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1 Introduction

El Karoui et al. [4] introduced the problem of backward stochastic differential equation (BSDE) with
reflection, which means that the solution to a BSDE is required to be above a certain given continuous
boundary process, called the obstacle. For this purpose, an additional continuous increasing process
should be included in the equation. Furthermore, this additional process should be chosen in a minimal
way so that it satisfies the Skorohod condition. It is worth noting that the solution is the value function
of an optimal stopping problem.

Due to the importance in BSDE theory and in applications, the reflected problem has attracted a
great deal of attention since 1997. Many scholars tried to relax the conditions on the generator and the
obstacle process. Hamadene [6] and Lepeltier and Xu [14] proposed a generalized Skorohod condition and
studied the case where the obstacle process is discontinuous. Cvitanic and Karaztas [2] and Hamadene
and Lepeltier [7] proved the existence and uniqueness when there are two reflecting obstacles. They also
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established the connection between this problem and Dynkin games. Matoussi [17] and Kobylanski et
al. [13] extended the results to the case where the generator is not a Lipschitz function.

We should point out that the classical BSDE can only provide a probabilistic interpretation for the solu-
tion of quasilinear PDEs. In addition, this BSDE cannot be applied to pricing path-dependent contingent
claims in the uncertain volatility model (UVM). Motivated by these facts, Peng [19,20] systematically
introduced a time-consistent fully nonlinear expectation theory. One of the most important cases is the
G-expectation theory (see [23] and the references therein). In this framework, a new type of Brownian
motion and the corresponding stochastic calculus of It6’s type were constructed. It has been widely used
to study the problems of model uncertainty, nonlinear stochastic dynamical systems and fully nonlinear
PDEs.

The backward stochastic differential equation driven by G-Brownian motion (i.e., G-BSDE) can be
written in the following way:

T T T
Vo= / F(s, Y, Z,)ds + / o(s, Yy, Z0)d(B), — / ZudB, — (Kr — Kb).
t t t

The solution of this equation consists of a triplet of processes (Y, Z, K). The existence and uniqueness of
the solution are proved in [8]. In [9], the corresponding comparison theorem, Feynman-Kac formula and
related topics were established.

In this paper, we study the case where the solution of a G-BSDE is required to stay above a given
stochastic process, called the lower obstacle. An increasing process should be included in this equation to
push the solution above the obstacle. According to the classical case studied by [4], one may expect that
the solution of a reflected G-BSDE is a quadruple of processes {(Yz, Z¢, K¢, Lt),0 < t < T} such that

(1) Yi=¢+ j;gT f(sv Y, Zs)dS + LTQ(S,Y-& Zs)d<B>s - ftT ZsdBs — (KT - Kt) + Ly — Ly

(2) (YV,Z,K) € 6&(0,T) and ¥; > S;, 0 <t < T}

(3) {L:} is continuous and increasing, Ly = 0 and fOT(Yt — St)dLy = 0.

A shortcoming of this formulation is that, as an example provided in Remark 3.7, the solution of (1)—(3)
is not unique. Our crucial observation is that, in fact, we can define a nondecreasing process A; = L; — K;
such that A is continuous and {— [, (Y;—S,)dA,} is a G-martingale. So we apply a “martingale condition”
instead of the classical Skorohod condition and reformulate this problem as the following. A triplet of
processes (Y, Z, A) is called a solution of a reflected G-BSDE if the following properties hold:

(a) (Y, Z,A) € S&(0,T) and Y; > Sy;

(b) Yo =&+ [, f(5.Ya, Z)ds + [, g(s,Ya, Z)d(B)s — [, ZudB, + (Ar — Ay);

(c) {— fot(Ys — 8)dAs}ieo,1) 1s a nonincreasing G-martingale.

Here, we denote by S&(0,T) the collection of processes (Y, Z, A) such that Y € S&(0,T), Z € H2(0,T),
A is a continuous nondecreasing process with Ag = 0 and A € S&(0,7"). Under some appropriate assump-
tions, we can prove that the solution of the above reflected G-BSDE is unique. In proving the existence
of this problem, we use the approximation method via penalization. This is a constructive method in
the sense that the solution of the reflected G-BSDE is proved to be the limit of a sequence of penalized
G-BSDEs. One of the difficulties in the proof of the existence is that the classical dominated convergence
theorem cannot be applied to our G-framework. Additionally, a sequence bounded in M (0,T) is no
longer weakly compact. This main difficulty in carrying out this construction is to prove the convergence
property in some appropriate sense. It turns out that the well-known monotonic convergence theorem
(see [18]) cannot be applied and we must find a new method to overcome this difficulty. We have found
a new approach involving a uniformly continuous property in S%(0,T) to overcome this challenge. This
approach is also applicable to many other appropriate situations.

In comparison with [4], an important difference is that, if all coefficients of SDEs and reflected BSDEs
are deterministic functions of the state variable, as in Section 6, then the solution Y of the corresponding
reflected BSDE is a viscosity solution of an obstacle problem of a fully nonlinear parabolic PDE of (6.2).
There has been tremendous interest in developing the obstacle problem for PDEs since it has wide
applications to mathematical finance (see [5]) and mathematical physics (see [24]). We then obtain a new
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type of probabilistic interpretation for the viscosity solution of an obstacle problem of PDE via reflected
BSDE.

The rest of the paper is organized as follows. In Section 2, we present some notation and results as
preliminaries. The problem is formulated in detail in Section 3 and we state some a priori estimates from
which we derive some integrability properties and the uniqueness of the solution. In Section 4, we apply
the approximation method via penalization to prove the existence of the solution. We list some conver-
gence properties of the solutions to the penalized G-BSDEs. Our main results are shown and proved in
Section 5. Furthermore, we prove a comparison theorem similar to that in [9], specifically for nonreflected
G-BSDEs. In Section 6, we give the relation between reflected G-BSDEs and the corresponding obstacle
problems for fully nonlinear parabolic PDEs. Finally, we use the results of the previous sections to study
the pricing problem for American contingent claims under model uncertainty in Section 7. In Appendix A,
we introduce the optional stopping theorem under G-framework used for the pricing problem.

2 Preliminaries

We recall some basic notions and results of G-expectation, which are needed in the sequel. More relevant
details can be found in [8,9,21-23].

2.1 G-expectation

Definition 2.1. Let  be a given set and let H be a vector lattice of real valued functions defined
on 2, namely ¢ € H for each constant ¢ and |X| € H if X € H. H is considered as the space of random
variables. A sublinear expectation E on H is a functional E : H — R satisfying the following properties:
for all X,Y € H, we have

(i) monotonicity: if X > Y, then E[X] > E[Y];

(i) constant preserving: E[d] = ¢;

(iii) sub-additivity: E[X + Y] < E[X] 4+ B[Y];

(iv) positive homogeneity: E[AX] = AE[X] for each X > 0

The triple (Q,H,E) is called a sublinear expectation space. X € H is called a random variable
n (Q,H,E). Wecall Y = (Y1,...,Yy),Y; € H a d-dimensional random vector in (Q,H,E).

Let Q7 = Co([0, T); RY), the space of R%-valued continuous functions on [0, T'] with wy = 0, be endowed
with the supremum norm. Let B = (B%)%_, be the canonical process. For each T > 0, set

Lip(Qr) :={¢(By,..-,B,) :n=1t1,...,t, €[0,T], p € Cb7Lip(RdX”’)},

where Cb,Lip(]RdX”) denotes the set of bounded Lipschitz functions on R4*™,

Denote by Sy the collection of all d x d symmetric matrices. For each given monotonic and sublinear
function G : Sy — R, we can construct a G-expectation E as well as the conditional G-expectation E..
We call (Qr, Lip(Qr), B) the G-expectation space. The canonical process B is the d-dimensional G-
Brownian motion under this space. In this paper, we suppose that G is non-degenerate, i.e., there exists
some ¢ > 0 such that G(A) — G(B) > $c*tr[A — B] for any A > B

Let B be the d-dimensional G-Brownian motion. For each fixed a € RY, {Bf} = {(a, B:)} is a
1-dimensional GG,-Brownian motion, where G, : R — R satisfies

Ga(p) = G(aa™pt + G(—aa™)p~, peR.

Let 7 = {t{',...,t}}, N = 1,2,..., be a sequence of partitions of [0,¢] such that p(x}’) = max{|t}},
—tN|:i=0,...,N — 1} — 0, the quadratic variation process of B¢ is defined by

N-1

(B*) = lim Y (Bix - ij)2~

ui)—0 =g
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For a,a € R%, we can define the mutual variation process of B* and B® by

_ 1 _ _
(B, B, = LB+ - (5]
Denote by Lg;(€2r) the completion of L;,(Qr) under the norm |[&[ zr, := (E[|€[P])'/? for p > 1. For all
t €[0,T], E;]-] is a continuous mapping on L;,(2r) with respect to the norm || - HLE' Therefore, it can

be extended continuously to the completion L7, (7). Denis et al. [3] proved the following representation
theorem of G-expectation on L, (Qr).

Theorem 2.2 (See [3,10]).  There exists a weakly compact set P C M1 (Qr), the set of all probability
measures on (Qr, B(Qr)), such that

El¢] = sup Eplé] forall €€ L(Qr).
PeP

P is called a set that represents E.
Let P be a weakly compact set that represents E. For this P, we define the capacity

c(A) = 1531615)) P(A4), AeB(Qr).

Definition 2.3. A set A C B({2r) is polar if ¢(A) = 0. A property holds “quasi-surely” (q.s.) if it
holds outside a polar set.

In the following, we do not distinguish the two random variables X and Y if X =Y q.s.

For £ € L;p(Qr), let £(§) = E[supte[O’T] Ei[¢]]. For convenience, we call £ the G-evaluation. For
p>1and € € Liyp(Qr), define |[£]lp.e = [E(J€P)]*/P and denote by L% (Q7) the completion of L;,(Qr)
under || - [|,e. The following estimate between the two norms || - ||z and || - [|,e will be frequently used
in this paper.

Theorem 2.4 (See [25]). For any a > 1 and § > 0, L& (Qr) € LE(Qr). More precisely, for any
l<y<p:=(a+d)/a, v <2, we have

« * a a+d
€86 <7 {1l ans +147Ca 5 [T, VE € Lip(Qr),

LngzS
where Cppy =Y 001791, v* = /(v - 1).
2.2 G-Ito6 calculus

Definition 2.5.  Let MZ(0,T) be the collection of processes in the following form: for a given partition
{t07 e ,tN} =TT of [07T],

N-1
ne(w) = Z §i (W)L, 500 (D),
§=0

where & € Lip(%,), i = 0,1,2,...,N — 1. For each p > 1 and n € MZ(0,T), let the norms be
A ~r o T
1l a2, = {BI(fy InslPds)? 132, Nnllagg, = (E[fy |ns|Pds])'/? and denote by HE(0,T)) and ME(0,T)
the completions of MZ(0,7") under the norms || - || mr, and || - [[5z, respectively.
For two processes £ € MA(0,T) and n € MZ(0,T), the G-1t6 integrals (f(;5 &d(BY, B))o<i<r and
( fot nsdB)o<i<T are well-defined (see [16,23]). Similar to the classical Burkholder-Davis-Gundy inequal-
ity, the following property holds.

Proposition 2.6 (See [9]). Ifn € HE(0,T) with « > 1 and p € (0,a], then sup,ep m | [} nsdBs|P

€ LE(Qr) and
u p . T P/2
/ nsdBs }gapcpEt[(/ |ns|2ds> }
t t

A T p/2 )
aPepBy {(/ |ns|2ds> } < Et[ sup
t w€[t, T

where 0 < ¢, < Cp < 00 are constants.
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Let S&(0,7) = {h(t,Biats---sBioat) t t1,.. sty € [0,T],h € Cyprip(R"™)}. For p > 1 and 5 €
S2.(0,T), set [nllsz, = {E[supyeo,r) ¢ [P]} /7. Denote by S%(0,T) the completion of S&(0,7") under the
norm || - [[sz. We have the following continuity property for any Y € S%(0,T) with p > 1.

Lemma 2.7 (See [15]).  ForY € S¢(0,T) with p > 1, we have, by setting Yy := Yy for s > T,

F(Y) := limsup (E[ sup sup |Y;— YSP’DE =0.
e—0 te[0,T] s€(t,t+e]

We now introduce some basic results of G-BSDEs. Consider the following type of G-BSDE (here we
use the Einstein convention)

T

T T
Yt=£+/ f(s,Ys,Zs)der/ gij(s,Y;,Zs>d<BaBj>s—/ Z,dB, — (Kr — K),  (2.1)
t t t

where f(t,w,y,2), gij(t,w,y,2) : [0,T] x Q7 x R x RY — R satisfying the following properties:
(H1') there exists some 5 > 1 such that for any y, z, f(-,-,y,2),6i;(-,-,y,2) € Mg(O,T);
(H2) there exists some L > 0 such that

d
|f(t,y,2) - f(tay/azl” + Z |g”(t,y,2) - gij(taylvz/>| < L(‘y - y/| + |Z - Z/D

i,j=1
For simplicity, we denote by &&(0,T) the collection of processes (Y, Z, K) such that ¥ € S&(0,T),
Z € H&(0,T;R?), K is a decreasing G-martingale with Ko = 0 and K1 € L&(Qr).
Theorem 2.8 (See [8]).  Assume that € € Lg(QT) and f,g;; satisfy (H1') and (H2) for some > 1.
Then, for any 1 < a < f3, (2.1) has a unique solution (Y, Z,K) € 6%(0,T).
We also have the comparison theorem for G-BSDE.
Theorem 2.9 (See [9]).  Let (Y, Z!, K})i<r, | = 1,2, be the solutions of the following G-BSDEs:

T
‘§+/(f&ﬂiﬂﬁ+/‘%@Jiﬂwwhmx+wk4ﬁ—[ ZldB, — (Kh - K}),

where processes {V!}o<i<T are assumed to be right-continuous with right limit (RCLL), quasi-surely,
such that E[sup,epo 1 V] < oo, f, gﬁj satisfy (H1') and (H2), ¢ € Lg(QT) with B> 1. If &* > €2,
ft> 2, gilj > gfj, fori,j=1,....d, V;} — V2 is an increasing process, then Y, > Y.

3 Problem of reflected BSDE driven by G-Brownian motion and some a
priori estimates

For simplicity, we consider the G-expectation space (Q,LE(QT),E) with Q7 = Cy([0,T],R) and 62 =
E[B?] > —E[-B2] = 0. Our methods and results still hold for the case d > 1. We are given the following
data: the generators f and g, the obstacle process {S;}sc0,7) and the terminal value &, where f and g
are maps f(t,w,y, 2), g(t,w,y,2) : [0,T] x Q7 x R? - R.

We will make the following assumptions: there exists some § > 2 such that

(Hl) for any y, z, f( y Yy R ) g('7 ',y,z) € Mg(ovT)v

(H2) |f(t,w,y,2) — ft,w, v, 2")| + |g(t, w,y, 2) — g(t,w,y',2")| < L(ly — y'| + |z — 2’|) for some L > 0;

(H3) € € L (Qr) and € > ST, q.8.;

(H4) there exists a constant ¢ such that {S;}icjo,7) € sP -(0,T) and S; < ¢, for each t € [0,77;

(H4") {St}+efo,r) has the following form:

si=so+ [ yis+ [ ae) + [ oan.

where {b(t)}sepo,r) and {I(t) }1efo,r] belong to Mg(O, T) and {o(t)}sepo, 1) belongs to Hg(O7T).
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Let us now introduce our reflected G-BSDE with a lower obstacle. A triplet of processes (Y, Z, A) is
called a solution of reflected G-BSDE with a lower obstacle if for some 1 < @ < 8 the following properties
hold:

(a )(YZA)ESG(O T) andYt/St, <t LT

( ) £+ft 3;Ys>Z d3+ft S,YsaZs)d<B>s*ftT ststL(AT*At);

(¢) {f fg(YS — 8s)dAs}iejo,1) 1s a nonincreasing G-martingale.

Here, we denote by S&(0,T') the collection of processes (Y, Z, A) such that Y € S&(0,T), Z € H&(0,T), A
is a continuous nondecreasing process with Ag = 0 and A € S&(0,T). For simplicity, we mainly consider
the case where ¢ = 0 and [ = 0. Similar results still hold for the cases g, # 0. Now, we give a priori
estimates for the solution of the reflected G-BSDE with a lower obstacle.

Proposition 3.1.  Let f satisfy (H1) and (H2). Assume
T T
Vit [ g Yazds - [ Zadb.+ (r - a0,
t t

where (Y, Z,A) € S&(0,T) with a > 1. Then, there exists a constant C' := C(a,T,L,a) > 0 such that
for each t € [0, T,

([ ey
<ofen] s o]+ (B s o) (8]( [ seoom) )L 6

By | Ar — A% < C{Et LEE}QT] ] + B [(/tT |f(5,o,o)|ds>a] } (3.2)

Proof.  The proof is similar to that of Proposition 3.5 in [8]. So we omit it. O
Proposition 3.2.  Fori=1,2, let {' € Lg(QT), [t satisfy (H1) and (H2) for some (3 > 2. Assume

T T
:£i+ fi(S,YS,ZS)dS—/ Z;dBS—’_(AZT_A;)’
t t

where (Y, Z%, A%) € S&(0,T) for some 1 < o < 8. Set Y, =Y,' = Y2, Z; = Z} — Z2. Then, there exists
a constant C := C(«, T, L,a) such that

2

<[ ([ ) < B g ) [ i)

=1

([ i) )" i)}

Proof.  The proof is similar to that of Proposition 3.8 in [8]. So we omit it. O
Remark 3.3. Note that in the above two propositions, we do not assume (Y, Z, A) and (Y, Z*, A?),
i = 1,2 to be the solutions of reflected G-BSDEs.

Proposition 3.4. Fori=1,2, let £' € Lg(QT) with & > Sk, where

¢ t
Sl =S¢ +/ bi(s)ds—&—/ o' (s)dB,.
0 0
Here, {b'(s)} € Mg(O,T), {oi(s)} € Hg(O,T) for some B > 2. Let f' satisfy (H1) and (H2). Assume
that (Y, Z', A%) € 8&(0,T) for some 1 < a < 3 are the solutions of the reflected G-BSDEs corresponding
to &, f and S*. Set YV, = (Y} —S}) — (Y2 — S2). Then, there exists a constant C := C(«a, T, L,0)
such that

T
Vil < CF, [m " sup IS+ / |Ai:°|ads]
t

set, T
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~ A ~ T ~ A
Fift < CB I+ [ (Al 15,1 + 15u1)as]
t
where § = (€' = S3) = (62— 57), A = |1 (5, Y2, 22) = (5, Y2, Z2)|, s = |b'(5) = 0% (5)| + |0 (5) = 0% (5)],
Ss =85 =82 and \;° = |f(s,0,0)| + [b*(s)| +|o"(s)]-
Proof.  We only show the second inequality, since the first one can be proved in a similar way.
For any € > 0, set f; = fl(t7Yt1>Ztl) - f2(t7Y;527 Zt2)7 ftl = fl(tvy;:17 Ztl) - fl(t’YEthQ% Ay = A% - Agv

Zy = (Z} =o' (1)) = (22 = 0%(1)), ea = (1 —a/2)T and Y; = |Y;|> +e,. Applying It6’s formula to Y;? ',
where r > 0 will be determined later, we get

T T
Y/;a/2ert+/ ’/‘QTSY/SQ/QCZS—F/ %ersf/sa/Zfl(Zs)2d<B>s
t t
~ [6% T _ ~ ~ T _ ~ ~
— ot 6T a1 8 [T T2 ) ~ [ eV L,
t t
T _ N T B B N
+/ aeTSYSa/HYS(fSerl(s)—b2(s))ds+/ ae™ Y2y d A,
t t
~ T _a—1 ~ ~
< (ea + €)% + / aeYs T {|f} +b(s) = b2(s)| + As}ds
t
« T — ~
+a<12>/ Y2 Z)2d(B)s — (Mp — M), (3.3)
t

where M; = fg aersl_’sa/%l(?sZSst — (Yo)tdAL — (Y,)~dA2?). We claim that {M;} is a G-martingale.
Indeed, note that Y; = Y;! — S} + 52 — Y2 < V! — S}. Consequently, (Y;)* < (V! — SHT =Y} - St
Then, we obtain

T T
0> / (Vu)tdAl > - / (Y} - S)dAL.
t t

T T
0> 8= [ e >m[- [ 07 - shaat] <o
t t
It follows that the process {K}} = {— fg (Y,)TdAL} is a nonincreasing G-martingale. Set
t ~
K= [ (T aa
0

Both {K}} and {K?} are nonincreasing G-martingales, so is {fg ae™ VP dKY + dK?)}, which yields
that {M;}iepo,7) is @ G-martingale. From the assumption of f 1 we derive that

T ae .
/ ae™ VT | f1 4 bl (s) — b(s)|ds
t
T _ a—1 ~ ~ N
< [ Qe TITHLT 4 12D + (v )]+ ) s
t
al? T ala—1) T oo -
< rsyya/2 rsya/2—1 2
\<aL+02(a_1)>/t e" Y ds + 1 /t e"Y; (Zs)*d(B)
T _a-1
FEVY) [ e TS 4 s, (3.4
t

By Young’s inequality, we have

T a—1 “ N
[ e VT AL 418 + s
t
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T T
<3(a— 1)/ eV O2 s +/ P LA + [pa]* + 94|17 Vds. (3.5)
t t

By (3.3)—(3.5) and setting r =3(LV 1)(a — 1)+ aL + oL 41 we get

a?(a—1)
T
TR (O~ 1) < Of ot IER2T 4 [ Al 4 1+ 18,7 .
t

Taking conditional expectation on both sides and then letting € | 0, we have
~ A ~ T ~ A
Fift < CEIE + [ A+ 101 18,105
t

The proof is completed.

Proposition 3.5.  Let (¢, f,S) satisfy (H1)-(H4). Assume that (Y,Z,A) € S&(0,T), for some 2
a < B, is a solution of the reflected G-BSDE with data (&, f,S). Then there exists a constant C :
C(a,T,L,o,c) >0 such that

/N O

T
Wi® < CEy {1 +lel+ | f<s7o,o>|ads}
t

Proof.  For any r > 0, set ¥; = [V; — ¢|2. Applying It6’s formula to f@a/Qe’"t, noting that S; < c and A
is a nondecreasing process, we have

T T
ﬁa/?ert +/ Tersﬁa/QdS + %/ ersﬁa/2—1Z§d<B>s
t t
T B o T
—le-are T [Caer T of v s a1 5 ) [T - oz,
T B T N
,/ aersYSoc/271(Ys i C)stBs Jr/ aersz/z’l(YQ . C)dAS
t t

T ~ a—1 T ~
< |£—c\ae*T+/ ae™Y, 2 |f<s,Ys,Zs)|ds+a<1 - g)/ YT Z2(B) s — (My — My),
t t

where M; = j;T aersf’sa/zfl(Y; —¢)Z4dB, — j;T oce”f/sa/%l(Ys — S,)dA,. By Condition (c), M is a
G-martingale. By the assumption of f and Young’s inequality, we get

T ~ a1 T ~ a—1 ~
[ VT s,V Zolds < [ eV (s, 0]+ LIV + LIZ s
t t

OZL2 T ~/2 T ~/2
< L+ ——— Y dr4d -1 Y X 4d
(o a ) [ v o [Feiers

ala—1)

T T
+ = /emyg/27123<3>5+/ | f(s,¢,0)[ds.  (3.6)
t t

Setting r = a+ oL + #Lil) and by the above analysis, we have

~ T

Y}/O‘/2e” + Mp — My < |€ — | + / e"|f(s,c,0)|"ds.

t
Taking conditional expectation on both sides yields that
. T
Vil < Ol =l + [ 1Fc0)las]
t

Noting that for p > 1, we have |a + bP < 2P~1(|a|? + |b|P). Then, the proof is completed. O
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Proposition 3.6. Let (¢4, f1,SY) and (€2, f2,5%) be two sets of data, each one satisfying the as-
sumptions (H1)-(H4). Let (Y, Z*, A") € S&(0,T) be the solutions of the reflected G-BSDEs with data
(€8, f4,8Y), i = 1,2, respectively, with 2 < a < 3. Set Y, = Y - Y2, S, = St — 82, E=¢' — €2 Then,
there exists a constant C := C(«, T, L,c0,¢) > 0 such that

~ ~ - T s ~ ~ i a—1
g < c{Bjde+ [ ] + (8] s 180]) 0T )
t se(t,T]
where A = [f1(s,Y2, Z2) — f*(s,Y2, Z2)| and
Uy = ZE{ sup E, {1—&— €4 +/ Ifl(r,0,0)|“drH.
i—1 s€t,T] t
PTOOf. Set Zt = Ztl _Zt27 ft = fl(tvy;tlaztl) _f2(t7Y;527Zt2) and ftl = fl(tvyrtlaztl) _fl(t’Y??ZtQ)' For

any r > 0, by applying Ito’s formula to ¥,/ %e™ = (|¥;|2)%/2e™, we have

T T
Y2t 4 / re" Y 2ds + / %eTSYsa/2‘1(28>2d<B>s
+ t

T T
— |£|aerT + a<1 _ C;) [ ersza/272(}>s)2(25)2d<3>5 _/t aers?gaﬂflffszsst

T T
+/ Oéersi/;a/Qfl}}sfsds +/ aers?ga/271f/;;djls
t t

T T
< |€|o<erT+a<1_ a)/ ersYSa/Z—l(Zs)2d<B>s+/ aersf/sa/Q—lS«SdAs
2 t t
T a—1 ~ ~
4 [ e BT A+ Aulyds - (bt - M), .7
t

where M; = fot ae™ Y Y, 7.dB, — fot ae’"sl_/sa/zfl(ys —S,)"dA% — fot ae"sf’sa/%l(ffs — S,)"dAL. By
a similar analysis as in the proof of Proposition 3.4, we conclude that {M;};c[o, ] is a G-martingale. By
Young’s inequality and the assumption of f!, similar to (3.4) and (3.5), we have

T _a—1 . A -1 T - T A
[ eI i+ s < SO 2D [eveinzim) v [ eia s
t t t

al? T ~
—1+al+—"— Ty e/2ds.
+<a + +U2(04—1)>/t e’Y, s

Set r =a+al + #Lil) Taking conditional expectation on both sides of (3.7), we obtain
A~ A ~ T ~ A T — A
gire < o{iide+ [ pas| B [ veesaca] )
t t
By applying Hélder’s inequality, we get

T
i, [ e aa + Af)} <By[ sup V28|14 - Al + |43 - 42)]
t

selt,T)
1 a=2 2 ) ) z
< (B g, 18.00)" (B[ s 7)) T (SR04 - i)
s€[0,T] s€[t,T] i=1
From Propositions 3.1 and 3.5, we finally get the desired result. O

Remark 3.7. One may formulate a solution of reflected G-BSDE as a quadruple {(Y;, Z;, K¢, L+),0
< ¢t < T} satistying Conditions (1)—(3) in the introduction. But the following example shows that the
uniqueness is false in this formulation.

Let f = -1, g =0, = 0and S = 0. It is easy to check that (0,0,0,¢) and (0,0,ﬁ(gzt
— (B)t), 5252 (6%t — (B);)) are solutions of the reflected G-BSDE with data (0, —1,0,0) satisfying Con-
ditions (1)—(3).
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4 Penalized method and convergence properties

In order to derive the existence of the solution to the reflected G-BSDE with a lower obstacle, we apply
the approximation method via penalization. In this section, we first state some convergence properties
of solutions to the penalized G-BSDEs, which will be needed in the sequel.

For f and ¢ satisfying (H1)—(H3), {S;}iecjo,7) satisfying (H4) or (H4'), we now consider the following
family of G-BSDEs parameterized by n =1,2,...,

T T T
Y =¢ +/ f(s, Y, Z%)ds + n/ (Y — S5)"ds — / Z'dBs — (K} — K[). (4.1)
t t ¢

Now, let L} = nfOt(Y;" — Ss)7ds. Then, (L} )epo,) is a nondecreasing process. By defining L} =
nfot (Y — S5)~ds, the G-BSDE (4.1) is written as

T T
Yr—et / F(s, Y, Z0)ds - / 20dB, - (K — KJ') + (L — L}). (4.2)
t t

We now establish a priori estimates on the sequences (Y, Z™, K™, L").

Lemma 4.1.  There exists a constant C = C(«, T, L, o) independent of n, such that for 1 < a < 3,
. . . . T B
B s ) <o Blgrl<c, Bp <o Bl( [ lzpa) | <c
t€[0,T) 0

Proof.  For simplicity, we first consider the case S = 0. The proof of the other cases will be given in
the remark. For any r,e > 0, set V; = (Y;")? + €, where ¢, = (1 — a/2)*. Note that for each a € R,
a X a~ < 0. Applying Itd’s formula to Yta/ze” yields that

T T
Yz-sa/QeTt—'—/ Tersysa/st_’_/ %ersysa/Z—l(Zg)Qd<B>s
t t

T T
— (|§|2 + Ea)%erT + Oé(l _ g) / ersf/sa/Q—Q(st)2(Z;L)2d<B>S +/ ae”ﬁo‘m_lY;”dLg
t t

T T
+/ 0667"3}'};4/2—1}/571,']0(8)}/Sn7 Z;l)dS _ / aersf/sa/Q—l(}/SnZ;Lst + Y'SndK;L)
t t

T
<+ eteTva(1-5) [T,

t

T
n / Q& T2 (5, Y, 20 ds — (Mg — M),
t

where M; = [ aers V&> N (Y2 Z0dB, + (Y1) TdK?) is a G-martingale. Similar to (3.6), we have

T

T ~a—1 ala—1) [ .-
[ e v iy < [ o000+ LD [Ceveniznzam),
t t t

aLQ T B
-1+al+ —-— TSy /2 ds.
—i—(a + « +02(a—1)>/t e’Y, S
Set r = a+ aL + #Lil) We derive that

T
VOt 4 My — My < (|6 + ea)EeT + / 7| £(s,0,0)|" ds.
t

Taking conditional expectation on both sides and then letting € — 0, we obtain

T
¥ < CE, [ma -/ If(s,O,O)IadS]-
t
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By Theorem 2.4, for 1 < ao < 3, there exists a constant C' independent of n such that E[supte[O’T] Y]
< C. By Proposition 3.1, we have

o[ ([ mrar) <ol ] 6] ] B[ [ e T)

st - w1 < CufE[ o v + 8 ([ irs0.00as) ),

t€[0,T)

where the constant C, depends on «,T,c and L. Thus, we conclude that there exists a constant C
independent of n, such that for 1 < a < £,

T g )
([ yarea) | <o wnep- g <o
0

Since L7 and —K7 are non-negative, it follows that

T «
Bl < e Elopel-ne|( o) | <c
0
This completes the proof. O

Remark 4.2. If the obstacle process {S;};c(o,r) satisfies (H4), set f’t" =YY" —c. It is simple to
check that

T T T
)7t" =§—c+/ f(s,f/s"—l—c,ZS")ds—&—/ n(f/.sn—(Ss—c))_ds—/ Z'dBs — (K} — K[).
t t t

By an analysis similar to the proof of Lemma 4.1, we derive that
~ R T
e < CBfle -+ [ 1ts.coopas)
t

If S satisfies (H4'), for simplicity we suppose that [ = 0. Let Y» = Y* — S; and Z" = ZI' — o(t), we
can rewrite (4.1) as follows:

T T T
Vr—eoSr+ / (5,77 + 80, 27 + 0(s)) + b(s)]ds + n / (Fr)~ds — / ZndB, — (K — Kp).
t t t

Using the same method, we get |Y;|* < CE,[|¢ — Sp|* + ftT |f(s,Ss,0(8)) + b(s)|“ds].
Thus, we conclude that in the above two cases, for 1 < a < , there exists a constant C' independent
of n such that E[supte[oﬂ |Y;*|*] < C. By Proposition 3.1, we have

T a T g
E[|K2|?) < C, E[|L3]] :naﬁ[(/ (y;"—ss)—ds) } <C, and EK/ |Z{”|2dt> ] <C.
0 0

Lemma 4.1 implies that (Y™ — S)~ — 0 in M}(0,T). The following lemma which corresponds to [4,
Lemma 6.1] shows that this convergence holds in S&(0,T), for 1 < o < 3. This is of vital importance to
prove the convergence property for (Y).

Lemma 4.3.  For some 1 < a < 3, we have lim,, o E[sup,¢jo 7 [(Y;* — S¢)~|*] = 0.
Proof. = We now consider the following G-BSDEs parameterized by n = 1,2,.. .,

T T T
. / (s, Y7, Z0)ds + / n(S, — y7)ds - / 2rdB, — (K — k).
t t t

—nt

By applying G-1t6’s formula to e™""y;", we get

T T
yr = e™E, [e”Tf + / ne” "% Ssds + / e " f(s, Y, Zg)ds} .
¢ ¢
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By Theorem 2.9, we have for all n > 1, ¥;* > Y;! and
T T
VS S =B 5 [ 2.
t
where SP* = e(t=T) (€ — §,) + ftT ne™t=9)(S, — S;)ds. Tt follows that

T
(V" =8)" < (g —S)” <E [St" + ‘ / ") f(s, Y], Z0)ds
t

|

Applying Holder’s inequality yields that

1 T ) 1/2
< — Y, ZMd
m(/ s )8)

C T 1/2
< —( sup V)P —|—/ (f?(s,0,0) + |Z7,’|2)d8> .
\/ﬁ(se[o,T] 0 ’

T
| ey zas
t

By Lemma 4.1, for 1 < a < 3, we have

T a
E[ sup / ") f(s, Y, Z1)ds } —0, as n— oo (4.3)
te[0,7]

For € > 0, it is straightforward to show that

- T t+e
157 = "D (¢ — S,) + / ne™ =) (S, — Sy)ds + / ne™ =5 (S, — 8,)ds
t+e t

< e”(t*T)|§ — S +e™™ sup |S;—Ss|+ sup |Ss— S|
s€t+e,T) sE[t,t+e]

For T > 6 > 0, from the above inequality we obtain

sup |S}] < e™ sup |€—S|4+e ™ sup sup |S¢— Ss|+ sup sup |Ss — Sy
te[0,T—46) te[0,T—46) tel0,T—6] s€[t+e,T) te[0,T—4] s€t,t+e]

N

e (sup [Si]+ [€]) + 27 sup [Sy|+ sup  sup |S, — Sil.
te(0,T) te(0,T) te[0,T] s€t,t+e]

It is easy to check that for each fixed €,d > 0,

E[ sup |5’f|ﬂ] < C{(e*"&—i—e*”ﬁ‘;)ﬁ){ sup |5, + |§\B} +E[ sup sup |Ss —St|ﬁ}}
t€[0,T—46] te[0,T] te[0,T] s€t,t+e]

— C’E{ sup  sup |Ss —St|5}, as n — oo. (4.4)
te[0,T] s€[t,t+e]

Forl<a< pand 0<d<T, we have
B sup [(¥;" =577
te[0,T]

<B[ swp |07 = S)71* + B[ swp (v - 5)71°]
te[0,T—4] te[T—06,T
[b 8 sw 1050717
te[T—6,T]

T
/ e”(tfs)f(s, Y, ZM)ds

T
<E{ sup {Et {|STI+‘/ ") f(5, Y], 20 )ds
t

te[0,T—46]

gC{E{ sup Et[ sup H [ sup Et[ sup
te[0,7—4] u€el0,T— 6] [0,T—35] u€l0,T]

+ E[ sup } [ sup |(Y — St)_|a] (4.5)
te[T—é,T] te[T—46,T]
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By Lemma 2.7, noting that Y — S € S2(0,7) and (Y} — S)~ = 0, we obtain lims_o E[supte[Tﬂ;’T] |V
— 5t)71%] = 0. By Theorem 2.4, (4.3) and (4.4), we derive that

. . a/p
reclel g, g 5 oS0 (B g, s 1si-SH]) T e e

Now, first let n — 0o and then let €, — 0 in (4.5). By Lemma 2.7, the above analysis again proves that

for 1 < a < B, limp— 00 Elsupsejo r [(Y" — Si)7|*] = 0. The proof is completed. O

Now, we show the convergence property of sequence (Y™)52 ;.

Lemma 4.4.  For some 8 > a > 2, we have limy, ;00 Blsup,ejo r [Y7* — Y{"[%] = 0.

Proof.  Without loss of generality, we may assume S = 0 in (4.1). For any r > 0, set Y, = Y -Ym, 7y =
Zp - 7y Ky = Kp — K Ly = Lp — L7, Yy = [Vi? and f, = f(t.Y;", Z7) — f(t,Y;", Z{"). By applying
Ito’s formula to ¥,/ %e", we get

T T
}—/;a/Qert_"_/t re”?saﬂds—f—/t %ersZa/Q—l(ZAs)Qd<B>s
«

T T
— a(l _ 2)/ ersza/272(}}s)2(23)2d<B>s +/ aersﬁa/271?9d£3
t t
T B A T B R R R
+ / ae" Y2, fods — / ae Y22V, Z,dB, + Y.dK,)
t t
a r . . T _a-1
< a(l— 2)/ ers}/;a/z_2(}/;)2(Zs)2d<B>s+/ aeTSYST|fS|d8
t t
T B T B
- / Oéersy*sa/2fly*sndLgn o / Oéersy’sa/271}/smdL;z o (MT 7 Mt);
t t

where M; = fot ae’”‘*ﬁa/271(§;ZAsst + (Vy)TdK™ + (Y,)"dK?") is a G-martingale. Similar to (3.4),
we have

T _a-1 . al? oo ala—1) v N
aersy; 3 fs ds < (aL—i— ) / ersYSa/ZdS_'_ 7/ ersY'Soz/Q—l(ZS)Qd B),.
/t el a?(a—1)) Jy 4 t B)

Let r=14+alL + #Lil) By the above analysis, we have
Y;a/2ert + (MT _ Mt) < _/ aersYSa/Q—l}/sndL;n _ / (IersY;a/2_1Y;mdL?.
t t

Taking conditional expectation on both sides of the above inequality, we conclude that

— A T — T —

tha/Qert <E, |: _ / aersysa/2—1stdLZL _ / aersyvsa/2—1ysmdL'g:| ) (46)

t t

Observe that

T T
Et|:_ / aersf/sa/Q—lyvsmdL?:| g aerTEt|:/ Za/Q—ln(}/Lgn)—(i/'Sm)—dS]
t

t
T T
< OB [ iyt as] | [ alo e as).
0 0
From (4.6) and taking expectation on both sides, we deduce that

T
B sup v = v ] < 08| sup (] [ ml) 0 as]
t€[0,T] t€[0,T] 0

i | i+ ml vy as| | (47)
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For 2 < a < f3, there exist o/, p, ¢, 7, p’, ¢' > 1, such that %—1—54-% =1, 1%4—% =1, (a« —2)a'p < B,
a/qg< B, a'r < B, (a—1)a/p’ < B and /¢’ < 5. Applying Lemmas 4.1, 4.3 and Hoélder’s inequality, there
exists a constant C independent of m and n such that

EK /0 T n|<Yg”>|a1(ng)ds)af]

< E[ sup {|<Y;l>|<“>a’|<mm>|a’}< /OT”<Y9">dsﬂ

$€[0,T]
< (o 0w (@ o) (B[ [ o))
<c(E] s 07 =), (48)

and

E[( /(JTm|(}/;n)|a1(32m)ds)a,] @LSE?T]W?H(“’Q’ ( /OTmW)dS)Q,]
< (B o 1071 WD%(E[(/OTmmmrds)”D;

<0(E[S§%pﬂ|<w>*\<a D]y (4.9)

-

Then, by Theorem 2.4 and Lemma 4.3, (4.7)—(4.9) yield that

lim E[ sup |Yt”—th|"} =

n,m—oo tE[O,T]

The proof is completed. O

5 Existence and uniqueness of reflected G-BSDE with a lower obstacle

Theorem 5.1.  Suppose that &, f satisfy (H1)—(H3) and S satisfies (H4) or (H4'). Then, the reflected
G-BSDE with data (&, f,S) has a unique solution (Y,Z,A). Moreover, for any 2 < a < [ we have
Y € 88(0,T), Z € H&(0,T) and A € S(0,T).

Proof.  The uniqueness of the solution is a direct consequence of the priori estimates in Propositions 3.2,
3.4 and 3.6.

To prove the existence, it suffices to prove the S = 0 case. Recalling penalized G-BSDEs (4.1), set
Vi = Y - Y Gy = 20— 2 Ky = K - KL= L — L and fo = f(6Y, 20) — F(L Y Z00).
By Lemma 4.4, there exists Y € S&(0,T) satisfying lim,,_, E[supte[O’T] |Y; — Y;"|%] = 0. Applying Itd’s
formula to |Y;|2, we get

T T T T T
GiP+ [ 1zPas). - [ s [ oWk [ ¥k, - [ vz,
t t t t t
T . . R T . . T . . T A
L/ [\Y;|2+|YS||ZSI]ds—/ 2stKs+/ 2YSdL5—/ 2V 2.dB..
t t t t

Note that for each € > 0,

T R . T R T .
L/ Y| Zs|ds < L%/ |Y5\2ds+a/ |Zs|?ds.
t t t
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Choosing € < o2, we have
T . T R T . . T R R T A
/ |ZS|2ds<C</ |Ys\2ds—/ stKer/ y;dLs—/ YSZSdBS)
0 0 0 0 0
T A A
<o s [P+ s WIGKH +|KF) -+ L3+ |7 - [ Vzap,). 6
s€[0,T s€[0,T 0

By Proposition 2.6, for any ¢ > 0, we obtain

) T 2
e ([ sam) | <[ ([ 522z ]
0
/2 . T N % 1/2
e ) ([ )
t€(0,T] 0
C - T 2
— [ sup |V }+CEE|:</ |Z82ds> }
4 te[0,T] 0
Applying Lemma 4.1 and Hélder’s inequality, choosing a small enough &', it follows from (5.1) that
. T 3 . . . . 1/2
EK/ |ZQ—Z;”|2ds) ] gO{E[ sup \Yt|a} + (E{ sup |Yt|O‘D }
0 t€[0,T] te[0,T)
It is straightforward to show that lim,, oo E[(foT |Z™ — Z™|2ds)%] = 0. Then, there exists a process

{Z:} € H&(0,T) such that E] fOT |Zy — Z72ds)*/?] — 0 as n — oo. Set A} = L — K. Tt is easy to
check that (A})¢cjo,7] is a nondecreasing process and

t t
A;‘—A;":YO—YQ—/ fsds+/ Z.dB,.
0 0

By applying Proposition 2.6 and the assumption of f, it follows that

T «
8 sup 147 — 4] < B[ sup 5+ ([ 1flas) + s
0

t€[0,T] t€[0,T) t€[0,T]

t R «
/stBs ]
0
) ) ) T a/2
<CLE| sup |Y}|*| +E Z|%ds —0, as n,m— oco.
P
te[0,T] 0

Then, there exists a nondecreasing process (A;):c[o, 1) satisfying that lim, E[supte 0,77 | Ar — AF|*] =
In the following, it remains to prove that Y; > 0, ¢t € [0,7] and {— fo YidAs}ep, 1] is a nonincreasing G-
martingale. For the first statement, it can be easily deduced from Lemma 4.3. Set K" : fo Y,dK}. Since

Y; 20, for any 0 < ¢t < 7T and K" is a decreasing G-martingale, then K" is a decreasmg G-martingale.

Note that
< sup {‘ /YdA /YdA” ’/ Y, )dAY
t€[0,T
t
/(YS —Y)dK}| + / =Y 'n(Y]")"ds }
sup {‘/YmdA” ’/Y Y™)d(A? — A,)
te[0,7T]

+ sup [V, = Y([[A7[ + [K7[] + sup (Y")7[L7|
te[0,T] te[0,T]

sup
t€[0,T]

t
- / Y,dA, — K7'
0

+

N

|

I+ I+ IIT+1V,
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where }N’tm = ZZ’;OI Y I[t;nﬂnﬂ)(t) and t]" = %, 1=0,1,...,m. By a simple calculation, we have
A m71 A
B < Y B[ sup [¥il(14f, — Aug, |+ 147 — A )]
i—0 s€0,7]
< (5[ s )" S A, - i, PV B — 4,
se|0,

Bl < (B[ sup m—?mﬂ)” {(BIAFP)Y2 + (Bl Az )2},
101 < (B[ sup (v, —v2P]) C{BIAFRYY2 + (BlRE) ),
Bv) < (B s 17)712))" gy,

Then, for each fixed m, letting n approach infinity, we conclude that

| <] g e ee]) ™

lim EA]{ sup
n—ro0 te[0,T)

t
7/ )/sdAs - Ktn
0

By [8, Lemma 3.2], letting m approach infinity, we get lim, E[SUPte[o,T] | — fg Y,dA, — IN(t”H =0. It
follows that {— fot Y,dAs} is a nonincreasing G-martingale. O

Furthermore, we have the following result.

Theorem 5.2.  Suppose that &, f and g satisfy (H1)—(H3), S satisfies (H4) or (H4'). Then, the
reflected G-BSDE with data (€, f,g,S) has a unique solution (Y, Z, A). Moreover, for any 2 < a < 3 we
have Y € S&(0,T), Z € H&(0,T) and A € S&(0,T).

Proof.  The proof is similar to that of Theorem 5.1. O

We next prove a comparison theorem, similar to that of [9] for non-reflected G-BSDEs. The proof is
based on the approximation method via penalization.

Theorem 5.3.  Let (&1, f1, g1, 81) and (€2, f2, 9%, 5?) be two sets of data. Suppose S* satisfies (H4)
r (H4'), and £, f* and g* satisfy (H1)-(H3) for i =1,2. We furthermore assume the following:

(i) €' <&, g5

(it) f1(t,y,2) < 26y, 2), g' (L y, 2) < g2(t,y,2), ¥ (y,2) € R?;

(iii) S} < S2,0<t< T, g.s.
Let (Y1, Z% A%) be the solutions of the reflected G-BSDE with data (&, f%,g%,S%), i = 1,2, respectively.
Then

VI<Y?, 0<t<T gs.

Proof.  We consider the following G-BSDEs parameterized by n =1,2,...,

T T T
=€t / P,y 2M)ds + / g (5.4 2V d(B) + / n(y? — S1)ds - / 2rdB, — (K7 — K7,
t

t

By an analysis similar to the proof of Theorem 5.1, it follows that lim,_, E[SUPte[o,T] [V} — yre]
= 0, where 2 < a < . Noting that (Y2, 72, A%) is the solution of the reflected G-BSDE with data
(€2,f%,¢%, 5%) and Y2 > S2, 0 <t < T, we have

T T T T
Y2oe 4 / (s, Y2, Z2)ds + / 2 (s.Y2, 22)d(B), + / n(Y2 — 52)"ds— / Z2dB, + (A% — A2).
t t t t

Applying Theorem 2.9 yields Y2 > y», for all n € N. Letting n — oo, we conclude that Y;? > Y. O
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Remark 5.4.  Actually, the process A can be represented as the sum of two nondecreasing processes A'
and A? such that fOT(YS — SS)dA§ =0, and for any 0 < s <t < T,

E, t(Sr—Yr)dA,{ = S(Sr—Yr)dA,{. (5.2)
J |-/

Indeed, set A} = fg Ity,>s,3dAs, A7 = fot Ity,—s,3dAs. Tt is easy to check that A = A' + A% and A?
satisfies the Skorohod condition. We now show that Al satisfies (5.2). Set K; := fOt(SS —Y;)dA;. By
Theorem 5.1, K is a decreasing G-martingale and K; € L?.(€Q;) for some 1 < p < §7 vVt e [0,T].
Choose a sequence of bounded, non-negative and Lipschitz continuous functions (¢, (2))52; such that
on () T I{z>o0y- Set

t t
KZL = / Qon(Y; - Ss)sz = / (Ss - Y’s)@n(yvs - Ss)dAs
0 0

Applying [8, Lemma 3.4], we obtain that K™ is a decreasing G-martingale. Furthermore, we have

t t
/ on(Yy — S,)dE, | / (S, — Yo)dAL € LE (),
0 0

where Lg (©4) is defined in Appendix A. By the extended conditional G-expectation defined in [11], we
derive that

n— oo

t t
By U (S, — Yr)dAi] = lim E[/ (S, — Y, )on (Y, — S,)dA,
0 0

= lim [ (S, — Y.)en(Y, — S,)dA,

n—oo 0

:/ (Sr _}/r)dAvl”
0

6 Relation between reflected G-BSDEs and obstacle problems for nonlinear
parabolic PDEs

In this section, we give a probabilistic representation for the solution of an obstacle problem for a fully
nonlinear parabolic PDE using the reflected G-BSDE mentioned in the above sections. For this purpose,
we put the reflected G-BSDE in a nonlinear Markovian framework.

For each 0 < ¢ < T and € € L(Q;RY), p > 2, let {X1¢,¢ < s < T} be the unique R%valued solution
of the SDE driven by G-Brownian motion (here we use the Einstein convention):

X§75:x+/ b(r,Xﬁ’g)dr—k/ ll-j(r,X]f’g)d<Bi,Bj>r+/ oi(r, X2%)dB:. (6.1)
t t t

For any (t,z) € [0,T] x R%, we assume that the data (&7, f©%, gt* St7) of the reflected G-BSDE takes
the following form:

gt@ = ¢(X;“’I)a ft)x(sa y,z) = f(stz)I7yv 2)7
Sé’m = h(S, Xﬁ’m), gf;$(57 Y, Z) = gij(57 Xé’ma Y, Z)a

where b : [0,7] x R — R, [;; : [0,7] x RY — RY, o; : [0,T] x R = R% ¢ : RY — R, f,gi; :
[0,T] x RTx R x RY = R and h : [0,7] x R? — R are deterministic functions and satisfy the following
conditions:

(Al) lij = lji and 9i5 = 9ji for 1 < Z,j < d,

(A2) b, lj, 04, f, gij and h are continuous in t;
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(A3) there exist a positive integer m and a constant L such that

d d
b(t,2) — b(t. )| + 3 [ly(t,2) — () + 3 lou(t,@) — o4(t,2')| < Ll — 2],
i,j=1 i=1
|6(2) — 6a')] < L(L+ [a|™ +|a/|™) |z — ],

d

|f(t,.’£,y,2) - f(tvmlvy/vzl)‘ + Z |gij(t7x7y7’z) - gij(tv‘rlvylvzl)‘
i.j=1

S LA A 2™ + )|z — 2| 4+ |y — v/ + |2 = 2'[];
(A4) h is Lipschitz continuous w.r.t. # and bounded from above, h(T,z) < ¢(x) for any = € R%;
(A4’) h belongs to the space C’ﬁ;i([o, T)xR?) and h(T, z) < ¢(z) for any z € R?, where Cﬁ;i([O, T)xR%)
is the space of all functions of class C%2([0,T] x R?) whose partial derivatives of order less than or equal

to 2 and itself are Lipschitz continuous functions with respect to x.
We have the following estimates of G-SDEs, which come from [23, Chapter V].

Proposition 6.1 (See [23]).  Let &,& € LE(Q;RY) and p > 2. Then we have, for each § € [0,T — t],

B swp |X0E—XISP] <Cle-gP,

s€E[t,t+4]

BIX7517) < C1L+[lP),

B sup |x0€ -] <o+ fe)or,
sE[t,t+0]

where the constant C' depends on L,G,p,d and T

Proof.  For the reader’s convenience, we give a brief proof here. It is easy to check that {Xﬁv6 }se[t’T],
{X£7£/}se[t,T] c Mg(O,T; Rd). By Proposition 2.6, we have

B[ sup [ X0€ - XLEP]
SE[t,t+6]

t+4d
< CEy [If —&p +/ X0 = X0S [Pds + sup
t s€(t,t+4]

. t+o , ) t+6 , p/2
coliersaf [ sl o[ [
t t

t+0 R ,
<C{|££’|”+/ Et[ sup [X[° — X[ P}ds},
t

relt,s)

|

/ (o(r, X1) — o (r, X1 ))dB,
t

By Gronwall’s inequality, we get the first inequality. The others can be proved similarly. O

It follows from the previous results that for each (t,7) € [0,7T] x R?, there exists a unique triple
(YE®, Zb*, AL") se e, which solves the following reflected G-BSDE:

() YEo = ¢(XE™) + [T f(r, Xt Y 2% dr + [T gyi(r, X0=, V0" Z60)d(BY, BY), — [T Zb*dB,
+ AR — ATt < s < T

(i) Y% > h(s, Xb%), t < s < T}

(iii) {A%*} is nondecreasing and continuous, and {— [’ (V,* — h(r, X1®))dA%* t < s < T} is a non-
increasing G-martingale.

We now consider the following obstacle problem for a parabolic PDE:

{min(—@tu(t, x) — F(D?u, Dyu,u, z,t),u(t,x) — h(t,z)) =0, (t,z)€ (0,T) x R?, (6.2)

u(T7 .’1?) = ¢($), xr € Rd,
where

F(D2u, Dyu,u, x,t) = G(H(D?u, Dyu,u,z,t)) + (b(t,x), Dyu)
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T f(t 2w (01 (t,2), Dyt ... (oa(t,2), Do),
H(Dgu, Dyu,u,x,t) = (Diuai(t,x), oi(t,x)) + 2(Dyu, l;;(t, z))
+2g;(t, z,u, (01(t, ), Dyu), ..., (o4(t, z), Dyu)).

We need to consider solutions of the above PDE in the viscosity sense. The best candidate to define
the notion of viscosity solution is by using the language of sub- and super-jets (see [1]).

Definition 6.2. Let u € C((0,T) x R?) and (t,7) € (0,T) x RY. We denote by P?Tu(t,z) (the
“parabolic superjet” of u at (¢,)) the set of triples (p,q, X) € R x R? x S, satisfying

u(s,y) < u(t,z) +p(s —t) + (¢, y — =) + %(X(y*x),y*@ +o(ls —t|+ |y — z*).

Similarly, we define P2~ u(t,x) (the “parabolic subjet” of u at (t,x)) by P>~ u(t, z) := —P>+(—u)(t, v).
Then, we give the definition of the viscosity solution of the obstacle problem (6.2).

Definition 6.3. It can be said that u € C([0,T] x RY) is a viscosity subsolution of (6.2) if u(T,z)
< ¢(x), z € R and at any point (¢,z) € (0,T) x R4, for any (p,q, X) € P>Fu(t, z),

min(u(t, z) — h(t,x), —p — F(X, q,u(t,x),z,t)) < 0.

It can be said that u € C([0,T] x R?) is a viscosity supersolution of (6.2) if u(T,x) > ¢(z), = € R%, and
at any point (¢,z) € (0,T) x R¢, for any (p,q, X) € P>~ u(t, ),

min(u(t, z) — h(t,x),—p — F(X, q,u(t,x),z,t)) = 0.

u € C([0,T] x R?) is said to be a viscosity solution of (6.2) if it is both a viscosity sub- and supersolution.

We now define
u(t, ) :=Y"", (t,z) €[0,T] x R% (6.3)

It is important to note that u(t, z) is a deterministic function. We claim that u is a continuous function.
For simplicity, we only consider the case where g = 0 in the next three lemmas. The results still hold for
the other cases.

Lemma 6.4. Let Assumptions (A1)~(A3) and (A4’) hold. For eacht € [0,T], x1,z2 € R?, we have
u(t, x1) = u(t,x9)| < C(1+ |21|™2 + |29|™V?) 21 — .
Proof.  From Proposition 3.4, since u(t, z) is a deterministic function, we have
utt.n) =tz < C{B|lOG) = AT XE™) - (60X5) — WT. X))

T
+/ (s, X, Y00, Z0™) — f(s, X2, Y00, 207 )| ds
t

+ /tT b1 (5) = 2(5)1> + |13 (5) = 13;(s) + |0} (s) — 07 (s) [
+ |h(s, XE™1) — h(s, X5"2)|2ds | + |h(t,z1) — h(t,x2)|2}, (6.4)
where for k=1, 2,
b"(s) = Bsh(s, X0™) + (b(s, Xg**), Doh(s, X0)),

L)

1
15 (5) = (Dah(s, X070), 1y (5, X09)) + S {D2h(s, XL%4)ar (s, XE7%), (5, X077,
ok (s) = (s, XL™), Dyh(s, X)),

3
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Set X! = Xt#1 — X'#2 By Assumptions (A3), (A4’) and Proposition 6.1, we have

2 2 T 2 2
lu(t, z1) — u(t, z9)|* < C{E[(l +)° |X;“’k|m> |X;|2} +/ E[(1 +y° |X§"'”k|m> |X’§|2]ds
t

k=1 k=1
TA 2 2 ~ TA R
w B (1 S pxe ) (KR as [ BRI o - 0o
t k=1 t

. . 1/2
<O [P0 a2 { (] sup. X))+ e - wal?)
se(t, T

< C(l 4 |x1|2mv4 + |$2|2m\/4)|l‘1 _ l‘2|2.

The proof is completed. O
Lemma 6.5. Let Assumptions (A1)—(A4) hold. For eacht € [0,T), z,2' € R, we have

Ju(t, 21) — u(t, 22)* < C{(1+ |22*™ + |2y — @2* + (14 Ja [T + |2o ™)1 — 2]}
Proof.  From Propositions 3.6 and 6.1, by an analysis similar to the proof of the above lemma, we get
the desired result. O

Lemma 6.6.  The function u(t,z) is continuous in t.

Proof. ~ 'We only need to prove the case where (A1)—(A3) and (A4’) hold. The case that (A1)-(A4) hold
can be proved in a similar way. We define X% := z, Y5% := Y;»*, Zb% := 0 and A%* := 0 for 0 < s < t.
Then, we define the obstacle

u u u

h(t,x)+/ b(s,ngw)der/ lij(s,Xz’m)d(Bi7Bj)s+/ Gi(s, Xb™)dB:, we (t,T),
t t t

h(t, x), u € [0,t],

Qt,x
Syt =

where
(s, X1%) = Duh(s, X17) + (b(s, XU%), Dyh(s, X17)),
[ 1
Lij(s, X0") = (Dyh(s, X57), Lij (s, X0")) + §<Dih(3’X£v$)oi(s7Xg,x)’Uj<S,X§,x)>7
Gi(s, Xb) = (03(s, X17), Dyh(s, X1%)).

It is easy to check that (Y%, Z5%, AY) (o 7] is the solution to the reflected G-BSDE with data (¢(X75"),
f5®,557), where f'%(s,y,z) == Iy p)(s)f(s, X", y,2). Fixing z € R?, for 0 < t; < t2 < T, by Proposi-
tion 3.4, we have

lu(ty, z) — u(ts, $)|2 = ‘Yotl’“: _ Yotz’w|2
< o{B[lotxt ) - 1. x3) - (@0 - Hr X
T ~
+|h(tr, @) = h(t2, ) ? Jr/ Aty s (81 + [Pty 2 ()]
0
+ bl X00) = (o, X2 .
where
5\751,152(3) = |I[t1,T](S)f(S,Xglvx,Yst%’”’ Z?vﬂC) — ][t%T](s)f(S’X;Q,x’Ystz,x’ Z§27’”)|,

and

Piy 12 (8) = iy 1y (8)b(s, XI07) = Iy, 1y (8)b(s, X 17)|
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+ |I[t17T](s)l~ij(st§1’I) - I[t27T](s)l~ij(57X§2)z)|
+ Ly 1y(8)Gi (s, X507) = Ip, 1y ()T4(s, X527

Set X¥ = Xt — X'»* By Holder’s inequality, Assumptions (A3) and (A4’), we deduce that
utt1,0) = a2 < C{BI+ X5 + KPP LT + i(tr.2) = bt )P

T
4 [ Bl P 2 s

ta

ta
7B XDy Plas
t1

ty,x

ts,X . . :
P72 Xt for s € [ty, T]. Applying Proposition 6.1, it follows that

Note that X7 = X,
Julty, @) = u(tz, 2)| < CL(L+ 2|V |to — t1]2 + |h(tz, ) = h(tr, )]}

The proof is completed. O

We will use the approximation of the reflected G-BSDE by penalization. For each (t,z) € [0,T] x R,
n €N, let {(Ym0e, Zzmte K68) ¢ < s < T} denote the solution of the G-BSDE

T T
Ybe = (X h") + / flr, Xbe ymbe znboyde 4 / gij(r, XLo, y,be b ey (B BY),

T T
+n / (Y0 b, X57Y)~dr — / ZrhTdB, — (K5 — KMb0), ¢ < s < T,

S

We define uy, (t,z) := Y;""* 0 <t < T,z € R% By [9, Theorem 4.5], u,, is the viscosity solution of the
parabolic PDE

{&un(t,x) — Fo(D2un(t,x), Dytn (t, 2), un(t, ), 2,) =0, (t,x) € [0,T] x RY, ©5)

un (T, x) = ¢(x), xz € R?,

where F,,(D2u, Dyu,u,z,t) = F(D?u, Dyu,u,z,t) +n(u — h(t,z))".
Theorem 6.7.  The function u defined by (6.3) is the unique viscosity solution of the obstacle prob-
lem (6.2).

Proof.  From the results of the previous sections, for each (t,z) € [0,7] x R?, we obtain
up(t, ) Tu(t,x), as n— oo.

By [9, Proposition 4.2 and Theorem 4.5] and Lemmas 6.4-6.6, u,, and u are continuous. Then, by applying
Dini’s theorem, the sequence u™ uniformly converges to u on compact sets.

We first show that u is a subsolution of (6.2). For each fixed (t,z) € (0,T) x R%, let (p,q,X) €
P2Fu(t,z). Without loss of generality, we may assume that u(t,z) > h(t,z). By [1, Lemma 6.1], there
exist sequences

nj — 00, (tj7mj) - (t, x)» (pj7QJ?Xj) € P27+unj (tj’xj)ﬂ

such that (pj;,q;, X;) = (p,q, X). Since u" is the viscosity solution to (6.5), it follows that for any j,
—Pj — Fnj(Xj,Qj,unj(tj,$j),l'j,tj) <0

Noting the uniform convergence of u, on compact sets, by the assumption that u(t,z) > h(t,x), we
derive that for a j large enough, wuy,,(t;,2;) > h(tj,z;). Therefore, letting j approach infinity in the
above inequality yields —p — F'(X, g, u(t,z),z,t) < 0. Then, we conclude that u is a subsolution of (6.2).
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It remains to prove that u is a supersolution of (6.2). For each fixed (¢,z) € (0,7) xR%, and (p,q, X) €
P%~u(t,x). Noting that {Y "} ) is the solution of reflected G-BSDE with data (£47, ft-7, gh®, §h7),
where S%* = h(s, X!*), we have u(t,z) = Y;"* > h(t,z). Applying [1, Lemma 6.1] again, there exist
sequences

ng =00, (tj,z;) = (t,2), (9,45, X;) € P> un,(t5,25),

such that (p;,¢;, X;) = (p,q, X). Since u™ is the viscosity solution to (6.5), we derive that for any j,
—pj — Fn; (X, 45, un, (5, 25), 5, t5) 2 0.

Therefore,
—pj = F(Xj, 5, un, (5, 25), 25, 15) > 0.

Letting 7 — oo in the above inequality, we have —p — F(X, ¢, u(t, x),x,t) > 0, which implies that u is a
supersolution of (6.2). Thus, u is a viscosity solution of (6.2).

An analysis similar to the proof of Theorem 8.6 in [4] shows that there exists at most one solution
of the obstacle problem (6.2) in the class of continuous functions which grow at most polynomially at
infinity. The proof is completed. O

7 American options under volatility uncertainty

Now, let us consider the financial market with volatility uncertainty. The market model M is introduced
in [26] consisting of two assets whose dynamics are given by

dye =rydt, v =1,
dSt = TStdt + StdBt7 SO =T > 0’

where r > 0 is a constant interest rate. The asset v = () represents a riskless bond. The stock price
is described by a geometric G-Brownian motion. Since the deviation of the process B from its mean is
unknown, this model shows the ambiguity under volatility uncertainty.

Definition 7.1 (See [26]). A cumulative consumption process C' = (C}) is a non-negative Fi-adapted
process with values in L}, (€Qr), and with nondecreasing, RCLL paths on (0,7], and Cy = 0, Cr < oo,
q.s., where F; = 0{B; |0 < s < t}. A portfolio process m = (m;) is an Fi-adapted real valued process
with values in L, (Qr).
Definition 7.2 (See [26]). For a given initial capital y, a portfolio process 7 and a cumulative con-
sumption process C, consider the wealth equation

d’y dSt

dXt = Xt(l - Wt)it + Xt’ﬂ't? - dCt = TXtdt + WtXtdBt - dC’t
e t

with initial wealth Xy = y. Or, equivalently,
t t
X =y — / v, tdC, +/ Yo ' XumydBy,, Vt<T.
0 0

If this equation has a unique solution X = (X;) := X¥™¢ it is called the wealth process corresponding
to the triple (y,w, C).

Definition 7.3 (See [26]). A portfolio/consumption process pair (m,C') is called admissible for an
initial capital y € R if

(i) the pair obeys the conditions of Definitions 7.1 and 7.2;

(i) (mXP™C) € M2(0,T);

(iii) the solution X¢"™¢ satisfies XY™ > —L, V¢ < T, q.s., where L is a non-negative random variable
in L%(QT)
We then write (7, C) € A(y).
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We denote by T, the set of all stopping times taking values in [s,t], for any 0 < s <t <7 Then, the
American contingent claims may be defined by the following:
Definition 7.4 (See [12]). An American contingent claim is a financial instrument consisting of

(i) an expiration date T' € (0, c0);

(ii) the selection of an exercise time 7 € T ;

(iil) a payoft H, at the exercise time.

We require that the payoff process {H;};c[o,) satisfies (H4) or (H4') in Section 3. Since the financial
market under volatility uncertainty is incomplete, it is natural to consider the superhedging price for the
American contingent claims.

Definition 7.5. Given an American contingent claim (7', H), we define the superhedging class
U:={y>0|3(x,C)c A(y): for any stopping time 7, X¥™% > H, q.s.}.

The superhedging price is defined as h,,, := inf{y |y € U}.

Theorem 7.6.  Given the financial market M and an American contingent claim (T, H), we have
hup = Yo, where Y = (Y;) is the solution to the reflected G-BSDE with parameter (Hr, f,H) where
fly) =ry.

Proof.  Let y € U. By the definition of U, there exists a pair (7,C) € A(y) such that for any stopping
time 7, X¥™¢ > H,. Applying [16, Lemmas 3.4, 4.2 and 4.3], we derive that for any n € MZ(0,7),
E[[] nsdB;] = 0. Then, we obtain

y= B [y + / yulXﬁ’”’CﬂudBu}
0

>

= [y—F/ ’y;lej’”’Cﬂ'udBu—/ ’yuldC’u]
0 0
= B[y, ' Xy > By, ' H, ).

It follows that hy, > sup,er; . By 1H,].
Now, we turn to prove the inverse inequality. Consider the following reflected G-BSDE:

T T
Y; = Hpr — / rYsds — / ZsdBs + (A — Ay),
t t

Y; > H;.
By Theorem 5.1, there exists a unique solution (Y, Z, A) to the above equation. Let C = A, m = %
Then H, < Y, = XY™ which implies Yy € U. It follows that hup < Yy. Applying 1t6’s formula to
Y: = ﬂyt_lYt, we conclude that Y is a solution to the reflected G-BSDE with data (fy;lHT, 0,7 1H). By
the following proposition, we finally get the desired result. O

Proposition 7.7.  Let (Y, Z, A) be a solution of the reflected G-BSDE with data (€, f, S). Then, we have

Yo = sup E[/ f(s,Ys, Zg)ds + Sr I <1y +§I{T:T}}
0

T€To, T

Proof.  Let T € To.r. Note the fact that E[fOT ZsdBs] = 0. Then, we have

Yb E|:\/ f(saY;7Zs)d5+YT+AT:| P E|:\/ f(S,Ys,Zs)dSﬂLSrI{T<T} +£I{T=T}:|
0 0

We are now in a position to show the inverse inequality. By the definition of the solution of the reflected
G-BSDE, we may define

t
K, = —/ (Y, — S,)dA,.
0
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Then, K is a nonincreasing G-martingale. Let
D'=inf{0<t<T:Y;,—S;<—7AT.
n

By Example A.4 in Appendix A, D" is a *-stopping time for n > 1. It is easy to check that D™ — D,
where
D=inf{0<t<T:Y;—S:=0}AT.

Noting that A is nondecreasing, by Theorem A.5, it follows that
. . b 1.
0=E[Kp~] :E[—/ (Y;—Ss)dAs] < EE[_ADTL] <0,
0

which yields E[—Ap»] = 0. By the continuity property of A, we have E[—Ap] = 0. Then, it is easy to
check that

D
YO :E|:/ f(S,YS,ZS)dS+SDI{D<T} +§I{D_T}:|
0

Hence, the result follows. O
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Appendix A

In this appendix, we introduce the extended conditional G-expectation and optional stopping theorem
under G-framework. More details can be found in [11].
Let (Q, L, (2), E) be the G-expectation space and P be a weakly compact set that represents E. We set

LY%(Q) :={X : Q — [~00,0] and X is B(2)-measurable},
L(Q) :={X € L°(Q) : Ep[X] exists for each P € P}.
We extend G-expectation E to £(Q) and still denote it by E. For each X € £(2), we define

E[X] = sup Ep[X].

Then, we give some notation

&=

Set Q; = {w.as : w € Q) for t > 0. Similarly, we can define L°(Q;), £(Q¢), LP(Q), Lg(Qt), Lg(Qt)
and f/g* (€24), respectively. Then we can extend the conditional G-expectation to space ElG* () and it
satisfies the following property.

Proposition A.1 (See [11]). For each X € Eg (Q), we have, for each P € P,

Ei[X] = esssup PEQ[X | Fi], P-a.s.,
QEP(t,P)
where P(t,P) ={Q € P: Eq[X] = Ep[X|,VX € L;,(%)}.
We now give the definition of stopping times under the G-expectation framework.

Definition A.2. A random time 7 : Q — [0,00) is called a -stopping time if I{, >4 € L& (€) for
each t > 0.

Definition A.3. For a given *-stopping time 7 and £ € f/g (Q), we define E,[¢] := M., where M; =
E;[€] for t > 0.

We then give an example of *-stopping time.
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Example A.4.  Let (X;)cp0,7] be a d-dimensional right continuous process such that X; € L () for
t € [0,T). For each fixed closed set F' € R, we define

T=inf{t >0: X, ¢ F} AT.

Then, 7 is a *-stopping time.
Now, we introduce the following optional stopping theorem under the G-framework.

Theorem A.5 (See [11]).  Suppose that G is non-degenerate. Let My = B,[€] for t < T, € € L% (Qr)
with p > 1 and let o and T be two x-stopping times with o < 7 < T. Then, M., M, € Eé* (Q) and

M, = EU[MT]a q.s.
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