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Abstract

By using Malliavin calculus, Bismut type formulas are established for the Lions
derivative of P,f (u) := Ef(X}'), where ¢t > 0, f is a bounded measurable function, and
X! solves a distribution dependent SDE with initial distribution p. As applications,
explicit estimates are derived for the Lions derivative and the total variational distance
between distributions of solutions with different initial data. Both degenerate and non-
degenerate situations are considered. Due to the lack of the semigroup property and
the invalidity of the formula P, f(n) = [ P f(z)p(dz), essential difficulties are overcome
in the study.
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1 Introduction

The Bismut formula introduced in [3], also called Bismut-Elworthy-Li formula due to [12],
is a powerful tool in characterising the regularity of distribution for SDEs and SPDEs. A
plenty of results have been derived for this type formulas and applications by using stochastic
analysis and coupling methods, see for instance [24] and references therein.

*Supported in part by NNSFC (11771326, 11831014, 11431014).



On the other hand, because of crucial applications in the study of nonlinear PDEs
and environment dependent financial systems, the distribution dependent SDEs (also called
McKean-Vlasov or mean filed SDEs) have received increasing attentions, see [10, 11, 13, 14,
18, 22, 23] and references therein. Recently, this type SDEs have been applied in [5, 9, 17, 20]
to characterize PDEs involving the Lions derivative (L-derivative for short) introduced by
P.-L. Lions in his lectures [6]. In this paper, we aim to investigate Bismut type L-derivative
formula and applications for distribution dependent SDEs with possibly degenerate noise.

To introduce our main results, we first recall the L-derivative. Let 4?(R%) be the space
of all probability measures on R?, and let

2t = {ue 2@ - P)i= [ It < oo

Then 2%, (R?) is a Polish space under the Wasserstein distance

é
W)=t ([ omabatanan)’s e 2@
R4 xRd

TEE (1)

where (1, v) is the set of couplings for p and v; that is, 7 € € (u, v) is a probability measure
on R? x R? such that 7(- x RY) = p and 7(R? x -) = v. We will use 0 to denote vectors with
components 0, or the constant map taking value 0.

Definition 1.1. Let f : Z(R?Y) — R, and let g : M x Z(R?) — R for a differentiable
manifold M.

(1) f is called L-differentiable at p € Z2,(R?), if the functional
LR =R p) 2 ¢ fpo(Id+¢)7)

is Fréchet differentiable at 0 € L2(R?Y — R? u); that is, there exists (hence, unique)
v € L?(R? — R?, i) such that

(1.1) g LU0 14+ 0)7) = 70n) = pl(,9))
w0 W(1oP)

=0.

In this case, we denote D* f(u) =~ and call it the L-derivative of f at p.

(2) If the L-derivative DL f(p) exists for all p € P5(R?), then f is called L-differentiable.
If, moreover, for every pu € P5(R%) there exists a p-version DT f(u)(-) such that
DL f(u)(z) is jointly continuous in (z, ) € Réx Py (R%), we denote f € CLO(F(RY)).

(3) g is called differentiable on M x P (R%), if for any (x,p) € M x PH(RY), g(-, 1)
is differentiable at z and g(x,-) is L-differentiable at u. If, moreover, Vg(-, u)(z) and
DTg(z,-)(u)(y) are joint continuous in (z,y, 1) € M?x P5(R?Y), where V is the gradient
operator on M, we write g € CH(LO(M x Z25(R?)).



As indicated in [20] that for any n > 1, g € C'(R") and hy,---,h, € C}(R?), the
cylindrical function
= g(:u(hl)7 U ,M(hn))
is in C(H9)(Z2,(RY)) with

n

Drg(u) (@) =Y (Big(plhn), -+, p(ha))) Vhi(z), (2, 1) € R? x Fo(RY).

i=1
Obviously, if f is L-differentiable at p, then
fluo(Id+e¢) ) — f(p)

- :M(<DLf(:u)>¢>)7 ¢€L2(Rd_>Rd7/vL)‘

(12) DEf() = lim

We may call DdL, the directional L-derivative along ¢. This directional derivative has been
used in earlier references, see for instance [21] for the Wasserstein diffusions constructed
using the directional derivative on 25(S'), where S! is the unit circle.

When DJ f(u) is a bounded linear functional of ¢ € L?*(R? — R? u), there exists a
unique & € L*(R* — RY, 1) such that DJ f(u) = p((§, ¢)) holds for all ¢ € L*(R? — RY, ).
In this case, ¢ — f(po(Id+¢)~') is Gateaux differentiable at 0, and we say that f is weakly
L-differentiable at i, since the Gateaux differentiability is weaker than the Fréchet one.

By (1.2), for an L-differentiable function f on Z2(R?Y), we have

(1.3) IDEF)ll = 1ID"f (1) (Mln2wy = sup [Dgf(e)l:
u(l?)<1
For a vector-valued function f = (f;), or a matrix-valued function f = (f;;) with L-

differentiable components, we write

D f(p) = (D fi(w)), or Dif(u) = (D fiy(n), 1€ Po(RY).

Let W; be a d-dimensional Brownian motion on the natural filtered probability space
(Q° .20 {Z}i>0,P). To ensure that for any u € P5(R?) there exists a random variable X
on R¢ with distribution s, let 4% be a probability measure on R¢ which is equivalent to the
Lebesgue measure, and enlarge the probability space as

(Q, Z,{F}0,P) := (2" x R, Z° x B(RY), {F x B(R) }10, P° x 11°).
Then
Wi(w) == W (w?), t>0,w:= (W’ 1) €

is a d-dimensional Brownian motion on (€, .7, {.%;}i>0,P). Let % denote the distribution
of a random variable on the probability space (2,.%,P). In case different probability spaces
are concerned, we write .Zzp instead of %; to emphasize the reference probability measure
P.

Consider the following distribution dependent SDE on R%:

(1.4) dX, = by( Xy, Zx,)dt + 0u( Xy, Lx,)dW,, X € L2(Q — R %, P),

3



where
o :]0,00) x R x 22 (R%) — R b:[0,00) x RY x Z(R?%) — R?

are continuous such that for some increasing function K : [0, 00) — [0, 00) there holds

[bc (2, 1) = 0u(y, )| + [, 1) = ouly, V)|

(1.5) < K(t)(|x —y| + Wy (p, 1/)), t>0,2,y €RY p,v € Zy(RY

and

(1.6) l4(0, d0) || + [0:(0,0)| < K (t), t >0,

where and in what follows, for z € R? we denote by 4, the Dirac measure at x, and || || is the

operator norm. For any t > 0, let L?(Q2 — R¢,.%;,P) be the class of .Z;-measurable square
integrable random variables on R?. By (1.5) and (1.6), for any s > 0 and X, € L*(Q —
R¢, .Z,,P), (1.4) has a unique solution (Xs.0)e>s with X, = X and

(1.7) E[ sup ]X&tﬂ < oo, T >s,
te(s,T]

see, for instance [27], where gradient estimates and Harnack inequalities are also derived
for the associated nonlinear semigroup. See also [16, 18] for weaker conditions ensuring the
existence and uniqueness of solutions to (1.4). For any p € Z%(R?) and s > 0, let (X/,)i>s
be the solution to (1.4) with Zx,, = p. Denote

(18) Pn=Lxs,. 125, PR,

Let
(1.9) (Porf) (1) = (P (f) = /Rd fA(PLp) =EBf(XE,), t> s, f € B(RY), pe PR

Then for any 0 < s < ¢, P, is a linear operator from %,(R?) to %,( P, (R?)).

In this paper, we aim to establish the Bismut type formula for the L-derivative of P, f
for t > s. By considering the SDE for X, = Xiis,t > 0, without loss of generality we may
and do assume s = 0. So, for simplicity, below we only establish the derivative formula for
P.f := Py, f,t > 0. More precisely, for any T > 0, p € P, (R?) and ¢ € L*(R? — RY, 11), we
aim to construct an integrable random variable Mﬁ"p such that

(1.10) D} (Prf)(p) = E[f(X})ME?], f € B(RY),

which in turn implies the L-differentiability of Prf. Note that the derivative formula for
(Prf)(x) := (Prf)(d,) along a vector v € R? is derived in [2], which is the special case of
(1.10) with p = J, and ¢ = v. Moreover, formulas of the L-derivative and integration by
parts have been presented in [8] for the following de-coupled SDE:

dX = b(t, XJPH, Pru)dt + o(t, X8, Pru)dWy, X" =z,
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which is different from the original SDE (1.4) but has important applications in solving
PDEs with Lions’ derivatives, see [5, 17, 20] and references within.

When the SDE (1.4) is distribution independent, i.e. b;(z, u) = by(x) and oy(x, p) = o¢(x)
do not depend on p, the Bismut type formula

(1.11) VPrf(z) =E[f(X§)MF], = €RY f e B(RY

has been well studied in the literature, where M is an integrable random variable on R,
which is measurable in x € R? when it varies, see for instance [1, 15, 25, 26, 28] and references
within. Since the coefficients are distribution independent, we have

(112) (Prf) () = / (Prf)(z) p(da),

Rd

so that Prf is L-differentiable with DY(Prf)(u) = VPrf. Hence, by (1.11) and (1.12) we
obtain

DEPef) () = (D Prf, ) = | BLFCYFOMF, o) ()

Xo

= E[f(XE) (M, p(XE))].

Therefore, (1.10) holds for M#** = <M;fg, (XIN.
However, when the SDE is distribution dependent, as explained in [27] that in general
(1.12) does not hold, so it is non-trivial to establish the Bismut type formula (1.10).

The remainder of the paper is organized as follows. In section 2, we state our main results
on Bismut formulas of DdL,PT f and applications, for both non-degenerate and degenerate
distribution dependent SDEs. To establish the Bismut formula using Malliavin calculus, we
make necessary preparations in Section 3 concerning partial derivatives in the initial value,
and Malliavin derivative for solutions of (1.4). Finally, complete proofs of the main results
are addressed in Section 4.

2 Main results

Let | - | denote the norm in R% and || - || denote the operator norm for matrices or more
generally linear operators. We make the following assumption.

(H) For any ¢t > 0, b,0, € CHIO(R? x 2,(R?)). Moreover, there exists a continuous
function K : [0,00) — [0, 00), such that (1.6) holds and

max { [ V0, 1) @), 1D, Yl 51V m) @), 31D o, )
< K(t), t>0,z€ R e PR,

where as in (1.3), [|[D f(u)|| := |D* f (1) (-)|lz2() for an L-differentiable function f at
L.



Obviously, (H) implies (1.5) and (1.6), so that the SDE (1.4) has a unique solution for any
initial value Xy € L*(Q2 — RY, %y, P).

In the following two subsections, we state our main results for non-degenerate and de-
generate cases respectively.

2.1 The non-degenerate case

For each ¢t > 0, let 0; be invertible such that
(2.1) low(z, ) M| < Ay 20,2 € RY € Py(RY)

holds for some continuous function A : [0,00) — (0,00). Let p € P5(R?), and let X; solve
(1.4) for Xy € L*(Q — R% %, P) with Zx, = p. Given ¢ € L*(R? — R?, 1), consider the
following SDE for v{ on R¢:

def = {V b2 (X0 + (BIDH by, ) (L) (X))}t

(2.2)
+ {vvfat(""%Xt)(Xt) + (]E<DLOt(y7 ')(Z\’t)(Xt)v Uf)) ‘y:Xt}th’ U(? = ¢(XO)

By (H), this linear SDE is well-posed with sup;c( 1y E[vf|2 < Cu(|¢|?) for some constant
C =C(T) > 0, see (4.21) below. Denote g, = (f—sgs for a differentiable function g of s € R.

Theorem 2.1. Assume (H) and (2.1). Then for any f € By(RY), u € P5(R%) and T > 0,
Prf is L-differentiable at p such that for any g € C1([0,T]) with go =0 and gr = 1,

(2‘3) Dé(PTf)(:u) =E |:f(XT)/0 <g1ltat(Xt7°§’ﬂXt)_1U?7 th> ’ QS S LQ(Rd — Rd7 M)?

where Xy solves (1.4) for Lx, = p. Moreover, the limit

Prpo (Id +e¢)”" — Pru
g

(2.4) Dy P = 1&;&? = VP

exists in the total variational norm, where 1 is the unique element in L?(R? — R, Pju) such
that ¥(X7) = E( [ {gjou(Xe, Lx,) " 0f, dW.)|Xr), and (@Piu)(A) := [,vdPip, A €
B(RY).

Remark 2.1. When f € C}(R?), (2.3) can be proved as in the distribution independent
case by constructing a proper random variable A on the Cameron-Martin space such that
Dy Xt = V4 Xp. However, for the L-differentiability of Prf, one has to construct v €
L*(RY — R4, 1) such that (1.1) holds for Prf replacing f, which is non-trivial.

Moreover, comparing with the classical case where (2.3) for f € C}(R?) can be easily
extended to f € %, (R?), there is essential difficulty to do this in the distribution dependent
setting. More precisely, when b, and o; do not depend on the distribution, we have the
semigroup property Prf(p) = Por(Pif)(p) for t € (0,T), where P, f(x) = P,f(d,) for
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the Dirac measure d, at point . In many cases the regularity of P, ensures that P,f €
CHRY) for f € %,(RY). Then for any f € %,(R?), one may apply the derivative formula
(2.3) with (P.r, P.f) replacing (Pr, f) to derive a derivative formula for Prf. However,
in the distribution dependent case, due to the lack of (1.12) we no longer have Prf(u) =
P,p(P,f)(1), so that this argument becomes invalid. To overcome this difficulty we will
make a new approximation argument, see step (a) in the proof of Theorem 2.1 for details.

As applications of Theorem 2.1, the following result consists of estimates on the L-
derivative and the total variational distance between distributions of solutions with different
initial data.

Corollary 2.2. Assume (H) and (2.1) for some increasing functions K and continuous
function .

(1) For any f € %,(R?) and T > 0,

L 2._ gy L 2 (PTf2)(M) - (Ptf(u))Q
@3 WP = s PP < SR

(2) For any T >0,

o DI )
- foT /\;2678K(t)tdt’

(2.6)  |Prf(u) — Prf(v)] v € Py(RY), f € By(RY).

Consequently, for any T > 0 and p,v € P5(RY),

WQ(:“; Z/)Q

¥ . P 2 * — * 2
2.7) P — Pl = sup |[(Pru)(A) — (Piv)(A)f < e SO

AcB(RY) N fT
0

2.2 Stochastic Hamiltonian systems
Consider the following distribution dependent stochastic Hamiltonian system for X; =

(XY, X)) on R = R™ x R%:

(2.8) {dXt(” = b (Xy)dt,

dX? = o?(X,, Zx,)dt + o, dW,

where (W;);>0 is a d-dimensional Brownian motion as before, and for each ¢t > 0, oy is an
invertible d X d-matrix,

be = (BY,07) : R™H x 2, (R™) — R™H
is measurable with 0\ (z, u1) = b{" (2) independent of the distribution y1. Let V = (V1) V(@)

be the gradient operator on R”™*? = R™ x R?, where V® is the gradient in the i-th compo-
nent, 7 = 1,2. Let V2 = VV denote the Hessian operator on R™*¢, We assume
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(H1) For every t > 0, b € C2(R™ 4 — R™), b? € CLO0(R™+ % g2, (R™+4) — RY), and
there exists an increasing function K : [0,00) — [0, 00) such that (1.6) and

V0, 1) (@) ] + | DO (0, ) ()] + [ V200 (- ) ()| < K ()
hold for all ¢ > 0, (z, 1) € R? x Z2,(RY).

Obviously, this assumption implies (H) for the SDE (2.8). We aim to establish the
derivative formula of type (1.10) with P, and P;" being defined by (1.8) and (1.9) for the SDE
(2.8). To follow the line of [28] where the distribution independent model was investigated,
we need the following assumption (H2).

For any s > 0, let {K};>s solve the following linear random ODE on R™®™:

d

K= (VIYINX) K, e, t2> 8, Koy = Lnsm,

where I, is the m X m-order identity matrix.

(2.9)

(H2) There exists B € %,([0,T] — R™®%) such that
(2.10) (VO — B,)Bfa,a) > —¢|Bfal?, Va€R™

holds for some constant ¢ € [0,1). Moreover, there exists an increasing function 6 €
C([0,T]) with 8; > 0 for ¢ € (0,7T] such that

t
(2.11) / S(T — 8) K1, ByB: K3 yds > 01T, € (0,T).
0

Example 2.1. Let
b (z) = AzW + Ba®, 2 = (3, 2®) € R
for some m x m-matrix A and m x d-matrix B. If the Kalman’s rank condition
Rank[B, AB,--- ,A*B] =m

holds for some k > 1, then (H2) is satisfied with 6, = ¢rt for some constant ¢r > 0, see the

proof of [28, Theorem 4.2]. In general, (H2) remains true under small perturbations of this
b(l)

t -

According to the proof of [28, Theorem 1.1], (H2) implies that the matrices
t
Qs ::/ s(T — 8)Kr,, VOV (X,)B: K5 ds, t€ (0,T]
0

are invertible with
1

(2.12) 19, < RISTA t€(0,77.
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For (X;)iep,r] solving (2.8) with Ly, = p and ¢ = (¢1), @) € L2(R™H — R 1)), let

T —t HT — 1) B} K}
QIEQ) :T¢(2)(X0) - Tt/ 92 1KTO¢ (XO)
(2.13) Jo QTdS
T —
— (T — 1) B/ K}, Q7" "Kr, VD BO(X)ds, e [0,T],
0 T ¢ (Xo)
and
t

(2.14) ol = K00 (X,) + /0 Kt,svngg)(xs(x))ds, te0,7).

Moreover, define

B = / o, { (B (y,) (L) (X0), 0, .

+ Va0 (LX) = (@) bs, te0,T].

(2.15)

Let (D*, 2(D*)) be the Malliavin divergence operator associated with the Brownian motion
(Wi)ecjo,r), see Subsection 3.2 below for details. Then the main result in this part is the
following.

Theorem 2.3. Assume (H1) and (H2). Then h* € 2(D*) with E|D*(h*)|P < oo for all
p € [1,00). Moreover, for any f € By(R™) and T > 0, Prf is L-differentiable at u such
that

(2.16) Dg(Prf)(n) = E[f(Xr) D*(h*)].
Consequently:
(1) (2.4) holds for the unique ¢ € L*(R™"¢ — R, Piu) such that ¥(Xr) = E(D*(h%)|X7).

(2) There exists a constant ¢ > 0 such that for any T > 0,

@17) D (Prf) )l < ev/Prl PG = <PTf>2<u>%, [ € BER™),
(2.18) |1 Pfpe — Piv|yer < cWa(u, V)M, 1, v € Py(RY).

fOT 62ds

3 Preparations

We first introduce a formula of the L-derivative re-organized from [6, Theorem 6.5] and [9,
Proposition A.2], then investigate the partial derivatives of X, in the initial value, and the
Malliavin derivatives of X; with respect to the Brownian motion W;.
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3.1 A formula of L-derivative

The following result is essentially due to [6, Theorem 6.5] for f € C-0(Z%(RY)), and [9,
Proposition A.2] for bounded X and Y. We include a complete proof for readers’ convenience.

Proposition 3.1. Let (2,.7,P) be an atomless probability space, and let X, Y € L*(2 —
RYP) with Lx = p. If either X and Y are bounded and f is L-differentiable at u, or
f € OO0 (P(RY)), then

f(gX—l—eY) B f(ﬂ)

(3.) i 7 Fs2) =10 _ g (x), v,
Consequently,
) [ D IO aipt 00, v)] < 10570 BV

Proof. Tt is easy to see that (3.2) follows from (1.3) and (3.1). Indeed, letting ¢ € L*(R¢ —
R%, i) such that ¢(X) = E(Y|X), we have

[E(D" f(1)(X), V)| = [E(D" f(1)(X), o(X))| = |u((D" f (1), 6))|
< IDE ()l - 1911z = D" ()| (BIEY[X)[2)* < D" F () IVERT

Below we prove (3.1) for the stated two situations respectively.

(1) Assume that X and Y are bounded. For any RZ-valued random variable &, let
F(&) = f(&£). Next, let (©,.%,P) be an atomless Polish probability space, and let X €
L*(Q — R4 P) with ZLxip = i, where Zjp denotes the distribution of a random variable
under P. According to [9, Proposition A.2(iii)], if

F(Y):= f(Lp), Yel’(Q—R,P)
is Fréchet differentiable at X with derivative DF(X) = D” f(u)(X), then

(3.3) lim J(Lxiey) — f(ZLx) — eEB(D" f(1)(X),Y)

€l0 €

=0.

Equivalently, (3.1) holds. Below we construct the desired X and (€,.%#,P) such that
DF(X) = D F(u)(5).

A natural choice of (Q2,.%,P) is (R%, Z(RY), 1), but to ensure the atomless property, we
take (Q,.7,P) = (R? x R, Z(R? x R), u x \), where ) is the standard Gaussian measure on
R. Then (Q,.%,P) is an atomless Polish probability space. Let

X@) =2 o= (z,7) €RxR.
We have %5 = . Moreover, let
f(g) = f(a(- x R)), € P(R!xR).
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It is easy to see that the L-differentiability of f at u implies that of f at I X 0 with
(3.4) DEf(u x 8)(x,7) = (DY f(p)(2),0), (z,7) € R x R.

Finally, on the probability space (£2,.#,P) we have

(3.5) F(Y):=f(%&)=f(%L), YV :=(,0) € l*Q—RxR,.Z,P).

Letting X = (X,0) € L*(Q — T* x R,.#,P), by [9, Proposition A.2(iii)], the formula (3.3)
holds for (X,Y, f, 1 x dg) replacing (X, Y, f, u), i.e.
()~ J(Z5) - D x ), <F)

€l0 g

=0.

Combining this with (3.4) and (3.5), we prove (3.3). Therefore, (3.1) holds.
(2) Let f € OB (2,(RY)) and let p € Z5(R?) and X € L*(Q — R4 P) with &y = p.

For any n > 1, let
X d
Ty = —, = € R"

VARl

By (3.1) for bounded X and Y, for any n > 1 we have

F( L) = (L) = [ 51 L) ds
(3.6) 0

N /6 E(D" f(Lx,15v,) (Xn + 5Y5), Yy) ds.
0

Since f € O (F,(R?)), it follows that

sup D (Lrpar) | < 00, lim {(F(Lraen) — F(Z5)} = F(Lrser) — F(L5).

n>1,s€0,¢]
and for any s € [0, ],

lim E(|X — Xo* + |V = Ya* + [D"f (Lx, o) (Xn + 5Ya) = D (L) (X +5Y)7) = 0.

Then letting n — oo in (3.6) we arrive at
BT H L) = (B = [ BOM (L) (X )5, >0
0

This implies (3.1). More precisely, it is easy to see that {.Zx sy} is compact in P, (R?). So,
f € CHO(Zy(RY)) implies

(3.8) A:= s1[1p]\/]E]DLf(,,?XHy)(X+sY)]2 = S?p} D f(Lxssv) |22 ay) < O©-
s€[0,1 s€[0,1
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Combining this with the continuity property of D f on RY x &2,(R%), we conclude that

lim DY f(Zx 1oy ) (X +5Y) = DY f (L) (X) weakly in L2(Q — RY P).

€l0

In particular,

(3.9) lgﬁ)l E(D" f(Lxsa)(X +5Y),Y) = E(D"f(Lx)(X),Y).

Moreover, (3.8) implies

sup E[(D* f(Lxysv)(X 4+ sY), V)| < AVE|Y]? < o0.

s€[0,1]
Due to this, (3.7) and (3.9), the dominated convergence theorem gives

lim L) = A(Z) 1 EE(DLf(.,?XHy)(X +5Y),Y)ds

€10 € 0 € J,

— E(DEf(Z)(X),Y).

3.2 Partial derivative in initial value

For any T > 0, let ¢ = C([0,T] — R?) be the path space over R? with time interval [0, 7],
and let Xo,n € L?(Q2 — R?%, %, P). For any € > 0, let (X{);>¢ solve the SDE

(310) dXtE = bt(th, zXf)dt + Ot(th, fo)th, XS = Xo + en.

Obviously, X; = X7 solves (1.4) with initial value X. Consider the following linear SDE for
vy on RY:

v = { Vbl Z50) (X0) + (B(D buly, ) (L) (X0), 1), fe

(3.11)
+{ Vo, Z)(X0) + (BAD ouly, ) L) (X0, o)) |,y AW of = .

The main result of this part is the following.

Proposition 3.2. Assume (H). Then for any T > 0, the limit

Xf—X
(3.12) V, X, := lim —+——*

, t€]0,T]
€l0 £

exists in L*(Q — €, P). Moreover, (v := V,; X} )iepor) is the unique solution to the linear
SDE (3.11).

12



To prove the existence of V, X, in (3.12), it suffices to show that when ¢ | 0

Xf—X
(3.13) £ (t) == tTt t 0,7
is a Cauchy sequence in L*(Q) — %7, P), i.e.
(3.14) lim E{ sup [€°(t) — 5‘5(t)|2} =0
£040 | ¢efo, 1]

To this end, we need the following two lemmas.

Lemma 3.3. Assume (H). Then

sup E[ sup |§€(t)|2] < 00.
e€(0,1] te[0,77

Proof. By (H), there exists a constant C; > 0 such that
X7 — Xy

= {2(b,(X], Lx:) — bi( X, Zx,), X§ — Xo) + |00 X7, Zxs) — 0u( Xy, L) || Tig bt + dM,
< OYIXF — Xo? + Wo(ZLxe, Lx,)? bt + dM,,

where

th = 2<Xt€ — Xt7 (O't(Xf7$Xt€) — O-t(XtagXt))th>
satisfies
(3.15) A(M); < CH{|XF — Xo? + Wa( Ly, Zx,)?} dt.

Then by the BDG inequality, and noting that Wy(%,.%,)* < E|¢ — n|? for two random
variables &, 1, we may find out a constant C > 0 such that

t
(3.16) IE[ sup |X§—Xs|2] < €2ln|2+201/ E|X: — X,[?ds + CoFEn/{M);.
0

$€[0,t]

Noting that Wy (Zy:, Zx,)? < E[X: — X,|?, (3.15) yields

2

t
CQE\/ <M>t < C1CQE</ {‘ng - XS‘Q + W2($X§73X5)2}2d8>
0

t
< (J@E( sup {|X§—Xs|2+]E|X§—Xs|2}/ {|X§—X5|2+E|X§—Xs|2}ds>
] 0

s€[0,t

C t
< E[Sup |X;‘—Xs|2} +7‘°’/ E|X: — X,|*ds
0

s€[0,t]

N | —
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for some constant C5 > 0. Combining this with (3.16) and noting that due to (1.7)

E[ sup | X — Xs|2] < 00,
s€[0,¢]

we arrive at

t
E{ sup \X;-XSF] < 25217712+03/ E|X¢ — X,|*ds, t€[0,T],e> 0.
0

s€[0,t]
Therefore, Gronwall’s inequality gives
sup E[ sup lfs(t)\Q] = sup %E{ sup |X; —XSIQ] < 2eTEn|? < oco.
£€(0,1] te[0,7] e€(0,1] € s€[0,T7]
[
For any differentiable (real, vector, or matrix valued) function f on R? x Z(R%), let

Xi, Zx:) — f(Xy, Zx,
/ xt>€f< ) Gl 2 (X)

— {E(D" [ (y, (Lx)(X0), €N}, _y,» t€10,T],e>0.

(3.17) =) =

Lemma 3.4. Assume (H). For any (real, vector, or matriz valued) C"O-function f on
Rd X QQ(Rd) with

(3.18) Ky = sup (IVFC ) (@) P+ (1D f (2, ) ()I72) < oo
(,1) ERE X P3(R?)

there holds

(3.19) |=5(6) " < 4K (Bl ()2 + € @))?) and %E\E;(t)f =0, telo,7)

Proof. Let X{(s) = X; 4+ s(Xf — X}), s € [0,1]. By the chain rule and (3.1), we have
FOXE, Zxe) — f(Xi, Zx,) 1/1{ d
0

9 £

- &f(Xf(S)a Lyi(s)) } ds

= [ {Vew e L)X 9) + (B £ )Lz (X0 )]y J

Combining this with (3.18) we obtain

S0P <2 [ Vool L) (X5 0) - 7 Z) (50} as

(3.20) + 2/0 (E<DLf(y, )("fo(s))(th(S))a gg(t)>) ‘y:Xf(s)

2

ds

— (B(D"f(y, N Lx)(X0), € (D)) ]y,
< 8Kp(IE @) + EIE (1))

14



So, the first inequality in (3.19) holds. Moreover, Lemma 3.3 implies

lmE| sup |X{(s) — X;[*| <lmE|Xf — X;|* = 0.
0 | sef0,1] €40

Thus, the C(%9_property of f, Lemma 3.3 and the first inequality in (3.20) yield that
=%(t) — 0 in probability as ¢ — 0. Combining this with the first inequality in (3.19), Lemma

3.3, and using the dominated convergence theorem, we derive lim, o E‘E?(t)‘g = 0. O

Proof of Proposition 3.2. Let (Z;(t), Ky,) and (Z5(¢), K,,) be defined as in (3.17) and (3.18)
for b; and oy replacing f respectively. By (H), there exists a constant C; > 0 such that

sup (Kbt + K(,t) < (4 < 0.
t€[0,T7]

Then Lemma 3.4 gives

= + |z <4c(leE@))? +ElE@)?),

(3.21) h%lE( =]+ |20 =0, telo,T]

By (3.10), (3.13), and (3.17) for b; and o replacing f, we have
(0 = [ {Z0) + Tertob (i) (X0 + (BIDM 0,20 ) (X, € (6D)],_y, Jas
b [ (2064 Teon L) () + (BID o0/ L) (X €6y, OIV)

for t € [0, T). So, for any ¢,d € (0, 1], £&5°(t) := £(t) — £°(¢) satisfies

2

t t
SOIEYAETOR Ez<s>\2ds+4\ JRCIEREAORTS

2

ds

+47 /0 \Vafﬁ(s)bs(uzxs)(Xs) + (B(D"b,(y, ) (Lx,)(X0), () |y=x.

+4‘ /0 t<Vaf,6<s>0s(»$Xs)(Xs) + (E(D"a,(y, ) (Lx,)(Xs), E°(5))) [y=x, dWs>

Combining this with (H) and using the BDG inequality, we find out a constant Cy > 0 such
that

E[ sup 55,5@] <0 / TE(\Ez<s> ~Z6)|* + [Ex(s) ~ E ()] ds

s€[0,t]

t
+02/ E|¢5(s)|* ds, t€[0,T].
0

15



Since Lemma 3.3 ensures that E[supse[o,ﬂ 55(5)] < 00, by Gronwall’s lemma this yields

€,0 CoT g —e —d 2 —e —4 2
E[ sup &% (s)] < (Che™? /0 IE( =:(s) —:b(s)‘ + ‘:U(s) —:g(s)‘ )ds.

s€[0,T]

Combining this with (3.21) and Lemma 3.3, and applying the dominated convergence theo-
rem, we prove the first assertion in Proposition 3.2.

Finally, by (3.10), (3.12), (3.21) and (3.17) for b;, o, replacing f, we conclude that v} :=
V,X: solves the SDE (3.11). Since this SDE is linear, the uniqueness is trivial. Then the
proof is finished. O

3.3 Malliavin derivative

Consider the Cameron-Martin space
T
H= {h € C([0,T] — RY) : hy = 0, b} exists a.e. t, ||h]|% = / |h}2dt < oo}.
0

Let n € L*(Q — R% .%,,P) with ., = p, and let pr be the distribution of Wy py =
{Wi}tieo,r), which is a probability measure (i.e. Wiener measure) on the path space € :=
C([0,T) = R%). For F € L*(R? x €, pu x pr), F(n, Wior) is called Malliavin differentiable
along direction h € H, if the directional derivative

F 7W +¢eh) — F ,M/
Dy F(n, W) == lg% (1, Wio,my 55) (n, Wior)

exists in L?(2,P). If the map H > h — Dy F € L*(Q, u) is bounded, then there exists a
unique DF(n, Wior) € L*(Q — H,P) such that (DF(n, Wo11), h)g = D F (0, Wy,r7) holds
in L?(Q,P) for all h € H. In this case, we write F(n, Wior1) € Z(D) and call DF(n, Wio.r)
the Malliavin gradient of F(n, Wior). It is well known that (D, Z(D)) is a closed linear
operator from L*(Q, %r,P) to L*(Q — H, %, P). The adjoint operator (D*, 2(D*)) of
(D, 2(D)) is called Malliavin divergence. For simplicity, in the sequel we denote F'(n, Wjo1)
by F. Then we have the integration by parts formula

(3.22) E(DyF| %) = E(FD*(h)| %), F € 2(D),he 2(D").

It is well known that for adapted h € L?*(2 — H, P), one has h € 2(D*) with

(3.23) D*(h) = / o awy,

For more details and applications on Malliavin calculus one may refer to [19] and references
therein.
For any ¢ > 0 and adapted h € L*(Q — H, P), let (X"*);> solve the SDE

(3.24) AX7 = b (XP, Lyne)dt + 0y (X5 Ly ) AWy + hy), - X = Xo.
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By (H) and b/ € L*(Q x [0,T],P x dt), this SDE is well-posed. Obviously, X;** = X, solves
(1.4) with initial value Xy. When oy(x, 1) does not depend (z, i), this SDE reduces to a
random ODE for ¥;"* := X — 5,1, which is well-posed also for non-adapted A like h® in
Theorem 2.3. The main result of this part is the following.

Proposition 3.5. Assume (H). Let h € L*(Q — H, P), which is adapted if o,(z, 1) depends
on x or p. Then the limit

XM - X
(3.25) Dy X, := lim —+—=—*

te0,7T]
el0 £

exists in L*(Q — €p,P). Moreover, (w] := Dy Xy)ieor is the unique solution to the SDE

soy T {Vuponls Zx) (X)) + (B(D ou(y, ) (L) (X)), _y, baWs
Va2 (X0) + (B(D by, ) (L) (), wf)) ]y, + oul X, LB bt

with w = 0.
Proof. Comparing with the linear SDE (3.11), the additional term o;(X;, Zx,)h; comes from

the derivative with respect to e at & = 0 of the term oy (X", ZLne)hy in (3.24), since
t

d € : €
d—g{c‘:O't(le’ ,Q%X?,a)}‘gzo = lgliglo—t(XZ% ,gXZz,s) = O-t(XhZXt)'

Taking this into account, we may prove Proposition 3.5 by repeating the proof of Proposition
3.2. We omit the details to save space. O

4 Proofs of main results

We first present an integration by parts formula for V, X7 with n € L*(Q — R %, P),
then prove Theorem 2.1, Corollary 2.2 and Theorem 2.3 respectively.

4.1 An integration by parts formula

Theorem 4.1. Assume (H) and (2.1). Let f € CH(R?) and n € L*(Q — R%P). Then for
any 0 <r <T and g € C'([r,T]) with g, =0 and g7 = 1,
7).

Proof. Having Propositions 3.2 and 3.5 in hands, the proof is more or less standard. For v}
solving (3.11), we take

(4.1) E((Vf(X7), Vo, X1)| 7)) :E<f(XT)/ {giov( Xy, Lx,) o), W)

t
(4.2) hy = / G ou(Xs, L) M ds, £ € [0,T].
t

AT
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By (H), (2.1), and that h € L*(Q — H, P) is adapted, Proposition 3.5 applies. Let o; = g;v}
for t € [r,T]. Then (3.11) and (4.2) imply

Ay = { Vo bu(, L) (X0) + (B(D buly, ) (L) (X0), 50)) |y, + gl ot
+{ Vo L) (X0) + (B(D o1y, )(Lx) (X0, 7)) ,_y, faWe
_ {vﬁtbt( L) (X0) + (BD by, ) (L) (X0). 7)) | t+at(Xt,.$Xt)h;}dt
+ {vﬁtat( Le)(X) + (E(D oy, th)(Xt),m)\y:Xt}th, t>r 8 =0.

So, (0t)¢>r solves the SDE (3.26) with ¢, = 0. On the other hand, by (4.2) we have hj =0
for t < r, so that the solution to (3.26) with w? = 0 satisfies w" = 0. So, the uniqueness of
this SDE from time r implies ©; = w} for all + > r. Combining this with Propositions 3.2
and 3.5, we obtain

Vo, Xp = vk = gruh = 0p = wh = Dy Xr.

Thus, by the chain rule and the integration by parts formula (3.22), for any bounded .%,-
measurable G € Z(D), we have
E(G(Vf(X1), Vo Xp)) = E(G(Vf(Xr), D Xr) ) = E(GDy f(Xy))
=E(Du{Gf(Xr)} — f(X2)DuG) = E(Gf(Xy)D*(h)),
where in the last step we have used DhG = 0 since G is .#,-measurable but h; = 0 for ¢t < r.

Noting that the class of bounded .#,-measurable G € %(D) is dense in L*(Q,.%,,P), this
implies

E((Vf(Xz), Vo X1)|F;) = E(f(X7)D*(h)| 7).
Combining this with

T T
D) = [ AWy = [ (X0 P iV

r

due to (3.23) and (4.2), we prove (4.1). O

4.2 Proof of Theorem 2.1

Let p € P,(R?). We first establish (2.3) for f € %,(R?), then construct v € L*(R? — R?, p)
such that

P I -y _ (P _
(4.3) o |(Prf) (o (1 +6)7) — (Prf)(w) = n((é, )]
w(|¢2)—0 M(WQ)
which, by definition, implies that Prf is L-differentiable at y with D* Py f (n) =~

(a) Proof of (2.3) for f € %,(R?). When f € CL(R?), (2.3) follows from (4.1) for
n = ¢(Xo). Below we extend the formula to f € %,(R%). For s € [0,1], let X{** solve (1.4)

=0,
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for X3 = Xy + s¢(X,). We have pfs := Lo =po(Id+ s¢)~', and by the definition of
anT fOI' N = QZS(X()),

d

(o) (5%) — (Prf) (o) = ELFCG) = £O0)) = [ B ds
(4.4) 0

= | BTN, Tag Xi) s, S € CR)
Next, let (vf’s)te[oﬂ solve (3.11) for n = ¢(X,) and X/ replacing X, i.e.

sy M {9 b L ) (X7 (BAD by, ) (Lo ) (X7, 08)) o Jo
+ {95001, Lip ) (XE) + (B(D 01 (9, ) (L) (X7, 00 | e AT,
for v?* = ¢(X,). Then (4.4) and (4.1) imply

(Prf)(n®e) = (Prf)(u)

4. e r
(46) = / E[f(Xé’?’s) / (g100(XD*, L)'}, th>] ds, f e Cy(RY).
0 0 '

By a standard approximation argument, we may extend this formula to all f € %,(R?).
Indeed, let

5 T
ve(A) = / E {1A(X$’S) / {groe(X]", Lxe) 0, th>} ds, Ac BRY).
0 0
Then v, is a finite signed measure on R? with

& T
v, = / E{f(X;f’s) / (o X, Lrs) 0, th>] ds, f e By(RY.
R 0 0

So, (4.6) is equivalent to

(4.7) [t = [ gapin= [ jav., fecim)

Since vy, := Pju®® + Pju+ |ve| is a finite measure on R, C}}(R?) is dense in L'(R?, vy,).
Hence, (4.7) holds for all f € %, (R?Y) C L'(R% vr.). Consequently, (4.6) holds for all
f € %b(Rd) ThUS,

(Prf)(u*°) = (Prf)(p)

e

]‘ ‘ B T ! S — S
:_/ E[f(X%’ )/ (100X, Lyos) 00", AWL)| ds, | € By(RY).
0 0

(4.8)

e
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It is easy to see from (H) that

lim sup E(| X7 — X,> + o — of|?) = 0.
$=0 4cl0,7]

So,

el0 £

(4.9) hm ‘/ (gi{ou(X )*1'01?75_Ot(Xt,gXt)*lvf},th> =

Combining this with (4.8), we see that (2.3) for f € %,(R?) follows from

T

(4.10) liglE[{f(Xﬁ’E) —f(XT)}/ <g£at(Xt,$Xt)1vf,th>] =0, f¢c%BRY.
€ 0

To prove this equality, for r € (0,7) we denote

L= / (ghor(Xe, Zx,) " of, AW,
0

Applying (4.1) with g, := [r,T], we derive

Bl {f(X5) - \—\ 1 [ (9706, Tas 4]

|

Ut(Xj)’s, zXf,s)il'U?ﬁ

<E {|Ir| ) ‘ A E(<Vf(X$’s)= V¢(X0)X$,s>“g7")d3

<t [ =i [

By the argument extending (4.6) from f € C}(R?) to f € %,(R?), we conclude from this
that for any r € (0,7),

lim sup ‘E[I {f(X¢’ ) — f(XT)}H

2dt) 2] ds, f € CHRY).

0 flloe<1
€ T 1
<lim [ E||L] / ‘ = 0i(XPP, L o) 0P “ar) [ds = 0.
T el Jy r T —r b
Therefore,
T
limsup sup E[{f(X;i’g) —f(XT)}/ <g£0t(Xt,$Xt)_lvf},th>}‘
&0 [[flleo<1 0
T
(4.11) :limisoupws‘.lup E{{f(X;i’g) —f(XT)}/ <g£0t(Xt,$Xt)lvf},th>”
€ o<1 T

T 3
< 2<E/ |9£Ut(Xt;$Xt)_lvf|2dt>
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holds for r € (0,T). By letting r + T we prove (4.10).
b) For any f € %,(R%), we intend to find out v € L*(R? — R%, 1) such that
y Y H

112 B\ 106) [ (oo X ) W] = w0 )), 6 € RS RS )

When f € Cy(R?), in step (c) we will deduce from this and (2.3) that v = D"Pyf(n). To
construct the desired -y, consider the SDE

AX] = b(XP, Zyo)dt + 0y (X], Lyo)dWi, XT = Xo + 6(Xo),

and let v solve (2.2). Since (2.2) is a linear equation for v? with initial value ¢(X,) €
L*(2 — R?, %y, P), the functional

T
LR R4 p)>¢+— Lop:=EF {f(XT)/ {gio0(Xy, Lx,) "of, dW)
0
is linear, and by (H) and (2.1), there exists a constant C' > 0 such that

T
|Lo|* < |IfII5 sup ’gt/\tFE/ [vf [dt < CEl¢(Xo)* = C u(lof), ¢ € L*R? =R, p).

t€[0,T]

Then L is a bounded linear functional on the Hilbert space L*(R¢ — R% p). By Riesz’s
representation theorem, there exists a unique v € L?(R? — R4, i) such that

Lo =p((v,9), ¢€L*R"—= R, p).

Therefore, (4.12) holds.
(c) Now, for f € %, (R?), we intend to verify (4.3) for v in (4.12), so that Prf is L-
differentiable with DL(PTf)(M) = v. By (4.8) for e = 1, we have

(Pr.f)(u) — (Prf)(p
(4.13) / |: X¢s / <gt0t ,5)71?}?’8, th> : f c %b(Rd)-
Combining this with (4.12) and noting that u' = po (Id + @) '), we arrive at
(Prf)(po (Id+¢) 1) — (Prf) () — nlle. M| _

4.14 1 + &9 + e3(9),
(4.14) o £1(8) + 2(8) + 4(6)
where
T
: lat f’sa »S - 1?757 t 3
e1(¢) :== \/T/ ‘ f(XT))/O (gro(X ng’ ) vt dWy)|ds
L ||f||00 ‘ ! b, -1 —1,.¢
9 = E 10X ,XX s — 0y( Xy, Zx, vy, dWy)|ds
20)= i | / (gi{o( o)™ = oKX L) Y A
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[1/ 1l
Vu(|81?) Jo

It is easy to deduce from (H) that for any p > 2 there exists a constant ¢(p) > 0 such that

£4(6) = \ / (oKD", Lp) (0 — ), Ao

(4.15) sup_ E(IXP — P+ [of | B) < clp) D(X0))”

t€[0,7],5€[0,1]
Combining this with the continuity of oy(z, 1) in x and p, we conclude that

4.16 lim ¢ =0.
(4.16) oo #2(?)

Next, by the argument deducing (2.3) from (4.8), it is easy to see that (4.15) implies

4.17 lim ¢ = 0.
(4.17) i 1)

Moreover, by the SDEs for v{"* and v{ we have
d(vf* — vf) {At —vf) + Apf hdt + {Bt(vf’s —vf) + Btvf}th,
where for a square integrable random variable v on R¢,
A = Vb (, Ly, ) (Xy) + (E(D by(y, ) (Lx)(Xe), )|,y
Atv = vat('a zxfss)(xtd)’s) + (E<Dth(y7 ')(D%Xf*s)(X?s)? U)) ‘y:X?,s
- vat('v gXt)(Xt) - (E<Dth(y7 ')(gXt)(Xt)7 U>) ‘y:Xt7
Biv := V0, Zx,)(Xe) + (E(D o4y, ) (Lx,) (X0),v])) |y,
Btv == V {Ot qus X¢S —|— ( DLUt y, .,?Xqﬁ,s)(Xd)’S) 'U>)‘ X;;S,s
- VUO't( th Xt ( DLUt y, gXt)(Xt )‘ y=X;°

Combining this with (4.15) and (H), there exists a constant ¢ > 0 such that

(4.18) d|v] ’S—Uf|2 < c|v] ’S—Uf|2dt+c(||f~lt||2—i—||Bt||2) (|vt * 2—|—|vf|2)dt—|—th, vy —U0| =0

holds for some martingale M;, and that

(4.19) 1A+ 1B)” < e, L (14> + [1B1*) = 0, te[0.1],5 €[0,1].

By (4.18) and (4.15) for p = 4, there exists a constant ¢ > 0 such that
E(|Jvf"* — v}[*.%0)

t T
: C/ E(luf* — vf ! Zo)dr + 20/ \/E(HAtH“ + | Bel|* ) - \/]E(!vt ol 142 dt
0 0
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t
< [ B(up - P Fdr + @IS s € .1t e 0.T]
0

where

T
= [ VAL + 1B7) d
0
Then Gronwall’s lemma and (4.19) yield

SFP]E(‘W * = of Pl F) < deTe(¢)|9(Xo) P,
s€(0,T

lim Ee = 0.
w(#|?)—=0 (9)

Combining this with the definition of £5(¢), (H), and Jensen’s inequality for the conditional
expectation E(:|.%;), we may find out constants C1,Cy > 0 depending on || f||o and T such
that

|

. . Ch /1 (/T >
lim e < lim — E v —of*dt | ds
u(19[2)—0 (#) < w(lo2)=0 /1u(|]2) 0 o = ol
v — 7. %, )dt 2ds
W 0 \/u( \qﬁ / </ (1" = v F1%0) )

il \/\T / (I6(Xo)lVe(9))ds
. O/ (E[6(Xo)P)Ee(9) _ E() =
= o 1(|o1?) = i 2V E

This, together with (4.14), (4.16) and (4.17), implies (4.3). Therefore, Prf is L-differentiable
at p with DE(Prf)(p) = 7.
(d) Finally, (2.3) and (4.8) imply

| Do QA+ OBt ) ey )

_ ‘<PTf><w>€— (Prf)(p) E[ F(Xn) /OT@;@(Xt’ gxt)-lvg,dm] ‘

T
E‘ / (G{od(XP", Lyos) 0l = 0u( Xy, Lx,) " M0f}, AW)|ds
0

. E‘E [{f(Xé’f’E) — (X0} /0 (X 0 8} th>] @

Combining this with (4.9) and (4.11) we prove (2.4).
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4.3 Proof of Corollary 2.2
Proof of (1). By (H) and (2.2), there exists a martingale M, such that

@200 Al < AKOREI] + B D+ [ = o)
where K (t) is increasing in ¢ > 0. Then
t t
Elof? < BJo(X0) " +4K(0) [ {ElfF + o) }ds < u(of) +8K(t) [ Eluffas
0 0

By Gronwall’s inequality this implies
(4.21) Elvf|* < 35Ot u(|9[?), t e [0,T].

Next, since EfOT {giov(Xy, Lx,) "Wy, dW,) =0, (2.3) is equivalent to

DE(Pr) () = E [{f@m i)} / (gl (X, Zx) "of, amy)).

Combining this with (4.21) and using Jensen’s inequality, when u(]¢|?) < 1 we have
IDEP)) )P < {(Prf?)(s) = (Prf()?) / B g (Xo, L)~ ot

<AEP )~ (Pef )} [ Lot
for any g € C*([0,T]) with go = 0 and gr = 1. Taking

fo -2 —STK dT
gy = , t€0,T],
- fo A 2o 8rE()dr 0, 7]

we prove the estimate (2.5). O

Proof of (2). Let f € %,(R%) with ||f]leec < 1. By Theorem 2.1, Prf is L-differentiable.
Moreover, by Theorem 4.1, Prf is Lipschitz continuous on Z2,(R%). Indeed, for any puy, yo €
gZQ(Rd) let Xl,XQ S LQ(Q — Rd O-\ ]P) such that .,?XZ = M, 1 S 1 S 2, and E’Xl — XQ‘Q =
W (1, p2)?. Let X? be the Solutlon to (1.4) with Xy = X; + (X2 — X1),s € [0,1]. Then
Theorem 4.1 implies

2

Prf(m) — Prf(us)l? = [EF(X2) — Ef(XH) ‘ /

‘/ Vf VXZ X1X8>d8 SCE‘XQ_Xl‘ —CWQ(Ml,,uQ)

for some constant ¢ > 0.
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To apply Proposition 3.1, we take {fin, vy }n>1 C P2(R?) which have compact supports
and are absolutely continuous with respect to the Lebesgue measure, such that

(4.22) Tim (W (1 1) + Wa(v, 1)} = 0.

According to [4], see also [6, Theorem 5.8], for any n > 1 there exists a unique map ¢, €
L*(RY — R4, 1) such that

(4.23) Vn = pin © (Id + )™ Wolpin, va)* = pin(|¢n ).

Let X, € L?(2 — R, %, P) such that Zx, = p1,. By Proposition 3.1, (2.5) and (4.23), we
obtain
2

PeD) ~ (P = | [ D Zriin)

2

= | [ BDM P i) o+ 500 6050 s

< M Eepn(nl®) _ NFINZ W ptn, va)?

= foT A Ze SIKOd foT A Ze SIK()dt

By the continuity of Prf and (4.22), by letting n — oo we prove

9 Wo(p, v)?
((Prf)() = (Prfw)]” < [ 2emstK (0 dy

Therefore, (2.6) and (2.7) hold. O

, v € P(RY, feBRY,|fllo < 1.

4.4 Proof of Theorem 2.3

Let T > 7 > 0,u € Z5(R™) and let X, solve (2.8) with .Zx, = . To realize the procedure
in the proof of Theorem 2.1 for the present degenerate setting, we first extend Theorem 4.1
using D*(h;:.) to replace ff(giat(Xt, Lx,) o], dWy), where for a C1([r, T] — R™"4)-valued

random variable a. = (04.(1), Of.(Q)),

t
(4.24) B2, = / o, Ve b (X, L)+ (B(DP (5, ) (Zx,) (X)), _y, — (@) }as
AL )

A
for t € [0,T7.

Theorem 4.2. Assume (H1). Let T > r > 0, n € L?(Q — R™™ %, P), and let X,
solve (2.8) with Lx, = pu € Po(R™). If there exists a C([r,T] — R™)-valued random

variable o.. = (oz.(l)7 oz.(2)) such that o, =V, X,, ar =0,

(4.25) (o) = Va0V (X,), te[rT),

and he. € P(D*), then for any [ € Cy(R™9),

(4.26) E(Vf(X7), Vo X1)|-Z:) = E(f(Xr) D*(h$)|Z,).
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Proof. By Proposition 3.5, wy := Dpa X; satisfies

w, = /Ot{vwsbb.(-,zxsxxsw(Oyos<his>'+(E<DL (0, (Ze) (X)), ) s

Since (hy.)'(s) = 0 for s < r, this implies w; = 0 for ¢ € [0,7] so that

wy = /tt {szbs(';fxs)(Xs) + (O’US(hg,s)l"" (E(D"6? (y, ) (Lx,)(X,), ws>)‘y=Xs>}dS'

AT
Extending oy with oy := V, X, for ¢ € [0,7), and letting v; = w; + oy for any ¢t € [0,T], we
obtain
t

(1.27) Uy = o+ /t/\ {VvsbS(Wsz)(XS) + (Oa (E<Dngz) (Y, ) (ZLx)(Xs), US)) ‘yzxs)
(0.0, = (BDHHD (1, )(Z) (X)), ) — Tl Z)(X) b

By (4.25),

Va2 s = 1 (0l = 9,500),

AT
while the definition of A%  implies

r,s

/t {ou () = DD (y,)( L) (X),00) |,y = Vb L) (X,) bas

A1
t

= —/ (agQ))'ds = lpsny (Van(=2) — a?)).
¢

AT

Combining these with (4.27) and Proposition 3.2 leads to

v =V, X, + / { Vb, 25 (X0) + (0, (B2, ) (L) (X,),v)) |,y ) s

:77-1-/Ot{Vvsbs(-,.,?Xs)(Xs)—l—(O (E(D“P (9, )(Lx) (X)), . ) bs, 1€ [0,7],

That is, v; solves (3.11) so that by Proposition 3.2 we obtain vt = w; + oy = V, X;. Since
ar = 0, this implies Dya X7 = V, Xp. Thus, for any bounded .%,-measurable G € Z(D),

E[G<vf(XT)> VnXT>] = E[GDh%_f(XT)]
= E[ D {Gf(Xr)} = f(X7) Dy G] = B[Gf(X7) D" (h)],

where in the last step we have used the integration by parts formula (3.22) and Dye G =0
since G is .#,-measurable but

(4.28)

Dy G = /h“ ((DG) ¥ (s)ds = 0,

(h)'(s) = 0 for s < r. Noting that the class of bounded .%,-measurable functions G € Z(D)
is dense in L*(Q, %#,,P), (4.28) implies (4.26). O
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Proof of Theorem 2.3. With Theorem 4.2 in hands, the proof is completely similar to that
of Theorem 2.1. Let

vf = ((0))D, (0)) ) = (Vox X1, Vo Xi2) = Vg Xon € [0,T].
For any 0 <r < T, let
(t— ) (T —t)B; K7,

T
/ HnglKT,T(vf)(l)ds
¢

(4.29) T - [ 62ds ]
— (N = OBKRQ [ T K TOKO ()6 (Xo)ds, € [T
0
and
(4.30) ot = Ko (v])D + / t K V0 (Xo(2) ds, ¢ € [r,T].
Then «,. := (af&t), 04,(0722) satisfies

Qpp — qu(Xo)Xr; Qpp — 0,
and by (2.9) and Duhamel’s formula, (4.30) implies
(@) (1) = Ve, 0" (X0), € [T

Moreover, let hy." be defined in (4.24) for a. replacing o. Noting that (H1) and (H2)
imply [28, (H)] for I = Iy = 0, the proof of [28, Theorem 1.1] with ¢(s) := (s — r)(T — s)
for s € [r,T] ensures that h,” € Z(D*) with D*(hy") € LP(P) for all p € (1,00). So, by
Theorem 2.3 with n = ¢(X,) we obtain

(431)  E(Vf(Xr), Voo Xr)| ) = E(f(Xr) D" (hy)| 7). f € Cy(RY),r €[0,T).
In particular, taking r = 0 we obtain D*(h) € LP(PP) for all p € (1,00) and
(4.32)  DgPrf(p) =E((Vf(Xr), Voix) X)) = E(f(Xr)D*(h%)|.F,), f € CyRY).

Basing on these two formulas, by repeating the proof of Theorem 2.1 with I, := E(D*(h*)|.%,),
we prove (2.16) and the L-differentiability of Prf for f € %,(R™"?). Finally, the estimates
(2.17) and (2.18) follows from (2.16) as in the proof of Theorem 2.1, together with the cor-
responding estimate on E|D*(h®)|? as in the proof of [28, Theorem 1.1]. For instance, below
we outline the proof of (2.16).

Firstly, for s € (0,1) let X¢ solve (2.8) with X{* = X + s6(Xy), let p%* = DS,”X(?,S =

po (Id + ¢)~!, and let aﬁif be defined as a,, with X{* replacing X,. Then as in (4.4) and
(4.7), (4.32) implies

(Prf) @) = (Prh) = [ BTN, Voo X3 ds
(4.33) 0,
= [ BLrCxD e, g e e,
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6.0
s, ot
where h®”" := h,"" satisfies

(4.34) Lm E|D*(h*”") — D*(h)|> = 0.

5s—0

By the argument leading to (4.8), (4.33) yields

(PTf)(/w")’g)g— (Prf)(p) _ é/OEE[f(X;g,s)D*(had’*S)} ds, fe B,(R™7).

Combining this with (4.34), we prove (2.16) provided

£

(4.35) i © [ BILAXE) ~ £} D (0] ds =0,

For any r € (0,7), let I, = E(D*(h%)|-%,). By (4.33) we obtain

E[{f(X2%) — f(X7)},] = E[LE(f(X27) — F(X7)|20)]

£

:E[IT /SE(<Vf(X§’Z’s),VX§’Z’S>\<%) ds] :E{[T E(f(X¢")D* (her)|.#,) ds
0 0
:/€E[Irf(X$’s)D*(h2T")] ds, f € C}HRY).
0

Combining this with the argument extending (4.8) from f € CLH(R?) to f € By(RY), we
obtain

E[{f(X27) - F(Xr)}],] = / CR[LA(XE) D (h)] ds, [ € By(RY),
Consequently,
mE[{f(X77) — f(Xr)}] =0, [ € B(RY),r € (0,7).

Then for any r € (0,7),

imsup = [ BI04 — F060)}D(1)] s
€l0 €Jo
=timsup |- [ E[7(X7) = 7600} (D7) 1, }] s

< 2[|flloE[D* (%) — E(D*(h*)[#)].

Letting r T T we derive (4.35), and hence prove (2.16) as explained above. O
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