CONCENTRATION OF MEASURE FOR FINITE SPIN SYSTEMS
HOLGER SAMBALE AND ARTHUR SINULIS

ABSTRACT. In this work we continue the investigation of |[GSS18| on concentration
of measure of higher order for various finite spin systems. We show that under
the presence of a logarithmic Sobolev inequality it is possible to estimate the
growth of the LP-norms of any function, which leads to concentration inequalities.
Applications to several statistics in the exponential random graph models, the
random coloring models, the hard-core model and the Erdés-Renyi model are given.
We show the effect of better concentration results by centering not around the mean
of the statistic (a zero order approximation), but around a stochastic term (a first
order approximation) in the exponential random graph model. In the Erdos-Renyi
model we prove a central limit theorem for various subgraph counts.

1. INTRODUCTION

The concentration of measure phenomenon is by now well understood. Informally,
as stated by M. Talagrand in [Tal96|, it can be described as the phenomenon that
a function of n i.i.d. random variables Xi,..., X, tends to be very close to its
expected value, where the function is usually assumed to be Lipschitz continuous in
some sense, depending on a suitably adapted notion of a gradient. In other words,
the distribution of any Lipschitz function under product measures shows strong
concentration properties.

Here we study a situation in which we usually have weak dependence, and we
impose boundedness conditions on the higher order differences of some function f.
Moreover, it certain cases it is useful to center f around a certain stochastic expansion
to further improve the concentration properties. The spaces under consideration will
be finite, though typically large, products of finite spaces, endowed with a measure
1, which we call spin system. Examples of spin systems include the Ising model, the
exponential random graph model, the random coloring model, the hard-core model
and also models with independent entries such as the Erdos-Renyi model.

1.1. Logarithmic Sobolev inequalities. In the context of concentration of mea-
sure, functional inequalities have become prominent and important in the nineties,
since these yielded easier proofs of known (and previously unknown) concentration
results. For an introduction to the concentration of measure phenomenon and
functional inequalities we refer to [Led01] or more recently [BLM13].
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We will consider logarithmic Sobolev inequalities on spin systems. Let X and Z
be finite sets, and let ) = X7T be the set of all configurations and equip ) with a
probability measure p (called a spin system). Define the entropy functional

(1.1) Ent, (f) = p(flog f) — u(f)log(u(f)) for f =0
and the Dirichlet form

1 ~ _ _ SO
(12) &u(f.9) =35 Z/J)/X(f(yi,yi) — S @ D) 9@, yi) — 90 9))du(y | 7)duly)
ieT
=3 [ Covurmy (@) 901, ) (37).
ieT
Here we use the abbreviation yu(f) = [ fdu. Moreover, 7j; = (y;);jer\ (i} is a generic
vector, by p(- | 7;) we always mean the conditional probability interpreted as a
measure on X, and 7i; is the marginal measure on X7\, More generally, for any
S C T we write §g, (- | Jg), fig for the obvious analogues. If g, is such that 7,(7;) = 0
we interpret the integrand as 0.

We say that (), ) satisfies a logarithmic Sobolev inequality with constant o (in
short LSI(¢?)) if forall f: Y — R

(1.3) Ent,(f*) < 20%E,(f, /).

The best constant in (|1.3]) is known as the logarithmic Sobolev constant. L. Gross
[Gro75] was the first to prove the logarithmic Sobolev inequality for the Gaussian
measure with another Dirichlet form.

1.2. Difference operators and concentration of measure. For any spin system
w satisfying LSI(0?) we may obtain concentration of measure results by applying the
main result of |[GSS18, Theorem 1.5]. To this end, observe that the (diagonal of the)
Dirichlet form can be rewritten as

(14) & 1) = [1ofPdu =5 [(in)an,

where |-| will always be the Euclidean norm of a vector and

(15) 2@ = (5 [ 1) - FEn) duty 7))

is the “local variance”. This is exactly the difference operator under consideration in
|GSS18|, Definition 2.2]. A more general definition of a logarithmic Sobolev inequality
is with respect to a certain difference operator, i.e. an operator I' : L*>°(u) — L>(u)
with the property that |T'(af + b)| = a|T'(f)] for all @ > 0,b € R. We say that p
satisfies a logarithmic Sobolev inequality with respect to T', if for all f € L®(u) we
have

(1.6) Ent,(f?) < 202/F(f)2d,u.

Note that the definition above agrees if we define the difference operator [0f| =

(Sier(0:£)2)'?. A second type of difference operator is given by [6f] = (Siez(hif)?)"?
for

(1.7) bif(x) =11 (@i, i) — (@i Vi) | (u@i) 2@ -
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It is easy to see that if p satisfies LSI(0?) with respect to 0, then it also satisfies
LSI(0?/2) with respect to b, i.e.

(1.8) Ent, (/%) < o [ [0/ dn.

As usual, this in particular implies a Poincaré inequality

varu(f) < % [IbfPdp.

We moreover need to introduce higher order differences b;, ;, for any d € N by
setting

hil...idf = hn(h%zldf)

In particular, we obtain tensors of d-th order differences h@ f with coordinates b;, . ; I
Regarding h¥ f as a vector indexed by Z¢ we may define [h@ f| as its Euclidean
norm. We will write || f||, for the LP(x) norm of f and |[6@ f||, = |||h'D |||,

A version of [GSS18, Theorem 1.5] adapted to our purposes now reads as follows:

Theorem 1.1. Let i be a spin system on Y = X7T satisfying LSI(c?) with respect to
0, and let f € L>(u). Then for all p > 2

d—1
(1.9) If = 1(F)lls < D)2 I6® £l + ()26 £,
k=1

In particular, if ||H'D f|le < C(d, f) for some d € N, then

(1.10)
1

. 12/d ' +2/k
plf = ()l = t) < e*exp (—Wmm (W’k:{%l W>> '

Typically, we will apply Theorem in the context of subgraph counting. To
this end, we will consider functions which resemble multilinear polynomials. For any
d € N we define the diagonal of the index set Z¢ as

Ag={(ir,...,00) € T |{ir,...,ia}| < d}.

Let f: X — R be a function which depends on a single spin only, d € N and A a
d-tensor with vanishing diagonal. We can associate to f the functions f;, f; : JV — R
defined via f;(y) = f(v:), fi(y) = f(y;) — pi, where we use the short-hand notation

d
(111> Hiy..ig ::/Hfijd/’l’
j=1
and
d
(1.12) iy ..iq = / LI(f, = pa,)dp
j=1

for any 4y,...,iq. From (f,d, A) we may now construct polynomials as follows: let
J be any set and consider

P(JT) = {S C 27 : S is a partition of j}.
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Let N : P(J) — Ny be the number of singletons in a partition P, i.e. the number of
sets {i;},i; € J, and M : P(J) — Ny the number of subsets with more than one
element. To any partition P € P(J) we associate a polynomial gp given by

gp = (=DM TT 5 11 Ao

JeP  Jep
J=1 [J>1

Finally, we set

(L13) faa= >, Ar Y. grp= Z Ar S0 (0MOTT £ 1T Ao

I=(i1,ig)  PeP(I) I=(i1,...i))  PeP(I) |§|€:F1 |§‘e§
The main result of this section is the following concentration inequality for the
functions fg 4.

Theorem 1.2. Let i be a spin system on Y = X7T satisfying LSI(c?) with respect to
0, d € N, A a d-tensor with vanishing diagonal and f : X — R with |f(z) — f(y)| < ¢
for allx,y € X. Then, f4 asin (1.13) is a centered random variable, for all p > 2
we have

d/2
(1.14) 1faall, < (Al p)
and
) t2/d
(1.15) 1 (1 fanl > £) < 2 exp (— )
‘32/d‘7202”14|‘§/d

Remark. Additionally one can show that also the bound

t2/d
(| fa,al > 1) < 2exp (-)
dea?c|| Ay

holds. This can be done by estimating the exponential moments of |fz 4|, see e.g.

[BGST7].

If we assume that the spins are independent, then any P € P(I) except for
P = {{i1},...,{ia}} leads to gp = 0. Thus the following Corollary easily follows.

Corollary 1.3. Assume that p = Q7 u; is a spin system satisfying LSI(c?) with
respect to 0. For any d € N, any d-tensor with vanishing diagonal and any function

f:X =R with |f(x) — f(y)] < ¢ we have

I >t| <e’exp (- - 2/d>
e?/doc?||All3

Actually, in the case of independent random variables, the logarithmic Sobolev
condition can be significantly weakened or even removed. By the results of S. G.
Bobkov, F. Gotze and H. Sambale, this can be shown for any set of independent
random variables, see [BGS17, Theorem 1.1].

2{: f4iy.jdj21" 'j;d

U1yeenid

1.3. Logarithmic Sobolev inequalities for spin systems. Our results build
upon the concept of weakly dependent random variables which enables us to mimic
some procedures known from the case of independent random variables. In particular,
this includes the tensorization property of the logarithmic Sobolev inequality. The

latter was initially proven by K. Marton [Marl5| (see also |GSS18, Theorem 4.1]).
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Let p a spin system on Y = X%, Define an interdependence matriz (J;;)i jer as
any matrix with J; = 0 and such that for any x,y € Y with T; =y; we have

(1.16) dry (p(- [ i), p(- 1 7)) < Jij-
Here, dry denotes the total variation distance of two measures i, o on some discrete
space X

ry (. 12) = sup i (4) — o) = 2 3 () = pof)]
ACX zEX

The matrix J (or any norm thereof) may be interpreted as measuring the strength
of the interactions between the spins in the spin system p. In particular, note that if
i is a product measure, then J = 0 is an interdependence matrix.

Moreover, we need to control the minimal probabilities of the marginal distributions
of the spin system p. To this end, let for any subset S C 7

Bis(u) = inf = inf - p((yse)i | xs).
zgeX ysc€XS
ps(xs)>0 p(yge,x5)>0

If S = 0, this reads Bl-’@(p) = infyey.u)>o (). The interpretation of B@S(ﬂ) is
straightforward: For any admissible partial configuration g € X all possible
marginals are supported on points with probability at least Bz s(p).

Now let

(1.17) Blu) = inf inf Bis(u)

be the infimum of all Bzg(,u) Note that if there are no hard constraints, i.e. p has
full support, 5(u) can be simplified to

Bp) = I(p) = mip min p(y; | 7).

The next theorem establishes a logarithmic Sobolev inequality with a constant
depending on 8 and J for all finite spin systems.

Theorem 1.4. Let j1 be a spin system on Y = XT. Assume that for some aq, s > 0
Blu)=ar  and [ J]lase < 1—ay,

where J is a suitable interdependence matriz. Then, a logarithmic Sobolev inequality
with constant o = log(a; ) (log(2)a1a?)™! holds, i.e. we have for any f Y — R
vanishing outside of supp(u)

1
(1L18)  Ent, (/%) <20* 3o [ (F) = 1@ 2)du(z | 5)duty).
ez 2/yv/x
Various examples of spin systems satisfying the conditions of Theorem will be
given in Section 2.

1.4. Related work. Tail estimates of the order t>/¢ for Gaussian chaoses of order
d have been proven by R. Latala in [Lat06]. P. Wolff extended this for d = 2 to
functions of Gaussian random variables with bounded Hessian in [Woll3]. The idea
of using higher order derivatives to bound the growth of L? norms of a function f
appears in [Ada06] (for U-statistics) and in [AW15] in the presence of Sobolev-type
inequalities. In [GS16| the authors study concentration of second order for general

independent random variables, and in [BGS17] the applicability is extended to all
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possible orders, again under independence assumption. In [GSS18|, independence has
been replaced by the assumption that the measure p satisfies a logarithmic Sobolev
inequality with respect to a probabilistically defined difference operator.

1.5. Outline. In Section 2l we show how to use Theorems [LL1] and [I.2] to obtain
concentration inequalities for functions of weakly dependent random variables for
various models, including the exponential random graph model, the random coloring
model, the hard-core model and the Erdds-Renyi model. Section [3| contains the
proofs of all results.

2. APPLICATIONS

We will use Theorem to prove several results in finite spin systems. The most
important cases of the general result will be d = 1,2, 3. It is easy to check that we
have

fl,A = 2A1ﬁ7
ieT

fo,a = Z Aiififi,
i,j€T

fS,A = Z Aijk (ﬁf]ﬁc - ﬁ/jjk - f;/jzk - fk/j@]) .
i,j,keT

2.1. Exponential random graph models. As a first example of a discrete model
satisfying a logarithmic Sobolev inequality and thus concentration properties for
suitable functionals, we consider the exponential random graph model. To define the
model, for any two graphs G, = (V4, E1) and Gy = (Va, Es) denote by Ng, (G2) the
number of graph homomorphisms ¢ : G; — G5 (i.e. injections ¢ : Vi — V5 which
preserve edges). Moreover G,, shall be the set of all simple graphs on n vertices.

Definition 2.1. Let n € N, 8 = (f1,...,05;) € R® and Gy,...,G; be arbitrary,
connected simple graphs with vertex sets V; and edge sets F;. The function

. NGi (l’)
(2.1) Hg:G, >R,  Hg(z):=n ;5 i
is called Hamiltonian and the probability measure
(2:2) ps({z}) = Z7' exp(Hg(x)) where Z = ) exp(Hg(y))
y€Gn

the exponential random graph model (ERGM) with parameters (8,Gq,...,Gs),
abbreviated as ERGM(B, G4, ..., Gy).

We will always assume G to be the complete graph on two vertices K,. For any
set of parameters (8, G, ...,Gs) we define the functions ®4,¢s: [0,1] = R

(2.3) Ds(w) = Y2 AIBIET = By 4+ 3 Bl Bl
i=1 i=2
__exp(2Pp(x)) 1
(2.4) pp(r) = 5 T exp (2B (1)) 5 (14 tanh(®p(x)).
For any parameter 8 = (f1,...,[8s) we set [B] == (|51],...,|Bs]). It is known that

the function g determines whether the Glauber dynamics associated to jg is rapidly

mixing or not (see [BBS11|, under the assumption of 5; > 0 for all i = 1,...,s).
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Additionally, under the condition %@1 (1) < 1, which also appeared in [CD13,
Theorem 6.2], it was shown in [Sinl8, Theorem 2.2] that the Glauber dynamics is still
rapidly mixing, allowing for possibly negative values of ;. Especially the conditions
of Theorem were proven, and thus the following Proposition readily follows.

Proposition 2.2. Let 8 be such that %CD"m(l) < 1. Then, ug satisfies a logarithmic
Sobolev inequality with a constant o? = af, depending on B, i.e.

(2.5) Ent,, (f2) < 202/|0f|2du5.

We can use the general result on the concentration of the polynomials fg 4 from
(1.13]) with the spin function f(x) =z,z € X = {0,1}.

fl,A = Z Az:ﬁza
i€Ln

foa= > Ay(Tij — fuij),
=

fsa= Y Ak @ie — fijr — 3Tifij) -
4,5,kELn

In particular, | f(z) — f(y)| < 1, and so the next Corollary immediately follows from
Theorem [I.1] and Proposition [2.2]

Corollary 2.3. Let ug be an ERGM with %@"5‘(1) <1,deN fixed, A a d-tensor
with vanishing diagonal and f4 4 as above. We have

(2.6)

2/d 2/d
i (1fual 2 1) < exp <_t/d> < e (_ t M) |
62/d0'2||A||2 62/d02n(n— 1)||A||oo

As can be seen from the proof, the condition %@1 /(1) < 1is only needed to make

sure that g satisfies a logarithmic Sobolev inequality with some constant o which
can be chosen uniformly in n € N. As a consequence, the results from this section are
all valid under the more general assumption of ;5 satisfying a logarithmic Sobolev
inequality. In particular, proving a logarithmic Sobolev inequality for the full high
temperature phase as defined in [BBS11] for || would extend our results to a region
beyond %(I)\lﬂl(l) < 1L

2.1.1. Counting edges. Our first application is counting the number of edges T =
>eer, Te in models pg = ERGM(B, G, ..., G;) satisfying a logarithmic Sobolev
inequality. Note that 77 — ug(T1) = f1.4 for A= (1,...,1). Thus by Corollary
we obtain

t? 2t?
2.7)  ps(ITh — pg(Th)| > t) < e®exp <_6202|Zn\> = e exp <_e202n(n—1)> .
By the intrinsic symmetry (i.e. a relabeling of the vertices {1,...,n} and an appro-
priate relabeling of the edges will result in the same probability law), it is easy to
see that pg(z.) = n does not depend on e € Z,,. Thus pg(T1) = |Z,|n.
In particular, implies a law of large numbers for the edge count. Indeed,
it follows immediately that T /|Z,| converges to n in probability, and the rate of

convergence is of order exp(—(n?)), which in turn implies convergence almost surely.
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2.1.2. Counting edges between two subsets of vertices. Let S1,Sy C {1,...,n} be two
disjoint subsets (not necessarily a partition of {1,...,n}). Define

C(S1,8:) ={e=(i,j) € L, : {i,7} N S1 #0,{i,j} NSy # 0}

and A. == lgg,,5)(e). Clearly we have |C(S1,S2)] = [51]|S2] and thus [|A[3 =
Seez, A2 =[51]|S2|. Once again the statistic Ts, s, == Yoz, Ae¥e is concentrated as

t2
2
(2.8) Mﬁ(|T51752 — Mﬁ(TSI,SQH > t) < e“exp <_620'2|Sl||52|> .

2.1.3. Counting triangles. Let us define for any n € N the set of all triangles
Z,
T, = {{e, f,q} € (3) e, f,g form a triangle} .

Here, (13"> denotes the set of all three distinct edges. The number of triangles is
given by
(2.9) Ty(z) = D Zeyeses-

{e1,e2,e3}€Tn
To obtain concentration results, we shall express the number of triangles as a linear
combination of polynomials of the type f; 4. To state our Proposition, we shall also
require the function
(2.10) f1= Z Te.

eGIn

Proposition 2.4. Let ug be an exponential random graph model with parameters
satisfying %(I)Tﬂl(l) < 1. Then, we have

(2.11) ITs — pe(T3) ||, < (0*np)*? + (0®in®?p) + (0 /2n*p)'/?
and
(2.12) 1Ty — pg(T3) — (n = 2)p2i fillp < (02np)*? + (o n®?p).

In particular, this yields the multilevel concentration bounds

1 23t 2t?
(213) uﬁﬂTg—uﬁ(Tgﬂzws&exp(—min( ))

9e202 nund/?2 pint
and
(2.14)
) ) 1T (Pt
% (|T3 — pp(T3) — (n = 2)pi fr] = t) < e"exp <— Seg2 un <n7 W)) :

Remark. 1t is interesting to note the effect of subtracting the random variable
(n — 2)u2f1. The variance of Ty is of order n*, and thus a normalization of n~2
is necessary to obtain a stable variance, and inequality gives suitable tail
estimates. However, the random variable T3 — (n — 2)u? f; concentrates on a much
narrower range, since the variance is of order n?, and equation yields stretched-
exponential tails in this case. In particular, the term ¢(n — 2) f; serves to remove the
n* variance term which stems from the covariances.

It is easiest to see this in the case s = 1, i.e. 8 = (; and G; = K,. Here we
obtain a collection of i.i.d. {0,1}-random variables (X,)cez, with P(X, =1) = p

(depending on f3;), the Erdos-Renyi ensemble. Indeed, a simple calculation gives
8



Var (Ts — (n — 2)uifi) = p*(1 — p°) (g)

Moreover, inspecting (2.13)), we see that the normalization n~2 corresponds to the
factor n=* in the Gaussian part, whereas the exponential and stretched-exponential
part require a normalization of n=%/2 only. This provides another explanation why
after subtraction of the “linear term” p?(n—2) f; a normalization by n=3/2 is sufficient.

See Figure 1 for a visualization of these observations.
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FIGURE 1. A comparison of T3 — ug(T3) and T3 — pg(T3) — (n — 2)p* f1
for n = 100, f; = —0.1, 82 = 0.05 and G, = K5, G5 = K3 using the
Glauber dynamics and roughly 2 million simulations.

Proof. We claim that we can decompose T35 as follows

(2.15) Ts — p(Ts) = fs+ pfo+ (n = 2)pi fu,
where we define the auxiliary functions
T3 = Z (%616263 - ﬁewzes)
{e1,e2,e3}€Tn
J3 = Z ('%616263 - /7616263 - 3f€1ﬁ6263)

{e1,e2,e3}€Tn
f2 = Z (f€162 - /16162) :
{e1,e2}:e1Nea#0
To see this, it is easy to see by algebraic manipulations that
(2.16) Ty — p(Ts) =Ty + 1o — 1
with
r2 = 3 Z (x61€2 - :U’€162>//Jg = M1 Z xeleg - /4Le1€2
{e1,e2,e3}€Tr {e1,e2}:e1Nea#0

r = 3 Z (xel - :u€1),u6263 = 3(” - 2)/L2fl

{e1,e2,e3}€Tn
and it is also immediate to see that

(2.17) f3="Ts —3(n—2)af1.
9



Here we have set p = p. for some e € I, po = pey and pig = pu(Zy) for some
e, f € Z,, such that e N f # (). (Note that these definitions do not depend on the

choice of the edges e, f.) Combining equations ([2.16|) and (2.17)) yields
(218) T3 — HJ(T3) = f3 + 3(n - 2)(,&2 - M?)fl + Z Tejes — Heyea-

{e1,e2}:e1Nea#0

Moreover we have

(219) f2 = Z (376162 - “6162) - 4“1(71 - 2)f17
{e1,e2}:e1Nea#0

and thus we can ultimately write

(2.20) Ty — (Ts) = f3+ 3(n — 2)(fi2 — p2) f1 + g (f2 + 4(n — 2)p f1)
= fs+ pifo+ (n—2) (3ﬁ2 —3ug + 4#%) fi
= fs+pfot (n—2)uify

as claimed.

Hence, after symmetrization of the summands, the triangle count is the sum
of three terms fy 4 for different tensors, i.e. f3 = f3a,, fo = foa,, f1 = fia, for
(Ag)efg = 1/6 : ]l{e,f,g}ETTm (Ag)ef = %,uﬂlemf#@ and (Al)e = (TL - 2)#% The Hilbert-
Schmidt norms are

I nn-1)(n-2)

[Asl3= > == ~n?*/36

(e.f.9)€Tn 36 36

2
L nn—1)(n —2

R S T T

(e.f):enf#0
[AlE = D (n—2)%u = (n = 2)*uqn(n — 1)/2 ~ pin*/2.

e€ly

Now it remains to apply Theorem O

Remark. In the case of the Erdés-Renyi ensemble, equation reduces to the
Hoeffding decomposition, with (n — 2)u? f; as the first order and p; fo as the second
order Hoeffding term, which also coincides with the decomposition of the function 73 in
L?(pt,,p) in terms of the orthonormal basis (fs)scz,, fs = (p(1—p)) ™12 [Ties(Xs—p).

Using the concentration results, we can mimic the method of Héjek projection
to show a central limit theorem for the triangle count under the assumption that
the number of edges satisfies a central limit theorem. For the special case of the
Erdos-Renyi ensemble, we will develop these ideas more in detail in Section [2.4]

Corollary 2.5. Let g be an exponential random graph model with %@fﬁl(l) <1.If

LS (X - ) = N(0,07)

<n> eGIn
2

T3 — pin (TS)
(n—2)u3y/(3)

10
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Heuristically, the variance o2 should be p*(1 — p*), where p* is the unique solution
of p = ps(p),p € [0,1], since in the high temperature phase (with positive f;) we
have E X, — p*, see [BBS11, Theorem 7].

Proof. Using the decomposition (2.15]) and the concentration of measure results from
Proposition it can be shown that

T3 — p(T) — (n— 2)pifi

(2.21) >t| — 0 for n — oo,
(n—2)uty/(3)
and thus
15 — T T3 - T 1
5 — pp(13) 5 — pp(13) — lel f1:>./\/0 2
(n—2)u%\/(’5) (n—2) /m/ \/
by [Bil68, Theorem 3.1} and the assumption. O

Remark. Actually equation (2.21)) can be quantified; by ([2.14]), the convergence to 0 is

of the order exp(— (%)), and hence (n—2)22(3) ") (T — p(Th) — (n — 2)2 f1)
— 0 almost surely.

2.2. Random coloring model. Next, let us consider the random coloring model.
Given a graph G = (V, E) and a number of colors k > 2A + 1, where A is the
maximum degree of G, the random coloring model p¢ is the measure on {1,...,k}V
that assigns equal probability to all proper colorings. The conditions of Theorem
have been checked in [Sinl8, Theorem 2.7] and hence a logarithmic Sobolev inequality
holds. This especially applies to a sequence of graphs with uniformly bounded
degree.

Proposition 2.6. Let G,, = (V,,, E,,) be a sequence of graphs with uniformly bounded
maximum degree A and k > 2A + 1. Then a logarithmic Sobolev inequality holds for
pa, with a constant o = a*(A).

More precisely, given any function f : {1,...,k}¥ — R vanishing outside of
Qo ==supp u = {(Cv)UEV e{l,....k}V : ¢, # ¢y, Yo ~ w} we have

Ent,,(f2) < 20° Zu )3 [ e) = (@, @) e | 7).
ceQo veV

Similarly, this implies concentration properties for certain functionals. By way of
example, we consider the cases of finding vertices, edges and triangles with prescribed
colors. We will write the results in terms of a single graph G, but the interesting case
will be to consider graphs G,, with |V,,| — oo (but with bounded maximal degree A,,).

Ezample (First order statistic). Let S C {1,...,k}. The statistic
¢)=> 1s(c),
veV
i.e. the number of vertices having a color from S, has the form of f; 4 for the function

f(z) =1g(x) and A= (1,...,1). Hence by Proposition [1.2| we have

t2
2
(2.22) po(|Ty — pe(Th)| = ) < e exp <_€202|V|> :

11



Note that pe(T1) = |V||—‘:| by the invariance of the measure pg under a relabeling of
the colors.

Ezample (Second order statistic). Again, let S C {1,...,k} and

Ty(c) = ; S~ Ls(e)Ls(e) — iales € S.cu € )

be the number of edges with both endpoints colored with colors from S. If we again
choose f(z) = 1g(z) and the 2-tensor as A,, = 1/2 - 1,.,, we obtain

foale) = 5 3 Fofu = o

It is clear that

A
(2.23) for=1— 1A

k

From this decomposition, we obtain a two-level bound for the statistic T3 as

Tl < Mool + ol < 0% A® o + (2p AV
S 2 1/2
— B2 + (S 3 (o)

veV
Using ((1.10)), we arrive at
1 2t k2t
Ty >t) < e ——— mi :
el 0 o (=g min (i e )

Example. Lastly, let us consider the case of finding triangles with vertices having

prescribed colors. To this end, let n := % = ug(c, € S), Tn be the set of all triangles
in GG,, and define

Z deg(w)fw =T5 — f17A(1).

weV

(2.24) Tsc)= Y. Ls(cu)ls(cy)ls(cy).
{u,v,w}eTs

Again, the centered version can be rewritten

(2.25) Ty — pic(T3) = fs a2 — 30" fa,a@ — 30f1a0,

where

fsaw = > JuFofw = ne(fufufo) = 3fonc(fofu)

{u,v,w}eT

f2,A<2>: Z fuﬁ,A(u,v)

{u,v}:u~v
f1,A<1> = Z ﬁA(u)

Here A(u,v) = |S1(u) N Si(v)] is the number of triangles with vertices v and v and
A(u) = {v,w} : {u,v,w} € T,| is the number of triangles with vertex u. This
decomposition yields

(2.26)

1 t2 t ¢33
— 2 _— ]
o1 =091 205 o0 (=g 55 s e ) )

12




Clearly >, A(u)? < 3A|T,|, and so
1 2
' _ S 1T 1/24) < o2 i B s
@2 o (T (] 2 [T20) < o (gl (155 ) )

2.3. Hard-core model. Another model of a spin system for which a logarithmic
Sobolev inequality can be established is the hard-core model with fugacity A > 0.
Given a graph G = (V, E), it is the probability measure on {0,1}" such that
for all admissible configurations o we have py(o) = Z ~1\Zwev . An admissible
configuration o satisfies 0,0, = 0 for all v ~ w.

In [Sin18] it was shown that the hard-core model satisfies the conditions of Theorem
for \ < ﬁ with a constant depending on A only.

Proposition 2.7. Let G = (V, E) be any graph with mazimum degree A. Then,
there exists a constant 0® = o*(A) such that LSI(0?) holds.

Ezample. Consider the sequence of cycles C), (which have uniformly bounded maxi-
mum degree A = 2), let A € (0,1) be fixed and denote by p, the hard-core model
with fugacity A on C,. There exists a constant o2 so that for all n > 2 the measure
pn satisfies LSI(0?). If we write the vertices of C, as x € Z /nZ, we can consider
the function
Ty(o) =n~ '/ Y. OkOksa,
kEZ InZ

which counts the number of particles with a distance of 2. A short calculation yields
hT» < n~ /2, and from Theorem (with d = 1) we obtain

2
Hn (|T2 - ,un(T2>| Z t) S 62 exp <_6§0'2> .
It is possible to generalize this example to sequences of graphs G = G,, with
uniformly bounded maximum degree A. As above, we count the number of particles
with a distance of 2. Here we may proceed as above though with additional factors
depending on A. Indeed, we always have h.Tp < A(A — 1)n~/2, where equality can
only be reached for graphs having a tree as a subgraph.

2.4. A central limit theorem for Erdos-Renyi graphs. For any n € N and
p = p(n) denote by f,,, the Erdos-Renyi model on n vertices, i.e. fi,, is the product
measure of Bernoulli(p) distributions on the n(n — 1)/2 possible edges. Write

2p) = 2
7 Qog(1 = p) — log(p)’

Since p,, is a product measure on {0, 1}(=1/2 by the tensorization property and
[DS96, Theorem A.2] we have

(228)  Eaty,, (/%) < 0*p) [ X Var, (£di = @) [0/ Pdny.

i#]
Thus i, , satisfies LSI(c?(p)). Note that as p — 0 we have o?(p) ~ (log(1/p))~*, i.e.
the logarithmic Sobolev constant tends to infinity, however at a logarithmic scale
(in p). It is also possible to relate the logarithmic Sobolev constant o?(p) with a
logarithmic Sobolev inequality with respect to the difference operator b, since

07 = 5 [[ (G~ FGd V) = (1~ DG 1) ~ £ (5 0))

13




=p(1—p)bhif(y)*.
Now it is easily seen that equation ([2.28) implies

(2.29) Ent,,  (f*) < o*(p)p(1 — p) / 10.f 1 dfinp.

Using this logarithmic Sobolev inequality, it is possible to prove a central limit
theorem for subgraph counts under decay conditions on the sequence p,. We will
first consider the case of finding a triangle to convey the idea, and prove the general
theorem thereafter. Recall the definition (2.9) of the triangle count T5.

Proposition 2.8. Let (finp)n be a sequence of Erdds-Renyi models with p = p(n)
satisfying
" — d <1—c¢f e>0
——— 00 and p<1-—c¢ for some :
log(1/p)
Then

T3 — Mn,p(TZS)
(n = 2)p%\/p(1 = p)n(n — 1)/2

Remark. The condition is fulfilled if p(n) = n=® and a € (0,1/2) (or clearly if
p > ¢ uniformly in n for some € > 0). For the triangle count we are off by a p
factor (ignoring the logarithmic dependence on p), since in [Ruc88| it has been
shown that the convergence holds for any graph G if and only if np™ — oo, where
m = max{e(H)/|H|: H C G}, which in the case of the k-cycles is 1. However, the
case of triangles is the worst case in the set of all cycles as will be apparent from the
next proposition.

= N(0,1).

Proof. Firstly, define h,, .= (n — 2)p2\/p(1 —p)n(n —1)/2 and Ty = Ty — i, ,(T5) —
(n — 2)p*f1. Now, applying Proposition (or rather Theorem and the same
calculation as done for Proposition , we obtain

_ 1 th 2/3 th
oo (| T = hat) < € ————mi - : -
po (| Ta] 2 hat) < € exp ( 2e0%(p) (((p(l —p))3/2n3/2> pr/2p(1 —P>))

1 2
. /3(0 . 2\1/3 1/2
260 (p) (1 =) min (01t (np®)™°, cat(np) )) :
By assumption, np?/(c(p))® — oo, and we obtain h Ty — 0 in probability (or
almost surely, if the divergence of is fast enough).
Secondly, note that

< e? exp (—

MZ(xe—p): L S P o N(01)

hn i, VIl ez, \/p(1 = p))

by the central limit theorem for i.i.d. random variables. The Proposition now follows
from [Bil68, Theorem 3.1]. O

To prove the general theorem, denote by Ty the number of subgraph counts,
i.e. graph homomorphisms from G to the Erdés-Renyi random graph. A possible
representation is

(2.30) Te(X)= > Il Xs0

f:V—n] injective e€E
14



with the definition f(e) = {f(e1), f(e2)} for e = {e1, es}. For notational convenience,
we will (unlike as in the triangle case) not divide by the number of automorphisms
of G, resulting in |Aut(G)| in the denominator in the next theorem.

Lastly, define the maximal degree of a graph as d(G) = maxy¢ }VE , and the

)=1

modified form d(G) = MAX G| B(H)[>2 W

Theorem 2.9. Let G = (V, E) be any simple, connected graph and let p = p(n)
satisfy np™ /loglE‘(l/p) — 00 and p <1 — ¢ for some € > 0. Then, we have

TG — Hn p(TG>
2l Aut(@) | ElnV1-2piE-1 [ (2)p(1 — p)
In particular, if G = C,, is a cycle, we have d(C,,) = (m — 1)/(m — 2), which

gives back Proposition if m = 3, while EZV(Cm) approaches the optimal value 1 for
large m.

= N(0,1).

Proof. We will consider the L?(j,,,) (or Hoeffding) decomposition of T with respect
to the orthonormal basis (fs)scz,, fs = (p(1 —p)) 12 [1,es(Xs — p), i-e.
|E]| |E]|

Te= Y Ta, fs)fs=>, > (Ta, fs)fs= Z:Tk-

SCI, k=0 SCT:|S|=k
It is clear that Ty = p,,»(T) and an easy calculation yields
Ty =Y (Te, fiep) fop = 2| EIp* V2 3" X,
‘ {e}

For arbitrary k € {1,...,|E|}, this can be seen by considering the representation
(2.30)): for any distinct edges fi,..., fr we obtain

Ty = (p(l _p>>_k Z Z <H Xf(e),Xfl...fk>Xfl..Afk,
{f1,-, i} f:V—=[n] inj e€E

and for fixed fi,..., fr the scalar product is zero unless the injection uses all edges
fi,..., fr, which yields

Th=@p1-p)* S X > P (p(1 = p))"

{fi,-Sfr} f:V—[n] inj. uses edges fi-fk

:p|E‘_k Z Yfl...kaG(fla--wfk)?
{f1..fi}

where Ng(fi,..., fx) = |f : V — [n] inj. uses edges fi--- fx|]. We now claim that
i fi
2/ 2l =2pE1-1 [(3)p(1 — p)

— 0 in probability,

from which the result immediately follows, since the normalized first order Hoeffding
term converges weakly to a standard normal distribution by the standard central
limit theorem for i.i.d. random variables.

Let us split the k-th Hoeffding term further. Consider the number a(fi, ..., fi) of

vertices that are used in the graph with edge set {f1,..., fr} and let ay, denote the
15



minimal number of vertices in a subgraph of G with k edges. Clearly, a(fi,..., fx) €
{ag,...,2k A |V|}. This gives the decomposition

min(|V],2k)
Ty = Z Tk,on
a=ay,
and
_ |E| min(|V],2k)
(231) TG = TG Hnp TG Z Z Tk o

A=

Using the L9(j,,,) estimates from Proposition gives for all ¢ > 2

|E| min(|V],2k) |E| min(|V],2k)

o 2/k
HTqu<Z > HTkqu<Z S (A A %) "

=0 =0

Let c(n, p) == (2|E|nlVI=2plPl= 1,/( )p(l —p)). The L? estimate given above can be
used to show the multilevel concentration inequality (as in the proof of Theorem [1.1])
(2.32)

~ 1
-1 2 . . 2/ky2/k
., D) YTl > 1) < eexp [ — min min £2/kpy :
Hnp (C(n p) ’ G’ - ) =P < C(Jz(p) k——2,.1..,\E| cx——ak,...,mlin(QkJV\) n,k,a)

with Ay o = ((p(l_p))k/é(ﬁg)_k”f‘(k,a)H2), and it remains to prove that

min min ¢(n,p)/(p(1 — p)p!FI7F| AED]|,) — oo

k=2,..,|E| a=ag,...,2kA|V|

We can estimate ||A**)||y from above as follows. If there are a vertices used by the

edges fi,..., [z, there are at most n!VI=® ways to have an injection of V into [n]
using the edges fi,..., fr, and there are at most n® such combinations of fi,..., fx,
and thus

||A(k,oz)||2 < plVlmopa/2 — plVi-e/2

and for £ > 2 this gives
c(n,p) > nlVI=1plEl=1/2 N
(p(1 — p))kr2plBI=k|| A[|$>) = 7 (p(1 = p))R/2nlVIme/2plEl=k =

= ¢(Q) (no‘*zpkfl)m ,

C(G)na/Q—lpk/Q—l/Q

which is equivalent to ming_s |z MiNgefay,.... 260V} npt—D/(@=2) 5 5 ie.

maxp—o  |E| MAXHCG:|E(H)|=k BE-1 d(G)
(2.33) np R ABUII=R V=2 = np™™) — oo.

O

We may replace the condition on d(G) in Theorem by a condition on the
maximal degree d(G), though with an additional factor 2 which may lead to weaker
results in general.

Corollary 2.10. Let G = (V, E) be any simple, connected graph. If p = p(n) satisfies
np* & /log(1/p) — oo, then

Ta — pnyp (TG)

2| BlaV1-2pi51-1, [(3)p(1 — p)
16
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Proof. This follows immediately from Theorem Indeed, since (x —1)/(y — 2) <
2x/y for all integers x,y with z =2,y =3, 2 =3,y =4 and y > x > 3, we obtain
d(G) < 2d(@) (for any graph apart from K,), and thus np?(©@ > np? %) — 0o, O

Remark. Similar calculations (and a proof of a central limit theorem for subgraph
counts under non-optimal conditions) have been done in [NW88], interpreting sub-
graph counts as incomplete U-statistics and using the Hoeffding decomposition
to prove the CLT. However, [NW88, Theorem 3.1] does not seem to be quite
correct, since for triangles it requires a normalization of the subgraph count by
(n — 2)\/p(1 — p)n(n — 1)/2, which does not converge to a normal distribution in
general. As can be seen from the decomposition, the correct normalization is

(n—2)p? \/p(l —p)n(n — 1)/2 (see also Figure 2 below). In our approach, we addition-

ally provide a quantification, i.e. we show that Ts — pu(T3) — p*(n —2) fi = O, , (n*?)
with exponentially decaying tails.

0.02

0.018 -

0.016 r

0.014

0.012 -

0.01 r

0.008 -

0.006 -

0.004 -

0.002 -

Ts—pin,p(T3)

FiGUureE 2. Histogram of in an Erdos-Renyi

(n—2)p*/p(1—-p)n(n—1)/2
graph with n = 1000 and p = 0.1.

3. PROOFS

In this section, we give the proofs of the results presented in Section 1. We start
with Theorem [[.4] As indicated in Section 1, a key step is the application of an
approximate tensorization result which goes back to K. Marton |[Marl5| (see also
Theorem 4.1]). For the reader’s convenience, we state a version of it adapted
to the situation considered in this article.

Theorem 3.1 (Marton). Let u be a spin system on Y = XZ. If for some ay, s > 0

B(p) >ar  and  [[J]2n2 < 1—ay,
17



where J is a suitable interdependence matrixz, then for any function f :Y — R,
vanishing outside of supp p we have

(3.1) Ent,(f) < — Z/Entu( 7 (f (Ti, ) )dp().

041042 i€l

We will not give a proof here, but only note that the inductive approach given in
[Mar15] (or see [GSS18, Theorem 4.1]) also works in the case of u not having full
support (i.e. the spin system having hard constraints) since «; is a uniform lower
bound for any subset S C Z, any x € X with pg(x) > 0 and any i ¢ S.

We are now ready to prove our first result.

Proof of Theorem[1.4 Since u satisfies the conditions of Theorem [3.I, we obtain
that forany f: Y — R Vanishing outside of €2y = supp u

3 [ Bt (@ )il

i€

(3.2) Ent,(f?) <

a1a2
We can interpret this as a result on the probability space (€, ), i.e. for any
f Q9 — R the inequality holds.

For any i € Z, any y € ) with pu(y) > 0 the measure p,(- | 7;) is a measure on X
with —2———~ < L "and thus by [BT06, Remark 6.6] we have
ming e x p(x[7;) 1
2log(a7!)

log(2)

which plugged into equation [3.2]leads to

Ent,.5,)(9%) < Var,jz,)(9),

log(a1

But, (/%) < 2200 37 [ Varu(jg) (/i ))dn(v)

log(2)a; a3 gyt

- 202€M(f7 f)
U

Proof of Theorem[I.1] First, note that since u satisfies LSI(0?) with respect to 9, by
[GSS18, Proposition 2.4] we obtain for any p > 2

(3.3) If = w5 < o®pllfIl5-

Next we iterate (3.3) using [h|h @V f|| < [ f| (cf. [GSS18, Lemma 2.3]). This
leads to

If = n(f Z a*p)" 16 F113 + (o*p) 1D £115,

1.e. .

To prove the multilevel concentration bounds , we use methods outlined in
[Ada06, Theorem 7], [AW15, Theorem 3.3] or [GSS18, Remark after Theorem 1.3].
To sketch the method in a slightly more general situation, assume that for any p > 2,
we have for some constants C1,...,Cy >0

d
If = ()l < D (Cip)*?
k=1
18



(which follows from (1.9) after taking roots). Write N = |{n : C,, > 0}| and
r = min{k € {1,...,d} : Cx > 0}. By Chebyshev’s inequality for any p > 1 we
obtain

(3.4) w1 f = u(f)| = ellf —u(f)llp) < exp(—p).

Now consider the function

tQ/k
ns(t) ::min{(]k: kzl,...,d},

with § being understood as oo, and assume that 7(¢) > 2, so that we can estimate

d
ellf — N(f)”nf(t) <e Z 1o, 20t = Net.
k=1

Applying equation (3.4) to p = ny(t) (if p > 2)
u(lf = p(Hl = (Nejt) < pllf — p(h)] = ellf = plh)llns0) < exp (=ny(t))
and combining it with the obvious estimate (in the case p < 2) gives
p(lf = ()] = (Ne)t) < e® exp(—;(t)).
To remove the Ne factor, it is easiest to rescale the function by Ne and use the

estimate 1(ve)7 () > ¢ ~ g?/r Thus, we have

17 = 1D 21) < o (= b))

O

To prove Theorem [I.2] let us introduce another notation. For any ly,...,ls € T
and s distinct indices ki, ..., ks € {1,...,d} let AF=lFs=l he the (d — s)-tensor
with fixed entries k; = [; for all ¢« = 1,...,s. For example, if A = (A;;u) is a
4-tensor, A?=73=% is the 2-tensor given by Azl:j A= Apjir. Clearly, if A is symmetric,

then AF=h k=l is symmetric; and if A has a vanishing diagonal, then so has
Ak‘l:ll ----- ks:ls.

Proof of Theorem[1.4. To see that u(fqa) = 0fixiy,...,igandlet P € P({i1,...,iq})
be arbitrary. If N(P) = 1, then gp has mean zero. On the other hand, if
N(P) > 2, then P = {{i1},..., {inc»}, T1,..., i} (I > 0), but the set P =
Hiv, .- viney by Iyy -, I} is also a valid partition and g5 = p(gp). As a conse-
quence, ji(fi,) = 0.

For any [ € J write T; for the formal operator that replaces x; by Z;. We shall
make use of the following inequality.

bi(fa,4) = sup Z A Y (=M@ (gp(l“l))—gp(ﬂ(xl)))‘

T [=(iy,...iq)  PeP)

=supy. > AT Y ()M (gp(er, @) — gpler i)

LT k=1 T=(i,.../ig_1) PeP(IU{l})
{l}eP
d
= sup (f(z1) = (&) Z Z A7 Z (—1)M(P)9p(151)
1,8 k=1I=(i1,....iq_1) PEP(I)
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<ed. AT Y ()M Pgp(an)

k=1 I=(i1,....iq_1) PeP(I)

d
= Z Ja—1,46=1|.
k=1

Here, the second equality follows from the fact that 7;(x;,, ..., 2;,) = (2, ..., xi,)
unless i; = [ for some j, the third equality can be easily seen from the definition of
gp and the fourth line is a consequence of the assumptions.

We can assume ¢ = 1, since the general case follows by rescaling f by fc=!. First,
by the LSI(0?) property we have

I faally < Il faalls + o = 2)II6(faa)l-
Using the Poincaré inequality with respect to b gives

faal3 < o> (i fan)?) <o p((00fa4)?) = o0 faall3 < o*l[Baall;,
1 Iy

where b, replaces sup,, 4,|f (1) — f(Z:)| by 1. Clearly, since b; fa 4 < b1 f4.4 pointwise,
the LP-norms can be estimated as well, resulting in

I fa.all2 < o*(p — 1)[bfaall2-
We have

B d
bifoa=|> S AR YT (—)MPlgp),

k1=1 I=(i1 ,,,,, idfl) PGP(I)
which itself is the absolute value of a sum of centered random variables, so that the
process can be iterated; in each step, the Poincaré inequality can be used and

ki1=1 ks=1 I=(i1 ..... id,S) PG'P(I)
Thus, in the d-th step we have
1 £a.ally < (@®p)*All3.

Taking the square root proves the claim. The multilevel concentration follows as in
the proof of Theorem [I.1] O
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