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1. INTRODUCTION

We consider the Cauchy problem for a nonlinear Fokker—Planck—Kolmogorov equation

O = Z 8xi8xj( 9y Zaxz (z, 1)),  Ho=v, (1.1)
1<i,j<d
in which the nonlinearity originates from the dependence of the drift term b on the unknown
solution. This equation is understood in the sense of the integral identity

[ et td) ~ [ o) vida
/ [ ltrace (A@D2p() + O, 1), V@) (do) ds, € CGFRY. (1.2

Solutions to the stationary equation
d

Z aﬂﬂzaﬂﬁj (aij(l‘)Mt) - Z aﬂ?z (bz(x7 :U't):ut) =0 (1'3)

1<i,j<d i=1

are defined similarly by means of the integral identity

/Rd [trace (A(x) D3p(x)) + (b(w, 1), V()] u(dz) = 0, ¢ € C5O(RY). (1.4)

For a recent detailed presentation of the theory of linear Fokker—Planck—Kolmogorov equations,
see [10], where also some comments on nonlinear problems can be found.

Our main result (Theorem 3.1) gives sufficient conditions for the existence of a stationary
probability solution y and the exponential convergence to this stationary solution in total vari-
ation norm. To be more precise, we obtain a bound

W (e — )llrv < aqe” 2
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with a suitable growing function W (so that the left-hand side dominates the usual total variation
norm). Informally, our results are of the following nature: the drift term b in the nonlinear
equation depends on a parameter £ > 0 such that for ¢ = 0 the equation has certain nice
properties, for example, becomes linear (actually, the situation is more general) with reasonable
properties, then for € small enough both the original nonlinear equation and the stationary
equation are solvable and we have exponential convergence in total variation norm with a weight.

First of all we consider the following very typical example demonstrating phenomena arising
in the study of convergence of solutions of a nonlinear Fokker—Planck—Kolmogorov equation to
the stationary distribution.

Example 1.1. Let d =1, A= 1 and b(z,u) = —x + eB(u), where

B(u) = /Rx p(dz).

In case € < 1 the unique solution of the stationary equation is the standard Gaussian measure
i (see, e.g., [9]). One can show that the transition probabilities y; forming the solution to
the Cauchy problem (1.1), for every initial condition v (with a finite first moment), converge
exponentially to the stationary measure. This is discussed in Remark 3.7 along with the case
€ > 1. If e = 1, then every measure u given by a density

1 2 d
0a(T) mexp( |z —al?/2), a€RY,
satisfies the stationary equation. It is readily seen that the measures u; converge to that station-
ary measure which has the same mean as v. Indeed, in the case under consideration the mean
of u; does not depend on time and coincides with the mean of v. Therefore, if the mean of v
coincides with that of u, then the mean of p; coincides with the mean of p, i.e., B(u) = B(p),
and the measures p; satisfy the linear Fokker—Planck—Kolmogorov equation corresponding to
the Ornstein—Uhlenbeck type operator, for which convergence to the solution of the stationary
equation is well known.

Thus, already in this very simple one-dimensional example we see that convergence to the
stationary distribution depends not only on the form of the nonlinearity, but also on the initial
condition. Moreover, an important role is played by certain quantities invariant along the
trajectories of solutions to the Fokker—Planck—Kolmogorov equation. Note that the existence
of a stationary solution and convergence to it are not stable under small perturbations of the
coeflicients. For example, if b(x, ) = —x + 6 + eB(p) with arbitrarily small 6 > 0, then for
€ = 1 there are no stationary solutions, because for the solution p we must have the equality
(1—¢)B(u) = 6.

In this paper we show that the picture described in this special example takes place in a very
general situation. Certainly, in the general case it becomes difficult to take into account specific
features of concrete equations, but some typical cases can be singled out.

In the example considered above the coefficient b(x, i) has the form by (z)+eby (2, 1). Conver-
gence of solutions to the Cauchy problem for nonlinear Fokker—Planck—Kolmogorov equations
with drift coefficients of such a form have been studied in the paper [14], where it has been
shown that convergence to the stationary distribution takes place in case of a sufficiently small
number ¢, provided that the coefficients are Lipschitz in x and Lipschitz in p with respect to
the Kantorovich metric. In addition, the term b; has been assumed to be globally bounded. In
the paper [22] a similar result has been obtained with the aid of the method of coupling in the
case where

{bo(x) = bo(y), = —y) < —k(lz —y[)|z —yl,
bi(z, p) = /RdK(fE’y) dp, |K(z,y) = K(a',y)] < C(lz — 2| + [y = /),

i.e., the global boundedness of b; has been weakened by means of the monotonicity condition
for by. The smallness of the parameter ¢ is important not only for convergence, but also for
the existence of a stationary distribution, which is seen from the example above. However,
the situation is actually more complicated (and this is also seen from the example above) and
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convergence depends on the initial condition and the stationary measure. An important role
in determining conditions under which one has convergence is played by certain quantities that
are invariant or unboundedly increasing along trajectories of the Fokker—Planck—Kolmogorov
equation (in our example such a quantity is the centre of mass). Finding such quantities enables
one to single out classes of initial conditions for which one has convergence to the stationary
distribution or to prove that there is no such convergence. In the case of a nondegenerate
diffusion the assumption of Lipschitzness of b(z, ) in p with respect to the metric employed
in [14] and [22] becomes superfluous, because any solution possesses a density and it is more
natural to replace the Kantorovich metric by the total variation distance.

In this paper we study convergence in variation. The next two examples illustrate our main
results. Let m > 1 and

be(w, 1) = bo(x) + € y K(z,y) n(dy),

where for all z,y € R?,

(bo(2),2) < e1 —ealz?,  (K(x,y),2) < ez +eslaf’, O3 <o,

[bo(2)] < ca + calz|™,  [K(z,y)| < es(1+ [x[™)(1+ [y|™).
Then, there is 9 > 0 such that for all € € (0,ep) there exists a solution p to the stationary
Fokker—Planck—Kolmogorov equation (1.3) with the coefficients A = I and b.(z, u). Moreover,
for every probability measure v such that (1 + |z|)?™*! € L(v), the solutions u; to the Cauchy
problem (1.1) with initial data v converge to y as t — +oo and

11+ |z[™) (e — w)|rv < a1e”®?t,  ag, a9 > 0.

Our second example concerns the case where the stationary equation has several solutions. Let
d= 27 T = ($1,CL'2), Y= (ylva) and bE("L‘HU‘) = (b;(xvu)abg($al‘b))a where

i) = =201+ [ b)) + < [ o))

(o) =200+ [ () i) < [ o) uta),

with some bounded Borel function H: R x R — R.

Then, for every number )y > 0, there is a number gy > 0, depending only on g, such that
for any € € (0,20) and Q € (—Qo, Qo) there exists a solution y to the stationary Fokker—Planck—
Kolmogorov equation (1.3) with the coefficients A = I and b.(x, 1) for which

/11@2 (y1 + y2) pldy) = Q.

Moreover, for every probability measure v such that |z|?> € L'(v) and

/ (y1 +y2) v(dy) = Q,
R2

the solutions p; to the Cauchy problem (1.1) with initial data v converge to p as t — +o00 and

11+ |z)) (e — ) l7v < cne™ 2, g, a2 > 0.

More general conditions and examples are discussed after Theorems 3.1 and 3.3.

Note that it is often simpler, and in the case of a degenerate diffusion matrix more natural,
to consider convergence in the Kantorovich metric (see Remark 3.8 below). Results of this sort
for non-gradient drift coefficients were apparently first obtained in [1] and have been recently
generalized in [22], [39], and [41]. See also the related, but more special papers [6] and [7]. The
gradient case, where b = VV, has been studied in many papers, starting from [19], [36], [37]
and further studied in many papers on the theory of gradient flows (see [2], [13], [15], and [16]).
In the theory of gradient flows an important role is played by the Kantorovich 2-metric and the
geometry of the space of probability measures connected with this metric.

There is a vast literature devoted to nonlinear Fokker—Planck—Kolmogorov equations (see,
e.g., [23]). It should be emphasized that in this paper we study equations with nonlocal nonlin-
earities (of the type of the so-called McKean—Vlasov equations), the investigation of which was
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initiated in the well-known papers [27], [32], [33], [24] and continued by many researchers. This
circumstance explains the character of our assumptions about the drift, which are quite natural
for such nonlinearities. For instance, the continuity of b(u, ) in p in total variation norm holds
when b(u, z) depends on p through convolution, but not when b(u,z) depends on the value of
the density of u at z. Existence and uniqueness of solutions and properties of the distribu-
tions of stochastic McKean—Vlasov equations (distributions of such equations satisfy nonlinear
Fokker—Planck-Kolmogorov equations) are discussed, e.g., in [34] and [41]. In particular, in
[41], sufficient conditions (monotonicity of the coefficient b, as in [22]) for the existence and
uniqueness of solutions are given and convergence in the Kantorovich 2-metric to the stationary
distribution is shown.

Existence and uniqueness of solutions to nonlinear Fokker—Planck—Kolmogorov equations with
irregular and rapidly growing coefficients have been discussed in the recent papers [30] and [31],
which also contain some examples of non-uniqueness. The papers [11] and [29] develop an
approach to nonlinear equations based on estimates of distances between solutions to linear
Fokker—Planck—Kolmogorov equations with different diffusion matrices and different drift coeffi-
cients. Analogous questions for nonlinear stationary Fokker—Planck—Kolmogorov equations are
studied in [8], [9], and [38], where the existence of stationary solutions is proved with the aid
of fixed point theorems applied to the nonlinear mapping that maps a probability measure o
to the solution p of the linear equation with the drift coefficient b(z, o). The phenomenon of
nonuniqueness of a stationary measure is investigated in [26], where certain explicit nonlinear
expressions for stationary measures are written out in the gradient case. In this paper we also
obtain some generalizations of existence and uniqueness results for stationary and parabolic
Fokker—Planck—Kolmogorov equations.

The problem of convergence to the stationary measure for a linear Fokker—Planck—Kolmogorov
equation has been thoroughly studied, and one can single out the following three approaches:

1) the approach based on the Harris theorem or the Meyn-Tweedie approach with Lyapunov
functions (see, e.g., [20] and [25]),

2) the approach based on entropy estimates and Poincaré and Sobolev inequalities (see, e.g.,
(3], [4], 5], [12], [17], [35], and [40]),

3) the probabilistic approach based on coupling (see, e.g., [21], [22], [18], and [28]).

In this paper we employ the first approach and for verification of the conditions of the Harris
theorem we use certain estimates for transition probabilities from [10, Chapter 8]. This enables
us to substantially weaken the assumptions about the regularity of coefficients, but, on the
other hand, some weak points of the Meyn—Tweedie approach connected with a complicated
dependence of constants on the coefficients of the equation remain also in our case.

Throughout we assume that the matrix A(z) = (a”(z))1<i j<a is symmetric and there exist
numbers K7 > 0 and K5 > 0 such that

K[ < Aw) <K, |Ar) = A(y)] < Kole —yl.
Let V€ C2(RY), V > 1 and lim V(z) = +oo. Let Py(RY) denote the space of all

|z| =400

probability measures p on R? such that

/ Vidu < .
Rd

W(z)=V(x)", ~ve€(0,1/2].
Typical examples are V(z) = 1+ |z|*™. We recall that the total variation norm of a finite
(possibly, signed) measure o is defined by

lollzy = |ol(RY),

where |0| = 07 +0~ and 0 = 0t — o~ is the Hahn decomposition into the difference of mutually
singular nonnegative measures. The symbol W - u denotes the measure given by the density W
with respect to the measure p. Set

Set

lllw = [IW - pllzv.
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Suppose that for every u € Py (R?) we have a Borel vector field b(z, p) = (b(x, 1t))1<i<a On
R? such that there exists a number C(u) for which

b, p)] < Cu)V ().

It will be assumed below that b satisfies certain additional conditions.

We say that a family {u}.ejo,r) of probability measures p; € Py (RY) satisfies the Cauchy
problem (1.1) on [0, 7], where T' > 0 is fixed, if equality (1.2) holds. A measure u € Py (R?) is
called a solution to the stationary equation (1.3) if equality (1.4) is fulfilled.

Set

Lyp(x) = trace(A(x) D*p()) + (b(w, n), Vo).
Throughout for the stationary equation (1.3) and for the parabolic equation (1.1) we use the
shortened equalities Lju = 0 and Oy = Lj, py. Similarly we write linear equations LIy = 0
and Oy = L}y with the coefficient b(x, o). Solutions to linear Fokker—Planck—Kolmogorov
equations are defined precisely as in the case of general nonlinear equations by means of integral
equalities of the form (1.2) and (1.4).

This paper consists of the introduction and three sections. In Section 2 we discuss some classes
of functions ¢» on R? such that the integral of ¢ against u; for solutions {y} to the Cauchy
problem (1.1) is constant or equals a constant multiplied by a function of the form exp(At).

With the aid of such functions one can formulate simple tests to show that convergence to
stationary solutions fails to hold. In addition, if we know that

/Rdwdutz/wdu

with p; satisfying our Cauchy problem and

b, 1) = bo(z) + /R b

then
b(pt) = bo(x) + const
i.e., along solutions the drift depends only on x and actually is independent of .

At the end of Section 2 we formulate our main conditions on the coefficients of the equation.
In Section 3 we formulate and prove the main results of the paper. The first main result
(Theorem 3.1) enables us to determine by the initial condition and the stationary solution
whether there is convergence of solutions of the Cauchy problem (1.1) with this initial condition
to the stationary solution. The second main result (Theorem 3.3) gives sufficient conditions
under which a stationary solution exists and for every initial condition (having a finite moment
of a suitable order) the solutions of the Cauchy problem converge to this stationary solution. In
Section 4 we discuss conditions for the existence of solutions to the stationary equation and the
Cauchy problem.

2. INVARIANT AND SUBINVARIANT FUNCTIONS

Here we consider certain conservation laws for solutions.
For a function W as above, let I}V denote the set of functions v € C?(R?) such that

sup (10@)] + [V(a)| + [D20(a)| )W (2) ! < ox 2.)

and for every measure y € Py (R?) we have
/ L,pdp=0. (2.2)

R4

It is clear that Igv is a linear space containing 1. Further for brevity we use the notation

p(i) = /Rdwdu-
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Proposition 2.1. (i) Ifvy € I}V and {1t} is a solution to the Cauchy problem (1.1) with the
initial condition v, then u(v) = v().
(i) If p € Py(R?) is a solution to the stationary equation (1.3) and

() # pu(¥)
for some function ¢ € I(I)/V, then the solutions p; to the Cauchy problem (1.1) with the initial
condition v do not converge to p with respect to the norm || - ||w .

Proof. Assertion (ii) follows from (i). For justifying (i) it suffices to observe that

t
() — V() = /0 /R Ly dsads =0,

which follows from the equation. O

Let us consider an important example where A = I and

b(w, p) = —/RdK(:vﬁy)M(dy),

where K is a vector-valued mapping.

Proposition 2.2. A function 1 satisfying (2.1) belongs to I}V if and only if for all x,y we have

In particular, if v € IV, then A (x) — (K (z,z), Vi)(z)) = 0. Moreover, if
for some constant vector Q and W (x) is growing not more slowly than |z|, then I}V contains all

functions of the form ¢(z) = (Q,x) + g, where g is a constant number.

Proof. We observe that (2.2) is equivalent to the equality
Lo [0t + 80) = (K@), Do) = (K(p.2), Do) 5 & pldady) =0,

which holds for every probability measure p € Py (R?) if and only if the expression under the
integral sign is skew symmetric in  and y. Since we have a symmetric function there, it must
vanish. ]

Example 2.3. (i) Let d = 1. The space of solutions to the equation 1" — K (z,x)y’ = 0 is the
linear span of 1 and the primitive of the function

exp (/Ox K(s, s) ds).

A nonconstant function 1 satisfies the condition of Proposition 2.2 if and only if for all z,y we
have
K(z,x) + K(y,y) = K(z,y) + K(y,©).
The latter relation is satisfied, for example, for the functions K(z,y) = H(x — y), where H is
an odd function. In this case I}V is the linear span of 1 and z.
(ii) Let d > 1 and
K(.Z', y) = —Rz + <1)7 y>h + H(.%'7 y)7
where R is a constant matrix, v and h are constant vectors and
R*v =M, (v,h)=2X (H(z,y),v)=0.
Then the function z — (v, z) belongs to I}V. Indeed, we have
<U7 K(LE‘7 y)> = _>‘<U7 $> + )‘<U7 y> = —<’U, K(ya fL‘))

Let IV denote the set of all functions 1) € C%(R?) such that ¢ satisfies condition (2.1) and
there exists a number A = A(¢)) > 0 such that

/ Ly dp = /\/ Ydu Yu e Py(RY. (2.3)
R4 Rd
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Proposition 2.4. (i) Ify € IKV and py is a solution to the Cauchy problem (1.1) with the
initial condition v, then (1) = v(1p)e @)L,
(i) If u € Pv(R?) is a solution to the stationary equation (1.3) and ¢ € IV, then p(¢) = 0.

(iii) Ifv(v) # 0 for some ¢ € I}_V, then the solutions u to the Cauchy problem (1.1) do not
converge to the stationary solution with respect to the norm || - |lw.

Proof. Assertion (ii) is obvious. Assertion (iii) follows from (i), and (i) is deduced from the
equality

¢ t
) =vi) = [ [ Lvduds=x s
satisfied by the solution. O

As above, let us consider the case where A = I and
M%MZ*IMK@wMMw
with a vector-valued mapping K.
Proposition 2.5. A function ¢ satisfying (2.1) belongs to I_KV if and only if for some A > 0
and for all x,y we have
Ap(z) + Ap(y) — (K(z,y), Vip(z)) — (K(y,2), Vi (y)) = A (x) + ¥ (y))-
In particular, if € IV, then Ay(z) — (K (z,z), Vip(z)) = M) ().

Proof. The same reasoning as in the case of I(‘)/V works. O

Let d = 1 and K(z,x) = —qx, where ¢ is a positive constant. Then the equation on the
function v takes the form
'+ gy’ = M.
If A = ¢, then ¢(x) = x is a solution. If K(z,x) = 0, then the equation takes the form ¢"” = ¢

vz —V Az

and linear combinations of the exponents e and e are all solutions.

Proposition 2.6. Suppose that for some function ¢ € I(I)/V there exists a continuous function h
such that sup,, |h(z)|/V (z) < oo and for every probability measure o € Py (R?) we have

Lo(xz) = Cy(o)h(x) + Co(o), Ci(o) #0

with some numbers C1(c) and Ca(c). Suppose that u € Py (RY) satisfies the stationary equation
Lip=0. Then pu(h) = o(h). The analogous assertion is true if ¢ € IV and o(¢) = 0.

Proof. By the definition of I}" and the fact that u is a solution to the stationary equation
L} 1t = 0 we have the equalities

C1(a)/ hdo + Cy(o) = / Lypdo=0= / Ly dp = Cl(a)/ hdp+ Cy(o).

R4 R4 R4 R4

Since C1(o) # 0, we obtain p(h) = o(h). O
Example 2.7. (i) Letd=1, A=1 and

M%m=f®%-wﬂwM®%

where f is a reasonable function. Then the function (x) = x belongs to I}V and for every o
one has

Low = 1(@) = | f0)a(dy) = f(a) + Calo).

Therefore, for the stationary solution p of the equation with the operator L, the equality

u(f) = o(f) holds.
(i) Letd>1, A=1I,

Mamzlmewu@D



and
K($7y) =—Rx+ <Uay>h + H(l‘,y%

where R is a constant matrix, v and h are constant vectors and
Rv=MX, X#0, (v,h)y=X\ (H(z,y),v)=0.

Then the function  — (v, ) belongs to I}V and

Lo{v,x) = =X(v,z) + )\/Rd@,:l:) o(dy).

Therefore, for the stationary solution g to the equation with the operator L, we have that
w(h) = o(h) with h(x) = (v, z). In particular, if d = 2, x = (21, 22), y = (y1,y2) and

Kl(ﬂf,y) = —2r + (yl + 3/2) + H(.I,y), KQ(‘T’y) = —2z9+ (yl + 3/2) - H(ﬂj‘,y),
then pu(x; + x2) = o(x1 + x2). Here R =21, v =(1,1) and h = (1,1).

Proposition 2.6 differs from Propositions 2.1 and 2.4 in which we studied the dynamics of
certain quantities along trajectories of solutions. Proposition 2.6 will play the key role in con-
structing stationary solutions to nonlinear Fokker—Planck—Kolmogorov equations in Section 4
(see Proposition 4.1). Note that the observations above are rather rough and in special situa-
tions more refined considerations are possible (see, for example, [26]), but it seems reasonable
to begin the study of convergence of solutions of the Cauchy problem to the solution of the
stationary equation from finding quantities a priori invariant or subinvariant along trajectories
of solutions.

Closing this section we formulate our conditions on the coefficients in terms of the sets I}V and
IKV. It is reasonable (with regards towards convergence) to consider only measures p € Py (R?)
such that p(y) = 0 for every function ¢ € IK/. We observe that if v equals zero on all functions
from LKV (i.e., assigns zero integrals to such functions), then the same is true for the solution py
to the Cauchy problem.

Set

Ma(V) = {p e Py (RY): /Rd
Recall that W = V7, where v € (0,1/2], and ||u|lw = ||W p||7v.
Suppose that for every € € [0,1) we are given a mapping

be(-,-): RE x Py (RY) — RY

Vidu < a}.

such that for every u € Py (R?) the mapping = + b.(x, i) is Borel. Let
Lycu(x) = trace (A(z) Du(@)) + (be(x, p), Vu(z)).

Suppose that for every measure v € Py (R?) with V|IKV = 0 there exist numbers C > 0, A > 0

and § € [0, 1] and a positive function N;j on [0, +00) (thus for different v these objects can be
different) such that

(Hy) forall e € [0,1), « > 1 and p € My(V) satisfying the conditions ’U"IK/ = 0 and

u]lgv = V\IOW, we have
L. V(z) < (1—-6)C+Aa—V(z)) VreRY,

(Hg) foralle € [0,1), @ and u € M, (V) satisfying the conditions 'u|14‘§/ = 0 and #|I(‘;V = v,
we have
Ib=(z, )| < Ni(a)V(z)2? Va € RL
Suppose that there exists a positive function No on [0, 400) such that
(Hs) foralle € [0,1), @ >0 and p,0 € M, (V) satisfying the conditions M’L‘f/ = U\IK/ =0

and M|zgv = a]lgv, we have

|be (2, 1) — be(, )| < eNa(@)V(2)2 || — oflw Vo € RE



Note that if
beloap) = [ Kelr) i)+ B )

and for every x the function y — K.(z,y) belongs to I}V, then condition (Hj3) refers only to

be, since the difference of the integrals of K.(z,y) with respect to two measures p and o with
M|zgv = a|13w is zero.
For example, this is the case where d =1, A =1 and

be(, 1) = — + /R y u(dy).

Here b. does not depend on . The function = — x belongs to IgV and for every measure p

satisfying the equality
/ x p(dx) = / zv(de) =Q
R R
we have

Lye(L+1a) <3+ Q% = (14 [2[*),  [b(z, )| < QI+ |2] < (1+ QN1 + o)/,
i.e., conditions (H;), (H2) and (Hs) are fulfilled with
C=24+@Q%* 6=0, A=1, y=1/2, Ny =1+|Q|, N;=0.

Note that (Hsz) obviously holds at € = 0 if by does not depend on y, i.e., the equation at ¢ = 0
becomes linear, but the previous example shows that this condition can hold also in case of a
nontrivial dependence on u.

The main result of this paper (presented in the next section) states that, for all sufficiently
small e, the listed conditions ensure the exponential convergence to the stationary distribution.

3. CONVERGENCE TO STATIONARY SOLUTIONS

Suppose that for every v € Py (R?) there is a solution {z;} to the problem (1.1) on [0, +0c0).
Sufficient conditions for the existence of solutions to parabolic and stationary Fokker—Planck—
Kolmogorov equations are discussed in the last section. It is immediate that pu] o= V| v

according to Proposition 2.1. Moreover, if v/| w= 0, then g w= 0 according to Proposition 2.4.
We shall now use conditions (H;) — (Hs) introduced at the end of the previous section.

Theorem 3.1. Suppose that conditions (Hy), (Ha) and (H3) are fulfilled. Let v € Py (R?),
V|IK/ =0 and o > 0. Then there exist positive numbers €g, a1 and ag (depending on v and «)

such that, whenever € € [0,¢), for the solution u; to the Cauchy problem (1.1) with coefficients
A and b, and initial data v and the stationary solution p to equation (1.3) with coefficients A
and b, such that

plw =viw and Vidp < a,
0 0 R
we have

e = pllw < are™2* vt >0.
Example 3.2. Letd>1, A=1,

be(w, 1) = — R + /Rd<v,y>u(dy)thf/RdH(x,y)u(dy),
where R is a constant matrix, v and h are constant vectors and
R'v =M, (v,h)=A\ (H(z,y),v)=0.
Suppose also that
(Rz,z) > q|z|?, ¢>0, sup|H(z,y)| < oo.
x,
For example, for d = 2 one can take R = 21, v = (1, 1)y and h = (1,1):

(o) =200+ [ -+ v ) 2 [ H o) uta),
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(o) =200+ [ (i) i) < [ o) utd),

Let us show that all conditions of Theorem 3.1 are fulfilled. The function z — (v,z) belongs
to I}V. Let v be a probability measure with |z|?> € L'(v). Set

Q= [ () vidy).

For all measures o that coincide with v on I}V we have

Loe(1+|2[*) < 2d+q+q ' (|h|Q| + sup | H (z,y)])? — q(1 + |z[?),
x?y

b= (, )| < ([[R]] + || Q) +S;15\H(w,y)|)(1 + |z|)12.

Finally, for every two measures p and o that coincide on I}V we have

[be (2, 1) = be(w, )| < esup | H(z, )l (1 = o) (1 + |22
z,Y

Thus, conditions (H;), (Hz) and (Hs3) are fulfilled with v = 1/2, W(z) = (1 + |z|>)Y/? V(z) =
1+|z|?, 6 =0, A =1, Ny = sup, , |H(x,y)| and

C=2d+q+q ' (|hl|Q| +sup |H(z,y))?, N = |R]+h]Q| + sup |H (z,y)].
Y Y

Moreover, it will be shown in Section 4 (see Example 4.2) that for every € € (0,1) and every
number () there is a stationary solution u such that

Q= /R2<v,y>u(dy)-

In addition, for this solution p we have
/RQ(l +|af?) p(de) < 2dg" + 1+ q72(|hl|Q| + sup |H (z, y)[)*.
T,y

Thus, for every number Q)¢ > 0 there is a number €9 > 0, depending only on (g, such that, for
any € € [0,e9), @ € (—Qo, Qo) and a probability measure v such that the integral of (v,y) with
respect to v equals @ and |z|?> € L(v), the solutions z; to the Cauchy problem (1.1) with initial
data v converge to the stationary solution p and

a2t

1L+ [2) (e = )7y < ne™

where a; and ap depend only on Qo and |[(1 4 |])?|[11(,).

Theorem 3.1 is of a somewhat conditional nature: 1) we assume that there exists a stationary
solution p such that 1/|IOW = ,u\l(‘)y, 2) g9 depends on v and, what is worse, also on u. Dependence
on y arises in connection with dependence of our conditions on a, i.e., due to nonlinearity (see the
discussion in the proof of Lemma 3.5 and before Lemma 3.6). If we require stronger restrictions
on the coefficients, then we can avoid such dependence.

Theorem 3.3. Suppose that in place of conditions (H1), (H2) and (Hs) there exist positive
numbers Cy, Co and positive functions N1 and Ny such that for all ¢ € [0,1), « > 0 and
p,o € Mo(V) we have L,V < C1 — CoV and

[b=(z, )| < Ni(@)VV?7(x),  |belw, p) = be(w,0)] < eNa(@)V (2)/* || = o[-

Then there exists €g > 0, such that, for each € € [0,e¢) there exists a stationary solution p and,
for every measure v € Py (RY), for the solution {y;} to the Cauchy problem (1.1) with the initial
condition v one has

e = pllw < are™2" V>0,

where a, g are positive numbers such that ay does not depend on v.
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Example 3.4. Suppose that A = I and there exist numbers m > 1, y1 > 0, 2 > 0 and positive
functions N1, Ns such that

(be (@, 1), 2) <1 = plal?,  |be(, )] < Nie)(1+ J2)™,

[be (2, 1) = be(, o) < eNo(a) (1 + [x)™[|(1 + [y)™ (1 — o)ll7v
for all e € [0,1), a > 0 and p,0 € My((1 + |z[*™*1). Hence all conditions of Theorem 3.3
are fulfilled with V(z) = (1 + |z|>)™t/2) and W (z) = (1 4 |z|?)"/2. In particular, the listed
conditions are fulfilled if

bele) = bo(o) 2 [ K (o) ()

where

(bo(2),2) < e1 —ealaf’,  (K(x,y),2) <ez+esla]’, o3 <o,

lbo(x)| < ca + calz]™,  [K(z,y)] < es(1+ [x™) (1 +[y[™)

with some positive numbers ¢y, ¢o, c3, ¢4 and cs.

The existence of a stationary solution p under the conditions of Theorem 3.3 will be established
in the next section in Proposition 4.1. As it will be explained in Remark 4.3, under the conditions
of Theorem 3.3 there exists a stationary solution p with

VL1 < C1/Co.

It is the stationary solution that we need in the proof of Theorem 3.3.

We only give the proof of Theorem 3.1, since the proof of Theorem 3.3 differs by minor
technical details that will be discussed in the course of the proof.

Below for shortening notation and reducing the number of indices we omit the index € and in
place of be(x,u) and L, . we write b(x, 1) and L.

The plan of the proof is this: 1) we verify that convergence holds for solutions 7; to the linear
equation with the coefficient b(z, ), in which we substitute the stationary solution pu, 2) we
obtain an estimate on the distance ||n; — pu|lw, 3) we prove that for some 7' > 0 one has a
contraction ||ur — pl|lw < ql|lv — p|lw with ¢ < 1.

Lemma 3.5. Suppose that we are in the situation of Theorem 3.1 or 3.3 with the corresponding
w and v. Then there exist numbers N > 0 and A > 0 such that for every t > 0 we have

Ine — pllw < Ne™ |0 — pillw,
where po € Py (RY) and {n;} is the solution to the Cauchy problem

One = Line, o = po.

The numbers N and X depend on ||V | 1,y and v, and if the condition of Theorem 3.3 is fulfilled,
then N and A depend on C1 and Co, but not on u and v.

Proof. Let {T;}:>0 be the Markov semigroup on L!(u) with generator
Lip(w) = trace(A(x) D?p(x)) + (b, 1), Veo(w))

on C§°(R%). This semigroup exists and is unique under our assumptions, see [10, Theorem 5.2.2,
Proposition 5.2.5 and Example 5.5.1]. Moreover, n; = T, uo. By [10, Theorem 6.4.7] there exists
a positive continuous function o(z,y,t) such that

Tif(a) = | o)) dy.

Moreover, o(x,y,t) satisfies the Cauchy problem 0,0 = L*p with respect to (t,y) with the
initial condition d,. Set a = |[V|[11(,) (or @ = C1/C2 in the case of Theorem 3.3) and Ay =
(1=9)C+Ada (or Ay = Cy and A = (5 in the case of Theorem 3.3). Recall that LV < A; —AV.
Since
LW =AVITILV 4 (v = 1)V 2|VV |2 < A — yAW,
we have
Oy (Wetls) 4 L(Well3) < yAet™.
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By [10, Theorem 7.1.1]
W (y)o(a,y, t)dy < e MW (x) + yA AT (1 — e,
R‘i
Let us fix a number 7 > 0 such that 7A1A_1(1 — e_AT) < 1. Note that 7 depends on Cy and Cy
in the case of Theorem 3.3. Then
TW(z) < e MW(z)+1

The function Q(r) = max,<a, V(x)%_“’ is continuous and increasing on [0, +00). The condition
1
|b(x, )| < Ni(a)V(z)2™7 < Ni(a)Q(]z|/2) and Harnack’s inequality (see [10, Theorem 8.2.1])
imply that, for every = € B(0, R) and y € R?, we have
olz,y,7) > Q(x,077/2)e—K(T)(1+Q2(|y\)+\yI2) > m1(R)e‘K(T)(HQQ(‘y|)+|y‘2),

where m1(R) = mingep(o,r) 0(7,0,7/2). The number K(7) depends only on the matrix A, 7
and the dimension d, and there is an explicit expression for K(7) in [10, Theorem 8.2.1]. Note
that so far m; depends in a very complicated way on the stationary measure pu, since L depends
on u and ¢ defines the operator L. We would like to have dependence only on Ny, A; and A,
which in turn depend on a = ||V||11(,,) and v, and in the case of Theorem 3.3 depend on C; and

C5 and are independent of v and p. Thus, we have to estimate m; from below. Let 1) € C§°(RY),
Y(x)=1if y € B(0,2R) and ¥(y) =0 1fy§é B(0,3R). Let z € B(0, R). Then

Y(y)o(z,y,t) // L(y)o(x,y, s) dy ds.
R4 R4
Therefore,

/Rd Y(y)o(w,y,t)dy > 1 — tsgp |LY(y)].

Choosing ¢ so small that the right-hand side is estimated from below by 1/2, we obtain

sup  o(x,y,t) >1/2 Vz e B(0,R).
y€B(0,3R)

Decreasing 7 if necessary, we can assume that ¢ = 7/4. Applying again Harnack’s inequality
from [10, Theorem 8.1.3] we obtain the estimate

1/2 < Co(x,0,7/2),
where C' depends only on R, @), and 7. Thus,
o(x,y,7) > m(R)e” KO+ W+ vy e B(0, R)

where m(R) and 7 depend only on Ny, A; and A.

Let us now recall the Harris ergodic theorem (see [25]). Let P(-, -) be a Markov transition
kernel defined on a measurable space (X, B), i.e., for each z € X, the function B — P(z, B) is
a probability measure on B, and, for each B € B, the function = — P(z, B) is B-measurable.
The transition kernel defines operators on functions and measures by setting

/f P, dy),

= / P(z, B)o(dx).
b's
Let us assume that
(i) there exist a function U: X — [0, +00) and numbers ¢ € (0,1) and K such that
PU(z) <oU(z)+ K VzeX;
(ii) there exist a number ¢ € (0,1) and a probability measure o such that

inf ) > .
z:z}&)gRP(x’ ) >qo(-),

for some R > 2K/(1 —6).
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According to [25, Theorem 1.3], there exist numbers Sy € (0,1) and 8 > 0 such that

|Purr — Pualli+su < Bollper — p2lli+su

for every pair of probability measures pu; and po on X. From this estimate one can derive the

bound
IP"v — pllisu < Byllv — pllitsu

for the stationary measure p (that is, Py = u) and every measure v.
We can now apply this assertion to the Markov transition kernel o(z,y,7)dy with U(z) =
W(z), K=1,6=e " and
qo(dy) = m(R)e—K(T)(1+Q2(|y|)+|y\2) dy,
6—/\7’)

where the number R is larger than 2/(1 — . Therefore, we have

15710 = pllw < N1Bgllv — pillw - (3.1)
Note that for every ¢ € C§°(R?) such that |p(x)| < W(x) for all = we have
Tipl < Tilp| <TyW <2W vt e (0,7).
Hence

/sod(Tt*uo—M)z/ Typ d(po — 1) < 2|lpo — pllw
Rd Rd

and we obtain the estimate

sup |7} po — pllw < 2([po — pllw
te(0,7)

Summing this estimate and (3.1), we complete the proof. O

Suppose that as above p; is the solution to the Cauchy problem (1.1) with initial data v.
Before estimating the distance between p; and n; we estimate ||[V[|11(,,)- Now let § < 1. With
the aid of condition (H;) we deduce that

t
/ Vdutg/ le/+(1—5)Ct—(1—(5)// Vdus ds.
Rd Rd 0 JRd

If 6 =1, then ||V pi() < VL1 If 6 <1, then by Gronwall’s inequality we obtain

C\ _ag-sy , ©
< - = —.
/RdVd,ut_(/RdVdu A)e +A

If § < 1, then, starting from some 79 > 0, we can assume that ||V 11(,,) < CA™' +1 for all
t > 19. Since we are interested in convergence as t — 0o, we can always consider the Cauchy
problem for ¢ > 7y and with the initial condition s, in place of v. Hence we assume further
that for 6 = 1 we have |[V|11(,,) < V110, and for 6 < 1 we have ||V|z1(,,) < CA™' +1. Let

0 = max{||VI| 10y, CA™ + 1, [V},

and let § = 1+ C1/C in the conditions of Theorem 3.3 . We observe that by the uniqueness
of solutions to the Cauchy problem (1.1) under our assumptions about the coefficients (see
Proposition 4.4) the solution p;4¢ to the Cauchy problem with the initial condition v coincides
for ¢t > 0 with the solution y; to the Cauchy with the initial condition .

Lemma 3.6. Let 7 > 19. Let {p:} be the solution to the Cauchy problem (1.1) and let {n:} be
the solution to the Cauchy problem Oyny = Lyne, no = pir. Then

t 1/2
11+ — mellw < £C(0) </0 e — el dt) , C(0) = 0(8KTN(0)6%t + 0).
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Proof. Let iy = pir4¢. Let {T}}4>0 be the semigroup with the generator L from the previous
proof. Set

u(z, t) = Ts—pip(),
where 1) € C°(R?) and |(z)| < W(z) for all z. Then
[ vt —m) / [ e ) = b ). V) )
R
We need a bound on |V, u|. We have

/ﬂ(”“")zﬁt(dx) - /du(w,O)QuT(dsf;)
R R
:/0 /Rd [2\\/2Vu(x)|2+2(b(x,ﬁt)—b(x,u),vxu(x»u(x)} i (dz) dt.

Recall that |u| < 2W and

(b, i) = bz, )| < eNa(O)V ()27 |jiy — g,
where ||/i; — pl|w < 20'/2. Since
2/(b(x, fir) — b(x, 1), Vau(a)yu(e)| < 4K1N2(0)*0V (x) + 27 Ky 1 [Vaul?,
we obtain .
/0 » |Vu|® diy dt < 8K:Ny(0)6%t + 6.

Let us observe that

/ / (b 1) — bz, 1), Vau(z)) fi(de) dt
0 R4

t 1/2
< 50<8K12N2(0)92t + 9) (/ Iz — pl| % dt) :
0
We obtain
t 1/2
[ vt =m0 < co(sutvaoe +0) ([ 1 -l ar)
R 0

Since || < W, we have

t 1/2
I = mlhw < =o(siENa +0) ([ i~ ulfyar)
0
which completes the proof. O
We are now ready to prove our main theorems.

Proof of Theorem 3.1. Let 7 > 19. We recall that pu,4; with £ > 0 solves the Cauchy problem
(1.1) with the initial condition pu.. Let 7; be the solution to the linear Cauchy problem d;n; =
Ly, mo = pr. Using Lemma 3.5 and Lemma 3.6 we obtain

7t — pllw < llne — pllw + e — nellw
¢ 1/2
< Ne |\pr — pllw + 59(8K12N2(9)92t + 9) </ | ptrst — pilliy dt> :
0
Let T > 0 be such that Ne T < 1/2. Set
- 0<8K12N2(9)02T+ 9).

For any t € [0,T] we have

¢ 1/2
larse = sl < Nl = sl + 23 ([ lrse = lfar)
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By Gronwall’s inequality
2 2 2 2
st — pllw < 2NE2M — iy < 2N Ty — gy (3.2)
Therefore,
1 2 22
lpirsr = pllw < (5 +2NeMTY225M T | — iy
Let us take 9 > 0 such that

1
=3+ INeMTY2e2°M°T* 1 Ve € (0,e0).

Then
b = pllw < qllpr — pllw V7 = 70.
We have ||tiry+nr — pllw < 0™||ir, — pllw- Using this estimate and (3.2), we obtain
e — pllw < are” 2t vt >0,
which completes the proof. O
It is seen from the proof above that ¢y depends on the quantities N and A from Lemma 3.5

and on the number 6 defined before Lemma 3.6. Thus, under the conditions of Theorem 3.3 the
number g9 depends only on C7, Cs and the functions N; and Ns.

Remark 3.7. Let us discuss in more detail Example 1.1 from the introduction. Let d = 1,
A =1 and

be(x, 1) = —x +eB(p), B(p) = /xu(daz), e > 0.

In the case where 0 < & < 1, the standard Gaussian measure p is the unique probability
solution to the stationary equation. Let us show that for every initial condition v with a finite
first moment the measures u; from the solution to the Cauchy problem converge to u. The
justification repeats the main steps of the proof of Theorem 3.1. We observe that

d

g Be) =1 —e)B(ue),  Bluers) = U7 B (p).

/|1:|2th < /|:L‘|2u(dx)+(1—5)_1/|5L‘|u(d90).

Let 7 > 0 and let {7} be the solution to the Cauchy problem

Moreover,

O = + (xne)', Mo = per.
By Lemma 3.5 with W (z) = (1 + |z|>)"/? and V(z) = 1 + |z|® we have

2T

e = ullw < Cre” 7|z — ullw < Cze™@
Since
b(@, prr) = b(x, p) = eB(pyr) = ce” TV B(p,),
repeating the reasoning from Lemma 3.6 one can readily obtain the bound

e = mellw < Ce)B(pr) < Cae™ 797, £ € [0,7].
Combining the obtained estimates for t = 7, we conclude that

27 — pllw < llpar = nrllw + e — pllw < Cae™ 797 4 Cyem 7,
Thus,

e — pllw < are™*2".
Note that in this case the specific form of b (x, 1) has enabled us to use the exponential conver-
gence of B(u¢) to zero in place of Condition (H3) (Lipschitzness in pu).

The case where € = 1 has been considered in the introduction. In addition, it is covered by
Theorem 3.1.

We now consider the case where € > 1. Then the unique stationary solution is the standard
Gaussian measure and the solutions to the Cauchy problem converge in total variation norm to
this measure only if the initial condition v has zero mean. In case of a nonzero mean of v it is
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easy to see that there is no convergence in total variation norm with weight (1 + |z|), because
in this case the means of p; must converge to the mean of the stationary distribution, while in
our example with ¢ > 1 the mean of u; equals B(r)e®= Dt and tends to infinity. However, one
still might hope that there is convergence in some weaker sense, for example, weak convergence.
However, weak convergence also fails in case of a nonzero mean of v. Indeed, let ¢ € C°(R).

Then .
[t~ [oar=[[[" =) aue+ B [ au) as

If 1 converges to the stationary distribution p in the sense of weak convergence, then all integrals
with ¢”, z¢’, ¢ and ¢ converge to some constants. Let

/@'du#o-

Then the right-hand side of the integral equality above is unbounded as t — oo, which contradicts
the boundedness of the left-hand side.

Remark 3.8. Let us explain why convergence in the Kantorovich distance can be more eas-
ily verified. We consider the following example (see also [9, Remark 4.2]). Let A = I,
sup, , [b(z, w)|(1 + |z|)™™ < oo and suppose that there exist numbers x > 0 and C' > 0 such
that

|b(z, 1) = b(z,0)] < CWi(p,0), (& —y,b(z,pn) = by, 1)) < —rlz —y/?,

where Wi (u, o) is the Kantorovich metric defined as the supremum of the quantities

/Rdsod(u—a)

over all 1-Lipschitz functions ¢. Suppose that C' < k. Then it is not difficult to show that
the solution {u:} to the Cauchy problem (1.1) with the initial condition v converges to the
stationary solution p (the existence of which follows by [9, Theorem 4.1]), moreover,

Wi (pe, o) < 67(#0)th(’/7 1)

Let us note the remarkable sharpness of this result: in Example 1.1 we have k =1, C' = ¢,
and already for C' = k (¢ = 1) the assertion about convergence fails. A justification of this
result is not difficult. Let {T}} be the semigroup on L'(p) generated by the operator Lf =
Af + (b(z, 1), Vf) (see [10, Chapter 5]). The measure p is invariant with respect to T;. For
every function f € C§°(RY) with |V f| < 1 we have |VT,f| < e™** (see [10, Theorem 5.6.41]).
Multiplying the Fokker—Planck—Kolmogorov equation by the function u(x,t) = Tr_f(x) and
integrating by parts (which is possible by the stated properties of u) we derive that

/Rdfd(uf —p) = /Rdu(:c,o) d(v — ) + /OT /Rd<b(:c,ut) — b(z, p), V) dpe dt,

which yields the estimate

Wi (pe, 1) < Wi, ple™" + C/ Wi (g, pr)e "0 at.
0

It remains to apply Gronwall’s inequality.

4. SOLVABILITY OF NONLINEAR FOKKER-PLANCK—KOLMOGOROV EQUATIONS

In this section we discuss conditions under which the stationary equation and the Cauchy
problem for the Fokker—Planck—Kolmogorov equation have solutions.
Let H be the set of all functions h € C(R?) such that sup,, |h(z)|/W (z) < oo and

Lotp(x) = Cr(o)h(z) + Ca(0)

for some function v € I}V and all o € Py (R?), where C; (o) and C(c) are numbers depending
on 0. According to Proposition 2.4, if u is a solution to the linear stationary Fokker—Planck—
Kolmogorov equation with the drift coefficient b(z,0), then u(h) = o(h) for every function
heH.
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Proposition 4.1. Suppose that for every measure v € Py(RY) and every ball U there exist
numbers 6 € (0,1), C > 0, A > 0 and for every ball U there exists a positive function o
N(a,U), which depends also on v, such that for all « > 0 and p € My(V) satisfying the
condition puly = v|y we have

L,V <(1-06)C+Aba—-V), sup|b(z,p) < N(a,U).
zelU

Suppose also that for all « > 0 and p,, pn € Ma(V) convergence ||y, — p|lw — 0 yields that
b(x, pin) converges to b(x, p) uniformly on every ball. Then for every measure v € Py (RY) there
exists a solution y to the stationary equation (1.3) such that v|y = puly.

Proof. Let 0 € Py (RY) and oy = v|y. It is well-known (see [10, Corollary 2.4.2 and Theorem
4.1.6]) that there is a unique probability solution px to the linear equation

Lp=0.
According to [10, Theorem 2.3.2] we have

Vdu < (1-0)CA ' +6 | Vdo.
R4 R4

Set
a =max{CA™ " V|11 }-

Thus we have ||[V[11(,) < @ and ply = ol = vy Since supy [b(z, p)| < N(a, U), the measure
u has a density ¢ and, for every ball U and for some 6 € (0,1), one has

lollcsry < CU),
where C(U) depends only on U, d, N(«a,U), and A (see [10, Corollary 1.6.7]). Set

K= {1neMalV): sl = vi, 1=o0dz, lollos < CO)},
where C°(U) is the space of §-Holder functions with its natural Holder norm

lgllcs @y = sup lg(z)| + Sl;p l9(x) — g(y)|/|z — y|°.
X TFY

The set K is convex and compact in L'(R?) and T: K — K. Compactness follows from the
fact that, for any sequence {o,} € K, the measures g, dr are uniformly tight, hence there is
a weakly convergent subsequence. The uniform local Hoélder continuity enables us to select a
further subsequence in {g,} that converges uniformly on balls. Along with weak convergence
this yields convergence in variation.

Next, if 0, € K and g, — ¢ in L'(R?), then

lon = ellw = max W(z)llon = ol 1) + 204(&&%‘*"(96))’1-

It follows that ||o, — o|lw — 0 and b(x, 0, dz) — b(x, o dx) uniformly on every ball. For every
h € H we obtain [ hg,dx — [ hodx. Moreover, o, = T'(0,) has a subsequence that converges

uniformly on every ball and in Ll(Rd). Therefore, 0, — o, where ¢ is a unique probability
solution to the equation

* _
ngO' = O

Consequently, T' is a continuous mapping. By Schauder’s fixed point theorem there exists p € K
such that T'(u) = p. O

Example 4.2. Letd>1, A=1,
bo) = Rt ([ utan) s [ G uta)

where R is a constant matrix, v and h are constant vectors and

R'v =M, (v,h)y=A\ (H(z,y),v)=0.
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Suppose also that

(Rz,z) > qlz]?, ¢>0, sup|H(z,y)| < .
m?y

We show that all conditions in Proposition 4.1 are fulfilled with V(z) = (1 + |z|)? and W (x) =
(1 + |z|). The function x — (v,z) belongs to I}V. In addition, according to Example 2.7 the
function z — (v, z) belongs to H. Let p be a probability measure with

/ (0, ) pldy) = Q.
Rd

Then

Lu(1+|x)?) < 2d+ g+ ¢ (|h]|Q] + sup | H (z,y)])? — q(1 + |2[?),
x7y

[b(z; )| < ([[RI] + [[|Q] +S;1§>|H(ﬂ:7y)|)(1 + |2*)1/2.

Thus, the conditions of the theorem are fulfilled and for every number () there exists a solution
to the stationary equation with such coefficients.

Remark 4.3. Suppose that in place of conditions of Proposition 4.1 the following stronger
conditions hold: there are positive numbers C, Cy such that, for every ball U, there is a
positive function o — N(«, U) such that for all & > 0 and all u € M, (V) we have

L,V <Cy—CV, suplb(z,p)| < N(a,U).
xelU

Suppose also that for all & > 0 and pip,, p € My (V') convergence ||, — pllw — 0 yields that
b(x, py) converges to b(x, ) uniformly on every ball. Then there exists a stationary solution u

such that o
Vidu < =L
/]Rd = Co

The proof repeats the reasoning given above. We only observe that for every o € Py (R?) the
solution y to the equation L} u = 0 satisfies the inequality ||V||z1(,) < C1/C2 (see [10, Theorem
2.3.2]) and the mapping T from the proof of Proposition 4.1 maps M, (V) with a = C;/C5 into
the same set.

We now discuss the Cauchy problem (1.1). The next proposition gives conditions that guar-
antee the existence of a solution y; on [0, +00) such that for every T' > 0 one has

sup / Vdu: < oo.
te[0,7] /R4
Proposition 4.4. Suppose that there exist continuous positive functions N1, Na, N3 such that
for all o > 0 and p,0 € My(V) we have
1 1
LuV(z) < Nia), |b(, w)| < No(@)V2"7, |b(x, ) = b(x, 0)| < N3(a)V(2)2 [l — of|w-
If
oo da

o Ni(e)
then for every initial condition v € Py (RY) there exists a solution {u:} to the Cauchy problem
(1.1) on [0,+00) such that for every T >0

sup / Vdu < oo.
telo,T] JRE

= +o0, (4.1)

Proof. We first prove the existence of a solution on [0, 7] for every fixed T" > 0. Let a(t) be a
positive continuous function on [0, T]. If oy € My (V), then

b(z,00)] < MV ()27, M = max Na(a(t)).
te[0,7

Since Ly, V(z) < Ni(a(t)) < maxye ) N1(a(t)), by the standard existence condition involving
a Lyapunov function (see [10]) there exists a unique solution {y;} to the Cauchy problem

Ocpr = Ly, ity po = V.
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Moreover, pi(dx) = o(x,t) dx and for some § € (0,1) we have

lollcswx.y < C(U,J)
for every ball U ¢ R? and every interval J C (0, 7). Note also that by [10, Theorem 7.1.1]

/Rd V(z) pe(dw) < /Ot Ni(a(s))ds + /Rd V(z)v(dz).

Let us define «(t) by means of the following expression:

o(t)
. Ncllzlu) =t o= y V(z)v(dx).
By (4.1) the function « is defined on [0, +-00). If we take oy € M) (V), then the corresponding
solution p; will belong to M) (V). Let Ky be the set of all functions ¢ on R x [0, T] such that
0€ C(R?x (0,T)), 0> 0 and

Lewndr=1. [ o@nv@de <ot leleswss < CW.J)

Note that ki is convex and compact in L'(R? x [0,T]). Let us define T': K1 — K; as follows:
to each ¢ = v(z,t)dr with v € K1, the mapping T associates the solution u; = o(z,t) dz. If
Un,v € K1 and v, — v in LY(R? x [0,T]), then ||v,(y,t)dy — v(y, t)dy|lw — 0. It follows that
b(z,v,(y,t) dy) — b(x,v(y,t)dy) for all (z,t). Thus, the corresponding solutions g, converge
to the solution p, hence the mapping T is continuous. By Schauder’s fixed point theorem there
exists o € Ky such that T'(¢) = . By [30, Theorem 3.1] the constructed solution to the Cauchy
problem (1.1) is unique on [0, 7] for every T' > 0. This yields the existence and uniqueness on
the whole half-line [0, +00). O
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