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Abstract

The 2D Euler equations with random initial condition has been investigates by S.
Albeverio and A.-B. Cruzeiro in [1] and other authors. Here we prove existence of
solutions for the associated continuity equation in Hilbert spaces, in a quite general
class with LlogL. densities with respect to the enstrophy measure.

1 Introduction

We consider the 2D Euler equations on the torus T? = R?/Z2, formulated in terms of the
vorticity w
Ow+u-Vw=0 (1)

where u is the velocity, divergence free vector field such that w = douy — d1ue. We consider
this equation in the following abstract Wiener space structure. We set H = L? (’]TQ) with
scalar product (-, ) and norm ||-|| ;. Given 6 > 0, we consider the negative order Sobolev
space B := H~1-9 (']I‘Q), its dual B* = H1*9 (’JI‘Q), and we write (-,-) for the dual pairing
between elements of B and B*. More generally, we shall use the notation (-, -) also for the
dual pairing between elements of C*° (TQ)/ and C* (T?); in all cases (-, -) reduces to (-, )
when both elements are in H. Let p be the so called "enstrophy measure", the centered
Gaussian measure on B (in fact it is supported on H~1~ (T2) = Ng=oH 179 (TQ); but not
on H~' (T?)) such that

[ w.8) (0,9 1(do) = (6,00

B

for all ¢, € C® (T2). Equation (1) has been investigated in this framework and it has
been proved that, with a suitable interpretation of the nonlinear term of the equation, it
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has a (possibly non unique) solution for p-almost every initial condition in B. Moreover,
on a suitable probability space (Z, F,P), there exists a stationary process with continuous
trajectories in B, with marginal law p at every time ¢ (in this sense we could say that p is
invariant for equation (1); see also the infinitesimal invariance [2]), whose trajectories are
solutions of equation (1) in that suitable specified sense. These results have been proved
first by Albeverio and Cruzeiro in [1] and proved with a different concept of solution (used
below) in [12].

We want to study the continuity equation, associated to equation (1), for a density
pt (w) with respect to p. Let us introduce the notation

b(w)=—u(w)-Vw

for the drift in equation (1), where we stress by writing u (w) the fact that u depends
on w. The precise meaning of b(w) is a nontrivial problem discussed below; for the time
being, let us take it as an heuristic notation. Let ]-'CI;T be the set of all functionals

F :[0,T] x € (T?)" — R of the form F (t,w) = 37, fi (w0, @1) oy (@, $0)) gi (£), with
P1,.es o € C (T?), fi € CL(R"), g; € C*([0,T]) with g; (T) = 0. The weak form of the
continuity equation is

T
/ / (OF () + (b (w) , DF (t,w))) py (w) pt (dw) dt = — / F(0,0) po () o (dw) . (2)
0 B B

The most critical term, which requires a careful definition, is (b(w),DF (t,w)). Let us
discuss this issue.
When F (t,w) = Zﬁlﬁ-((w,gﬁﬁ,..., (w, dn)) gi (t) as above, given any element 7 €
ce (']T2)/ the limit
lime ! (F (t,w + en) — F (t,w))

e—0

exists for every (t,w) € [0,T] x C*° (TQ)I and it is equal to
Z Z ((w, @1) 5 -y (wrs @) 9 (8) (0, B5) -

Assume we have defined (b(w),¢) when w is a typical element under p and ¢ € C* (T?).
Then we set

(b(w),DF (t,w)) = ZZ@ Fi (wr, @1) ooy (wr, 00)) 93 (8) (b (W), 65) - (3)
=1 j=1

To complete the meaning of (b(w), DF (t,w)) we thus have to give a meaning to (b(w), ¢)
for every ¢ € C*° (’I[‘Q). Formally

(b(w),9) =—(u(w) Vw,¢).



In Theorem 7 of Section 2 we shall define (for each ¢ € C* (T?)) a random variable
w i (b(w),¢) on the space (B, B, 1) (B being the Borel o-field on B). With this definition,
identity (3) provides a rigorous definition of the measurable map (w,t) — (b (w), DF (t,w)),
with certain integrability properties in w coming from the results of Section 2.

Remark 1 To help the intuition, let us heuristically write equation (2) in the form
Ipr + divy (pb) =0 (4)

with initial condition po (w), where div, (v), when defined, for a vector field v on B, is
(heuristically) defined by the identity

| @i, @@)n(e) = - [ (v@). DF @) u(d) (5)
B

B

forall F € FC;, where ]—"C; 1s defined as fcl%,T but without the time-dependent components
9i-

In [12] it is proved that the random variable w — (b(w),¢) on (B, B, u) has all finite
moments; here we improve the result and show that it is exponentially integrable: given
peC® (TQ), it holds

/Bee(b(w),fbﬂu(dw) < 00 ©)

for some € > 0, which depends only on ||¢||..; see Theorem 8 in Section 2 below.

This exponential integrability is a key ingredient to extend, to the 2D Euler equations,
the result of the authors [7] for abstract equations in Hilbert spaces (in that work the
measure g is not necessarily Gaussian, but the nonlinearity is bounded). Indeed, we aim
to prove existence in the class of densities p; (w) such that

sup / pt (w) log pi (W) p (dw) < 0. (7)
tel0,7]/B

Since ab < e + e b (loge b — 1), if p; (w) satisfies (7) and property (6) is proved, then

/B (b(w), DF (t,0)) pr () 1 (do)

is well defined. With these preliminaries we can give the following definition.

Definition 2 Given a measurable function py : B — [0, 00) such that [z po (w)log po (w) p (dw) <
00, we say that a measurable function p: [0,T] x B — [0,00) is a solution of equation (4)
of class LlogL if property (7) is satisfied and identity (2) holds for every F € fCéyT.

Our main result, proved in Section 3, is:



Theorem 3 If
[ @) tog @) (de) < o0
B

then there exists a solution of equation (4) of class LlogL.

2 Definition and properties of (b(w), ¢)

— 627rzn~m7

We denote by {ey} the complete orthonormal system in L? (T?; C) given by e,, (z)
n € Z2. As already said in the Introduction, given a distribution w € C* (']1‘2), and a test
function ¢ € C* (Tz), we denoted by (w, ¢) the duality between w and ¢ (namely w (¢)),
and we use the same symbol for the inner product of L? (T?). We set @ (n) = (w,en),
n € Z? and we define, for each s € R, the space H* (']TQ) as the space of all distributions
we ™ (']T?)’ such that

2 2\% |~ 2
lwlif = > (1+1nP) @ @) < oo
neZ?

We use similar definitions and notations for the space H?® (']I‘z, (C) of complex valued func-
tions.
We want to define, for every ¢ € C'*° (']1‘2), the random variable

(b(w), ) =—<U(w)'Vw,¢>=—/ u (W) (z) - Vw (2) ¢ () de

’]I‘2

N / w(z)u(w) (z) - Vo (v)dz
T2

where we have used integration by parts and the condition divu = 0 (the computation is
heuristic, or it holds for smooth periodic functions; we are still looking for a meaningful
definition). Recall that u is divergence free and associated to w by w = dou; — dyus. This
relation can be inverted using the so called Biot-Savart law:

u(z)= [ K(r—-yw(y)dy
TQ

where K (z,v) is the Biot-Savart kernel; in full space it is given by K (z — y) = o (2=y) .

ey

on the torus its form is less simple but we still have K smooth for = # y, K (y —x) =
C

|z —y]

for small values of |x — y|. See for instance [14] for details.

K (z —y)| <



The difficulty in the definition of (b(w),¢) is that w is of class H~27% (T?) and u of
class H—? (']I‘Z), so we need to multiply distributions. The following remark recalls a trick
used in several works on measure-valued solutions of 2D Euler equations, like [9], [10], [13],
14], [15].

Remark 4 If w is sufficiently smooth and periodic, using Biot-Savart law we can write

(b(w),¢>:/TQ/TQUJ(x)w(y)K(z—y)-qu(m)dmdy.

Since the double integral, when we rename x by y and y by x, is the same (the renaming
doesn’t affect the value), and K (y —x) = —K (z — y), we get

0@.d) = [ [ 0@ ) H (w9 dody

where
Hy (2,9) = 3K (2~ ) - (Vo (2) ~ V6 (1)).

The advantage of this symmetrization is that Hy (opposite to K (x —y) - Vo (x)) is a
bounded function. It is smooth outside the diagonal x =y, discontinuous on the diagonal;
more precisely, we can write

_ 1 /e -y (z—y

)J_

> + Ry (2, y) (8)

where Ry (x,y) is Lipschitz continuous, with
Ry (z,y)| < Clz—yl.
To summarize, when w is sufficiently smooth and periodic, we have
(b(w),¢) = (w@w, Hp) (g2 72)
where w @ w : T? x T? — R is defined as (w @ w) (x,y) = w () w (y).

Remark 5 The previous expression is meaningful when w is a measure, since Hy is Borel
bounded. When w is only a distribution, of class H~17° (TQ), one can define w @ w as the
unique element of H—2~20 (']I‘2 X TQ) such that

Wwew ) = (w ) (W)

for every smooth f : T? x T? — R of the form f (z,y) = ¢ (z) % (y), where the dual pairing
(w®w, f) is on T2 x T?. But Hy is not of class H2+20 (']I‘2 X TQ), hence there is no simple
deterministic meaning for (w @ w, Hy) when w € H 19 (']I‘Q). It is here that probability
will play the essential role.



In [12] the following result has been proved. As remarked above, when f € H?*20 (T2 X TQ),
(w@w, f) is well defined for all w € H~17° (T?), hence for a.e. w with respect to the En-
trophy measure pu.

Lemma 6 Assume f € H**¢ (T2 X TQ) for some € > 0. One has

[ Moo w @) < 2

/118

for every positive integer p > 2,
[ wewfu@) = [ @
B T2

and, when f is also symmetric,

J

The consequence proved in [12] is:

2
p(dw) = 2/ f (,y)” dady.
T2 JT2

(wRw, f) — f(z,x)dx
'JTQ

Theorem 7 Let w: = — C* (T2), be a white noise and ¢ € C* (TZ) be given. Assume
that Hg € H** (’]1‘2 X ']TQ) are symmetric and approvimate Hy in the following sense:

lim / / (Hg — H¢)2 (z,y)dxdy =0
T2 JT2

n—oo

lim Hy (z,z)dr = 0.
T2

n—oo

Then the sequence of r.v.’s <w R w, Hg> is a Cauchy sequence in mean square. We denote

by
(b(w),¢) = (ww, Hy)

its limit. Moreover, the limit is the same if Hg 1s replaced by ﬁg with the same properties

~ N2
and such that lim, . [ [ (Hg — Hg) (z,y) dzdy = 0.

A simple example of functions Hj with these properties is given in [12]. In addition to
these fact, here we prove exponential integrability, see (6).

Theorem 8 Given a bounded measurable f with || f|| ., < 1, we have
/ ewew Nl (dw) < 0o
B

for all e < %



Proof.

o] - S Bleg e < & oy )

=0 p

This series converges for € < 5 because (using ratio test)

AP+l (2(p+1))!
(5)" Grinmry _e@+2) @2+l
(5)" G 2 (p+1)(p+1)

3 Proof of Theorem 3

3.1 Approximate problem

Recall from the Introduction that § > 0 is fixed and we set B = H~179 (']1‘2), H =12 (’]1‘2);
recall also from Section 2 that we write e, () = 2% x € T?, n € Z2, that is a complete
orthonormal system in HC := 2 (']I‘2 C) Given N € N, let H(C be the span of e, for

In|, <N, |n|l, =max(|ni],|n2|) for n = (n1,n2); it is a subspace of H®. Let Hy be the
subspace of H made of real-valued elements; it is a subspace of H and is characterized

by the following property: w = Z|n|m§N wney is in Hy if and only if w,, = w_,, for all n

such that |n| < N

Let 7w be the orthogonal projection of H onto Hy. It is given by myw = ZlnleN (W, en) g €n,

for all w € H. We extend 7 to an operator on B by setting

nn:B— Hy

TNW = Z (w,en)en

I <N
where now (w, e,,) is the dual pairing. We may introduce the Dirichlet kernel
O (21, 72) Z Z 2mi(niz1+nows) _ Z Q2min-a ()
ni=—Nnz=—N oo
for x = (w1, 22) € T?, and check that
TNw = 0N * w.

We define the operator
by : B— Hy



as
by (w) = =7y (u(Tyw) - Viyw), w€eB

where u (myw) denotes the result of Biot-Savart law applied to myw,
u(ryw) () = . K (z —y) (myw) (y) dy.
The operator by has the following properties. We denote by div by (w) the function
divby (W)= Y On(bn (), en)y

Inlog <N

where, when defined, 0, F (w) = lim._g e ! (F (w + €e,) — F (w)), for a function F defined
on B. We say that divby (w) exists if 0, (by (w) , en)yy exists for all [n| < N. Moreover,
we set

div, by (w) :=divby (w) — (w, by (w))

where (w,by (w)) is the dual pairing. It is easy to check that this definition is coherent
with the general one (5) given in the Introduction.

Lemma 9 The divergence divby (w) exists for all w € B and

divby (w) =0
(w,by (w)) =0
and thus

diVM bN (w) = 0.
Proof. Step 1: A basic identity is

<w7 by (w)> =0
for all w € B, where as usual (.,.) denotes dual pairing. This identity holds because
(w, TN (u(Tyw) - Vyw)) = (Tyw, u (Tyw) - Vayw) y =0

where the first equality can be checked by writing w = > (w, e,) e, (the series converges
in B), and the second equality is true because

<U-Vf,f>:;/TQU(:C)-VfQ(:U)dx:—;/TQdivv(x)fZ(a:)dxzo

for all sufficiently smooth divergence free vector field v (we take v = u(wyw) that is
a smooth divergence free vector field) and all sufficiently smooth functions f (we take

f=mnw).



Step 2: Recall that u (e,) (2) is periodic, divergence free, and such that V*-u (e,) = e,
(it is also gven by the Biot-Savart law u (e,) (¢) := [12 K (# — y) en (y) dy). Then we have

u(ep) (z) - Ve () =0
for every n € Z2. Indeed,
u(en) (z) - Ve, () = 2mi (u(en) () - n) ey (2)

and this is zero because u (e,) (z) - n = 0. To prove the latter property, it is necessary to
understand the shape of u (ey,) (z). It is

n+

u(en) (2) = —5en (z)
Id
(which implies u (ey,) (x) - n = 0 because n* - n = 0). Indeed, this function u is periodic,
divengence free (one has divu (e,) () = %en (z)-n =0) and V- u(e,) (z) = %en (x)-
nt =e, ().
Step 3: Finally we can prove that divby (w) = 0. It is

divby (w) = — Z On (N (u (TNw) - VInw) , en) g -
In|<N

We have

an <7TN (u (WNW) : VT‘-NW) ’ 6TL>H
=0y (u(myw) - VINw, en) 5

= —0h (Tnw,u(Tyw) - Ven) gy

(we have used integration by parts and divu (myw) = 0 in the last identity)

= —0h < Z (W, enr) enr, Z (W, enr) u(epr) - Ven>
In'|<N In"|<N o

= —(en,u(myw) - Ven) g — (myw, u(en) - Ven) -

The first term is zero by the same general rule recalled in Step 1. The second term is zero
by Step 2. Therefore divby (w) =0. m

Consider the finite dimensional ordinary differential equation in the space Hy defined

as
dw]N

qt =by (wiv) s wév € Hy. (10)




The function by, in Hpy, is differentable, bounded with bounded derivative on bounded

N
sets. Hence, for every wév € Hy, there is a unique local solution wiv “0 of equation (10) and
N
the flow map wév — wiv 0 where defined, is continuously differentiable, invertible with

continuously differentiable inverse. The solution is global because of the energy estimate
H Ny N
:2<bN(Wt),wt >H:O

which implies supy¢(g - Hw{v HZ < Hwév HZ on any interval [0,7] of local existence; the
property <bN (w,fv) ,th>H = 0 holds by Lemma 9. We denote by ®~ : Hy — Hy the

N
N,wy

global flow defined as @ (w{’) = w,

Denote by u (dw) the image measure, on Hy, of p(dw) under the projection 7y.
This measure is invariant under the flow ®{, because div, by (w) = 0: for every smooth
F : Hy — [0,00), bounded with bounded derivatives,

/ (b (@), DF (@) i (dw) = / (by (@), DF () 1 (o)
Hy B

__ /B F (ryw) div, by (o) p (dw) = 0.

3.2 Continuity equation for the approximate problem

Given a measurable function p{’ : Hy — [0,00), with [ p) (myw) 1 (dw) < oo, consider
the measure p}) (myw) u?¥ (dw) and its push forward under the flow map ®¥; denote it by
vN. By definition, for bounded measurable F : Hy — [0, c0),

F )l (@) = [ F (8 @) o (@) 6" (d).

Hy Hyn

From the invariance of " under the flow ®), we have

| @)= [ P (@) @) @)
Hy

Hy

hence
v (dw) = pi () 1 (dow)

where
@ =p (@) @), weHy. (11)

We have partially proved the following statement.

10



Lemma 10 Consider equation (10) in Hy, with the associated flow ®. Given at time
zero a measure of the form p (myw) p¥ (dw) with [4pd (Tyw) p(dw) < oo, its push
forward at time t, under the flow map ®Y, is a measure of the form p (myw) p (dw),
with [ p (Tyw) p(dw) < oo. If in addition [4p) (Tyw)logpd (Tyw) p(dw) < oo, the
same is true at time t and

| o e tog o (rve) o) = [ g (e og ) (ry) (o). (12)
B B

If in addition Po is bounded, then p) < Hpo H . Finally. p) satisfies the continuity
equation

T
| @uF (t0) 4 (DF (1) by ) ) 2 (v () dt = = [ P (0.0) (i) ()
0 B B

forall F € fCé’T of the form F (t,w) =>"1", f; ({wyen) s |nle < N)gi (t).

Proof. The integrability of p/¥ comes from the invariance of ;" under ®}¥, as well as the
LlogL property; let us check this latter one. Using (11) we have

[ o (et o () () = [ o (@) o ) ()
B Hpn
= [ (@) ) tomal ((@0) " @) ¥ ()
= [ o @)logal @)n" (o)
— [ 68 (mve)logff (mve) (o)
When pév is bounded, we have
o (@) = b (@) @) < [0 ] -

Finally, form the chain rule applied to F (t, ®}¥ (w)), w € Hy, we get the weak form of
the continuity equation. m

Remark 11 We may construct pY¥ and prove (12) also by the following procedure, closer
to [7]. We study the transport equation in Hy

Owpy’ + (b, Dpp’ ), =0

11



with initial condition pév, which has the solution (11) by the method of characteristics. Its
weak form reduces to (13) because (for F like those of the Lemma)

| P ) (o @), D @) ()
= [ P ) (o @) D () 1)

- _/B (DF (t,w) ,bx (W) g pt (myw) p (dw)

where we have used the property div, by (w) = 0. Finally, to prove (12) as in [7], we
compute

a
dt Jy,

:/ log py Oypy) dp™ = / log pi" (b, Dpy" ) dps™
Hy Hy

pi’ (logpp’ — 1) dp™

- _ (bn,D [piv (logpiv - 1)]>d”N
Hy

—/ [p (log p — 1)] div, bydu® = 0.
Hy

3.3 Construction of a solution to the limit problem
3.3.1 First case: bounded pg

Consider first the case when pg is a bounded measurable function on B. Define the sequence
of equibounded functions p2’ on Hy by setting p}¥ (ryw) = po (myw). For each one of them,
consider the associated function p{¥ (7yw) given by Lemma 10. There is a subsequence,
still denoted for simplicity by pi¥ (myw) which converges to some function p; weak® in
L*> ([0, T] x B); moreover we have (12) which implies (see [7] for similar computations)

/ pr () log pr () 1 (dw) < / po () log po (&) 1 (dev) .
B B

Finally we have to prove that p; satisfies the weak formulation. We have to pass to the
limit in (13). The only problem is the term

T
/0 /B <bN (W> 7DF (t’w»sz]tV (ﬂ'Nw) I (dw) dt.

We add and subtract the term
T
| [ @) DF (tw) i () () e
o JB

12



and use integrability of (b(w), DgF (t,w)) and weak* convergence of p (myw) to p; (w)
to pass to the limit in one addend. It remains to prove that

T
lim / / ((by (w), DF (t,w))y; — (b(w), DF (t,w))) pi¥ (myw) g (dw) dt = 0.
o JB

k—o0

Keeping in mind again the weak™ convergence of pi¥ (myw), it is sufficient to prove that
[5 (b (W), D F (t,w)) converges strongly to (b(w),DgF (t,w)) in L' (0,T; L (B, 1)).
Due to the form of F, it is sufficient to prove the following claim: given ¢ € C* ('11‘2),

tim [ oy @) 6}y — (b)) ) =0,
B

k—oo

The remainder of this subsection is devoted to the proof of this claim.
It is not restrictive to assume that ¢ € Hy, for some Ny. Hence, for N large enough
so that my¢ = ¢,

(bn (W), ¢) g = — (N (u(Tyw) - VInw) , &) 5
—(u(ryw) - VIinw, @) g

= (mnw,u(Tyw) - Vo) iy

= ((mvw) ® (Tyw) , Hg)

where the last identity is proved as in Remark 4. We have
(myvw) @ (myw) , Hy) = (w @ w, (Hy) )

where

(Ho)y ()= D> > en(@)ew (y) /1r2 /T2 en (V) en (2') Hy (2',y) da'dy’.

[nfoo <N |n/| o <N

Therefore, our aim is to prove that, given ¢ € C* (T2),

k—o0

lim / |(w®w, (Hg)y — Hg)| p(dw) =0.
B

Thanks to Lemma 6 and Theorem 7, with a simple argument on Cauchy sequences one
can see that it is sufficient to prove that (Hy), — Hy in L? (T? x T?) and

/ (Hy) y (2,2) dz — 0. (14)
T2
From the theory of Fourier series, (Hg), — Hg in L? (T2 X TZ). The limit property (14)

requires more work. The result is included in the next lemma, which completes the proof
that p; is a weak solution, in the case when pg is bounded.

13



Lemma 12 i) The Dirichlet kernel (9) has the two properties
On (21,22) = ON (22, 71)
On (—z1,22) = On (21, 72) -

ii) If a kernel Oy (x), © € T?, has these two properties, the the kernel Wy = Ox * Oy
has the same properties.
ii1) It follows that, for any symmetric matriz S,

WN(x)<s’” wL>da::0.

T2 x| ||

i) It follows also that

N—oo

lim / Wy (x —y) Hg (z,y) dedy = 0.
72 JT?
In the case when Oy is the Dirichlet kernel, this property is the limit property (14).

Proof. Property (i) is obvious. The proof of (ii) is elementary, but we give the computa-
tions for completeness:

Wy (z1,22) = /2 On (1 — y1, 22 — y2) On (y1,92) dy1dy2
T

= /2 On (2 — y2, 21 — Y1) On (y2,91) dy1dy2
T
= Wn (z2,21)

Wy (=21, 22) = /Tz On (=21 — y1, w2 — y2) O (y1,Y2) dyrdys
= /T2 On (21 + y1, 22 — y2) ON (y1,92) dy1dy:
= Jpa On (z1 — y1, 22 — y2) On (—y1,Y2) dy1dyz
= Jpa On (21— y1,22 — y2) On (41, y2) dy1dyz
=Wy (z1,22) .

Let us prove (iii). We can write
2

L 2

T 1T 2 —x

<5,>=(511+522) 122-1-512 2 3 L
x| || || ||

14



Let us show that the integrals corresponding to each one of the two terms vanish. We have

1.1
Wi () xl—?cm = /2 ’ W (z) $1—:E22d561dx2
1 2] ) 2]

1 1
2 2

The integration in the second quadrant,

)
/2 WN (IE) xlx; d.%'ldxg
0 ||

1
2

cancels with the integration in the first quadrant,

11
/2 /2 Wy (x) xl—x;dmlc&g
o Jo ||

because of property Wy (—x1, z2) = Wy (21, 22) (point (ii)); similarly for the integrations
in the other quadrants. So [, Wy (z) £:2dx = 0. For the other integral, just by renaming

||

the variables we have

i x5
7d$1d$2 = WN (IQ, :L‘l) bl

2 Qded.’L’l
|z T |z

Wh (z1,22)
T2

and then, using W (z1,x2) = Wi (2, 1) (point (ii))
2

T
== WN (fEl,.’xg) %dxld.fg
T |

2
x
Finally, the limit in (iv) is a consequence of the decompositon (8). Indeed,

/ I%wm—w<D%@»x_y “_yf>¢My
T2 JT2

hence [, Wi () x%_ﬁ dz = 0. We have proved (iii).

lz =yl |z —y

_ /T2 ( R <D2¢(x)|z,a>dz> dz =0

lim / Wn (z —y) Ry (z,y) dedy = 0
T2 JT2

N—o0

by (iii), and

because Ry (x,y) is Lipschitz continuous with |Ry (z,y)| < Clz —y|. To complete the
proof of the claims of part (iv), let us check that, when 6y is the Dirichlet kernel, the
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property stated in (iv) coincides with the limit property (14). We have

N

/Tz(Hd,)N(m,x)dx— Z /p/p/ﬂ 2min’(z—a') g2min-(z— y)H¢(x y') dy'da'dx

7|0 <NV 7o

_/ / Z Z / 2min’-(z' —x) 27rm(:r y)dCC H¢(l’ y)dyd.’ﬂ
T2 J7172

7] oo <N [0l
= / Wn (ac' — y') Hy (x', y') dy'dx’.
T2 JT?
The proof is complete.

3.3.2 General case: py of class LlogL

Assume now that pg satisfies only the assumptions of the main theorem. Define pfj = poAn.
For each n, apply the result of the first case and construct a weak solution py', which fulfills
in particular

/ o1 () log (@) 1 (dw) < / o () log o (w) 1 (dw) < / po () log po (&) 1 (dev) .
B B B

From this inequality we deduce the existence of a subsequence, still denoted for simplicity
by pf (w) which converges to some function p; weak* in L' (0,T; L* (B, p)), which satisfies
property (7), and moreover, from the duality of Orlicz spaces, such that

/OT/Bce,w)p?(Wm(d@dm/OT/BG@,W)M@)MMM)&

for all G such that, for some € > 0,
sup / edGE, (dw) < oo. (15)
te0,T] /B

Due to these fact, in order to prove that p; satisfies the weak formulation of the continuity
equation, we have only to prove that

// ), DF (t,w)) p} (w) 1t (dw) dt—>// ), DF (t,w)) py (w) p (dw) dt.

Since G (t,w) := (b(w), DF (t,w)) has property (15) by Theorem 8, this is true, and the
proof is complete.
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