity

207 =p [ 12002002 + 5 [ T @6 £ Z()0(5) QL.

we obtain by the Burkholder-Davis—Gundy inequality for p = 1

2 s (260 < P ([ 22y ds)

s€[0,t]
</Ot H@(S)H%g |Z(S),2p_2d8> 1/2]

Sp(le) <Ssel[gpt o |p2/’q) HLod8>

= o ([ et HLods)”Q]

e [E <s?ﬁ] 7 >] [ ([ 12eiyas)” F

E</ (s ||Lods> r’
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+3pE | sup |Z(s)

s€[0,t]

=J + Jo.



For J; we use Young’s inequality with exponents z% and £ and find

p
1 ¢ ;
5 G| s (2P| <2 e ([ a6 g)
4 |sefo. 0 2
For Jo we use Young’s inequality with exponents 1% and p and find
1 1 t 5
Jo< = FE|sup |Z(s)]P| + < 12PpPE </ \|<I>(8)H%0ds> :
4 5€[0,1] 2 0 2
Now (B.1)) with ¢, := 12P p? follows. O O

APPENDIX C. DENSITY OF &"Cl} IN ORLICZ SPACES

Let N : R — [0,00) be continuous and a Young function, i.e. convex, even and N(0) = 0.

Consider the measure space (H,B(H),~), where H is as before a separable real Hilbert space
with Borel o—algebra B(H) and « a nonnegative finite measure on (H,B(H)). We recall that the
Orlicz space Ly corresponding to N is defined as

Ly :=Ln(H,v):={f:H—R: fis B(H)-measurable and / N(af)dy < oo for somea > 0}
H

or equivalently
Ly :={f:H —R: fis B(H)-measurable and | f|L, < oo},
where
|fllLy o= inf {A >00 [ Ny < 1}.
(Ln, || - |lzy) is @ Banach space (see e.g. [21]).

Proposition C.1. FC} is dense in ((Ln, || - ||Ly), where FC} is defined as in Section 1. Further-
more, if f € Ly, f >0, then there exist nonnegative f, € EFCI}, n € N, such that

nlinéo If— anLN =0.
Both assertions remain true, if STCI} 1s replaced by ?C&

Proof. We need the following lemma whose proof is straightforward, see e.g. [I8, Lemma 1.16]

Lemma C.2. Let f, € Ly, n € N. Then the following assertions are equivalent:
(i) 1 || fully =0
(11) For all a € (0,00)

limsup/ Nafp)dy <1
H

n—oo

(iii) For all a € (0, 00)

lim N(afp)dy=0.

n—oo J
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Proof of Proposition
We shall use a monotone class argument. Define

M:= {f :H — R: fbounded, B(H)-measurable such that

lim ||f — fullLy =0, for some f, € FCL, n e N}.
n—oo

Obviously, M is a linear space, 3’"0& C M and S"Cg is closed under multiplication and contains the
constant function 1. Furthermore, if 0 < u,, € M, n € N, such that u, T v as n — oo for some
bounded u : H — [0,00), then for each n € N there exists f, € FC} such that

1
lun = fallzy < —- (C.1)

But since N is continuous on R, hence locally bounded, we have that for every a € (0, 00), N(a(u—
un)), n € N, are uniformly bounded. Consequently, by Lebesgue’s dominated convergence theorem
and Lemma we conclude that
Jim flu —up Ly = 0. (C.2)

and imply that v € M, and therefore M is a monotone vector space and thus by the
monotone class theorem M is equal to the set of all bounded o(FC})-measurable functions on
H. But o(FC}) = B(H), since the weak and norm-Borel o-algebra on a separable Banach space
coincide. Hence M is equal to all bounded B(H )-measurable functions on H. Since by Lemma
and the same arguments as above every f in Ly can be approximated in the norm || - ||z, by
bounded B(H)-measurable functions, the first assertion of the proposition is proved.

Now let f € Ly, f > 0. By the argument above we may assume that f is bounded. Then by
what we have just proved we can find f,, € S"Cl} such that

nh—>Holo Hf - anLN =0.

Since |f— fF| = |ft = fF| <|f— fu| for all n € N and N is even and increasing on [0, c0) (because
N is convex and N(0) = 0), Lemma immediately implies that

. ot _
Jim [|f = £ [y = 0.

Fix n € N and for € > 0 take an increasing function x. € C*(R), x.(s) = s, Vs € [0,00) and
Xe(s) = —€if s € (—o0, —2¢). Then for each n € N

1
f’r—L’_ - <X$L(fn) + m)
So, again by Lemma and Lebesgue’s dominated convergence theorem it follows that

lim ‘f;f— (x;(fn)+;)‘ = 0.

m—00
Ly

=0.

o0

lim
m—0o0

But obviously, x 1 (fn)+ % € FC}, m € N, and each such function is nonnegative. Hence the second

part of the assertion follows. The third part of the assertion then follows by similar arguments and
multiplying by a sequence of suitable localizing functions. Il ]

Corollary C.3. Let p > 0, B(H)-measurable such that

/ plogpdy < oo.
H
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Then there exist nonnegative p, € &’C;, n € N, such that

lim p, =p inL'(H,~)

n—o0

and

sup/ pn log pn dy < o0.
neNJH

Proof. Let N(s) := (|s|+1) In(|s| +1) —|s|, s € R. Then it is easy to check that N is a continuous
Young function. Hence by Proposition we can find p, € FCL, p, >0, n € N, such that

Jim {lp = ppllzy = 0. (C.3)

Since Ly C L'(H,~) continuously (see [18, Proposition 1.15]), the first assertion follows. Further-
more, we have for all s € (0, 00)

slns—s<sln(s+1) <(s+1)In(s+1) —s= N(s)

and hence for n € N by the convexity of N and every a € (0, 00)

1
/pn lnpnd’}’:/ apn ln(apn) d’Y_lna/ pn dry
H @ JH H

1
S/ N(apn) d’YHl—lnal/ pn dy
aJu H

1

1
< o | N(2a(pn —p)) d’H/ N(2ap) d'y+!1—1na|/ pn dy.
2a H 2a H H

Hence by the first part of the assertion, (C.3)) and Lemma it follows that

1
limsup/ pn Inp,dy < / N(2ap) dy+ |1 — lna\/ pdy.
n—oo JH 2a Jy H
But since p € Ly we can find a > 0 such that the right hand side is finite. Hence the second part
of the assertion also follows. O O
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NOTE ADDED IN PROOF

After this paper had been accepted for publication by JMPA in final form, we noticed that as
a simple consequence of Proposition 6.4.1 in [6], our Hypothesis [2[(ii) is in fact a consequence of
our Hypothesis |l Lemma and . Hypothesis (ii) can hence be dropped. In particular, our
results therefore also apply to our Example iii) and Remarks and can be dropped as
well. We would like to thank Alexander Shaposhnikov for pointing out this particular result in the

above reference to us.
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