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Abstract

Existence of a strong solution in H~!(R?) is proved for the stochastic
nonlinear Fokker—Planck equation

dX — div(DX)dt — AB(X)dt = X dW in (0,T) x RY, X(0) =,

respectively, for a corresponding random differential equation. Here
d > 1, W is a Wiener process in H~'(R%), D € C'(R% R?) and
[ is a continuous monotonically increasing function satisfying some
appropriate sublinear growth conditions which are compatible with the
physical models arising in statistical mechanics. The solution exists
for x € L' N L™ and preserves positivity. If 3 is locally Lipschitz,
the solution is unique, pathwise Lipschitz continuous with respect to
initial data in H~!(R). Stochastic Fokker-Planck equations with non-
linear drift of the form dX —div(a(X))dt — AB(X)dt = X dW are also
considered for Lipschitzian continuous functions a : R — R%,
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1 Introduction

We first consider the stochastic partial differential equation

dX — div(DX)dt — AB(X)dt = X dW in (0,T) x R T >0, .
X(0,8) =xz(§), £€RY 1 <d < oo, (1.1)

where W is a Wiener process in H~! := H~}(RY) over a stochastic basis
(2, F, (Ft)t>0, P) with normal filtration (F;);>o of the form

N
W =>"pe;B;. (1.2)

Jj=1

Here {ey, ..., ey} is an orthonormal system in H~!(R?) belonging to CZ(R%)N
W2Y(RY), p; € R and {f;}32, are independent (F;)-Brownian motions on

(9, F,P). As regards the functions D : R — R? and 3 : R — R, we assume
that

(i) D € C}(R%:RY); |D| € LY(RY), divD € LA(RY).

(ii) B8 € C(R)NC*(R\{0}) is monotonically nondecreasing, 5(0) = 0, and
there are m € [0,1], a; € (0,00), i = 1,2,3, such that

|B(r)] arlr|™, Vr € R, (1.3)
18" (r)r?| + B'(r)|r] ap|B(r)], vr € R\ {0}, (1.4)
B'(r) # 0 andsignrp’(r) <0, Vr e R\ {0}. (1.5)

<
<

(iii) There exists a decreasing function ¢ : (0,1] — (0,00) such that

B'(Ar) < (N)p'(r), Yr e R\ {0}, X € (0,1]. (1.6)

We note here that since, by (1.5), 5’ is decreasing on (0, c0) and increasing
on (—o0,0), we also have

B'(r) < B'(r), vre R\ {0}, X € (0,1]. (1.7)
A typical example is 3(r) = ayr|r|™!, where a; > 0.

It should be said that e is a linear multiplier in the spaces L? and H*
and this fact will be frequently used in the sequel.
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Equation (1.1), which in the linear, deterministic case (that is, for
B(r) = ar, W = 0) reduces to the classical Fokker—Planck equation, describes
the particle transport dynamics in disordered media driven by highly irre-
gular or stochastic field forces. This is the so called anomalous diffusion
dynamics (see, e.g., [15], [16]) in contrast to the normal diffusion processes
governed by the linear Fokker—Planck equation.

The stochastic version (1.1) considered here can be viewed as a Fokker-
Planck equation in a random environment or a generalized mean field Fokker-
Planck equation ([10], [11], [12]).

The case considered here, that is hypothesis (1.3) with 0 < m < 1 is
that of a fast diffusion (see, e.g., [4]) which, for D = 0 is relevant in plasma
physics and the kinetic theory of gas. It should be said that in statistical
physics, the deterministic Fokker—Planck equation (1.1) is related to the so-
called correspondence principle (see, e.g., [16], [21]) in statistical mechanics
which associates this equation to the entropy function

where the function ® € C(R) N C?*(R \ {0}) satisfies

P" <0, ¢ >0, ¢(0) = +oo, (1.8)
and [ is defined by

B(r) = ®(r) —rd'(r), ¥r > 0. (1.9)

For instance, if f(r) = a sign (r)log(1 + |r]), a > 0, and ®(u) = —ulogu+
(1 + u)log(1l + wu), then (1.1) is the classical boson equation in the Bose—
Einstein statistics (see, e.g., [16]), while for 8(r) = a|r|™ 'r, one gets the
so-called Plastino and Plastino model [21] in statistical mechanics.

We note that in both cases [ satisfies (ii) and (iii) above, and in the first
case [ is locally Lipschitz.

Assumption (ii) leaves out the low diffusion case m > 1 which is relevant
in porous media dynamics of low diffusion processes. (See, e.g., [4].) However,
for the examples in statistical mechanics mentioned above, the case m > 1
is not relevant. In fact, the entropy function corresponding to f(u) = u™ is
by (1.9) formally given in 1 — D by

Sy = / (u™ — u)dg, B(u) =
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for which the entropic conditions (1.8) are not satisfied if m > 1.

For vanishing drift D, equation (1.1) reduces to the fast diffusion stochas-
tic porous media equation studied in [8] (see, also, [4]).

By the transformation

X(t) = eVOy(t), t >0, (1.10)

equation (1.1) reduces, via [t6’s formula, to the random differential equation

(see, e.g., [5], [6], [7])

% — e Wdiv(e" Dy) — e W AB(ey) + %l‘y =0in (0,7) x R, (1.11)
y(0,8) = 2(¢), £ € R,
where

,u:Zu?e?. (1.12)

Jj=1

Here, without loss of generality, we assume that ¢ — W (t)(w) € H' is
continuous for all w € €.

The purpose of this work is to show that, under hypotheses (i)-(iii), for ev-
eryw € 2, 1 < d < o0, and z in a suitable space, the Cauchy problem (1.11)
has at least one strong solution which is unique if, in addition, S is locally
Lipschitz on R. By a strong solution to (1.11) we mean an absolutely con-
tinuous function y : [0,7] — H~*(RY) such that div(e" Dy)(t) € H!, a..
t € (0,7), and (1.11) holds on (0, T). Of course, if y is (F:)i>o-adapted (which
we shall show), then X = ey is a strong solution to (1.1). A nice feature
of the random differential equation (1.11) and its version with a nonlinear
function in its divergence part (see equation (4.2) below) is that, though it
is not of accretive type in any of the spaces H~}(R?) or L'(R?), which are
naturally associated with nonlinear parabolic equations of this type, it turns
out to be accessible by the theory of nonlinear semigroups of contractions in
LY(R?), by a modification of the Crandall-Liggett discretization scheme for
perturbed nonlinear accretive equations (see Appendix).

However, the general existence theory for the nonlinear accretive Cauchy
problem in a Banach space is not directly applicable to equation (1.1) because
W is not smooth. So, the first step was to approximate W by a family of
smooth random functions {W.(¢)}.~o and so equation (1.11) too by a family
of nonlinear evolution equation with smooth time-dependent coefficients (see
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equation (3.2) below). Afterward, one passes to the limit € — 0 in the cor-
responding equation by combining sharp H~!-energetic and L'-techniques.
This approach which will lead to existence of a strong solution y to (1.11) is
one of the main novelty of this work.

In [5], the authors studied equation (1.11) for m € (1,5) and 1 < d < 3,
on a bounded domain in the special case of a vanishing drift term D. It should
be said, however, that the treatment in R% developed here is quite different
and requires specific techniques to be made precise below. (Under related
hypotheses on [3, the existence for the stochastic equation (1.1) with D =0
was also studied in [8].)

In [17], the following parabolic-hyperbolic quasilinear stochastic equation
was recently studied on 7% in the framework of kinetic solutions

dX — div(B(X))dt — div(A(X)VX)dt = O(X)dW, (1.13)

where B € C?(R,R™?) and A € C'(R;R™?). (Along these lines, see also
[18].) It should be said, however, that there is no overlap with our work as far
as conditions (i) on the nonlinear diffusion term £ is concerned for which one
assumes here different conditions to cover fast diffusions. In fact, the results
of [18], though obtained in a more general context, apply to low diffusion
equations (that is, 8(r) ~ ar™, m > 2, a(r) =~ r¥, k > 1). In addition, the
rescaling technique used here is different from that used in [18] and its main
advantage is that it leads to sharper regularity results for solutions by fully
exploiting the parabolic nature of the resulting random differential equation.

2 Notation and the main results

We shall denote the norm of the space R? by | - | and by (, ) the Euclidean
inner product. Let LP(RY) = [P, 1 < p < oo, denote the standard real LP
space on R? with Lebesgue measure. The scalar product of L? is denoted
by (+,-)2. The norm of L? will be denoted by | - |,. H'(R?), briefly denoted

H?', is the Sobolev space {u € L% g—g €L? i=1,2,.., d} with the standard

norm ||ull g = (fpa(u? + \VuP)df)%. The dual space of H' will be denoted
by H~! and its norm by |-|_;. Likewise, W™ = W"(RY), r € N, p € [1, 0],
denote the usual Sobolev spaces. Denote by A the Laplace operator on
R By Whr([0,T); H') we denote the space of all absolutely continuous
w:[0,T] — H~! such that v, Cfi—;‘ € LP(0,T; H™'). Given a Banach space X,
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let LP(0,T; X) denote the space of X-valued Bochner LP-integrable functions
on (0,7). By C([0,T]; X), we denote the space of continuous functions u :
[0,7] — X and by C*([0,T]; X) the corresponding space of continuously
differentiable functions.

We set

Dy={re L'NL®NH; B(x)e H', Avec L', Ap(z) € L'}

Lemma 2.1. Let p € [1,00) and x € L' N L*>®. Then there exist u, € Dy,
n € N, such that u, — x in L? and {x,; n € N} is bounded in L' N L>. In

particular,
- -1
Dy =rIr, DN =H,

where the left hand sides denote the closures of Dy in the respective spaces.
Proof. Because L? is dense in H~!, it suffices to prove
L'nr>*cDy.
So, let € L' N L* and define
u(§) = p(€)e ", € e RY, (2.1)
where ¢ € CZ(RY), |p| > ¢, €,0 € (0,1). Then, by (1.3), B(u) € L' N L> and

VB(u) = ému)u(w ~26,),

which is in L' N L> by (1.3), (1.4). So, 8(u) € H'. Furthermore, obviously,
Au e L' NL>®, and

AB() = éﬁ’(U)u[As@— (205 — 46%€[2)p — 466 - Vig]

1
3 B"(wu|V — 200 ).
Since |p| > ¢, it follows by (1.3) and (1.4) that AB(u) € L' N L>. We have

r =lim lim (z* Ve -2~ A (_€)>6_5|§|27
0—0e—00

where both limits are in LP and, obviously, each function on the right under
the limits for fixed e,0 € (0,1) can be approximated by functors of type (2.1)
in LP. "

Theorem 2.2 is the main result.



Theorem 2.2. Under Hypotheses (i)—(iii), for each x € Dy, equation (1.11)
has, for each w € €1, at least one strong solution

y € WL2([0,T); HY) N L>((0,T) x RY) N L=(0,T; LY, (2.2)
y € L2(0,T; HY), (2.3)
B(e"y) € L*(0,T; HY). (2.4)

Moreover, if v >0, a.e. on R?, then y >0, a.e. on (0,T) x RZ.

If B is locally Lipschitz on R and assumptions (1)—(iii) hold, then there
is a unique strong solution y to (1.11). This solution is (F;)—adapted, the
map Dy > x — y(t,x) is Lipschitz from H=' to C([0,T]); H™*) on balls in
L' N L*>® and y extends by density to a strong solution to (1.11), satisfying
(2.2), (2.4), for all z € L' N L.

Now, coming back to equation (1.1), we recall (see, e.g., [4], [5], [8]) that a
continuous (F;)s>o-adapted process X : [0,T] — H ! is called strong solution
to (1.1) if the following conditions hold:

X € L*([0,T); L?), P-as., (2.5)
B(X) e L*(0,T; H"), P-as., (2.6)
X(t)—/o div(DX(s))ds—/ AB(X(s))ds:x+/0 X ()d W (s),

0 (2.7)
vt € [0,T], P-a.s.

We note here that, by (2.5) and (3.6) below,
div(DX) € L*(0,T, H™ "), P-a.s.

The stochastic (It6-) integral in (2.6) is the standard one (see [14], [19], [22]).
In fact, in the terminology of these references, W is a ()-Wiener process
We on H™', where Q : H~! — H~! is the symmetric trace class operator
defined by

N
Qh =Y plex,h)_rex, he H™".
k=1

Theorem 2.3. If § is locally Lipschitz on R and assumptions (i)—(iii) hold,
then, for every x € Dy, equation (1.1) has a unique strong solution X = ey,

which satisfies
Xe Ve W0, T); H™Y), P-a.s., (2.8)
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and X >0, a.e. on (0,T)xRIx Q ifz >0, a.e. on R Moreover, the map
x> X(t,x) is H '-Lipschitz from balls in L* N L> to C([0,T]; H™').

The argument used to show that X is a strong solution to (1.1) is standard
up to a stopping time argument and very similar to that from the works [6],
[7] and so it will be omitted.

It should be said that assumptions of Theorem 2.3 (that is, (i)-(iii) and
B locally Lipschitz) hold for the boson equation

dX —div(DX)dt — A(log(1 + | X|))dt = X dW

and for other significant models in statistical mechanics. However, it leaves
out the Plastino & Plastino model [13] for which all we can prove is the exis-
tence of a strong solution to the corresponding random differential equation
(1.11).

A result as Theorem 2.3 was previously proved in [8] for equation (1.1)
in the special case of vanishing drift D by a direct approximation approach
to the stochastic equation (1.1). The approach used here, based on the ran-
dom differential equation (1.11), is completely different and leads to sharper
results. Indeed, by (2.2), it follows that besides (2.5) the solution X to (1.1)
satisfies also (2.8), which is, of course, a new result.

It should be emphasized that the random differential equation (1.11) has
an interest in itself as a model for particles dynamics driven by random trans-
port and diffusion coefficients (see, e.g., [10]). In particular, the convergence
of this solution to a stationary state or, more generally, the existence of a
random attractor is a problem of utmost importance for its physical signifi-
cance related to the so-called Boltzmann H-theorem (see [16], [23]). We note
here that, if our solution is unique for every fixed w, which is proved in this
paper if 3 is locally Lipschitz, then, since it solves a deterministic PDE with
random coefficients, it satisfies the strict cocycle property, so gives rise to a
random dynamical system. This is the first and a fundamental ingredient
to prove the existence of a random attractor. However, the uniqueness of
solutions y to (1.11) under assumptions (i)-(iii) remains an open problem.

3 Proof of Theorem 2.2

Below we fix w € 2, but do not express it in the notation.



Let 65 s CN[0.TFR), 1< < N, be deind by B5() = (Hpsy ) )
where p:(t) = L p () is a standard mollifier with p € C°(R), p > 0. We set

N
Wa(t,8) =) e (O)B5(t), >0, R
Jj=1

Then we have for its time derivative

(W.), € C([0,T] x RY)

and
W.(t, &) — W(t, &) uniformly in (¢, ) € [0,T] x R4
as e — 0.
For each € € (0, 1], consider the approximating equation of (1.11)
% — e Vediv(e™* Dy.) — e A(B(e"y.) +2eye)
1
ee Wp(eNey) + 5 e = 0in (0,7) xRY, D)
¥:(0,) = z(§), £ € R™
Setting z. = e"=y,., we get the equation
0z, )
5 A(B(z:) + ez.) — div(Dz.) + €8(z.)
1
+ (5 - (Wa)t> 2. =0in (0,7) x RY, (3:2)

2(0,§) = x(§), £ € R?.
We have

Lemma 3.1. Assume that v € H' such that (x) € H'. Then, for each
€ (0,1], equation (3.1) considered on H™' has a unique strong solution y.
(see the Appendix) satisfying

y. € W0, T); H )N L>(0,T; HY). (3.3)

Moreover, if x € D(A;) with D(Ay) defined as in the claim following (3.14)
below, then y. € C([0,T]; L') and 2. = e"=y., obtained as the limit of the
finite difference scheme (5.11), is a mild solution to (3.2) in the space L.
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Proof. It suffices to prove that equation (3.2) has a unique solution
ze € WH([0,T); H ) N L™®(0,T; HY), (3.4)

and 3(z.) : [0,T] — H' is right continuous.
Let us first prove existence and uniqueness of a solution to (3.2) considered
as an equation on H~'. Define the operator A : D(A) — H~! by

Az = —A(B(2) + 2) + 2B(z) — div(Dz) + g 2, (3.5)

with the domain D(A) = {z € H' : 3(z) € H'}. We endow the space H~!
with the scalar product

<y7z>—]_7g = H? <(€] - A)_ly,Z>H71 Y,z € H_la

and with the corresponding norm ||y||-1 . = ((y, y>71,5)%- Taking into account

that {
NG |D|ss|2]2, Vz € L2, (3.6)

Jaiv(D2)]l 1. < 72

we see that, for all z,z € D(A),
(At+al)z—(A+al)z,z—z) ,_ >0,
if
= 2 (1Dl + = 1) (3.7
Qe = c ] 9 Hioo)- .

This means that (A + «af) is accretive in H~'. Moreover, A is quasi-m-
accretive, that is, R(\+a.)I + A) = H! for all A > 0. Indeed, for f € H™
the equation

(0 + Nz — A(B(2) + £2) + £B(2) — div(Dz) + g c=f  (3.8)
or, equivalently,
(et A) (eT—A) 2+ B(2)+ez—(eT-A) (div(Dz) e g z>
= (eI —A)'f

(3.9)

has, for A > 0, a unique solution z € L?. Indeed, equation (3.9) is of the
form
ez + B(z)+Tz= (el — A 'f e H,
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where the operators B : L2 — L? and ' : L? — L? are given by

B(2)(§) = B(2()), ae. inRY,

[(z) = (e +AN) (el —A) e — (el —A)! (div(Dz) + &%z — %z)
Since B is m-accretive and I' is accretive and continuous in L?, it follows
that R(el + B +T') = L? and so there is a solution z € L? to (3.9). Since,
by (3.9), 8(z) + ez € H', since the inverse of r — 3(r) + er is Lipschitz and
equal to zero at r = 0, it follows that z € D(A), as claimed.

Now, we shall apply Lemma 5.1 and Corollary 5.2 in the Appendix, where

X = H™', Ais the operator (3.5) and A(t) € L(H™',H™'), Vvt € [0,T]
defined by

At)yu = —(W)u, Yu e H™Y, (3.10)

and get a strong solution z. to (3.2) satisfying
z. € Whe([0,T); H ). (3.11)

But, indeed, also
z. € L>(0,T; H"),

i.e., (3.4) holds. This can be seen as follows.
By Corollary 5.2, it immediately follows that

B(z:) + ez — (ez. — A)~div(Dz.) € L>(0,T; HY). (3.12)
An elementary consideration shows that, for ¢ € (0, 1),
(el — A)'div(Dz)|z2 < ¢|z| 1., V2 € L (3.13)

where c is a constant (only depending on |D|ci and d). Since z is a strong
solution, we have z. € D(A) C H'(C L*)dt-a.e. Hence, it follows by (3.11)-
(3.13) that

B(ze) + ez € L=(0,T; L?),

hence also z. € L>°(0,T; L?). So by (3.6) we conclude
(eI — A)'div(Dz.) € L>®(0,T; H).

Hence (3.12) implies that 8(z.)+¢ez. € L>(0,T; H') and thus z. € L>(0,T; H').

11



We are now going to construct the realization of the operator A in L.
We consider the operator Ay defined by

Az = —A(B(2) +e2) +ef(z) — div(Dz) + § 2,

(3.14)
z€ D(Ag) = D(A)N{z e L"; B(2), A(B(z) +ez) € L'}.

Claim. [ts closure Ay = Ay in L' x L' is quasi m-accretive.

Indeed, since divD € L>*, D € L' N L> C L?, we have for all z € H' N L!
/ div(Dz)sign z d§ = / div D|z|d¢ +/D - V|z|d¢ = 0. (3.15)
R4 Rd

But, by [1], Theorem 3.5, also D(Ag) > z = A(B(z) +&z) is accretive on L';
hence, since 3 is accretive, Ay is accretive on L' and hence so is Ay. But we
also have, for a > a.,

R(al+ Ag) D H'n L, (3.16)

because, for f € H~! N L', as we have seen above, there exists z € D(A)
such that az + Az = f. But, indeed, z € L'. This can be seen as follows:
for 6 > 0, define for r € R

1 if r>4,
X5(r) = g it 7 e[-0,0], (3.17)
—1 if r <.

Then X;(z) € H' and, applying g1 (X5(2), ) ;-1 to (3.8), we find
a [ Xs(2)zdE+ / X{(2)|Vz*(B' () + e)dE
R R4
X, ¢ — div D &, d.
v [ A()0(ede [ divD Xy(2)zde

- [ aas [ deueds= [ X e

Hence, dropping the second, third and sixth term (which are nonnegative)
on the left hand side and then letting § — 0, because D, divD € L? we
obtain

alzh < |flh.
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But then it follows from (3.9) that 3(z) € L' and hence, by (3.8), that
z € D(Ay) and (3.16) is proved. Taking L'-closure, we conclude that

It

R(O&I + A()) = Ll.

This implies that A is quasi-m-accretive, because for a large enough

R(al + Ay) D R(al + AO)L

9

and the claim is proved.

Then, again by Lemma 5.1 and Corollary 5.2, applied to X = L! and to
the operator Aj, it follows that for z € L' equation (3.2) has a unique mild
solution z. € C([0,T]; L') and . = e~"=Z_ is the mild solution to (3.1).

Let us note that z. = z. (and y. = y., respectively) for = € D(Ay).
Indeed, as seen in Lemma 5.1, both z. and Zz. are limits of finite difference

71
scheme as (5.10), where A is given by (3.5) and by A; = ADL , respectively.
But, by (3.16),

(I +hAg) Yy = (I+hA) "y, Vye H ALY, Vh e (0,a-)).
The solutions u; € L' and u € H*! respectively of
uy + h(A; + A(ih)uy =y (3.18)

and
u+h(A+A(ih)u=1y (3.19)
for small enough h are obtained by iterating the strict contractions
By:L'— L', B: H ' — H™! defined by
Byv = (14 hA)) Yy — hA(ih)v), v € L',
and
Bv := (1 4+ hA) Yy — hA(ih)v), ve H™

Here A(t) is given by (3.10), hence A(ih) leaves both L' and H~! invariant.
Therefore, starting the iteration in a point vy € H~'NL!, we obtain by (3.16)
that

BIZ'UO = B"yy € D(Ao), Vn € N,

and that this sequence converges both in L' and H~1.
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This implies that
(I+h(Ay+AGR))) 'y =T +hA+A(GR)) Yy, i=0,1,.., Vy e H'NL.

This means that the finite difference schemes (5.11) in Lemma 5.1, applied
separately in the spaces L' and H !, lead for z € D(A) N D(A;) to the

same values u" = 2! (4" = Z", respectively) and so, for the limit h — 0,
we get z. = Z. for initial data x € D(A) N D(A;). Hence y. = u., if z €
D(A) N D(Al) =

To get rigorous estimates for solutions y. to equation (3.1), it is convenient
to approximate it by the solution 3 to the equation

oy

5 e Wediv(e=Dyd) — e VA (Br(eey)

) 1 3.20
beeW) 4 2oV (M) + S pnd =0, (320

2
y2(0) =z,

where )y = B((I +AB)™') = £ (I — (I + AB)™") is the Yosida approximation
of 8. We recall that () is monotonically increasing, Lipschitzian and

}\irr(l) Bx(r) = B(r) uniformly on compacts in R.
—

We have
Lemma 3.2. For A — 0, we have, for each ¢ € (0, 1),
v =y in C([0,T]; H ).

Proof. It suffices to prove the convergence for the solution 22 to equation
(3.2) with g replaced by (). If we subtract the corresponding equation,
we get

9 (o 2 (e = AY(B(z2) — () + el — )
~div(D(ze — ) + 5 (0 — & = W)z = 2) =0,
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Applying (z. — 22, ->_1 _ to this equation and integrating on (0,t), we get
t
= 2O 1+ [ [ (3 = B2 el = ) e = s
t t
< Cg/ llz=(s) — zg‘(s)HQ_Lads +/ <div D(z. — zg\), Ze — zg\>_1 _ds
0 0 ’

t t
<c. / l2e(s) — ()| ods + C / 22(5) — 22(5)all e (5) — 2(8)]| .ol
0 0
This yields
() — 2O,

<05 ([t = 26017 s+ [ [ 1500 - su( e

Taking into account that, as easily seen for each € € (0,1), {22} is bounded
in L2((0,T) x R?) and fB(2.) = B(z.), a.e. in (0,7) x R? as A\ — 0, and
1B2(22)] < |B(22)] < K(1 + |22]), we infer by Lebesgue’s dominated conver-
gence theorem that, for A — 0,

2Mt) — z.(t) in H~' uniformly on [0, 7],
as claimed. n

Lemma 3.3. Letz € D(A)ND(Ay). Theny. € L>((0,T)xR)NL>(0,T; L)

and

sup {[y:|zoe(o,ryxrty } < C(1 4 |2]o0), (3.21)
€€(0,1)
SUD.e (0.1 |Yelz~ 0y < C(lz]i + 1), (3.22)

where C' is independent of x.

Proof. Let M = |z]|o + 1 and o € C'[0,T] be such that a(0) = 0, o/ > 0.
Since y. is a strong solution of (3.1) in H~!, we have

2 (y. — M — a(t)) —e A (6(6W5y5) + &?eWEye)

ot
+eWEA(B("H (M + aft))) + e (M + a(t)))
+ee W= (B(eVey.) — B (M + a(t)))) (3.23)
— e Wediv ("= D(y. — M — a(t)))

1
+§M%—M—Mm=ﬂ—d,
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where

F. = e7Wediv(DeVe (M + «a(t))) — ee™=p(e"=(M + a(t)))
1

—5 MM+ a(t) + e AB(E (M + a(t))) (3.24)

+e(M + a(t))e V= A(e"),
and « will be chosen below, so that
F.—d <0.
To make clear the argument, we shall first prove (3.21) under the condition

Ye

r B ), AB( ) + ey € LY(O.T) < BY. (3.29)

Now, we multiply (3.23) by sign(y. — M — «a(t))* and integrate over
(0,t) x R%. We note here that, by (1.4), (1.5), we have that e~V A(5(e"=(M+
a(t)))) € L' and that, after this multiplication, all terms on the left hand
side of (3.23) become integrable, because of (3.25) and, since [ is increasing,
and satisfies (1.3)—(1.4). By the monotonicity of 3, and by the elementary
inequality

Azsign (z — My)Td¢ <0, Vz € H' with Az € LY(R?), M; > 0. (3.26)

R4

we have, because

sign(y. — M — a(t))" = sign(8(e"=y.) — B(e"=(M + af(t))))*
=sign((8 +el)(e"=y.) — (B +el)(e"=(M + a(t)))) T,

where I(r) =1, r € R,
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7)== [ G ) + ey
— A (M +a(0) + e (0 +a(0)
(B ye) — B (M + a(0))sgnly: — M — (1)) de

> 9 /R VB ) + sy — B (M + 1))
<" (M + a(t))] - VIV, sign(ye — M — a(t))*de

# [ A ) - (M +alt)

Fees (g, — M — a(t)))sign(y. — M — a(t))*dg

== [ A+ D) = (5 DM + () e

(3.27)

> _(5'(6—””/”00]\4) 4 1)€||W||00||6W5A(6—Ws)”oo /Rd(y6 M- a(t))*df,

where, in the last step, we used that on {y. — M — a(t) > 0} by the mean
value theorem and (1.5), we have

Be"ye) = B (M + a(t)) < B'(e(M + (1)) - €= (y- — M — a(t))
< B'(e7Wl=M)elWl=(y. — M — a(t)).

This yields

/t J(s)ds > —(B'(e” " M) + 1)el™ = (AW ]| + [VWII2,)

(3.28)
/ |(ye — (M + (s)))T]1)ds,

where || - ||o is the norm of L>*((0,7) x RY). (Here and everywhere in the
following we shall denote by C' several positive constants independent of W
and e.) We also have, since 0, f sign fT = 0, f*,
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// e Wediv(e"=D(y.—M—a(s)))sign (y.—M—a(s)) T ds d¢
0 /R (3.29)

_ /Ot /R VW, - D(y.—M—a(s))*ds de.

Taking into account that

[ 55 06 = M — a@))sn(u.(t.€) = M — a(e)) g

= |(y-(t) — M — a(t))*]y, ae. t € (0,7T),

after some calculations involving (3.23)—(3.29), assuming that F. < o/, we
obtain that

(:(t) = M — a(t)*], < // (L + 1) AW |
—i—HVW ||2)—|—VW D) — M — ())+dsd£

< (B + DV (AW [T
VWDl [ 10r(5) = 21 = ) s,
By (3.30), it follows that
(0:(6) ~ M — (0)) s =0 331)

if I, <o, a.e. in (0,7) x R% To find « so that this holds, we set

C = eWI(||div D||oe + | D||% + |litllcc + 2 + a1
+a102)([|AW || oo + [[VW]1Z, + 1).

Then, by assumptions (1.3), (1.4), and an elementary calculation, we have
F. < O(M +a(t) = o/(1),
if a(t) = M(exp(Ct) — 1), and so (3.31) holds. Hence

y.(t) < M+ at) < M+ aoT) < oo, Vt €[0,T].

18



Since the function r — —f3(—7), r € R, enjoys the same properties as 3, by
a symmetric argument we get

yo(t) > —M — aft), Vt € [0,T],

and so (3.21) follows.

To remove condition (3.25), we are going to approximate (3.23) by the
finite difference scheme (3.38) below. To this end, let us first recall that A,
is the L'-closure of

Aoz = —A(B(2) + €2) +€B(z) — div(Dz) + %uz, z € D(Ay)

(see (3.14)). Moreover, by (3.16) for each f € L' N L>® (C H') and X > A,
the equation
A2+ Az = f (3.32)

has a unique solution z € D(Ag)NL>® C L*NH'NL>® and z, 3(z) € H'NL".
To see that indeed we also have that z € L, we first note that, for all
M € (0,00), z€ HY, (z = M)" =2z —2A M € H' and that it is easy to see
that (cf. (3.26))

/A(z — M)sign(z — M)*"d¢ < 0. (3.33)

Choosing M = |f| and A € (0, 00) large enough, we have for the solution z
of (3.32) that

Az = M) = A(B(z) = B(M) + (= — M) — div(D(= — M)

+g(z—M):f—/\M+MdivD—gM§O.

Multiplying by sign(z — M)* and integrating over R? by (3.32), it follows
that

/\/Rd(z—M)erf—l—%/M(ZZM)’LngO,

hence z < M. Since r — —p(—r), r € R, enjoys the same properties as £,
by symmetry we get 2 > —M, so z € L*°. Hence

M+ A)HL'NL®)C D(A)NL® C L' H' N L™, YA > ). (3.34)

Now, let us show that the solution z. constructed in Lemma 3.1 is also the

limit of another, for our purpose more convenient finite difference scheme.
To this end, define for A € (0,1) and 0 <i < N — 1, with N := [%},
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1
i (e = e (Wi)e ™

where W; := W.(ih). Now, consider the finite difference approximation
scheme (again setting u; := ul)

1 - ~ . _
E(ui—&-l — ;) + At + A(ih)uq + Vzhui—f—l =0,

b =uy = z.

(3.35)

If u; := u? is as in (5.11), then

1

E(Uiﬂ — ;) + Aruipg + A(ih)upq + Vihui+1 +ni(h) =0,

where n;(h) = —v — 0 in L', uniformly on [0,7] as h — 0. Hence, by the
same arguments to prove that the schemes (5.10) and (5.11) in the proof of
Lemma 5.1 render the same limit, we obtain that

}llirr[l) u" = 2. in L' and H~" uniformly on [0, 7).
—

Setting y; 1= y? = e~Witr;, we conclude that

illirr(l) y" =y, in L' and H~" uniformly on [0, 77, (3.36)
H

and, for 0 <i < N —1, N := [£],

1 —W; Wi

—(Yir1 —yi) e T A (e yi) =0,

h(?/ +1—Y ) 1( Y +1) (3'37>
Yo = To,

where y"(t) := y; for t € [ih, (i + 1)h). Since x € L* N L*°, by (3.34) we have
that e"iy; € D(Ag)NL>, 0 <i < N. So, in (3.37) we may replace A; by A.
Now, the approximating scheme (3.37) can be written as

(s =3 — ((ih) = (i = D)) + e (gl

— A (M + a(ih)))) = Ff — % (a(ih) — a((i = 1)h)) <0,

(3.38)
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where

Fi = e Winrdiv(DeVirr (M + a(ih))) — ee=Wirr B(eWirt (M + af(ih)))
_%Mm4+a@my+aWMA6@m“Uw+a@m»
+e(M + a(ih))e Vit AeWir

where A(e"i+1(M + a(ih))) is ”algebraically” defined as if A = Ay, but the
argument is not in the domain of D(Aj) (and not even in D(A;)). We note
that choosing « as above, again by (1.3), (1.4) and an elementary calculation,
we indeed have that the right hand side of (3.38) is negative. By (3.34) we
see that B(e"+1yi1), A(B(VH yig1) + ceVitty; ) are in L'(RY).

Now, we multiply (3.38) by sign(y;+1 — M —«(ih))" and take into account
that

%/Rd@iH —y; — (a(ih) — a((i — 1)h)))sign(yi1 — M — a(ih))tdE

> %(\(ym =M —a(ih))*|s = [(y: = M — a((i = D)h))"|).
Arguing as in (3.27)-(3.28), we get by (3.26)

(3.39)

Ii=- / e [A B giar) + 2y 1) — A(BE (M + alih))
HeeV 1 (M + a(ih)))]sign(yi — (M + a(ih))) " dé (3.40)
> [ A8+ D i) = (5 D) (M + i) e

> —(8'(e” Wl 1) + 1)el = (AW |0 + [VW]3,) /Rd(ym — M — a(ih))"d¢.
Similarly, we have

g:/emﬂm@m@@H—M—MWMme—M—MWﬁ%
R4

— [ (Dlyies = M = a(ih) - Wi sgn(yies — M = alih)
R
This yields

B < 1Dl 9Wl [ (g1 = M ~ a(ib)) e, (3.41)
R
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Combining estimates (3.38), (3.39), (3.40), (3.41) and the facts that g > 0
and [ is increasing, we get the discrete analogue of (3.30), that is, for
C = (B (e Wl M) + 1)elWl (AW || + [V %) + [ D]l [V o,

%(K?/i—&-l — M —a(ih)™ |y = [(y1 = M — a((i = 1)h)) ")
< Cl(Yis1 — M — a(ih)) ™.

Summing up from ¢ = 0 to k, we get
1 k
7 W — M — a(ik) e < CY |y — M — afih)) |y,
i=0

which implies, for all ¢ € [0, T],
(g2 (t) = M —a™())*]1 = 0,

where o/'(t) = ih on [ih, (i + 1)h[, 0 < i < N — 1. Letting h — 0 as above,
we get (3.21).

To obtain estimate (3.22), we multiply equation (3.37) by signy;,; and
integrate over (0,¢) x R%. Then, similarly as above we find, since p > 0 and
[ is increasing, that

1 1 ‘
h (’yzt—l’l - ‘yj‘l) < E/ (Yiv1 — yi)slgnyaldé“
R
< /d e iHA((B+51)(€Wi+lyi+1))signy;1d§
R

+/ e~ Witrdiv(DeVitty,;, 1 )sign i d€
) ( Lsigny, o

< Ae Wit (B + 5[)(6Wi+1yi+1)sign y;;ldf
]Rd

+ VWZ‘_H : Dy;:_ldg
R4
< C|yz‘++1|17
where

C = (|AW [loo + [VWIE) (8 (eI M) + 1)l 1 [ VW oo || Dl -
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Hence, summing from ¢ = 0 to k, we obtain

k
il <lah+ On Y [ e
=0

Since r — —f(—r), r € R, also fulfills all our assumptions on (3, by a
symmetry argument we find

k
il < leli+ €Y [ yrde
i=0 /R

This implies that V¢ € [0, T
[yE (O < Jwfie”
and (3.22) follows letting h — 0. n

Lemma 3.4. Letx € D(A)ND(A;). Then there exists an increasing function
C :[0,00) = (0,00) such that

T
sup 03+ [ [ IV8(E ) de < Cllalatlaly). ¥e € (0.1) (349

te[0,7)
for a constant C > 0, independent of € € (0, 1].

Proof. Clearly, by Lemma 3.3 we only have to prove the bound in (3.43) for
the integral on the left hand side. To this end, we multiply (3.1) by 5(y.)
and integrate over (0,t) x R%. Taking into account that (see [1], Lemma 4.4)

/Rdj(ya(t))dé = /Ot H-1 <C§f (s),ﬂ(%(s))>H1 ds + /Rdj(x)df’
where j(r) = [ B(s)ds, r € R, and that

H-! <A5(6W€ys)a eiwaﬂ(%»]{l - /Rd Vﬁ(eways) : V(67W£ﬁ<ys))d£7

we get from (3.1) that

| iteonie

+/0 /Rd[(Vﬂ(eWEye) + EV(GWEZJE)) . V(ﬁ(ye)efws)]dé ds <3.44>
- /] (e +/0 / e~ "ediv(e"* Dy.)B(y.)d¢ ds.
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Let us denote the first and second term on the left side of (3.44) [; and
15, respectively, and the two on the right I3 and 1. Then

t
L= [ [ w03 vy - svwideas
VW{|eo|| Dl | 18(ye)|dE d 3.45
SIVWI Dl [ [ el Bl as (3.45)

t
D]l / / el (4.)| V| de ds.
0 Rd

Obviously, the first integral in the preceding line by Lemma 3.3 and (1.4) is
bounded by C;(1 + |z|2,) with a constant C; > 0 independent of ¢. Since by
(1.6), (1.7) we have

Blye) < BemWletWey, )

< (p(ef\\Wlloo)B/(eWEya), (3.46)

the second integral in the r.h.s. of (3.45), again by Lemma 3.3 can be
bounded by

t
5 / By P ds + 2 (14 of2), i >0,
0 R4

where Cy > 0 is a constant independent of €. So, altogether

t
Ag@/ |WWM%W&M+(%+CQG+M&%W>O (3.47)
0 Rd

Clearly, by (1.3),

Iy< sup  [B(r)] oy < O(1 4 []o)[2]1(< 00). (3.48)

T€| =] oo, || 0]

Furthermore,

I, = /0 /]Rd Vﬂ(eways) . V(@(yg)e_wf)dg ds + 672,
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where
bim [ [ V) (5 e Vo - Blae " VIWdg ds
0o JRrd
N /0 R4 V<6WE?J€) : [6_2W86,<y6)v(ewgy6)
- €_2W5ﬁ/(ys>ysewevws - 6(ys>e_wsvws]d£ dS

—/0 /Rd[lv(ewys)\ﬁ’(ys)lyel + V(o) |B(ye) eV [V WL |dE ds.

Since, by Lemma 3.3, we have sup ||y:|l < o0, it follows by (1.5) that
€€(0,1)

B'(e"ey.) > B (elWle=sign . S?p) llvelloo) (> 0). (3.49)
e€(0,1

Combining this with (3.46), we conclude that, for some increasing functions
C3,C5 : [0,00) — (0,00), independent of e

L2 / [ fele ™93y (3.50)

+ HWHOOSlgnyE S%p1 Yello)) ™ 1‘Vﬁ( WE%)Hﬁ(yE)H WE]VWE‘dde
66
> 6 / [ 193y pacas (3.51)
Rd

— ﬂ 2 2 9
5 /O/Rd(lyal +18(ye) ) IVWe | dg ds

t
> —6/ / |V B(e"ey.)|?d¢ ds — % V6 > 0,
0 JRd

where in the last step we used that, by (1.3), the second integral in the pre-
vious to the last line in (3.50) by Lemma 3.3 is up to a constant, independent
of €, bounded by

t
/ VW |?d€ ds < oo.
0 JRrd
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Furthermore,

~
~

= / VB(e"y.) - V(Bly)e "*)de ds
0 JRd
= /0 e Vﬁ(ewgya) . (e_Weﬁ/(ya)vya _ ﬁ(yg)e_WEVWa)dﬁ ds
= /Ot 9 B’(eWsyg)ﬁ’(yg)e—QWsV(eWgys) . (v(€W5y€> _ yaeWEVWE)dg ds

— / t VB(e"ey) B(ye)e VeV, dé ds.
0 R4
Since, by (1.6), (1.7),

B'(ye) > B(elWelley,) = pr(elWellemeetWey, )
> (ip(em el We)) =137 (eWey,) (3.52)
> S0(6—2||W\|oo)—16/(6W5y€)7
we obtain that, for some constant C; > 0 and an increasing function Cj :
[0,00) — (0, 00), independent of ¢,

v

~
~

I, > 04// IV B(e"ey.)|?dé¢ ds
0 R4
- / IV By e VW[l 8 (ve) + |B(ve)de ds (3.53)

2 (Gh=9) // VB e ds — ) s g

where in the last step we used that

—[Wlleo t 2
I s (e e+ 180EN) [ [ 19 P s < 00

e€(0

because of (1.3), (1.4) and Lemma 3.3. Finally, we note that, by Lemma 3.3,

1> = sup {B)Ire| = sup [yelloe, sup yelloo| } 5D el iy
£€(0,1) €(0,1) e€(0,1) (3.54)

= —Cs(|z]oo + [2]1),
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for some increasing function Cs : [0, 00) — (0, 00).

Recalling that Iy = I + ], and combining (3.47), (3.48), (3.50), (3.53)
and (3.54), the assertion of Lemma 3.4 is proved. n

Proof of existence. Assume first that Hypotheses (i)—(iii) hold. Let
x € Dy. It follows, by Lemmas 3.3 and 3.4, that {8(e"*y.)} is bounded
in L2(0, 75 H'), {y.} is bounded in L>(0,T; L*) N L>=((0,T) x R?) and { %=}
is bounded in L*(0,T; H™').

Moreover, taking into account that V3(e"=y.) = 8'(e"=1.)V(e"=y.) and
that by assumption (1.5) and estimate (3.21),

B'(e"y.) > p>0,ae in (0,T) x R (3.55)

it follows that {y.} is bounded in L?(0,T; H'). As a matter of fact, we have

sup 4 1yelloo + 19ellz oy + €= vell 2 ommny + el 20
e€(0,1] <3 56)
dy.

dt

18" ye) | 20,1501y + H } < C*w), w e Q,

L2(0,T;H-1)
where C* is F-measurable and 0 < C*(w) < CelWlle< (exp (|| VW || oo+ || AW || o +1),
Vw € Q. Then, by the Aubin compactness theorem (see, e.g., [1], p. 26),
{y.} is compact in each L*(0,T; L*(Bgr)) where Br = {¢ € R% [¢| < R}.
Hence, for fixed w € €2 along a subsequence, again denoted {¢}, we have

Y. — 1y  strongly in LQ((O,T);LIQOC(RCI))

weak-star in L>((0,T) x R%)
weakly in L2(0,T; HY),

B(e"ey.) — n  weakly in L*(0,T; H') (3.57)
dy. d
CZ — d—?z weakly in L*(0,T; H™ ')

W. — W inC([0,T] x R,

and so, letting e — 0 in equation (3.1), we see that

dy . W W Lo d
i div(De"y) —e " An+ S HY = 0in (0,7) x R, (3.58)
y(0) =z on R%.
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Here, we recall that A : H' — H~! is continuous and, by (3.6), u +— div(Du)
is continuous from L? to H~', while 4 is considered in sense of H'-valued
distributions on (0, T") or, equivalently, a.e. on (0,7"). Clearly, estimate (3.56)
remains true for y.

To show that y is a solution to (1.11), it remains to be proven that
n = B(e"y), a.e. in (0,7) x R% Since the map z — B(z) is maximal
monotone in each L*((0,7) x Bg), it is closed and so the latter follows by
(3.57). Moreover, if the solution y to (1.11) is unique (we shall see later on
that this happens if § is locally Lipschitz), it follows that the sequence {y.}
arising in (3.57) is independent of w € Q, and so y is (F;)i>o—adapted.

Uniqueness. Assume that, besides assumptions (i)-(iii), 5 is locally Lips-
chitz on R and consider y1, 3 to be two solutions to equation (1.11) satisfying
(2.2)-(2.4) and let z = y; — yo. We have

% — e Wdiv(e" Dz) — e VA(B(" y1) — B(eVy2)) + %MZ =0
in (0.7) xRe, Y
2(0) =0 in R%
Equivalently,
0z
— 4+ (I = A)(zn) =eWdiv(e"Dz) — e A(e™")2n
5 T )(zn) ( ) 1( ) (3.60)
—2V(e™™) - V(eWzn) — 5 Kzt 20,
where

g HEIZIEI) o (e 1y a0,6) £ 0]

0 on [(f,t);z(f,f) :0]'

We note that, by Hypothesis (ii) (1.5), we have, for some o; = C*(|x|1 +|7|s0),
i=0,1, where C" : [0,00) — (0, 00) are increasing continuous functions,

0<ap<n<a ae in (0,7) x RY, (3.61)
because ( is locally Lipschitz on R.

We have z € L*(0,T; H'(RY)) and & € L*(0,T;H~"). We multiply
(3.60) by (I — A)~'z and integrate over R? to get
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1 t

Lewp, + / / n2ds de
2 0 Rd

_1

0), + /t/ e Wdiv(e" Dz)(I — A)*zds d¢
Rd

//Rd VA en(I — A) L zds dé

—2/ V(e V(W) (I — A)  zds dé
R4

//Rd(__“+”) 2(1 — A) " zds dE

:§|()|2 /O(Il+lg+]3+f4)d

(3.62)

By the right hand side of (3.61), we get the following estimates

11| < Clzla|z]-1,
Bl <C [ 18 ) = B gl 10 - 8) 2l
< CIB(e" 1) — Bl )lall 1 < Clzlalel
| 15] <‘ / e Y1) (e yg))div(V(e_W)(]—A)_lz)d§

< OBV y1) = B ys)lalz| -1 < Clzllz]
[1al < C(l212) + [z]z]-1)-

We note also that, by (3.61), we have
_ L _
[2lal2]-1 < [V 2la(Vao) Tzl -1 < =5 |\/ﬁz|§ + §Ofol|z|2_1~
Then, by (3.62), we obtain that

d
(O < Gl ae t>0,
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which implies z = 0, as claimed.
Note also that, by (3.59) and (3.62) it follows also that there exist in-
creasing C, Cy : [0,00) — (0, 00) such that, for all z,Z € x € Dy, one has

ly(t,z) =y, 7)1 < Cr|@]pinpe + |Z|are) e — 2], VE€[0,T], (3.63)
y(t, ) — y(t, B < Coll@lprpe + [Flpinze )|z — E1, Ve € [0,T]. (3.64)

Indeed, if one applies (3.62) for z(t) = y(t,z) — y(t,z) and uses the above
estimates on [;, ¢ = 1,2,3,4, and (3.61), one gets (3.63). To get (3.64), we
multiply (3.60) by sgn z (or, more exactly, by Xs(7), where X5 is given by
(3.17)) and integrate over R%.

By (3.21), (3.22) and Lemma 3.4, we have

T

O+ o0+ [ [ 9802 ©) s < Culol+ ol (5 5
vt € (0,17,

for some increasing functions C; : [0,00) — (0,00), ¢ = 1,2,3. This means

that, by Lemma 2.1, for all z € L' N L™, y = y(t, x) extends by density to a

strong solution to (1.11). The map L' N L>® > z ~ y(¢, x) is then Lipschitz

on balls in L' N L. Such a function y satisfies equation (1.11), a.e. on
(0,T) x R? and by (3.65) we have

y € WH([0,T]; H™Y) N Le((0,T) x RY), B(e"y) € L*(0,T; H').
This completes the proof of Theorem 2.2. "

Remark 3.5. By (3.63) and Lemma 2.1, it follows also that, for x € L'NL>,
there is a unique mild (generalized) solution y € L>(0,T; L') N L>((0,T) xR%)
defined as the limit of mild solutions, that is,

y = lim y(-,z,) in L(0,T; L")
n—oo

for z,, — x in L', where {z,,} C Dy and is bounded in L' N L.

It should be said also that, in the case where 8 is not locally Lipschitz,
we do not know whether we have uniqueness. So, the sequence {y.} arising
in (3.57) might depend on the fixed w € © and so we cannot conclude that
the limit y is (F;):>o—adapted.
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4 The stochastic equation with nonlinear drift

We consider here the equation
dX — div(a(X))dt — AB(X)dt = X dW in (0,T) x R?,
X(0,8) ==(§), £ €RY,

where 5 and W are as in Section 1, while a : R — R? satisfies the following
assumption

(4.1)

(iv) a is Lipschitzian and a(0) = 0.

The strong solution X to equation (4.1) is defined as for equation (1.1).
For simplicity, we shall use the notations

ue = Vu, ug = Au.

By transformation (1.10), we reduce the stochastic equation (4.1) to the
equation (see (1.11))

9
2 Wdiv(a(e™y) e (B ) + %My =0in (0,7) xR o)
y(t, &) = x().

We have

Theorem 4.1. If assumptions (ii), (iii), (iv) hold and 5 is locally Lipschitz,
for each x € Dy, there is a unique strong solution y to equation (4.2) satis-
fying (2.2)~(2.4). Moreover, the process y is (Fi)i>o-adapted and, if © > 0,
a.e. on RY, theny >0, a.e. on (0,T) x R%, and the map Dy > v — y(-, )
is Lipschitz from H=' to C'([0,T], H™') on balls in L* N L> and extends to
a strong solution to (4.1) satisfying (2.2), (2.4), for all x € L' N L*°.

Proof. Since the proof is essentially the same as that of Theorem 2.2, we only
sketch it, by emphasizing, however, the points where arise major differences
in the argument.

We consider the approximating equation (see (3.1))

0ye
ot

— e Vediv(a(e™y.)) — e VB y.) — e (e e )ee

1
+ee VB (e y.) + 5 Y- =01 (0,T) x R?, (4.3)
y=(0,8) = (), £ € R,
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which, by the same argument as that in the proof of Lemma 3.1, has a unique
solution y. which satisfies (3.3)—(3.4).

We note that Lemmas 3.1, 3.3 and 3.4 remain valid in this case too.
Indeed, we note that, instead of (3.23) and (3.24), we have

0

o (g = M = a(t) — (B y) + =eVp.)

—(B(e"= (M 4 a(t)) — eee(M + a(t))))ee
+ee "= (B(e"=y.) — BelVI(M + a(t)))) (4.4)
—e e (div(a(eMey.) — a(e"= (M + a(t)))))
5 lye = M —a(t) = F. — o/(0)
where
F. = e Wediva(es (M + a(t))) — % (M + a(t)) + e V(B (M + at))))ee
—ee” V(e (M 4 a(t))) + (M + a(t))e™"= (%)

(or it discretized analogue (3.38)).
In order to treat the term in a arising in (4.3), we note that

— [ vt ) = e (M + as)sizn = (M + a(s)) s
) /O/Rd@iv(a(ewwa) —a(e" (M +a(s))e™)
sign(e"ey. — "= (M + a(s))e Vo) ")ds d¢

# [ alea) — ale 01 + o)

sign(e"ey. — "= (M + «a(s)))Tds d¢
<L [ e el ~ M~ () dsds
0 R4
because a is Lipschitz and
[ (atw) = alo)esignu = o) = 0 (45)
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for u = ey, and v = e"=(M + a(t)). To prove (4.5), we consider the
approximation Xjs of the signum function defined by (3.17). We have

Hs(t) = /Rd div(e "= (a(u) — a(v)))Xs(u — v)dE

= — /Rd e_WE(a(u) —a(v)) - (u—v)eXs(u—v)d§

For § — 0, we get

lim Hj(t) = /Rd e~ "ediv(a(u(t, €)) — a(v(t, €)))sign(u(t, §) — v(t,§))d¢

§—0

while

|Hy(t)] < Lip(a) / e+ (u — v)ede.

(lu—v|<]

This yields

fimsup 50 < [ e H|(u—v)ddg =0,
[lu—v|=0]

6—0

because (u —v)e = 0 on {&; (u—v)(§) = 0}. (We recall that u,v € H'.)
Then estimate (3.29) with a in place of D remains true in this case.
Multiplying (4.4) by sign(y. — M — «a(t))" and integrating on (0,¢) x R,

we get by (3.28) an estimate of the form (3.30) from which we infer that

|(y€(t) - M- Oé(t))+|1 = 07 le (OaT)a
for a chosen as in the proof of Lemma 3.3 and so
Y. < M +a(t), ae. in (0,7) x RY,

and, similarly,
Y. > —M — a(t), a.e. in (0,T) x R%

Taking into account that

/ / e ediv(a(e" y.))eBlye)ds d§ = — / / a(e™y.) - (e7eB(y.))eds d¢
0 JRd 0 JRE

C Wsa am W _ngavadda

< /O/Rd(|€ el (e ™[ (e77))el + €77 B8 (ye) | Vye | )ds d€
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and, recalling that sup{|ye|} < 00, it follows as in the proof of Lemma 3.4
e>0

that estimate (3.43) holds in this case too. Hence, thereisy € C([0,T]; L )N
L>®((0,T) x RY) N L*0,T; H') such that (3.57) holds. Moreover, we have,
for e — 0,

a(e™y.) — a(e™y) in L*((0,T); LL.)

loc

and so, for ¢ — 0

div(a(e™y.)) — div(a(e™y)) in L*([0,T); H D).

loc

Then letting ¢ — 0 in (4.3), we see that y is a solution to equation (4.2)
satisfying (2.2)-(2.4). Moreover, multiplying (4.3) by signy. and taking into
account that, as seen earlier,

/ e Wediv(a(e™ey.))sign y.dé < C’/ "=y, |dé,
R4 R4
we get as in the proof of Lemma 3.3 that
y-(t)[1 < Clah, Vi € [0,T],
where (' is independent of e.

Uniqueness. If 5 is locally Lipschitz and yi, 3o are solutions to (4.1), for
z =1y — Y2, we get (see (3.59))

% —div(a(e"y) — a(eVy)) — e V(B y1) — Bl ya))ee + %,UZ _0
2(0) =0,

and, arguing as in the proof of uniqueness in Theorem 2.2, we get z = 0. If
B € L{ _(R), then, multiplying scalarly in L? by (I — A)~'z and using the

loc

local Lipschitzianity of 8 and a, we get as above the estimates (3.63)—(3.65). =

By Theorem 4.1, we have

Corollary 4.2. If assumptions (ii), (iii), (iv) hold and B is locally Lipschitz,
then for each x € Dqy there is a unique strong solution X to the stochastic
equation (4.1), which satisfies

Xe Ve W0, T); H™"), P-a.s., (4.6)
and X >0, a.e. on (0,T)xRIx Q if x>0, a.e. on R Moreover, the map
x — X(t,x) is H '-Lipschitz from balls in L' N L> to C([0,T]; H™).
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Remark 4.3. If a is not Lipschitz, one cannot expect a strong solution for
equation (4.1). In the deterministic case, if 5 = 0, equation (4.1) reduces to
a first order quasilinear equation previously studied by S. Kruzkov [20] (see,
also, [9], [13]), who introduced and proved existence of a generalized solution
involving the so-called ”entropy” conditions. (See also [2] for the case where
B is present.) So, also in this case, one might expect to have a generalized
solution in sense of Kruzkov, but this remains to be done.

5 Appendix

Here, we shall briefly review a few definitions and results pertaining the
nonlinear Cauchy problem in Banach spaces for quasi-m-accretive operators.

Let X be a Banach space with the norm denoted || - |[x. A nonlinear
operator A : D(A) C X — X (possibly multivalued) is said to be accretive if

lz1r — 22+ A1 — y2)llx > ||z1 — 22||x, VA >0, Vy; € Az;, i =1,2,
and quasi-accretive if A + al is accretive for some a > 0. Equivalently,
X(yl - y%n)X’ > Oa for some n e ‘]('xl - 1'2)7

where J : X — X’ is the duality map of the space X. (Here, X’ is the dual
of X.) The operator A is said to be m-accretive if the range R(AI + A) of
M + Ais all of X for all A > 0 and quasi m-accretive if R(A\ + A) = X for
A > Ao > 0.

If Ais quasi m-accretive, up € D(A) and g € C([0,T]; X), then the
Cauchy problem

d
Uy Aus g in (0,T),

dt (5.1)
u(0) = up,
has a unique mild solution u € C([0, T]; X) defined by
u(t) = ]1112% uh(t) strongly in X and uniformly on [0, 77, (5.2)

ul(t) = ul for t € [ih, (i + 1)h],

1, ., . 1 [U+DR

h (uipy — i) + Auigr 3 7 /ih g(t)dt, 53)

i=0,1,..,N =1, with N =[],
ul = wy.
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(See, e.g., [1], Section 4.1, Corollary 4.2.) (For g = 0, this is just the Crandall-
Liggett exponential formula.) Moreover, if the space X is reflexive and ¢ €
WHL([0,T]; X), then u is a strong absolutely continuous solution to (5.1),
that is, it satisfies a.e. (5.1) and

u € WH([0,T]; X), Au € L™=(0,T; X). (5.4)

Finally, if X is uniformly convex, then < u(t) is continuous from the right.
We consider now the Cauchy problem

du
= (t) + Au(t) + A(t)u(t) = 0, Vt € (0,T), (5.5)
u(0) = uo,

where A is quasi-m-accretive, ug € D(A) and A € C([0,T]; L(X, X)). Since
it is enough for the applications in this paper, let us for simplicity assume
that A is single-valued. We have

Lemma 5.1. The Cauchy problem (5.5) has a unique mild solution u €
C([0,T]; X) and u is given as the limit in (5.9) of the finite difference scheme
(5.11) below. Moreover, if ug € D(A) and

IA) = Al < it — sl, Vst € [0,T), (56)
then w : [0,T) — X is Lipschitz.

Proof. Consider the operator A : D(A) C L'(0,7;X) — L'(0,T; X) de-
fined by Au = g if u € C([0,T]; X) is the mild solution to (5.1). By the
existence theory for (5.1), it follows that R(AI + A) = L'(0,T; X), VA > 0,
and by (5.3) we see that A is quasi-accretive. Indeed, if A\ > 0 such that
A+ X\l is m-accretive, then by [1], Theorem 4.1 and Proposition 3.7(iv), we
have for solutions w, @ for (5.1) with g, g, respectively, on the right hand side

t
[u(t) = a(®)][x < / e g(s) - g(s)|xds, YA >0, 9,5 € L'(0,T; X),
0

which yields
e)\()T

lu —al| 1 orx) < " lg = gllro.rix)-

Hence A is quasi-m-accretive.
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The operator A LY0,T; X) — L'Y(0,T; X) defined by
(Au)(t) = A(t)u(t), t € (0,7, (5.7)

is linear continuous and this implies that A + A s quasi m-accretive in
L'(0,T; X). Hence there is Ay > 0 such that R(A\ + A+ A) = L'(0,T; X)
for A > X\g > 0.

This means that, for every g € C([0,T], X), the equation

% ; A+ M= gt) — Atyu, t € (0,T). (5.8)
u(0) = ug

has a unique mild solution for A > Ag.

Now, let us show that this implies that also (5.5) has a unique mild
solution. This is well known, but we include the proof for the reader’s conve-
nience. So, fix A > Ag and let w, u be the unique mild solutions of (5.8) with
Ag and Ag replacing ¢ on its right hand side, where g, g € X := C([0,T]; X),
equipped with the norm || - ||x := || - ||x.7, where for ¢t € [0, T]

gllx.2 := sup{e=**[lg(s)|lx; s € [0, ]}

and « > 0 will be chosen later. Then, by [1], Theorem 4.1 and Proposition
3.7(iv), for all t € [0, T, it follows that

t
Ju e < [ e ORI g glads + Cllu— alv)ds,
0

where C' := sup |[|A(t)||z(x,x). Hence, by Gronwall’s lemma,
te[0,7
AGCT
e < —2 g -l
=l < 35— lg ~ ke

Now, choosing « large enough, it follows that the map which maps g to
the solution u of (5.8) with Ag replacing ¢ on its right hand side, is a strict
contraction on X'. Hence, by Banach’s fixed point theorem, (5.5) has a unique
mild solution, .
Moreover, as a mild solution to (5.5), by (5.2)and (5.3) where g(t) =
A(t)u(t), u satisfies
u = lim u"(t) strongly in X and uniformly on [0, 77, (5.9)

h—0
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where, for h > 0,

ul(t) = ul for t € [ih, (i + 1)h),

1 N N N 1 (i+1)h

5 (uiy, —wy) + Augy ) + 7 /ih A(t)u(t)dt = 0, (5.10)
i=0,1,..,N -1, with N = [{],

u(’)‘ = Up-

As easily seen, we may replace (5.10) by
Loy

7 (uir — U?) + Authrl + A(ih)u?ﬂ = 0. (5.11)
Indeed, setting u; := u?, we may rewrite (5.10) as
1

where ||| < 6(h), Vi, and 6(h) — 0 uniformly on [0,7] as h = L goes to
Zero.

Now, if v =wv;, i =0,1,...N — 1, is the solution to (5.11), subtracting the
equation (5.11) from (5.12), we get for y; = u; — v; the equation

Yirr + h(Auipr — Avigr) + hAh)yiv1 = yi — hii(h)
and, by the quasi-accretivity of A, this yields
||yi+1|| < Nthi-&-lH + ”yZH + h5<h)7 Vi = 0,1,....,n—1,

where = A+ s[lé[;] |A(t)||Lx;x)- This yields for small enough A
tefo,

lyirall < (1= )~ (il + ho(h))

and, taking into account that yo = 0 and that h = %, we get that for h small
enough

lyiall < B6OYA — ) S (1 — a3 < 20 (1 - 2) -

1<;<i H
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Hence y; = y goes to zero in X as h goes to zero and this completes the
proof of the equivalence of (5.11) and (5.10).
Now, we shall prove that, if ug € D(A) and (5.6) holds, then w is Lipschitz.
By (5.6), we have

[A()u(t) — A(s)u(s)|lx
< L[t = sllullcqomx) + IA®) | x) Jut) — uls)|lx (5.13)
< Ci([t — 8|+ [Ju(t) — u(s)||x), Vs, t €[0,T].

We consider now the equation

dU)\

e\ S} A =0, t €[0,T),

3 At (t)u [0, 7] (5.14)
ux(0) = up,

where Ay = A\71(I — (I + AA)™!) is the Yosida approximation of A. The
Cauchy problem has a unique differentiable solution wy : [0,7] — X and,
since A, is )\0 accretive for some )\0 > 0, we have by (5.14)

1d
2 dt
||U)\(t + h) - U)\(t)HX + )\0||u>\(t + h) — u,\(t)H%(, t,t+ h € [O,T]

lux(t + k) —ur(®)[Ix < A+ h)ult + k) — A)u(t)]x

By (5.13), this yields

lua(t + ) = ur(®)][x < e fuy (h) = un(0)]|x

(5.15)
—1—0/0 eQo+Cr)(t=s (h + ||u(s + h) — u(s)||x)ds

On the other hand, by (5.14) we have

1d ~
5 77 () = wollx < doflua(t) = wolli + [[Axuollx|[ua(t) — wollx

HIA@ )| xlua(t) — uollx, ¥t € [0,T].
Hence
t
lun(t) — uol|x < / M) ([| Ayuol|x + [[A(s)u(s)||x ) ds
0
S CQ(HAUOHX + 1)7 Yt € [OjT]
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Substituting into (5.15), yields
Jux(t + h) —ua(t)]lx

t
< Cy (h+/ POV (4 ||u(s 4 h) —u(s)||X)) ds, (5.16)
0

VA0, t,t+he0,T).

On the other hand, since for each ¢ > 0

lim(I 4 eAy) 'z = (I +eA) o, Vo € H,
A—=0

by the Trotter-Kato theorem for nonlinear semigroups of contractions, we
have (see [1], Corollary 4.5)

uy — v in C([0,T]; X) as A — 0,

where v is the solution to

% + Av + A(t)u = 0,
v(0) = up.

By the quasi-accretivity of A, it follows that v = u. Then, letting A — 0 in
(5.16), we get

llu(t+h) —u(t)]|x < Cs (h + /Ot(h + [|u(s + h) — u(s)||X)ds)
and by Gronwall’s inequality, we get
|lu(t + h) —u(t)||x < Cyh, Vi, t+h e 0,T],
as claimed. This completes the proof. "

If the space X is reflexive, we infer that, under the conditions of Lemma
5.1, u € W1*°([0,T]; X) is a.e. differentiable, and satisfies equation (5.5),
a.e. on (0,7). We have, therefore,

Corollary 5.2. If the space X is reflexive, ug € D(A), and A satisfies (5.6),
then the mild solution u to (5.5) is a strong absolutely continuous solution,
which satisfies (5.4).
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It should be mentioned that the latter case applies to X = H~!, but not
to X = L'. In the latter case, the solution u is only continuous.
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