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ABsTrRACT. We show the strong well-posedness of SDEs driven by general multiplica-
tive Lévy noises with Sobolev diffusion and jump coeflicients and integrable drifts.
Moreover, we also study the strong Feller property, irreducibility as well as the ex-
ponential ergodicity of the corresponding semigroup when the coefficients are time-
independent and singular dissipative. In particular, the large jump is allowed in the
equation. To achieve our main results, we present a general approach for treating the
SDEs with jumps and singular coefficients so that one just needs to focus on Krylov’s
a priori estimates for SDEs.
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1. INTRODUCTION

Let (Q, %, (Z))>0, P) be a filtered probability space, which satisfies the usual condi-
tions. On this probability space, let (W,),»o be a d-dimensional standard .%,-Brownian
motion and N an .%;-Poisson random measure with intensity measure drv(dz), where v
is a Lévy measure on R, that is,

(IzI* A 1)v(dz) < +oo, ¥({0}) = 0. (1.1)
Rd

The compensated Poisson random measure N is defined as
N(dt,dz) := N(dt, dz) — dtv(dy).

Consider the following stochastic differential equation (SDE) with jumps in R¢:

dX; = o(X,))dW, + b(X,)dt + f

ld<R
where R > 0 is a fixed constant, and o : R, XR? > RY®@R? b : R, x R — R? and
g : R, xRIxR¢ — R? are Borel measurable functions, which are called diffusion, drift
and jump coeflicients, respectively. Recall that an .%,-adapted cadlag (right continuous
with left limit) process X is called a (strong) solution of SDE (1.2) if for each ¢ > 0,
the following random variables are finite P-almost surely,

A ! s s
f oy (X,)I2ds, f Iby(Xlds, f f 194Xy, DPV(d2)ds, f 195X, DM,
0 0 0J|z|<R 0Jz|=>R
and
! A A 5
X, = Xo+ f (X )AW, + f by(X,)ds + f 2u(X,, DN(ds, d2)
0 0 0J|z|<R

!
+ f f gs(Xs-,2)N(ds,dz), P—a.s.
0Jz|=R

In this paper, we shall study the existence and uniqueness of strong solutions to the
above SDE under some mild assumptions on the coeflicients, both in the non-degenerate
diffusion case and in the multiplicative pure jump case. Moreover, we also study the
strong Feller property, irreducibility as well as the ergodicity of the semigroup asso-
ciated with the above SDE when the coefficients are time-independent and singular
dissipative.

8/(X,—, 2)N(dr, dz) + f 2/(X,_,2)N(dt,dz), (1.2)

lzI>R

1.1. Well-posedness. In the past decades, SDEs with singular drifts and driven by
Brownian motions have been extensively studied. In the case that g = 0 and o = Iy
(the identity matrix), a remarkable result due to Krylov and Rockner [29] says that
SDE (1.2) has a unique strong solution provided that

be Ll (R;LPRY) with 4+2<1.
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Latter, the second named author [54, 55] extended their results to the multiplica-
tive noise under some non-degenerate and Sobolev conditions on the diffusion coef-
ficient. On the other hand, by studying the stochastic homeomorphism flow property
of the SDEs with irregular drifts, Flandoli, Gubinelli and Priola [20] obtained a well-
posedness result for a class of stochastic transport equations with irregular coefficients.
After that, there are many works devoted to the study of the regularities of the unique
strong solution to SDEs with rough coefficients, such as the Sobolev differentiability
with respect to the initial value, stochastic homeomorphism flow and the Malliavin
differentiability with respect to the sample path. The interested readers are referred to
[18, 19, 34, 37, 49, 51, 57] and references therein.

In recent years, SDEs driven by pure jump Lévy processes (i.e., o = 0) and with
irregular drifts have also attracted great interests since it behaves quite differently. In
fact, when d = 1 and (L,),»o is a symmetric a-stable process with @ € (0, 1), Tanaka,
Tsuchiya and Watanabe [46] showed that even if b is time-independent, bounded and
B-Holder continuous with 8 < 1 — a, SDE

dX, =dL, + b(X,)dt, X,=xeR? (1.3)

may not have a pathwise uniqueness strong solution, see also [3] for related results.
On the other hand, when a € [1,2) and

beCVRY with f>1-9,

it was shown by Priola [39] that there exists a unique strong solution X,(x) to SDE
(1.3) for each x € R?, which forms a stochastic C'-diffeomorphism flow. Under the
same condition, Haadem and Proske [23] obtained the unique strong solution by us-
ing the Malliavin calculus. Recently, Zhang [56] obtained the pathwise uniqueness
to SDE (1.3) when a € (1,2), b is bounded and in some fractional Sobolev spaces.
See also [7, 12, 40, 41] for related results. It is noticed that all the works mentioned
above for SDE (1.2) with o = 0 are restricted to the additive noise case. We also
mention that Bogachev and Pilipenko [8] treated the SDE with general Lévy noise and
discontinuous drifts based on heat kernel estimates.

The first aim of this paper is to study the well-posedness of the SDE (1.2) with
Sobolev diffusion and jump coefficients and integrable drifts. In the mixing and non-
degenerate diffusion case, we shall not make any assumptions on the pure jump Lévy
noise (or the Lévy measure v in (1.1)), see Theorem 2.1. Our result extends the existing
results concerning singular SDEs driven by Brownian motion (see [8, 29, 48, 55]).
In the pure jump case, we shall assume that the Lévy measure v is symmetric and
rotationally invariant a-stable type in order to use the heat kernel estimates established
in [13, 14], see Theorem 2.4. Compared with [23, 39, 40, 41, 56], we are considering
the multiplicative noise and drop the boundedness assumption on drift b.

Let us now introduce the main argument adopted in the present paper: Zvonkin’s
transformation. Let £} be the second order differential operator associated with the
diffusion coeflicient o, that is,

—_—
Ly u(x) = Yoo 8;0;u)(x). (1.4)
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Here and below, we use Einstein’s convention for summation that the repeated indices
in a product will be summed automatically. Let £} be the first order differential oper-
ator associated with the drift coefficient b, that is,

Llu(x) = (bjdu)(x),

and % the nonlocal operator associated with the jump coefficient g, that is,

ZLEu(x) := f [M(x +gi(x,2)) — u(x) — g(x,2) - VM(X)]V(dZ)

lzI<R (15)

+ f [u(x + g/(x,2)) — u(x)]v(dz) =: .ZfRu(x) + .,?fRu(x).
|zI>R

For a fixed time T > 0, we consider the following Kolmogorov’s backward equation:
00+ (LY + L)+ L5)® =0, Or(x)=xeR” (1.6)

Suppose that this equation has a regular enough solution ® so that for each ¢ € [0, T],
the map x +— ®,(x) forms a C?-diffeomorphism on R?. Then, by Itd’s formula, one
sees that

(I)I(Xt) = (DO(XO) + f V(DS(XS)O-S(XS)dWS
0
+ f ((DS(XS— + gs(Xs—, Z)) - q)s(Xs—))N(dsa dZ)
0JzI<R

+ f (Q(Xs- + g5(Xs-, 2)) — Py(X;-))N(ds, dz).
0JlzI=R

Thus, if we let Y, := ®,(X;) and
Fi(y) = (VO - ) 0 D1 (), 83, 2) 1= DD () + (D} (1), 2) -,

then Y; satisfies the following new SDE with disappeared drift:

dY, = 6.(Y)dW, + f

|zI<R

&Y, DN(ds, d2) + f a(Y, 9N d), (17
[zI>R

and vice versa, that is, if ¥, solves (1.7), then X, := ®;!(Y,) solves SDE (1.2). Notice
that in the case g = 0, if o is uniformly elliptic and Lipschitz continuous, and b is only
Holder continuous, then & could be also Lipschitz continuous due to the second order
regularization effect of equation (1.6), see [55, 57]. Consequently, the well-posedness
for SDE (1.2) with Holder drifts follows by the well-posedness of SDE (1.7). Thus,
the main task is to solve equation (1.6) so that @ has the desired properties.

However, as we shall see below in Theorems 4.3 and 4.5 that for b € L;’OC(R+; LP(RY)),
it is in general not possible to construct a C>-solution @ to equation (1.6), and thus the
transformed coefficients 6 and g in (1.7) are not expected to be Lipschitz continuous,

but at most in the first order Sobolev space Wll(;f (R?). In other words, we need to first
study SDE (1.7) with coefficients being in Wll(;f (R9). To this end, a key ingredient that
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needed is the following a priori Krylov’s estimate: for any solution Y of (1.7), any
T >0and f € L! (R,;LP(RY)) with certain p,q > 1,

loc
1/q

T T q/p
E(f f(t, Y,)dt) < C(f ( |f(z, x)l”dx) dt) . (1.8)
0 0 R4

For general continuous It6’s process, such an estimate was established in [27] for p =
q > d + 1. For SDE (1.2) with g = 0 and general p, g satisfying % + % < 2, we refer
to [55, 57, 58]. However, for discontinuous semimartingales, there are few results. We
mention that the authors in [32] and [38, 44] obtained some rough Krylov’s estimates,
which are not enough for our purpose. In Section 5, we shall devote to a detailed
study about the above Krylov estimate for any solution of SDE (1.2) under certain
optimal conditions on p, g. In the non-degenerate diffusion case, we first use a Krylov’s
lemma to show that estimate (1.8) holds for any solution of SDE (1.2) and for any
p =¢q > d+ 1, see Theorem 5.2. Then we combine the results proved in Theorem
4.3 for non-homogeneous Kolmogorov’s backward equation with Girsanov’s theorem
to generalize the Krylov estimate to general p, g with % + % < 2, see Theorem 5.7.
While in the purely nonlocal a-stable-like noise case, we shall use the result proved
in Theorem 4.5 for non-homogeneous nonlocal Kolmogorov’s backward equation and
smoothing coeflicients technique to show that (1.8) holds for any p, g with % + % < a,
see Theorem 5.10.

1.2. Ergodicity. Although the well-posedness and regularity properties of strong so-
lutions for SDEs with singular coefficients have been intensively studied, it seems
that there are few works devoted to studying the existence and uniqueness of invari-
ant probability measures for time-independent SDEs with singular coefficients. As we
know, a general approach for proving the existence of invariant probability measures
is to verify the Lyapunov condition. More precisely, if there exists a positive function
®,; € C*(RY) and a positive compact function @, such that

(LT + L+ L9HD, < C - D, (1.9)

holds for some constant C > 0, then the associated semigroup of SDE (1.2) has an
invariant probability measure y with u(®,) < oo, see for instance [25]. Obviously,
if b € LP(RY) for some p > d, then compact function ®, would not exist since b
can be singular at infinity. In this direction, to the authors’ best knowledge, Wang
[50] obtained a first result about the ergodicity for SDEs with singular drifts by using
perturbation argument and his local dimension-free Harnack inequality. In particular,
the main result in [50] is applied to the following singular SDE so that it admits a
unique invariant probability measure:

dX, = (b(X,) — 1oX,)dt + V2dW,, X, = x € RY,

where 1, > 0 and b : RY — R satisfies
f e =20l/2q < oo for some A > = (1.10)
Rd 0

To prove the uniqueness of invariant measures, a usual way is to show the strong Feller

property and irreducibility of the associated semigroup. In [53], we have studied these
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two properties for SDEs driven by Brownian motions under some local conditions on
the coefficients.

In the pure jump case, when the coeflicients are locally Lipschitz continuous and
satisfy a Lyapunov-type dissipative condition such as (1.9), it has been shown in [31,
33] that there is a unique invariant probability measure associated to the SDE. The
exponential ergodicity is also studied therein under some abstract conditions. In a
recent work [2], the authors also introduced some Lyapunov stability conditions for
the existence of invariant probability measures for general nonlocal operators. Clearly,
the singular drift does not satisfy the Lyapunov conditions as required in all the works
mentioned above.

The second aim of this paper is to show the existence and uniqueness of invariant
probability measures associated to SDE (1.2) both in non-degenerate diffusion case
and in pure jump case under suitable singular and dissipative assumptions. Our basic
idea is as follows: suppose that b can be decomposed into two parts:

b=b + b,

where b; is the singular part and b, is the dissipative part, see (H”) and (ﬁb ) below. We
shall use Zvonkin’s transformation to kill only the singular part b;, and obtain a new
SDE. Of course, the dissipative part b, will roll together with the transforming func-
tion. The key observation is that the dissipativity will be preserved in the transformed
SDE. Since the transform is one-to-one, we can get the ergodicity of the original equa-
tion from the new one. Here, to perform Zvonkin’s transformation, we need to solve
a nonlocal elliptic equation rather than the parabolic equation (1.6), see Theorems 7.6
and 7.10. Moreover, Krylov’s estimates obtained in Section 5 are not applicable any
more since the coefficients may have polynomial growth. Instead, we shall show the
non-explosion and a priori Krylov’s estimates for any solutions of SDE (1.2) with sin-
gular and dissipative drift, see Lemmas 7.5 and 7.9.

The following table figures out the method of showing the existence and unique-
ness of invariant probability measures for time-independent SDE (1.2) with dissipative
drifts:

Existence of [PMs Strong Feller Irreducibility

Diffusion with jump

Lyapunov condition = Derivative formula Coupling+GT

Pure jump SDE

Lyapunov condition = Continuity of HK  Positivity of DHK

Here, IPM, GT, HK and DHK stands for invariant probability measure, Girsanov’s
transform, heat kernel and Dirichlet heat kernel, respectively.

1.3. Examples. Below we provide two simple examples to illustrate the main results

obtained in this paper.
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Example 1.1. Consider the following SDE of OU-type:
dX, = dL, — o X,dt + b(X,)dt, Xy = x € R’

When L, is a d-dimensional standard Brownian motion, we assume b € LP(R?) for
some p > d. When L, is a rotationally invariant symmetric a-stable process with
a € (1,2), we assume b € Hﬁ(Rd) for some 8 > 1 — /2 and p > 2d/a, where
Hg(Rd) is the Bessel potential space. By Theorems 2.9 and 2.12 below, the above SDE
admits a unique strong solution and there exists a unique invariant probability measure
associated with it. Note that in both cases, the classical Lyapunov condition (1.9) can
not be verified, our result is new even in the existence of invariant probability measures.
Moreover, compared with Wang’s global condition (1.10), our global assumption b €
LP(RY) is weaker locally and not comparable at infinity.

Example 1.2. Consider the following mixing SDE with jumps:
dX, = dW, + 11X, PdL, — 2 X,|X,"'dt, Xo = x € RY,

where S € (0, 1), ¥y € (0,0) and Ay > 0, 4; € R, L, is a d-dimensional pure jump Lévy
process. The main features of this SDE are that the jump coefficient x +— |x{® is Holder
continuous and the drift term may have polynomial growth. By Theorem 7.4 below,
the above SDE has a unique strong solution. Moreover, there exists a unique invariant
probability measure and the SDE is V-ergodic (see Definition 2.7) in the case y € (0, 1]
and exponential ergodic in the case y > 1.

Finally, we recall that a probability measure u on R is called an invariant probability
measure of the operator . := 7 + £} + ¢ if it satisfies the following Fokker—
Planck—Kolmogorov equation:

Lu=0suLe) =0, peCyRY, (1.11)

where the asterisk stands for the formal adjoint operator. Obviously, any invariant
probability measure of the semigroup associated with SDE (1.2) satisfies (1.11). When
g = 0, the existence of solutions to (1.11) was obtained in [9] by analytic methods
under a Lyapunov-type condition, which is much weaker than those needed for the
existence of a solution to SDE (1.2). Moreover, under some quite weak conditions, the
uniqueness and regularities of the solutions for (1.11) are also studied in [5, 6, 10], see
also [50]. To our knowledge, these results cannot cover our results stated above.

1.4. Layout. The plan of this paper is as follows: In Section 2, we state the main re-
sults including the existence-uniqueness and ergodicity for SDE (1.2). Since the proofs
of well-posedness and ergodicity rely on approximations and Zvonkin’s argument, in
Section 3 we present two general results: Stability and Zvonkin’s transformation for
SDE (1.2). Moreover, we also prove a useful stochastic Gronwall’s inequality, which
extends Scheutzow’s result [43] to the discontinuous martingales. In Section 4, we
study the solvability and regularity of parabolic integro-differential equations. In Sec-
tion 5, applying the results obtained in the previous section, we show various Krylov’s
estimates for the solution of SDE (1.2). By the general results in Section 3, the strong
well-posedness results are proved in Section 6. The strong Feller property and irre-

ducibility as well as the ergodicity for SDE (1.2) are proven in Section 7. Finally,
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some details and auxiliary materials are given in the appendix. To make the structure
of the paper more transparent for the reader, we provide the following diagram which
describes the relations among the main results.

P e N——
Well-posedness Corollary 2.6 Ergodicity

Throughout this paper, we use the following conventions: ¢ with or without sub-
scripts will denote a positive constant, whose value may change in different places.
Moreover, we use A < B to denote A < ¢B for some unimportant constant ¢ > 0.

2. STATEMENT OF MAIN RESULTS

2.1. Strong well-posedness of singular SDEs with jumps. To state our main results,
we first introduce some spaces and notations. For p,g € [1,00]and 0 < § < T < oo,
let LZ(S, T) be the space of all Borel functions on [S, T'] x R? with norm

T alp \1/q
WA lleas .z I=(£ (Ld If(t,x)lpdx) dt) < oo,

For p = oo or g = oo, the above norm is understood as the usual L*-norm. We shall
simply write

LI(T) := L1(0,T), LX(T) :=LT).
Given a R > 0, we shall write Bz := {x € R? : |x| < R}. For a measurable function

2(x,2) : Ry xRIxRY — R%and 0 < & < R < oo, we introduce the following functions,
8



which will be used frequently: for j = 0,1 and a > 1,
T8t x) = THU()(X) = IV1g(x, Mo mom = f IVig(x,2)|*v(dz). (2.1)
e<|z|<R

Here and below, V, denotes the generalized gradient with respect to x.
We make the following assumptions on the diffusion coefficient o-:

(H[;’) There are constants ¢y > 1 and S8 € (0, 1) such that for all (z, x) € R, x R,
¢y 1P <lof(EP < colé, Y€ e RY,
where the asterisk stands for the transpose of a matrix, and
llom(x) = o (X < colx — X'
Here and below, || - || denotes the Hilbert-Schmidt norm of a matrix.

Our first main result of this paper is:

Theorem 2.1 (Non-degenerate diffusion with jumps). Let F{ﬁa(g) be defined as in (2.1).
Suppose that (Hg) holds and for any T > 0,

rg:?e(g) e L™(I), Ll_{% ”rgi(g)”L‘”(T) =0,
and for some p,q € (2, 00) with % + %1 <1,
Vo, b, (Ty(g)"" € LA(T).

Then for any initial value X, = x € R¢Y, SDE (1.2) admits a unique strong solution
X, (x). Moreover, for any T > 0, there is a constant cy > 0 such that for all t € (0, T],

x,y € RY and bounded measurable ¢,
c
[Bo(X(x)) - Be(X,()| < —

Vi

Let us make some comments on the above result.

Remark 2.2. If g/(x,z2) = /(x)z with 6,(x) € L*(T) and V&,(x) € LZ(T) in the
above theorem, then the assumptions on Fé”i(g) automatically hold. In particular, if
:(x) = 5(x) = |x/PL for some B € (0, 1), then one can check V& € Li)c(Rd) for any
p<d/(1-p).

Remark 2.3. It is noticed that in the estimate (2.2), we do not make any assumption

about the large jump coefficient since the large jump part is independent with small
jump part and has only finitely many jumps in any finite time interval.

llpllolx = Y. (2.2)

In the above mixing case, the non-degenerate diffusion part plays a dominant role.
In the pure jump case, we need to use the regularization effect of the jump noise. For
this, we assume v(dz) = |z]~#"*dz for some « € (1,2), and g satisfies that

(Hé) 2/(x,0) = 0 and there is a constant ¢; > 1 such that forall r > 0, x, X', z, 7 € R,

'z =71 < lgi(x,2) — g, ) < erlz = 71, (2.3)
9



and for some 8 € (0,1) and j =0, 1,
IVigi(x,2) = Vig (X', 2)| < cilx = X'P(lzl + |, (2.4)

IV.8:(x,2) = Vogi(x, 2D < crlz = 2. (2.5)
Our second well-posedness result is:

Theorem 2.4 (Multiplicative pure jump noise). Suppose that o = 0, v(dz) = |z]74%dz
for some a € (1,2), and (Hg) holds with B > 1 — a/2. Moreover, we also suppose that

forsome@e(l—%,l),pe(%—fv2,oo)andqe(i 00),

a-1"
(Fé:?e(g))l/z’ rzle’jx,(g), I-AM)"b e NrsoL(T).

Then for each initial value X, = x € R% SDE (1.2) admits a unique strong solution
X,(x). Moreover, X,(x) has a density p(t, x,y), which enjoys the following estimates:

(i) (Two-sided estimate) For any T > 0 and € € (0, 1), there are two constants
c1, ¢y > 0 such that for all t € (0,T) and x,y € R?,

cr <A+ = )T pltx,y) < e T+ @+ e = y)). (2.6)

(ii) (Gradient estimate) For any T > 0 and € € (0, 1), there is a constant c3 > 0 such
that for all t € (0,T) and x,y € R,

V. log p(t, x, )l < et (1 + (17 + = yI)°). 2.7)
We would like to make the following comment.

Remark 2.5. If g,(x,z) = 0,(x)z with & satisfying (Hg) and Vo € L)(T) with p > %,
then the conditions on g in Theorem 2.4 hold. Since in this case, (I“(l)zlze(g))l/ 2 = c|Va|

for some ¢ > 0 and by Sobolev’s embedding (see (4.2) below), 6 € L>([0,T]; Cf(Rd))
withf = 1—-d/p > 1 — a/2. Compared with the additive noise case considered in
[23, 39, 40, 56], we drop the boundness condition on the drift b, which is essentially
used in their proof. Moreover, in this case, from the proof below, one sees that the € in
(2.6) and (2.7) can be zero. For examples of the discontinuous drift b, see [56].

Let y : RY — [0, 1] be a smooth function with y(x) = O for |x| > 2 and y(x) = 1 for
|x| < 1. For m € N, define the cutoff function y,, by

Xon(X) := x(m™" %), (2.8)
Using suitable localization technique, we have:
Corollary 2.6 (Local well-posedness). Suppose that for each m € N,
0 7'(%) 1= o (xXxm(X), B (x) 1= b m(%), &'(x,2) = gl(xxm(X), 2)

satisfy the same assumptions as in Theorem 2.1 or Theorem 2.4. Then SDE (1.2) admits

a unique strong solution X, up to the explosion time £, that is, lim,, X, = co.
10



Proof. For each m € N, by Theorem 2.1 or Theorem 2.4, there exist a unique global
strong solution X}" to SDE (1.2) with coefficients o, g" and b™. For m > k, define

Cni i=1nf{t > 01 [X]"| > k} A m.
By the uniqueness of the solution, we have

P(X)" = X, Yt €[0,4,0) = 1,
which implies that for m > k,

Cik < Sk < Lnms QLS.

Hence, if we let i := i, then (ke 1S an increasing sequence of (.%,;)-stopping times
and for m > k,

P(X" = X}, Yt €[0,4) = 1.

Now, for each £k € N, we can define X, := Xf‘ fort < § and ¢ = limg_o . Itis
easy to see that X; is the unique solution of SDE (1.2) up to the explosion time { and
limy, X, = o0 a.s. |

As for the non-explosion, under some Lyapunov conditions, we may show the exis-
tence of global solutions (for instance, see Lemma 7.1 below).

2.2. Ergodicity of SDEs with singular dissipative coefficients. Below we turn to
the study of the ergodicity of SDE (1.2). We first recall some basic notions about the
ergodicity. Let (P,)»o be a semigroup of bounded linear operators on Banach space
B,(RY), where B,(R¢Y) denotes the space of all bounded Borel measurable functions.
Let x4 be a probability measure on Borel space (R, Z(R)). We use the following
standard notation:

u(yp) = f | @(x)u(dx).
R
e /i 1s said to be an invariant probability measure (or stationary distribution) of P; if

u(Pip) = u(p), Vt>0, Yo € By(RY).

e One says that P, is ergodic if P; admits a unique invariant probability measure p,
which amounts to say that

t—oo

im > [ Pofods = u(), f € By®Y. 2.9)
0

e One says that P, has the C,-strong Feller property if for all ¢ € B,(R?), P, € C,(RY).
e P, is said to be irreducible if for each open ball B and x € R?, P,1,(x) > 0.

About the ergodicity, we have the following classification (cf. [24] and [35]).

Definition 2.7. Let V : R — [1,00) be a measurable function and u an invariant
probability measure of P,. We say P, to be V-uniformly exponential ergodic if there
exist co,y > 0 such that for all t > 0 and x € R,

sup |Pp(x) — ()] < coV(0e™,
llelly<1
11



where ||g|ly := sup, ga '“‘jﬁ’g' < +00. If V = 1, then P, is said to be uniformly exponential

ergodic, which is equivalent to

— d
1P(x, ) = pllyar < coe™, VxeRS,

where || - ||lvar is the total variation of a signed measure, P/(x, -) is the kernel of bounded
linear operator P,.

It is useful to observe that the above notions are invariant under homeomorphism
transformation of the phase space. More precisely, let ® : R? — R¢ be a homeomor-
phism. Define a new semigroup of bounded linear operators on B;,(R%) by

PP(y) = [Pi(p 0 ®)I(@' (),
where @~ is the inverse of ®. We have the following simple observations, which are
direct by definition.

Proposition 2.8. (i) u is an invariant probability measure of P, if and only if o ®!
is an invariant probability measure of PP.
(ii) P, has the Cy-strong Feller property if and only if P® has the Cy-strong Feller
property.
(iii) P, is irreducible if and only if PP is irreducible.
(iv) P, is V-uniformly exponential ergodic if and only if P} is V o ®'-uniformly ex-
ponential ergodic.

To study the ergodicity of SDE (1.2), we shall assume that the coefficients are time-
independent, i.e.,

dX; = o(X,))dW; + b(X,)dt + f

lzI<R
We show two new ergodicity results, which allow the drift to be singular at infinity. To
this end, we first assume that

g(X,_, DN (dr, d) + f ¢(X,—, N(dr, dz). (2.10)

lzI>R

(H?) b = by + b,, where b, is the singular part and for some p > d,

b, € LP(RY),
and b, is the dissipative part which satisfies for some ki, k,, k3 > 0 and r > —1,
(x,by(x)y < =K1 X" + Kk  and  |ba(x)] < k3(1 + [x"). (2.11)

We have the following ergodicity result.
Theorem 2.9 (Ergodicity for diffusion with jumps). Suppose that (Hg) and (H?) hold
and for the same p in (H),
Vo, (Tyx(g)'? € LP(RY),
and for any 1 > R,
T02(8)-The(8) € YR, lim [T(8)ll = 0. (2.12)

>4 Qoo

Then, for each Xy = x € RY, SDE (2.10) has a unique global strong solution X,(x)
which is Cy,-strong Feller and irreducible. If we let P,p(x) := Ep(X,(x)), then P, admits

a unique invariant probability measure u, and p has a density p € LY(R?) with g <
12



d/(d — 1). Moreover, if r = 0, then P, is V-uniformly exponential ergodic with V(x) =
1 + |x|; if r > O, then P, is uniformly exponential ergodic.

Remark 2.10. Ifb € LZC(Rd)for some p > d, and for some m > 0, b satisfies (2.11) for
all |x| > m, then (H?) holds. In fact, it suffices to take b, = y,,b and b, = (1—yx,,)b. The
typical function satisfying (2.11) is given by by(x) = —x|x|"c(x) with 0 < ¢y < c(x) < c;.
Moreover, if g(x,7) = d(x)z with &(x) € L°(RY) and V&(x) € LP(R?) for some p > d
and flz o1 |zlv(dz) < oo, then all the assumptions on g in the above theorem hold.

Remark 2.11. Under some minimal assumptions, Bogachev, Rockner and Shaposh-
nikov [10] have already shown the absolute continuity of u with respect to the Lebesgue
measure. However, it seems that their results can not be used to our singular case since
it is not known whether b € L, (w).

In the pure jump case, we assume v(dz) = |z]7¢~?dz for some a € (1,2) and
(ﬁb) b = by + by, where b, satisfies (2.11) and the local condition for b in Corollary
2.6, and b, satisfies that for some 6 € (1 —a/2,1) and p > 2d/a,
- A)"2by € LP(RY).
We have

Theorem 2.12 (Ergodicity for pure jump SDE). Suppose that (H[g;) and (H?) hold and
for the same p in (H),

(Cyp@N'?, T (8) € LP(RY).
Then the same conclusions of Theorem 2.9 hold and the invariant probability measure
i has a density p € LY(R?) with g < d/(d — a + 1).

3. GENERAL STABILITY AND ZVONKIN’S TRANSFORMATION

In this section, we prepare two basic results: Stability and Zvonkin’s transformation
for SDE (1.2) under general assumptions. First of all, we introduce the following
important notion about Krylov’s estimate.

Definition 3.1. Let X = (X))o be an F,-adapted process and p,q € [1, ). We say
that Krylov’s estimate holds for X with index p, q, if for all T > 0, there is a constant
co > 0 such that forall0 <ty <ty <T and f € L;],(to, t),

11
E( f fGs. X»ds\%o) < coll kg (3.1
4]

where cy will be called Krylov’s constant of X.

Remark 3.2. Krylov’s estimate (3.1) implies that for Lebesgue almost all s, the dis-
tribution of random variable X, admits a density ps(y) with respect to the Lebesgue
measure so that

—+

1 1 1
”p”LZ:(T) < Co, ? + ; = 1’ ?

where c is the Krylov constant of X. See [58].
13



Remark 3.3. Suppose that for some p,q € [1,0), Krylov’s estimate holds for X with
index p,q. Then the Krylov estimate for X also holds for any p’ € [p, ) and q" with
p - ;i, =p- g. In fact, by Remark 3.2, it automatically holds that

1]
5( [ %0002, ) < Wi
]

Notice that by the interpolation theorem (see [4, Theorem 5.1.2]), we have
(LT, LUT))g = LL(T),

where 6 € (0, 1), % =1-6+ g and # = %, (-, ")ig) stands for the complex interpolation.

The desired Krylov estimate for p’ € [p, 00) and q’' with p’ — f{i =p- f follows by the
interpolation theorem (see [58]).

Remark 3.4. Let {X",n € N} be a sequence of .%,-adapted processes. Suppose that
X satisfies Krylov’s estimate with the same index p, q and Krylov’s constant c,. If for
each t, Xf") converges to X, in probability as n — oo, then X still satisfies the Krylov
estimate with the same index p, q € [1, 00) and Krylov’s constant c,.

The above definition about Krylov’s estimate has the following useful consequence.

Lemma 3.5 (Khasminskii’s type estimate). Let X = (X;);»0 be an #,-adapted process.
Suppose that X satisfies Krylov’s estimate for some p,q € [1,0). Then for any A, T >
0,0<t<ty<TandfeLlT),

1]
E%o exp (a f | f(s,XS)Ids) <2,
to

where BE7o (") := E(:|.#,,), and n is chosen so that ||f||L;((j_1)T/n,jT/n) < 2;—60 for all
j=1,---,n, and cy is the Krylov constant of X.
Proof. Without loss of generality, we assume 7o = 0, #; = 7" and f is nonnegative. For
A > 0, let us choose n large enough so that for ¢; = %,

/lCO”f”LP(tj,th) < 1/2’ J = 09 MY (B l~ (3~2)

For m € N, noticing that

(fj+1 g(S)dS) =m!f'f g(s1) -+ g(sm)dsy - - - dsy,
7 Am

T (R R R SR A

by (3.1), we have

where

jvl m o~
E( f(s,XS)ds) -~ ( f - f f(sl,xsl)-~-f(sm,Xs,,,>ds1~~-dsm)
t Am

:m'Eytj(ff lf(sl»Xsl)'"f(sm—laXsm,l)
Am-
14



i+l
% Eysm_l ( f(sm’ Xsm)dsm) dS] . dsm—l)

Sm—1

<sz%( f A FsnX) flsman X )
A"’_I

X C0||f||L;1,(tj,zj+1)dsl e dSm—l) S m!(C0||f||Lg(tj,tj+1))m,

which implies by (3.2) that

(s, Xs)ds) = Z %E%j (/1

Tj+1 Tj+1

E% exp (/l f(s, Xs)ds) < 2.

lj 1j

Hence,

T n—1 vl
E” exp(1 f f(s,Xs)ds) =E” (]—[exp (ﬂ f<s’Xs>dS)
0 1

J=0

n-2 Ljt1 ‘n

— E(g‘\o [ eXp (/l f(S, XS)dS) Efzf,,_] exp (/l f f(S, Xs)dS)J

j:() tj Th-1

- n-2 vl

< 270 exp (/l (s, Xs)ds)
oot

J=0

<20

The proof is complete. |

As a result of Lemma 3.5 and using some basic inequalities stated in Appendix, we
have the following result, which will be used below to show the stability of SDEs.

Lemma 3.6. Let X, Y be two %,-adapted processes, which satisfy Krylov’s estimate
with the same index p,q € (1, 0) and Krylov’s constant cy. Let f(x) : R, xR? - R
and g,(x,7) : R, xRYx R? — R be two Borel functions. Let T,R > 0. Suppose that for
somer > 1,

h(t, x) := [V (0" + Tgr(g)(x) € LI(T).
Then there exists an #;-adapted process {; with the property
T
Ee/lf() lyds < C(/l, da r, Co, ||h||IL"1,(T)) < 00, V/l > Oa

such that for Lebesgue almost all t € [0, T],

/(X0 — filXDI" + f |8:(Xi, 2) — &Yy, DI'W(d2) < 61X, = Y|" a.s. (3.3)
<R
Proof. First of all, using (8.1) in the appendix with B = R, we have

(0 = LGN < 2%1x = yI" (MIVAI(x) + MIVEI))', (3.4)
and by (8.1) with B = L"(Bg; v),

f 19106, 2) = 2, DI M(d2) < 271 = 3 (MIVgillz (6) + MIV.gillz ()
|zI<R
15



<27 =y (Mg (8)(x) + MTyR(80))). (3.5)
Now let us define
£ = 2 M, (X)) + Mz, -)(Y))].

It follows by (8.3) and Lemma 3.5 that £, has the desired property. The desired estimate
(3.3) follows by (3.4), (3.5) and Remark 3.2. O

Next we show a stochastic Gronwall’s inequality, which has independent interest.

Lemma 3.7 (Stochastic Gronwall’s inequality). Let £(t) and n(t) be two nonnegative
cadlag 7 ,-adapted processes, A, a continuous nondecreasing .#;-adapted process with
Ao =0, M, a local martingale with My = 0. Suppose that

!
&) <) + f &E(s)dA; + M;, Yt > 0. (3.6)
0
Then for any 0 < g < p < 1 and any stopping time 1, we have
1/ 1-
[BE@)]" < () (B 07) T By, 3.7)

where £(1)° 1= SUp g0, E(5).

Proof. We fix a stopping time 7. Without loss of generality, we may assume that the
right hand side of (3.7) is finite and 7(¢) is nondecreasing. Otherwise, we may replace

n(t) with 17(2)*. Let &(f) be the right hand side of (3.6) and A, := fot £(s)/&(s)dA,. Then

&N <ED =n) + fo E(s)dA; + M,.

By Itd’s formula, one has

eJﬁn:mm+j}4@mg+j}4ﬂMy
0 0

Let (7,).en be the localization sequence of stopping times of local martingale M. In
other words, for each n € N,

t — M., is a martingale.
Using e < 1, we have
E(e‘*‘fwmé(r ATA T,,)) <SE(n@ At ATy)) <EM[EAT)).
Since lim,,_,, 7, = o a.s., by Fatou’s lemma, we get
E(e™&(n)) < E(n(1)),
which yields by Holder’s inequality, £(f) < () and A, < A, that for any p € (0, 1),
BE(r)y < BE(Y < (Be"™07) " B
Now, for any A > 0, define a stopping time

Ty :=1nf{s > 0 : &(s) > A}.
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Since £ is cadlag, we have &, > A and

VP (E@) > ) < VP (1)< 7) BT ATy < (Ber00) 7 [Er)]” = 6,

and for any g € (0, p),

Elg(0)|" = qfoo AP > A)da < qfoo A7 (A7P8) A 1)da = ps?'? [(p — g).
0 0

The proof is complete. O

Remark 3.8. In [43], Scheutzow proved (3.7) for continuous martingales. His proof
depends on a martingale inequality of Burkholder, which does not hold for discontin-
uous martingale as pointed out by him. Compared with the proof provided in [43],
our proof is more elementary. Recently, a discrete version of stochastic Gronwall’s
inequality is also established by Kruse and Scheutzow [30].

The following general stability result and Zvonkin’s transformation will be our cor-
nerstone, which will be used several times in Section 6 and Section 7.

Theorem 3.9 (Stability). Fori= 1,2, let X" satisfy the following SDE

t ! !
X0 = x4 f cDXNdW, + f (X D)ds + f DX, )N(ds, dz),
0 0 0

|z|<R

where (9, b, gV are two families of measurable coefficients. Let r > 1. Suppose
that XV satisfies Krylov’s estimate with index p, q € (1,00), and for all T > 0, there are
pi€lp,oland q;=1/(1 —(p—p/q@)/pi), i =1,2,3,4 such that

— (M2 (1 12 (1)
he= VoV, o+ 196 sy + [Tr(s™)

2p1

where I*é’f;(g(l)) is defined by (2.1). Then for any 6 € (0,1) and T > 0,

1/6 T
[E( sup [X) - X§2>|2’9)] < cl[E|Xf)“ - XPP + E( f 6S(X§2))ds)],
0

t€[0,T]

oy + IToR @ ) < o

where c, only depends on T, 1,6, p,q,d,h and the Krylov constant of X, and
6,(x) := [l () = P @I + 16" () = BP ()
+ T2 (8" — g?)) + (I02(s" = g2)()) . 9
Proof. For simplicity of notations, we write Z,; := Xt(l) - sz) and
3 = oY) - P (X?), B, := b X)) - P (X,
G(2) =g (X", ) - 87X, ).

Since X satisfies Krylov’s estimate with index p,q € (1,00), by the assumption,
Remark 3.3 and Lemma 3.6, there exist .%,-adapted processes ZE") with

Ee/lfnggf)ds <c(A,h)<oo, >0, j=1,273,4, (3.9)
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such that
2 1 2 1 2112 2
=P < O1ZP + 200" - cPIPXP),
2 1 2 2
1B < 6212 + bV - bP|(X?),

fu IG(2)Pv(dz) < V12 + 2T (8" — )X, (3.10)
z|<R

fu G2 v(dz) < €1ZP + 2T (8" — g (X)),
zZI<R

where r > 1. Now, by Itd’s formula, we have

Az = (FIZIPIZP + 2r(r = DIZZPIZP™ + 2By, ZZP)de

n dr +dM,,

f (1 + Gi@)P" = 1ZIP" = 2KG(2), ZIZ P~V w(dz)
|z|<R

where M, is a local martingale. Noticing that

2 2 2(r-1 2 21 201
o+ Y27 = " = 2r(y, Y S P+ PP,

by (3.10) and Young’s inequality, we get
AIZ)¥ < 1ZP7 D + 62 + 69 + 6P + Ddr + 6,X2)dr + dM,,

where 6,(x) is defined by (3.8). By Lemma 3.7 and (3.9), we obtain the desired esti-
mate. O

The following proposition provides a way of transforming SDE (1.2) into a new
SDE, which is called Zvonkin’s transformation in the literature.

Theorem 3.10 (Zvonkin’s transformation). For each t > 0, let ®,(x) be a homeomor-
phism over RY. Let p,q € (1,00). Suppose that there exist a sequence of smooth
functions ®" and a function b € L! (R.;L (RY)) such that for each T > 0 and
(t,x) e R, xR meN,

SUp [V e < 0, lim @7(x) = (), lim [|[V(@" — @)y | ,
nEN n—o0 n—oo

0, (3.11)

T =

and

tim @, + 25 + 2+ L0 =By, = 0.

where y,, is the cutoff function defined by (2.8). If X solves SDE (1.2) and satisfies
Krylov’s estimate with the above index p, q, then Y, := ®,(X;) solves the following SDE:

dY, = 5,Y,)dW, + b,(Y,)dr + f

|zl<R

2:.(Y,_,2)N(dt, dz) + f g.(Y,_,2)N(dt,dz), (3.12)

|zI=R
where
5(y) = (VO - 07) o O (y),  bi(y) 1= b(D[' (1)),

2, 2) 1= 07 () + gD (1), 2)) - .
18



Proof. By It6’s formula, we have
Dy (X)) = Dy(Xo) + fo | (VO - o )(X)dW,
+f0j[|| ; [d)’s’(Xs_ +g(X,-,2)) — ‘D?(Xs—)]N(dS, dz)
i<
+ f(; tL R [CDZ(XS_ + g5(X,-,2)) — (DQ’(XS_)]N(ds, dz)
21>

!
+ f (O + L5 + .2 + ZLEHDY)(X,)ds.
0

Since X satisfies Krylov’s estimate with index p, g, by the assumptions and taking
limits n — oo, we obtain SDE (3.12). For example, for each m € N, define

!
T,, := inf {t >0: X+ f f lg.(X,, 2)*v(dz)ds > m}
0J|z|<R

By (3.11) and the dominated convergence theorem, we have

E‘ f ”f [q)z(Xs— + 85(X;-, Z)) - (D?(Xs—)
0 |z<R

2
- (Ds(Xs— + gs(Xx—’ Z)) + CDS(XS—)]N(dS’ dZ)

A
=),
0 lzI<R

- (Ds(Xs + gs(XSa Z)) + (Ds(Xv)

(D?(Xs + 8(X;, Z)) - (I)?(XS)

2
v(dz)ds - 0, n — oo.

Moreover, by Krylov’s estimate for X and the assumption, we also have

AT
E ( f |0, + &5 + L0 + L)@ - by (Xs)ds)
0

!
<E ( f (@ + L5 + L0 + L2 = Do
0

(Xs)dS)
<@, + L5+ L+ L@ =By, = 0. 1o o0,

The proof is complete since 7,, — o0 as m — co. O

4. A STUDY OF PARABOLIC INTEGRO-DIFFERENTIAL EQUATIONS

This section is devoted to a careful study of the Kolmogorov backward equation
associated to SDE (1.2). First of all, we introduce some Sobolev spaces and notations
for later use. For (p, @) € [1,00] X (0,2] \ {0} X {1,2}, let HY := (I - A)"*/*(L”(R%)) be
the usual Bessel potential space with norm

1l 2= L= D)2 fll, = £l + 1A £,
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where || - ||, is the usual LP-norm in R?, and (I — A)*/?f and A*?f are defined through
the Fourier transformation

C=D)"2f = F A +]-PPFL), APf=F(1"Ff).
For p = co and j = 1,2, we define Hio as the space of functions with finite norm

1/ lico = f lloo + 197 flloo < 0o,

Notice that for n = 1,2 and p € (1, o), an equivalent norm in H}, is given by

1A 1l = A1l + 1V £l

and for a € (0,2), up to a multiple constant, an alternative expression of A*? is given
by

Aa//Zf(x) — pvf f(x"')’) _f(X)dy, (41)

R4 |yj#+e
where p.v. stands for the Cauchy principal value. We shall need the following Sobolev
embedding: for p € [1, o] and « € [0, 2],

{H;’CL", q € [p, g ap < d,

d—-ap (4 2)
HY C HY 4P CZ“’/", ap >d,

where Cf is the usual Holder space. Moreover, for @ € [0, 1] and p € (1, oo], there is a
constant ¢ = ¢(p,d, @) > 0 such that for all f € H?,

IFC+3) = fOllp < ey A DIl flla,p- (4.3)

The above facts are standard and can be found in [4, Chapter 6] or [47].
The following lemma due to [36, Lemma 5] strengthens the estimate (4.3), which
will play an important role in the following.

Lemma 4.1. For « € (0,2], write y\@ := Vlgen o Forany p € (g V 1,00], there is a
constant ¢ = c(p,d, @) > 0 such that for all f € H?,

| sup1£Gx+3) = £ =y V£

y#0

< cllf llevp-
p

In the following, given 0 < § <7 < oo, @ € (0,2] and ¢, p € [1, o], we write
HZ"’(S, T) := L[S, T];HZ), HZ"’(T) = Hg’q(O, T).

4.1. Second order integro-differential equations. Let a(f,x) : R, x RY — M¢  be

sym
a Borel measurable function, where Mffym denotes the space of all symmetric d X d-

matrices. We introduce the following second order partial differential operator:
L = a’9,0,u.
For A > 0and R, T > 0, let us consider the following backward second order parabolic
integro-differential equation:
Ou+ (L5 — Du+ Lu+ Lou=f, wT, x) =0, (4.4)

where .Z fR is defined in (1.5). We make the following basic assumptions on a.
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(Hg) There are constants ¢y > 1 and 8 € (0, 1) such that for all (¢, x) € R, x R,

¢ [P < a(t, 0)EE; < colél’, € €RY,
and
lla(z, x) = a(t, y)ll < colx — yF.
Notice that (Hg) implies (Hg) for a(t, x) = (co™)(t, x)/2.
Under (Hg,), it is well known that £} admits a fundamental solution (also called
heat kernel) p(s, x; ¢, y) so that
9sp(s, x31,y) + Z5'p(s, 5 1,y)(x) = 0, liglp(s, X1, Y) = Oxey,

and p(s, x; t,y) enjoys the following gradient estimates (see [17, Chapter 2] or [11]):

IVip(s, s £, 0I(x) < ¢4(t = 8) @ DPRealbP=9 - j= 0 1,2, (4.5)
Moreover, we also have the following fractional derivative estimate: for any ¢ € (0, 2),
A" p(s, - £, () < eallx =yl + (6 = $)2) (4.6)

In the case b = g = 0, PDE (4.4) has been well-studied. The following L?-estimate
(4.7) of V?u was proven by Kim [26] for 1 < p < ¢ < co. By duality, one in fact can
drop the restriction p < q.

Lemma 4.2. Let A,T > 0 and p,q € (1,00). Under (Hg), for any f € LZ(T), there
exists a unique solution u € Hf,’q(T) to the following backward PDE:
ou+ (L —Du=f, uwT,x)=0,

and there exists a constant ¢, = ¢1(d, p,q, T, co) > 0 such that for all 1 > 0,

||V2u||L;’,(T) < Cl”f”]LZ(T)- 4.7)
Moreover, for any ¥ € [0,2) and p’ € [p, ], ¢’ € [q, o] satisfying
d 2 d 2
—+-<2-9+ =+, (4.8)
P 4 P 9

there exists a constant c; = c2(d, p,q,%, p’,q",T,co) > 0 such that for all A > 0 and
S e(,7),

o142 -4-2)
P qd p g Hu”Hﬂ;"/(S,T) < CZ”f”]LZ(S,T)' (4.9)
P

Proof. The existence and uniqueness of solutions and estimate (4.7) can be found in
[26]. We only need to show the estimate (4.9). Without loss of generality, we assume
feCr(0,T] x R¢). By Duhamel’s formula, we can write

T
u(s, x) = f e~ A=) (f p(s, x;t,y)f(t, y)dy) dr.
s R4

Letr:= 1/(1 = 1/p + 1/p’) and 0(t, x) := (x| + £/2)™". Suppose (p’, ) # (o0, 1).
By (4.6) and Young’s convolution inequality, we have for @ € (0, 2),

T
|mwmmm<fﬂ€“ﬂ\ﬂAWM&uyvmw®
s R
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dr
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dr

’

T
< f o A=5)
S

T
< f e Iog( — 5, LD,

T
< f e—/l(t—s)(t _ S)(d/r—ﬂ—d)/ZHf(t)”pdt
= (e QO s ) ) (9),

where h,(f) := e V#4/"=?=d12] _, Hence, by Young’s convolution inequality again,

\[R:d Qﬁ(t -8, )’)|f(l,)’)|dy

p

9/2 F@-2-4 -2 14,2
A" ””Lq',(s,T) < ||h/1||L1/<1+1/q'—1/q>(o,T_S)||f||[L,;(5,T) < 20T ||f||L;(S,T)-
P
For (p’, ) = (00, 1), by the gradient estimate (4.5), we still have
L2 4dy2
IVully s 7y S 2T TN fllags )
Moreover, using the upper bound estimate of the heat kernel, we also have

—d_2y
P ||f||Ljf,(s,T)-

Combining the above calculations, we get (4.9). O

-l
||u||LZ,(S,T) S /1 roq

With this result in hand, we now prove the following solvability of the integro-
differential equation (4.4).

Theorem 4.3. Let p € (d/2V 1,00),q € (1,00) and T > 0. Let Fgfe(g) be defined by
(2.1). Assume that (Hg) holds and

(i) for some p; € [p, 0] and q; € [q, ] with I;il + q% <l,be ]Lf,‘l(T);
(ii) ToR(9) € L=(T) and lim,—o [Tg2(9)llcr) = 0.
Then for some Ay > 0 depending on ||b||Lle e and ||F8:,23(g)||LM(T), and for all 1 > Ay and

f e L;],(T), there exists a unique solution u € le,’q(T) to the equation (4.4). Moreover,
in this case the estimates (4.7) and (4.9) still hold and d,u € LZ(T).

Proof. By standard continuity method, it suffices to show the a priori estimates (4.7)
and (4.9) for equation (4.4) under the assumptions in the theorem. First of all, for any
¥ €[0,2) and p’ € [p, ], q" € [g, 0] satisfying (4.8), by (4.7) we have

T + IVl ) < ci||f + LPu+ L8|
Lys.7) > ¢l 1 v,R ]L,Z(S,T)'

)
Below, for simplicity of notation, we drop the time variable ¢. Recalling the definitions
of PffRu and Fozg(g) (see (2.1)), we have for any € € (0, R),

&

Lo ()] < f

lzl<e

< sup [y lu(x + y) — u(y) — y - Vu(0)| [Ty 7()(x),

y#0

[ + 06,2)) = u(0) = g(x.2) - Vu(w|n(d2)
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and fora € (d/p Vv 1,2),

L u(x) = LEu(o)l < f u(x + g(x,2)) — u(x) — g(x,2) - Vu(x)|»(dz)

e<|z|[<R

<wyW%Mww—Mw—yVM@@ﬂ@u»
y#+

Thus, thanks to p > d/a Vv 1, by Lemma 4.1, we obtain that for any € € (0, R),
||.£# < ||L5u + 1L ~ "%Viu”LZ(S,T)

u
v.RTILL(S,T)

q
e . (4.11)
S I @llemllllgzas 7y + IRl 7)-
On the other hand, letting ¢, := qq1/(q1 — q) and p, := pp/(p1 — p), by Holder’s
inequality, we have
1L ull g sy < 1Dt 5. lell o .y (4.12)

Now by (4.10), (4.11) and (4.12), there are c,, c3 > 0 such that for all € € (0, R),

/ﬁ(l+%+%
< e (ITGA@ s lltllypags 1) + IT0R(E@ sl )
2\ o L lg2a(s,7) e, R\ENIL= () Ul 9(s,1)
+ ea(llgy o gy sy + 1 lhgs )
which implies that for £ small enough and some A, large enough and all A > A,

2
||u”H,‘,‘2"2(S,T) + ”u”HZ’q(S,T) +|IV M||LZ(S,T) S “f”IL,Z(S,T)'

Here we have used that lim,_,, ||F8:§(g)||Loo<T) =0and

0, 0,2 2
Ty < ORI

) 1-¢
0202 vdz & <l < RY'E.

Substituting this estimate into (4.10), (4.11) and (4.26), we get the estimates (4.7) and
(4.9). The proof is finished. O
4.2. Non-local parabolic equations. In this subsection we assume a@ € (1,2) and
introduce the following nonlocal operator:

k(t, x,2)

iﬁﬂm:=l;Uu+z%<ﬂﬂ—%-Vﬂw]kwﬂ‘m (4.13)

where the kernel function «(z, x, 7) : R, X R? x RY — R satisfies
(Hg) There exist constants ky > 1 and 3 € (0, 1] such that for all # > 0 and x, y, z € R,

Kal < k(t, x,2) < Ko, |&(t, x,2) — k(t,y, 2)| < Kkolx — YP°. (4.14)

Under (Hg), it is well known that . admits a fundamental solution p,(s, x; ¢, y) so
that (see [13] or [14, Theorem 1.1])

0,p(8, x:1,y) + ZLypi(s, 51, ¥)(x) = 0, lippk(s, X, 1,y) = Oxy,
STt
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and p,(s, x;t,y) enjoys the following estimates: for j = 0,1 and T > O, there is a
constant ¢ > 0 such that forall 0 < s < < T and x,y € R,

Vipi(s, 5 1, I(x) < c0 )t = 5,x = y), (4.15)
and for any 0 € (0, (@ + ) A 2),
IAY2p (s, x; 1,9 < €0t = 5,x = y), (4.16)

where forn > O and y € R,
t()"”l)/(l t()’—d)/(l
(tl/a + |x|)d+r] = (1 + |x|/tl/a)d+71'
It is easy to see that for any p > 1, there is a ¢ > 0 such that
0P (D)l < ct¥=Plerdlen) >, (4.18)

The following lemma is proved in the appendix, which can be regarded as an exten-
sion of Holder’s inequality to H.

o\ (t, x) := 4.17)

Lemma 4.4. For any a,y,,y, € [0,1) and p, py, p> € (1, 0] with
1 1 i i 1 1 1 + +
_\_+Z’ Z<_+___<w’l:1’2,
pi p d d p ppp d
there is a constant ¢ = c(p;, ¥i, p, @, d) > 0 such that
||fg||a,p < C||f||a+71,p] ||g||(¥+72,p2'
For A > 0, we consider the following nonlocal parabolic equation:
O+ Lu—u+ Llu+ Hu=f, wT,x) =0, (4.19)

where 7] is a family of abstract operators. By Duhamel’s formula, we shall consider
the following mild form:

T
u(s, x) = f e IP (Lu+ Hu+ )t x)dt, (4.20)

where
P = [ psstnfed,
R
We show the following main result of this subsection.

Theorem 4.5. Let p,q € (1, 00) and T > 0. Suppose that (Hp) holds for some 8 € (0, 1),
and for any 6 € [0, B), there is a constant cy > 0 such that for all t € [0,T],

I ullo,p < collullyp- (4.21)
(i) Suppose that for some p, € [p, o] and q, € [q, 0] with pil + (;il <a-1,
b=b+ by, b € LZII (1), b, € LOO(T)

Then for any f € L}(T), there are Ay, ci > 1 and unique u satisfying (4.20) such
that for all p’ € [p, ], ¢’ € [g, 0] and ¥ € [0, @) with

d d

Silco-v+=+ 2 (4.22)

P q P q
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andall 1 > g and S € [0, T]
La—g+dpa_d_a
T Dl 5, < ks (4.23)

(ii) Let ® € [a, (@ +B) AN2)and 6 € (% + 9 —a,(@—1) AB]. Suppose that b = by + b,
with b, € Hf,’lq(T)for some p; € [p, o] N (19_1’ oo] and b, € HEX(T). Then for any

f e Hf;q(T), there are Ay, c; > 1 and unique u satisfying (4.20) such that for all
A= Ao,

1-1_9=6
A ullgoe oy < Il fllgoa - (4.24)
(T) 84(T)

Proof. By the fixed point theorem, it suffices to show the a priori estimates (4.23) and
(4.24). We divide the proof into four steps.

(Step 1) We first show (4.23) for b = 0 and %" = 0. For 9 € (0, @), by (4.16) and
Young’s convolution inequality with 1 + - = 1+ 5» we have

IAY2P fll,y = S 100t = s,-) * flly

P

f Ay, 1,9) F(y)dy
Rd

(4.18) B N
<ot = s, MAfNl, S (2= syllean-ediey g
and for j = 0, 1, by (4.15),

IVIPS Al = ]| f V(s SN fOM| S50+

.18) ot ind
<Nt = s, M, S @ = )T 1,
Let hy(t) := e~ Vgd/(an-@O+d/aq, .\ By Young’s convolution inequality again,

9/2
IA"2ull g o < W 5 Ol < ||h4||Lu<.+W-w>(o r-sllflls.z
b4

L(@—a-< 7+ +Z
<A q ||f||uf1(5 T)-

Thus we get (4.23).
(Step 2). We show (4.24) for b = 0 and % = 0. For 9 € [a, (@ + B) A 2), since

f AVPp(s, x;1,y)dy = AJ?1 =0,
Rd
by the definition and (4.16), we have

AV P, f(x)] =

Ap (s, %, 1, V(F () — f(x))dy
R4
< f 01— 5.3~ VIO — FCOIdy
R"'

= f €3 = s, )If (x = y) = fOOldy.
Rd
By Minkovskii’s inequality, (4.3) and (4.18), we get

IA2P £l < 1l f 09t = 5, pi'dy
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-0 60—
S 1l f 03yt = 5.)dy S 1fll (2 = ).
R
Hence,
T
”Aﬂ/zM(S)”p < f e—/l(t—s)(t _ s)(@—l?)/a”f(t)lle’pdt,
S

which in turn gives (4.24) by Holder’s inequality.
(Step 3) We prove the a priori estimate (4.23). First of all, for any ¢ € [0, @) and
P’ €[p,ool,q € [q, 0] satisfying (4.22), by Step 1, we have

a _d

La—9+41a_d_qa
AT Ml ) < ealf + Lout ]
P

1) (4.25)

Letting g, := qq1/(q1 — q) and p, := ppi/(p1 — p), by Holder’s inequality, we have
1L uleges.ry < Wbl s llelyion s 7y + W02lmes il vy (426)

In particular, in (4.25), taking & = 1, (¢, p’) = (g2, p2) and (¢, p’) = (g, p) respectively,
and by (4.21), we obtain

Bl A H il <
Hp22(5.1) HY(S,T) S LY(S.T)
+ C”b]||LZII(S’T)||M||HL’2‘72(S,T) + C(”bz”Loo(S’T) + D”””H};q(S,T)'

Choosing A, large enough so that

(a=1-3-=)/a 1-1
4, > 2clbllyn 7y, Ay © > 2¢lballeer) + 1),

we obtain that for all 2 > A,
la—1-— ) 1-1
A ¢ o ||u||H[1,-2‘12(S’T) + 4 a”u”HL’q(S,T) < zcllf“L;I,(S,T)'
(Step 4) We prove the estimate (4.24). Since 6 < ¥ — 1, by Lemma 4.4, we have
b
||<>2ﬂ1 u”Hf,’q(T) < C(”b] ”Hf,’f(T) + ”b2”HZ;‘I(T))HMHH}Z‘DO(T)'

Thus, by Step 2 and (4.21), we can get

A7 Nl < llf + Lou+ Hul

Ullgooery < € f iz Ullgoar)

< C(”blllHZlq(T) + ||b2”H‘ZQ}‘I(T))HMHHIZ”(T) + C”f”Hg’q(T) + C”“”H[‘;""(T)-

Choosing A, large enough, we obtain the desired estimate (4.24). O

Remark 4.6. It should be noticed that in the above case (ii), if 9 > «, then u solves
(4.19) because u is in the domain of £*, L' and ¥ .

a’

5. KRYLOV’S ESTIMATES FOR SEMIMARTINGALES

This section is devoted to the study of Krylov’s estimates for discontinuous semi-

martingales, which can be regarded as a priori estimates for the solution of SDE (1.2).
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5.1. General discontinuous semimartingales. The classical Krylov’s estimate on
the distribution of continuous martingales is well known, see [27] or [22, Lemma 3.1].
Below, we generalize it to discontinuous semimartingales.

The following important result on the existence of a solution for a partial differential
inequality comes from Krylov [28, Chapter III, Theorem 2.4].

Lemma 5.1. Given a nonnegative smooth function f on R, xR and A > 0, there exists
a nonnegative smooth function u(t, x) such that for all nonnegative definite symmetric
matrices a = (a")xq and 8 = 0,

Bou +a’0;0u — AB + tra)u + (Bdeta)’“*V £ <0, (5.1)
and
Vil < VA, u < KD fllgan i, (5.2)
where K; > 0 depends only on the dimension d.

Using this lemma, we show the following Krylov estimate for general discontinuous
semimartingales.

Theorem 5.2. Let m = m(t) be an R%-valued continuous local martingale, V = V(1)
an R%-valued continuous adapted process with finite variation on finite time intervals,
N(dt,dz) a Poisson random measure with compensator dtv(dz), where v is a Lévy mea-
sure, and G : R, x Q x RY — R? a predictable process with

!
ff IG(s, 2)|*dsv(dz) < o0, a.s.,
0JzI<R

where R > 0. Suppose that
m(0) = V(0) = 0, d(m',m’), < dt.

Let a’(t) := 92" qnd

X(@) := m(t) + V(&) + f f G(s,2)N(ds, dz2) + f f G(s,2)N(ds, dz).
0J|zI<R 0J|z|>R

Then forany T >0, p>d+ 1 and a € [1,2], there is a constant ¢ = c(T, p,d,a) > 0
such that for any stopping time T and f € LP(T),

TAT d
E( (det a(t))%f(t, X,)dl) < C(l +VP+ A+ G‘%)zp ||f||]]_,p(T), (5.3)
0

TAT T AT
V:= ]E(f IdV(t)I), A= E(f tra(t)dt),
0 0

T AT
G, := E( f |G(t, 2)|*dtv(dz )
0 Jl<R

Proof. By standard approximation, we may assume that f € C’ (R, x RY) and V, A, G,

are finite. For a given constant 4 > 0 whose precise value will be decided latter, let
27
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u be the nonnegative smooth function given by Lemma 5.1 corresponding to A and f.
By Itd’s formula, we have that

! !
Z; = u(t,X;) — f(@su + aijaiju + .,?VGM)(S, X,)ds — f o;u(s, Xs)dV£
0 0

= fl oiu(s, Xs)dmi + ft ) (u(s, X,- + G(s,2)) — u(s, X,_))N(ds, dz)
1s a local mart(i)ngale, where o
LCu(t, x) = fd [u(t, x + G(t,2)) — u(t, x) — 14<xG'(t, 2)O;u(t, x)]v(dz).
Observing that for |z] <RR,

Y(x,2) ;= u(t,x + G(t,2)) — u(t, x) — G'(t,2)0;u(t, x)

1
= Gi(t’ Z) f (6,’M(t, X+ S]G(t, Z)) - al‘l/l(t, x))dsl
0

1
= G'(t,2)G’(t,2) f f $10;0;u(t, x + 515,G(t, 2))ds ds»,
0 Jo

by (5.1) with 8 = 0, we have
2(x,2) < UG, P luller),
and by (5.2),
IZ.x, 1 < VAIGE D lullcr)-
Hence, for any @ € [1, 2],

LCu(t, x) < (21/(3;) + A2 f |G (2, z)l"v(dz)) lletllooc7)- (5.4)
|z|<R
For n € N, if we define the stopping time

!
T, := T Alnf {t >0:|m|+ ff IG(s, 2)Pdsv(dz) > n},
0 JlzI<R

then t = Z,,, is a martingale. Thus, by the definition of Z,, (5.1) with 8 =1, (5.2) and
(5.4), we have

Bu(t A 7, Xinr,) — u(0,0) < —E (f Tn( det a(s))d%f(s, Xs)ds)
0

ATy

AT,
+E(\/ﬁf dlV,|+ 2 (tra(s) + 1)ds
0 0
Y tAT),
+2W(BY) + A3 f f |G(t,z>|“v<dz>ds)||u||w>
0 |z|<R

<-E ( f " (deta(s)™ £, Xs)ds)
0

+ ( VAV + A(A + 1) + 2v(By) + A5G, )llullscr.
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Taking into account (5.2), we get

ATy,
E ( f (deta(s))™ f(s, Xs)ds)
0
< (VAV + AA + 1) + 235G, + DO fllpin i,

2
which, by taking 17! = V2V AV G¢ Vv 1 and letting n — oo, implies (5.3) for p = d + 1.
Finally, for p > d + 1, by Holder’s inequality, we have

d+l
P

T AT TAT
E ( f (deta(®))” f(1, Xt)dt) < (E f (deta(n)™ |f(, Xt)|f/+’udt)
0 0
d
< (1 +V2+A+ G")2 S llercr)-
The proof is finished. O

Remark 5.3. A similar result can be found in [44, Theorem 165]. However, the right
hand side of (5.3) in our result is more precise, which is important for us below.

5.2. Non-degenerate diffusion SDEs with jumps. Below, for the moment we sup-
pose that X; satisfies the following equation:

X, = X0+fo's(X )dW, +ff gs(Xs_ ,2)N(ds, dz)
lzI<R

ff 8s(Xs—, 2)N(ds, dz)+f§(s)ds
lzI>R

where £(7) is a measurable .%#,-adapted process. The reason of considering this form X,
is that we have more flexibility of choosing the drift £(s).
The following lemma is an easy consequence of Theorem 5.2.

(5.5)

Lemma 5.4. Let X, be of the form (5.5). Suppose that oo™ is bounded and unlformly
positive definite, and for some a € [1,2]l and g > d + 1, Foa(g) € LYT), where o R(g)
is defined by (2.1). Then for any p > d + 1 and 6 > 0, there is a constant cs > 0 such
that for any stopping time T and f € LP(T),

TAT TAT
E( f(S, Xs)ds) < (C(g + 6E (f If(s)lds)) ||f||Lp(T). (56)
0 0

Proof. Without loss of generality, we assume E( fOTAT |§(s)|ds) < oo. In order to use
Theorem 5.2, we take

m(r) := f o(X)dW,, V(1) = f lE(lds, G(1,2) == g(Xi-, 2).
0 0

Thus, by the assumption on o, for any p > d + 1, by (5.3), there is a constant ¢ > 0
such that for all f € L”(T),

TAT d
E( @, X»dz) < (1472 +C2) I f o (5.7)
0
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Here, V:=E (fOTM If(s)lds) and

T AT T At
G,:=E ( f f 18:(Xs, z)l"dIV(dZ)) =E ( f FS:%(gJ(Xr)df) :
0 |lzI<R 0

By (5.7) with f = l"g:z(g) and the assumption, we have
2.4
Go < c(1+ V2 +G§) " ITga(@llocry < (1 + V) + 4G,
which implies G, < ¢(1+V%4). Thus, we get (5.6) by (5.7) and Young’s inequality. O
In the above estimate, it is required p > d + 1, which is too strong for our purpose.

Below we use Theorem 4.3 to obtain better integrability index p. The price we have to
pay is to strengthen the assumption on I“g:j‘;(g).

Lemma 5.5. Let X be of the form (5.5) and T x(g) be defined by (2.1). Let T > 0.
Suppose that (Hg) holds and

[o(8) € L™(T) and Lim [532(8)lleocr) = 0.

Then for any p,q € (1, 00) with % + %1 < 1 and each 6 > 0, there is a constant cs > 0
such that for any stopping time T and 0 <ty < t; < T and f € L} (1o, 1),

c5+5E( f | T|g(s)|ds'%w)]. (5.8)

AT

AT
E( (s, Xs)ds'gto/\r) < ”f”LZ(to,tl)

IOAT

Moreover, if ¢ = 0, then we can relax p, q to satisfy % + %1 <2

Proof. We may assume without loss of generality that f € C° (R9*1y and

T AT
E(f |§(s)|ds) < 400.
0

142424,
r r P q

Let r be large enough so that

Let Ay be the constant in Theorem 4.3. For 4 > Ay and #, € (0, T], since f € L;’,(tl) N
L"(t;), by Theorem 4.3, there exists a unique solution u € sz,’q(tl) N Hf”(ll) with d;u €
L"(#,) to the following backward equation:

Ou+ (L — Du+ Liu=f, ut,x) =0,

where a = 00*/2. Let ¢ be a non-negative smooth function on R**! with support in
{(¢,x) € R™! : |(¢,x)| < 1} and thM #(t, x)drdx = 1. Set

u(t, x) := n™' (nt, nx),
and extend u(z, x) to R by setting u(t, x) = 0 for ¢ > #; and u(t, x) = u(0, x) for r < 0.
Define

u,(t, x) := u* ¢,(t, x) := f u(s, y)o,(t — s, x — y)dsdy (5.9)

Rd+1
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and
Jo 1= 0ty + (L5 = Duy + Ly, (5.10)
where ffR is defined by (1.5). Since % + % < 1, by the property of convolution and

using (4.9) with y = 1 and p’ = ¢’ = oo, there is a constant ¢ > 0 independent of n
such that forall 4 > 1 and ¢, € [0, 1],

ledy2
”u””ng,m(to,tl) < ”u”Hi;,m(to,tl) < C/lz(p+q )”f”LZ(to,tl)’ (511)
and
1f = Sz < Allwy = ullire,y + 10y — Wllere)
p
+ IV (uy — Wllrayy + ||<>ZfR(Mn = WLz
<10ty — Wl + cllay — ullgzr,y = 0, n— oo,

where we have used the same estimate as in (4.11). Therefore, by the Krylov estimate
(5.6), we have

TAT
lim E( f
n—oo 0

Now, applying It6’s formula to u, (¢, x) , we have

fils. X,) = f(5.X,) ds) <clim If, = fller) = 0. (5.12)

t
1, (t, X;) = 1, (0, Xo) + f (Ot + Lfuy + LEu,)(s, X,)ds
0

!
+ ff(s) - Vu,(s, X;)ds + a martingale.
0

Thus, by Doob’s optional stopping theorem and (5.10), we obtain
E(un(tl A T, XI] /\T)|yl()/\‘f) - un(tO A T, XIO/\T)

= E(f‘t1 M(é)su,, + Lu, + .,?Vgun)(s, Xs)ds'%oAT)
0]

AT

; E( " Es) - Vu(s, Xs)ds\%m)

AT

AT

> E( f (ﬂun(s, X,) + fu(s, XS))dS‘r%O/\T)
IOWAT

AT

= 2/Junllie a0 VBt = [IVitylliesg,e) E (f |§(S)|ds|ﬁzom) ,
To

which implies that by (5.11),

AT

AT
E( fn(sa Xs)ds‘t%o/\‘r) < (2 + AT + 2V(B;)T)”un”L°°(to,t1)

IOAT

AT
+ V|l ) E (f |§(S)|ds'r9zz0/\r)
0]

AT

<

AT
Ldy2z g
ca+ e >E( f |§<s>|ds|ﬁ,w)] 1Al -
To

AT
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Letting n — oo and A be large enough, by (5.12) we get (5.8). If & = 0, then we only
need to control |[u||p«, ), Which follows by (4.9) with ¢ = 0 and p’ = ¢’ = co. m|

Remark 5.6. Lemma 5.5 will be used to derive Krylov’s estimate for SDE with poly-
nomial growth drift in the proof of ergodicity for SDEs with singular drifts.

Now we show the following important Krvlov’s estimate for SDE (1.2).

Theorem 5.7. Let T > 0. Assume that (Hg) holds and for some py,q, € (2, 00] with
£ 4+ =<1,

b € LE(T), Toz() € LV(T), lim [TG2(@)llecr) = 0.
Then for any p,q € (1, c0) with % + % < 2, the solution X of SDE (1.2) satisfies Krylov’s
estimate with index p, q.

Proof. (1) First of all, we show that X satisfies Krylov’s estimate for all p,q € (1, )
with % + %1 < 1. By Lemma 5.5, it suffices to show that forall 0 <ty <t < T,

11
E( f |bs<Xs)|ds\L%o) < clbllg: o (5.13)
fo

For n € N, define a stopping time

!
T, .= inf {t >0: f |b(X;)|ds > n}
0

Taking &(s) = by(X,) and f = |b| in Lemma 5.5, we get that for every 6 > 0 and
0<ty<t <T,

AT,
E( f |bs<xs)|ds\%w,,) <
0

ATy

ATy
cs + OB (f |bs(Xs)|ds|‘jOZlo/\Tn)] 1D 1)
fo

ATy

Choosing ¢ be small enough such that
6”b”LZ{(T) < %,

we obtain that forall 0 < 1y < £, < T,

ATy
E( f |bs<Xs>|ds\%m) < cllblegs o
fo

ATp

where c¢ is independent of n. Letting n — oo, we get (5.13).

(i1) In this step we show that X satisfies the Krylov estimate for p = p;/2 and
q = q1/2. Without loss of generality, we assume p;,q; € (2,00) and f € Cg"(Rd“). Let
Ao be the constant in Theorem 4.3. For A > Ay and #; € (0, T, since f € LI (t;)NL]) (1),
by Theorem 4.3, there exists a unique solution u € Hf,’q(tl) N Hf,’lq '(t,) with du € LI (1))
to the following backward equation:

ou+ (L — Du + ,,%fRu + Lu=f, u(t;,x)=0.
Let u, := u = ¢, be defined as in (5.9), and

fo 1= 0y + (L5 = Du,, + (,?fRun + Llu,.
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As in the proof of Lemma 5.5 we have
Eun(t1, X Fop) = tnlto Xiy) = E( ft "y A, Xs)ds‘,%o),
which implies by (4.9) with¥ =0 and p’ = ¢’ :Ooo that
E( ft " i, XS)ds‘%o) < QAT + Dltallo) < ellf - (5.14)
:

Noticing that
lim £, = fllss ) = 0.
by step (i) and taking limits n — oo for (5.14), we get
1]
E( f £, Xs)ds\%o) < cllfllgan = ellf e, (5.15)
1) Pl

(iii) By (5.15), we have forall 0 <ty < #; < T,

3l
E( f |bs(Xs)|2ds|%0) < clblls -
fo

By Lemma 3.5, for any A > 0, there is a constant ¢ > O such that forall 0 <7y <t < T,

3l
E(exp {/l f |bS(XS)|2ds} |,%0) <. (5.16)
To
Define for y € R,
1] ,),2 1]
EP = exp {7 f o7 baxgaw, - 2 f |a;1bs|2(xs>ds} .
1) to

By Novikov’s criterion, - &

Holder’s inequality,

is an exponential martingale. Hence, by (5.16) and

1 1/2
E(E0 ) Z,) < (]E (exp {(2y2 ~9) f |0'S_1b3|2(Xs)ds} ',%0)) <c.  (5.17)
fo

Define a new probability Q,,,, := &l

to,11

P. By Girsanov’s theorem, under the probability

measure Q,,,,, after time ¢, W, =W, + ft:(ojlbs)(Xs)ds is still a Brownian motion
and N(dt,dz) is still a Poisson random measure with the same compensator dfv(dz).
Moreover, X, satisfies

t f !
Xt = Xto + f O-S(Xs)dWs + f gs(Xs—, z)N(ds, dZ) + f gs(Xs—’ Z)N(dS, dZ)
to toJzI<R toJ|

Z|>R

Hence, by Lemma 5.5 with & = 0, for any p, g € (1, o) with % + 5 <2,

1]
EQon (f f(s, Xy)ds
fo

Noticing that for any nonnegative random variable ¢,

E((S(l) L%O) = E%on (glgf{))E(a(l)

T, fo,11
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by (5.18), (5.17) and suitable Holder’s inequality, we can get the desired Krylov’s
estimate. |

5.3. SDEs driven by pure jump Lévy noises. In this subsection we assume v(dz) =
dz/|z]** for some a € (1,2) and (Hz) holds. We proceed to show Krylov’s estimate for
pure jump cases. In order to use Theorem 4.5, we need to write % defined in (1.5) in
the form of £ defined in (4.13). First of all, under (2.3), the map z — g;(x, z) admits
an inverse denoted by gt‘1 (x, 7). By the change of variables, it allows us to write

Lsu(x) = f [u(x +2)—ulx)-z- Vu(x)] K(|t,|;:aZ)
! ¢ (5.19)
+ ( f g:i(x, z)v(dz)) - Vu(x),
|zI=R
where
d+a -1
k(a7 = A detVag (6 9) (5.20)

g7 ! (x, )l

Lemma 5.8. Under (Hf;), there is a constant ky > 1 such that for all t > 0 and
x,y,z € RY,

Ko < K(1,x,2) < Koo IK(t, X, 2) = (2, Y, 2)] < Kolx = YP(1 + [2]). (5.21)
Proof. By (2.3) and g,(x,0) = 0, one sees that

g'(x,0) =0, ci'lz-71<lg ' (x,2) - g () < eilz - 7).
In particular,

'l <lgr' ol <cld, 11Vg e < 1 (5.22)
Moreover, for x,y € RY, letting 7 := g;'(x, z), we have
g (% 2) = &, (02 2l = I8 (02 83, D) — &' (0 8(x. D)

< cilgy,2) — g%, 2| < eflx = yPIEl < cjlx =y, 29

Noticing that
Ve (5 2) = [Vogd (% g7 (x,2)),
by (2.4) and (2.5), we have
Vg (6,2 = Vg, 00 D] < Vg 7115 IVegi(xs 7 (4, 2)) = Vg, 87 (0, )
She— P+ 1) + 187 (%, 2) — &7 (0,2
S e = yP(1 + 12,
which together with (5.20), (5.22) and (5.23) yields (5.21). O

Notice that « defined in (5.20) is not Holder continuous uniformly in z. In order to
use Theorem 4.5 in Subsection 4.2, we need to write the operator % as follows:

Lou(x) = Lu(x) + L5 u(x) + b5 (x) - Vu(x), (5.24)
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where
K (t,x,2) = (k(t, x,2) L1 + KoL), K7(1,x,2) i= (k(2, x,2) — ko) 151

and
K" (t,x,2)

jj/,u(x) = f (u(x +2) — u(x)) g
lzI>1

_ /17 t, "
bi (x) := f g/(x,2)v(dz) - f = (dfaZ)dZ
2I>R o1 2]

By (5.21), one sees that «” satisfies (Hg), and due to assumption (Hf;) , we have for
some constant ¢y > 0,

)

(5.25)

b5 (x) = BY ()| < collx =yl A D). (5.26)
Now, using Theorem 4.5 and as in the proof of Lemma 5.5, we have

Lemma 5.9. Suppose that (H,‘,f,) holds and X, satisfies

X;=Xo+ff gs(Xs_,Z)N(ds,dz)+ff TIs(Z)N(ds,dz)+f§(s)ds,
0JzI<R 0JzI>R 0

where n : Ry x Q x R? — R is a predictable process, and ¢ is a measurable adapted
process. For any p,q € (1, 00) with % + % < a—1and each § > 0, there is a constant

¢s > 0 such that for all 0 < ty < t, < T, any stopping time T and f € L(T),

AT
E ( £Gs, Xs)ds‘%w) <

IONT

AT

¢+ OF ( f |§(s)|ds\%w)] Allgery  (5:27)
IONT

Proof. Without loss of generality, we assume f € CP(R, X R?). By (5.21), (5.26),

Theorem 4.5 and Remark 4.6, for some ¢ € (0, 1) small, there is a unique u € Hy, > (T)

solving the following equation

Ou+ (L = Du+b%-Vu=f, ut,x)=0.
By 1t6’s formula and Doob’s optional stopping theorem, we have

E(u(tl AT, th/\‘r)lyto/\r) —u(to A T, Xto/\T)

AT _
=E (f (axu + L8+ L+ E(s) - Vu)(s, Xs)ds'ﬁtom)
IOAT ’ ’
AT _ _
(5.24) (f (/1M+f+,§fcf/'u+,§ffRu+°§Q7R”)(S’X‘V)ds'ﬁ’°”)
fo

AT

AT

+ E( &(s) - Vu(s, Xs)ds‘yto/\'r)a
IOAT

where 2%, and 2, are defined as in (1.5). Hence, by (i) of Theorem 4.5 with & = 1

and ¢’ = p’ = oo, we getfor 4 > 1,

AT
E( (s, Xs)ds‘c%om) < (1 = 10)(A + Ol

TOAT
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AT
+ [Vl o) E (f |£(s)|ds
fo

AT

1,d 1 4
S fllgery |ea + cdaer™a B
to

which yields the estimate by letting A be large enough since % + % <a-1. O

'jozt()/\T)

AT

|§(s)|ds\%oAT)),

AT

The above Krylov estimate requires % + % < a — 1, which is too strong for later use.
As we shall see below, for proving the well-posedness of SDE (1.2), we need to relax
it to % -+ % < a. The following result is similar to Theorem 5.7.

Theorem 5.10. Let T > 0 and py,q; € (1,0) with [% + L% <a-landb € LZII(T).
Suppose that (Hé) holds for some B € (0, 1) and X, satisfies

! ! t
X, = Xo + f f 8:(X,, )N (ds, dz) + f f n(2)N(ds, dz) + f by(X,)ds,
0JzI<R 0JzI>R 0

wheren : R, x Q x RY — R is a predictable process. Then for any p,q € (1, o) with
% + % < @, the Krylov estimate holds for X with index p, q.

Proof. First of all, we show that for all p, g € (1, c0) with % + % <a-1,

1]
E( f £(s, Xs)ds‘ff,o) <cllflgqy, 0<to <t <T. (5.28)
4]

For n > 0, define

!
7, :=inf {t >0: f |b|(X)ds = n}
0
In (5.27), if we take f = |b|, £(s) = |by|(X;) and 6 = 1/(1 v (2||b||LZI ))» then

ATy
]E,(f |bs|(X,)ds yfo/\‘rn) < CHb”L]q)1 (T)"
fo

ATy

Letting n — oo, we further have

il
]E( [ i 3@) < clibllgy
To

Substituting this into (5.27) with 7 = T, we get (5.28).

Below, without loss of generality, we assume f € CJ (R, x RY). Let b" := b = ¢,
be defined as in (5.9). Since b, € ng,‘x’(T), by (5.21), (5.26), (i1) of Theorem 4.5
and Remark 4.6, for € small enough and A large enough, there exists a unique u, €
H*(T) solving the following equation

Oty + (LY = Dty + LV uy + L uy = f. (5.29)
By 1t6’s formula and (5.29), we have

E(un(t1, X, )LF,, ) = nto, Xiy)

/1 _
=5 (f (ﬁsun * ngun + Z’?Ru" + "E’plbu")(s’ Xs)ds|ﬁlo)
fo
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1]
02 g ( f (f + A+ Ly + Ly + Ly + (b= b - Vi, )(s, Xs)ds'%o),

To

where DQZV'YR is defined as in (1.5) in terms of 7. Hence, by (5.28) and (4.23) with
¥ =0,1and p’ = ¢’ = oo, we have

71
E(f f(s, Xs)ds'yto) < cllallgo.n) + llVnllesalib = Bl 1)
1o

n
< C”f”Lf,(to,tl) + C”f”Lle (to,t1)||b -b ”LZII (T

where c is independent of n due to IIbnllel @ S ||b||LZl 1) Letting n — oo, we obtain the
1 1
desired estimate. O

6. STRONG WELL-POSEDNESS OF SDESs wITH JUMPS

Now, the Kolmogorov equations associated with SDE (1.2) have been studied in
Section 4, and the desired Krylov estimates were obtained in Theorem 5.7 and Theo-
rem 5.10. Combining these with the results obtained in Section 3, we give the proofs
of the strong well-posedness of SDE (1.2).

6.1. Proof of Theorem 2.1. Below we fix T > 0 and assume that (Hg ) holds and for
some p, ¢ € (2,00) with ¢ + %1 <1,
IVol, b, (Tyx(e)'* € LUT),
and
0,2 ) . 0,2 —
I0R(©) € LT, BmITg2(@llcr) = O,

where I} (g) is defined by (2.1).

Consider the following backward second order partial integro-differential equation:

Ou+ (L5 — Du+ Lu+ L85u+b=0, wT, x)=0. (6.1)
Since 1‘—f + 3 < 1, by Theorem 4.3, for A large enough, there is a unique solution
ue Hf,"’(T) to the above equation with
lleellzecry + [Vl < %
Let u.(z, x) := u(t, x) and u,, be defined as in (5.9). Define for n € N U {oo},
D,(t, x) := x + u,(t, x).

Since for each r € [0, T,

3=y <[ @t %) = Du(1, )] < 31x -,
the map x — @, (¢, x) forms a C'-diffeomorphism and

1/2 < IV®,llecrys IVD, sy < 2, (6.2)
where CD;I(t, -) is the inverse of ®@,(z, -) and

@ (t,y) = y — u,(t, D, (2, ).
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The following limits are easily verified by the definition, u € Hz’q(T) and (6.2):
lim [[V/®, - VOl = 0, lim [V/®;" = VO ey = 0, j = 0,1,

n—oo

. . _ _ (6.3)
,}I_,Ig (D, — (Doo)Xm”Hf;‘l(T) =0, r}l—{g ||((1)n - (Doo )Xm”H%‘I(T) =0,
where y,, is defined by (2.8). Now let us define @,(x) := O (¢, x) and
F:(y) = (VO - ) 0 @' (y),  bu(y) = Ault, @7 (), (6.4)

3,2) = O ) + (@] (), 7)) -
The following lemma is proven in the appendix.
Lemma 6.1. (i) & satisfies (H]) and |V&| € Ly(T), b € H™(T) and
(Tyx(@N'? € LYT). T(@) € L(T), im ITg2 @l = 0.
(i1) Yimyoo |3 + 257 + L) + L), = Auf ) = 0.

(iii) 1imyso0 [0, + L7 + L2+ L2)0, —bo D7)y,
by (2.8).

=0, where x,, is defined

”L?,(T)

Now, as a consequence of Theorem 3.10, Lemma 6.1 and Theorem 5.7, we have

Lemma 6.2. Let ®,(x) be defined as above. Then X, solves SDE (1.2) if and only if
Y; := ®©,(X,) solves the following SDE:

dY, = ,(Y,)dW, + b,(Y,)dr + f

lzI<R

&Y, DN (1, d2) + f G(Yi, DN D), (6.5)

lzI>R
where &,b and g are defined by (6.4).
We are in the position to give:

Proof of Theorem 2.1. By Lemma 6.2, it suffices to prove Theorem 2.1 for SDE (6.5).
For the sake of simplicity, we drop the tilde over &, b and g.
(1) Define

T (0) 1= 0k Ga(y) 87(0,2) 1= & 2) * $a(y),
where ¢, is the mollifiers in RY. Since o satisfies (Hg), there is a ny large enough such
that for all n > ny,

o™ satisfies (H7) uniformly with respect to ,

and

1/2 1,2 1/2
”Vo-(n)”L"(T) ”VO-lqu(T)a [I(T R(g(n))) / “]Lq(T) [I(T R(g)) / ||L7,(T),

628 ™ Mscry < ITgR(®)scr). lim sup ITo 28 " lescry = 0.
Let Y™ solve the following SDE with no big jumps:

v =y+ f o (¥)dw, + f by(Y™)ds + f gl (YY", 2N(ds,dz).  (6.6)
|zI<R
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Since o™, g™ satisfy the assumptions of Theorem 5.7 uniformly with respect to n, by
Theorem 5.7, Y™ satisfies the Krylov estimate for all p’, ¢’ with < o+ q— < 2 and the

Krylov constant is independent of n. Thus, by Theorem 3.9 with r = 1, we have for
any 6 € (0, 1),

(m) (m) |26 0 NIt
1€[0,7]
Here and below, the constant contained in < is independent of n. Since p > d, by (8.2)

with B = L*(Bg;v), we have
Toa(g!” — g)() = f (& =¥, = 810, D))y’
lzI<R IJR

2
S (La’ llg(y — yl’ )= g0, ‘)||L2(BR;V)¢n(y/)dy')

2

v(dz)

2
s( [Iy’ll‘d/”cbn(y’)dy’) I(To (g I
Rl

<n PR I, (6.7)
and by (8.2) with B = RY @ R,
@) — o)l < PV . (6.8)

Therefore,
E( sup |Y,(”) - Y,('")lze) < (P TIN5 0 as nym — oo,
1€[0,7]
and there exists a cadlag .#,-adapted process Y such that
lim E( sup |Yt(") - Ytlze) =0
n—=e0  \se[0,7]

By Remark 3.4, Y; also satisfies the Krylov estimate with index p, g. By taking limits
for (6.6), one finds that Y; solves

Y,=y+ f o (Y)dW, + f by(Y,)ds + f gs(Y,_, 2)N(ds, dz). (6.9)

lZI<R
For example, letting ¥;° := Y,, by (6.7), we have

t 2
sup E ™™, z) - (Y™, 2))N(ds, dz)
neNU{co |zl<R
= sup E f f 18" (Y, 2) — g, (Y, 2)Pv(dz)ds
neNU{co |z|<R
<l O,R(g“") ~ iy = 0, m — oo,

and for each m € N,
f f g™, 2)N(ds, dz) - f f g"(Y,_,2)N(ds, dz)
lZI<R lZI<R

2
lim E

n—oo




Combining the above two estimates, we obtain
2

lim E =0.

n—oo

! !
f MY, H)N(ds, dz) - f f g:(Y,_, 2)N(ds, dz)
0J|z 0Jz|

|<R <R

(i1) To show (2.2), we first consider SDE (6.9). By the classical Bismut-Elworthy-
Li’s formula (see [52]), we have for any i € R?,

1 ! -
ViBe(Y," () = ;E[so(Yﬁ")(y)) f (" )] 1th§")<y>dWs], (6.10)
0

where V,Y ™ (y) := lim,_o[Y"(y + gh) — Y (y)] /& is the derivative flow of Y (y) with
respect to the initial value y.
Now by Theorem 3.9, we have for any 6 € (0, 1),

ElY(y) - YO < cly - y' 1%,

where c is independent of n. Let 8 € (1/2,1) and T > 0. By Theorem 8.2 in the
appendix with p = 26 and g = r = oo, we get

sup supE( sup |VYf")(y)|29) <ec.
n y t€[0,T]

Hence, by (6.10) and Burkholder’s inequality, for # € [0, T'],
lellsollo=] ’ 12
sup [VE¢(Y;" ()] < %supla[ f |VY§">@>|2ds]
y y 0

-1
< Nl SUPE[ sup WY%N] < cllollur ",
y

Vi 5€10,1]
which means that
Ee(Y" () ~ Ee(Y," ")) < erliellat™ Ply = 'l
By taking limits n — oo we get

Var(P(y,) - P(y,)) =  sup  [Ep(Y,(y)) — Ee(Y,0") < crt™ Py =yl

9eCh(RY),llpllo<1

where P,(y, -) denotes the law of Y,(y).

(ii1) To allow the large jump in the equation, we shall use the interlacing technique.
More precisely, let p, be a point function on R, with values in Bj, u the associated
counting measure, i.e.,

u([0,] x A) :=#{p, € A: s €[0,7]}, A€ BB

Let 7 := inf{r > 0 : u([0, 1] x B},) = n} be the n-th jump time of ¢ — ([0, 7] X By). Let
Y,.(y) solve SDE (6.5) with initial value Y, (y) = y. Define Y"(y) recursively by

YTP I,I(Ypp (y))’ l € [TE_I’TE),
n— Tn—l

Yo ) +8n (Y, (0):pe), =15
40
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It is easy to see that Y? solves the following SDE with starting point Yé’ =y

dY? = o (YP)dW, + b,(YP)dr + f

lz]<R

g/(Y?, 2)N(dt, dz) + f (Y, 2u(dt, dz).

|zI=R

In particular, if we let pY be the Poisson point process with values in B, associated to
the Poisson random measure N(dt, dz), i.e.,

N([0,1]x A) =#{pY¥ € A: s €[0,1]}, A€ B(B),

then p" is independent of X. Therefore, ¥, := ¥” " solves SDE (1.2) with Yy = y.
Next we show (2.2) for ¥,(y). We adopt the same argument as used in [52]. We first
look at it for Y’ (y). Observing that

Y,(y), t<T],
Y ) + ga(Ys (0),pg), 1=1],
YTIIJ,I(YEIIJ(y)), re [TIfaTg)’

YP(y) =

by what we have proved in step (ii), and since Y,,(-) and Y ,(-) are independent, one
sees that

Ee(Y?(») — Bo(YPO))l < crliglleolt ATH™Ply =y, t€[0,T].

Hence,
~ ~ ., Ny—1/2 ,
[Ee(V:()) - Be(F,")| < crliglleB(t A7) ly =yl t€[0,T1.

Since the random variable T‘I’N = inf{r > 0 : N([0, 7] X B}) = 1} obeys the exponential
distribution with parameter v(Bj), by easy calculations, we have

-l ~1)2

E(rnth) <ot

Thus, we get (2.2) for Y.(y). The proof is complete. O

6.2. Proof of Theorem 2.4. Let T > 0 and v(dz) = |z *dz for some a € (1,2).
Below, we assume (Hf;) holds with 2 —a > B > 1 — £, and for some 6 € (1 — 2, 1),

pev2,0)andqge (5, 0),
(Tya(e)"? € LUT), b e HAUT).
We also fix
de(+a/2yvA+0)V(+d/p),(@+B) A6 +a-—-alg)).
Consider the following backward nonlocal equation:
Ou+ (L5 Du+Lu+b=0, wT,x)=0. (6.11)
Recalling (5.24), we can rewrite the above equation as

O+ (L —Du+ Hu+ L+ Lu+b=0, wT,x) =0, (6.12)
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where X u = Z<u, and £*,b* are defined by (5.25). The following lemma is
obvious by Lemma 4.4.

Lemma 6.3. For any p > 1 and 6 € [0, ), we have ||.% ullg, < cllull; p.

By Lemma 6.3 and Theorem 4.5, for any 4 > A, there is a unique solution u €
Hi’“’(T) to equation (6.12), and so does for equation (6.11). Moreover, by Sobolev’s
embedding (4.2),

sup [|u(0)llco-arn < llullgo-ames py < 5. (6.13)
1€[0,T] b ®

Let u,, = u and u, = u * ¢, for n € N. Define for n € N U {oo},
D,(t, x) := x + u,(t, x).

Since for each r € [0, T,

3x =yl < |@u(t, x) = (2, )| < 3lx -, (6.14)
the map x — @, (¢, x) forms a C'-diffeomorphism and
1/2 < IVl IVD, o < 2, (6.15)
where d),;l(t, -) is the inverse of @,(¢, -). Moreover, by (6.13), we also have
V®,, V®," are Holder continuous uniformly with respect to ¢, . (6.16)
As above, define @,(x) := O (¢, x) and
bu(y) = (e, ®7' () = (L5 ®:) 0 @7 ).
3,2) = 0@, 3) + gl @' (),2)) - -
The following lemma is proven in the appendix.
Lemma 6.4. (i) b e L*(T) NH,(T) and § satisfies (HS), (Tyx(8))'"* € Li(T).
(i1) imyoos |3, + 27 + L)@y = Do @ 1 = 0.
(iii) iMoo [|[((8, + L + L)@ = bo @y, |

(6.17)

rary = 0, where x,, is defined by (2.8).
9(T)

Let p; :=dp/(d — 6p). Since pil + % <a—-1landb e L;’,I(T), by Theorem 5.10, any
solution X of SDE (1.2) with o = 0 satisfies the Krylov estimate for all p’, g’ € (1, 00)
with 1% + qﬁ < a@. As in Lemma 6.2, by Lemma 6.4, Theorem 5.10 and Theorem 3.10,
we have the following lemma.

Lemma 6.5. Let ®,(x) be defined as above. Then X, solves SDE

dX; = b(X,)dr + f

|zI<R

if and only if Y, := ®/(X,) solves the following SDE:

de=13z(Yt)dt+f gt(Yt—’Z)N(dt9dZ)+f g:(Y:-,2)N(dt, dz), (6.18)
|z|<R

lzI=R

gt(Xt—’ Z)N(dt’ dZ) + f gt(Xt—a Z)N(dt’ dZ)

|zI>R

where b and g are defined by (6.17).
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Now, we are in the position to give:

Proof of Theorem 2.4. By Lemma 6.5, it suffices to prove the theorem for SDE (6.18).
(i) Let 5™ (y) := b, * ¢,(y) and 8" (y, 2) := &,(-, 2) * ¢,(y). By (i) of Lemma 6.4, there
is a ng large enough such that for all n > ny,

3™ satisfies (HZ) with constant ¢, independent of n,
and
12/~ 12~
||(F0,R(g(n)))l/2||L;’,(T) < ||(F0’R(8))1/2||L;(T)-

Let Y™ satisfy
t t
Y® =y + f (Y ™yds + f f g™, 2)N(ds, dz). (6.19)
0 0 |Z|<R

By Theorem 5.10, for any p’, ¢’ with 1% +E<aY ™ satisfies Krylov’s estimate with
index p’, ¢’ and the Krylov constant is independent of n. Thus, by Theorem 3.9 with
r =1, for any 8 € (0, 1), we have

0
|LLO(T)’

0 260 0,2 /1~ ~
E( sup |Yt(n) _ Yt(m)l ) < “b(n) _ b(m)”ILZ o + ||FO,R(g(n) _ g(m))
te[0,T] 00

which converges to zero as n,m — oo by (6.7) and similar (6.8). Therefore, there exists
a cadlag .#,-adapted process Y such that

lim E( sup |Y — Y,|9) =0,
n—o0 t[0,T]

and by Remark 3.4, Y; also satisfies the Krylov estimate with index p,q. By taking
limits for (6.19), one finds that Y, solves

t t
Yi=y+ f by(Y;)ds + ff 2,(Y,-, 2)N(ds, dz).
0 oJi<r

The uniqueness follows by Theorem 3.9. For the large jump, we use the same tech-
nique as used in the proof of Theorem 2.1.

(i1) To show the existence and the estimates of the distribution density of of X;, we
use the results obtained in [14]. In view of (5.19), we have

L= L L= L L 2

where k is defined by (5.20) and b¢ := flz or 81(%2v(d2). By (2.3), b® is bounded. Thus
by [14, Theorem 1.5], the operator .’ admits a fundamental solution j(s, x; , y) so that
for & small enough, and forall 0 < s < ¢ < T and x,y € R,

cool (s — t.x—y) < p(s. x:ty) < i (0f +0) (s = t.x - y). (6.20)
where Q(f ) is defined by (4.17), and

V.5(s, x: 1, )] < a0 + 07 )(s =t x = ). (6.21)
43



Moreover, p(s, x;t,y) is a family of transition probability density functions, which de-
termines a Feller process

(Q.7. Py emxms: Xiso):
with the property that
Po.(X,=x,0<1<5)=1,
and for r € [s, ] and E € B(RY),

Es,x(Xt ek |Xr) = fﬁ(r, Xr; S,y)dy
E

In particular, for any f € C;(RY), it follows from the Markov property of X that under
P, with respect to the filtration .%; := o{X,, r < t},

M! = f(X,) - f(X)) - f S Zf(X,)dr is a martingale.

In other words, Py, solves the martingale problem for (.7, Ci(Rd)). On the other hand,
by [1] or [15], we know that the martingale problem for .Z is well-posed, and by 1t6’s
formula, any solution of SDE (1.2) is a martingale solution of .Z. Therefore, the strong
solution X,(x) admits a density p(z, x,y) = p(0, x;¢,y), and the desired estimates (2.6)
and (2.7) follow by (6.20) and (6.21). O

7. Ercopicity oF SDES wiITH JUMPS

This section is devoted to the study of the existence and uniqueness of invariant
probability measures associated with the time-independent SDE (2.10). To prove The-
orem 2.9 and Theorem 2.12, we shall first establish a general ergodicity result for SDE
(2.10) with dissipative drifts in subsection 7.1. Then, we shall use Zvonkin’s method
to transform SDE (2.10) with singular dissipative drifts into a new SDE, and verify
that the new SDE satisfies the conditions in Theorem 7.4. Thus, the conclusions in
Theorem 2.9 and Theorem 2.12 follow by Proposition 2.8 and Theorem 7.4 .

7.1. SDEs with dissipative drifts. For each m € N, let y,,(x) be the cutoff function in
(2.8). Let

Tm(X) 1= 0 (X m(X), bin(X) 1= DOKW(X), gm(x,2) 1= glxxm(x), 2).
Below, we always assume that one of the following conditions holds:

(C1) For eachm € N, (o, by, gn) satisfies the assumptions of Theorem 2.1.
(C2) For each m € N, (0, b,,, g,,) satisfies the assumptions of Theorem 2.4.

Under (C1) or (C2), by Corollary 2.6, there exists a unique local strong solution
to SDE (2.10). To show the non-explosion and ergodicity, we make the following
assumptions:

(C3) For some r > —1 and «, k2, k3 > 0, it holds that
2(x, b(x)) + llo I < =& 1xP*" + k2, [BO] < k3(1 + 67, (7.1)
and for any € > O and A > R, there is a ¢, , > 0 such that

T32(9)(x) + I (9)(x) < eld™ + ¢, 00 (72)
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We first show the non-explosion and some moment estimates of the unique strong
solution.

Lemma 7.1. Under (C3), there is no explosion to SDE (2.10). Moreover, for any
? € (0, 1), there is a constant ¢ > O such that for allt > 0 and x € R4,

t 1/9
f B|X,(x)|"*ds + E( sup IXs(x)lﬁ)] <c(x]|+t+1), (7.3)
0 s€[0,1]
and
mx <] e r=0 (7.4)
X)| < .
' cd+1"%), r>0.
Proof. Let h(x) := /1 + |x|*. By It0’s formula, we have
dh(X,) = [LTh+ LPh + L4h)(X,)dt + dM,,
where M, is a local martingale. Noticing that fori, j=1,--- ,d,
8ih(x) = x;(1 + [x)™"?/2
and
30;h(x) = (1 + |x*)7126,;/2 = 3xix;(1 + |x*) /% /4,
we have
LIh(x) + LPh(x) < (lo@)IF + 2¢x, b)) + [x*)7?/4. (7.5)
On the other hand, observing that
1
|h(x +y) — h(x)| < |yl f [VA(x + sy)lds < [yl/2,
0
h(x +y) — h(x) - y - Vh(x) < |yI*/2,
we have
25 = [ [+ g0.2) = h0) = Lcng(x.2) - Theo )
R
1 1
<z f lg(x, 2)Pv(d2) + f 18(x, 2)Iv(d2) (7.6)
2 |z]<R 2 |zI=R

= (AW + TELEW)/2

By (7.5), (7.6) and (7.1), (7.2), there are c;,c, > 0 only depending on ; in (7.1) such
that

[D%(rh + "E’ﬂlbh + z,gh](X) < —Cl(l + |x|2)(1+’)/2 + C.
Hence,
dh(X,) < —c1h(X)'7dt + cpdt + dM,.

Letting 7, := inf{z > 0 : |X;| > n}, we have

AT,
c,E (f h(XS)”’ds) < h(x) + cat,
0
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and by Lemma 3.7, for any ¢ € (0, 1),
E( sup h(Xs)ﬁ) < co(h(x) + cat)?,
5€[0,tAT, ]

which yields by a contradiction method that 7, — oo as n — oo. By taking limits

n — oo , we then obtain (7.3). Moreover, we also have
- E(h(X) + ¢y, r=0,
dEA(X,)/dt < Ler
—c1 (BW(X)) ™ +¢cp, r>0.

Solving this differential inequality, we get (7.4). O

The following lemma is useful for showing the irreducibility in the non-degenerate
diffusion case.

Lemma 7.2. For given xy # yo € R and m > 1, let Z, solve the following SDE:
dZ, = [b(Z,) — m(Z, — yo)/2]dt + o(Z,)dW,

+ f 8(Z,_,2)N(dt,dz) + f g(Z,_,2)N(dt,dz), Zy = xo. (7.7)
|z|<R

[zI=R

Under (C3), for any 0 < a < |xo — yo| and T > O, there exists an m large enough such
that

P(IZr(x0) — yol > a) < 1/2, (7.8)
and for any 9 € (0, 1),
E( sup |z,|0) < oo. (7.9)
t€[0,T]

Proof. First of all, by using the same argument as in estimating (7.3), we have (7.9).
Let us show (7.8). For A > 0, define

7, :=inf{r > 0 : N([0,7] X BY) = 1}.

Let T > 0 be fixed. Since 7, obeys the exponential distribution with parameter v(B¢),
one can choose A > R large enough so that

P(r,<T)=1-e"") < 1/4, (7.10)

For this A, let Z;! solve the following SDE with starting point Z; = x,,

dZ! = [bA(ZYH — m(Z} - yo)/2]dt + o-(ZHdW, + f g(ZL, 2)N(dt, dz),

lz]<A
where b,(x) := b(x) + fR<|z|< 18(x, 2)v(dz). Clearly,
Z, =7 te[0,1)). (7.11)
By It6’s formula and (7.1), (7.2), we have

!
e"BIZ; - yo* = Ixo - yol* + E f e (2Z! = yo. baZD)) + lo(Z)IP )ds
0
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!
+E f e f (2, DPV(dD)ds
0 lz]<A

!
= |xo - yol’ + E f ™ (22!, Bz + IZDIP = 2y, ba(Z1))ds
0
!
+E f e (2(Z£, f g(Z!, v(do)) + r‘g’i(g)(Z?)) ds
0 R<lzl<A ’
!
< |xo = yol* + E f " (= k|ZP* + ky)ds
0
!
+ 2[yolE f ™ (k302" + 1) + TR (e)(Zh)ds
0

t
B f e (21ZA T @(ZD) + T(ZD)ds
o s
< |xo = yol* + e = 1)/m,
where ¢ > 0 is independent of m. From this we derive that for m large enough,
EZ/l _ 2 -mT _ 2 _ oa—mT
1Z5(x0) = yol < lxo = Yol N c(l —e™) <

a? a? ma?
which together with (7.10) and (7.11) yields that
P(|Zr(x0) = yol > a) < P(|Zr(x0) — yol > a, T < 7)) + P(T > 7)) < 1/2.

The proof is complete. O

Let P;p(x) := Ep(X;(x)). We have
Lemma 7.3. Under (C1) or (C2), and (C3), the semigroup P, has the C,-strong Feller
property and irreducibility.
Proof. (1) Let X]"(x) be the solution of SDE (2.10) corresponding to (0, by, &m). In
the case of (C1), by (2.2), for any bounded measurable function f and ¢ > 0,
x — Ef(X7"(x)) is continuous. (7.12)

In the case of (C2), by the gradient estimate (2.7), we still have (7.12).
Now fix K > 0. For x € R? and m > K, define a stopping time

7 ={t>0:|X,(x)| = m}.

m

P(1Z7(x0) — yol > a) <

By Chebyshev’s inequality and (7.3), we have
lim sup P(¢ > 7)) < lim sup E( sup IXS(x)lﬁ) /m” = 0. (7.13)
m—00 |4<K M= <K s€[0,£]
Moreover, by the local uniqueness of solutions to SDE (2.10), we have
X(x) = X/"(x), t€l0,1,), |x|<K.
Let f be a bounded measurable function. For any x,y € Bk, we have
[E(f(Xi(x) = f(X:))I

< [BUFOG00) = SO rergaryy)
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E(f(X;"(x)) - f(Xtm(y))l{manr,“n})
E(f(X"(x) = FOXON)| + 4l fllP(t > 75 A T))
E(f(X"(x)) — FXON)| + 4l fllo(B(t > 75) + Bt > 7)),

which together with (7.12), (7.13) yields the continuity of x — E(f(X,(x))).
(i) For the irreducibility, it suffices to prove that for any 7', a > 0 and xo, yy € R?,

P(1X7(x0) = yol < @) > 0. (7.14)

+ 2|l flloP(t > T, A T),)

<|
<|

In the case of (C1), we use Lemma 7.2 and Girsanov’s transformation to show (7.14),
see [42]. Let Z,(xp) solve SDE (7.7) and set for K > 0,

Tk = inf{t : |Z,(x0)| = K}.
By (7.8) and (7.9), we may fix K and m large enough so that
P(rx < T) +P(Zr(x0) — yo| > a) < 1. (7.15)
Define
5 INTK
U= —mo(Z) ' (Z = yo), Wi:=W, +f Uds,
0

T ATk 1 T ATk
Er = exp ( f U dW, — 3 f IUSIst).
0 0

Since IU,I{KTK}I2 is bounded, we have E[E7] = 1. By Girsanov’s theorem (see [44,
Theorem 132]), under the new probability measure Q := &P, W, is still a Brownian
motion, and N(dt, dz) is a Poisson random measure with the same compensator dfv(dz).
In view of (7.15), we also have

QUrk < T} UAIZr(x0) = yol > a}) < 1.
Note that the solution Z; of (7.7) also solves the following SDE:

and

INTK INTK -
Ziney = X0 + f b(Zy)ds + f o(Z;)dW;

0 0
INTK 5 INTK
+ f f 8(Z,-, 9)N(ds, dz) + f f 8(Z,-, DN(ds, dz).
0 |zZ]<R 0 [zI=R

Oy = inf{z : [X,| > K}.

Then the law uniqueness for (2.10) yields that the law of {(X,1{,<g})sef0.77, Ok} under P
is the same as that of {(Z;1,<;})sef0.17, Tk} under Q. Hence

Set

P(IX7(x0) = yol > a) S P({0x < T} U {0k > T, |X7(x0) — yol > a})
=QUrx < T} U {rg > T,1Zr(x0) — Yol > a})
< QUrx < TYU{|Zr(x0) = yol > a}) < 1,

which implies (7.14).
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In the case of (C2), we shall use the positivity of the Dirichlet heat kernel, which is
proved in Theorem 8.3 in the appendix. Let D,, := {x : |x| < m} be a ball containing x,
and B,(y,). We have

P(IX7(x0) — yol < @) > P(X7(x0) € Bu(yo); T < 7p,,)

= P(X7(x0) € B.(vo); T < 1p,),
where X7 (xo) is the solution of SDE (2.10) corresponding to (0, b, g). By (2.6), we
can check that the functions
o1(t,r) == et + 1), 0a(t, 1) = ot (t + 1)UL+ (1 + 1))
satisfy (H?) in the appendix. Thus, by (8.10) with D = D,, and using Theorem 8.3, we
get (7.14). The proof is complete. O

Now we show the following ergodicity result.

Theorem 7.4. Under (C1) or (C2), and (C3), P, admits a unique invariant probability
measure . Moreover, if r = 0 in (C3), then P, is V-uniformly exponential ergodic with
V(x) =1+ |x|; if r > O, then P, is uniformly exponential ergodic.

Proof. By (7.4), the existence of invariant probability measures for P, follows by the
standard Bogoliov-Krylov’s argument. The uniqueness is a direct consequence of the
C,-strong Feller property and the irreducibility. Moreover, still by the C,-strong Feller
property and the irreducibility, we can derive easily that for any y € R? and r, > 0,

ian P(X,(x) € B,(y)) > 0.

X€EB,

Combing this with (7.4) and [21, Theorem 2.5], we get the desired exponential ergod-
icity. O

7.2. SDEs with singular and dissipative drifts. In this subsection we study the er-
godicity of SDE (2.10) with singular and dissipative drifts. The main idea is to use
Zvonkin’s transformation to kill the singular part. We point out that Krylov’s estimates
obtained in Theorem 5.7 and Theorem 5.10 are not applicable for solutions of SDE
(2.10) due to the dissipative part in the drift.

First of all, we consider the case of non-degenerate diffusion, and show the following
non explosion and Krylov’s estimate.

Lemma 7.5. Under (Hg), (H) and (2.12), any solution X,(x) to SDE (2.10) does not
explode. Moreover, for any T > 0 and f € L” (R?) with p’ > d,

T
E(f f(Xs(X))dS) < c(lxl + DIfly, (7.16)
0
where ¢ > 0 is independent of x.

Proof. Forn > 0, let 7, := inf{t > 0 : |X,| > n}. By Lemma 5.5, forany T > 0, p’ > d
and § > 0, there exists a constant ¢ > 0 such that for any f € L” (RY),

T ATy, T ATy
E( f(Xs)ds) < (C(g + 0E (f by + bzl(Xs)ds)) A1, (7.17)
0 0
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Since b, € LP(R?) with p > d, for every §, > 0, we can take f = |b;| and choose &
small enough such that 6||b,]|, < dy in the above inequality to get

T AT, T AT,
E(f b](Xs)dS) < Csy t 50E (f |b2(XS)|dS)
0 0

T (7.18)
@10 o 2(1+7)/2
< Gt K300E (1 +1X49) ds].
0
On the other hand, let A(x) := /1 + |x|2. By It06’s formula, we have
AT,
Eh(X;pr,) = h(x) + E f [LLh+ LPh + L8h)(X,)ds. (7.19)
0
As the calculations in Lemma 7.1, by the assumptions, we have
LTh(x) < Yd* ) + 1) < e,
LIh(x) < (—x1 [ + k)1 + )7 + by ()]
<=k (1 + )22 + ¢ + by (0)],
and
ZLEh(x) = f [+ g 2) = ) — Ligerg(x. 2) - Th(o)y(d2)
R
< f lg(x, 2)Pv(dz) + f lg(x, 2)Iv(dz) < c.
lz]<R [zI=R
Hence, by (7.19) and (7.18) with §, small enough, we obtain
K T AT,
E(l + X700, )2 < (1 + |22 = EIEI (1 +1X,)""2ds
0
TAT,
+ Ef |b1(X;)|ds + ct
0
% TAT,
<1+ |xHY* - ZlE f (1 +|X,HM*2ds + cr,
0
which implies that lim,,_,, 7, = co and
T
E(1 + |X7[H'? + %Ef (A + XD 2ds < (1 + 6DV + cp.
0
Substituting this into (7.17) and (7.18), we obtain (7.16). O

To perform Zvonkin’s transformation, we need to solve a related elliptic equation,
which is a consequence of Theorem 4.3.

Theorem 7.6. Suppose that (Hy) holds and b € L? (RY) for some p > d, and
Ioa(9) € LY@, lmIrg3 ()l = 0.
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Then for some A, > 1 large enough and for all A > A, and f € LP(RY), there exists a
unique solution u € le, to the following elliptic equation:

(L = Du+ L+ Lu=f, (7.20)
and for any p’ € [p,c0] and § € (0,2) with § <2~ + <,

5Q-0+5-4) 2
A2 ullg e + 1Vl < el f1lp- (7.21)

Proof. As usual, it suffices to show the a priori estimate (7.21). Let u € Hf) solve
(7.20). Let T > 0 and ¢(r) be a nonnegative and nonzero smooth function with support
in (0, T). Let u(t, x) := u(x)¢(t). It is easy to see that i satisfies the following parabolic
equation:

O + (LY — Vit + Lt + LV = ug + [,
Thus, by Theorem 4.3, there is a Ay > 1 depending on ||b]|, and ||F8:123(g)||oo such that for
all 1 > Ao, p’ € [p,c0] and & € (0,2) with § <2 - & + =,

1o-9+ -4y 2-
O DNl o gy + IVl ) < cllug’ + Flosss
4

which implies that

T g+ 9%l <l (el 8l + A1 NBl). (722
Letting p’ = p and ¥ = 0 in (7.22) and choosing 4; > A, large enough, we get
llull, < cllf1l,-
Finally, substituting this into (7.22), we obtain the desired estimate (7.21). O

Below we assume that (Hg) holds and for some p > d,
bi. Vo, (Typ(e)'"? € L(RY), Toz(g) € L7®RY), lim [I52(g)lls = 0.
Now consider the following elliptic equation system:
(L — Du+ Liu+ .,?lblu =b.
Note that only the first part b, in the drift of SDE (2.10) is involved. By (7.21), there
are ¢, A; > 1 such that for all 4 > A;,
oo + IVadleo < 226570, (7.23)
Define
D(x) := x + u(x).
By (7.23) with A large enough, the map x — ®(x) forms a C'-diffeomorphism and
172 < IV, VOl < 2,

where ®~! is the inverse of ®.
By Lemma 7.5 and Theorem 7.6, the following result can be shown in the same way

as in Lemma 6.2. We omit the details.
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Lemma 7.7. X, solves SDE (2.10) if and only if Y, := ®(X,) solves

dY, = &(Y,)dW, + b(Y,)dr + f

|zI<R

3, DN (s, do) + f (Y, N1, dz), (7.24)

|zI=R

where y := ®(x) and
() = (VO -0) o @7 '(y), b():=(Au+ VD -by)od'(y),
8(,2) = (@' () + g(D'(1), 2)) - y.

The following proposition is the key observation, which shows that the dissipativity
(2.11) is preserved under Zvonkin’s transformation.

Proposition 7.8. Under (2.11), for A large enough, there are &y, k,,k3 > 0 such that
forall y € RY,

3. b)) < =Ky + &k and b)) < k(1 + y|').
Proof. Noticing that
y =0y + u(®'(y), VO(x) =1+ Vu(x),
by the definition of b and (2.11), we have
3, b)) = Ay, u( @' ¥)) + (3, b2 (@' () + (¥, (LVu)( @' ()
< Alulleolyl + (@' @), b2(@' W)Y + llutllss - [2(7' ()]
+ [[Vullealy] - 152(D7 ()]
< Aullly! = D' O + &2
+k3(1 + 107 D2 ((lulleo + Vudllooly))
< Allloaly! = k1(lyl = Nutlla)*” + K2
+ k3(1+ (] + Nelloo)) 2 (litlo + [Vetllocly1)
< (c1llVullw = VP + ca,

where c; only depends on «3 and r. By (7.23) with A large enough so that ¢ ||Vull. < 7,
we get the first estimate. The second estimate is easy. O

Now we can give

Proof of Theorem 2.9. For the first part of the result, by Proposition 2.8, we only need
to prove that the the conclusions in Theorem 7.4 hold for SDE (7.24). To this end,
it suffices to check that the new coefficients of SDE (7.24) satisfy the requirement in
Theorem 7.4. The fact that &, b, g satisfy the local condition and (7.2) can be proved by
direct computations, we omit the details. Since & is bounded and by Proposition 7.8,
we have (7.1) is true. The desired result follows. To finish the proof, it remains to show
that the invariant probability measure u has a density p € LY(RY) with g < d/(d — 1).
By Zvonkin’s transformation Lemma 7.7, we may assume b; = 0. Let f € C7’ (RY),
and for p > dletu € H[2, solve the following elliptic equation:

(L - Du+ Lou=f.
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Let u, = u * ¢, be the mollifying approximation of u and define
fu = (& = Du, + .i”fRun.

By Itd’s formula, we have

T
Eu,(X7) = u,(x) + E(f (fp + Au, + b - Vun)(X,)dt).
0

Noticing that
o = fllp < cllun — ullz,p,
by Krylov’s estimate (7.16) and (2.11) we have

T T
E(f f(X,)dt) = lim E(f fn(Xt)dt)
0 n—eo 0

T
< A+ Dluplleo + IVitnll B (f IbI(Xz)dt)
0

T
< (A + 2)lulleo + &3 VullE (f 1+ Ile“’)dt),
0

which yields by (7.3) and (7.21) that

T
E(f f(Xt)dt) <+ Ixl+ DA,
0
where c is independent of 7 and x. By (2.9) we get for any p > d,

u(f) < cllflly. f € Cr®?,
which in turn implies by Riesz’s representation theorem that u has a density p €
Lr/P=D(R4). The proof is complete. O

The proof of Theorem 2.12 is entirely similar to Theorem 2.9. As in Lemma 7.5,
the following lemma can be proven by Lemma 5.9.

Lemma 7.9. Under (Hé), (H?) and (2.12), any solution X,(x) to SDE (2.10) does not
explode. Moreover, for any T > 0 and f € L” (R?) with p’ > d/(a - 1),

T
E(f f(Xs(X))dS) < c(lxl + DIy,
0
where ¢ > 0 is independent of x.
We also have the following solvability of nonlocal elliptic equations.

Theorem 7.10. Let @ € (1,2) and £ be defined by (4.13), where «k satisfies (4.14).
Let® € [a,(@+2)A2)and 6 € (¥ — a,(® — 1) A B). Suppose that b = by + b, with
by € Hz(Rd)for some p > 2d/a. Then for some A, > 1 large enough and for all A > A,
and f € HZ(R"), there exists a unique solution u € Hg to the following nonlocal elliptic
equation:
(L= Du+ Hu+Llu=f, (7.25)
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so that
2 Nully., < cllfllo,p- (7.26)

Moreover, for any vy € [0, @) and p’ € [p, o] with 1% <a—-vy+ [%,

e od_d
27Dl < cllfl- (7.27)

Proof. We show the apriori estimate (7.26) and (7.27). Suppose u € H}Z satisfies (7.25).
Let T > 0 and ¢(¢) be a nonnegative and nonzero smooth function with support in
(0, 7). Let u(¢, x) := u(x)¢(t). Then

O+ (L= A+ A + LDya = up + fo.
By Theorem 4.5, we have
_0=0  _ ,
A gy < cllug’ + Fllage s
which implies that

A lullg plllles < c(llalleplllleo + 1Fllaplillo )-
Letting A be large enough, we get (7.26). On the other hand, by (4.23) we also have

Lqgey+d _dy  _
A Pl < cllug’ + fllar),
which also implies (7.27) as above. O

Below we assume that o = 0, v(dz) = |z]7¢"%dz, (Hf;) holds with 8 > 1 — @/2, and
for some 6 € (1 —a/2,1) and p > 2d/«,

(I = APy, (TyR@)'%, T (8) € LP(RY), T(g) € L*(RY).
Consider the following nonlocal elliptic equation system:
(&8 — Du + i”{’gu + oiﬂlb‘u = b;.

By (7.27), there are ¢, A; > 1 such that for all 1 > 4,,

il + IVl < €5 GH1, (7.28)
Define

D(x) := x + u(x).

By (7.28) with A large enough, the map x — ®(x) forms a C'-diffeomorphism and

172 < IV, VO™l < 2,

where @~ is the inverse of ®.
By Lemma 7.9 and Theorem 7.10, the following result can be shown in the same

way as in Lemma 6.2. We omit the details.
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Lemma 7.11. X, solves SDE (2.10) with o = 0 if and only if Y, := ®(X,) solves

de=I3(Yt)dt+f g(Yt—aZ)N(dt9dZ)+f §(Y,-, z)N(dt, d2),
|z<R

[zI=R

where y := O(x) and
b(y) = (A — L0 + VO - by) o d7'(y),
2(,2) == (7' () + g(@7' (), 2) - y-

Proof of Theorem 2.12. By Lemma 7.11, Proposition 2.8 and Proposition 7.8, the re-
sult follows by Theorem 7.4. As for the conclusion that  has a density p € LI(RY)
with ¢ < d/(d — a + 1), it follows by Theorem 7.10 and the same argument as used in
the proof of Theorem 2.9. O

8. APPENDIX

8.1. Maximal functions. Let f be a locally integrable function on R?. The Hardy-
Littlewood maximal function of f is defined by

Mf(x) = sup f |f(x + y)ldy,
B,

r>0

where J% = II;_I fB and |B,| denotes the Lebesgue measure of ball B, := {x : |x| < r}.
We have

Lemma 8.1. (i) Let B be a Banach space and f : R? — B a locally integrable function
withVf € L, (RY;BY). There is a Lebesgue zero set E such that for all x,y ¢ E,

lx=yl
1f G = fOlls < 2 fo f [IVFlle(x +w) + IV flle (v + w)|dwds. — (8.1)
By

In particular, if Vf € LP(RY; BY) for some p > d, then
1£(X) = FDlz < caplx =PIV 1. (8.2)
(ii) For p € (1, 0], there is a constant ¢y, > 0 such that for all f € LP(RY),
IMSfll, < capllfllp. (8.3)

Proof. The estimates (8.1) and (8.3) can be found in [55, Lemma 5.4] and [45, p. 5,

Theorem 1]. We prove (8.2). For « € (% - é, 1 - i), by Hoélder’s inequality, we have

1 1
x—yl x—yl » {x—yl »
f JC IV £flle(x + w)dwds < (f s“’p*ds) (f s JE ||Vf||§(x + w)dwds)
0 B, 0 0 B,
kol o\ kel ,
< ( [ s ds) ( | s“P-dds) 1971,
0 0

< e =PV A

Substituting this into (8.1), we obtain (8.2). O
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For p,q,r € [1,00]and T > 0, let L'(T) := L"([0, T']) and define
H)(RY LP(Q: L'(T))) := {f(x.w,0) : f, Vf € LR LV(Q: L'(T))},
and

Ilf ”H}I(Rd;LP(Q;L’(T))) = leaecrerrayy + IVl amacrurrcry)-

The following characterization about the Sobolev differentiability of random fields can
be found in [53, Theorem 1.1], which is used to prove the Sobolev differentiability of
the strong solution to SDEs with respect to the initial value.

Theorem 8.2. Let f € LY(RY; LP(Q; L'(T))) for some p € (1,00) and q,r € (1, ).
Then f € H ;(Rd s LP(Q; L'(T))) if and only if there exists a nonnegative function g €
L1(RY) such that for Lebesgue-almost all x,y € R?,

IfCx, ) = fO, ey < 1x = yl(g(x) + g(1). (8.4)
Moreover, if (8.4) holds, then for Lebesgue-almost all x € R,
10: f (x, Mrrrrery < 28(x), i=1,---,d,
where 0, f is the weak partial derivative of f with respect to the i-th spacial variable.

8.2. Proofs of Lemmas 4.4, 6.1 and 6.4.

Proof of Lemma 4.4. Let py := dp1/(d — p1y1) > p. First of all, by Holder’s inequality
and Sobolev’s embedding (4.2), we have

”fg”p < ”f”po”g”ppo/(po—p) S ||f||yl,p1||g||(x+yz,p2~ (85)
Notice that by (4.1),

A2 (fg) :f (fC +y)—f(|-)|2i(g(~+y)—g(-))
R y +a

dy + (A" f)g + fA**g.

Hence,

ICFC+ ) = FONEC +y) — gl
AQ/Z < f pd
Tl < ), e g (8.6)
+ 1A f)gll, + I1Lf A gl

As above, by Holder’s inequality and Sobolev’s embedding, we have

1A glly < 1 w18l popsro-p S 1wty ll@llays.pos (8.7)

and by symmetry,

2
IF Al < 1 Nty pi€llasyspo-
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Moreover, for € € (0,y; + v, + @ — pil — p% + %), by Holder’s inequality, Sobolev’s
embedding and (4.3), we have

NG+ = FENEE+Y) =g,
S FC+ ) = FOllpollgC + ) = 8Ol pposcpo-p
SIFC+2) = FOllyp gt + ) = 8Ollasys-.p, (8.8)

< (1N a0 A Uy p) MO 1Maynp2) A QlIgllarya-sps)
< (V1 A Dl oy €l
Substituting (8.7)-(8.8) into (8.6), we obtain

ANy S N Ny pi €Lty s
which together with (8.5) yields the desired estimate. O

Proof of Lemma 6.1. (i) We only show (I'y(8))"/? € Li(T). The others are direct by
definition. Let

8i(x,2) = Di(x + g/(x, 2)) = Di(). (8.9)
By (6.2), it suffices to show (I'j%(2))"/* € Lj(T). Noticing that
V.20, 2)] = [(VR)(x + gi(x,2) - (T+ V.g,(x, 2)) = VO, ()|
< sup YITIVD)(x + ) = VO] - [gi(x, )| + 2IV,gi(x, 2,
y

in view of p > d, by Lemma 4.1, we have

||(F(1):123(§))1/2||LZ(T) < ” sup [y~ [VO( - +y) — VO()|
y

LY(T)

X ”(rgfe(g))l/z”LW(T) + 2||(r(l):12e(g))1/2||L;{(T)

< “Vu”H,l,‘q(T)||F8:12?(g)||ﬂl_,f(T) + 2||(F(1):12?(g))1/2||L7,(T)'

(i1) By (6.1) and easy calculations, we have
O+ L7 + 20 + ZL5)D = Au.
Hence, as in (4.11), one sees that as n — oo,
10, + L5 + L7 + L5V, = Dlligry < 1Py = Pllgpay, = ity = ullyzar) = 0.
(ii1) Notice that in the generalized sense,
9,0 = VO . (9,0)0 !, VO ! = (VD) ! 0 7!
VO = —[(VO) - V2D - (VD) o @7 . VO
By cumbersome calculations (see [54, 55]), we have
O+ L5+ L+ L0 =bod.

The limit in (iii) now follows by (6.3). O
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Proof of Lemma 6.4. (i) It is clear that b € HL™(T) by definition. Let g be defined as
in (8.9). We show that g satisfies (Hj) and (I'%(8))'/? € L{(T). Clearly, g(x,0) = 0
by g:(x,0) = 0, and by (6.14),

2en) Mz = 21 < 8%, 2) — 8%, 2D < 2e1lz = 21,

Moreover, notice that

V.8i(x,2) = (VO )(x + 8i(x,2)) - V.8i(x, 2).
Since g satisfies (Hg), by (6.15) and (6.16), it is easy to see that g also satisfies (Hf,),
and so does g. On the other hand, note that
V2%, 2] < IV, 0x + (%, 2)) = VO, (0] + 21V g, 2)
S UW)Igx, " +2|V,81(x, 2)l,

where
U,(x) := sup [yl |Vu,(x + y) = Vu ().
y

We have by (Hé),

Tya(@)(x) = f V3(x, )v(d2) S UP(x) | PP dz + Ta(g)().
lzI<R

lzI<R

By Lemma 4.1, since p(# — 1) > d, we have

WUlkgiry S IVt < lelhsrar,:

Since > 1 + %, we get (Iy2(8))"/? € Lj(T) and so (Fy»()'"/? € Li(T).
(i1) and (iii) are the same as in the proof of Lemma 6.1. |

8.3. Positivity of Dirichlet heat kernel. Let p(z, x, y) be a family of jointly contin-
uous transition probability density functions in R?. Let (X, P,),czs be the associated
homogeneous Markov processes, that is, P,(Xy = x) = 1 and for any 7 > 0,

f o(t, x,y)dy = Pu(X, € A), A e BRY).

A

Let D be a domain (bounded open subset of RY), and 7 := {t > 0 : X; ¢ D} be the
exit time of X from D. Let X” be the killed Markov process outside D, and PP the
transition probability of X?, that is,

PP(x,A) :=P.(t <1p; X, € A), A€ B(D). (8.10)
Define the Dirichlet heat kernel by
PPt x,y) = plt, x,y) = (2, x,),
where

rP(t, x,y) := B'[1p < t;p(t — 7p; X (1), y)].

Let o;(t,r) : Ry xRy = R,, i = 1,2 be two continuous functions and satisfy that
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(H?) For each ¢ > 0, the map r — p;(t, r) is decreasing, and for each 6 > 0,

sup 0(t,r) < oo,
t>0,r>0

and there are t) = 7y(6) and R = R(6) > 0 such that ¢ — (¢, ) is increasing on
(0,1) and
01(t,6/R) > 02(1,6), 1€ (0, 1)
The following result is essentially due to Hunt (cf. [16, Theorem 2.4]).

Theorem 8.3. Let 0, and o, satisfy (H?). Suppose that
o1(t,|x = yI) < p(t, x,y) < 0a2(t, |x = yI). (8.11)
Then pP is the transition probability density function of X, i.e., for any t > 0,

PP(x,A) = f P (t, x,y)dy, x e RY, A € B(D).
A

Moreover, p is continuous and strictly positive on R, X D X D and for 0 < s <t < oo
and x,y € R,

PPt x,y) = f PP (s, x,2)p"(t = 5,7, y)dz. (8.12)
D

Proof. We only show the strict positivity of p?(z, x, y). The others are completely same
as in [16, Theorem 2.4]. Fix x,y € D and let d(y,dD) be the distance of y to the
boundary dD. Let 6 € (0,d(y,dD)) be given. By the assumption on p;, there are
to = tp(6) > 0 and R > 0 such that

01(t,6/R) > 05(1,6), t € (0,1).
Hence, by the definition of 7? , (8.11) and the assumptions of p,, we have for ¢ € (0, 1),
P, x,y) <E'ltp < ;02(t = Tp, |X(7p) = YDI < 02(1, 6).
Consequently, if |x — y| < /R < 6 < p(y,dD), then
P21, %) = 018, [x = y) — 02(t,6) > 01(,6/R) = 02(1,6) > 0. (8.13)

Now for any t > 0 and x,y € D. Let I be a curve in D connecting x and y. Let
0 := p(,0D). Let n be large enough such that t < nty(6) and there are points

ap,dy, - ,ayy; on I' with a9 = x, a,4,; = y and a; € B(a;_1,0/(3R)). Notice that
for x;_1 € B(a;—1,0/(3R)) and x; € B(a;, 6/(3R)),
Ixi = xia1| < % — @il + laisy — x| + |a; — ai-| < 6/R.

By C-K equation (8.12) and (8.13), we have

pD(t,X,y) :f..'pr(r%"x’xl)...pD(rLl"xl’l’y)dxl.“dxn
D D

>f f PP, x,x1) - pP (L, X, y)dixy - - - dx, > 0.
B(a1,6/(3R)) B(a,,6/(3R))

The proof is complete. O
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