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ABSTRACT. We prove a path-by-path regularization by noise result for scalar conservation laws.
In particular, this proves regularizing properties for scalar conservation laws driven by fractional
Brownian motion and generalizes the respective results obtained in [7]. We introduce a new path-by-
path scaling property which is shown to be sufficient to imply regularizing effects.

1. INTRODUCTION

We prove regularity estimates for solutions to scalar conservation laws with rough flux of the type

d .
, dw}
ou+Y 0y A(u)o—L =0 onT?
(1.1) ‘ Z;“ (W) o=
u(0) = ug € L®(TY,
where T is the d-dimensional torus, w = (w!, ...,w?) € C([0,T]; R%) is a continuous function

satisfying an irregularity condition and A = (A, ..., A%) € C?(R,R?) is supposed to satisfy a
non-degeneracy condition detailed below. For the sake of simplicity, in the introduction we restrict
to the model case

(1.2) @u+%@ﬁo%%:o onT.

Regularizing effects of noise for scalar conservation laws of the type have been first observed
in [7], where the case of Brownian motion, that is, w = 3 = (3!,... ,ﬁd) being a standard
Brownian motion has been considered. In this work it has been shown that bounded quasi-solutions
u to (T:2) satisfy u € L*([0, T]; W»!(T)) for every A < 3, P-a.s.. In contrast, in the deterministic
case, that is w(t) = ¢ in (I.2)), it has been shown in [4] that there exist bounded quasi—solution
with u ¢ L'([0,T]; WM (T)) for every A > %. The analysis of [7, 11] relies on probabilistic
arguments making use of the fact that 5 has independent increments and of the scaling properties
of Brownian motion. It is therefore not clear from [7] if the regularizing effect of Brownian motion
can be characterized in terms of its path properties. A partial answer has been given by the results
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1We also refer to [9] for the construction of entropy solutions to (T.2) with w(¢) = ¢ and an L'-forcing with limited
regularity.
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of [6] which imply, as a special case, that the entropy solution to (I.2) satisfies a path-by-path
estimate of the form

lu()llwoecry < (nax, (w(s) = w(t)) A (w(t) = min w(s)))

where w is a continuous function. In particular, in the case of w =  being a Brownian motion this
implies that u(t) is Lipschitz continuous for all times ¢ > 0, P-a.s.. An important subtlety in this
result is that the P-zero set depends on the time ¢ > 0. In fact, for P-almost every fixed realization
of the solution u(-,w) there will be times ¢ > 0 where shocks appear and thus x — u(¢, z,w)
is not Lipschitz continuous. However, the type of regularizing effects used in [7] and in [6] are
of different nature. While [7] relies on averaging techniques and thus on an increased speed of
averaging due to Brownian scaling, the effect in [6] relies on (strict) convexity of the flux function
and dependence of the direction of the flux on w.

This leads to the two main questions addressed in this work: First, to classify the properties of the
paths of the Brownian motion leading to the regularizing effect observed in [7] and to thus obtain
a better understanding of the interplay of the deterministic and stochastic averaging in this case.
Second, is it possible to establish path-by-path versions of the results of [7] for a uniformly chosen
P-zero set, in particular, independent of the time £ > 0 (in contrast to [6])? The purpose of the
present paper is to positively answer both of these tasks.

In order to characterize sufficient properties for continuous paths implying regularizing effects in
(L.T), in the first part of this paper we will rely on the notion of (p, 7y)-irregularity introduced in [3]:
A path w € C([0, T]; RY) is said to be (p, v)-irregular if

¢ i<a7wr>d
(& T
(1.3) sup sup (1+ \a!)p‘fs—| < 00
a€R? 0<s<t<T [t —s|Y
Our results (cf. Theorem [2.3|below) applied to the special case of (I.2) with w being an n-Holder
continuous, (p, 7)-irregular path and u being a bounded quasi-solution yield the following path-by-

path regularization by noise result
(1.4) u € LN([0, T, WH(T)),
for all
pin+1)—(1—7) p+2(pV1)
v+ +0=7) (pVDEn+1)+(1-9)
For example, the above result may be applied for w given by w = ¢ + %, for any function
g € C'([0,77)) and fractional Brownian motion  with Hurst parameter H € (0, 1). Note that

the arguments of [7] could not handle the presence of a deterministic perturbation g of w = . For
H € (0, %] this yields that essentially bounded quasi-solutions to

1 s g
(1.5) Oru+ S0, o (f; +%axu2:o onT,
P-a.s. have regularity of the type
1
1.6 L'([0,T); AT A :
(1.6) we L0, TEWHH(T), VA< ——m

We first note that in the case of Brownian motion, that is H = %, we fully recover the probabilistic
estimate given in [7],i.e. u € L'([0, T]; WA1(T)) for all A < 1. Hence, the path-by-path estimates
developed in this paper are as good as the probabilistic estimates from [7], which is somewhat



PATH-BY-PATH REGULARIZATION BY NOISE FOR SCALAR CONSERVATION LAWS 3

surprising in view of the fact that the path-by-path theory for SDE developed in [3] cannot reproduce
the probabilistic results. In particular, (T.6) shows that for H € (0, 3] bounded quasi-solutions
to (I.3) are more regular than quasi-solutions in the deterministic case. The P-zero set in (1.6) is
universalﬁ, that is, it does not depend on the initial datum of the problem (I.3)), nor on the flux A
and it is characterized in terms of the path property (1.3).

We further note that A < ﬁ 1 1 for H | 0. Hence, a higher irregularity of the driving path
induces a stronger regularizing effect. In particular, this allows us to analyze the interplay in
between the degeneracy behavior of the flux A in (I.I]) and the irregularity of the path w (cf.
Remark [2.5]below). In the case of entropy solutions, (I.6) implies

t) e WMY(T), V>0, A :
u(t) e WHH(T), V>0, A<=
Hence, in the limit H | 0 we recover the optimal regularity estimate u(t) € W!=51(T) for e > 0.
Indeed, note that for each fixed H € (0, 1) shocks still appear an thus u(¢) ¢ W(T) for some
t> 0.

The proof of the first main result (Theorem [2.3)) makes use of both the p and v indices in the
definition of (p, y)-irregularity. In contrast, an inspection of the proof of [7] unveils that apart from
independence of increments only the scaling property of Brownian motion is used. This suggests
that the condition (1.3) may not be optimal in this setting. In addition, the condition (I.3) is not
easy to check in examples (cf. [3]). This motivates the second part of this work. In this part we
develop a second proof, quite different from [7], of regularity of solutions to (I.2). This second
approach avoids the use of Fourier transformations, relying on real analysis only. As a consequence,
this allows to replace the condition (I.3]) by a new path-by-path condition for w which is close to a
pure scaling condition: Assume that there is a © € [%, 1] such that for every @ € (—1,0) and A > 1
we have

T T—r
(1.7) / dr/ dt e Mwr|® < e
0 0

It is not difficult to see that (v, p)-irregularity implies (1.7). In addition, the verification of (1.7)
with « > H for fractional Brownian motion requires only a few lines of proof. Under assumption
(I.7) for w being n-Holder continuous we prove that bounded quasi-solutions to (I.2)) satisfy

14+n—1

1.8 e Ll _((0,7);WhY(T)), VA< ,
( ) U loc(( ) ( )) 1+T’+L

which, in the case of fractional Brownian motion w = 3% recovers (T.6).

Structure of the paper. The first main result, Theorem relying on (p, 7)-irregularity is stated
and proved in Section 2] In Section [3|the path-by-path scaling condition is introduced, verified
for fractional Brownian motion and an alternative proof of regularity of solutions to (I.2)) is given
in Theorem

2Note that via (1.3) the zero set may depend on g.
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Notation. For a function w : [0,7] — R we let w; := w(t) and w{ = ws,; — ws. Given
two vectors a,b € RY we define (a.b); = a;b; to be the componentwise product and {(a, b) to
be the inner product. We will often use the shorthand notation [, ) (v) = [ dv 1 (v). We let
M([0,T] x RY x R) be the space of all locally finite Radon measures on [0, 7] x R? x R and
My ([0, T] x R? x R) be the subspace of measures m with finite total mass ||m||7y. Further,
let C"(]0, T); R?) be the space of 7-Holder continuous functions with norm || - ||, and BV, =
BV (R,) be the space of functions in L. of bounded variation. We will often use the convention
LY, :=LP([0,T] x RY), LY LT := LP([0,T] x R%; L(R,)) and analogously for Sobolev spaces
and spaces of measures. For s € R, p > 1 we let WZ?, WZ" denote the homogeneous and
inhomogeneous Sobolev spaces respectively and we set H® := W2, For a distribution f on
R? we let f := JF f be its Fourier transform. The Fourier transform is taken with respect to the
x-variable unless specified otherwise. We follow the usual notational conventions concerning real
interpolation along the lines of [2].

2. MAIN RESULT

As suggested in [12, 13], entropy solutions to (I.1)) are defined by passing to the kinetic form. That
is, setting

1 ifo<v<u
xX(u,v) =¢ -1 ifu<v<O0
0 otherwise

and x(t,z,v) := x(u(t,x),v) we informally obtain that x satisfies

d .
, dwy
(2.1) Oex(t, ,v) + Z a'(v)0g, x(t,x,v) o d—tt = Oym(x,t,v),
i=1
X(0,z,v) = X°(x, v).

In order to pass to a robust form, that is, to a form that makes sense for all continuous functions w,
we test by testfunctions transported along the characteristics. That is, for any given test-function 1
we have

| xtamta—at)we) = [ xo.060

(22) — / m(r,x,v)@v(¢(£ﬂ - CL(’U)"LUT,’U)),

x(0,z,v) = x"(z,v).
This leads to
Definition 2.1. A map v € L>([0,T] x T¢) N C([0, T]; L*(T%)) is said to be a quasi-solution to

(1) if there is a finite Radon measure m on [0, T] x T¢ x R such that (2.2)) is satisfied for all
Y € CX(T?, xR). If m is a non-negative measure, then u is called an entropy solution.

We refer to [13] for the well-posedness of entropy solutions to (I.1]) and note that the proof given
there for the Cauchy problem can be applied to the torus without essential change.
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We aim to estimate the regularity of the solution u based on averaging techniques. Concerning the
general setup of the proof we follow [7] which in turn adapted arguments of [5]. However, in [7]
probabilistic arguments were used leading to an estimate in expectation only. In order to avoid such
a probabilistic argument different estimates have to be found that allow to unveil the relation to
(p, ~y)-irregularity of paths. Informally, (2.1) is equivalent to

d
Oex(t, z,v) + (a(v) Vax(t, z,v), o%) + A% (t,x,v) = A% (t, z,v) + Oym(t, x,v).

Passing to Fourier modes in x we have

d
Oex(t, n,v) +i(n.a(v)x(t,n,v), o%) + 2% (t, n,v) = |n]**%(t,n, v) + Oyin(t, n,v).

Hence, by a change of variable and setting b,, = |n|?®,

t
Rt m,v) = @@)med bty (0, ) + / ds el =) =00, 3 (5, n,v)
0

t
—i—/ dsei<a(”)'"’wt_w5>_b"(t_5)6vm(s,n,v).
0

Integrating in v yields
t
ﬂ(t,n) _ / ei<a(v).n,wt>—bnt>2(0’n’,U) + // ds ei(a(v)‘n,wt—ws>—bn(t—s)bn>z(s7n’ ’U)
v vJ0

¢
(2.3) +// ds6i<“(”)‘”’wt_ws>_b"(t_s)avm(s,n,v)
vJ0

=a0(t,n) + @l (t,n) + a(t,n).
Hence, in the sense of distributions,
2.4) uw=u’+u + u2,
with v defined via (2.3).

In the proof, the regularity of each u* will be estimated separately. The above stated decomposition
of 4(t,n) suggests that the possible regularizing properties of driving paths could be related to the
behaviour of the appearing oscillating integrals. Motivated by this observation and [3] we introduce

t

(2.5) o (a) = / eHlewr) gy
S

and recall the following notion of irregularity of a path.

Definition 2.2. Let p,y > 0 and w € C([0, T];RY). Then w is (p, y)-irregular if

0%, (a)l
12 lwroryy = 19l == sup  sup (14 Jaf)’ =22 < oo
acRd 0<s<t<T |t — s|

We say that w is p-irregular if there exists v > 1/2 such that w is (p, v)-irregular.

We will impose that the function a := A’ = (a',a?, ...,a?) € C1(R, R?) satisfies a non-degeneracy
condition of the form
(2.6) inf max |e;(a’(vg) — a'(v1))| > clvg — v1|”

e=(e1,...,.eq))ERI i=1,....d
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for some fixed v > 1, ¢ > 0 and all v1, v2 € R. As in [7] this non-degeneracy condition is weaker
than the standard non-degeneracy condition used in the deterministic case (cf. e.g. [9]). Indeed,
we may choose A(u) = ($u?,..., 2u?) to get (Z:6) with v = 1, whereas this choice of A does not
satisfy the usual deterministic non-degeneracy condition (see [7] for more details). Our main result

1S:

Theorem 2.3. Let w € C"([0,T],RY) for some n > 0 be (p,~)-irregular and let u be a quasi-
solution to (1.1). Assume that a satisfies (2.6) for some v > 1. Then, for all T > 0 and all
ye P+l —(1-7) p+2wpV1)
(wpV1(n+1)+(1—=v) (pv1)2n+1)+(1—7)

we have .
/0 dt [u(t)llwrs < C(llu’llpy + llull gy + lwlylla’ (w)mlzv),
for some constant C = C(||®"||,~). If u is an entropy solution, then, in addition,
lu(®)||jyar < oo forallt > 0.
By [3, Theorem 1.7] for a fractional Brownian motion 3 with Hurst parameter H € (0,1) and a
Holder continuous path g € C([0, T7) for some « € (0, 1), we have that P-a.s. t — B (w) + g;

is (p, 7)-irregular for all p < 537 and some v > £ and 8 (w) € C"([0, T]) for every n € (0, H).
Hence, an application of Theorem [2.3]yields the following:

Corollary 2.4. Assume that A satisfies 2.6) for some v > 1. Let B be a fractional Brownian
motion in R? with Hurst parameter H € (0,1), g € C%([0,T]) for some a € [H,1) and u be a
quasi-solution to

- s g
j t j d
2.7 atHZaxjAﬂ(u)OT+Z%AJ(U)OE:o on T?.
7j=1 7j=1
Then, fOl" all \ < m,
(2.8) ue LIWM,
In particular, for
1 dgi 1
2. —0y 2 t —0, 2 — T
2.9) ﬁtu+28uo a +2(‘9u 0 on

and H < % we get (2.8) for all A < ﬁ

Remark 2.5. Corollary allows to analyze the interplay of non-degeneracy of the flux and
irregularity of the noise. Indeed, for two choices H; < % we get the same order of regularity as
long as

vo(Ho + 1)+ Hy =11 (Hy + 1) + Hj.

Hence, a higher order degeneracy v of the flux may be compensated by a more irregular path.

Remark 2.6. In [7] it was initially claimed a regularity of order A < % in (2.8), later corrected to
A< % in [8] with the same proof.
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2.1. Proof of the main Theorem. In the following we set, for a € R%, b € R, w € C([0, T]; R%),
s,t >0,

¢
‘Ilgit(aa b) = / Hlanwr)=2br gy
S
We note that
t t—s
Uy (a,b) = / ot (awr)=20r q,. / i@y —2b(r+9) g
9 S 0
t—s
(2.10) = eiaws)—2bs / i@ —ws)=2br 4.
0
— ei(a,ws>—268\1/'61);_5(a7 b)
We note that

2.11) ||(I)w7' ||WP7"/([S;T}) = ||(I)w”WPW([S+T;T+T])'
The regularity estimate will rely on an estimate of
K%(a,b) := sup |¥¥r_.(a,b)|.
sefo,1]

Lemma 2.7. Assume that w is (p,~y) -irregular. Then, for any < v+ 1 and |b| > 1, a € RY,

. b 1-6
pY b)| < ||@v , PR
or—s(a, )] S | HWM([OvT])(’a\p_FU

and

y - w |b‘179

|K"(a,b)| < || wa([ovTDm'

Proof. We observe that, by integration by parts,
s s T—s .
&T—s(a’ b) = BU,T—s(a)e_%(T_S) + 2b/0 %)th (a)e_%tdt,

where @ is defined as in (2.5). Thus, using (p, 7y) irregularity of w we obtain that

T — s

])?Wﬂ s €[0,T]

P07 = [P57r(a)] < (|2¥][wom (o,
and
ot

[P0 S !!q)w!\pr([o,T])m-
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Thus, for 0 < v+ 1,
T—s
W7 o(a,b)] S|P (a)|e 2T + 2|b\/ | PG (a) e dt,
0

T-s 1
< w
S e o oy o =

2|b o d & L d
w : t
+ 2| |/0 | ”Wf’"f([O,T})(‘aV,_i_l) 120]7
<||dW 1 — 1-0 = y—6
NH(I) ||Wp"‘/([0,T]) (‘a|p ¥ 1) |b| + |b| 0 t dt

<l ’b’1—9 T—s o
S HWPW([O,T])W I+ ; e rde

- b=

Sl HW/W([O,T])W7
where we have used the inequality e™* < x 7P for any p > 0. Taking the supremum in s finishes
the proof. U

We next note that the notion of (p, )-irregularity introduced above offers some flexibility in the
choice of the parameters. In fact, the following Lemma shows that one may enhance the Holder
time regularity of ®*(a) by loosing a certain amount on the decay in |a.

Lemma 2.8. Let w be a (p,~y)-irregular path. Then, for every k € (0,1), wisa (pr,1—r(1—7))-

irregular path. Moreover, we have that

19 | pw1—n(a—y < 277197155

Proof. 1t suffices to interpolate the bound
88,0 < 9o 0
with the trivial bound |® ;(a)| < |t — s|. We get
. It — 8|'m+(1fn)
oo = Ty
‘t _ S"y)ﬁ»(lf/@)

[Pe(a)] < (|07

<2i7rjev|y,

1+ |alrr
O
Lemma 2.9. Let f1, f> : R — R, be measurable and a € C*(R, R?) satisfying
(2.12) eeRidI}‘i;lzl le.(a(v1) — a(v2))] = clor — val”

for some v > 1 and ¢ > 0. Then for every compact set K C R, n € Z\ {0} and every p € (0, %)
we have
1

//[{XKdvldm fl(vl)fQ(U2)1+ ’"I’L.(a('l)l) —CL('UQ))’p 5 Hf1HL2Hf2HL2’n‘_p'
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Proof. Using first the Cauchy Schwartz inequality in vy, then (2.12)), then Young’s inequality yields,
1

//I(devldv2 f1(v1) fa(v2) 1+ [n(a(v1) — a(va))]?

1
A Ry e e

/K dvs £ (v2) : < izl fele

L+ cln|?| - —val |l
The conclusion of the proof now follows from the observation

1 1 1
/ dv — < — / L Qv ———s S n| P
k  LtcnlPol? ™ ne Jgmr 1+ 0P

We now proceed by estimating each term appearing in (2.3) separately.

1
L+ clnfe| - [Pl

<\ fillz2

In the following we will first consider the case vp < 1. In the end of the proof we will see that the
case vp > 1 can be reduced to this case.

2.1.1. Estimate for the initial condition part. In the following we estimate 4°(¢,n). With b, =
In|?* as above, we have

,&O(t’n) — /ei(a(v)‘n,wt)bntXO(n7,U).

Taking the square and integrating in time implies

T T
[ aaeanp = [ a
0

/ dt/ / i{(a(v1)—a(v2)).nwe)—2bpt o0 Win, UI)X (n,v9)

//%T a(v1) — a(v2)).n b)) (1, 1) (1, v3).

By Lemma 2.7 we have, for 0 < 6 < v + 1,

2
—z(a(v) n, wt>—bnt§<0(n v)

1-0
(2.13) W6 r((a(vr) — a(v2)).n,bn)] S 1194 (a(or) _’bg(|U2))_n|p 41

We obtain
/T dt [a°(t,n)[* < [|9*) / Ll 1X°[(n, 01)[X°1(n, v2)
0 T P Joy e 1(a(v1) = a(va)) mlP +1 ’ ’

Since ug € L°°(T?) we have that Y°(n, -) is compactly supported. Hence, Lemma gives

T
(2.14) / dt [a0(t, )2 S (19 |y 72OV 0(n, )12,
0 v
This implies

T
2.15) / At 1)1 pesaony S 1P Mon X2 .
0 H 2 v,z
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2.1.2. Estimate for the integral part. Recall

t
1(t,n) _ bn/ ds/ei(a(v),n,wtws>bn(ts)>2(s,n’ U).
0 v

Taking the square of the L? norm in time and expanding the square into a double integral yields

T
I:/ dt [ul (t,n)|?

_b2/ dt/ / dSldSQ/ / i{n. (a(v2)—a(vi)),we)—2bpt z(n a(v2),wsy ) +bnsaT (82,72 ?JQ)

na(vl)’w51>+bnslx(81 n, Ul)

Now we observe that we can split the domain of integration into two regions s; > so and so < $1
which give the same contribution. Thus,

—252/ dt/ dsl/ d82/ / n.(a(v2) afu1)),wz)e—ante—i(n_a(vz),w52)+bn82§(82’n,v2)

7, n.a(v1), w51>+bn51X(31; n 'Ul)

Then, using Fubini’s Theorem to commute the time integrals yields

_ 2b2/ d81/ dSQ/ 81T ( )—a(’l)l)),bn>6_i<n'a(v2)’w52>+b"52§(82,n,’UQ)
V1,02

1 n.a(vi), w51>+bnslx<sl n Ul)
)

where W' is defined as above and by (2.10) we have
\I};ULT(TZ.(U/(UQ) . (I(Ul)), bn) — 672bn31+2<n.(a(v2)* a(v1)), wsl)\POT 51 (n ( (1}2) _ a(Ul)), bn)

We now focus on the time integral part for which we use Fubini’s theorem to obtain

dsl s [WER -, (0 (a(v2) — a(vn)), by)e~ 0 o) ) i) )

e—in.a(va), we2>X(32’ n 02))2(81, n, Ul))|

T
< [ dsalitsain ) / At WETE_ (n.(a(v2) — a(01)), ba)|e ™12 [R(s1,m, v1).
0
Using the Cauchy-Schwartz inequality for the integral over sy we bound this quantity by

1% (- 12, v2) || L2 (10,7))

X [/OT dso (/: dsl‘\I’OT s (n.(a(vz) — a(”1)>’b”)‘e_bn(81_82)’>2(817n7vl)’)j

By Young’s inequality for convolutions this can be bounded by

N

1
2

1 T N ws
x| [ dslttonm PO o Ga(en) = atwn) 8P
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which can be bounded by

1 s
o IXCms v 2o, I Cs 7 v2)l 22 o) s (W87, (n.(a(va) — a(v1)), by).
n s1€10,

Hence, we conclude that

T
/0 dt [u (£, m)[? < 2b, / / G o) L2 0.z G 1 02) | 220,27y K (. (a(v2)—a(or)), b,

where
K"(a,b) = sup U7 ,(a,b)].
se[0,1]
By Lemmal[2.7] we have
K" (a,b)| < [|® !pnm

forall & <+ 1. Since u € L, we have that v — [|x (¢, 7, )| 12([o, ) is compactly supported in
v uniformly in ¢ € [0, T'|. Hence, using Lemma we conclude that

T
/0dt’ul(tan>‘2§H(I)prﬁbn//HX('?”:vl)HLZ([O,T])HX('vn77}2)HL2([0,T})
vy Jvg

bnlfe
X
(2.16) (14 |n.(a(v2) — a(v1))]?)
SNl b~ 1l I, s

< 1@yl P ()25

Hence, multiplying by |n| =27 yields

T
12 2
(2.17) /0 dt ||u (t)’|Hﬂ2@+T S ||<I)w||pﬁ”X||L§v(H;).

2.1.3. Estimate for the kinetic measure. We consider

T \ T t \
| atenrontoy = [ [ [ [ aso.sis00-0) om0
0 0 vz Jo

_ /OTdt [/ /Otdswt—ws>a'<v>Dsz<v><s,t>«—A>

where ¢ is an arbitrary smooth function and 5% (s,1) is the dual semigroup to S 4(,)(s,t) which

[P

p)m(s, x,v),

is given by the Fourier multiplier eita(v). nwi—ws)=bn(t=s) - A5 in [7] we have that

o[>

* _Afl
D550y (8, )(=2)2 ¢l S (= 8)7 2 [l co-
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Hence, using that w is n-Holder continuous by assumption and Young’s inequality for convolutions,

T
/0 dt (—A)3 o, <HcpHoo/ dt/ ds |wr — ws|(t — 5)- //|a J[ml(s, 2, v)
< Jlwlls Hs0||oo/ dt/dst—s 52 //| o)\l (s, ,v)
_A+1
< Jlwllylleloc /0 dt 7% /0 ds / / a/(0)[ml(s, 7, v).
v x

Ifn— % > —1 or equivalently
2a(n+1)—1> A

/OTdt«—A) (1) 5 Jlwlly ||so|oo//w|a Jllml(s, 2, v)

= llwllyllellsclla’ (w)mllzv .

we conclude

Hence, for A < 2a(n+1) — 1A 1,
T

2.18) / dt 12 (1) s S wlllla’ @)mllzv.
0

2.1.4. Conclusion. Let us consider first the case when pr < 1. We may now conclude the proof

analogously to [7]. For the reader’s convenience we include some details. Let 7 € [0, %] such

that %@_6) +7< M;Hp which is equivalent to 7 < a. By @.4), @.13), @.17), 2.18) and
Sobolev embeddings, we have

(2.19) u=u’+u' +u* e LiWM
if
—2a(2 -0 d —2a(2 -0
pte0) g, g pZEB0 e -1sa
This is satisfied if
—2a(2-10
min <1, po<2() +7,2a(n+1) — 1) >\

Optimizing the left hand side for « yields the choice

_ pt2+27

2(2n+4-06)

which satisfies 7 < « iff 7 < 2(2%3?_0). Hence, for 7 € [0, 5 A 2@%3?_0)] we obtain (2.19) with

pn+1)—=24+0  2(n+1)

A< Al
Mm+4—0 mra—_0
We now bootstrap: Start with 7 = 0 to get A\ := % we then set

pln+1) =246  2n+1) A\

A L.
2n+4-146 2n+4-6 2

)\n+1 =
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Then A\, T A\, with

H—2+40
(2.20) A =P =246
n+3-—10
where the iteration has to be stopped if the side-condition \,, < 27]’;% is reached. In conclusion,

we have, for all

p+2
A< MA —F——
2n+3—-46
that
T 0
/
2.21) /0 dt [lu(®)lprr S CUL ) Ul + [lullzy, + lwllplla’(@)mllrv).

If « is an entropy solution, by L!-contractivity with respect to the initial condition this implies
[u()llwras < o0
forall £ > 0. Since # < 1 + ~y arbitrary we can set § = 1 + ~ in (2.20)) which yields (2.21])) for each
pin+1)—(1—-7) p+2
m+D+1—-7v) 2np+2-v
This finishes the proof of Theorem[2.3]

2.1.5. Reduction to the case vp < 1. If vp > 1 we choose k € (0, yip) and note that w is

(p,7) = (kp,1 — K(1 — ~))-irregular by Lemma[2.8] Since then pv = kpr < 1 we can apply the
estimates from the case vp < 1. We obtain (2.21) for all

/\<p(77+1)—1~+'y/\ p+2 ]
n+2-—% n+1+(1-79)
_/<;p(77+1)—/<;(1—'y)/\ Kkp+2

n+1+rk(l—7) 2n+1+k(1—7)
Choosing k = Vip yields (2.21]) for all

pin+1)—(1—7) p+2vp
vpn+ 1)+ (1 —7v) vp2n+1)+(1—-7)

3. REAL SPACE METHOD

In the above sections we have shown that the notion of (p, )-irregularity of a path gives us a
sufficient notion to capture path-by-path regularizing properties. In order to further analyze the
role played by this notion of irregularity, in this section we introduce an alternative approach to
averaging principles and thus path-by-path regularization by noise. The merit of this alternative
approach is that it does not rely on Fourier methods and therefore it does not lead to oscillating
random integrals as they appear in the definition of (p, )-irregularity. This leads us to an alternative
(and apparently weaker) condition of irregularity of a path. This approach is motivated by [10].
The disadvantage at the current stage is that a generalization to general flux and multiple dimension
does not seem immediate.

We again consider

1
(3.1) Oy + gaﬂﬂ odw; =0
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in its kinetic form, and restrict to one spatial dimension. Informally, we have

atX(tv €, U) + vaﬂ:X(tv z, U) °

dt;]t = Oym(t,x,v).

For simplicity, we localize in time, that is, for ¢ € C2°(0,T) we set x := @X, m := @m which
solves dw
Oex(t, x,v) + 00 X(t, z,v) 0 d—tt = 0ym(t, z,v) + o(t)x(t, z,v).
Rewrite as, for A > 0,
dw . - - .
— AN @, v) = Dyt x,0) + AX(E 2, 0) + G(0)X(E 7, v).

815)2@,.1‘, U) + ’Uaxf((t,fﬁav) © dt

Then,

t t
X(t,z,v) :/ ds e M=) (9m) (s, & — vws g, v) + )\/ ds e N Y (s, 2 — vws g, v)
(3.2) 0 0

t
0

We want to estimate the regularity of velocity averages

w = [ xo

for ¢ € C°(R). We thus aim to understand properties of the random X -ray transform operator

g(z,t) / ds/ Uw&t,v)gﬁ(v)e_/\(t_s),

with g € M([0,T] x R x R) + L>([0,7] x R x R) , ¢ € C(R).

3.1. A path-by-path scaling condition. We will work with the following path-by-path scaling
condition

Assumption on the noise: Thereis a . € [%, 1], C' > 0 such that for every o € (—1,0) and A > 1
we have

T T—r
(3.3) / dr / dt e Ml | < Oa~ie,
0 0

The deterministic case (w(t) = t) corresponds to ¢ = 1.

Proposition 3.1. Ler w be a fractional Brownian motion with Hurst parameter H € (0, 1). Then,
forP-a.e. w € Q) the path t — w(w) satisfies (3.3) for every . > H.

Proof. Using that e < 2~ for each z > 0, > 0 we observe that

T T—r T—r
/ dr / e Ml <A™ / dr / dt t 0wl |,
0 0

Hence, we need only to check that K := f g dr f 0 "dt t=0|wl|® is finite P-almost surely. Indeed,

T T—r
K) < / dr / t=0Heqs
0 0

is finite under the condition that 0 < 1 + Ha. O



PATH-BY-PATH REGULARIZATION BY NOISE FOR SCALAR CONSERVATION LAWS 15

Proposition 3.2. Assume that w is (p,y)-irregular with vy > % Then w satisfies (3.3) for a €

(—pV —=1,0) with v = 5.

Proof. From [1, Proposition 1.29] we recall that, for « € (—1,0),
2| = CaFH(| - |77 ) (@)

C .
— oo [dyeye.
™

T—r C T—r -
/ dt e Mwy|* = 2a/ dte_’\t/dyew’fy|y|_"‘_1
0 T Jo

COé —a—1 e —At _iwiy
=3 dy |yl dte ey,
T 0

T—r - : - T—r t -
/ dt e~ Mty = e_’\'(/ ds e™s V)| I 4 )\/ dt e_’\t(/ dse'sY)
0 0 0 0
T—r . T—r t .
= e_A(T_T)(/ dse™s¥) + )\/ dt e_”(/ dse"sY)
0 0 0

1wl p AT T At
< 02 (o= ’“)yT—rPJr)\/ dt e M7
1+ [yl 0

Hence,

Now

< Hprv’Y 7Y
Tyl

By Lemmafor e > 0 small enough, wis (p*,7") := (- +&,1+ 55 <1-— %*8(1 —¥))-
irregular. Using the above with these indices, since« —¢ —a — 1 = —1 — ¢ < —1 we have

e At (1+2) Yl
dte” e < AV d
/(; € ’wt‘ ~ HwHP:'Y ’ / Y 1 + ‘y p*

—a—1

11—
N ”prwA 0.

0

In the case of fractional Brownian motion, by Theorem [3, Theorem 1.4] we have that BH is
(p,y)-irregular for any p < ﬁ and some y > % Proposition then implies that fractional
Brownian motion satisfies (3.3) with any ¢ = ﬁ > H. However, the proof of this fact given in
Proposition [3.1]is much simpler and thus underlines the relevance of condition (3.3)).

3.2. Main result.
Lemma 3.3. Assume (3.3). For o € [0, 1) we have
T:LP(LL,,.(BV,)) — LEWTL )

xz,loc x,loc

with
.. < \ 1t
1Tl e 21, Bvipszioim ) SA7

xz,loc x,loc

Sforall A\ > 1.
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Proof. Letg € L} (L.

x,loc

(BVy)). Then, in the sense of distributions,

(0vg) (s, — vws,v).

1
a g )
o Oulgs, v ) +

)

axg(sa T — VWst, U) = -
Thus,

I [ ats.z = v o)o@liny =10 [ als.o vwst,vw(v)HL;loc

1

< 1 / (B(g(s, T — Ve, 0))$(0) | 12
|w87t| v LZOC
1

< 1 / 9(5,7 — vwer, I + ] / 19)(5, 7 — v e, )W) 1
|wS,t| v x, loc xz,loc

Minkowski’s inequality yields

H/g(s,x—vws’t,v)gb(v)\Wl,l

—|wst\/”9 000, + o [ 10 s oy,

Ug Uwstav)gﬁ(v)HLl,

< .. .

S \ws,t\ (ot s ey + oMo, sivy)
1

- |w8 |Hg( L) )HL oe(BV)®

‘We further have the bound

I [ stsa = v 000(0lny,,, < [ llals.o = v )o@y,

< lgts, -+ Mar
< llg(s, -, ')HL;JOC(BVv)-

Ll

v, loc)

By complex interpolation these bounds yield, for o € [0,1),
1
I [ s = w000y, < Tl v
v x,loc S

Hence,

ITg(0)lrs

t

< ‘ ds T — vws g, v)P(v)e )
W2
/ d5||/ s 3:—vwst,U)gb(v)HW;lloce_)‘(t_s)

< ds——||g(s)]| 71 e ME=s),
/0 19 o
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We obtain (using the assumption on the noise)

ITgl s /dt/ ds
T—s efz\t
<[ as / a5 ) g(s) s
/0 0 ’w(),t‘a' Lz,loc(BVU)

<A gll e

x,loc

—A(t—s)

5llg(s )HL_}EJOC(BV@)e

(BVy)

17

O

Lemma 3.4. Assume w € C"([0,T]) for some n € [0,1]. For each g € My M, o there are

ht,h% € M([0,T] x R) such that
Tdyg = Ozh' + h*
with
IR L, S AT G0 Me oMo
1B ity S A H9lMe 0 My o
forall X > 1.

Proof. Let g € My M, 5. Then
t
T(t)0yg = / ds /(aug)(s,a: — Uws’t,v)(ﬁ(v)@*/\(tfs)
0 v
t
= 835/ ds /wsyt(g(sax_Uws,tav))¢(v)e’\(ts)

/ds/a (s, — vwsgt,v v))p(v)e M=)
=: 9,ht(t) + hA(t).

Now, again using Minkowski’s inequality,

t
1B, < /0 sl lg@llag, e ds

t .
1B2(8) |, < /0 lgdlla, e 2Eds.

Hence, by assumption on the noise,

T t
Wi, < [t [ dslwdlo(s)olan, e

T T—s
< / ds ( / gt tne—”) l9()6lan, .
0 0

S A_l_n“g“Mt,va,loc
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and

T t
||h2”Lt1MI S/O dt/o dng(S)(ﬁllee_’\(t—s)

T T—s
—\t |
< /0 s </0 dte )ng(swnm

1
S X ||gHMt,sz,loc'
]

Theorem 3.5. Let u be a quasi-solution to (3.1), ¢ € C°(R) and suppose that w € C"([0,T1)
satisfies assumption (3.3). Then

: sl
u? = / X € Llloc((O’T); W;,loc)
v

1+n—t
14+n+e

forall s < s, = with

1+n

it e/
”Ud)HLllM((g,T);W;:lloc) S (HUHLgOLl + 1) ! (”mHMt,sz’loc V 1) it 4 ||U¢||Lg(W;1vl)'

z,loc

Proof. From (3.2)) we have
u® = Tdyg + AT f1 + T fo

with fi = X, fo = ¢x , g = . For simplicity we write u instead of u? in the following. We note
that

fla f2 € L?OL;‘,IOCBVU
g=m € Mt,va,loa
with, fori =1, 2,
||fz‘HL;>°L;JOCBVU S ||X||Lg°L;YlOCBVU S ||“||L,?°L;JOC +1
HmHMt,va,loc S HmHMt,va,loc'
Following Lemma 3.4 we have
Tg=h'+ h?
with, for arbitrary €1,e2 > 0,
1 —1—
IR o1ty A At
2 —
121 g ezt Al vt -

Since, for 0 < g9 << €1,

Ly(Wy ) = (Ly (W, o0 ), LEW )

z,loc o0

1

140’
with

2 I 2,1 2,2 L2 12,1 2,2

K (W, 2) = mE{ B>y gy mrmenn) + 2By e ) B2 = 1214022,

W LW, h2 € LHOVTL))

xz,loc
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we have

sup LT K(h%,2) =

. 2
2>0 L e R WA

x,loc 1+0_,oo

~ HhQHL%(W;SQ’l) g A_1”Thh’H./\/lt,av-/\/[v,loc'

By Lemma[3.3|we have, i = 1,2,

z,loc

HTfiHL}(W;’ﬁ)C) < >‘_1+w||fi||L;>°L1 BV,
With
K(u,z):= inf{HUlHLtl(szlfel,l) + ZHUQHL%(W;”ZIOC) cu=ul

al € LIV, 1o, o € VL)),

x,loc
since u € L}, € L} (W, ') we have the trivial bound

K(U, Z) < ||u||L%(ch_1_€1’1)'

19

It it therefore enough to restrict to z < 1 in the following estimates. For h? = h?! + h?? with

h2l e LYW oY), k22 e LI W ™! ) we have

xz,loc
w=h'+h:+ \XTf1 +Tfo
=h 4+ RPL B2 L NT L+ T

and thus
K(u,z) < ||h* + h2’1||Lg(W;1‘51’1) + 2|22 + AT f, + Tf2||L%(W;,lloc)
1 2,1
< Hh‘ ||Lt1(WZ_1—5171) + ||h HL%(WI_I_ELI)

2,2 . . .
2P My qvey ) AN Allpyiey ) + AT Rl iz -

By definition of K (h?, z) this yields

K (,2) < 10 gy gty + K02, 2) + 20T fll g e+ 21T ol i

1 1
S)\ ! 77||Tn’||-/\/lii,‘ﬁc-/\/lv,loc_‘_’21+U)\ 1||m||Mt,va,loc

~1
+ Z)‘LUHX”L;?OL;JOCBVU + 2N Ixllpgerr , By,

x,loc

Equilibrating the first and third term yields (without loss of generality we may assume in the

fOIIOWIHg that HX”L?OLl BVy» HmHMt,va,loc Z 1)

x,loc

A Ml e My e = XXl Lot By,

x,loc
that is
! oI —TIT
LT T Lo n Lo n
\ =z wotifn HmHMt,IMU,lOC”XHL?OL}L"ZOCBVU.
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Hence,
1 1# - ml++17-]!—n LUI-:FIZ_"
)\ = zotltn HmHMt’va,loc ||X||L?0Li:,locBVU
T A1 = Tt e (| P B
21+o \ = z1lto  otlin HmHMt,zMu,locHXHLtOOLalc,locBVU
o1 e @it
N B~ HmHMtYIMv'lOC|’XHL?0L;JOCBVU.
‘We obtain
147 o iii
=T Lo n Lo n
K(u, Z) S ZLU+1+n HmHMt,zMU,lOC ”XHL?OL;,ZOCBVU
a1 it it
+ z 140 " wo+ltn |’mH.;\o/-lt7z-/\7L[v,loc HXHE/}()L;}:T’MCBVU
2l G K DRy
Since, for o € (0, 1), wfﬁrn < 1_%0 + m and |z| < 1 we obtain
< H,in Lo'{:i’lﬂ LGL':'Y"ZT]
(3.4) K, 2) 5 27550 ey, s, 17 R oni o
We conclude, with § = %1

o+1+4n°

ull s i==rty Lt o

z,loc

=supz 'K (u,z)

= sup 2z 'K (u,z) +supz YK (u, z)

1>2>0 z>1
= Zae:
< Il Vot

L¥Ll, BV, ol s o N e + H“HL,%(W;””’I)'
Interpolation gives, choosing €; > 0 small enough,
(LE (W5 =), Ly (W0 )00 © Lt (W3,

xz,loc xz,loc
for every

s<(1—0)(-1)+of=0 (H”_L>

I1+n+to
1 1-46

= —+0=1.
r 1 +

In conclusion, since o € (0, 1) arbitrary (large enough), for every s < s, = iig;i,
1-1H7 Hl-n
t+1+4n t+1+n
Il sgiee < IERET v Il ey ot + Tl i
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