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Abstract

The paper deals with homogenization of Lévy-type operators with
rapidly oscillating coefficients. We consider cases of periodic and ran-
dom statistically homogeneous micro-structures and show that in the
limit we obtain a Lévy-operator. In the periodic case we study both
symmetric and non-symmetric kernels whereas in the random case we
only investigate symmetric kernels. We also address a nonlinear ver-
sion of this homogenization problem.
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1 Introduction

The paper deals with a homogenization problem for Lévy-type operators in
L?(R?) of the form

Vo) = [ SN @ady (@ e R, )

where a € (0,2), is fixed and € > 0 is a small parameter. We will study
various assumptions on the function (z,y) — A®(z,y). Throughout the
article we assume

v <A (zy) <y (z,y eRY) (2)
for some v > 1, which can be seen as an ellipticity assumption. Particular
cases that we cover include A®(x,y) = A (f, g) resp. A°(z,y) = A (f,y) +
A (z,Y), where (§,7) — A(&,n) is symmetric and periodic both in ¢ and
1. Note that we also deal with some classes of non-symmetric kernels and of
random symmetric kernels. Moreover, the approach allows to treat nonlinear

nonlocal operators such as the fractional p-Laplace operator.

Given € > 0, we first introduce a positive self-adjoint extension of the oper-
ator —L° and then study the following homogenization problem:

Find an operator LY such that for any m > 0 and for any f €
L?(R%) the solutions u® of the equations —Lu® + mu® = f con-
verge, as € — 0, to the solution of the equation —L% + mu = f.

Given ¢ > 0, the operator L¢ describes a jump process in a non-homogeneous
medium with a periodic micro-structure. For A® = 1 this operator coincides,
up to a multiplicative constant, with the fractional Laplacian (—A)®/2, which
is the infinitesimal generator of the rotationally symmetric a-stable process
[Sat13]. As we show in this work, the computation of the homogenization
limit for a nonlocal operator of fractional order « of differentiability is rather
different from the corresponding object for differential operators. In the
symmetric case, it turns out that the effective jump rate is given as a sim-
ple average whereas this is easily seen to be false for differential operators.
In the non-symmetric case treated in Theorem 4, however, we face similar
phenomena as in the case of local differential operators.

Let us formulate our main results. We consider three different settings. Note
that throughout the paper we deal with bilinear forms resp. weak solutions



because, the expression Lfu(x) might not exist point-wisely, even for u €
Cs°(R?) and A® as in the aforementioned example. Some additional regularity
of A® at the diagonal x = y would be needed otherwise. Finally, let us explain
a possible extension of our work. We study particular nonlocal operators L¢
given in (1). Rather than studying operators with the kernel |z — y|7%7%,
one could allow for a class of more general kernels. One would then need
to adjust the function spaces. In the end, analogous proofs would lead to
similar results.

Let us now present the three settings of our study.

(I) Symmetrizable and symmetric periodic kernels: Here we assume that A°
is a positive function satisfying one of the following two conditions.

(P1) Product structure: We assume

A(z,y) = A (g) 1 (g) (3)

€
with A and p being 1-periodic in each coordinate direction and satisfy-
ing

TSN <y v <) < (4)

(P2) Symmetric locally periodic kernels: We assume

Ty

A® ) =A < y Yy T _> 5
(z,y) Y5 = 2 (5)

with a function A(z,y,&,n) that is continuous in (z,y), measurable
in (¢,n) for all (z,y), periodic in § and in 1 with period 1 in each
coordinate directions, and satisfies the following conditions:

A(%?J»fﬂ?) :A(?J»l'a??,f) d
v < A,y &m) <o forall 2, 9, £, 1 € R

In order to characterize the limit behaviour of u* we introduce an operator

Lou(z) = / Aeﬂ(x,y)M d (6)

Rd
where
(&) .
AT (2,9) = (f[O:I]d A€) df) (f[o,l]d M(f)df) in Case (P1), )
f[O,l]d f[o,ud A(w,y,&,n) dédn in Case (P2).



Theorem 1. Assume that one of the conditions (P1), (P2) holds true. Let
m > 0. Then for every f € L2(RY) the solution u® of equation

(L* —m)u® = f (8)
converges strongly in L*(R?) and weakly in H*?(RY) to the solution u° of
the equation

(L —m)u’ = f. 9)

Remarks

(i) Case (P2) contains the particular case of pure periodic coefficients,
which we have mentioned above. If one assumes A*(z,y) = A (£,Y)
with a function A(§,n) that is periodic both in £ and 1 and satisfies for
all £, n € R? the conditions A(&,n) = A(n,€) and v < A(€,n) < 7,

then this case is covered by (P2).

(i) In Case (P1) the function AT is constant, i.e., the operator L° is in-
variant under translations.

(iii) In Case (P2) we can choose A*(z,y) = a(z,y)A (£,%) with a function
a: R x R — [ag,a1] C (0,00). In this case

A (2, y) Ia(:c,y)/ / A(&,m) d&dn,
[0,1]4 J10,1}¢
i.e., the limit operator L° is a nonlocal operator with bounded and

measurable coefficients.

Theorem 1 deals with linear nonlocal operators. The methods of its proof
can be applied to nonlinear analog, too. Let us provide a nonlocal analog of
Theorem 1. Assume p > 1. Given € > 0, define a nonlinear version Lg of L°

by
Leu(z) = / |u(y) —u(@) [P (uly) — u(z)) AS

d
’x_y’d+a (xay) dy (ZE eR ) (10)



Theorem 2. Assume that one of the conditions (P1), (P2) holds true. Let
m>0,p>1andp = ’%1. For any f € L¥ (R%) the solution u® of equation
€ -2, _

Lou—mlulP"u = f ) (11)
converges strongly in LP(R?) and weakly in W»P(R?), as ¢ — 0, to the
solution u® of the equation Lyu® — m|u’|P~*u’ = f, where

0, [ lu@)—u@)P?(u(y) —u(@)) o
Lyu(r) = /Rd A

|$ — y|d+a

(z,y) dy
and AT (z,y) is as in (7).

Obviously, Theorem 2 contains Theorem 1 because we could choose p = 2.
Since the proof of Theorem 2 does not require any new idea, we provide the
proof of Theorem 1 in full detail. In Section 2.3 we explain how to derive
Theorem 2.

(II) Symmetric random kernels:

Let (€2, F, P) be a standard probability space and (7} ),cgq, be a d-dimensional
ergodic dynamical system in 2; see Section 3 for a detailed definition. As
in the case of deterministic symmetrizable kernels we consider two different
setups.

(Q1) Product structure: We assume (3), where \(§) and p(€) are realizations
of statistically homogeneous ergodic fields in R?. Let w + A(w) and
w + I(w) be random variables such that for some v > 0 and for almost
every w € )
7 EAMw) <y, 7T S hw) <7 (12)
Set
AE) = A& w) = ATew),  p(§) = p(§ w) = ni(Tew) .

The limit operator takes the form (6) with

A = (E{%}>_ (Ei()}".

(Q2) Symmetric random structure: Here, we additionally assume some topo-
logical structure. We assume that €2 is a metric compact space. As-
sume F is the Borel o-algebra of (2. We further assume that the group
T is continuous, that A = A(z,y,w;,ws) is a continuous function on
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R?% x RY x © x © and that the following symmetry condition is fulfilled:
Az, y,wi,ws) = Ay, z,ws,w;). In this case we set

Aeﬁ(x,y) :/Q/QA(:E,y,wl,aJQ)dP(wl)dP(wg). (13)

Theorem 3. Assume that one of the conditions (Q1), (Q2) holds true. Let
m > 0. Almost surely for any f € L?*(R?) the solution u® of equation (8)
converges strongly in L*(R?) and weakly in H*/?(R?) to the solution u® of
the equation (9).

(111) Non-symmetric kernels:

One important feature of our approach is that we can allow for certain non-
symmetric kernels in (1). In this case we assume 0 < a < 1. We assume that
A® is a positive function satisfying A*(z,y) = A (£, %) for a function A(€, )
that is periodic both in £ and 7 and satisfies the following conditions:

(i) There is v > 1 such that v~1 < A(¢,n) < v for all ¢ and 7.

(ii) A(C,n) is a Lipschitz continuous function of (¢,n) that is
|AC,m)—A (G, me)| < CUIG—Col+m—me])  for all ¢, m, G, n2 € RY.

As we explain in Section 4, under these conditions the map v — Lv with

Lv(g)://\(é,n)(v(n)—v(o)d

n,
¢ = nl+e
R4
defines an unbounded linear operator L in L?(T¢), whose adjoint is given by

Lg(0) :/ (A(n,é)jén)_:ﬂi\fgm)ﬂé))

dn (g€ L*(T%).

Rd

Theorem 4. For any f € L*(RY) the solution u® of equation (8) converges
strongly in L*(R?) and weakly in H*/?(R?) to the solution u® of (9). Here, the
effective jump kernel is given by AT = (po) = (Apy), where py is the principal
eigenfunction of the operator L* on T, and (Apo) = [ [ A&, n)po(&) dédn.

Td Td



Let us discuss related articles that deal with homogenization problems for
Lévy-type operators resp. jump processes. We do not explicitly mention the
early fundamental works on homogenization of diffusion-type (differential)
operators. The interested reader is referred to the monographs [JKOn94,
CD99, BJP99, Bra05, CPS07, Tar09].

A probabilistic approach to the homogenization problem for nonlocal opera-
tors in non-divergence form is developed in [HIT77], [Tom92] and in [FT94].
An approach based on PDE methods and viscosity solutions can be found in
[Ari09, Aril2|. The PDE method has also been extended to several classes
of nonlinear problems, see [BCCI14, Sch10, Sch13|. All these approaches,
like ours, deal with approximations of the same differentiability order as the
limit operator resp. limit equation. Since one can approximate diffusions
through much simpler objects such as random walks or Markov chains, it is
not surprising that there are also homogenization models for jump processes
that generate a diffusion in the limit, see [Sanl6] or [PZ17],

The scaling limit of a solution to stochastic differential equations with sta-
tionary coefficients driven by Poisson random measures and Brownian mo-
tions has been studied in [RV09]. It was shown in [RV09, Theorem 5.3] that,
under natural integrability conditions on the Poisson random measure, the
limit exhibits a diffusive behaviour with respect to the measure averaged over
the realizations of the medium (annealed measure). As in our approach, no
corrector appears. Convergence in law of jump processes with periodic jump
intensities is also studied in [Fra07b]. [Fra06, Fra07a| focus on homogeniza-
tion of processes with variable order. Aperiodic fractional obstacle problems
are studied in [Foc10].

The recent papers [FBRS17, BGG18] address problems which, to a certain
extent, are related to the problems that we consider in the present work. In
these papers the authors focus on the problem of H-compactness of a family
of uniformly elliptic non-local operators and describe a possible structure of
any limit point of this family. Our goal is to show that for the operators with
(locally) periodic and statistically homogeneous coefficients the whole family
of the rescaled operators G-converges and to compute the coefficients of the
effective nonlocal operators. The results of [FBRS17, BGG18|] imply that in
our case there is a non-trivial set of the limit operators with known ellipticity
bounds but leave open the question of their precise shape. Furthermore,
we also provide a quenched convergence result for random kernels and we



treat some non-symmetric cases. Last, apart from the Gamma-convergence
techniques, our proofs are rather different.

In the recent preprint [SU18| problems are studied that are similar to ours.
The results are limited to the case of deterministic symmetric coefficients.
The authors prove Mosco-convergence of the corresponding quadratic forms
and apply this result to the convergence of the underlying stochastic pro-
cesses.

The organization of the article is simple. Section 2 contains the proofs of
Theorem 1 and Theorem 2. We treat the cases (P1), (P2) resp. (Q1), (Q2)
in separate subsections because the product structure of the kernels allows
for a very short proof. In Section 2.3 we explain how to prove Theorem 2.
Section 3 and Section 4 contain the proofs of Theorem 3 and Theorem 4
respectively.

2 Symmetric resp. symmetrizable periodic co-
efficients

In this section we provide the proof of Theorem 1. We provide two different
proofs, one for Case (P1) and a separate one for Case (P2). Both proofs
can be adapted for the remaining case respectively but, since the effective
equation has a special form under (P1) and some proofs are shorter, we decide
to look at this case separately. Let us start with some general observations.

For 0 < o < 2 we consider Lévy-type operators L¢ of the form (1), where
e > 0 is a small positive parameter. Our assumptions in Case (P1) and Case
(P2) guarantee that A® satisfies

TSNy <y (zyeRY) (14)
for some v > 1 that does not depend on e. Condition (14) can be seen as
an ellipticity condition. As explained below, it guarantees coercivity of the
corresponding bilinear form in Sobolev spaces of fractional order.

For each ¢ > 0 the operator L is symmetric on C§°(R?) in the weighted space
L*(R4, v7) where v*(x) = v(x/¢) and v(z) equals u(z)/\(z) in Case (P1) and
v(z) equals 1 in Case (P2). Indeed, in the case (P1) for u, v € C§°(R?) we



have

(Lo, v) p2(rd ey = //%(u@) — u(z))v(z)dydz

N / / %(u@)v(@ —u(y)v(y))dydz

Rd R4

= [ [ 0to) = ) atddody = (L0, 0
Rd R
Here and in the sequel we denote pf(z) = p(x/e). In the case (P2) the
symmetry can be checked in the same way.

Moreover, the quadratic form (—L°u, v)2(ra e is positive on Cee(RY).

The inequality (Lu,u) 2ripe) <0 follows from the relation
(LFu, u) p2rd, ey = // = ’dm u(y) — u(a:)) ve(x)dydz.

The quadratic form age(u, u) (L U, U) 2R ey, U € CF° (R%), is closable, for
its closure we keep the notation ar-. The closed form a;- has the domain

H*?(R9). This follows from the fact that for u € C§°(R?) this quadratic
form is comparable to the quadratic form

da 7))?
N / / dyd
(—=(=A)* u, u) e Rd \:1:'— ‘d—i—a yax,

where (—A)%/2 is the fractional Lapla(nan see [Sat13]) and ¢(d, «) is a nor-
malizing constant. The closedness of the last form as well as the fact that its
domain coincides with H%/?(R%) are well-known, see, for instance, [Sat13].

For the unique self-adjoint operator corresponding to the quadratic form
are (see |[RS75, Theorem X.23|) we keep the notation LF, its domain is de-
noted D(L°). This operator is self-adjoint and negative in the weighted
space L*(R?, ). Moreover, D(LF) C H*/?(R%), and for u € D(L?) we have
age (U, u) = — (LU, u) 2 (rd ey

For a given constant m > 0 consider the resolvent (m — L)™', Since L¢ is
negative and self-adjoint in L?(R? 1), we have

_ 1
[(m — L7) 1HL(LQ(Rd,z/E),LQ(Rd,uE)) < o



In view of the properties of A and p this yields

2
_ g

[(m — L)Y cereqray, 2gray) < oot (15)

For a given f € L*(R?) consider a sequence {uf}.-q of solutions to equation

(8). Due to (15) for each & > 0 this equation has a unique solution, moreover

2
[uf]| roray < LIIf[| 2 ra)-
As mentioned above, we provide two proofs of Theorem 1. In Section 2.1 we
provide a proof based on I'-convergence. This proof is carried out assuming
(P1). Second, we assume (P2) and prove Theorem 1 using compactness

arguments in Section 2.2. Note that either proof works well in any of our
cases.

2.1 First proof of Theorem 1

Assuming (P1) we provide a proof of the Theorem based on I'-convergence.
Consider the functional

F*(u) = age(u, u) + m(u, u) 2 pey — 2(f, u) p2(d ey
for u € H*?(R?). We extend this functional to the whole L?(R?) letting
Fe(u) = 400 for u € L2(R%)\ H¥?(R9).

It is straightforward to check that for each ¢ > 0 the functional F* is con-
tinuous on H*/2(R?) and strictly convex. Thus, it attains its minimum at a
unique point. We denote this point by u®. It is straightforward to see that
u® belongs to D(LF) and that u® is a solution of equation (8).

We denote L2 (R?) the space of square integrable functions equipped with
the topology of weak convergence. Here is our main auxiliary result.

Theorem 5. The family of functionals F€ I'-converges with respect to the
L? (Rd) N L2 (RY) topology to the functional defined by

// ’d+ (2))° dydx+u/)\/{m 1)) = 2f(z)u(z) }dz,
foru e HQ/Z(R“’) and FO( ) = 400 foru € L2(Rd) \ H*/?(R?), where

0= dy, /X = Ay))dy.

i /m’”du(y) vy, ou/ A”d(u(y))/( (y))dy

10



Proof of Theorem 5. We begin with the I-lim inf inequality. Let v € H*/?(R9)
and assume that a sequence v° € L*(R?) converges to v in L2 (R%) N L2 (R?)

topology.

Denote

/ / ;j) - Td(ﬁ? A dydz,  ve HY2(RY):;

Rde
v e LR\ HY?(RY);

// y|d+a)) dydz, ve HY?*(RY);

RdR
0, v € LA(RY)\ HY2(RY).
From the deﬁmtlon of F¢ and FY it easily follows that
C(m7 f)(HU”Ha/z(Rd) - 1) S FE(,U) S C<m7 f)(HUHHa/2(Rd) _'_ 1)7
e ) (0l ey — 1) < FO0) < Clom, £) ([0l oy + 1)
with strictly positive constants ¢(m, f) and C(m, f) that do not depend on
€.

and

Assume first that F°(v) = +oo. Then the I-liminf inequality is trivial.
Indeed, in this case ||v||ja/2ge) = +00, and, therefore, lim inf |V%[] a2 (ray =
+o00 for any sequence v° € L*(R?) that converges to v in L _(R?). This
yields the desired T-lim inf inequality. Assume now that F°(v) < 4+o00. One
can prove that
hrsn_}glf{(va, UE)LQ(Rd’VE) - 2(’1)8, f)LQ(Rd’VE)}
> 1/ A((0,0) 2y — 2(0, f)r2@e))
for any sequence v° € L*(R?) that converges to v in L2 (R?) N L2 (R?) topol-
ogy. Indeed, for any sequence v° that converges to v in L _(R4) N L2 (R?) we
have

(16)

0 < liminf(v — v, v — V%) [2(Rd )
o e—0 ’
= llgélf ((vg, V) [2(Rd, ey + (U, V) L2(Rd 1) — Q(U,?}E)LQ(RdWs)).

Since v°v¢ converges to (u/\)v weakly in L?(R%), as ¢ — 0, the last inequality
implies that

0< hmlnf(v V%) p2rd, ey — 1/ AV, V) p2(Ra).

e—0

This yields (16).

11



Therefore, it suffices to show that

lim inf Q°(v%) > Q"(v). (17)
To this end we divide the integration area into three subsets as follows
R xR =G UGS UGS (18)
with
Gl={(z.y) : [o—yl 26, |2| + |yl <57}, (19)
Gy={(z,y) s le—yl <6 |o|+ ]yl <07} Gy={(z,y) : |o[+ 1yl = 252_(;}

Since the integral

/ (& =v@),
. ‘x — y‘d+a

converges, for any x > 0 there exists o > 0 such that

/ s (v(y) = v() dydr < k. (21)

|11 _ y|d+a

GSUGS
Obviously,

lim iélf / e (y)p (x) dydx > 0. (22)
E—
GSUGS
In the domain G¢ we have
() ()
0<e(d) < Tz — yltre < C1(6),
and v° converges to v in L%(GY). Therefore, as ¢ — 0,

/ ue(y)ue(ﬂc)ﬁﬂ—x))zdtydw — / ﬂ2|x(v(#)2dyd:r,
&8

xr — y|d+ _y|d+oc
G
e () (@) ()ota)
. o, U (y)vs(x o v(y)v(z
u(y)pf () ————=dydr — /u ———dydzx.
i Kar=ricc
Gl Gl

This yields

: oy ey W) = (@)? o (v(y) — (@)

ll_{% e (y) s () z — y|dra dydx = [ [ Wdydx. (23)
Gy

Combining (16)—(23) we conclude that

liminf F=(v°) > F°(v) — k.
e—0

Gy

12



Since k is an arbitrary positive number, the desired I'-liminf inequality fol-
lows.

We turn to the I'-lim sup inequality. It suffices to set v* = v. It is straight-
forward to check that F°(v) — F°(v). This completes the proof of Theo-
rem 5. O

We can finally provide the proof of our main result in Case (P1).

Proof of Theorem 1. As a consequence of Theorem 5 any limit point of {u®}
is a minimizer of F°, see [Bra05, Theorem 1.21]. Since the minimizer of F°
is unique, the whole family {u®} converges, as ¢ — 0, to u = argminF? in
L2 (RYNLE . (RY) topology; here the subindex w indicates the weak topology.

loc

It remains to show that u® converges to u in L*(R?). If we assume that u?
does not converge to u in L?(R?), then, for a subsequence, for any n € Z
there exists e(n) > 0 such that for any € < e(n) we have

[0 L2ravG )y = Co, (24)
where Cy > 0 is a constant that does not depend on n, and G(n) stands for
the ball of radius n centered at the origin. Indeed, in this case there is a
subsequence € — 0 such that |[u® — u||f2ga) > C for some C' > 0. On the
other hand, for each n there exists £(n) > 0 such that for all ¢ < e(n) we
have |[u® —ul|r2(gm)) < §. Combining the last two estimates and considering
the fact that [|ul|z2ga\Gny) — 0, as n — 0o, we obtain the desired inequality
(24) for sufficiently large n. Since |[u[| 2(ra\g(n)) is decreasing in n, (24) is
also fulfilled for smaller n.
Let ¢ be a C3°(R) function such that 0 < <1, and 9(s) =1 for s € [0, 1].
Denote 9, (z) = w(ti—‘) If inequality (24) is fulfilled, then for sufficiently
small £ and sufficiently large n we have F¢(¢,u®) < F¢(u). This contradicts
the fact that u® is a minimizer of F*. Thus u® converges in L?(R?).

The minimizer u satisfies the equation

P (=A)YPu— pf/Amu = p /)]
Dividing it by p/A we arrive at (9). Theorem 1 is proved. O

13



2.2 Second proof of Theorem 1

In this section we give the second proof of Theorem 1. Here we assume that
condition (P2) holds. This proof can be easily adapted to the Case (P1).

Second proof of Theorem 1. Here we consider an operator L° of the form

z oy
Lou(z) = / Mew 2 ) (40 —u) d (25)

ly — x|T*e !

R4
with a continuous in (z,y) and periodic measurable in ¢ and 7 function
A(z,y,(,n) such that
Az, y, ¢n) = Ay, z,m,¢), v 1 <Ay, ¢m) <.
Our assumptions on the setup ensure that A is a Carathéodory function and
A is well defined.

As was explained above, L¢ is a positive self-adjoint operator in L?(R?) whose
domain D(LF) belongs to H/?(R?).

Multiplying the equation — Lfu®+mu® = f by u° and integrating the resulting
relation over R? we conclude
|u | ore@ay < €
with a constant C' that does not depend on €. Therefore, for a subsequence, u°
converges to some function u € H*?(R?), weakly in H*/?(R%) and strongly
in L2 (RY). In order to characterize this limit function we multiply the
equation —Lfuf +mu® = f by a test function ¢ € Cg°(R?) and integrate the
obtained relation over RY. After simple rearrangements this yields
A (x,y)(us(y) — u®(x — oz
/ (z,y)(u(y) (d))(w(y) p(z)) ddy + /(uagp ~ fp)dr =0,
|z — y|*re
RYx R4 R4
where A®(x,y) stands for A(x, v, <, %) Clearly, the second integral converges

to the integral [(up — fy)dz. Our goal is to pass to the limit in the first
Rd

one. To this end we divide the integration area R? x R? into three parts in

the same way as it was done in (18), (19) and (20). The integral over G3UG3

14



admits the following estimate
/ A*(z, y) (u (y) — v (2)) (p(y) — o () dxdy’

‘ZL’ _ y|d+a

GSUGS

ol

1
2

cof [lwovir,,) | [ E0ocwr,,

’$—y’d+0‘ |$_y|d+a
GSUGS GSUGS
2
2
— xXr
< / (90|(i/)_ yﬁ(ﬂ)) dxdy
GSUGS

The last integral tends to zero, as § — 0. Similarly,

/ Az, y)(uly) — u(@))(p(y) — ¢(2))

|{L‘ _ y|d+o¢

dxdy‘ — 0,
G3UGS
as 0 — 0.
According to [Zhi03, Lemma 3.1] the family A® converges weakly in Lj, (R x
RY) to the function A with A(z,y) = A°"(x,y). Since u° converges to u in
L*(GY) and A® converges to A weakly on any bounded domain, we conclude
RN ) =) gy

|ZL‘ — y|d+a

Gy

. Az, y)(uly) — u(z))(0(y) — ¢(@)) dzdy
e—0 |x - y|d+a |

Gi

Combining the above relations, we arrive at the conclusion that

A _ _
(2, y) (uly) — u(x))(p(y) — ¢(2)) dmdﬁ/(w_f@dx _0
|z — y|*te
R4 xRd Rd
Since ¢ is an arbitrary C§° function, this implies that u is a solution of
the equation —L%u + mu = f. Due to the uniqueness of a solution of this
equation, the whole family u® converges to u, as € — 0.

It remains to justify the convergence in L*(R?). We have
0<(—LF(v* —u),u® —u) =—(Lu,u’) + 2(L°u,u) — (L°u,u).
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Passing to the limit yields

U . £, € > 0 ]

hﬂ%lf{ (L, )} > — (Lo, u) (26)
Now the strong convergence of ¢ in L?(R?) can be obtained by the standard
lower semicontinuity arguments. Indeed, multiplying the equation —Lfu® +

mu® = f by uf, integrating the resulting relation over R? and passing to the
limit as € — 0 we have

}:i_r% ((—Lu®,u®) + m(u®,u®)) = (f,u).

If u® does not converge strongly in L?(R?) then for a subsequence lir% m(u®, uf)
e—

m(u, u). Combining this with (26) for the same subsequence we obtain
lim ((—L°u", ) + m(u’,w’)) > — (Lo, u) + m(u, u) = (f, u).

e—0
The last relation here follows from the limit equation —L% 4+ mu = f. We

arrive at a contradiction. Thus u® converges to v in norm. [

2.3 Proof of Theorem 2

Let us comment on the proof of Theorem 2. As mentioned above, the proof
does not require any new idea but just an adjustment of the setting. For every
e > 0,m > 0 the equation (11) posesses a unique solution u¢ € WrP(R%). It
minimizes the Varlatlonal functlonal

v J(v //‘le y|d+a As(x y) dydx + — |v\p /fv

Rd R
In order to establish bounds that are uniform in e, we multlply (11) by u®,
integrate the resulting relation over R?, and exploit the equality

[ [ o) it 2<u<y>—u<x>>u<x>Ag(x7y)dydx

|SL’ _ y|d+a

uy) — u()P
—A° dyd
=3 [ L e

Then, we easily deduce the estimate

14600 gy < Ol (27)
with a constant C' that does not depend on e. Thus, there is a weakly
convergent subsequence and a limit u°. From here, the proof is the same as
that of Theorem 1.
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3 Symmetric random kernels

Let us first explain the notion of a ergodic dynamical system. Let (Q, F, P)
be a standard probability space and assume that (7}),cgq, is a d-dimensional
ergodic dynamical system in this probability space, i.e., a collection of mea-
surable maps T}, : € — 2 such that

o 1, T, =T,y for all y; and y» in RY; Ty = Id;
o P(T,A) =P(A) for all A€ F and all y € RY;

o T : R x Q — Qis a measurable map. Here R? x ) is equipped with
the o-algebra B x F, where B is the Borel o-algebra in R

We say that T' is ergodic if for any A € F such that T,A = A for all y € R?
we have either P(A) =0 or P(A4) = 1.

Let us first make some remarks. We study the limit behaviour of operator L®
defined in (1), as ¢ — 0. Clearly, estimate (15) remains valid in the random
case. Therefore, for any given f € L*(R?) the sequence of equations

(LF—m)u® = f (28)
is well-posed. 2Moreover, for any € > 0 a solution u° is uniquely defined, and
vl 2rey < TN Il L2ay-

3.1 First proof of Theorem 3

Now we are in the position to prove Theorem 3 in Case (Q1).

Proof of Theorem 3 in Case (Q1). In the same way as in the proof of Theo-
rem 1 for any f € L*(R?) we obtain the estimate

||| rar2ray < C
with a deterministic constant C' that does not depend on . Therefore, for
each w € (2 there is a subsequence that converges to a function u® € H*/?(R?)
weakly in H*/2(R%) and strongly in L2 _(R?). Abusing slightly the notation
we keep for this subsequence the same name u°.

17



Multiplying equation (28) by pu(2)(A(£))'¢(x) with ¢ € Cg°(R?) and inte-
grating the resulting equality over R¢ after simple rearrangements we arrive
at the following relation:

0— / pe(y)pe (@) (u(y) — w*(@)(e(y) — ¢(2)) dy
|z — y|Tte
R xR4
pe(x)
o — fo)da.
+/A€(x)(u ¢ — fo)dx
Rd

Here, p(z) and A°(z) stand for p(£) and A(%), respectively. By the Birkhoff
ergodic theorem the function p® with p®(z,y) = p®(y)u®(x) converges a.s.,
as ¢ — 0, to (E{ﬁ()})2 weakly in L2 (R? x RY). In order to justify this
convergence we consider a cube Qy = [N, N]? x [-N, N]? in R? x R? with
an arbitrary N > 0. For any ¢; € L*([-=N, N]¢) and ¢, € L*([-N, N]¢) by
the Birkhoff ergodic theorem we have

/ME(Q)NE($)<P1(SU)802(Q) dxdy = (117, <P1)L2([—N,N}d) (17, 902)L2([—N,N]d)
Qn

0 (E{ﬁ()})Q/ ©1(z)pa(y)dady.
Since the sequence {uf(y)u(x), (x,y) € Qn} is bounded in L?(Qy), and the

set of finite linear combinations of product functions {1 (z)pa(y), (z,y) €
B (z)
A (z)

Qn} is dense in L*(Qy), the required convergence follows. Similarly,

converges a.s. to E{%} in L} _(RY).

loc

Following the line of the second proof of Theorem 1 we obtain
~ 2
(E{a()}) (u(y) — v’ () (ply) — p(x))

|£B _ y|d+a
R xR4

+ E{&} /(uogp — fo)dz.
A S
R
This yields the desired relation (9). The fact that the whole family {u®}

converges to u® a.s. follows from the uniqueness of a solution of equation (9).
Finally, the convergence lin% |u® — u|| 2(rey = O can be justified in the same
E—r

0= dxdy

way as in the second proof of Theorem 1. ]
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3.2 Second proof of Theorem 3

Next, we explain how to establish Theorem 3 in Case (Q2). The proof
will follow in a straightforward way once we have established the following
auxiliary result.

Lemma 6. For any bounded Lipschitz domain Q C R? x R? we have a.s.
/ Az, y, Tew, Tyw) dedy — / AT (2, y) dady, ase — 0,  (29)
Q : Q

where

A = [ [ Ao )P )P ew)

Proof. We first recall that under assumption (Q2) the set @ x Q x € is com-
pact, and the function A(z,y,w;,ws) is continuous on @ x Q x Q. Therefore,
A(z,y,w,ws) is equicontinuous on this set, and for any 0 > 0 there exists
2 > 0 such that

|A(2' ' wi, we) — A(2”, " w17w2)| <¢§ for all wy, wo,
if [(,9) — (2", y")| < 2, and (2,9) € Q, (2", y") € Q. Then

|Aeﬂ(1‘/,y,) . AeH(ZL‘”, y//)| <
< / IA(Z, Y, wr,we) — A(x” Y wi, we) |[dP (wy)dP(ws) < 6.

QxQ

Thus, A% is a continuous function.
Consider a partition {B; };V:(f) of () that has the following properties:

(i) Q=UB,, BjNB,=0ifj#k.
(ii) diam(B;) < .
(iii) The inequality
N
| A dady 30N ) 1B <
j=1

holds, where {(z;, ;) };_; is a set of points in @ such that (z;,y;) € B;.
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By the Stone-Weierstrass theorem for each j = 1,..., N there exist a finite
set of continuous functions {7 (w), ¥1.(w)}E_, such that

<.

Ay, wnw2) = Y e @)
k=1
This implies in particular that

L
Aeﬁ(xj’ Ys) — E¢kE¢k >
k=1

Then we have a.s.

limsup/A(:v,y,T:cw,Tyw) dzdy
e—0 5 € N

< limsupZ/ (@5, yj, Tew, Tvw) dxdy + 6|Q)|

e—0
Jj=1 B;

L
< hmsmpZ/ng{C (T=w) )l (Tvw) dxdy + 20|Q)|

e—0 —1

N
Z/Zm Ev) dzdy + 20|Q)

Mz

< /Aeﬁ(xj,yj) dxdy + 30|Q| < /Aeﬁ(x, y)dxdy + 5(3|Q| + 1).
B; Q

The third relation here follows from the Birkhoff ergodic theorem, and the
fourth one from estimate (30). Similarly,

liminf/A(m,y,T;cw,Tgw) dxdy > /Aeﬁ(x,y) dedy — 6(3|Q] + 1).

e—0
Q Q
Since 0 > 0 can be chosen arbitrarily, this implies the desired relation (29).

]

1

<.
Il

As a straightforward consequence of Lemma 6, the functions A® a.s. con-
verge to AT s-weakly in L>°(RY x RY), as ¢ — 0, where A°(z,y) stands for
A(m,y,Tgw,Tgw).
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With the help of this convergence result, the proof of Theorem 3 is immediate.

4 Non-symmetric kernels

The aim of this section of to prove Theorem 4. We split the proof into
three different steps. In Section 4.1 we investigate the adjoint operator L*
and its principal eigenfunction. Section 4.2 provides uniform bounds on the
functions u. Finally, we consider the limit ¢ — 0 in Section 4.3.

4.1 Auxiliary periodic problems

We recall that the period of A = A(x,y) both in z and in y variables is [0, 1]¢.
We deal here with an auxiliary (cell) problem defined in the space of periodic
functions L%(T%). Notice that in this case the operator

LU(O:/A(C,U)(U(H)—U(C)) i (31)

¢ — n|dte
]R‘i

is an unbounded linear operator in L?*(T?); here and in what follows we
identify functions defined on the torus T¢ with the corresponding periodic
functions in R?. In order to introduce a domain of L we represent A(¢,n) as

A(¢,m) = A3(¢,m) + AY(¢, n) with
A*(C,m) = %(A(C,n) +A(M,0),  AY¢n) = %(A(g,n) — A, Q). (32)

Then we represent the operator L as follows

Lu(¢) = / A*(¢m) (v(n) = v(Q)) dn+ / A (o) — v(Q)

¢ = | ™+ J ¢ = n|*+e
= L*v(¢) + L*(Q).

Since A® is symmetric and satisfies the estimate y~! < A® < «, the operator
L* is self-adjoint in L?(T%) and its domain D(L?) is dense in H*/?(T¢). In fact,
for Lipschitz continuous A we have D(L*) = H*(T?). It is straightforward
to check that for Lipschitz continuous A the kernel |A%(¢,n)]|¢ —n|~¢4"® can
be estimated from above by the function min(|¢ —n|~4**!, |¢ —n|~97%), and
that the function min(|z|~%**! |2|79=%) integrable on R?. Therefore, the
operator L® is bounded in L?*(T?). Then the operator L with the domain
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D(L?®) is a closed operator in L?(T¢), and its adjoint L* = L*+ (L?%)* has the
same domain D(L?).

Direct computations show that the adjoint operator takes the form
e o (A Qaln) = A m)a(Q))
= =

dn. (33)
Rd
Theorem 7. There ezists a continuous positive function py(-) € D(L*) such

that L*py = 0 in L*(T%), and po(&) > p~ for all £ € T? for some constant
p- > 0.

The remainder of this subsection is dedicated to the proof of Theorem 7,
which itself uses several auxiliary results.

First we are going to show that the kernel of L* in L?(T9) contains a con-
tinuous positive function, we denote it py. The uniqueness will be justified
later on. To prove the existence of such a function py we first introduce the
operators that correspond to (31) and (33) in the space C(T?). This will
allow us to use the results from the theory of positive operators.

We represent the operator L* in the form

—L*Q(C):A(C,C)/ (2(6) — a(n) dn+/ (AG Q) = AL O)aln)

¢ — | ™+ ¢ — |+

~a¢) [ (A(ﬂ’f’_;ﬁff ) gy~ A O[L%a(0) + £14(0) + £24(C)]

Since A((,n) is a Lipschitz continuous function and « € (0, 1), the kernel
of the operator £! is integrable in 1 uniformly in (. Considering the fact
that this kernel is continuous on the complement of the set {({,n) : ( =

n}, we conclude that £' is a bounded operator in C(T?). The function

f (A(n,Q)—A(C0)
A(CQ)I¢—nldte
Rd

also bounded in C/(T?).

dn is continuous and periodic. Therefore, the operator £ is

The operator £* is well defined for u € C*(T?). From Proposition 9 below
it follows that this operator is closable in C(T¢) and that any A > 0 belongs
to the resolvent set of its closure (still denoted by L°). Moreover, as a
consequence of Proposition 9, the domain D¢ (L%) of L2 in C(T?) is a subset
of D(L?), and on D (L?) these operators coincide.
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Lemma 8. There exists § > 0 such that for any A > 0 the resolvent (L* +
M)~ is a bounded operator from C(T¢) to CP(T?). Moreover, the following
estimate holds

1(£° + ) <A h (34)

-1
HC(W)—>C(Td) =

Proof. Estimate (34) follows directly from the maximum principle. It suffices
to obtain this estimate for a dense set in C(T9). For u € C*(T9) denote
by (o a maximum point of |u|. Without loss of generality we assume that
u(Co) > 0. Then Lu((y) > 0. Therefore,

AMulloeray = Au(o) < L2u(Co) + Au(Co) < ||L%u + Aul|¢ray-
This yields (34). O

We reformulate the first statement of Lemma 8 as a separate result.

Proposition 9. Let f € C(T%),\ > 0. There is a constant ¢ > 1 such that
for every function u € HY(T?) satisfying
(=A)u+du=f inT? (35)
the following estimate holds:
[ullcecry < cllflleema) - (36)

Proof. There are several ways to prove this result. One option would be to
apply embedding results for the Riesz potential. Another option would be
to use the Harnack inequality. Here, we give a proof based on the corre-
sponding heat equation and the representation of solutions with the help of
the fundamental solution. Let (P;) denote the contraction semigroup of the
operator d; + (—A)z in (0,00) x R? that acts in C(R?). It is known that for
[ € L*°(RY) the function P, f belongs to C*(R?) and satisfies

IVPf(z)| < cit ™| flloe  for all z € RY (37)
with some contant ¢; > 1 independent of x. This is proved in several works,
e.g. in [Bas09, Theorem 3.2|. In order to prove (36), let u be a solution to
(35) and z,y € RY. We only need to consider the case |[x — y| < 1. Assume
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p € (0,1). Then
ju() — uly)| < / NP, f(x) — Pof(y)dt

0
p 00

< [e¥IRf@) - Prwldt+ [ e MPf(e) - Pt

0 p
The first integral is estimated from above as follows:
p p

[Pt - Pl <20l [ e

0 0

1 _
= 20lf e (1 =€) < 29[ fllc
For the estimate of the second integral we apply (37) and obtain

[e.o]

/6_/\t|Ptf($) — Pif(y)|dt < 1| flloo|x — /G_Att_l/“dt
P

p
Note that for a < 1 we have

o) 1 00
- 1 oa— ]_

/ e Mt < / £ dt + / et < (1= ") + 1
Q

p p 1

< ¢o(a) max{1, p%} +c3(N).

Hence, we obtain for a < 1
o

[ IRt @) = Piwldt < il = yll e (comax(1 p5 ) + ca)

P
Now we choose p = |z — y|*. Combining the estimates of the two integrals,

we obtain the desired result. O

Lemma 10. There exist \g > 0 and § > 0 such that for all X > A the
resolvent (L*+ LY+ L2+ M)~! is a bounded operator from C(T?) to C?(T?).

Proof. We have
(Lo+ L'+ L2+ M) 7 = (T4 (L' + L2)(L° + AD)7H(L° + ML)~
= (L54+ M) I+ (L' + L)L+ 2D

1
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Letting \g = 2||£' + £2||C(’J1‘d)—>(1(11‘d) one can easily check that [T + (L' +

L£2)(L£3+AI)71]71 is a bounded operator in C(T%) for any A > \g. Combining
this with the first statement of Lemma 8, we obtain the required statement.
m

Considering the properties of the function A((,() and the representation
—L*q(¢) = A(¢, Q) (L5q(C) + Lq(C) + L%¢(C)) it is straightforward to see
that, for sufficiently large \, (—L* + \)~! is a bounded operator from C(T¢)
to CP(T?). Indeed, denoting N’ = £5 + L1 + £2 and A~ = min A(¢, ¢), and
taking A > Ao max (1, maxA(£,£)) we have

—L*+ A= A((, Q) (N+AL+L—L)

A Q) A
— A I A A N Ay N A .
~ 8.0 (T4 (g ~ D)W+ 3007 W 400
Since
W+ = (L0 I+ (L + L)L+ 07
then )
TN + 0l ey oy < P
2
and \ \ \
I ~ 20 W + 5 leemomn <L

From this estimate, using the representation of (—L* + \) in (38), we obtain
that (—L* + \)~! is a bounded operator from C(T¢) to C(T%). Moreover,
combining (38) with the statement of Proposition 9, we conclude that (—L*+
A)~tis also a bounded operator from C(T¢) to C?(T4).

The fact that (—L + \)~! is a bounded operator from C(T¢) to C?(T?) can
be justified in exactly the same way. This implies in particular that both
(=L +A)"tand (—L* + \)7! are compact operators in C(T9).

From the maximum principle it follows that [|(—L+X)""|| zicera),cra) < A7
Also, by the standard maximum principle arguments, the operator (L + \)~*
maps the set of non-negative continuous non-zero functions on T? to the set
of strictly positive continuous functions on T¢. Therefore, the Krein-Rutman
theorem applies to the operator (—L+\)~!. For the reader’s convenience we
formulate here this theorem.
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Theorem 11 ([KR50|, Theorem 6.3). Let X be a real ordered Banach space
with a positive cone K C X that has a non-trivial interior K° # 0. Assume
that T € L(X) is a compact linear positive operator on X, TK C K, that
improves positivity. Then

a) The operator T' has a unique eigenvector xg € K°: Txg = Aoxo;

b) The adjoint operator T* has a unique eigenvector zf € K*: T x§ =
Aoy, where xfy is a strongly positive functional that is x§(x) > 0 for
any v € K\ {0} .

c) The corresponding eigenvalue Ao > 0 is simple and greater than the
absolute value of any other eigenvalue of T

Denote by (—L + A\)~!)! the operator adjoint to (—L + A)~') in the space
C(T?). Tt is a bounded operator in the space of generalized measures of finite
total variation.

It is easy to check that v = 1 is the principal eigenfunction of (—L + \)~*
and that the corresponding eigenvalue is equal to A71.

By the Krein-Rutman theorem the adjoint operator ((—L + A)*l)t maps the
cone of non-negative measures into itself, its principal eigenvalue is A™!, and
the corresponding eigenmeasure is positive, we denote this eigenmeasure by

Ho-

By the definition of an adjoint operator, taking into account the properties
of the operator (—L* + \)~!, we derive that for any absolutely continuous
measure u(d¢) = g(¢)d¢ on T¢ with a continuous g we have

(—L+07) plde) = (~L* + 1) g d.
Since an absolutely continuous measure is non-negative if and only if its
density is non-negative, the operator (—L*+\)~! maps the cone of continuous
non-negative functions into itself.

Applying one more time the maximum principle arguments we conclude that
for any non-trivial continuous non-negative function v on T¢ the function
(—L*+\) "' is strictly positive. Hence the Krein-Rutman theorem applies to
the operator (—L* + ). Denote by py € C(T?) the principal eigenfunction
of this operator. This function is strictly positive on T?¢. By the uniqueness
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of a positive eigenmeasure of ((—L+)\)*1)t (see [KR50], [KLS89, Chapter 4])
we obtain py = po(¢) d¢ and (—L*+X)"Hpy = A~1py. Therefore, —L*py = 0.

The proof of Theorem 7 is complete.

4.2 A priori estimates

Our next goal is to obtain a priori estimates for the solution of equation (8).

Proposition 12. Assume that (8) holds true for some f € L*(R%) and
u® € D(LF). Then there exists a constant ¢ such that
[0\l oz ey < e(1+ )||f||L2 (Re)
|u || 2 )y < E”fHLQ(Rd)a

The constant ¢ does not depend on €, neither on m.

Proof. Multiplying equation (8) by u®(z)po(%) and integrating the resulting
relation over Rd yields
g g po (Us(y) —Ue(x))us(x) Ty, ¢ 2
// |x—y|d+a dydx—m/po(g)(u (x))*dz
RIRd R4 (39)
T 3
~ [m(Ew@rar.

Rd

The first term here can be transformed as follows

// 2 o iy “E(?J)—ug(x))“(“’)dydx

T — |d+a
[ Aetmt st e,
|z — y|Pre
o [ [AEDR )@ @? - AE OmE @2,
|z — y|*te
_ / / A(Z, 8)po (2)w (y)us (z) — A(2, g)po(g)ma(y))?dydx
|£E _ y|d+oz
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- [[ A @),
|z — y|d+a ’

here we have used the fact that by Theorem 7 the integral in (40) is equal to
zero. Considering these equalities one can rewrite relation (39) as follows

A(Z,2)po (2) (v (y) — wé(z))” x 2
%// (2, 9)po(2) (w(y) (z)) dydx+m]¥270(g)(us($)) dx

|z — y|dre
RIRA

) (a1)
:_/mgmww@mp

R4
By Theorem 7 the function py satisfies the estimates 0 < p_ < po(z) < p™.
Therefore, we have

1
m mp_
This completes the proof of Proposition. ]

+
p
||| rarzray < e(1+ =) fll L2 re, 1w || L2y < ——||f|| 2(Ra)-

From the estimates of Proposition 12 one can deduce that the set of positive
real numbers belongs to the resolvent set of operator L®. We should show
that for all m > 0 the operator (L¢ — m) maps D(L?) onto L?(R?). To this
end we use a representation A((,n) = A°((,n) + A*({,n) with A* and A°
defined in (32). Since
a(f? %) < min (€ —d-atl 9|\ —d—a
o it < min (Zhe = g7 2 A el — )

and the function min ( £|z| 74t 2||A|]Loo|z|_d_°‘> is integrable in RY, the

operator (L*)° with the kernel A®(£, %) |z —y|~*~ is bounded in L?(R?). We
have H(La)a||L(L2(Rd)’L2(Rd)) < C(é?)

The operator (L*)¢ with a domain D(LF) is self-adjoint and negative in
L*(R?). Therefore, ||((L*)* —m)~!|| < L. Consequently, for m > mq with
mo = (C(e))~! the operator

(L7=m) " = ((L°)7=m+(L)7) " = (L) +m) " (T+ (L) ((L7)"+m) )
is bounded in L?(R%).

-1

By Proposition 12 the norm of (L —m)~" does not exceed <. Therefore, for
m >my =mg(1 — 1) the operator

(L5 —m)~" = (L5 —mo) (T + (m — mo)(LF —mg)~")

-1
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is bounded in L?(R%). Iterating this step we conclude that for any m > 0
the operator (L¢ —m)~! is bounded.

In particular, equation (8) is well posed and it has a unique solution u® €
D(LF).

4.3 Passage to the limit

According to the estimates of Proposition 12 the family u® converges for a
subsequence, as € — 0, to a function u’ € H*?(RY), weakly in HY/?(R?).
Furthermore, u© — u° strongly in L? on any compact set in RY.

In order to characterize the function u° we multiply equation (8) by a test

function po(£)p(x) with ¢ € C5°(R?) and integrate the resulting relation in
R?. We have

//A(g Y)po (%) (u(y) — ue(x))w(m)dydx —m po(z)ua(w)w(f)dx
RARd |$ a y| ., R4 § (42)
= /po(g)go(x)f(x)dx.

In the same way as in the proof of Proposition 12 one can show that

/ / AG Hm () () —w(@)e@) o

JJ |z — yl|dte
[ AE Y (E) (ply) — () e (y) N
_ HA{/ e dyda.

We represent R? x R? as the union of two sets
R xRY=GUGS (43)
with
Gi={(zy) s fo—yl <}, Gi={(z,y) : la—yl >0} (44)

A, D)po(2) () — w(2))
|ZL‘ _ y|d+o¢

Denote

Ks(x,y) = L;(z —y),

where 15(z) is the indicator function of the ball {z € R? : |z| < §}. It is
easy to check that

0< }Kg(x, y)’ < Cylz — Y| (e — ).
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Since the integral
/ 2|01 (=)
Rd

tends to zero, as 6 — 0, we have

/dw</Kﬂ%yW%m¢02SCwmwwém@» (45)

R4 Rd
where C(6) — 0, as § — 0. On the set G the kernel is bounded. Therefore,

/A(f,g)po(f)(sf)(y) — w(x))ua(y)dydw . /(Apo>(<p(y) —w(x))uo(y)dydx
J o~y o el
vxihere ’

(Apo) = / A m)po()dCdn.

Combining this convergence with (45) we conclude that

//A(? () (elw) — el wtw) o
|$ _ y|d+a

RAR4

(Apo) (p(y) — p())u’(y)
— // | dydz,

T — y|d+o¢

RIR4
as € — 0. Therefore,

//A(? Apo(2) (e ly) —w@)eln) , 0

|$ — y|d+a

// il | —_|d+a( ))w(x)dydl‘

RIR?
Passing to the limit in (42) yields

RAR4
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It remains to divide this equation by (py) and denote A°T = (pg)~'{Apo).
Then the limit equation takes the form

[ e

RARd

Finally, we can complete the proof of Theorem 4. The weak convergence in
H*/2(R%) has already been proved. The convergence in L?(R?) can be shown
in exactly the same way as in the proof of Theorem 1.
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