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1. INTRODUCTION

Let us consider two Borel probability measures ¢ and o on R? satisfying the stationary
Fokker—Planck-Kolmogorov equations Lju = 0 and Ljo = 0, where L}, and L7 are formally
adjoint operators to second order elliptic operators

Lyu = tr(A,D*u) + div(b,u) and Lyu = tr(A,D*u) + div(byu).

Below we explain in which sense the equations are understood. The indices p and ¢ in the
notation for coefficients do not mean any dependence on the measures, but only serve for distin-
guishing two different equations satisfied by two given measures. The diffusion matrices A, (x),
A, (z) are assumed throughout to be symmetric and positive definite. The main problem this
paper is concerned with is obtaining bounds on distances between the measures u and o through
certain distances between the diffusion coefficients A, and A, and the drift coefficients b, and b,.
In obtaining such bounds an important role is played by the Poisson equation
Lyu =1,

so considerable attention will be paid to investigation of solutions to such equations on the whole
space R, We shall give a brief survey of already known methods of obtaining estimates and
give a number of new results, which concern not only estimates for stationary distributions, but
also the Poisson equation itself.

Investigation of dependence of solutions on the coefficients of the Fokker—Planck—Kolmogorov
equation is important for the whole number of nonlinear problems: existence and uniqueness
of solutions to stationary McKean—Vlasov equations, continuity and differentiability of distrib-
utions of diffusion processes with respect to a parameter, and optimal control. If, for example,
in the case A, = A, = I we have obtained an estimate | — o7y < Cl[by — b || 12(5), Where
|| - |l7v is the total variation norm of a signed measure (defined as the sum of values on the
whole space of its positive and negative parts), then with its aid we can derive an existence and
uniqueness theorem for the nonlinear equation

Ap — div(b(z, p)p) =0,

in which the drift b, now depends on the solution p, in the following way. Let us consider a
mapping I on the space of probability measures defined as follows: F'(o) = p if L% = 0, where
L, is the operator with the drift b,. If |b(z, 1) — b(x,0)| < qC~Y|u — o|lrv, where 0 < ¢ < 1,
then the mapping F satisfies the estimate

|F(o1) — F(o2)|rv < qllor — o2||7v,
1
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i.e., F' is a contracting mapping (see [8] and [9]).

In the paper [8], in the case of locally bounded coefficients b,, b, and A, = A, = I, an
estimate for the L?(u)-norm of the gradient of the function \/do/du via the L?(o)-norm of the
difference b, —b, was obtained. Under the additional assumption that the measure u satisfies the
logarithmic Sobolev inequality, this estimate yields estimates for the entropy of o with respect
to u, for the Kantorovich distance between p and o, and for the total variation norm of the
difference 0 — u. An example of the Fokker—Planck—Kolmogorov equation whose probability
solution satisfies the logarithmic Sobolev inequality is (see [12, Theorem 5.6.36]) the equation
with the unit diffusion matrix and a drift b satisfying the monotonicity condition

(b(z) = b(y),z — y) < —klz —y|*.

In this paper, we generalize this result to the case of nonconstant and different diffusion matrices
and show that if in place of the logarithmic Sobolev inequality we require that p satisfies the
Poincaré inequality, then one can obtain an estimate for the Hellinger integral, from which an
estimate for the total variation of the difference o — p follows. Note that a sufficient condition
ensuring the Poincaré inequality for the solution p is (see [2, Theorem 1.4], [16, Theorem 1.1]) the
symmetry of the operator L, on L?(p) and the existence of a Lyapunov function, in particular,
no monotonicity of b is required. However, the symmetry of L, is a very substantial restriction
(see also [19] and [25]). Say, for the unit diffusion matrix it is fulfilled only when the drift
coincides with the logarithmic gradient of the density of the solution. There is also the whole
number of papers (sec [2], [3], [4], [5], [15], [16], [17], [18], [24], [26], [31], [32], [33], [34], and [35]),
in which the conditions for the validity of inequalities of log-Sobolev type are derived in terms
of certain curvatures connected with the coefficients of the equation (such as the Bakry I's-
condition). However, these criteria require higher smoothness of the coefficients and are difficult
to verify through the coefficients of the equation. With the aid of the Poisson equation we
obtain new sufficient conditions under which the solution satisfies the Poincaré and logarithmic
Sobolev inequalities.

In the paper [9], another approach has been considered to obtaining estimates for distances
between p and o based on the properties of solutions to the Poisson equations L,u — Au = 1
and L,u = . As above, two typical situations have been studied there: 1) b satisfies the
monotonicity condition and 2) there exists a Lyapunov function. In the first situation estimates
on the gradient for solutions to the Poisson equation have been obtained with the aid of the
maximum principle (it is here that the monotonicity of b is needed). In the second situation
estimates of solutions to the Poisson equation from the paper [29] have been used, which imposes
very restrictive conditions on the coefficients (this case is commented in more detail below). Such
conditions are connected with the method of constructing and studying solutions to the Poisson

equation based on analysis of the formula expressing the solution u to the equation L,u = v as
oo

the expectation of the variable / 1 (X¢) dt with the solution X; to the corresponding stochastic

equation; in addition, this metﬁod employs estimates of the rate of convergence of transition
probabilities of the diffusion process X; to the stationary distribution pu. Moreover, the estimate
for the gradient in [29, Theorem 1 and Theorem 2] was actually obtained under the assumption
of the global boundedness of the coefficients.

In this paper, we suggest an alternative approach (not using probability representations) to
the study of the Poisson equation, which enables us to obtain more general results under much
less restrictive conditions on the coefficients. Finally, we apply these results for obtaining new
bounds on the total variation of the difference o — i and the Poincaré and logarithmic Sobolev
inequalities for the solution. Note that for transition probabilities, i.e., solutions to parabolic
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Fokker—Planck—Kolmogorov equations, analogous questions have been studied in the paper [14].
Close estimates for the maximum of the difference between two transition probability densities
and their applications are studied in [22] and [23]. A survey of the theory of Fokker—Planck—
Kolmogorov equations is given in [12] and [11], for uniqueness questions see also [13].

Let WP*(R?) denote the Sobolev class of functions belonging to LP(R?) along with their
generalized partial derivatives up to order k. The Sobolev norm | f||, is defined as the sum
of the LP-norms of the aforementioned functions. Let I/Vl’;f (R?) denote the class of functions f
such that (f € WPF(R?) for all functions ¢ from the class C§°(RY) of infinitely differentiable
functions with compact support.

The inner product and norm in R% are denoted by (z,y) and |z|, respectively. Let B(0, R)
denote the closed ball of radius R centered at zero.

Let

Lapu = tr(AD?*u) + (b, Vu).

Let p > d. Throughout, if the otherwise is not stated explicitly, we assume that the coefficients
A and b satisfy the following conditions:

(Hy) the matrix A(z) = (a¥(x))1<; j<a is symmetric, positive definite and its elements a®/

belong to the Sobolev class VVZIZ)C1 (RY) (we always pick continuous versions of the functions a™);

(Hy) b(z) = (b'(x))1<i<a is a Borel vector field on R? and b € L (R9).

We shall say that a Borel probability measure x on R? (i.e., u > 0 and p(R%) = 1) satisfies
the stationary Fokker—Planck—Kolmogorov equation

Ly =0 (1.1)
if a,b' € L} (p) and

loc
/ Lapudp =0 Yue CRY).
Rd

In the sense of distributions equation (1.1) can be written in the form (the so-called “double
divergence form”)

O, (a1 11) — s, (b'p) = 0
with summation with respect to the repeated indices. Under our conditions on the coefficients
the measure p has a continuous strictly positive density o with respect to Lebesgue measure and
o€ WP ’I(Rd). For this density the equation can be written in the divergence form

loc
E)xi(aijf)xj 0) + 8%((8%@” —b%)0) = 0.

Note that a sufficient condition for the existence and uniqueness of a probability measure p
satisfying equation (1.1) is the existence of a function V € C?(R?%) and a number C' > 0 such
that lim V(x)= +oo and L4V (x) < —C outside some ball.

r|—+00
T h‘ls| paper consists of the introduction and three sections. Section 2 is concerned with esti-
mates obtained under the assumption that the solution satisfies the logarithmic Sobolev or the
Poincaré inequality. In Section 3 we discuss bounds obtained with the aid of the Poisson equa-
tion and consider sufficient conditions for the validity of Poincaré-type and logarithmic Sobolev
inequalities. In the last section we study the Poisson equation itself.

2. ESTIMATES ON THE BASIS OF THE LOGARITHMIC SOBOLEV INEQUALITY AND THE
POINCARE INEQUALITY

Suppose that measures 1 = o, dx and o = g, dx are probability solutions to the equations
L, p=0and L} , o =0, the coefficients of which satisfy conditions (Ha) and (Hy,), which
will be assumed throughout.



Let us introduce the following notation:
d

b= ()i, =0, =D 0rail,
j=1

d
he = (hzi;)zdzh hf, = bg - ZaQJja?'
7=1

Set
(Au - AO’)VQO'

Qo

b —

We observe that ® = b, — b, if A, = A,.

Further for shortness of notation in place of L Aub, and La, p, we write L, and L, respec-
tively.

Let

+ ho — hy.

05 ()

v(x) 0n(@)’ (2.1)
Let WP (1) denote the weighted Sobolev class obtained by completing C$°(R?) with respect to
the Sobolev norm || f||p.1,,, which differs from the usual one by the measure p used in place of
Lebesgue measure. By the indicated properties of the density of the measure, functions from this
class do not differ locally from functions of class I/szcl (R9). Hence WP (1) consists of functions
of class WP (R?) with finite norm || - ||1,,-

The next assertion generalizes Theorem 1 from [8], where the matrix A was constant.

Theorem 2.1. Suppose that |A;1/2<I>| € L?(0) and at least one of the following conditions is
fulfilled:

©) (+[2)%ad, (1+]z)) " bl € L (w),
(i) there exists a function V € C%(R?) such that V >0, lim V(z)= +oo,

|| —+o0
L,V(z) < MV(x)
for all x and some number M > 0 and
(@, VY1 + V)t e LY(o).

1/2 2
/ de,g/ ]A;1/2<I>]2da.
Rd v Rd

If A, > al, then this estimate yields that /v € W1 (p).

Then we have

Since the proof repeats the justification of Theorem 1 from [8] with minor technical changes,
we confine ourselves to an informal reasoning.

Proof. We observe that the function v given by (2.1) satisfies the equation
LZ(QM’U) = div(®o, ).
For smooth functions u,w and f there hold the equalities
L (uvw) = wLju + uljw + 2(AVu, Vw) + uvwdivhy,
* _pl * " 1/2 2 ! :
Ly f(u) = f(u)Lju+ f"(u)|A PVul? + (uf' (u) — f(u))divh,.
Let f € C?((0,+00)) and f” > 0. Then
Ly (f()ou) = ouLr f(v) +2f'(v)(AVv, Vo,) + f(v)oudivhy,



which on account of the expression above for L} (f(v)) gives the equality

F )42V Po, = L (f(v)en) = f'(v)div(®ey).

Multiplying this equality by a nonnegative function ¢ € C§°(RY) and integrating by parts we
obtain

/f”(v)]A}ﬂVvFguwdx—/ f(v)ou Ly de+
R4 R4

+ f”(v)(Vv,@vguwdx—k/ I (0){(Vih, ®)vo, dz.
Rd Rd

The hypothesis of the theorem ensures the existence of a sequence of functions ¥ such that
YN — 1, |Vn| — 0, L,y — 0 and the integrals of the form indicated above with the functions
Vin and Ly tend to zero (for a rigorous reasoning, see [8]). Substituting 5 in place of v
and letting NV go to infinity, we obtain

/f”(v)|A}/2Vv\2gudx—/ I (v)(Vv, ®)vg,, dz.
R4 Rd

Applying the inequality

1 1
(Vo, ®)v < 5yAl/2vu|2 + i\A*/?@\%?,
we arrive at the estimate
/ f”(v)|Al1/2Vv|QQud:E §/ f”(v)\A_l/2<I>\2v2gud:E.
Rd Rd

After substitution f(v) = vlogwv we obtain the assertion of the theorem. g

Given a number Cg and a Borel measurable matrix-valued mapping A, we shall say that a
probability measure u satisfies the logarithmic Sobolev inequality with the constant C's and the
matrix A if

But,f?i= [ Plo(f)du~ [ fPautog [ Pau<s [ AR
R4 Rd R4 R4

for every function f € C$°(R?). Under our assumptions this inequality extends to all functions
f € W2L(p) if A is bounded.

We recall (see [10]) that on the set of probability measures with finite moment of order p the
Kantorovich p-metric is defined by

1/p
Wty =int( [ [ o= gprizan)
Rd JR4

where inf is taken over all probability measures 7 on R% x R? with projections x and o on the
factors.

Corollary 2.2. If in addition to the conditions of Theorem 2.1 it is known that the measure
o satisfies the logarithmic Sobolev inequality with the constant Cs and the matriz A,, then the
following assertions are true.

(i) We have the entropy estimate

C
Ent,v < =5 |A;1/2<I>|2do*.
4 S



(ii) If the measures p and o have finite second moments, then we have the estimate on the
Kantorovich 2-metric

02
Waluo? < 5 [ 14,120 do.
R4

(iii) We have the estimate for the total variation

Cs _
| — o3y < 5 L A2 do.

Proof. Assertion (i) follows from Theorem 2.1 and the logarithmic Sobolev inequality. Since the
logarithmic Sobolev inequality implies the so-called transport inequality (see [10])

Wo(p,0)? < 271CsEnt,v,

assertion (i) yields assertion (ii). Finally, assertion (iii) follows from assertion (i) and the
known Pinsker-Kulback-Csiszar inequality ||u — o7y < /2Ent,v (see, for example, [7, Theo-
rem 2.12.24]). O

Example 2.3. Let A, = A, = I and suppose that for some positive £ we have the inequality

(bu(@) = bu(y), z — y) < —klz —yl°.
Then the measure p satisfies the logarithmic Sobolev inequality with the constant 2/k (see [12,
Theorem 5.6.36]) and with this constant in place of Cg there hold the aforementioned estimates

in (i)—(iii), moreover, the integral in the right-hand side in this case equals ||b, — bg||%2(a).

Example 2.4. Let us consider the partial case of the previous example with y = e~V dx and
b, = —VV. The monotonicity condition on b, becomes the convexity condition on V' with
the estimate D?V > xI. Then we obtain that the entropy of o with respect to y is estimated
by [VV + bs|12(s)- Let now o = e Hdx and b, = —VH. Applying a generalization of the
transport inequality (see [10, Theorem 3.3.1]), we obtain

K
/ VO, — Vo |%eH dr < / |VV — VH|?e H daz,
Rd 2K Rd

where V®y and V®y are 2-optimal mappings taking the measure e dz and e dz to a given
measure m = e~ ¥ dx such that D?P > K - I and K > 0. We recall that the 2-optimal mapping
taking the measure e~" dz to the measure m = e~ dx is a Borel transformation of the first
measure to the second one minimizing the integral

/ IT(z) — x> eV dz
Ra

over all transformations T of the first measure to the second one. It is known that such a
minimizing mapping exists, is unique and has the form V®y with some convex function ®y, .

Given a number Cp and a Borel measurable matrix-valued mapping A, we shall say that a
probability measure p satisfies the Poincaré inequality with the constant Cp and the matrix A

if
/ f—/ f dy dpscp/ AV £ dp
R4 R4 R4

for every function f € C$°(R?). Under our assumptions this inequality extends to all functions
f € W2L(p) if A is bounded.
We recall that the Hellinger integral (see [7, p. 300]) is the quantity

H(p,0) = /Rd V000 di.

2
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Corollary 2.5. If in addition to the conditions of Theorem 2.1 it is known that the measure
i satisfies the Poincaré inequality with the constant Cp and the matriz A, , then the following
estimates are valid:

1= Hwo? < T [ 14120 do
Rd

lu— oy < Cp / A28 do,
]Rd

Proof. By the Poincaré inequality

e~ [ v

For the proof of the first inequality it suffices to observe that

/Rdﬁ—/dﬁduQ

The second inequality follows from the first one and the inequality ||u—o||ry < 24/1 — H(u, o
(see [7, Theorem 4.7.36)).

Example 2.6. Let A, = A, = I and b, = —VV, where V € C?(R?), the function V is bounded
from below and the function e~"" is a probability density. It is known (see [12, Theorem 4.1.11])
that the measure u = e~V dz is a unique probability solution to the equation Lj,p = 0. Suppose
that there exist a function W € C?(R?) with W > 1 and positive numbers 6, 3, and R such that

LHW S —9W + ﬁIB(O,R)'

According to [2, Theorem 1.4] the measure p satisfies the Poincaré inequality with the unit matrix
and constant Cp = 671(1 + 3 Bgr), where (g is the constant from the Poincaré inequality for
the measure yu restricted to B(0, R). Thus, all assertions of Corollary 2.5 are fulfilled with this
constant Cp, moreover, the integral in the right-hand side in this case equals ||[VV + bo||%2 (o)

v

< — - -
d,u /d 'LL

dp=1—H(p,o)2

Example 2.7. There are other conditions on the measure ;1 = e~V dz under which the Poincaré
inequality holds, for example, it is proved in [6] that for this it suffices that V' be convex. Using
this result, one can show that

le™ = allry < Cv|VV + boll2(0)

for every convex function V € C?(R%) such that e~V dx is a probability measure and for every
probability measure o satisfying the equation L}c = 0 (without any restrictions on b,, except
for condition (Hy,)). In particular, if o = e=# dz and b, = —~VH, then

1/2
eV — e Hlpy < Cy (/ VH — VV2eH dx) .
Rd

Let us observe that the last inequality can be easily derived directly without using estimates for
distances between solutions to Fokker—Planck—Kolmogorov equations.

Finding conditions ensuring that a probability solution to the stationary FPK equation sat-
isfies the logarithmic Sobolev inequality or the Poincaré inequality is a difficult problem, such
conditions are not easily expressed in terms of the coefficients of the equation, especially in the
case of a nonconstant diffusion matrix. Hence an alternative approach is necessary. In addi-
tion, as we shall see below, the estimates obtained with the aid of the Poisson equation enable
us to derive some analogs of Sobolev and Poincaré inequalities for probability solutions to the
Fokker—Planck—Kolmogorov equation.
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3. ESTIMATES ON THE BASIS OF THE PROPERTIES OF SOLUTIONS TO THE POISSON EQUATION

The idea of this approach is very simple. Suppose that for every bounded smooth function 1)
we are able to solve the Poisson equation

Lyu=1
with the right-hand side

J:zw—/Rdwdu.

Then for the solution u we have
By — o) = / (Vu, ®) do.
Rd Rd

In the last equality we write 1) in place of @Z, since the integral of any constant against the measure
u— o is zero. If, for example, we know that the boundedness of v yields the boundedness of
|[Vul, then we immediately obtain the estimate

ln—ollrv < Cll®| L1 (o)

If for the boundedness of |[Vu| the boundedness of |V)| is needed (this is the case if we obtain
this estimate by differentiating the equation Lu = 1) and applying the maximum principle), then
we obtain the estimate

Wi(p, o) < Cl|®|L1()-
Estimates of this form have been obtained in [9], we recall the formulations of the corresponding
assertions at the end of this section. However, it is possible to use the equation Lu = i only for
estimating |u|, and to derive estimates on the gradient |Vu| from the equality

/Rd |AL/2Vu|2 do = — /Rd[uw + u(®, Vu)| do.

In this case we obtain an estimate on || — o7y via [|®| 2(,). This is the approach we discuss
in this section.

The next result is a partial case of Theorem 4.7 from the next section (here f(s) =s, © =1),,
but we mention this case here for using in the proof of the theorem below.

Proposition 3.1. Suppose that A and b satisfy conditions (H,) and (Hy) and there exist a
positive function V€ C%(R?), a positive number v and a ball Q of radius R centered at zero
such that

LapV(z) < —V(z) forall zecR?\Q.
Then, for every smooth function v such that sup [ /V] < oo and

[ pin=o.
Rd

there exists a solution u € W/II;’CQ(R‘I) to the equation Lapu = v such that

u P
<o 7‘_
=RV

sup
Rd

The number C depends on d, vy, R, lla"[lyp1(q,), I6]lr(qr), and sup,cq, |A(z) M, and also
on the minimum of the function V on Q1 and the mazimum of the function V and absolute
values of its first and second derivatives on Q1, where Q1 is the ball of radius R+ 1 centered at
zero.
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Theorem 3.2. Suppose that there exist a positive function V € C?(RY), a positive number
and a ball Q) of radius R centered at zero such that

La,p,V(z) < —V(x) whenever x € RY\ Q.
Suppose also that the functions
V2 (L4 )RV APV, (U )T VR, (1 [a]) P alf [V

are integrable with respect to the measure o on all of RY. Then one has the estimate

1/2 1/2
W=l <o [ 14 2apan) ([ v a2 apvas)

where C' depends on the quantities listed above in Proposition 3.1.

Proof. Let v € C3°(RY) and || < V. We observe that VI C1 < oo and the function

m) =
{Ezw—/RdW

satisfies the inequality \{bv | <V + 1 <OV (we recall that V' is a positive continuous function
tending to +00). By Proposition 3.1 there exists a solution u to the equation Lu = 1 such that

Let {x = ((z/N), where ( € C*(R?), ¢ > 0, {(z) = 1if |z| < 1 and ((z) = 0 if |z > 2.
Since Lj,(0) = div(®0), we have
[ 1ule ) + @, do =0,

The expression J := 27 1L, (u?(n) + 27 1P, V(u?(n)) equals

2 2

Cvud + (v AY2Vul? + u(A, Vi, Va) + %LMCN + u(®, Vu)n + %@, Vin).

Applying the inequality zy < 4122 + 42 to the third and fifth terms, we obtain
_ 2 2
J > Cvu + 27N A2Vl — WP APV N + %L,@N —u?| A PRy + %@, Vin).
We now apply the estimates |u| < C3V and || < CyV:
J > —(nCaCsV2 + 27y |AY2Vul? — C3V2 ALV iy
C3 2 2121 A—1/22 C3 2
- 71/ |Luln| = CSVE|A, /2@ (N — 7‘/ |P| VN
Integrating this inequality with respect to o and letting N — oo, we arrive at the estimate
/ |AY2Vul? do < 04/ V2 + |4, 20)2V?) do.
Rd

Rd
Taking into account this estimate and acting similarly with the expression

[ utucyydo =~ [ @,y do,
R4 Rd

we arrive at the inequality

g Ydo < /Rd A 20]|AY*Vul do.
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Applying the Cauchy—-Bunyakovskii inequality, we estimate the right-hand side by

1/2 1/2
c(/ |AM1/2<I>|2da) (/ (V2 4|4, 20)2V?) da> :
R4 Rd

It remains to recall the definition of 1’/; and write the left-hand side of the inequality as follows:
Yd(o — p).
Rd
Since 1 was an arbitrary function from C§°(R?) satisfying the bound |1)| < V, the obtained
inequalities yield the assertion of the theorem. O
Example 3.3. Let A, = A, = I and
(bu(z), ) < —v|x|?, where v > 0.

Suppose that |b,(z)] + |bs(2)] < Co(1 + |x[)™ for some numbers m > 1 and Cy > 0. If the
measure ¢ has a finite moment of order 2m + 2, then the conditions of Theorem 3.2 are fulfilled
and the estimate

11+ [2])* (1 = o) llrv < Cliby = boll L2y (11 + 1)l L2(e) + 11 + [2)? (b = b0)l|22(0))
holds, where C' depends on ~, Cp, and m.

The next result was obtained in [9, Theorem 2.2] in a somewhat different form, but in its
formulation a condition was omitted that was necessary for applying in the proof a theorem
from [29] (more precisely, Theorem 2 from [29], where in the formulation the restriction on
the drift coefficient b is also omitted, without which the reasoning from [29] for estimating the
gradient of the solution is not applicable; actually, the justification given there is valid only for
a bounded drift coefficient b). We now give a corrected stronger assertion.

Theorem 3.4. Suppose that A, and ,AU satisfy condition (H,) and A, is uniformly bounded

along with A;l and let the functions a;] be uniformly continuous with a modulus of continuity w.
Suppose that for some positive numbers k, v1, y2, ¥3 and m there hold the inequalities

(bu(), ) <y —y2lzl®,  [bu(z)] < y3(L+ |z)™.
IF|B|(1 + |z)™ € L' (o), then

ln=cllrv <C [ (14 fal)"|®]do

where C depends on d, k, y1, Y2, v3, m, the modulus of continuity w, and Ha/inWp,l(B((LR)),
where R depends only on 71, v, K, and the sup-norms of A, A;l.
Proof. Let v € C°(R?) and || < 1. According to Example 4.9(iii) (see below) there exists a
bounded solution u to the equation L,u = 1, where
o=v- [ vin
R4
By Proposition 4.10 we have the estimate
|[Vu(z)| < C(1+ |z])™.

As above, using the sequence of functions (i, we justify the inequality

/{/?dag/ IVul|®| do,
R4 R4

from which the assertion of the theorem follows. O
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We now formulate yet another result (see [9, Theorem 2.1]) based on estimates of the gradient
obtained by means of differentiating the equation and applying the maximum principle.

Theorem 3.5. Suppose that A, and A, satisfy the Lipschitz condition with some constant
A > 0, are bounded and A, > ol, A, > ol with some constant o > 0. Let b, and by satisfy
condition (Hy,). Suppose that b, € L*(u+ o), ® € L'(0), |z| € L' (o) and there exists a number
k> d*A?/(402) such that for all z, y we have

(bu(x) = bu(y), x — y) < —klz — y|*.

Then the measure p has a finite first moment and

1 d2A\2
Wi(p,0) < — | |®|do, m=kK— —5

m Jrd 4a2 "

In addition, there exists a number C > 0 depending only on A, o, d and k such that
In =l < [ |oldo
Rd

Let us observe that in the case of a constant matrix A, = A, the estimate on the Kantorovich
metric from the last theorem is fulfilled with m = k, which agrees with the bounds obtained
in [8]. In addition, in this case the constant C' in the estimate for the total variation does not
depend on the dimension d. This can be easily deduced from the justification of this estimate
given in [9] and the fact that the estimate on the gradient of the solution to the Poisson equation
from [30, Theorem 3.11] used in this justification does not depend on dimension.

Theorem 3.5 enables us to prove some analogs of the transport inequality and the Poincaré
inequality for solutions to the stationary Fokker—Planck—Kolmogorov equation.

Corollary 3.6. Suppose that the coefficients A, and b, satisfy the conditions of Theorem 3.5.

Let
_ AuVoy _

Ou
Then for every probability measure f - p with a smooth positive density f, the inequality

1 1
Wil fi) < o [ 14V dut [ FIfdg
m Jgrd m Jrd

holds, and in the case where = e~V dx, b, =-VV, D2V > kI and A, = 1 this inequality has
the form

F hy.

Wil fu) <+ [ 1V 7d

K

Proof. 1t suffices to apply the previous theorem to the measures p and o = f-u, where o satisfies
the equation with the matrix A, and drift

by = ANf
f
which is verified directly. 0

+ (F +by),

Modifying the reasoning used to derive the estimate of the total variation of the difference
u— o, we can obtain a Poincaré-type inequality.

Theorem 3.7. Let A, and A,Il be uniformly bounded. Suppose that for some positive numbers
K, Y1, V2, ¥3 and m we have

(bu(@),2) <=2l [bu(2)] < y3(1+ |2)™
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Then, for every function f € Cgo(Rd),

/ f—/ fdu’duéC/ (1+ 2™ + 1B, — Bul) IV ] ds
R‘i Rd Rd

where

d ij
: Oz, (@i 0p)
Bu=> Q“ s
j=1 "

and the number C' depends on the quantities mentioned in Theorem 3.4.
Proof. Let ¢ € C§°(R?). Set
o=v- [ vin
R4

/Rd<f—/Rdfdu)wdu=/Rdszdu.

Let u be the solution to the equation Lu = {E Integrating by parts we obtain the equality

f= fdp)ddp= | —(ANVu,Vi)du+ [ (Vu,q)fdz,
/Rd< /Rd > /Rd /Rd

d
¢ = b{LQ# — Z@xi (affg#), divg = 0.
i=1

We observe that

where

Since divg = 0, we have

/ (Vu,q)f de = — / (/. qhud.
R4 R4

Let || < 1. Then |u(z)] < Cy and |Vu(z)| < C1(1 + |z])™ for all  and some number Cf.
Applying these estimates, we obtain the inequality

/<f—/ fdu>wdu30/ (1L + 2™ + b — B)IV £ da,
R4 R4 R4

which yields the assertion of the theorem. ([l

Remark 3.8. Suppose in addition to the hypotheses of the previous theorem that the matrix
A, is Lipschitz. Applying the Cauchy-Bunyakovskii inequality to the right-hand side of the
inequality from Theorem 3.7, we obtain

N ) 1/2 ) 1/2
/Rdf—/Rdfdu‘dﬂéC</Rd(\1+lﬂfl + b — Bul) du) (/Rdw du) .

According to [12, Theorem 3.1.2], we have the estimate

J.

Thus, we arrive at the inequality

/Rd f_/Rdfdu‘dugéURd ,VﬂQdM)l/z’

where C' is expressed through C, 12|™ |2 (uys 10ullz2¢), the Lipschitz constant and the sup-

\V4 2
%‘ du < Cl_'_CleMHL2(u)2'
o

norms of A, and A;l.
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Theorem 3.9. Suppose that A, satisfies (H,) and the coefficient b, is locally bounded and there

exists a function V€ C?(RY) such that V > 0, ‘ |lim V(x) = +oo and, for some number v > 0,
x|——+00

the inequality

Au(2)'2VV ()2

holds outside some ball Q) of radius R centered at zero. Let Q1 be the ball of radius R+ 1 centered
at zero. Then for every function f € C’g"(Rd) we have the inequality

/Rdf—/Rdfdug

where C depends on d, [[af ly»1(gy). 59Pseq, [44(2)], $ubacqy [14u(@) 1]l V. 7, and R.
In the partial case where b, = 3, and A,, is bounded this inequality coincides with the classical

/ /
Rd Rd

Proof. Let ¢ € C§°(R?). Set
b =) — du.

Arguing as in the previous theorem, we arrive at the equality

L (o= [ tan)oin= [ ~a,9uvpaus [ 5. quas

where the vector field q is defined in the proof of the previous theorem. The right-hand side of
the last equality is estimated by the expression

1/2
([ 1a2vupan) ([ 1ay29spa e 14,020, - 0% )

Applying estimate (4.4) from Example 4.5 (where we replace B by R?), we finally obtain the
inequality

1/2
L (5= [ tan)odn < o ([ 142952041420, - 8002 d)

which yields the assertion of the theorem. O

du<C / [AY2V F2(1 + | ATY2(b, — B,)])2 dis,
Rd

2
du<C [ ViPan
R’i

1/2

Corollary 3.10. Suppose that in addition to the conditions of the theorem it is known that
a; € C3(RY) and b, € C*(RY). Set

W(z) = max (1+[bu(y) + [Dbu(y)| + [D*bu(y)])-

lz—y|<1

Then, for every function f € C§°(RY),

/Rdf—/Rdfdu

where C' depends on d, ||aff||cg(Rd), SUP,eq, 10, (2)], Sup,cga |A ()7, V, v, and R.

2

dusC [ VW dn
Rd

Proof. 1t suffices to apply the estimate
‘Vg(w)
o(x)
from [27, Theorem 5.2]. O

\ < W ()
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Example 3.11. Suppose that A, and A;l are uniformly bounded, aff € CE(Rd) and b, €
C?(R%). Suppose also that there exist positive numbers 71, 72, 73 and m such that

(bu(@),x) < v —lel?, [bu(@)] +[Dbu(2)] + [D?b(@)] < y3(1 + |z])™.
Then the probability solution u to the equation Lju = 0 satisfies the following Poincaré-type

inequality:
2
[Jr= [ g dnse [ 1vrPa+ o) du
R4 Rd Rd

Indeed, for justification it suffices to apply the last corollary.

Let us show that under the conditions of the last example there is an analog of the logarithmic
Sobolev inequality.

Theorem 3.12. Suppose that A, and A;l are uniformly bounded, aff € C’g’(Rd), b, € C?(RY).
Suppose also that there exist positive numbers 1, Y2, v3 and m such that

(bu(@),x) <71 —ele|™, [bu(@)| + |Dbu(x)] + |D?bu(a)] < (1 +[a])™
Then for the probability solution pu to the equation Ly = 0 there exists a number C' such that
for every function f € C°(R?) we have

| frogyan- [ du10g</Rd I du)

<c / VPR A+ fe)™H dp + C / P+ )™ dp, (3.1)
R4 Rd

|m+1

[ sos?yan— | f%mlog( / f2du>§C [ RPa e tause. 32
R4 R R R

In particular, the inclusion |V f|?|log |V f||*=° € L'(u), where § is a number from (0,1), yields
the inclusion f?log(f?) € L' (u).

Proof. The reasoning practically repeats part of the justification of an analogous (and even more
general) inequality from the paper [1]. An important role is played by the following estimates
from [27]:

Voulx
)] < 1ol exp(~Cal1 +[a)™) < 0(o) < exp(-Call + [a])"™ ).
n
Suppose first that || f[|z2(,) = 1. We have
/ f210g(f2)du=/ fQ(log(fQ)JrlogQu) du—/ f*1og g, dp. (3.3)
R4 Rd R4

Let us estimate the second term in the right-hand side. Let
Y = —log o, —|—/dloggudu.
R

The bounds on g, given above yield that |¢(z)| < Cy(1+|z|)™ . According to Example 4.9(iv)
with @ = 1 and the estimate from Proposition 4.10 there exists a solution u to the equation
Lu = 1 such that

u(z)] < Cs(1+[2])?, [Vu(@)| < C5(1+ |z)™*2.

Since || f||z2(,) = 1, we have

- [ Progoudu= | PrLudu- [ 1ogoudn.
Rd R4 R4
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where the second term is estimated by some constant and the first term after integration by
parts takes the following form:

| -245u v fdut [ 2950, Buf du
Rd Rd

Applying to this expression the estimates for the functions w, |b,| and |3,|, we arrive at the
inequality

[ Prudn<Co [ 171911+ fal)™ 2
Rd Rd
From the elementary estimate
IV A+ )™ < 27 FP (4 |2 )™ + 27V f 2L+ [

we obtain
- / F?1og g, dpt < Cr + Cr / VIR Je)™ dp + Cr / P21+ J2)™ dp.
Rd R4 R4

Let us consider the first term in the right-hand side of (3.3). Since for § > 0 we have t < Cse?,
the inequality

/Rd I (10g(f2) +log @u) dp < Cs /Rd |F17F 00 da

holds. Applying Holder’s inequality, one can estimate the integral in the right-hand side by the
expression

1/d

112 0pull pasca—1) (may (/}Rd |12 0 dm)

Let § = 1/d. Then the second multiplier equals 1. Let us apply to ||f29uHLd/<d*1)(Rd) the Sobolev
inequality

\Y%
I eulaocniesy < 26@) [ 11951dn+ @) [ 2l g2y

R  Ou

Since |f]|Vf] < 271 f12 + 27V f[? and [V, (2)]gu ()" < Co(L + [2])™, we have

[ 7% (toss™) + o 0, di < G [ VS du+Ci [ 171+ [ol)" i

Combining the obtained estimates and replacing f by f/f[|r2(

/Rd £ log(£2) dys — /R 72 dulog(/Rd I du)

<Gy / VA2 + 2])™ dpe + Co / F2(L+ )™ dp.
Rd R4

), We arrive at the inequality

Thus, inequality (3.1) is proved. Applying to the product |f|?(1+ |2|)™ the elementary inequal-
ity ab < ealoga + ¢ with a sufficiently small ¢ and taking into account that the function
exp(M|z|™) belongs to L'(u) for every M (see [12, Section 2.3]), we obtain inequality (3.2).
The last assertion of the theorem is verified similarly. O
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4. THE POISSON EQUATION

Let A and b satisfy conditions (H,) and (Hy) with p > d. Suppose that there exist a positive
function V' € C?(R%) and a number v > 0 such that

lim V(z) =400 and La,V < —v outside some ball Q.

|z| =00
Then there exists a unique probability solution p to the equation L% ;o = 0, moreover, p = odz,
where o € WPH(RY).

loc
Let us also fix a larger ball @; O Q. There exists a sufficiently large number ¢ for which

the bounded domain B = {z: V(z) < ¢} contains the closure of ()1 and has the boundary
OB = {z: V(z) = ¢} of finite perimeter. The latter is true for almost every number ¢, as shown
in [20, §5.5], moreover, for B and 0B the usual formula of reducing the volume integral to the
surface integral is valid.

Let ¢ € C5°(R?) and

Yodx = 0.
R4

For the sequel the following observation will be useful: if a function u € W»?2(B) is such that
u—M e Wg’l(B) for some constant M (we shall say that u is constant on 0B), then

/LA,bu,QdZL':/ (AVu,v)ods, (4.1)
B 0B

where v is the outer normal to B. In addition, if L 4 u = v on B, the support of 9 is contained
in B and the function « is constant on 0B, then

/ (AVu,v)pds = 0.
oB
Let us consider on B the Dirichlet problem

Lapu=1, wulop=0.

It is known (see [28, §5.6]) that the solution u exists and belongs to W?2(B) N Wé”’l(B), where
Wg’l(B) is the closure of C§°(B) with respect to the Sobolev norm || - ||,1.

Lemma 4.1. We have the estimate
/ VAVu|?odr = —/ Yupdz.
B B

Proof. Since u? and V(u?) vanish on 0B, by the integration by parts we obtain the equality

/ Lap(u?)odz = 0.
B
It remains to observe that

Lap(u?) = 2ul g pu + 21V AVU|? = 2utp + 2|V AV

The lemma is proved. O
Let f € C?((0,4+0)), f >0, f' > 0. Set
_ V) _ (V) f"(vV) 2
H(V) = i1 GV) = G LV + 7 IVAVV|?,
v

\ll:m.
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Suppose that there exists a positive continuous function © such that
G(V)+ |VAVV]PH(V)? < =0 on RN\Q. (4.2)
This function © will be involved in the hypotheses of several results below.

Let us subtract from the function u the quantity |Q|™* / udz and retain the same symbol.
Q

/ud:pz()
Q

and the function w is constant on 0B. Note that for the new function v the estimate from
Lemma 4.1 holds.
The function

Now

w:= f(V) u
satisfies the equation
Lapw~+2(AVw, VV)H(V) + wG(V) =¥
with the right-hand side ¥ defined above and is constant on 0B.

Lemma 4.2. For every m > 1, we have the estimate

/ w? MO dx < 2m/ me(@ +G(V)+ |\/ZVV|2H(V)2)Qda: +/ oLl=2my2my dy.
B Q B

Proof. According to equality (4.1) we have

/LA,b(TUZm)deZ/ 2mw*™ N (AVw, v)ods,
B OB

where v = VV/|VV|, since 9B = {V = c}. Let u = u. on B. Then w = w, = u.f(c)~! on IB.
Since
Vw = A H(c)w.VV on 0B,
f(e)

we have

/ 2mw*™ Y AVw,v)ods
0B

= megm_lf(c)_l/ (AVu,v)ods — QmwgmH(c)/ (AVV,VV)|VV| o dz.
OB OB

The first integral in the right-hand side equals zero and the second integral is nonnegative.
Therefore, one has

/ Lap(w?™)odz <0.
B

2m) in more detail:

Let us write L4 p(w

(2m) "' Lap(w®™) = w*™ ' Ly pw + (2m — Dw*™ 2|V AVw|?
= —2w2m71<AVw, VVYH(V) — w2mG(V) + w2y 4 (2m — 1)w2m*2‘\/ZVw’2-

Since
20 Y AVw, VVYH(V) < [VAVw[2w?™ 2 + |VAVV 2 H (V) 2w*™,
we have

(2m) " L p(w?™) > —w?™(G(V) + |VAVVPH(V)?) + w?™ 10,
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Multiplying the last inequality by ¢ and integrating over B, we arrive at the estimate

—/ w(G(V) + WVAVVPH(V)?)odx < —/ w?™ o dz.
B B

Since
G(V) + |VAVV]?PH(V)? < -6 outside Q,

we have
/ w?MOpdx < / w™ (0 + G(V) + |\/ZVV|2H(V)2)de — / w1 o dr.
B Q B
Let us estimate the expression w?™~!¥ with the aid of Young’s inequality:
[w?™ 1| < (1 - (2m) Hw?™O + (2m)~tel—2my?m,

Applying this estimate to / w?™ o dx, we obtain the assertion of the lemma. O
B

Corollary 4.3. We have the estimate

u u (0
S‘;p)m‘ = Sgp\f(m\ +S%p‘f(V)®‘

Proof. According to Lemma 4.2 we have

1/2m
</ w2m@gda:>
B
1/2m U 12m 1/2m
< (2m)/2m m5x|w\ (/ 0+ G(V)+ |\/ZVV|2H(V)2‘de> + (/ ’6’ @Qda:) :
Q B

Letting m — oo, we obtain the desired estimate on supg |uf(V)™!]. O

We observe that the condition L4,V < —v outside the ball @), indicated at the beginning of
the section, along with Harnack’s inequality enables us to estimate the value o(0) from below,
hence also estimate ¢ from below on any ball centered at the origin. Indeed, by Harnack’s
inequality there exists a number C'; such that on the ball ;1 we have

Cr'0(0) < o(x) < C10(0).

The condition L4V < —v outside @ can be written as LV < —vy 4 (LV)Ig everywhere on R,
It is known (see [12, Theorem 2.3.2]) that

VS/ |LV|odx,
Q

which along with the previous estimates gives the two-sided estimate
Oyt </ |LV| da:) < 0(0) < Cip(x) forall ze Q.
Q

In addition, the known a priori estimate (see [12, Theorem 1.7.4])
lollwe1(q) < CallollLr @)
and the equality [|o[|;1(gay = 1 yield the existence of a constant C3 for which

sup o < Cs.
Q

The constants C1, Cy and C3 depend only on d, ||a™||ys.1(g,), [0l £r(0,), and sup,cq, |A(z)~1.
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Corollary 4.4. Suppose (only in this corollary) that the coefficient b is locally bounded. Then

we have the estimate ) )
u |2 W12 f(V)
Oodx < C’/ ——— odxz,
LIz s O

where C' depends on d, ”ai‘j”wp,l(Q1)7 SUP,eq, |0 (2)], sup,eq, |A@)7H, ©, f, V, v, and c1.

Proof. By Lemma 4.2 with m = 1 we have

/B’fg/)‘z@gd‘rSC1/Qu29dx+/Bngl«. (4.3)

According to the remark made above there exists a constant Co such that Cy 1 <0< CyonQ.
Applying these inequalities and the Poincaré inequality for estimating the L?-norm of u, we
obtain

/uQQdac < Cg/ |AY2u)?p dex.
Q Q

With the aid of Lemma 4.1 we obtain

/ WPodz < Cy / | Jule da,
Q B

where the right-hand side can be estimated as follows:

1 u_ |2 1 WP f(v)?
C dr < —— ‘7)@d CC’Q/d.
2ol ete = oz [ il oene 5016 [ Hg o
Applying these estimates to the right-hand side of (4.3), we complete the proof. O

Example 4.5. Suppose that the coefficient b is locally bounded and there exists a function
V € C%(RY) such that lim V(z) = +oo and for some number v > 0 one has

|z| =400

LapV(z) + |[VA@)VV(2)]? < — ifz € Q.

/ wlodr < C/ V2 odx,
B B
where C is a constant of the type indicated in Corollary 4.4. Indeed, it suffices to apply Corol-

lary 4.4 with the functions © = v and f(t) = arctg(log(1 + ¢)). Combining this estimate with
the assertion of Lemma 4.1, we obtain the inequality

Then

/ |\/2Vu|2gdx§C’/ Yoda. (4.4)
B B
Corollary 4.6. We have the estimate
u Y
sup|——1| < C/ V)odx + Csu ,
w| £ | <€ [ Wl w| 6]

where C' depends on d, ||a” || we.a(q,), 1V r(@1), SUPzeq, [A@) 7], ©, f, V, 7, and c1.
Proof. The known estimate (see [12, Theorem 1.7.4])
lullwra(@) < Crlllullzz@u) + 1% Le(@y))

with some number C7 and the Sobolev embedding theorem yield the estimate

ma|ul < Callul 2y + Cosu |yl (45)
1
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The Poincaré inequality gives

lull 201y < CPIIVullr2(gy)-

According to what has been said above, there exists Cy > 0 such that o(z) > Cg if x € Q1.
Therefore,

sgp ul < C3H”\/ZVUHL2(M$,B) +C3 Sélp 9],
1

!

where C3 depends on Cp, Cy, C2 and sup,¢q), [[A(z)"'[|. By Lemma 4.1 we have

VAV g0, < /B ] Julg dz.

Recall that ©u = wV. We arrive at the inequality

1/2
sup o scg( / |w||urgda:) + Cysuplul,
Q B Q1

which yields the estimate

12 1/2
suplul < Ca(sup s (V) ) ([ 101710 ) 4 Casupul,
Q B B Q1

Substituting this in the inequality from Corollary 4.3, we obtain

1/2
supluf (V)] = Ca(sup s V) ) ([ ol iods )+ Cosplogv) e
Estimating the first term in the right-hand side by means of the inequality
1/2
cu(suptur ) 1) ([ wlsede) <2 swplu) #2706 [ i
we arrive at the desired estimate with some number C'. O

Now we can prove an existence theorem for the equation L, u = 1. Recall that V' is the
function mentioned at the beginning of this section and the function © is introduced in (4.2).

Theorem 4.7. Suppose that condition (4.2) is fulfilled. Then, for every function v € L'(u)
such that

sup

) f(‘q//})@‘<oo and /Rdwd,uzo,

there exists a function u € VVlZ’p(Rd) satisfying the equation Lapu = 1 and the inequality

il <o [ i

where C' depends only on d, HaJHWp 1Qu): IV ll2r(@y)» suPzeq, 1A@) 7, ©, f, 7, c1, and also
on the minimum of the function V on Q1 and the maximum of the function V and absolute
values of its first and second derivatives on Q1.

P76
Bl

Proof. We first consider the case where ¢ € C§°(RY). Let {c,} be a sequence of numbers
increasing to +o0o and let B,, = {z: V(z) < ¢,} be bounded domains with sufficiently smooth
boundaries 0B, = {z: V(z) = ¢,}. We shall consider only those numbers n for which the
support of 1 is contained in B,,. Let u, be the solution to the Dirichlet problem

Lapun =1, unlop, =0.
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Let us subtract from u,, the quantity |Q]*1 / upn dz and denote the new function again by .
Q

As proved above, for u,, one has the estimate (with a constant independent of n)

U, v

53] <€ [ lreds + oml .

Thus, the sequence {u,} is uniformly bounded on every ball (starting from a number depending
on this ball), which implies the uniform boundedness of the Sobolev norms |luy||yy2.» on every
ball, because u, satisfies the equation L4 pu, = 1 (see [28, Theorem 5.6.2]). Therefore, passing
to a subsequence, we can assume that the functions u,, converge uniformly and in W?2® on every
ball to some solution u of the equation L ,u = 1. It is clear that for this solution the indicated
estimate is fulfilled. The case of a general function 1 reduces to the considered one as follows.
Let ¢, € C§° and ¢, — % in L'(u). Let us fix some nonnegative function ¢ € C$°(R?) with

||C||L1(u) = 1. Set

sup
By,

wnzcn—c/Rdcndu.

We now solve the equation with the right-hand side 1, and choose in the constructed sequence
of solutions a convergent subsequence. O

Let us also give a sufficient condition for the uniqueness of a solution, which is a simple
application of the maximum principle.

Theorem 4.8. Suppose that there exist positive functions Vi and Vo and a ball QQ such that
Vi(x)
|z|—+00 Vo (.’L‘)

LapVi(z) <0 if z¢Q and = +oo

Then the equation Lapu = 0 has no nonconstant solutions in the class of functions u for which

sup v < 0.
Va

Proof. Let us consider the function v — eV;. We have
LA,b(u - 6‘/1) > 0 if =z §é Q
Since u is growing not faster than V5 and lim Vj(z)Va(z)™! = +oo, outside some ball the
——400

x|
function v — €V} is negative and by the maximum principle

u(z) < eVi(z) + sup(u —eWp).
Q

Letting € — 0, we obtain u < supg w. This means that the maximum of the solution is attained
in the interior of the domain and by the strong maximum principle the solution is constant. [

Let us consider some examples.
Let V(z) = 1+ |x|?, let the matrix A be uniformly bounded, and let

(b(x),z) < Cy — Colz]".

< 0 outside some ball, by Theorem 4.8 any two solutions growing
not faster than e with some C' differ by a constant. Thus, the solutions considered in the
following examples illustrating Theorem 4.7 are unique in the class of functions which grow not
faster than the indicated exponent, i.e., satisfy the condition

log(1 +
up 108(L+ (@)

|z|>1 |x’a

Let a < 7. Since L4 4(e€17I")

Clz|*

< 0. (4.6)
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Example 4.9. (i) Let f(t) = logt. The condition of Theorem 4.7 is fulfilled with the function
O(x) = M(1+ |z"=*)(log(1 + [2])) ™"
with a suitable number M. Thus, for a function ¢ such that
W ()] < Oy + Calz['72,

there exists a solution u to the equation L 4 yu = v which is unique in the class of functions with
condition (4.6) and for this solution we have

lu(z)| < C + Clog|z|.
(ii) Let f(t) = arctg(logt). The condition of Theorem 4.7 is fulfilled with the function
O(z) = M(1+ [2]"~?)(log(1 + |z[))
with a suitable number M. For a function i such that
[¥(x)] < C2 + Calog(1 + |a])) 2|27,

there exists a solution u to the equation L4 pu = ¢ bounded on R? and this solution is unique
in the class of functions with condition (4.6).

(iii) Let now f(t) = €' and v > 2. The conditions of Theorem 4.7 are fulfilled with O(z) =
M (1 + |z|)Y with a suitable number M. Thus, for a function ¢ such that

[h(@)] < Co(1 + [a]) e,

there exists a solution u to the equation L 4 pu = 9 which is unique in the class of functions with
condition (4.6) and for this solution we have

lu(z)] < Cel*”.

(iv) Let f(t) = t*. Then the condition of the theorem is fulfilled with ©(x) = (1 + |=|)?Y~L.
Thus, for a function 1 such that

()| < Co(L + |z])* 7,
there exists a unique solution u to the equation L4 pu = 1) such that
u(z)] < C(1+ |z])*.

In the next proposition, using an idea from [29] and taking into account the growth of coeffi-
cients, we derive an estimate on the growth of the gradient of the solution.

Proposition 4.10. Let A and A~' be uniformly bounded and let the matriz elements a* be
uniformly continuous. Then there exists a constant C, depending on the coefficients of the
equation, such that the solution u to the equation L yu = ) satisfies the pointwise estimate

Vu(z)] <C(1+ sup [b(y)]) sup |u(y)|+C(1+ sup [b(y))~" sup [¢(y)].
yEB(z,1) yEB(z,1) yEB(z,1) y€B(z,1)

In particular, if
(@) < CL1+ o), fu(@) < Co(t+le])™,  [b(2)] < C1(1+ Ja])!,
then
[Vu(@)| < Co( (1 + Jal)™ + Co(1 + Ja)*).
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Proof. We shall assume that x = 0. The general case reduces to this one by a shift. Let
A =1+suppg bl Set u(z) = v(Az). Then the function v satisfies the equation with the new
coefficients

ai (y) = a”(y/N), Baly) = X7"0(y/N), daly) = A0 (y/A).
We observe that |b}| < 1 and the modulus of continuity of the function ay (y) is estimated by

the modulus of continuity of the function a”. Let ¢ > d. According to [21, Theorem 9.11] one
has the estimate

[vllw2a(B0,1/2)) < CUMILaB0,1) + 1¥AllLaB0,1)))-
Estimating the norms in the right-hand side by sup |v| and sup ||, and applying to the left-hand
side the Sobolev embedding theorem, we arrive at the estimate

sup Vol < C'(sup o]+ sup [al).
B(0,1/2) B(0,1) B(0,1)

Returning to the function v and coordinates x, we obtain the desired inequality. O
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