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Abstract

We construct a self-similar local regular Dirichlet form on the Sierpinski gasket using
I'-convergence of stable-like non-local closed forms. Such a Dirichlet form was constructed
previously by Kigami [I4], but our construction has the advantage that it is a realization
of a more general method of construction of a local regular Dirichlet form that works also
on the Sierpifski carpet [§]. A direct consequence of this construction is the fact that the
domain of the local Dirichlet form is some Besov space.

oooo

1 Introduction

Recently, Alexander Grigor’yan and the author [8] gave a purely analytic construction of
a local regular Dirichlet form on the Sierpinski carpet. A natural question is whether this
method can be applied on p.c.f. (post critically finite) self-similar sets. The main purpose
of this paper is to prove that this method can be applied on the Sierpinski gasket, a typical
example of p.c.f. self-similar sets. This also gives a clear picture how the mechanism of this
method works.

The Sierpinski gasket (SG) is the simplest self-similar set in some sense. The SG can be
obtained as follows. Given an equilateral triangle with sides of length 1. Divide the triangle
into four congruent small triangles, each with sides of length 1/2; remove the central one.
Divide each of the three remaining small triangles into four congruent triangles, each with
sides of length 1/4, remove the central ones. Repeat above procedure infinitely many times,
the SG is the compact connect set K that remains.

In general, local regular Dirichlet forms are in one-to-one correspondence to Brownian
motions (BM). The construction of BM on the SG was given by Barlow and Perkins [2].
The construction of local regular Dirichlet form on the SG was given by Kigami [12] using
difference quotients method which was generalized to p.c.f. self-similar sets in [I3] [14]. Sub-
sequently, Strichartz [22] gave the characterization of the Dirichlet form and the Laplacian
using the averaging method.

The local regular Dirichlet form &), on the SG admits a heat kernel p;(z,y) satisfying

B
C [z —y[\ 7"
pe(z,y) =< 10/B exXp | —¢ (tl/ﬁ* (1)

for all x,y € K,t € (0,1), where o = log 3/ log 2 is the Hausdorff dimension of the SG and

__logb
~ log?2

*

is the walk dimension of BM which is frequently denoted also by d,,. The estimates (|1
were obtained by Barlow and Perkins [2].
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The domain Fioe of Epe is some Besov space. This was given by Jonsson [11]. Later on,
this kind of characterization was generalized to simple nested fractals by Pietruska-Patuba
[18] and p.c.f. self-similar sets by Hu and Wang [10]. This kind of characterization was also
given by Pietruska-Patuba [19], Grigor’yan, Hu and Lau [7], Kumagai and Sturm [I6] if local
regular Dirichlet forms on metric measure spaces admit sub-Gaussian heat kernel estimates.
Here, we reprove this characterization as a direct corollary of our construction.

Consider the following stable-like non-local quadratic form

(’Eﬁ(u,u)z/l(/l(my(dx)u(dy),

|z
Fs={ue L*(K;v): €s(u,u) < o0},

(2)

where a = dimy K as above, v is the normalized Hausdorff measure on K of dimension «
and 8 > 0 is so far arbitrary.

Using the estimates and subordination technique, it was proved by Pietruska-Paluba
[20] that

lim (8" — B)€s(u, u) < Eioe(u, u) < lim (8" — B)€s(u,u) (3)
B18* BrA

for all u € Fige. This is similar to the following classical result

: (u(z) — u(y))® 2
1‘61?21(2 — 6)/n /n dedy = (C(n) /Rn [Vu(z)|*dx

for all u € W12(R™), where C(n) is some positive constant, see [6, Example 1.4.1]. Recently,
the author [23] gave an alternative proof of (3]) using discretization method. Here, we reprove
as a direct corollary of our construction.

The main purpose of this paper is to give a construction of a local regular Dirichlet form
Eloc on the SG using I'-convergence of stable-like non-local closed forms of type as B 1 B*.
This is our main result Theorem The local regular Dirichlet form given here coincides
with that given by Kigami due to the uniqueness result given by Sabot [2I]. Kusuoka and
Zhou [I7] gave a construction using the averaging method and approximation of Markov
chains.

The idea of our construction of & is as follows. First, we use the averaging method
to construct another quadratic form £3, equivalent to €g, which turns out to be a regular
closed form for all 5 € (a, 8*). Second, we construct a regular closed form £ as a I'-limit of
a sequence {(8* — B,)Es, } with B, T 8*. However, £ is not necessarily Markovian, local or
self-similar. Third, we use a standard method from [I7] to construct & from E.

The main difficulty in our construction is that we do not have monotonicity property as
in Kigami’s construction. Nevertheless we have weak monotonicity that allows to obtain the
characterization of the I'-limit. To prove the non-triviality and the regularity of the I'-limit,
we construct on the SG functions with controlled energy and with separation property that
are called good functions.

The ultimate purpose of the current paper and [g] is to provide a new unified method of
construction of local regular Dirichlet forms on a wide class of fractals that uses only self-
similar property and ideally should be independent of other specific properties, in particular,
p.c.f. property.

This paper is organized as follows. In Section [2] we give statement of the main results.
In Section [3] we give resistance estimates and introduce good functions. In Section [ we
give weak monotonicity result. In Section [} we prove Theorem [2.1}

The paper [I5] of Kumagai contains partially similar arguments in spirit.

2 Statement of the Main Results

Consider the following points in R?: py = (0,0), p; = (1,0), pa = (1/2,v/3/2). Let fi(x) =
(x4 p;)/2, * € R%. Then the Sierpiriski gasket (SG) is the unique non-empty compact set
K satisfying K = fo(K) U f1(K) U fa(K). Let v be the normalized Hausdorff measure on
K of dimension a = log 3/log2. Let

Vo = {po,p1,p2}, Vo1 = fo(Va) U f1 (V) U fo(V,,) for all n > 0.



Then {V,,} is an increasing sequence of finite sets and K is the closure of V* = U2 (V.
Let "
5
ewn=(3) X ()= 0ue i),

z,y€Vn
le—y|=2""

where [(S) is the set of all real-valued functions on the set S. Then &, (u,u) is monotone
increasing in n for all v € I[(K). Let

Croe(mu) = Tim Ep(u,u) = T (Z) S (ule) - uly))?,

n—-+oo n—-+oo
z,yEVn

lz—y|=27"

Floc = {u € C(K) : Eoc(u,u) < +o0},

then (€oc, Sloc) is a self-similar local regular Dirichlet form on L?(K;v), see [12} [13] [14].
Let Wy = {0} and

Wo={w=wy...w,:w; =0,1,2,i=1,...,n} foralln > 1.
For all w® = wgl)...w,(ﬁ) S Wm,w(2) = wgm...wg) € W,, denote wWw® as w =
Wi ... Wt € Wingn with w; = wgl) for all i = 1,...,m and wy,4; = wgz) for all ¢ =
1,...,n. Foralli =0,1,2, denote i" asw = wy ... w, € W, withwg =iforallk=1,... n.
For all w = w1 ... wp_1w, € W, denote w™ =wy ... w,_1 € Wp_1.

For all w = wy ... w, € Wy, let
fw:fwlo”-ofwny

Vi = fw(‘/O)aKw = fw(K)va = fw* (pwn)a
where fp = id is the identity map.
For all n > 1, let X,, be the graph with vertex set W,, and edge set H,, given by
H, = {(w(l),w(2)) M w® e w,, w® % w(2),Kw(1> N Ko # (Z)} )

Denote w) ~,, w® if (wM w®) e H,.
For all uw € L?(K;v), n > 1, let P,u: W,, — R be given by

1
Pou(w) = 7/ u(z)v(de) = / (uo fu)(z)v(dr), w € W,.
v(Ky) Ko K
Our main result is as follows.

Theorem 2.1. There exists a self-similar strongly local reqular Dirichlet form (Eioe, Floc)
on L*(K;v) satisfying

Eloc(u,u) =< sup > ' Z (P u(wV) — P, u(w(Q)))2

ocC bl 3 n n k)

n=1 w0 (@)

5\" 2
Floe = u € L*(K;v) : sup ) Z (Pnu(w(l)) - Pnu(w@))> < 400
n21\3/) e

Remark 2.2. Above theorem was also proved by Kusuoka and Zhou [17, Theorem 7.19,
Ezample 8.4] using approximation of Markov chains. Here, we use T'-convergence of stable-
like mon-local closed forms.

Let us introduce the notion of Besov spaces. Let (M, d, ) be a metric measure space
and a, 8 > 0 two parameters. Define

[ul g2 (ay = D 20" (u(x) — u(y))?u(dy)p(d),
Y n=1 ]Zd(m,y)/<2"
Wpsin =52 [ [ (u(e) - u(y) Puduts),

n>1
M d(z,y)<2—n

3



and
B2A(M) = {u € LA(M; 1) s [u] ga oy < +00}

2,00 . .
B (M) = {u € LA(M;p) : [“]Bi’jf(M) < +oo}.
It is easily proved that B(Qfﬂ(K ) and BZ?(K ) have the following equivalent semi-norms.

Lemma 2.3. ([9, Lemma 3.1],[23, Lemma 2.1]) For all 3 € (0,+00),u € L*(K;v)

Es(u,u) < Egu,u) = [U]Bi‘;(K)’

sup2(8-on 3 (Pnu(w(l))—PnU( (2))) = [u] g2 (k)

n=1 WD o (@)

where

Z (f—a)n Z (Pnu(w(l)) - Pnu(w@)))2 ,

w) ~,w2)

(u, ) // - |a+5)2 (dz)v(dy).

We have the following two corollaries whose proofs are obvious by Lemma [2.3] and the
proof of Theorem [2.1]
First, we have the characterization of the domain of the local Dirichlet form.

Corollary 2.4. Fioc = Bi?(K) and Eoc(u,u) < [u ]Bzm (K) for all v € Fioe, where

o = log3/log2 is the Hausdorff dimension and $* = log 5/ log 2 is the walk dimension of
BM.

Second, we have the approximation of non-local forms to the local form.

Corollary 2.5. There exists some positive constant C' such that for all u € Fioc

lSloc(u,u) < lim (8" — B)Es(u,u) < hm (ﬁ — B)Es(u,u) < C&oc(u,u),

C 16~
l<5’1c>(;(wu) < lim (8" — B)€s(u,u) < lim (8% — B)€Es(u, u) < C&oe(u, u),
¢ B16* Bt

510c(u u) < ;1;;1*(5 = B)lulp22 (i) < ﬁhT%l*(B = B)lulg22 () < Cloc(u, u)-

3 Resistance Estimates and Good Functions

First, we give resistance estimates. We need two techniques from electrical network. The
first is the well-known A-Y transform, see [14, Lemma 2.1.15]. The second is shorting and
cutting technique, see [5].

For all n > 1, let us introduce an energy on W, given by

E,(u,u) = Z (u(w(l)) — u(w(Q))>2 su € l(Wy).

w o, w2

For all w™®, w® e W,, let effective resistance be given by
-1
R (w™, w®) = inf {En(u,u) cu(wD) =1, u(w®) =0,u € l(Wn)}

] (™) = u(@®))?
= Sup { E,(u,u)

By (u,u) #£0,u € l(Wn)} .

It is obvious that R,, is a metric on W,,.
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Figure 1: An Equivalent Electrical Network

Theorem 3.1. Considering effective resistances between any two of 0™, 1™, 2" we have the
electrical network X, is equivalent to the electrical network in Figure [T, where

Proof. The proof is elementary using A-Y transform. O

Remark 3.2. For alln > 1, we have
n n n n n n 5 "
R,(0",1") = R,(1",2") = R, (0", 2") =2r, = ( = | — 1.

Proposition 3.3. For alln > 1,w € W, we have

Roy(w,0™), R (w, 17, ), R (1, 27) < g <g) .

Proof. By symmetry, we only need to consider R, (w,0"). Letting w = wy . .. Wp—2Wp_1wWp,
we construct a finite sequence in W, as follows.

w) = W1 - . Wp—2Wp—1Wy = W, w® = wy ... Wp—2Wp—1Wn-1,
w(g) =W, .. -Wp-2Wnp_2WnH—-2,...,
w™ = w; .. wiwiwg, W™ =0...000.
For allt=1,...,n— 1, by cutting technique, we have
Ry (w®, (D)

:Rn(wl s Wp—i—1Wp—iWp—i4+1 - - - Wn—i4+1, W1 - - Wn—i—1Wn—iWn—j - - - wn—i)

o 5 g 5 %
§Ri(wn,i+1 oo Wh—j41, Wn—j -« .wn,i) S Ri(Ol, 12) = <3) -1 S (> .

3
Since . .
Ry (™, w") = Ry (wi!, 0") < Ru(0",17) = <§) ~1< (2) ,
we have
Ry (w,0") = Ry, (w ™) < Xn:Rn(w(i) w Dy < Zn: 5 i < 5(5 n.
7 7 st 7 = 3/ 7 2\3

Second, we introduce good functions with energy property and separation property.
For all g, 1,22 € R, let U®0:#122) © K 5 R be the standard harmonic function with
boundary value g, 21,2 on pg, p1, P2, respectively, see [12].



Let
u= {U(“'“’l'l’“) : Xo, X1, T2 € R}.

For all u € L?(K;v), n > 1, let

A, (u) = Ep(Pyu, Pyu) = Z (Pnu(w(l)) _ pnu(w(2)))2

W)~y w(2)
We have energy property as follows.

Theorem 3.4. ([22, Theorem 3.1]) For all U = U@0*1:22) ¢ Y n > 1, we have

<§>n - <§)2n] ((zo —1)® + (21 — 22)” + (z0 — 22)) .

We have separation property as follows.

Proposition 3.5. U separates points, that is, for all x,y € K with © # y, there exists
U € U such that U(z) # Uly).

Proof. Without lose of generality, we may assume that € Ko\K; and y € K;1\K,. Take
U=U%00 ey, then U(z) € [2,1] and U(y) € [0, 2), hence U(z) > U(y). O

4 Weak Monotonicity Result

In this section, we give weak monotonicity result using resistance estimates.
For all u € L?(K;v), n > 1, let

D(u) = (Z)nAn(u) - (g)n > (Pau®) - Pnu(w<2>))2

W)~y (@)
The weak monotonicity result is as follows.

Theorem 4.1. There exists some positive constant C' such that
D, (u) < CDypyn(u) for all u € L*(K;v),n,m > 1.
Indeed, we can take C' = 36.

Remark 4.2. In Kigami’s construction, the energies are monotone, that is, the constant
C = 1. Hence above result is called weak monotonicity result.

Theorem [.1] can be reduced as follows.
For all n > 1, let

Golu) = (;)nEn(u,u) = (Z)n (lgj ) (u(w<1>) —u(w(2))>2,u € 1(Wy).

For all n,m > 1, let My, s, : {(Wyqm) — [(W,,) be a mean value operator given by

1

= 37’L
veW,,

(M mu)(w) w(wv),w € Wy, u € l(Whim).

Theorem 4.3. There exists some positive constant C' such that
Gn(Mp mu) < CGpam(u) for all u € (Whim),n,m > 1.
Proof of Theorem using Theorem[{.3 Note P,u = M, n(Pp+mu), hence
5\" 2
N 1)y _ (2) —
D, (u) = (3) Z (Pnu(w ) — Phu(w )) = Gp(Pu)

w1~y ()

W~y w2

Gn(Mn,m(Pneru)) é CGn+m(Pn+mu)
C



Proof of Theorem[{.3 Fix n > 1. Assume that W C W, is connected, that is, for all

w® w? e W, there exists a finite sequence {v(l), e ,’U(k)} C W with v = w® k) =
w® and v® ~,, v+ forall i = 1,... k — 1. Let us introduce an energy on W given by
Bw(uwu) = > (u(w)—u(w®))?uel(W).

w W@ ew
w0 (@)

For all w™® w® e W, let effective resistance be given by
-1
Ry (0™, w®) = inf {Ew(mu) cu(wD) =1, u(w®) =0,u € Z(W)}

o () —u(w®))?
- p{ Ew(u,u)

: Bw(u,u) #0,u € l(W)}

It is obvious that Ry is a metric on W.
By definition, we have

G ( My ) = (2)n > (i > ( “(w(z)”))>2

W)~y (@)

EWn
<(3) T a3 (et
w1~y w(2) EW,,

For all w™ ~,, w®, there exist i,j = 0,1,2 such that w®i"™ ~, ., w® ™. For all
v € W, we have

2
(u(w(l)v) - u(w(2)v)) < Ryow,,uw®w,, (w(l)vaw(2)v)Ew(1)WmUw(2)Wm (u,u).
By cutting technique and Proposition we have

R,ow,, Uw<z>Wm(w(1)v,w(2)v)
<R,ow Djm

m

ow@w,, (WP, wMi™) + Ryow, sw@w,, (i, w®5m)

+Rw(1)WmUw(2)Wm (w(2)jm7 w(2)v)

5\" 5\"
<Rp(v,i™)+ 14 Ryp(v,5™) <5 <3> +1<6 (3) )

hence
5 m
(uw(wMv) — u(w@v))? <6 <3> E,ow,, ue@w,, (U, )
5" @ m @ ;my)?
=6 (3 ) (Buow, (@) + By, () + (u@?im) —u@?5™)").
Hence

3m Z ( (wMo —u(w@)v))2

UEW’V‘V‘L

5\" . ) 2
<6 <3) (Ew(l)Wm (u,u) + Ew<2)Wm (u,u) + (u(w(l)@m) — u(w(2)J )) ) .

In the summation with respect to w™) ~,, w®), the terms E, o)y (u,u) and By, (u,u)
are summed at most 6 times, hence

n m n+m
(M mt) < 6 (g) 6 (g) By o (0, 1) = 36 (g) B (1, 10) = 36 4 (1).



5 Proof of Theorem [2.1]

We need the following result for preparation.

Theorem 5.1. ([7, Theorem 4.11 (iii)]) For all u € L*(K;v), let

=S 5 (i)
n=1 w) ~pw(2)
F(u) = sup 2f=)n Z (Pnu(w(l)) - P”u(w(z)))z ’

nzl W o w(2)

Then for all B € (a, +00), there exists some positive constant ¢ such that
B—a
lu(z) —u(y)| < e/ E(u)lz —y| =, (4)
B-a
u(z) —u(y)| < e/ F(u)lz —y[ =, (5)

for v-almost every x,y € K, for all u € L*(K;v).

Remark 5.2. Ifu € L?(K;v) satisfies E(u) < +00 or F(u) < 400, then u has a continuous
version in C°7* (K).

We collect some basic facts about I'-convergence. In what follows, K is a locally compact
separable metric space and v is a Radon measure on K with full support.

We say that (€, F) is a closed form on L?>(K;v) in the wide sense if F is complete under
the inner product & but F is not necessary to be dense in L?(K;v). If (£,F) is a closed
form on L?(K;v) in the wide sense, we extend & to be +oco outside F, hence the information
of F is encoded in €.

Definition 5.3. Let £", & be closed forms on L?(K;v) in the wide sense. We say that E"
is I'-convergent to &€ if the following conditions are satisfied.

(1) For all {u,} C L?(K;v) that converges strongly to u € L*(K;v), we have

lim E™(up,un) > E(u,u).

n—-+o0o

(2) For all u € L*(K;v), there exists a sequence {u,} C L*(K;v) converging strongly to
u in L*>(K;v) such that o

- n < .

ng{lr»loog (Un, up) < E(u,u)
Proposition 5.4. ([{, Proposition 6.8, Theorem 8.5, Theorem 11.10, Proposition 12.16])
Let {(E™,F™)} be a sequence of closed forms on L*(K;v) in the wide sense, then there exist
some subsequence {(E™, F")} and some closed form (€, F) on L*(K;v) in the wide sense

such that E™ is I'-convergent to £.

In what follows, K is the SG in R? and v is the normalized Hausdorff measure on K.
We have non-local regular closed forms and Dirichlet forms as follows.
For all g > 0, let

i) =320 S (Pt - Batw®)’,

n=1 w®) ~, w2)
e 2
Fs=1ueLl*K;v): Z 9(f=c)n Z (Pnu(w(l)) - Pnu(w@))) < +00 o,
n=1 w® ~,w2)

denote &p(u,u) = [u] B2 (K) for simplicity.

Theorem 5.5. For all B € (a, %), (€3, Fp) is a non-local reqular closed form on L?(K;v),
(&3, F3s), (€5, Fs) are non-local regular Dirichlet forms on L?(K;v). For all 8 € [3*,+00),
Fg consists only of constant functions.



Remark 5.6. &g does not have Markovian property but &, g do have Markovian property.
An interesting problem in non-local analysis is for which exponent 8 > 0, (€, F3) is a
regular Dirichlet form on L?(K;v). The critical exponent

B =sup {8 >0: (€5, Fp) is a regular Dirichlet form on L*(K;v)}

1s called the walk dimension of the SG with Fuclidean metric and Hausdorff measure. A
classical approach to determine By is using the estimates and subordination technique to

have log 5
* 0g
ﬂ* = ﬂ =

see [19]. The following proof provides an alternative approach without using BM.

log2’

Proof of Theorem[5.5. By Fatou’s lemma, it is obvious that (£g,Fp) is a closed form on
L?(K;v) in the wide sense.

For all g8 € (a,*). By Theorem Fg C C(K). We only need to show that Fgz is
uniformly dense in C(K), then Fj is dense in L?(K;v), hence (€, F3) is a regular closed
form on L?(K;v).

Indeed, by Theorem for all U = U®0:*1:%2) ¢ I/ we have

Z o(B—ain 2 (2)” _ @)%1 (w0 — 1) + (21 — 22)? + (20 — 72)?)

2 n
< 3 (o — 21)* + (z1 — 22)* + (20 — 22) Z 2(f=em (> < 400,

hence U € Fg, U C Fg. By Proposition 3.5} Fs separates points. It is obvious that Fj
is a sub-algebra of C(K), that is, for all u,v € F3,c € R, we have u + v, cu,uv € Fg. By
Stone-Weierstrass theorem, Fp is uniformly dense in C'(K).

Since &3, € do have Markovian property, by above, (&3, F3),(€g,Fp) are non-local
regular Dirichlet forms on L?(K;v).

For all 5 € [5*, +00). Assume that u € Fp is not constant, then there exists some integer
N > 1 such that Dy (u) > 0. By Theorem [4.1] we have

= 3\" R 3\"
— (B—a)n [ 2 el (B—a)n [ 2 -
=S 2 (D) Dz g Y 2 (2) D) = hoe,
n=1 n=N+1
contradiction! Hence Fg consists only of constant functions. O

We need an elementary result as follows which will be frequently used.

Proposition 5.7. Let {x,} be a sequence of nonnegative real numbers.

(1)

lim 2, <lim(l—A Z)\ ;En<hm1—)\)Z)\”xn< lim z, < supz,.

n—r+oo ATl 1 n—+oo n>1

(2) If there exists some positive constant C such that
Ty < Cxpgm for alln,m > 1,

then

supz, <C lim z,.
n>1 n—-+o00

Proof. The proof is elementary using e-IN argument. O

Take {f.} C («, 8*) with 8, T 8*. By Proposition there exist some subsequence
still denoted by {3, } and some closed form (£, F) on L*(K;v) in the wide sense such that
(B* — Bn)Eg, is I'-convergent to £. Without lose of generality, we may assume that

0< B =B, <

We have the characterization of (£, F) on L?(K;v) as follows.

1
1 for all n > 1.



Theorem 5.8.

" 2
E(u,u) < sup Dy, (u) = sup (5> Z (Pnu(w(l)) — Pnu(w(Q))) ,
nz1 n21\3/ e

F=que L2(K; V) :sup (Z)n Z (Pnu(w(l)) — Pnu(w(2)))2 < 400

nzl W oy w(@)

Moreover, (€, F) is a regular closed form on L*(K;v) and

—— _supD,(u) < E(u,u) < D, (u).
2(log2)c? Sk D) = E(usu) < 0 sup D(u)

Proof. Recall that

oo [oe]
Ep(u,u) =Y 2007 A, (u) = > 207Fm D, (u).
n=1 n=1

On the one hand, for all u € L?(K;v)

E(uu) < lim (B* = Bn)Es, (u,u) = lim (8% = B,) Y 200 "FF Dy (u)
n—+00 n—-+oo 1
1 i .
= lim (1—2°—8 2Bn=Bk D, (y) < sup Dy (u).
log 2 njoc( )]; K(u) < log 2 kzrl) k(u)

On the other hand, for all u € L?(K;v), there exists {u,} C L?(K;v) converging strongly
to u in L2(K;v) such that

2(Bn =Bk D) (uy)

NE

E(u,u) = Tm (8% = )€, (Un,un) = Tim (5" = Bp)

n—-+o0o n—-+oo

el
I

1
2(Brn—B")(n+1)
1 — 2Bn—p*

> (5= 5a) D 2D, ) = ¢ T (57 )

—(C no+o0 Pt n—-too Dn(un) .
=n

Since 0 < £* — B, < 1/(n + 1), we have 23»=F)(n+1) > 1/2. Since
ﬂ* — En 1

I =
oo 1 — 2B log2’

we have

5" — B Dy (uy) > L Tm Dy, (uy).

1
> — - -
Eluu) 2 3 = 2(log 2)C n=rtoo

G T
Since u,, — u in L?(K;v), for all k > 1, we have

Di(u) = lim Dg(up)= lim Di(u,) <C lim Dy(uy).

n—-+00 k<n—4oc0 n—s—+oo
Taking supremum with respect to k > 1, we have

sup Di(u) < C lim D, (u,) <C Tim D,(u,) < 2(log2)C%E(u,u).
k>1 n——+oo n—+oo
By Theorem F C C(K). We only need to show that F is uniformly dense in C(K),
then F is dense in L?(K;v), hence (£, F) is a regular closed form on L?(K;v).
Indeed, by Theorem for all U = U®0:*1:%2) ¢ I/ we have

sup D,,(U) = sup (Z)n g l(g)n - (:;))2”1 ((zo = 21)? + (21 — 22)? + (w0 — 2)°)

n>1 n>1
2
<3 ((zo — 21)* + (w1 — 22)? + (w0 — 2)*) < 400,
hence U € F, U C F. By Proposition 3.5 F separates points. It is obvious that F is a
sub-algebra of C(K). By Stone-Weierstrass theorem, F is uniformly dense in C(K). O
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Now we prove Theorem using a standard method as follows.

Proof of Theorem[2.1}. For all u € L?(K;v), n,k > 1, w € Wy, wH) ~; w?), we have

Poppu(ww®) = / (w0 fuwm)(@)r(dr) = / (uo fu o fuw)(@)v(dz) = Pe(uo fu)(w?),

K K
hence
S Apuofu)= > > (Pk(uofw)(w(1)> _Pk(uofw)(w(Z)))Q
weW, wWEWn w) ~pw(2)
< Y (Paow) - Pgu@®)) = A iu),
w ~opy w2
and
5 n 5 n+k 5 n+k
(3) Z Di(uo fy) = (3) Z Ar(uo fi,) < (3) Apik(u) = Dpyg(u).

weW, weEWn,

For all u € F,n > 1,w € W,, we have
3\" 3\"
sup Dg(uo fy,) < sup Z Dy(uo fi) < | =) supDptr(u) < (=) supDi(u) < 400,
k>1 K21 5) k>1 5) k>1

hence u o f,, € F.
For all uw € L?(K;v),n > 1, let

E(u,u) = ; (vt | u(x)u(dm)z,
2 () = (g)"wzvjv E(wo furuo fu).

By Theorem 5.1} we have
B < | (wp) = uta))* laz)

2
< Z/ Alpi — x| (sup Dk(u)> v(dz) < 3¢? sup Dy, (u),
/K k>1 k>1

hence

g(n)(u, u) < (5) Z 3c? sup Dy, (u o f,) < 3¢*°C (5> Z lim Dg(uo fy)
3 weW, k=1 3

wew,, k— o0
(6)

5 n

2 . 2 : 2

= o 211 w) = 24 n+ = -

<3c C’( ) lim Z Di(uo fyy) <3c*C lim Dypyp(u) < 3¢*Csup Dy (u)
3/ kst =r k—+o0 k>1

On the other hand, for all u € L?(K;v),n > 1, we have

D =(3)" ¥ ([ wesewmtan - [ wetue@man)

W~y w(2)
For all w™®) ~, w® there exist i, j = 0,1,2 such that

K, N Kye = {fun @)} = {fue @)}
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Hence

nw=(l) ¥ [(wofwm)(pi) [ e @)

w) ~oy ()

. ((uofw(z))(pj)_/K(uofwu))(x)u(dx))zl

sa(§> ) Z(uOfw P /<uofw><x>u<dx>)2

weW,, i=0

—6(2 Fluo b o f ) — gE™
_6(3> Z E(uo fy,uo fy) =68 " (u,u).

weW,

For all u € L?(K;v),n > 1, we have

—(nt1) 5 n+1 B
E (u,u)z <3) Z g(uofwauofw>
weWn 41
5\ "t 2 B 5 2 —(n) ®
:(3) Z Z 5(u0fi0fw,u0fi0fw):§25n(Uofi,uofi)~
i=0 weW, i=0

Let
1
EM (u,u) = fE (u,u),u € L*(K;v),n > 1.

3

By Equation (), we have

EM (u,u) < 3¢2C sup Dy (u) < E(u,u) for all u € F,n > 1.
k>1

Since (&, F) is a regular closed form on L?*(K;v), by [3, Definition 1.3.8, Remark 1.3.9,
Definition 1.3.10, Remark 1.3.11], we have (F,&1) is a separable Hilbert space. Let {u;},>,

be a dense subset of (F,&). For all ¢ > 1, {5(") (u“ul)} N is a bounded sequence.
n>1
By diagonal argument, there exists a subsequence {nj},~, such that {EN(”k)(ui,ui)}k
> >1
converges for all 4 > 1. Hence {g(”k)(u, u)} converges for all u € F. Let
k>1

Eoc(uy,u) = lim Ene) (u,u) for all u € Flpe := F.
k——+oo
Then
Eroc(u, 1) < 3¢2C'sup Dy (u) for all u € Fioe = F.
E>1

By Equation , for all u € Fioc = F, we have

c(nk) > i g > l i > i
Eioc(u,u) = lim £ (u, u) nll%oog (u,u) 2 & kg%m Di(u) 2 o= P

Hence

Eloc(u, u) < sup Di(u) for all u € Fioc = F.
E>1

Hence (Eioc, Fioc) is a regular closed form on L?(K;v). Since 1 € Fioe and Eoc(1,1) = 0, by
[6l, Lemma 1.6.5, Theorem 1.6.3], (Eoc, Fioc) on L2(K;v) is conservative.
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For all u € Floc = F, we have uo f; € F = Floc for all i = 0,1, 2. Moreover, by Equation
(18), we have

2

2
g;sloc(uofi,uofn:g lim &M (wo fiuo f,)

Pt k—+o00
1[5 = 1 & 1)
:kkr&oazl_l lg ;05 <“°f““°fi>] = kETMjZl_I £y
LA 1 —(nx+1) 1 =)

= 1. _ _ _ —

Jm lﬂk ;:1 EV (u,u) + nkE (u,w) nké‘ (u,u)
— 1 G(nk) —

k£r+noo EV) (u,u) = Eroc (U, w).

Hence (Eloc; Floe) on L?(K;v) is self-similar.

For all u,v € Flo. satisfying supp(u), supp(v) are compact and v is constant in an open
neighborhood U of supp(u), we have K\U is compact and supp(u) N (K\U) = 0, hence
§ = dist(supp(u), K\U) > 0. Taking sufficiently large n > 1 such that 2!=" < §, by
self-similarity, we have

& (uv):<5>n Z Eloc(uo fy,v0 fi)
loc\Y, 3 loc wH w)-

weW,

For all w € W,,, we have uo f,, = 0 or v o f, is constant, hence Eoc(u o fip,v 0 fi,) = 0,
hence Eoc(u,v) = 0, that is, (Eloc, Floe) on L2(K;v) is strongly local.
For all u € Floc, it is obvious that ut,u™,1 —u, 7 = (0Vu) A1l € Floc and
Eroc(u, 1) = Eloc(1 — u, 1 — ).
Since ut
Hence

E]OC(U7U) = 5loc(u+ - u77u+ - ui) = gloc(u+7u+) + gloc(uiaui) - 2€Ioc(u+7u7)
= 510C(u+,u+) + gloc(u_au_) > gloc(u+7u+) = 5100(1 - U+, 1- ’U,+)
> Epe((I—u)T, (1 —ut)T) = Eoc(1— (1 —u™)T, 1= (1 —u™)T) = Eoe(w, 1),

u” = 0 and (Eoc, Floc) on L?(K;v) is strongly local, we have Eoc(u™,u~) = 0.

that is, (Eloe, Floc) on L2(K;v) is Markovian. Hence (Ejoc, Floc) is a self-similar strongly
local regular Dirichlet form on L?(K;v). O

Remark 5.9. The idea of the standard method is from [17, Section 6]. The proof of Marko-
vian property is from the proof of [1, Theorem 2.1].
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