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ABSTRACT. We study the Cauchy problem for non-linear non-local operators
that may be degenerate. Our general framework includes cases where the
jump intensity is allowed to depend on the values of the solution itself, e.g.
the porous medium equation with the fractional Laplacian and the parabolic
fractional p-Laplacian. We show the existence, uniqueness of bounded solu-
tions and study their further properties. Several new examples of non-local,
non-linear operators are provided.

1. INTRODUCTION

One of the core ideas in describing many phenomena in natural sciences is the
notion of diffusion, whose mathematical description goes back to the beginning of
the 20th century. A comprehensive introduction to this concept from an analytical
perspective is given in the review article [45]. The most prominent diffusion is
the Brownian Motion with the Laplace operator —A as its infinitesimal generator.
The more general class of Lévy processes has been found to be important for the
modeling of diffusive and non-diffusive phenomena in natural and social sciences [28|
35, [38, 47, [48]. Here, the so called rotationally invariant a-stable jump process
can be seen as an important non-local counterpart of the Brownian Motion. Its
infinitesimal generator is the fractional Laplace operator (—A)®/2, where a € (0,2).
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An introduction and overview of some the results related to non-local phenomena
in analysis can be found in [I1].

In this paper we put forward a framework for non-local, non-linear “diffusion”.
The operators that we consider might be degenerate but still allow for the conserva-
tion of mass, the maximum principle, and the comparison principle. It encompasses
some of the known examples of equations which are used to describe behaviour of
non-local diffusive-type processes, like the linear heat equation with the fractional
Laplacian, the fractional porous medium equation or the parabolic equation with
the fractional p-Laplacian. The framework also allows for new examples to be
constructed and studied.

Statement of the problem. Consider the initial value problem
W ou+ Lyu=0 on [0,00) x RV,

where the non-linear non-local operator L is defined by the formula

(2) (/Jvu) (x) = /RN [u(x) — u(y)]p(v(x),v(y);x,y) dy
for a given homogeneous jump kernel p.

Definition 1.1. We say a function p : (R x R) x (RY x RY) — R is a homogeneous
jump kernel if it satisfies conditions|(A1)H(A6)l For all a,b,c,d € R and for almost
every (z,y) € RY x RN we assume that

(A1): pis a non-negative Borel function;
(A2): p is symmetric, i.e. p(a,b;z,y) = p(b, a;y, z);
(A3): p is monotonous in the following sense:

(a —b)p(a,b;z,y) > (c — d)p(c,d;z,y) whenever a > ¢ > d > b;
(A4): p is homogeneous
pla,b;2,y) = p(a, b |z — yl);

(A5): for every R > 0 there exists a function mg : [0,00) — [0, 00) such that
SUP_R<a,b<R p(a, ba z, y) < mR(ll‘ - y‘) and

/RN (1 A |y\)mR(|y|) dy = Kr < o0

(AB): p is continuous with respect to the first two variables and it is locally
Lipschitz-continuous outside diagonals, i.e. for every € > 0 and every R > ¢
there exists a constant C'r . such that

’p(a,bw,y) - p(C, d7x,y)| S CR,5(|a - C‘ + |b - d‘) mR(lx - y‘)
for every a,b,¢,d € [—R, R] such that |a — b| > ¢ and |c — d| > €.

The name jump kernel comes from the probabilistic interpretation of the role
of the operator £ in equation . The function p(a, b, z,y) describes the density
of jumps from x to y within a unit time interval. In our setup, this density is
moreover allowed to depend on the values u(z) and u(y) of the solution in place of
parameters a and b.

Remark 1.2. In the integrability condition|(A5)} one may simply define the function
mg as mg(|z — y|) = sup_g<qp<r p(a,b;z,y). In some situations, however, it is
more convenient to consider a different majorant (cf. Proposition [5.10)).
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Remark 1.3. If p is a non-negative function and the integral [x (1 A |y])u(y) dy
is finite, then we say that p is the density of a Lévy measure with low singular-
ity. This corresponds to our assumption on the function mp in condition
in Definition Note that, in case of a general Lévy measure u, the integral
Jen (1A ]y]?)p(dy) is assumed to be finite. We do not treat this general case here.

Note that in condition [(A4)|and in the sequel we allow for some ambiguity with
respect to the function p. Moreover, for clarity of presentation we abbreviate the
notation for the jump kernel and write

p(u(@), u(y);2,y) = puwy  and  plu(@),u(y);z,y) dyde = dp,.

Remark 1.4 (Maximum principle). An operator (A, D(A)) satisfies the positive
maximum principle if for every u € D(A) the fact that u(xo) = sup,cpny u(z) > 0
for some xg € RY implies Au(zg) < 0. Because of formula , the operator —L,
has this property for each v € L>(RY) as long as it is supplemented with a suitable
domain (for example, the BV space, see Lemma below).

Main results. Our goal is to prove the results gathered in Theorem [I.5]and Corol-
lary We prove properties typical for solutions to diffusion equations.

Theorem 1.5. Let p be a homogeneous jump kernel in the sense of Definition|1.1]
For every initial condition ug € L (RN )N BV (RY), problem has a unique very
weak solution u such that

u € L=([0,00), L(RY) N BV(RY)) n W5} ([0,00), L' (RY))

loc

(see Definition . This solution has the following properties

o mass is conserved: [pnu(t,x)dr = [px uo(x)dx for allt > 0;

o LP-norms are non-increasing: ||u(t)|l, < ||uollp for allp € [1,00] and t > 0;

o if up(x) > 0 for almost every x € RN then u(t,z) > 0 for almost every
ze€RN andt > 0.

Moreover, for two solutions u and u corresponding to initial conditions ug and ug,
respectively, we have

llu(t) —a(t)|]1 < ||lug — upll1 for everyt >0

and if ug(z) > Uo(z) for almost every x € RN then u(t,z) > u(x,t) for almost
every r € RY and t > 0.

Corollary 1.6. Let p be a homogeneous jump kernel in the sense of Definition|1.1]
For every initial condition ug € L*(RYN) N L>=(RY), problem has a very weak
solution u such that

u € L>([0,00), L*(RN) N L= (RY)) N C ([0, 00), L' (RY)).
This solution has the following properties
o mass is conserved: [on u(t,x)dr = [on uo(x)dx for allt > 0;
o LP-norms are non-increasing: ||u(t)|l, < ||uollp for allp € [1,00] and t > 0;

o if up(xz) > 0 for almost every x € RN then u(t,z) > 0 for almost every
ze€RYN andt > 0.

Remark 1.7. Notice that in the statement of Corollary [I.6]we consider more general
initial data and consequently there is no claim of uniqueness of solutions nor a notion
of L'-contraction.

Remark 1.8. One could expect solutions to diffusion equations to be more regular
than their initial data (cf. the heat equation). In general, this is not the case in
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our framework and can easily be disproved by the trivial example p(a, b; z,y) = 0.
It satisfies Definition but there is no smoothing effect in the Cauchy problem

atu = 0, U(O) = Uug.
This example also shows that we cannot expect any decay of solutions.

Strategy of the proof of Theorem[1.5 Let us briefly describe the strategy to prove
Theorem and thus also the general outline of the paper. In Section [3| Def-
inition [3.I] we introduce the notion of regular jump kernels in order to show in
Theorem that in such cases there exist unique classical solutions to prob-
lem for every initial condition ug € L'(R™) N L>°(RY). Then, in Section
we “regularize” homogeneous jump kernels (Lemma [4.7). In Theorem [4.8, we
show that if ug € BV(RY) N L>®(RY) then the approximating sequence of so-
lutions u® to problems , with initial conditions wg, corresponding to a se-
quence of regularized jump kernels, has a convergent subsequence and its limit
u is a strong solution to problem (1) (see Definition . The solution satisfies
u € L>([0,00), BV(RN) N L>*(RY)) N C([0,00), L (RY)). In Theorem we
prove the L'-contraction property, which immediately implies uniqueness of solu-
tions (Corollary . The properties of solutions indicated in the statement of
Theorem follow as side-effects in the process of this construction (see Corollar-

ies 4.13|, 4.14) and [4.16)).

Strategy of the proof of Corollary[I.6, As a consequence of Theorem [I.5] we obtain
Corollary In Theoremwe consider general initial condition ug € L*(R™)N
L>(RM) and a sequence of its approximations for which we may use Theorem [1.5
to construct unique strong solutions. We are able to verify Definition of the
pointwise limit of these solutions and to deduce properties of this solution as a
consequence of the pointwise convergence of approximations (see Corollary .

Scope of the framework. Let us introduce our framework by presenting several
examples. Many of them have been discussed intensively in the literature but some
of them, to the best of our knowledge, are new. A more detailed description of
these examples follows also in Section

Known models. As a simple example which could be written in the form we
recall the linear fractional heat equation

Ca,N

(3) du+ (—A)*2u =0 with the jump kernel p(a, b;z,y) = Ty

Because of the integrability constraint in this work we have to assume a €
(0,1). We refer to [I1] for a gentle introduction to the fractional Laplacian. Equa-
tion (3) has an explicit solution u(t) = ps(t) * ug with the a-stable density p,(t) €
C®RM)N LY (RN) N L= (RY) (see [29, @]).

A more complicated case is the fractional porous medium equation

@) et (=A)*2(Jul" ) =0,

which is studied in depth in [36, 19, 20]. See also [8] for most recent results and
more references. In our case, we can write this equation as , using the following
jump kernel with o € (0,1) and m > 1

( b ) |a|m71a_ ‘b|m71b Ca,N
a,0,T = . .
p 9 ) 7y a/ _ b |£C _ y|N+a
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Let p be a Lévy measure as defined in Remark One can replace the operator
(—A)*/? in equation by a more general Lévy operator

©  ovw= [ (b v -y V0 ) diw),

and the function u ~ |u|™ tu by u — ¢(u) which is (for example) a continuous,
increasing function with ¢(0) = 0. Some modifications of equation in this
fashion are described in [I8] [46]. The general case is studied in |21, 22].

Assuming that ¢ is continuous and non-decreasing and p is a general symmetric
Lévy measure, the authors establish a uniqueness result for bounded distributional
solutions and several estimates. In our framework we are able to prove some of
these results. Our approach is less general than the one in [22] because conditions
and limit its scope.

A different but related stream of research focuses on another type of non-linear
non-local operator, the s-fractional p-Laplacian (see [32] 33, [44] and the references
therein) in the context of the following evolution equation

P(u(z) —u
(6) Opu + /RN W dy =0, ®(z)=z[zP2
Usually it is assumed that s € (0,1) and p € (1,00). The case p = 2 reduces to the
linear equation . For some pairs (s, p), but also other functions ®, equation @
can be written in the form of equation , see Proposition

Our results also apply to a regular version of equation 0. where the kernel
|z — y\_(N +P3) dy is replaced by a sufficiently regular, integrable and non-negative
function J(|z — y|). This case was studied in [3, Chapter 6].

Results involving regular jump kernels (see Definition and the entire Sec-
tion [3)) can be directly applied to the following non-local equation studied in [39]

Dy = / k(ut @), ult,y) [ult,y) - ult,2)] (@ ~ y) dy.
RN

Here, the kernel .J : RN — R is an integrable, non-negative function supported in
the unit ball. The function & : R2 — R is locally Lipschitz-continuous and non-
negative. We refer the reader to the work [39] for other properties of solutions such
as the strong maximum principle.

Models combining local counterparts of operators @ and (@)} namely

(7) du=(Ap)(ulu|™), where Ayv=div(|Vo[P*Vv),
have been studied as well [37, [43].

New models. Our results can be applied to non-linear, non-local evolution equations
which have not been previously studied. We may combine equations , and @
and study the following non-local counterpart of equation

ot [ @[#(uta)) = £(u(w)] o — o) dy = 0.

Here f and ® are non-decreasing functions and p is a density of a Lévy measure
with low singularity. All assumptions are indicated in Proposition |5.9

By considering what we call convez diffusion operator we introduce the following
evolution equation

D+ / [u(@) = u)] [£ (@) + £ () n(le - yl) dy = 0

1We thank Félix del Teso for signalling this example and pointing us to the references.
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for a non-negative, convex function f and a density of a Lévy measure with low
singularity p. We discuss this example in Proposition [5.5

Next, we may study nonlocal operators, where the order of differentiability is
not fixed. Here is a possible example:

B u(y) — u(z) _
Ot /]RN 1y =0.

N4+L1_lgipn 1
R R ]

We may even allow the order of differentiability to depend on u(z), u(y) as in the
following example:

Oy — / u(y) — u(x) dy=0.
Bi(z) [T —

y|N % exp(—lu()—u(@))

The general case including precise assumptions is explained in Proposition [5.10

Potential extensions. Our framework could be extended and adapted to cover the
following models which are not currently in its scope.

In the series of papers [1I 2, 15, 25] the properties of solutions to the following
conservation laws

Opu + div f(u) + Lu = g(x, t)

have been studied. The non-local operator L is given by formula .
One may also consider the following general fractional porous medium equation
with variable density

p(x)du + (=A)* (u™ ') =0,

which was considered in [27] [34].
We also mention the work [17], devoted to the inhomogeneous non-local diffusion
equation

= o5 i,

where J is a non-negative even function supported in the unit interval [—1,1] and
such that [, J(x)dz =1 and the function g is continuous and positive.

The non-linear porous medium equation with fractional potential pressure has
the following form

(8) Oyu = div (um1V(_A)—Sum2)

where mj,ms > 1 and s € (0,1). This equation was first studied in [7] in the
one dimensional case and for m; = mo = 1, and solutions to the corresponding
Cauchy problem were shown to exist and to be unique. Moreover, an explicit self-
similar compactly supported solution has been constructed for this equation for
N =11in [7] and for N > 1 in [5] [6]. Independently, a theory of equation has
been developed in [13], [12]. Recent results and several other references have been
obtained and gathered in [41], 42].

We conclude this overview by recalling the recent paper [16}E|, in which the
authors prove existence, uniqueness and stability of weak solutions to a nonlinear,
nonlocal, vector-valued wave equation

Qu(x,t) = (Ku(-,t))(ﬂv)7 zeRY, t>0,
(9) B 7 N
U(I‘,O) - UO(IZT), atu(xa O) - UO(x)v zeR )

2We learned about this model thanks to a presentation of Giuseppe Maria Coclite at a workshop
at the Norwegian University of Science and Technology.
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with the operator
(10) (Ku)(z) = / fly—z,u(y) — u(z)) dy, for every z € RV.
B; ()

Here f € C*(Q;RY) is defined on the set  := (R \ {0}) x RV and
f(iyv 7“) = 7f(y7u) for every (y7u) € x RN

Some additional regularity and integrability properties of the function f are im-
posed, derived from the physical assumption of hyperelasticity. In particular, the
singular part of the operator on the (z,y) diagonal is assumed to be the s-fractional
p-Laplacian we discussed in equation @ This model is based on the previous re-
sults gathered in e.g. [26], [23], [24] and it serves to study peridynamics, a nonlocal
elasticity theory, used to explain the formation of fractures in solids, defects, dis-
locations etc. While the wave equation @[) requires a separate set of methods to
study properties of solutions, the operator defined by formula has a similar
structure to the one portrayed in Definition [1.1

Outline. The paper is structured as follows. In Section[2] we discuss the properties
of the operator £. In Section [3| we solve equation (1)) in a regular setting. In
Section || we prove our main results (see Theorem and Corollary , namely
existence and uniqueness of solutions to equation (1) and we study their properties.
In Section [5| we give several examples of jump kernels.

2. NON-LINEAR LEVY OPERATOR
We begin by introducing our notation. We use the Banach space
LIVIRYN) = LY RY) n L®(RY)
supplemented with the usual norm |[[ul/1,o] = |lulli + ||ulleo as well as standard

Sobolev spaces W12 (RN) and W,"! ([0, 00), LY(RY)).

loc
We employ the space of functions of bounded variation, following [3I]. Let

u € LY(RY) and suppose for i = 1,...,d there exist finite signed Radon measures
\; such that

/ w0y, pdr = — pdX; for every ¢ € C°(RYN).
RN RN

We define
N
| Du|(RY) = Zsup{/ ®;dN; : @ € Co(RY,RY), [|®]|cy v mY) < 1}.
i—1 RN

Then we say u € BV (RY) if the value of the following norm
lull v = 2]Jully + [Dul(RY)

is finite (caution: the number 2 in front of the L'-norm is added to simplify esti-
mates below). We also recall an alternative characterization of the BV-space which
is more useful for us.

Lemma 2.1. Let (ey,...,en) be the canonical basis of RY. Suppose u € L*(RY)
and denote
N
— he;
lulpy = liminf/ ) —ulw + he))]
1 h—0t JrN h

Then uw € BV(RY) if and only if |u|pyv < co. Moreover |u|py = |Du|(RY).

Proof. See [31], Theorem 13.48] and [31], Exercise 13.3]. O
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Lemma 2.2. If u € BV(RY) then

u(x) —u(x —y
sup / | (z) ( )| dx < |u|lpv.
yeRN\ {0} JRN LAyl

Proof. According to [31) Lemma 13.33] we have

[, Jut@) = ule = )| de < o] |Dul RY).

Thus

u(z) —ulz —y
o, 4D =0 gy < oy + 100 ) = ol O
yeRN\{0} JRN LAyl

Now we are ready to show that if v is a bounded function, the linear operator
L, given by formula is well-defined on the space of BV -functions.

Lemma 2.3. Let p: (RxR) x (RN x RY) — R be a function satisfying conditions
[(A1),|(A2) and|(A5) in Deﬁnition. For every v € L®(RY) such that ||v]|ec < R
we have

L,: BV(RY) = LYRY) and |Lyuli < Kglu|pv,
where K is the constant in the integrability condition |(A5) in Deﬁnitz’on
Proof. We use condition and Lemma [2.2] to estimate

[Lvully = /RN /RN [u(z) = w(y)] po,e.y dy
< //RQN lu(z) — u(z —y)| (1A [y)mr(ly]) da dy

LAyl

dzx

<lulov [ (A lDmesl) dy = [l v K. O

Let us now prove other properties of the operator L,,.

Lemma 2.4. Let p: (R xR) x (RN x RY) — R be a function satisfying conditions
(A1), |(A2) and|(A5) in Definition . For every v € L>(RY) the operator L, :
C®(RN) = LIL®NRYY s L2-symmetric and positive-definite. If u € BV(RN) and
¢ € CE(RYN) then [on Loupdr = [on Loduda.

Proof. Let ¢,v € C°(RY). We have

sup
z€RN

which combined with Lemma [2.3| gives us £,¢ € LIb°I(RY) ¢ L2(RY). Thanks
to condition [(A2)|in Definition we may “symmetrize” the double integral and
obtain (see Remark below)

/RN P(x)(Log)(z) do = /RN P(x) /RN [6(z) — (y)] pv,ey dy d
- %//]R?N [V(x) —v(y)] [¢(z) — o(y)] dpv = /RN (Loto(z)) p(x) da

The same observation holds if we exchange ¢ by u € BV(RY) ¢ L1(R") (all the
integrals are well-defined because of Lemma . Finally

/RN o(z) (L) (x) dx = //Rm [6(z) — 3(y)]>dpy > 0. -

/RN [D(x) = (y)] pv.o.y dy‘ < 2|l Kr,
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Remark 2.5. The “symmetrization argument” that we use in the proof of Lemma[2.4]
is going the be used extensively throughout this paper. In every instance it looks
like the following identity

//]R?N [f(x) = f()]9(2) o2y dy dz = //RZN [F(y) = F(@)]9(y) poy.e dz dy

/ /Rm FW)] o) — 9(y)]dpy.ay dy dz,

for a suitable pair of functions f and g (notably we may take g = 1 and the integral
vanishes). The first equality requires no effort, it is simply renaming the variables.
In the second equality we use the Fubini—Tonelli theorem to exchange dxr and dy,
use the symmetry property of the jump kernel introduced in Definition
which states that p, .o = pv,z,y, and take the average of both integrals.

In the next theorem, we prove a result which is reminiscent of the famous Kato
inequality [30, 10]. In a way, it is central to our entire work and a source of
some of its limitations. In particular, it is the reason behind the monotonicity
condition in Deﬁnitionas well as the introduction of the BV space. Indeed,
in Lemmwe show that the solution u(t) belongs to BV (RY) for all ¢ > 0 if
the initial condition does too. Then we have L,u € L'(RY) (cf. Lemma and
we may use the theorem.

Theorem 2.6. Let p: (RxR)x (RY xRN) — R be a function satisfying conditions
|(A1)|, |(A2) and|(AS3) in Deﬁmtzon- Ifu,v € L= (RYN) are such that L,u, L,v €
LY (RY) then

/RN (Lyu — Lyv)sgn(u —v)dx > 0.
Proof. Let
n(x) = sgn (u(x) - v(z)),

fla,y) = [u@) — w®)] puzy — [0(@) = v(¥)] Po,2y-

Since we assume L,u — L,v € L*(RY) and since n € L>=(RY), the symmetrization
argument (see Remark [2.5)) gives us

/RN (Lur)(@) = (Lov)(@))n(a) do
B //RN f(@yy) dyn() de = %//RN Fay) [n(z) = n(y)] dy da.
Because of the symmetry condition we have f(x,y) = —f(y,x) and hence

/sz flz.y) [77(3}) - 77(:9)] dy dx
=5 [ F@ )00~ 1) a5 o
: / F@,9) @) = 1) Ly <nwy dy de
R2N

/ Fla9) (@) = ()] Lin@)>ne)y dy de .

The set {n(z) > n(y)} is a subset of the set M = {u(x) > v(z), v(y) > u(y)}.

In order to complete the proof, if suffices to show that f is nonnegative on
M. If (z,y) € M and additionally v(z) > wv(y), then f(z,y) > 0 because of
assumption Thus, we only need to consider the situation, where (z,y) € M
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(y), then f(x,y) > 0 just because
() < u(y) < v(y). In this case,

and v(z) < v(y). There are two cases. If u(x)
p is nonnegative. If u(x) < u(y), then v(x)

assumption implies

[v(y) = v(@)]p(v(y), v(2), y,2) — [uly) — u(@)]p(u(y), u(z),y,z) > 0
Due to assumption we obtain

[u(z) — u(y)] p(u(z), uly), z,y) — [v(z) = v(y)] p(v(z), v(y),2,y) >0,
which is nothing but f(z,y) > 0. The proof of Theorem [2.6]is complete. O

>u
<u

3. REGULAR JUMP KERNELS

In this section we construct global-in-time unique classical solutions of prob-
lem under strong regularity assumptions on the jump kernel. Notice that we do
not assume the jump kernel to be homogeneous.

Definition 3.1. We say a function p : (R x R) x (RY x RY) — R is a regular
jump kernel if it satisfies conditions |(A1l)] |[(A2)| and [(A3)[in Definition and in
addition:

(B1): it is integrable on the diagonal y = x, namely, for each R > 0 there
exists Mpr > 0 such that

sup  sup / Pu,zy Ay = Mp < o0;
[ul]oo <R z€RN JRN

(B2): it is locally Lipschitz-continuous with respect to wu, that is, for each
R > 0 there exists L > 0 such that

sup / Pusy — oyl dy < Lallt — vl
z€RN JRN

for all ||ul|leoc < R and ||v|leo < R.

First we prove a counterpart of Lemma for regular jump kernels. It turns
out that in this case for every v € LII(RN) the linear operator £, is bounded on
LIl(RN),

Lemma 3.2. If p is a reqular jump kernel then for every u,v € LIl (RY) we
have L,u € LILSHRN),

Proof. Let R be such that ||v]|e < R. It follows from condition [(B1)| that
[1£vulloo < 2||ulloc M-

Renaming the variables, using the symmetry condition (cf. Remark and
property |(B1)| we obtain

// (4(y) | pooy dy do = // ()| ooy dy d < [[ulls M
R2N R2N

and therefore
el < [[ | (@) + )]} pony dydo < 2l Ma
which completes the proof that £, : LIMI(RY) — LIL<(RN), O

Lemma 3.3. If p is a reqular jump kernel then the operator F(u) = —L,u is locally
Lipschitz as a mapping F : LIL®I(RN) — LILl(RN),
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Proof. Let u,v € LI">I(RN) be such that ||ul|ce < R and ||v]sc < R. Note the
identity

Lou— Lyv=Ly(u—v)+ (Ly — Ly)v.
We have, using the integrability condition [(B1)}

[£u(u—v)[loc = sup
z€RN

/RN (u(x) —u(y) —v(z) + U(y))pu,z,y dy ‘

< 2[ju — vf|c sup / Puzy Ay < 2Mp|lu — v||s
zeRN JRN

and by the local Lipschitz-continuity of the jump kernel |(B2)| we obtain

||£u’l} - ‘CUUHOO = Ssup /RN [’U(SL’) - ’U(y)] (pu,:r,y - p'u,a:,y) dy ‘

RN

< 2[[vfloc sup / |Puey = Poayldy < 2LR[v[|sollu = vll1,00)-
z€R

By a similar calculation and the symmetrization argument (see Remark [2.5) we
also get

ot = [ | [ ) = ) = o) + 0] ey |

R
S //RQN (|u($) N ’U(x)| + ”U(y) - U(?J)|)Pu,z,y dy dx

= 2/ lu(z) — v(x)|/ Pu,zy dydr < 2Mpgllu — v
RN RN

and
I€uw — Lovlh = / [ o) = 00y = Py |
// | + | D|p"71»y - pv,m,y| dy dx
- 2/ |’U($)| / ‘p“ﬂ%y - pv,z,y| dydz < QLR”le”u - U”[l,oo]a
RN RN
which completes the proof of Lemma [3.3] O

Now we may construct local-in-time solutions via the Banach fixed point argu-
ment.

Lemma 3.4. If p is a regular jump kernel then for every ug € LI °°]( N there
exist T > 0 and a unique local classical solution u € Cl([O,T},L[ RN )

problem on [0,T).

Proof. Notice that if v € C*([0,T], LIt>}(RY)) then the expression dyv + L,v is
well-defined for every regular jump kernel p (see Lemma. Consider the mapping
F(v) = —L,v and an integral operator

Fo(t) = uo + /01 F(v(s)) ds

in the Banach space C([0,7], LI>)(RY)). We know from Lemma ﬁ that the
operator F is locally Lipschitz. Therefore it suffices to apply the Banach contraction
principle on a certain interval [0, 7] in order to obtain the unique fixed point u of
the operator §. Moreover,

§:C([0,7], LEKRN)) — ¢ ([0, 7], LI (RY)),
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hence the equation dyu = F(u) = —L,u is satisfied in the usual classical sense. O

Lemma 3.5. Ifu is a local classical solution to problem on [0,T] then for every
t €10,T] and every p € [1,00] we have

(1) Ju®llp < lluollp-

Proof. Let us fix p € (1,00). We multiply the equation dyu = —L,u by |u[P~%u
and integrate with respect to x to obtain

/]RN (Opu(@)) (|u(@)]" "u(z)) de = //RZN [u(y) — u(@)]|u(@)|" "u(z) dpu.

Using the fact that u € C*([0, 7], LN RY)) we get

Oy /]RN |u(z)[” dx :p/RN (8tu(:r))(|u(x)‘p72u(x)) dx

and thanks to the symmetrization argument (see Remark [2.5]) it follows that
-2
[ 1) = u@)] @) u(w) dp.
R2N
1 -2 -2
=5 [, ) = u@) ()" uta) = o] u(w) dp. < 0.

The last inequality holds because the mapping a + |a|[P~2a is non-decreasing on R
and the measure dp, is non-negative due to condition We thus have proved
inequalities for all p € (1,00). The limit cases in re obtained by passing
to the limits p — 1 and p — cc. O

Now we are ready to prove existence of solutions in the case of regular jump
kernels.

Theorem 3.6. If p is a reqular jump kernel then the classical solution is global.

Proof. Consider the local classical solution d;u = —L,u on an interval [0,T], as
constructed in Lemma [34l Tt follows from Lemma [3.5] that

[w(®)[l11,00) < lluollf1,00]

thus the local classical solution may be extended to all ¢ € [0,00) by a usual
continuation argument. O

We now examine some of the properties of classical solutions, which will be
useful in the next section. Notice that these results cannot be directly applied in
the general case, where we need a weaker notion of solutions. In the following
lemma we discuss the L'-contraction property. In the proof we use the Kato-type
inequality from Theorem [2.6

Lemma 3.7 (L!-contraction for classical solutions). If u,v are classical solutions
to problem with initial conditions ug and vy, respectively then

lu(t) = v(E)llx < lluo — vollx
for every t > 0.
Proof. We have u,v € C! ([O7 o0), LIt (]RN))7 therefore the following integral

/00/ <8t (u(t,x) —v(t,z)) + (Lou — Lyv)(t, a:))w(t,x) dxdt=0
0 JrW
is convergent for

Y(t,x) = .7 (t) sgn ((u(t,x) — v(t,x)),
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where we arbitrarily fix T' > 0. Thus by the assumed regularity of v and v we get

T T
/ 8t/ lu —v|dzdt = —/ / (Euu—ﬁvv> sgn(u — v) dx dt.
0 RN 0o JRN

It follows from Theorem that
T
/ O|lu—wvl|l1dt <0
0

and consequently ||u(T) — v(T)|1 < ||uo — voll1- O

In the next lemma we estimate the BV -norm of a solution in case of an additional
assumption of homogeneity (as in condition in Definition . This estimate
will help us to establish relative compactness of an approximating sequence of
solutions we construct in Lemma [4.7] by regularizing the jump kernel.

Lemma 3.8. Let p be a regular jump kernel satisfying the homogeneity condi-
tion i.e.

p(v(@),v(y)sz,y) = p(v(z),v(y); [z - yl).
If ug € BV(RY) and u is the classical solution to problem then

lu(®)||Bv < |luollay  for every t > 0.

Proof. Let v¢(z) = v(x + &) for an arbitrary £ € RY and v € L®(R"). Because
p is homogeneous we have py, z1¢,y+e = pPue,z,y and consequently, for an arbitrary
¥ € CP(RY),

12 (L)@t = [ 06+ =00 hase, b
= [ (0l@) = 0 ) iy = (£108) o)

It follows from identity , and assumed regularity of u, that ug is the classical
solution to problem with initial condition ug¢(x) = uo(xz + §). By Lemma
we thus have

[Jug () — u(t)[lr < [luo.e — uollx
and by [3I, Lemma 13.33]

fugo = wls = [ Juo(e+€) = w(@)| o < [€lluslav.

By taking ¢ = he; with {e;} being the canonical basis of RV and h > 0 we get

/ lu(z) — u(z + he;)|
RN

dae <
o z < ||uoll BV

and it follows by Lemma[2.1] that ||u(t)|sv < |luolBv- O

4. CONSTRUCTION OF SOLUTIONS

Definitions of solutions. Our goal is to construct solutions in the case of general
homogeneous jump kernels and prove the results stated in Theorem As usual
in such contexts we work with a weak formulation of problem .

Definition 4.1. Wesay u € L™ ([0, 00) XRN) is a very weak solution to problem

if
(13) /0°° /RN u(t, z) [(E)t - Eu)w} (t,z)dxdt =0

for every ¢ € CSO((O, 00) X RN) and limy o u(t,r) = ug(x) in L}

loc

(RY).



14 G. KARCH, M. KASSMANN, AND M. KRUPSKI

Remark 4.2. Notice that thanks to Lemma this definition is well-posed.

Definition 4.3. We say a very weak solution to problem u is a strong solution
to problem if

u € L=([0,00), BV(RY) N L=(RY)) N C([0,00), Ly, (RY)).
Remark 4.4. Notice that because of Lemmas [2.3] and if u is a strong solution
to problem then £, u is well-defined and we have

/Ooo /RN u(t, )0 (t, o) — (Lyu)(t, x)(t,z) dedt = 0.

Remark 4.5. Notice that each constant function u(t,z) = k € R is a classical
solution to problem for every jump kernel p and we have L,u = 0.

Approximate solutions. In this part we regularize an arbitrary homogeneous
jump kernel and study compactness of the corresponding sequence of approxima-
tions. In order to simplify our reasoning we begin with the following observation.

Remark 4.6. Consider a homogeneous jump kernel p. For arbitrary a,b, c,d € R by
the symmetry assumption we have
|p(a,b;2,y) — p(c,d; z,y)|
< ‘p(aa b; xvy) - p(C7 b; ‘rvy)‘ + {p(ba & l',y) - p(dv & (E,y)‘

Therefore it is sufficient (and necessary) to verify the Lipschitz-continuity part of
condition |(A6)| only for the difference

|p(a,b;2,y) = p(c, by, y)|
and a,b,c € [-R, R] such that |a —b| > ¢ and |c — b| > €.

Lemma 4.7. For every ¢ € (0,1] consider a function h. € C*([0,00)) which is
non-decreasing and such that he(x) =0 for x < 5 and he(x) =1 for x > €. Let p
be a homogeneous jump kernel and

pe(aa bv z, y) = hE (|a - b|) ]]-|I—y\28(x7 y)p(a7 b’ z, y)
Then p® are reqular, homogeneous jump kernels.
Proof. Conditions [[AT)] to [(A6)| in Definition are easy to verify. Let us check

conditions |(B1)| and |(B2)| of Definition for fixed functions u,v € L>(RY) such
that ||4]/co, |v]]ec < R. Because p is a homogeneous jump kernel, we have

sup / o (a,bi 2, y) dy < / 1,15 (4)mz (|y]) dy
rzeRN JRN RN

<o [ an)mlyl)dy = < K.

where mg and K come from condition [(A5)|satisfied by the jump kernel p. This

verifies condition
Notice that because of the properties of the function i, and condition|(A6)] the

jump kernel p. is locally Lipschitz-continuous in the first two variables, including
the diagonal. Namely,

|p°(a,b;2,y) — p°(c, b;2,y)| < Crla — Loy se(z,y)mr (| —yl)
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for all —R < a,b,c < R, where Cr = Cg, < is the constant from condition
satisfied by the jump kernel p (cf. Remark . Therefore

sup /N ‘pi,x,y - pf},z,y| dy

zeRN JR
< Sup/ |02y — P (w(@), v(y), 2, 9) | + | (w(@), v(y), 2, y) — 05 2.y| dy
rzeRN JRN
<Cnswp [ (Julw) = o] + [u(e) = 0(@)] ) Voo 1) dy
zeRN JRN
< Lellu —v[[1,00,

which confirms condition O

Theorem 4.8 (Existence of strong solutions). If p is a homogeneous jump kernel
then there exists a strong solution to problem for every initial condition ug €
BV (RN) N L= (RY).

Proof. For every € € (0, 1] consider the unique classical solution u® of the following
initial value problem

opu® + L5-uf =0,

(1) L= / [u(z) — u(y)] o (v(z), v(v); 2, 5) dy,
]RN
u®(0, -) = up,

where the regular, homogeneous jump kernels p® are introduced in Lemma It
follows from Lemmas @and that Loeyus(t) € LY(RY) is well-defined for every
t > 0. Moreover, we get an estimate on the time derivative

[0 O, = 125 O, < 4Ol gy K < luolv K

For an arbitrary bounded open set  C RY with a sufficiently regular boundary we
have the compact embedding BV (2) C L'(Q) (see [31, Theorem 13.35]). Thus we
obtain a convergent subsequence in the usual way, by applying the Aubin-Lions-
Simon lemma (see [40, Theorem 1]) in the space L ([0, T], L'(€)) for an arbitrarily
fixed T > 0. Namely, it follows that there exists a function v and a subsequence
{e;} such that

u —u in C([0,T], Li,.(RY)).

In particular we also have lim;_,o u® (¢, z) = u(t,z) almost everywhere. We may
enhance this result by applying the Fatou lemma to inequalities

(15)  [lu(®)llp < [luollp,

which we proved in Lemma to obtain the same estimates for ||u||,. By using [31]
Theorem 13.35] and Lemma we also get

(16)  u(®)llsv < lluollBv-

In this way we obtain that

(17)  we L>([0,00), BV(RY) N L>=(RY)) N C([0, 0), Lio (RY)).
Consider the sequence of approximations u’ = u. Let

fj(tﬂl?,y) = [uj(ta 3’3) - uj(t,x - y)] pEj (uj(x)’uj(x - y)7 |y‘>w(ta 3’3),
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with an arbitrary test function ¢ € C2° ((O, o) x RN ) Let f be defined analogously
for the function u in place of u/ and the jump kernel p instead of p%i. We have (see

Remark [4.4))

(18) / / w? Optp da dt = / / fi(t,z,y) de dy dt
RN R2N

for every j € N.
On the left-hand side of equalities we have the majorant

‘uj(tv .’L‘)atl/J(t, 33)‘ < ”uOHoo ’(i)tlﬁ(t, $)|

hence we may pass to the limit by the Lebesgue dominated convergence theorem.
On the right-hand side of equalities , by the integrability condition [(Ab5)|satisfied
by the jump kernel p, we obtain the following estimate

(19)  [fi(t, 2 9)| < 2Rmg(yl) [¥(t,2)]-

Because of the continuity of the jump kernel assumed in condition we also
have

1111’1 fj(taxay) = f(tvl‘hy) a.e. in (thay)
j—o0

and therefore we may pass to the limit by the Lebesgue dominated convergence
theorem and get

lim it z,y)de :/ flt,z,y)dz, ae. in (t,y).
RN

J—0o0 RN

Then, by Lemmas [2.2] and [3-8] we have

‘/ fj(t’xvy) dx
RN

20 < sup [0l (LA L) ma(sl) sw [

zeRN yERN\{0} /RN

< sup [9(t, 2)[(LA [yl)mr(ly]) luoll v
TERN

’uj(t,a:) —ul(t,x — y)‘

dx
LAyl

By the Lebesgue dominated convergence theorem we may thus pass to the limit
once more. Combining both arguments in and , we get

lim fitz,y)dedy = // ft,z,y)dedy ae.int.
J—00 R2N R2N

We also have

‘/ fj(t7x7y)dx
R2N

which allows us to pass to the limit with the integral in time. In this way we have
shown that u satisfies the following integral equality

/0°° /]RN upp dedt = /000 //WN [u(t, z) — u(t,y)]| pu,zyt(t, x) du dy dt

for each test function . To finish the proof we apply the Fubini-Tonelli theorem
to exchange dx and dy, which together with confirms Definition O

Lsupp o (1) [[¥[loc [[uol[Bv Kr,

Theorem 4.9. If u is a strong solution to problem then
u e Whl([0,00), L (RY)).

loc
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Proof. Consider a sequence {¢,} € C2°((0,00) x RY) such that

li)m On(t,x) = T, 101() () pointwise,
ll)m O (t,z) = (8¢, (t) — 61, (1)) P(w) weakly as measures

for given t5 > t; > 0 and a function ¢ € C.(R"). Because u € C([0, 00), L. .(RY)),
the function ¢ — [pn u(t,z)¢(x)dz is continuous. Then, due to the very weak
formulation and the fact that u € BV (R"), we have

(21) 0= lim / / u(t, )y (t, z) — (Lou) (t, z)dn(t, z) dz dt

n—oo

:/RN (ulty, ) — ults, ) dm—/tz/ Vo(z) d dt.

The assumed continuity also allows us to approach the case t; = 0.

Because u € L™ ([0, 00), BV(RY)), for every t > 0 we have u(t) € L'(R") and
Lymu(t) € L*(RY). Since equality holds for every function ¢ € C.(RY), it
follows that

to
u(te, ) = u(ty, x) —|—/ —(Lyu)(t,z)dt ae. in z.
t1

By [14, Theorem 1.4.35] we obtain u € W', 1([0 00), L*(RY)). O

loc

Remark 4.10. As stated in [14, Theorem 1.4.35], if u € W 1([O 00), L' (RY)) then

loc
in particular u : [0, 00) — L*(RY) is absolutely continuous.

The next theorem provides the proof of the L'-contraction of strong solutions,
which then directly implies uniqueness.

Theorem 4.11. If u and v are strong solutions to problem , corresponding to
initial conditions ug,vo € BV (RY) N L°(RYN) respectively, then

lu(t) — o)1 < |luwo — voll1 for every t > 0.

Proof. Consider a sequence of test functions {¢,} C C°([0,00) x RY) such that
limy, o0 U (, @) = Lty 1,1 (¢) sgn (u(t, z)—v(t, x)) for almost every t > 0 and z € RY
and some ty > t; > 0. Then for every t € [t, t2] we have

lim _/]RN (u(t,z) — v(t, ) Othn(t, x) d

n—oo

= lim O (u(t, z) — v(t, @) n(t,x) do = /]RN Oy |u(t,z) — v(t,x)’ dz

n—oo RN

and
lim ((Euu) (t,z) — (Lov)(t, x))wn(t, x)dx dt.

n—oo RN
/ ((Euu) (t,z) — (Lov)(t, m)) sgn (u(t,z) — v(t,x)) dx dt.
RN

to to
/ / Alu(t, ) — v(t,z)| do = / &g/ u(t, ) — v(t,z)| da dt
t; JRN t RN

= Hu(t%x) — v(tg,x)Hl — Hu(tl, v(ty,x Hl

Then
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Moreover, thanks to Theorem [£.9] and Remark [£.10} we may also approach the case
t; = 0. Finally we obtain

lutr, @) = o(tr, @), = [|ultz, 2) = o(t2, )],
to
= / / <(£uu) (t,z) — (Evv) (t, x)) sgn (u(t, x) — v(t, a:)) dx dt.
t1 RN
The right-hand side is positive due to Theorem O

Properties of strong solutions. We conclude our reasoning by gathering some
of the most fundamental properties of strong solutions to problem .

Corollary 4.12 (Uniqueness of solutions). Let p be a homogeneous jump kernel.
For every ug € BV (RN) N L2 (RYN) there exists a unique strong solution to prob-

lem .

Proof. Tt follows directly from Theorems [4.8) an O

Corollary 4.13 (LP-estimates). If u is a strong solution to problem with initial
condition ug € BV (RN) N L>=(RYN) then

[u®)lly < lluolly and u(®)l[zv < lluollpv — for all t>0.

Proof. We established these estimates in relations and , in the course
of proving Theorem for the solution obtained as the limit of a subsequence of
approximate solutions. It follows from Corollary [f.12] that there are no other strong
solutions. O

Corollary 4.14 (Mass conservation). If u is a strong solution to problem (|| . with
initial condition ug € BV(RN) N L®(RY) then [pn u(t)dz = [pn uodz for every
t>0.

Proof. The technique of this proof is essentially the same as the one used in the
proof of Theorem Consider a sequence {¢,} € C°((0,00) x RY) such that

ILm Gn(t,x) = 1y, (0 1k (2) pointwise,
lim 9y (t,2) = (64, (t) — 61, (1)) L (2) weakly as measures
n— oo

for given t; > t; > 0. Then, due to the very weak formulation and the fact
that u € BV (RY), we have

(22) 0= lim h O (t, z)ult,z) — (Lou)(t, z)dn(t, z) dz dt

n—oo 0 RN

to
:/ (u(ty, ) — u(ts, z) dw—/ / )(t, z) dz dt.
RN

The assumed continuity also allows us to approach the case t; = 0.
We may now use the symmetrization argument (see Remark [2.5]) and get

- Lyudr = //RQN [u(t,y) — u(t,z)]p(ult, z),u(t,y); z,y) dy dz = 0.

Note that the integrals are convergent because of the same calculation we used in
Lemma [2.3] and we may use the Fubini-Tonelli theorem needed for the argument to
work. In consequence, it follows from that

/ u(ty, z) dx :/ u(te, x) dz.
RN RN

This means that the function ¢ — [y u(t,z)dz is constant. O
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Corollary 4.15 (Comparison principle). If u and v are strong solutions to prob-
lem with initial conditions ug,vo € BV (RY) N L= (RY), respectively, such that
ug(x) < vo(z) almost everywhere in x € RN then u(t,z) < v(t,z) almost every-
where in (t,z) € [0,00) x RY.

Proof. Using the L'-contraction property established in Theorem and the con-
servation of mass from Corollary we get

[t oty [ HOZHOLEO 200,

S/ |u07v0|+u0—vod$:/ (ug — vo) T dz.
RN 2 RN

In particular, the equality (ug — vo)™ = 0 a.e. implies (u — v)™ = 0 a.e., which
means exactly that u < v a.e. in [0,00) x RY. O

Corollary 4.16 (Positivity of solutions). If u is a strong solution to problem
with initial condition ug € BV (RN) N L= (RY) such that ug > 0 then u > 0.

Proof. This follows directly from Corollary and the fact that v = 0 is a strong
solution to problem (cf. Remark . g

Existence of solutions for less regular initial data. The results obtained for
strong solutions may be used to show existence of solutions for more general initial

conditions, namely in the space LIMI(RYN) (see Corollary .

Theorem 4.17. If p is a homogeneous jump kernel then there exists a very weak
solution to problem for every initial condition ug € L1 (RM).

Proof. We define u§ = w. * ug for a sequence of mollifiers {w.}. We then have
ug € BV(RY), [[uglloc < lluolloc and lim. o [lu§ — uoll1 = 0.

For every € > 0 we consider the strong solution u® corresponding to the initial
condition uf. It follows from Theorem that

sup [[u (t) — u= (t)[l1 < [Jug' — ug’ |1,
t>0

which shows that {u°} is a Cauchy sequence in the space Cj ([0, 00), L*(RY)) and
hence has a limit u € Cy ([0, 00), L' (RY)).
Consider the following equations (cf. Definition

(23) /OOO /RN u®(t,x)0p)(t, x) dz dt = /OOO /]RN u(t, z) (Lus) (¢, x) da dt
_ /0 h / /]R () [0, 7) — 9(69)] a0y dy i = 0.

Notice that because u is the limit of {u°} in the space Cy([0,00), L'(RY)), it also
is its limit in the space L' ([0, T] x ]RN) for an arbitrary T > 0. It follows from [9]
Theorem 4.9] that there exists a function v € L'([0,7] x RY) and a subsequence
€; such that

lim v (¢, 2) = u(t, ) a.e. in (t,x) € [0,T] x RV,

j—o0
|u®i (¢, z)| < v(t,x) a.e. in (t,x) € [0,T] x RN for every j € N.
We thus have

‘us(ta .’13) [w(ta J)) - w(ta r — y)]pus(t),z,zfy’
< 20(t,x) sup [l(t)[lwre @y (LA Jyl)mr(lyl),
te[0,T)



20 G. KARCH, M. KASSMANN, AND M. KRUPSKI

where R > ||ugl|oo. This allows us to pass to the limits on both sides of equa-
tions on a subsequence {¢;} and verify that u satisfies Definition O

Corollary 4.18. Let u be the very weak solution to problem constructed in
Theorem[{.17. We have

u € C([0,00), LY(RY))

Jan u(t,z) de = [on uo(x) d for all t > 0;

l(t)llp < llwoll, for allp € [1,00] and ¢ > 0;

if uo(z) > 0 for almost every x € RY then u(t,x) > 0 for almost every
r € RN andt > 0.

Proof. The first claim follows from the construction itself. Two other are a conse-
quence of the fact that u is the pointwise limit of the sequence of approximations,
for which these claims are satisfied. O

5. EXAMPLES

In this section we discuss several examples of homogeneous jump kernels, either
well-known or new. Before we do so, however, we would like to have a quick look
at the geometry of the set of jump kernels.

Lemma 5.1. Let p; and p2 be homogeneous jump kernels in the sense of Defini-
tion 1.1 Then p = ap; + PBp2 is a homogeneous jump kernel for every o, > 0
(i.e. the set of homogeneous jump kernels is a convex cone).

Proof. Tt is easy to see that p satisfies conditions|(A1)| |(A2)} [(A4) and|(A6)| Then,

((1 - b)p(a’7 b; x, y) = O[((l - b)pl(a7 b; z, y) + ﬂ(a - b)pZ(a7 b; x, y)
= alc—d)pi(c,dyz,y) + Bc — d)pz(c, d;x,y) = (¢ — d)p(c, d; , y),
which confirms [(A3)} and

sup  pa,byz,y) <a  sup  pi(a,b;x,y) + B sup  pa(a,bx,y)
—R<a,b<R —R<a,b<R —R<a,b<R

< amp(lz —yl) + BmE(lz —yl) = ma(lz - yl),

where m}, and m% are functions related to p; and p, as in condition |(A5)| respec-
tively, and it follows that

[, Anlume(lsl) dy < arch+ 5553,

where K}, and K?% are appropriate constants related to m} and m% as in condi-

tion [(A5)l This confirms condition |(A5)|in case of the jump kernel p. O

Remark 5.2. It is easy to observe that if p is a homogeneous jump kernel and
m € L>([0,00)) satisfies m > 0, then m(|z — y|)p(a,b, |z — y|) is a homogeneous
jump kernel as well. As a useful example we may consider m(z) = 1,5(2).

Decoupled jump kernels. In this subsection we study examples of homogeneous
jump kernels given in the following form

(24)  plabiw,y) = F(a,b) x p(|e —y),
where F' > 0 and p is a density of a Lévy measure with low singularity, i.e.

/RN (LA Ty (jyl) dy < oo

We call such jump kernels decoupled. We are going to consider several different
choices of F' and show that the resulting functions possess properties|(Al)[to|(A6)
confirming they are homogeneous jump kernels. Some of these examples have been
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well-studied before, but we are able to verify that they fit neatly in our framework.
Because of the structure of formula , condition is always satisfied. The
same is true for as long as sup_ <, ,<g £'(a,b) < oo. In identical fashion as
in Lemma 5.1 we may see that decoupled jump kernels also form a convex cone on
their own.

Fractional porous medium equation. In our first example we show that the theory
we developed may be applied to equation , for restricted ranges of parameters s
and m, and some of its generalisations.

Proposition 5.3. Let f € CY(R) be a non-decreasing function. If
fla) — f(b)
F(a,b) = ——————
(a,0) = T2
then p given by formula is a homogeneous jump kernel.

Proof. We assume f € C(R), thus the function F is in fact continuous even for
a = b. Because the function f is non-decreasing we have F(a,a) = f'(a) > 0 and

sgn (f(a) — f(b)) =sgn(a—b) or f(a)=f(b) foralla#b,
therefore both and [(A2)| are satisfied. Because of the assumed monotonicity
of f, for a > ¢>d > b we have f(a) > f(c) > f(d) > f(b), hence

@ -5yD2IO )~ )2 s10) - f@) = (e~ a)

and |(A3)|is also fulfilled.

Next, let us take —R < a,b, ¢ < R such that |¢ — b|,|a — b] > &. Then
fla) = f(b) _ f(C)—f(b)‘ 2 (

fle) = f(d)
d

c—

a—b c—b = =)
This proves the local Lipschitz-continuity condition (see Remark [4.6)). O
Remark 5.4. This example, for u(ly|) = [y|[™¥ =, a € (0,1) and f(u) = ulu|™,
corresponds to the following operator
Lyu = A%/? (u|u\m_1(9L‘))7

introduced in Section [I] by formula (). It has been thoroughly studied in [20] (for
the full range « € (0,2) and m > 0). Even more general non-linear operators of
this type, involving linear operators represented by formula , were considered
in [21, 2.

max |F(O)] + R max |7/(6)] ) — c|

Convex diffusion operator. In the next example we introduce a decoupled jump
kernel which has not been previously studied.

Proposition 5.5. Let f : R — [0,00) be a convex function and
F(a,b) = f(a) + f(b).
Then p given by formula is a homogeneous jump kernel.

Proof. Conditions |(A1)|and [(A2)|are easy to verify.
Let a > ¢ > d > b and take t € [0,1] such that d = ta + (1 — ¢)b. Then

fla)+ f(b) = (1= t*)f(a) + (1 = t)*f(b)
=1 =)(A+1)f(a) + Q=) f(b) = (1= t)(f(a) +tf(a) + (1 =) f(b)).
Because we assume f to be convex, we have

tf(a)+ (L —t)f(b) > f(ta+ (1 —t)b) = f(d),
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hence

fla)+ f(b) = (1 = t)(f(a) + f(d))-
In the same fashion, by taking s € [0, 1] such that ¢ = (1 — s)a + sd, we can show
that

fla)+ f(d) = (1 = 5)(f(c) + f(d))-
We also have (1—t)(a—b) = a— (ta+ (1 —t)b) =a—d and (1—s)(a—d) = (c—d),
therefore

(a=b)(F(@)+ (1) = (1-5)(1—H)(a=b) (F(O)+ F(d)) = (c—d)(F(O)+F(d)).

This verifies the property |(A3)l Since every convex function is locally Lipschitz,
condition |(A6)|is satisfied and hence p is a homogeneous jump kernel. O

Remark 5.6. This example is somewhat similar to the fractional porous medium
case. Indeed, consider g(a) = ala|™ for m = 2k and k € N. Then

g(a) —g(b) = (a = b)(la|™ + |a|™ " [b] + ... + [al[b|™ " + [B]™)

and one may be tempted to “abbreviate” the expression on the right-hand side to
obtain

(25)  G(a,b) = (a = b)([a]™ + [b]™).

However, the operator £ based on the second kernel cannot be expressed as a linear
operator acting on a non-linear transformation of the solution, as in the case of the
fractional porous medium equation.

Notice that the jump kernel related to expression satisfies the hypothesis of
Proposition [5.5] for every real number m > 1.

Fractional p-Laplacian. Our results may also be applied to equation @

Proposition 5.7. Let ® : R — R be a continuous, non-decreasing function sat-
isfying ®(z) > 0 for z > 0, ®(—z) = —D(z) such that ®(z) is locally Lipschitz-

continuous and lim,_,q (I)(ZZ) < oo. If

®(a —b)

a—b
then p given by formula is a homogeneous jump kernel.
Proof. Because sgn (®(z)) = sgn(z) and ®(—z) = —(z), conditionsand
are satisfied. We assume the limit lim,_,q @ to exist, which verifies condi-
tion Then, for a > ¢ > d > b and by using the fact that ® is non-decreasing,

we have

(a—1b)

F(a,b) =

D(a —b) D(c—d)

—b c—d ’
from which [(A3)] follows. Let —R < a,b,c < R such that |a — b|,|c — b| > . The
function @ is locally Lipschitz-continuous, therefore

=®(a—b)>P(c—d)=(c—d)

®(a—b) P(c—b) CR
_ < g —
a—1b c—b _EQ‘G cl
with a number cg > 0 depending on R and the Lipschitz constant of the function ®.
This confirms condition [[AG)] (see Remark [4.6)). O

Remark 5.8. Consider the function ®(z) = [z|P~2z. It is easy to verify that it
satisfies the hypothesis of Proposition if and only if p > 2. Then we may take
5 < % (so that sp < 1 and conditionh holds) and we recover the non-local
s-fractional p-Laplace operator which appears in equation @
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Doubly non-linear Lévy operator. The following non-local counterpart of equa-
tion , which appears to have not yet been studied, turns out to be covered
by our theory.

Proposition 5.9. Suppose functions f and ® satisfy adequate parts of hypotheses
of Propositions[5.3 and[5.7, respectively. If

®(f(a) - f(b))
a—>b

then p given by formula is a homogeneous jump kernel.

F(a,b) =

Proof. Conditions (A1)l |(A2)] |[(A3)| and [(AG)| follow easily as combinations of the
arguments already used to prove Propositions [5.9] and O

Entangled jump kernels. Homogeneous jump kernels which cannot be decom-
posed as in formula are also part of our framework.

Jump kernel with variable order. In the last example we study an operator whose
“differentialbility order” is allowed to depend on the solution itself.
Proposition 5.10. Let

\I’(Cl; Z) = \Ill(a)]lz<1(z) + Wg(ﬂ)lzkl(z) + @(Z),

where ¥y : [0,00) = R is non-decreasing, Vs : [0,00) — R is non-increasing, both
Uy and Uy are locally Lipschitz-continuous, © : [0,00) — R is measurable and

0<A1§\P(G;Z)SA2<1, A1§®(z)§A2
Then

pla,bsa,y) =[x —y| N7 ¥emile=v)

is a homogeneous jump kernel.

Proof. Conditions |(Al)] [(A2)[ and |(A4)| are easy to check. In order to verify
we notice that for a > b and z > 0 we have

az Vr@t<1(2) > bz—‘l’l(b)lzo(z),
because ¥, is non-decreasing and
az—\Ilg(a)11221(z) > bz_\l’2(b)1zzl(z),

because ¥, is non-increasing. Hence for a > ¢ > d > b, by setting a = a — b and
b = ¢ — d, we obtain

(@ =b)pla,b;z,y) > (¢ = d)p(c, d; z, y).
Notice the following estimate

(26) / (IAjz—y) sup plabiay)dy
RN —R<a,b<R

S/ T dy+/ ly| V"M dy < oo
ly|<1

ly|>1

and let

mo(z) = ]1z<1(z)z_N_A2 + ]lzzl(z)z_N_Al.
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Because functions Wy, Wy are locally Lipschitz-continuous, we have
‘Z—N—\Il(u;z) _ Z—N—\Il(b;z) ’

= (2~ N-0) (|Z\I/1(a) — 2O, () 4 |22 - Z%(b)|1221(2))

|91(a) = (o) log(=) ( sup ]za)(z*N*Aznm(z))

a€l0,Ax—A
(27) 22%0,1)2 '

IN

+[a(0) = a(o)[log| (| sup 2 (7N 1 (2)
@ 1—A2,
z€[1,00)

< (Lo + Ly3)|a — b]| log(2)|m(2).

In estimate we used the local Lipschitz-continuity of functions ¥; and ¥y as
well as the fact that

sup 2% = sup %=1
a€[0,Ar—A4] wE[A1—Az,0]
z€[0,1) z€[1,00)

It follows from estimates and that by putting a = |a — b, b = |c — d| and
z = |z — y| we may verify both conditions [(A5)| and by considering

mp(z) = (]lz<1(z)z*N*A2 + 1z21(2)sz7A1) x max {1, |log(z)|}. O

Remark 5.11. In Proposition [5.10]it would suffice to assume local Lipschitz-continuity
of functions ¥; and U5 on (0, c0).
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