STRONG AVERAGING PRINCIPLE FOR SLOW-FAST STOCHASTIC
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ABSTRACT. This paper is devoted to proving the strong averaging principle for slow-fast
stochastic partial differential equations with locally monotone coefficients, where the slow
component is a stochastic partial differential equations with locally monotone coefficients
and the fast component is a stochastic partial differential equations with strongly monotone
coefficients. The result is applicable to a large class of examples, such as the stochastic
porous medium equation, the stochastic p-Laplace equation, the stochastic Burgers type
equation and the stochastic 2D Navier-Stokes equation, which are the nonlinear stochastic
partial differential equations. The main techniques are based on time discretization and the
variational approach to stochastic partial differential equations.

1. INTRODUCTION

For i = 1,2, let (H;, || - ||u,) be a separable Hilbert spaces with inner product (-, )y, and
H its dual. Let (Vi, ]| - |lv,) be a reflexive Banach space, such that V; C H; continuously
and densely. Then for its dual space V;* it follows that H C V.* continuously and densely.
Identifying H; and H; via the Riesz isomorphism we have that

ViCH;=H CV;
is a Gelfand triple. Let y+(, )y; be the dualization between V;* and V;. Then it follows that

Vi*<zi7Ui>Vi = <Zi,Ui>Hi, for all Zi € Hi,Ui c V;

For i = 1,2, let {W}};>o be a cylindrical .%;-Wiener process in a separable Hilbert space
(Ui, || |lv;) on a probability space (2, .%#,P) with natural filtration .%;. Let Lo(U;, H;) be the
space of Hilbert-Schmidt operator from U; — H;. The norm on Ly(U;, H;) is defined by

||S||%2(Ui,Hi) = [|Seixl,, S € Lo(Ui, Hy),
keN
where {e;  }ren is an orthonormal basis of U;. We also assume the processes {W}'}i~o and
{W2}>0 are independent.

In this paper, we consider the following abstract stochastic partial differential equations
(SPDEs)

dXf = [A(XE) + F(XE,Y9)]dt + G (X7)dW},
€ 1 € € € €

dY$ = CB(X], YO)dt + —=GalXG, Y)Wy, (1.1)
XSZCC'GHl?}/OE:yEHQ’
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where ¢ > 0 is a small parameter describing the ratio of the time scale between the slow
component X7 and the fast component Y7, and the coefficients

A‘/l_>‘/1*7 FH1><H2—>H1, G1‘/1—>L2(U1,H1),

and
B:Hy x Vo= Vs, Gy: Hy x Vo — Ly(Us; Hy)

are measurable.

The averaging principle has a long and rich history in multiscale models, which has wide
applications in material sciences, chemistry, fluid dynamics, biology, ecology and climate dy-
namics, see, e.g., [1, 10, 17, 22] and the references therein. Usually, a multiscale model can be
described through coupled equations, which correspond to the "slow" and "fast" component,
respectively. The averaging principle is essential to describe the asymptotic behavior of the
slow component, i.e., the slow component will convergence to the so-called averaged equa-
tion. Bogoliubov and Mitropolsky [2] first studied the averaging principle for deterministic
systems, which then was extended to stochastic differential equations by Khasminskii [18].

Since the averaging principle for a general class of stochastic reaction-diffusion systems
with two time-scales were investigated by Cerrai and Freidlin in [6], the averaging principle
for slow-fast SPDEs has initiated further studies in the past decade, including other types
of SPDESs, various ways of convergence and rates of convergence. For instance, Bréhier ob-
tained the strong and weak orders in averaging for stochastic evolution equation of parabolic
type with slow and fast time scales in [3]. Fu, Wan and Liu proved the strong averaging
principle for stochastic hyperbolic-parabolic equations with slow and fast time-scales in [13].
Cerrai and Lunardi studied the averaging principle for nonautonomous slow-fast systems of
stochastic reaction-diffusion equations in [7]. For some further results on this topic, we refer
to [4, 11, 12, 20, 24, 25] and the references therein.

However, the references we mentioned above always assume that the coefficients satisfy
Lipschitz conditions, and there are few results on the average principle for SPDEs with
nonlinear terms. For example, stochastic reaction-diffusion equations with polynomial coef-
ficients [5], stochastic Burgers equation [9], stochastic two dimensional Navier-Stokes equa-
tions [19], stochastic Kuramoto-Sivashinsky equation [14], stochastic Schrodinger equation
[15] and stochastic Klein-Gordon equation [16]. But all these papers consider semilinear
SPDEs (i.e., for operators A = A; + A, with A; a linear operator and As a nonlinear pertur-
bation), and use the mild solution approach to SPDEs exploiting the smoothing properties
of the Cy- semigroup et generated by the linear operator A; in an essential way. To the
best of our knowledge, the case of the operator A has no linear part hasn’t been studied yet,
such as the porous medium operator and the p-Laplace operator.

Hence, the main purpose of this paper is to prove the strong averaging principle for
slow-fast SPDEs within the (generalized) variational framework, i.e., locally monotone and
strongly monotone coefficients for the slow and fast equations respectively. Our result covers
a large class of examples (see [21, Sections 4 and 5]), especially for the case that the slow
equation is a quasilinear SPDEs, such as the stochastic porous medium equation or the
stochastic p-Laplace equation. Our result is also applicable to the stochastic Burgers type
equation and stochastic two dimensional Navier-Stokes equation, whose coefficients only
satisfy the local monotonicity conditions.
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The main difficulty here is how to avoid applying the techniques which only work in the
case of the mild solution approach, and use the techniques from the variational approach.
More precisely, we will use the variational approach to estimate the integral of the time
increment of X; instead of studying the Holder continuity of time, which is strong enough
for our purpose. We will also use the variational approach to obtain some apriori estimates of
the solution, which are crucial to construct a proper stopping time to deal with the nonlinear
terms.

The rest of the paper is organized as follows. In Section 2, under some suitable assump-
tions, we formulate our main result. Section 3 is devoted to proving the main result. In
Section 4, we will give some examples to illustrate the wide applicability of our result. In the
Appendix, we give the detailed proof of the existence and uniqueness of solutions to system

(1.1).

Throughout the paper, C', Cr and C), v denote positive constants which may change from
line to line, where Cr and C), r are used to emphasize that the constants depend on T" and
p, T respectively.

2. MAIN RESULT

For the coefficients of the slow equation, we suppose that there exist constants a € (1, 00),
B €10,00), 0 € (0,00) and C' > 0 such that the following conditions hold for all u,v,w € V;,
u1,v1 € Hy and uq,v9 € Hy:

A1. (Hemicontinuity) The map X\ — v+(A(u + Av),w)y; is continuous on R.
A2. (Local monotonicity)
2v; (Au) — A(v),u = v)v, + |G1(w) = L) Lyw, a1y < P(V)lu = vl

where p : Vi — [0,00) is a measurable hemicontinuous function satisfying

p(0)] < C [(L+ [lol3)(1 + Jloll,)]
Furthermore,

[F(ur, uz2) — F(vr,ve) |l < Cllur — ol + (luz — v2llm)- (2.1)

A3. (Coercivity)

ve(A), vhvy < Cllvlly, = ollvllg, + C.
A4. (Growth)

1A < O+ [lollg) @ + [lol,)

and
1G1(0)[| Ly, ) < C(L+ [[o]la,)-

For the coefficients of the fast equation, we suppose that there exist constants xk € (1, 00),
v,m € (0,00), ¢ € (0,1) and C' > 0 such that the following conditions hold for all u, v, w € V5,
uy, v € Hy:

B1. (Hemicontinuity) The map A —y;y (B(u1 + Avi,u + Av), w)y, is continuous on R.
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B2. (Strong monotonicity)
2v; (B(u1, u) — B(v1,v),u — v)y, + [|Ga(ur, u) — Ga(v1,0) 12,01

< =l = vll, + Cllus — vl (2.2)

B3. (Coercivity)
vg (B(u,v),v)v, < Cllvll, — nllvllf, + C(1+ [lualz,)-
B4. (Growth)
2(s-1)
1B, )l < € (14 ol + ™ )

and

|G (w1, 0) | Lo,y < O+ It + [[0]s,)- (2.3)

Remark 2.1. We here give some comments for the assumptions above.

e Condition (2.2) is also called the dissipativity condition, which guarantees that there
exists a unique invariant measure for the frozen equation and the exponential ergod-
icity holds.

e The ¢ € (0,1) in condition (2.3) is used to prove the p-th moments of the solution
(X7, YF) are finite, when p is large enough, which could be removed if we assume the
Lispchitz constant of G4 is sufficiently small.

Now, we recall the definition of a variational solution in [21].

Definition 2.2. For any given € > 0, a continuous Hy X Hy-valued F-adapted process
(X5, Y )ieo) @s called a solution of system (1.1), if for its dt @ P-equivalence class ()V(E, }V/E)
we have X¢ € L*([0,T] x Q,dt ® P; V;) N L([0,T] x Q,dt @ P; Hy) with a as in A3, Y° €
LA([0,T) x Q,dt @ P; Vo) N L2([0,T] x Q,dt @ P; Hy) with x as in B3 and P-a.s.

R}

Ve = Y5+ Ly B(XE, Y )ds + 2 fy Ga( XS, Y)dW?2,

R}

t t t

Xp=X;+ [ AXo)ds + [ PO YE)ds + [ GXD)AWY,
0 0 0 (2.4)

where (X¢,Y¢) is any Vi x Va-valued progressively measurable dt @ P-version of (X¢,Y¢).

Using the variational approach in infinite dimensional space, we have the following well-
posedness result, whose proof will be presented in the Appendix.

Theorem 2.3. Assume the conditions A1-A4, B1-B4 hold. Then for any e > 0 and initial
values (z,y) € Hy X Hy, the system (1.1) has a unique solution (X¢,Y¢).

The following is the main result of this work.
Theorem 2.4. Assume the conditions A1-A4, B1-B4 hold. Then for any initial values
(x,y) € HH x Hy, p>1 and T > 0, we have

limE ( sup || X} — Xt||§{pl) =0, (2.5)
]

e—0 te[0,T
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where X, is the solution of the corresponding averaged equation:

d)_(t - A(Xt)dt + F(Xt>dt + Gl (Xt)th17

- (2.6)
XO =,

with the average F(z) = [y, F(z,y)u®(dy). u® is the unique invariant measure of the tran-

sition semigroup of the frozen equation

{ dY; = B(xz,Y;)dt + Gy, Y;)dW?,
YE] =Y,

where {W?2}so is a Fi-cylindrical Wiener process in a separable Hilbert space Uy on another
probability space, with natural filtration %;.

Remark 2.5. The advantage of using the variational approach is that it can cover some non-
linear SPDEs for slow component, such as stochastic power law fluids, and some quasilinear
SPDEs for slow component, such as the stochastic porous medium equation and the stochas-
tic p-Laplace equation, which can not be handled by the mild solution approach and thus have
not been studied yet. Furthermore, our result also generalizes some known results of the cases
that the slow component is a semilinear stochastic partial differential equation, such as the
stochastic Burgers equation (see [9]) and stochastic two dimensional Navier-Stokes equation
(see [19]). Besides some known results, our result can also be applied to many other unstudied
hydrodynamical models in [8], such as the stochastic magneto-hydrodynamic equations, the
stochastic Boussinesq model for the Bénard convection, the stochastic 2D magnetic Bénard
problem, the stochastic 3D Leray-a model and some stochastic shell models of turbulence.

3. PROOF OF THE MAIN RESULT

This section is devoted to proving Theorem 2.4. The proof consists of the following
four subsections: In Subsection 3.1, we give some apriori estimates for the solution (X7, Y;®).
Using the apriori estimates, we get an estimate for the time increments for X;, which plays an
important role in the proof of the main result. In Subsection 3.2, we will use the technique of
time discretization to construct an auxiliary process fff and give an estimate of the difference
process Y,© — }Aff. In Subsection 3.3, by constructing a stopping time 7, we prove that X;
strongly converges to X, for t < 7. Finally, the apriori estimates for the solution control the
difference X7 — X, after the stopping time. Note that we always assume conditions Al-A4
and B1-B4 hold and from now on we fix an initial value (z,y) € H; X Hy in this section.

3.1. Some apriori estimates of (X7, Y,?). At first, we prove uniform bounds with respect
to € € (0,1) for the moments of the solution (X5,Y;?) to the system (1.1).

Lemma 3.1. For any T > 0 and p > 1, there exists a constant C, 7 > 0 such that

T -
sup B ( s 171, ) + s B ([ IXEE N ) < G (14 ol + o)
e€(0,1) te[0,T] e€(0,1) 0
(3.1)

and

2 2, 2
sup sup E[|VF|3, < Cor (14 |23 + lwlIF) - (3.2)
€€(0,1) t€]0,T
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Proof. Applying 1t6’s formula (see e.g. [21, Theorem 6.1.1]), we have
3 2 t (3 & (3
|MH%=HM@+*/V* (X5 ¥9), ¥ hvads
T / G (XS, VO 2, 0 ds + 7/ (Go(XE, VEYAW?, YE) g,

s7 7S

Then applying It6’s formula for f(z) = (2)? with z, = ||Y{]|,, and taking expectation on
both sides, we obtain

€ 2p € € €\ Ve
BIVEI, = Il + 2B | [ V2 20 (B, V), V]

p t 4 2p 2 e Yre
+EE 0 HY HGQ(XS7-Y;9)HL2(U2,H2)dS

2p(p — 1
SO [y, 2y ds

By conditions B2-B4 and a similar argument in the proof of [21, Lemma 4.3.8], there exists
a constant 4 € (0,) such that for any u € Hy,v € V4,

2v; (B(u,v), v)vy < —Alvllf, + C(1+ lullz,)- (3.3)

Then applying Young’s inequality and estimate (3.3), we get
d € 2]9 € € € € € € Ve
L7, = 2B (1712 BT 550, ¥va) + 2B (111G 70 )
2p<p _ 1) € e VeEk\ €
V20 D [yt en s, 72 ¥,

2p . e c
—E [IIY 122 (=AY, + CIX G, + C)]

Cp

£112p—2 e e12
P (VI X, + Y203

Cp . Cy . C
~ RN, + ZEIXC + 2.

C
Multiplication by the integrating factor e yields that

d C,
R ) < 2
i (T B < e

Integrate this from 0 to ¢, we get

T (L+EIXG)Z).

e f—p Cp [t —s €
EVZH, < lylfhe ™ + 2 [ e 0 (14 EX2)R ) ds. (3.4)

On the other hand, applying It6’s formula, we also have

R

X1, = 3+ 20 [ I CACRD), X pwads + 2 [ IXEIEE 3 (FOXE, YD), X s
2 [N, Ga (XD, +p [ 1P 21G (R, 0, s

w2 1) [ I IC (K0 X s
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Note that
LI (X5, ), Xy s
0<t<T

is a local martingale, then applying Burkholder-Davis-Gundy inequality (see e.g. [21, The-
orem 6.1.2]), conditions A2-A4 and (3.4), we get

B (sup 11, ) + 200 [ 1CIEE 1E)

tefo,T

< Cp(lla]Z +1) +C/ ]E||X’5||H1dt+C’/ EJ|Y|,
< Gyl + Iyl + 1) +.C, [ EIXE e+ 2 [ / (1 EIXEH,) dsdt

< Cylllelf + Iyl + 1)+ G, [ EIX; 3t

Hence, applying Gronwall’s inequality (see e.g. [23, Exercise 5.17]), we obtain

e ( s IXEIR ) + 208 ( [ I 1KE ) < Conlel, + Dol + 1

te(0,T

which also gives that

sup BJ|Y7 7%, < Cor (1+ |23, + lyllE,) -
te[0,T]

The proof is complete. ]

Because the method of time discretization is used in this paper, the following estimate
about the integral of the time increment plays an important role in the proof of our main
result, which has been proved in the case of the stochastic 2D Navier-Stokes equation in [19].

Lemma 3.2. For any T > 0, € € (0,1) and § > 0 small enough, there exist constants
Cr,m > 0 such that

T
B | [ 1 — Ko lfndt| < G+ Lol + Il (35)

where t(8) := [£]0 and [s] denotes the largest integer which is smaller than s.

Proof. Note that

T é T
B |1 — X | = B ([ 1 sl ar) + B | [ 15 - X

T
< OO+ el + 36 + 28 1 - X2 i)

T
) ( /5 Xz, — X§_§||§,1dt> . (3.6)

Then applying It6’s formula we have

t ~ ~ - t
196 = Xeglh =2 [ v AR, X = Rehvds +2 [ (FIXEYE) X = X7 5)mds

ERE]
t—4&

+/ 1Gy (X ds+2/ (X2 = X, Go (X)W ),
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For the term [;(¢), by condition A4 and applying Holder’s inequality, there exist constants
m, C'r > 0 such that

E</5T|Il(t)|dt> < CE (/T/i JA(X)]
[// |A(X9)] {}ﬂdsdt] [//HHXE Xf(;HVdsdt]l

T _ a;l . i é
cﬂ&gﬁ(1+”Xﬂ%X1+uxy@gmﬁ 'FEA HXm%d%
< Or(L+[l=llz7, + llyllz, )9, (3.8)

where we applied Fubini’s theorem and (3.1) in the third and fourth inequality respectively.
For terms I5(t) and I3(t), by condition (2.1), estimates (3.1) and (3.2), we get

E(ATuxouQ

T rt
<GB [ [ 01X+ ) 1 + X s

1% X? — Xta_(;Hvldet)

T
< COE [ sup (1+ ||X§||fql)] + CE [ sup HXEHHI/(; / ||Y;,‘5||H2dsdt]
s€[0,7T] -

s€[0,T
/2

1/2
< 08 | sup (1 1215, |08 sup 11, B ([ uwnmdsdt)

s€[0,7] s€[0,7]
< Cro(1+ |1zl + llylid,) (3.9)

([ o) < ce ([ [ 0, )

< CyiE [ sup (1+ Hxsuzn]

s€[0,7T

and

< Crd (14 |23, + vl (3.10)
For the term I4(t), note that

{ [ s = Xis, GuX) W), |

t—o<u<T

is a local martingale, then applying Burkholder-Davies-Gundy inequality, it follows

T 1/2
([ inwiar) < cr [ [ 16N i 12 - X2l a

T 1/2
€1|2 € € 2
<Cr [E L XX - Xt_anHldsdt]
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1/2
< C0s' [6 s (1411,

s€[0,7T

< Crd' (1 + ||, + lyliz,). (3.11)
Combining estimates (3.8)-(3.11), we obtain

T
B (1 - X alude) < Crlt 4 el + Il (312

By the same argument above, we also have

T
B (10— X alft) < G+ Lallf + o105 (3.13)
Hence, the result (3.5) holds by estimates (3.6), (3.12) and (3.13). The proof is complete. [

3.2. Construction of the auxiliary process. Based on the method of time discretization,
which is inspired by [18], we first construct an auxiliary process Y € H, satisfying the
following equation

1 € Ore 2 Ore
%G2 (Xt(6)7}/; ) th s }/E) =Yy & HQ,
where 0 is a fixed positive number depending on € and will be chosen later. Then for its
dt @ P-equivalence class Y¢ we have Y¢ € LE([0, T] x Q,dt @ P; Vo) N L2([0, T] x Q, dt @ P; Hy)
with & as in B3, and for any k£ € N and ¢ € [kd, min((k + 1)4,T")], P-a.s.

dyy = iB (X, Y57) dt +

A

N N 1 /¢
V7= V4 - [ B(Xis, Yo)ds + f/ Go(X5, V)W, (3.14)

where Y* is any Vs-valued progressively measurable dt ® P-version of ve.

By the construction of ?f, we obtain the following estimates, which will be used later.

Lemma 3.3. For any T > 0 and € € (0,1), there exist a constant Cr > 0 and m € N such

that
sup EI¥7%, < Cr(1+ ol + Iyl (315)
te[0,T]
and
T .
B (I~ FelBar) < Cr (14 al, + ol 8 (3.16)

Proof. Because the proof of estimate (3.15) follows almost the same steps as in the proof of
Lemma 3.1, we omit its proof and only prove (3.16) here.
Note that

§? 78

YoV = 1/t [B(XE V7) - B(XZ, )} ds

/ [Gz 57 ~s GQ( s(6) ?:95):| dVVs2

Applying 1t6’s formula, we obtam

S S S

BV~ 7l = 2B [ v (BUXE 72) — B(X25,2). ¥ — Vo)uads
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1 ¢ x
+2E [ 1Ga(X2 T2) = GalXie V0, 1
Then by condition B2, there exists v > 0 such that
d - ¥ ~ C
%EHYf - Y73, < —EEHYf — Y75, + gEHXf — X5l -
The the same argument used in (3.4), we have

5 C
€ e|12
By - V3, < 2 [ e

Then applying Fubini’s theorem, for any 7" > 0,

T € Cre (12 c T _B(=s) € € 2
B[ =Velat) < = [ e S BIX: = X 3, dsdt
0 g Jo 0
C T T ta)
:—E/ X~ X |12 / dt ) d
B [ 1 - Xl )i
T £ € 2
< cm ([ 1% - Xl s).

Therefore, by Lemma 3.2, we obtain

T .
B (107 = 9 ) < Orla-+ ol + Il

The proof is complete. O

w(t s)

EllX; - X§(5)||§11d3-

3.3. The ergodicity of the frozen equation. The frozen equation associated to the fast
motion for fixed slow component x € H; is as follows,
{dYt = B(z,Y,)dt + Go(z,Y,)dW?,

(3.17)
}/E] =Y € H27

where {W?2},50 is a cyhndrlcal Z,-Wiener process in a separable Hilbert space U, on another
probability space (Q,.% IP’) with natural filtration ..

Under the assumptions B1-B4, for any fixed x € H; and initial data y € H,, equation
(3.17) has a unique variational solution Y;"" in the sense of Definition 2.2, i.e., for its dt ® P-
equivalence class ¥ we have Y*¥ € L*([0,T] x Q, dt @ P; V) N L*([0, T| x Q, dt @ P; H,) with
% as in B3, we have P-a.s.

t - t ~ _
ver =yt [ Bl Ve0s + [ Gl Va2, (3.13)
0 0

where Y*¥ is any Vs-valued progressively measurable dt ® P-version of Yo, By the same
arguments as in the proof of Lemma 3.1, it is easy to prove that

StggEIIY?’yH%Q < CQ+ |21z, + yll,)-

Let { P}~ be the transition semigroup of the Markov process {Y;""}~¢, that is, for any
bounded measurable function ¢ on H,

Pro(y) =Elp (™), y€ Hy t>0,
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where E is the expectation on (Q, Z, ]IS) Then we have the following asymptotic behavior
of PF, whose proof can be founded in [21, Theorem 4.3.9].

Proposition 3.4. The transition semigroup {P};>0 has a unique invariant measure p®.
Moreover, there exists a constant C' > 0 such that for any Lipschitz function ¢ : Hy — R,

Pro(y) — /H 2 o(2)p”(dz)

_at
S O+ lzllm + lyllm)e™= llellip, (3.19)

le(y1)—e(y2)]
where ||¢||Lip = SUDy, ypem, T —zalm

3.4. The averaged equation. We consider the corresponding averaged equation, i.e.

{ dX, = A(Xy)dt + F(Xy)dt + G1(X,)dW,,

Xo—ueH), (3.20)

with the averaged coefficient
Pla) = [ Fleyu(dy, «eH,

where p* is the unique invariant measure for the transition semigroup { P} }i=o.
Since F' is Lipschitz continuous, it is easy to check F'is also Lipschitz continuous, i.e.

1F () = F()llm, < Cllu=vllm,,  w,ve H.

Then equation (3.20) has a unique variational solution X in the sense of Definition 2.2, i.e.,for

its dt @ P-equivalence class X we have Xe Lo([0, T]x Q, dt@P; Vi)NLA([0, T] x Q, dt @P; Hy)
with o as in A3, we have P-a.s.

_ t ~ ~
X, :x+/ A(X, ds+/ X)ds + G1 X)dWl, (3.21)
0

where X is any Vi-valued progressively measurable dt @ P-version of X. Moreover, we also
have the following estimates. Because their proofs follows almost the same steps in the proof
of Lemmas 3.1 and 3.2, we omit them here.

Lemma 3.5. For any T > 0, p > 1, there exist constants Cp,p,Cr > 0 and m > 0 such that
for any x € Hy,

e (s 1)+ [ I 1R ) < Contr + ol

te(0,T

and

T _ _
E VO 1X: — X |7, dt| < Cro'/?(1 + z||%,). (3.22)

Next, we intend to prove that X¢ strongly converges to X, for ¢t < 7x firstly, then the
proof of the main result will follow from the fact that the difference process X; — X; after the
stopping time is sufficient small when R is large enough, whose proof is given in Subsection

3.5.
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Proposition 3.6. For any (x,y) € Hy x Hy, T,R > 0 and € € (0,1), then there exist
constants Crr,m > 0 such that

€ Y% m m € 51/
B ( _swp I1E = Kl ) < Crrlh o+ ol + Il (5 + 5 402 +674) . 629
te[0,TATR]

where

t ~ _
rg = inf {t >0: [+ 1K 500+ 1Kl )ds > R}.
Proof. We will divide the proof into three steps.
Step 1. We note that

— t ~ jad — — ~ jad
XX, = /0 [A(XS) = AKX ds + [F(XZ,Y2) — F(X,)| ds + [G1(X2) — Gi(X,)| dW.
Applying Itd’s formula, we have

— t ~ >~ ~ jad t ~ jad
16 = Xl = 2 [ v (ACRD) = A, K2 = Xouds + [ [1G1(XD) = GuXE 0, myds
+2/ F(XZYE) — F(X,)] . XS~ X)) ds
H,
42 [0 X, G — G

= [ {ACRD) — AR, X2 = Kodvads + [ 161 (X9) = G (Kt m s
+2/ <
w2 [([FOG,Y0) = FOXD) = F(X, 75) + F(X3g)] X0 = X, ds
+2/ (

+2/ <F( 5(6) YE) — ﬁ(Xj(a))} s Xso) — Xs(5)> ds

+2 /O (X2 — X, [G1(X2) = Gy (X)W g,
Then conditions A2 and A3 imply P-a.s.,

s)} 7X§ - XS>H ds

F( s(apﬁf)—F(XE(a))},XE—XEU X, +X()>H1 ds

_ t _ ~ _
167 = Xallf, < € [ 12 = Xl (L4 X5 (14 11 )ds
0 [ (12 = X2 B, + 15 = V2, + XK. = Kool ) d
0 s s(6) 1 Hy s s 1 Hs s s(0)llm, ) @S

+C

t R 1/2
1P ¥2) = F(X5) 3,5

n B _ 1/2
[ (16 = X, + 1% = Ko ) ds]
t N _

<[F(X€( 50 Yy ) — F(X5 3) — Xs(6)>H1 ds

+2 D], X
+2’/ (X2 = X, [Ch(XZ) = G (X)]dW ),
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Applying Gronwall’s inequality and the definition of the stopping time 75 , we deduce that

_ T N _
up ww—xm;<cm{/ (12 = X2 + Y7 = Vil + 1%,
te[0,TATR] 0
. 1/2
(0 X+ 1971) 0

t _ _ 1/2
o [ 16 = X s, + 1K, = Koy ]

t ~ _ _
+ su / F(X5, V) — F(XE)] Xos — X,
te[Og’} <{ ( (8) ) ( (5))] (9) (
t _ ~
+osp | [0 = XG0 = Gl (Xl
tE[O,T/\’TR]

Note that

([ =X e - GEanhn}

— X3, ) ds

5)>Hl ds

}

is a local martingale and T'A7g is a stopping time, thus applying Burkholder-Davis inequality
(see e.g. [21, Proposition D.0.1]), estimates (3.5), (3.16) and (3.22), there exists m > 0 such

that
_ 1
E ( sup || X7 — Xt||?{1> < Cre (14 |lellz, + ||y||32) oM+ 2E( sup
te[0,TATR) t€[0,TATR]
+CrrE sSup / Xs yhs ) T F(X S
RT Le o Qj (5) F( s(0 )) (9)

TATR = 19
+COrrE (/0 1 — XtHHldt> ,

which implies

E(prﬁ—&@J§@w@ﬂW%+M%wm

te[0,TATR]

+CrAE l sup

te[0, 77170

T ,
~|—C’R7T/0 E( sup || XE —XSH%,I) dt.

s€[0,tATR]

Applying Gronwall’s inequality, we finally get

E<@pnm_xﬁj<awo+w%+mmgw4

te[0,TATR]
t . _
/O<F(X§(5)a YY) — F(X5): X5

Hence, the proof will be completed by the following estimate:

t “ _ _
E [ sup /0 <F(X§(5), ) — F(X56)s Xy — X5(5)>H1 ds

t€[0,T]

+CrAE [ sup

te[0,T

t ~ _
/<F(X§(5)7 <) = F(X55): X506 —

X7 = Xt||§h>

|

— Xs(5)> HldS

|

— XS(5)> HldS
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£1/2
< Cr (1+ 203, + llyl3,) (5 + 575 + 51/2) (3.24)

whose proof will be given in Step 2.

Step 2. We note that

t . _ _
/0 (F (X505, Ys) — F(X55))s Xss) — Xa@) mds

! (k+1) € Ore n € € v
Z /ké <F(Xs(6)’ ) — F(Xs(d))aXs(a) - Xs(6)>H1d3
k=0

t > — —
* /t(5)<F(X§(5)’ YY) = F(X{5)), Xoo) — Xo@))mds

[L/8-1 (k+1) . _ _
< /M <F(X§(5)a ) — F(XE((s))’ X§(5> - Xs(6)>H1d5
k=0
t ~ _ _
+ /t(5)<F(X:(5)’ s ) — F(X55))s X — Xs@) mds
= Ji(t) + (). (3.25)

For the term J(t), it is easy to see

t A
L)+ 15Xl 15 )

t€[0,T] t€[0,T] t€[0,T]

12 T
Ebwkﬂ<cﬁmmm=&&]lm@

< Cr(ll=lF, + llyllF, +1)8"2. (3.26)
For the term Ji(t), we have

B 120 X 1/2
<Cm s X - K| B[ X I 0

(T/81=11 (k+1)s _
Bl n0] <2 X[ RC ) - PO, X~ S
telo,T
OT (k+1) € € € \
a O<kr<ﬂ[%;%} E /k& <F<Xk57Y ) — F(Xis), Xis — Xus)m ds
1/2
Cre 5 _ o 7172 g o e o 2
5 ngg%;%]il[EHXkd - Xk6||H1] EH/O F(Xis: Yo ins) — F(Xj5)ds .
/2
1
< Cr ( + HxHH1 + HyHHQ l/ / \Pk S r de’I"] :
) T/(S

WhereforanyOérgséé

e’

Ui(s,r) = B [(F(Xs5, Vi irs) — F(XEs), (X5, Vi ias) = F(XEs))m)
and

_(s=m)y T)v

U(s,7) < Cr(lallz, + llyllk, + e 2, (3.27)
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|

1/2
] + Cr(lald, + Iyl + 152

whose proof will be presented in Step 3. Hence, we get

t —_
E [ sup /0 <F(X (5)7Y ) — F(X§(5)>7X§(6) - X5(5)>H1 ds

t€[0,T]

) )
B e _(s=m)y
Crllel, + ol + 05 | [ [

5 1 1 ~é 1/2
2 2 —L= 2 2 1/2
= Crllelf + ol + D5 (5~ 3 +37%) + Crllelly, + ol + 0"

Q)

™

e gl/2
Crllelf + Il + 1) (5 + 55 + 92,

which completes the proof of estimate (3.24).

Step 3. For any s > 0, and any .#,-measurable H;-valued random variable X and
Hs-valued random variable Y, we consider the following equation:

1
—Gy(X,Y)dW?, t>s,

1
dY; = -B(X,Y,)dt
t c ( at) +\/§

Y, =Y,

which has a unique solution Y. Then by the construction of Y/f, for any k € N, and
t € [ko, (k+ 1)6] we have P-a.s.,

Y }/ta K6, X s Yk56
which implies

k6, X<, VE = c k6, X<, VE = c
\Ifk(s,r) =E [<F(Xk§7)/sa+k6 R — F(XGs), F(sz??Y;‘s—l—k(S ROTRS) — F(Xk5)>H1

[ k8, X545,V Es = e
= /QE <F(Xk5>Yss+k5 ) F(Xké)v
e ek XEVE = e
F(Xip, V205 5) = POX) ) s (B
[ £,k0,XE 5 (W), Vs (w) = e
= /QE <F(Xk57Ysa+k5 ) = F(Xk(S(W)) )

e,kd,X¢ Ye

PO (), ¥, ) — POGs (@) Pld)

where the last equality comes from the fact that Xj; and }7,% are Fs-measurable, and for
any fixed (z,y) € Hy X Ho, {Y‘Z_ﬁ%y}@o is independent of Zys.

S,

By the definition of process Y Moy for its dt ® P-equivalence class }X/E’k‘;"”’y we have
yektay e LF([k6, T) x Q, dt @ P; Vo) N L2([k6, T] x Q, dt ® P; Hy) with & as in B3 and P-a.s.

1 fpsetké sa+k6
Y;Eefigcy_y_l_ /6 B( Yakﬁxy dr+7ﬁ Y£k5xy)dw2

1 se se
—y+- [ B ,xﬁ?yw+4—/ G, V5 50) 20

=:y+/" ,Yéﬁéym“+/\G2,YZ@§%dW?“, (3.28)
0 0
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where yekday is any V5-valued progressively measurable dt @ P-version of yekszy, {W2ko =
Wr2+k6 — Wis}r=o0 and {WtZké = ﬁWtze’M}@O-

The uniqueness of the solution of equations (3.28) and (3.18) implies that the distribution
of (nz’i%§7y)0<5<5/5 coincides with the distribution of (Y"¥)o<s<s/.. Then by Proposition 3.4,
estimates (3.1) and (3.15), we have

Wil = [ [B(P (g5, ¥ T) - (),

€ X5 ("J)7Y/E (w) n €
F (55, v 5T - PG ), |Pd)
_ . X5 (@), Vs (@), B
= [ fy B[r (it v O ) )|
QJQ

F (55 (), Y5 @) ) = PG (), B B(d)

Hy

_(s=m)y

X¢ w,f/e W)~
< [+ X, + 15T @), | e

[+ X + 15T @), | B ()

_(s=mr)y
2

< Or [ [0+ IXEI, + 1¥5)]17,)] Bldw)e

(s—r)v

< Crlll=lz, + Iyl + De™ 27,
which gives estimate (3.27). The proof is complete. O

3.5. Proof of Theorem 2.4: Applying Chebyshev’s inequality, Lemmas 3.1 and 3.5, we
have

1/2
B ( sup. [|X¢ — th;;)] (BT > )]

te[0,7

E ( sup || X} — Xt||§{11{T>TR}> <
t€[0,T

_ Cr(1+ [l + llyl)

h VR

T - B 1/2
<[ [ IR 10

o Or(+ [l + llyll%,)
X \/ﬁ )

where m is a positive constant. Then taking J = €3, estimates (3.23) and (3.29) give

(3.29)

X5 — thléll{Tw})
t€[0,T] t€[0,T] t€[0,T]

Cr(1+ =l + llyllz,)

VE :

E ( sup [IX —thih) <E ( sup [IX¢ —th%{ll{:pgm}) E ( up
T

m m 1
< Crr(L+ |lzllE, + llyllE,)es +
Now, letting ¢ — 0 first, then R — oo, we have

lim E ( sup || X7 — Xt||§,1> =0. (3.30)

=0 \tefo,1]
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Note that for any p > 1, by Lemmas 3.1 and 3.5, it is easy to see that

B (sup 1~ Xl ) = & sup (17— Xl X7 - %)

te[0,T] (0,717

) 1/2 1/2
E@wnﬁ—&ﬁJ][E@wnﬁ &W”ﬂ

te[0,T) te[0,T]

<G,

1/2
<c, a+mwl+mW”ﬂE@wnﬁ—XMQ].

t€[0,7]
Hence, by (3.30), we finally get
limE [ sup || X — X,||22 | = 0.
[ (te[o,%} | X7 tHH1>

The proof is complete. U

4. APPLICATION TO EXAMPLES

In this section we will apply our main result to establish the averaging principle for stochas-
tic porous medium equations, p-Laplace equations, Burgers equations and 2D Navier-Stokes
equations with slow and fast time-scales. Note that we here mainly focus on the nonlinear
operator A, so we take the stochastic porous medium equation, p-Laplace equations, Burg-
ers equations, or 2D Navier-Stokes equations for the slow component and stochastic heat
equation with Lipschitz drift for the fast component for the simplicity.

Let A € R? be an open bounded domain and A be the Laplace operator on A with
Dirichlet boundary conditions, and for p € [1,00) we use LF(A) and H"” to denote the space
of p-Lebesgue integrable functions on A and the Sobolev space of order n in LP(A) with
Dirichlet boundary conditions. Recall that X* denotes the dual space of a Banach space X.

4.1. Stochastic porous medium equations. Let ¥ : R — R be a function having the
following properties :

(¥1) W is continuous.

(V2) For all s,t € R

(t = 5)(W(t) = ¥(s)) > 0.
(¥3) There exist p € [2,00),¢1 € (0,00), e € [0,00) such that for all s € R
sU(s) = c1]s|? — co.
(W4) There exist c3, ¢4 € (0,00) such that for all s € R
T ()] < esls|”™" + e,

where p is as in (U3).
Considering the Gelfand triple for the slow equation

Vii= LP(A) € Hy = (Hy?(A)" C V= (LP(A))
and the Gelfand triple for the fast equation
Vy i= Hy* () € Hy = L2(A) C V5 = (Hy*(A))".
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Then we introduce the porous medium operator A(u) : V3 — Vi* (see [21, Section 4.1] for
details) by
A(u) = A¥(u), u e V.

Now, we consider the slow-fast stochastic porous medium-heat equations
dX} = [AV(XT) + F(X7, V)] dt + Gy (X7)dW,
AV = (Y7 + B(XF, 7)) de + \}gGQ(Xf, Y)W, (4.1)
X; =z € H,Yy =y € Hy,
where
F:Hyx Hy— Hy; Gy1:Vy — Ly(Uy; Hy);
are measurable mappings and

BZ:H1><V2—>V2*; GQZHlx%_)LQU—JQ;HQ)

are Lipschitz continuous. More precisely,

[ F'(u1, u2) = F(vi,02) ||y, < C(llur — vil[my + fluz — valm,); (4.2)
1G1(uw) = GL(0) 17,01,y < Cllu = vllF,; (4.3)
| B2(u1, u2) — Ba(vi, v2)|m, < Cllur — villm, + L, |[ue — v2l 1, (4.4)
|G (ur, u) = Go(v1, V)| Ly ,m5) < Cllur — villmy + L, Ju — | 1, (4.5)

Moreover, there exists ¢ € (0, 1) such that

|G (11, V)| Lo,y < C(1 + [luallary + l0]l5,) (4.6)
and for the smallest eigenvalue \; of —A in H,, the Lipschitz constants Lg,, L, satisfy
2\ — 2L, — L2, > 0. (4.7)

It is well known that the porous medium operator A satisfies the monotonicity and coer-
civity properties (see, e.g., [21, Pages 87-88]). So it is easy to check all the conditions A1-A4
hold. Furthermore, the condition B2 holds by condition (4.7) and the conditions B1,B3 and
B4 hold obviously. Hence, by Theorem 2.4, we have

nmE<sup ||X5—Xtu§z) 0 w1
=0 te[0,7)

where X, is the solution of the corresponding averaged equation.

4.2. Stochastic p-Laplace equation. Now we consider the stochastic p-Laplace equation
(p = 2). We choose the Gelfand triple for the slow equation

Vii= Hy"(A) C Hy = L*(A) CV; = (Hy"(A))'
and the Gelfand triple for the fast equation
Vy o= Hy*(A) C Hy := L*(A) C V5 = (Hy (M)

and let A: V) — V" be
A(u) := div(|VulP~2Vu), u € V.
More precisely, given u € V7, we define

v (A, o)y = = [ V(P 2(Tu(), Vel©)ds, v e Wi
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Here A is called the p-Laplace operator, also denoted by A,. Note that Ay = A.
Now, we consider the slow-fast stochastic p-Laplace-heat equations

dXe = Ldiv(|VXf|p‘2VXf) + F(XF,YE)| dt + Gy (X)dW,

1
AYS = ZIAYS + Ba(X7, Y)] dt + —=GalX, Y)AW?, (4.8)
Xs=x € H,Yy =y € Hy,

where the coefficients F, G, By and G, satisfy conditions (4.2)-(4.7).
It is well known that the p-Laplace operator satisfies the monotonicity and coercivity

properties (see, e.g.,[21, Example 4.1.9]). So it is easy to check that all the conditions
A1-A4 and B1-B4 hold. Hence, by Theorem 2.4, we have

limE < sup || X} — XtHifr’l) =0, Vp=>1,
=0 te[0,7)

where X; is the solution of the corresponding averaged equation.

Note that in the above two examples both the porous medium and the p-Laplace operators
are globally monotone. But our result also applies to many merely locally monotone opera-
tors. For illustration, we will consider the stochastic Burgers and stochastic 2D Naiver-Stokes
equation below (see [21, Section 4.1 and 5.1] for a number of other examples).

4.3. Stochastic Burgers equation. Now we consider the stochastic Burgers equation.
Taking A = (0,1) C R, we choose the Gelfand triple for the slow equation

Vi = Hy?(A) C Hy o= LX(A) © Vy o= (Hy (M)
and the Gelfand triple for the fast equation
Vy o= Hy*(A) C Hy := L*(A) C V5 = (Hy (M)

and let A:V; — V" be
A(u) == Au+uVu, uel].

Now, we consider the slow-fast stochastic Burgers-heat equations

dXf = [AXf + X{VXE + F(XE Y] dt + Gy (XE)dW],
1 1
AV = Z[AYS + Ba(XEY0) dt o+ =Gl X7 Y)Y, (4.9)

X;=v€ H,Yy =y € Hy,

where the coefficients F, G, By and G, satisfy conditions (4.2)-(4.7).

It is well known that the operator A satisfies the monotonicity and coercivity properties
(see, e.g.,[21, Lemma 5.1.6]). So it is easy to check that all the conditions A1-A4 and B1-B4
hold. Hence, by Theorem 2.4, we have

limxa(sup HX:—Xtuiz) 0 w1

=0 \¢efo,7]

where X, is the solution of the corresponding averaged equation.
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4.4. Stochastic 2D Navier-Stokes equation. Now we consider the stochastic 2D Navier-
Stokes equation. Let A be a bounded domain in R? with smooth boundary, denote

Vi = {ve HP(ARY) :Vov=0asin A}, |of2, = /A V() de,

and let H; be the closure of V; in L?(A;R?). We choose the Gelfand triple for the slow
equation
ViCH CVf
and the Gelfand triple for the fast equation
Vo = Hy*(N) C Hy := L*(A) C V5 = (Hy*(A))'
and let A: V) — V" be
A(u) := PgAu — Py[(u-V)u], u eV,
where Py is the Helmholtz-Leray projection and v -V = Y7, 4'9; with u = (u!, u?).
Now, we consider the slow-fast stochastic 2D Navier-Stokes-heat equation
dX} = [A(XT) + F(XF,Y7)] dt + Gi(X7)dW,
1 1
dYfF = = [AYf + Bo( X5, YA dt + —=Go( X2, Y,E)dWE, (4.10)

t_g \/E
X;=w¢€ H,Yy =y € Hy,

where the coefficients F, G, By and Gy satisfy conditions (4.2)-(4.7).

It is well known that the operator A satisfies the monotonicity and coercivity properties
(see, e.g.,[21, Example 5.1.10]). So it is easy to check that all the conditions A1-A4 and
B1-B4 hold. Hence, by Theorem 2.4, we have

lim E < sup || X} — Xt”iﬁ) =0, Vp=>1,
=0 \tefo,1]

where X, is the solution of the corresponding averaged equation.

5. APPENDIX

At the end of this section, we give the proof of Theorem 2.3 based on the techniques used
in [21, Theorem 5.1.3].

Proof of Theorem 2.3: Let ‘H := H; x Hy be the product Hilbert space. For any ¢ =
(1, 02), 0 = (p1,p2) € H, we denote the scalar product and the induced norm by

(6, 0)n = (01,00 m + (02,0201, 10l = (6, 0)m = /I 1ll%, + |62,

Similarly, we also define V := V; x V5. Then V is a reflexive Banach space with the following
norm:

ol = \/ledll?, + o213,
Now we rewrite the system (1.1) for Z7 = (X{,Y) as

az; = A(Z;)dt + G(Z;)dW,, Z5 = (z,y) € H, (5.1)
where W, := (W}, W?), which is a U; x Us-valued cylindrical-Wiener process and

A(Z7) = (A + FOXE YD), SBOG YD),
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6(70) = (Gn(X0). 662,77 ).

Moreover, GG is an operator from V to Lo(U,H), where U := Uy x Uy and Lo(U,H) is the
space of Hilbert-Schmidt operators from U to H. The norm in Ly(U,H) is defined by

1
G Loy = \/HGl Lo, my + NG @@ w2 = (@y) €V

Let V* be the dual space of V and we consider the following Gelfand triple V C H = H* C
V*. It is easy to see that the following mappings

AV =V, G:V— LU, H)

are well defined. To complete the proof, we only check whether the new coefficients in equa-
tion (5.1) satisfy the local monotonicity, coercivity and growth properties by [21, Theorem
5.1.3).

Indeed, for any wy = (uy,v1), ws = (ug,v9) € V, by conditions A2 and B2, we have

2y (A(wy) — A(ws), wy — wa)y + |G(wy) — G(w2)|7, @20
= 2y (A(u1) — Aluz), ur — ug)vy + (F(ur,v1) — F(ug,va), u1 — ug)p,

2
+EV2* (B(u1,v1) — B(ug, v2),v1 — v2)v, + ||G1(u1) — Gl(u2)||%2(U1,H1)
1
+EHG2(U1; v) — Ga(ug, v2)|17, (0, 11
a 7
<C [(1 + [zl (1 + ||U2H€11)} [y — uall7y, — 2*€||Ul — va||%,
+Ccllur — uallzy, + Cllug — uz|| gy lvr — v2l

< C [(1+ wall) (1 + wall5)] oy — wall5,,

which implies that the local monotonicity condition holds.
For any w = (u,v) € V, there exist constants C. > 0 and C' > 0 such that

- 2
2ps <A(w>7 w>V + ‘|G<w)||%2(u,?-l) = 2V1* <A(u)7 u>V1 + EVQ* <B(u7 U>’U>V2 + <F(U’U)7U>H1
1
+||G1(u)||%2(U1,H1) + EHG2(U7 U)Hiz(UQ,HQ)
< Cllullgy, = 0flulls; +C
1 K
=[O+ llulliy, + lloli) = ol

Co(1+ lwllF) — C([Jullg, + llv]I%,)
and

1A (w)] |-

< AG)lv;

o -1 C 2(k—=1)
< OO Jullf) A+ ol )+~ Al + llvllme + lulla” )

C -
-+ ol

*IIB(U V)|

vy I (w, 0)l

< Ce(L+ [lullr + lollgy ) + [z,
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for some /3 > 0, which implies that the coercivity and growth conditions hold. [l
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