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Abstract

The scientific literature contains a number of numerical approximation results for stochastic
partial differential equations (SPDEs) with superlinearly growing nonlinearities but, to the
best of our knowledge, none of them prove strong or weak convergence rates for full-discrete
numerical approximations of space-time white noise driven SPDEs with superlinearly growing
nonlinearities. In particular, in the scientific literature there exists neither a result which proves
strong convergence rates nor a result which proves weak convergence rates for full-discrete
numerical approximations of stochastic Allen-Cahn equations. In this article we bridge this
gap and establish strong convergence rates for full-discrete numerical approximations of space-
time white noise driven SPDEs with superlinearly growing nonlinearities such as stochastic
Allen-Cahn equations. The strong convergence rates, that we have accomplished in this paper,
are essentially sharp and can, in general, not be improved.



1 Introduction

In this article we are interested in strong convergence rates for full-discrete numerical approxi-
mations of space-time white noise driven SPDEs with superlinearly growing nonlinearities such
as stochastic Allen-Cahn equations. The literature contains a number of numerical approxima-
tion results for SPDEs with superlinearly growing nonlinearities (cf., e.g., Gyongy & Millet [13],
Gyongy, Sabanis, & Siska [14], Jentzen & Pusnik [21], Kovacs, Larsson, & Lindgren [24], Becker
& Jentzen [5], Hutzenthaler, Jentzen, & Salimova [I8], Jentzen & Pusnik [22], Furihata et al. [12],
and Blomker & Kamrani [0]). The articles [I3], 14, 12} 18] establish strong convergence of numer-
ical approximations for such SPDEs with no information on the speed of strong convergence and
the papers [21] 24] 5] prove strong convergence rates for numerical approximations of such SPDEs.
To be more specific, the article [5] establishes strong convergence rates for semi-discrete temporal
numerical approximations of space-time white noise driven SPDEs with superlinearly growing non-
linearities such as stochastic Allen-Cahn equations. The papers [21) 24] prove strong convergence
rates for full-discrete (temporal and spatial discrete) numerical approximations for SPDEs with
superlinearly growing nonlinearities in the case of the more regular trace class noise. To the best
of our knowledge, there exists no result in the scientific literature which establishes strong or weak
convergence rates for a full-discrete numerical approximation scheme of a space-time white noise
driven SPDE with a superlinearly growing nonlinearity such as the stochastic Allen-Cahn equation.
A key difficulty in the case of full-discrete numerical approximations for space-time white noise
driven SPDEs with superlinearly growing nonlinearities is to derive appropriate uniform a priori
moment bounds for the numerical approximation processes.

In this article we overcome this difficulty (cf. ([)—(8]) below for our approach to this challenge)
and establish essentially sharp strong convergence rates for full-discrete numerical approximations
of space-time white noise driven SPDEs with superlinearly growing nonlinearities such as stochastic
Allen-Cahn equations; see Theorem in Section [ below for the main convergence rate result in
this work. To illustrate Theorem [5.5] we now present in Theorem [L1] below the specialization of
Theorem to the case of stochastic Allen-Cahn equations.

Theorem 1.1. Let T € (0,00), (H, (-, Yu, ||-|lzr) = (L*((0,1); R), (-, r201)R), Il 22(0,1)r)) s @05 a1,
as € R, az € (—00,0], (én)neny € H, (Py)nen € L(H), F: L°((0,1);R) — H satzsfy for alln € N,
v 6 LG((O,I);R) that e,(-) = ﬂsin(mr(-)), F(v) = Zizoakvk, P,(v) = Zzzl(ek,wHek, and

s)(az) = 0, let A: D(A) € H — H be the Laplacian with Dirichlet boundary conditions
on H let Q,]—" IP’ be a probability space, let (Wy)icjo,m be an Idg-cylindrical Wiener process, let
y €(0,7] 4
£ € D(( A7),y € (s, Ya), x € (0,7/3 — V18], let OMN . 0,7] x Q — Py(H), M,N € N, and
XMN0,T) x Q —> Pn(H), M, N € N, be stochastic processes which satisfy that for all M, N € N,
m € {0,1,2,.. — 1}, t € (mT/m, (m+0T/n) it holds P-a.s. that
t
O(])V[’N = X0M7N = Py ga OtMJV = e(t_MT/M)A {O%fxf + / / Py dWS} ’ (1)
mT /N
and
XtM,N (t mT/M)A Xn]l/i{/ij + OM,N o (t mT/M) AO%TXI (2)
_ m M,N
+ P AT ETON = Td) Lyt i a0 sumysy (X

mT /M mT /M



Then

(i) we have that there exists an up to indistinguishability unique stochastic process X : [0, T] x 2 —
L5((0,1);R) with continuous sample paths which satisfies for all t € [0,T], p € (0,00) that
Supse[o,T]E[”XsHiG((og);R)] < oo and

t t
]P(Xt = etAf + ge(t_s)AF(Xs) ds + ge(t—s)A dWs) - 1a (3)

(i) we have for all p € (0,00) that SUP,.¢(_ o 4 SUP s, Nen SUPe(o,7] E[H(—A)TXtM’NH%] < 00, and

(111) we have for all p,e € (0,00) that there exists a real number C' € R such that for all M, N € N
it holds that

1/p 1 —1
sup (B[ = 5]) 7 < COUE0 4 N, 0
telo,

Theorem [L.1] follows from Corollary which, in turn, follows from our main result, Theo-
rem below. Theorem also proves strong convergence rates for full-discrete numerical approx-
imations of a more general class of SPDEs than Theorem [[LT] above. Next we would like to point
out that the numerical approximation scheme (2) has been proposed in Hutzenthaler, Jentzen, &
Salimova [18] and has there been referred to as a nonlinearity-truncated approximation scheme (cf.
[18, (3) in Section 1] and, e.g., [16], 36l 17, 15, B4, B1, B2, 14, 21], 22] for further research articles
on explicit approximation schemes for stochastic differential equations with superlinearly growing
nonlinearities). Moreover, note that Theorem [Tl demonstrates that the full-discrete numerical
approximations in () converge for every ¢ € (0, 00) strongly to the solution of the stochastic Allen-
Cahn equation (3]) with the spatial rate of convergence 1/2 — ¢ and the temporal rate of convergence
1/4—e. We also would like to point out that the strong convergence rates established in Theorem [I1]
can, in general, not essentially be improved. More formally, |4, Corollary 2.7] proves in the case
where 37 |a;] = 0 and ¢ = 0 in the framework of Theorem [ that there exist real numbers
¢, C € (0,00) such that for all M, N € N we have that

l/p
cM™* < lim sup <E[||Xt - XtM’nH%D < CM~* (5)
n—o0 t€[0,7T
and
l/p
cN™72 < lim sup (E[HXt—Xtm’NH%D < CN'2, (6)
m—o0 t€[0,T)

Inequalities (B) and (@) thus show that the spatial rate 1/2 — ¢ and the temporal rate /4 — ¢
established in Theorem [l can essentially not be improved. Further related lower bounds for
strong approximation errors in the linear case 25’:0 |a;| = 0 can, e.g., be found in Miiller-Gronbach,
Ritter, & Wagner [28, Theorem 1], Miiller-Gronbach & Ritter [27, Theorem 1], Miiller-Gronbach,
Ritter, & Wagner [29, Theorem 4.2], Conus, Jentzen, & Kurniawan [9, Lemma 6.2], and Jentzen &
Kurniawan [20, Corollary 9.4].



Finally, we would like to add some comments on the proof of Theorem [[.Tlabove and Theorem [5.5]
below, respectively. The main difficulty to prove Theorem [L.1is to obtain uniform a priori moment
bounds for the space-time discrete numerical approximations (2)) (see Section 2l and Section (.4
below). Once the uniform a priori moment bounds have been established, we exploit the fact that
the nonlinearity of the stochastic Allen-Cahn equation satisfies a global monotonicity property to
prevent that the local discretization errors accumulate too quickly. It thus remains to sketch our
procedure to establish uniform a priori moment bounds for the numerical approximations. We first
subtract the noise process from (2)) as it is often done in the literature. The key idea that we use
to derive uniform a priori bounds for the subtracted equation is then to employ a suitable path-
dependent Lyapunov-type function which on the one hand incorporates the dissipative dynamics of
the stochastic Allen-Cahn equation (3)) and which on the other hand respects the spatial spectral
Galerkin approximations used for the spatial discretization of ([B]). More formally, a key contribution
of this work is to reveal that there exists a suitable B(C([0, T, L>((0,1); R)))/B([0, c0))-measurable
mapping ¢: C([0,T], L>((0,1); R)) — [0, 00) such that for every N € N we have that the mapping

Py(H) x C([0,T], L=((0,1);R)) > (v,w) = [[(=A) ][} + o(w)[v]| € R (7)

is an appropriate path dependent Lyapunov-type function for the system of the N-dimensional
spatial spectral Galerkin approximation of the subtracted equation associated to the stochastic
Allen-Cahn equation (3]) (variable v € Py(H)) and the N-dimensional spatial spectral Galerkin
approximation of the Ornstein-Uhlenbeck process (variable w € C([0,T], L>=((0,1);R))). It is cru-
cial that the Lyapunov-type function () does not only depend on wz but on the whole path wy,
t € [0,7], of w. Applying the fundamental theorem of calculus to () results, roughly speak-
ing, in the coercivity type condition that there exist real numbers ¢ € [0,1), ¢ € (0,00) and
B(C([0,T], L*>((0,1);R)))/B(]0, 00))-measurable mappings ¢, ®: C([0,T], L>((0,1);R)) — [0,00)
such that for every N € N, v € Py(H), w € C([0,T], L=((0,1); R)) we have that

sup (((—=4)"v, (=A) 2Py F (v +w)) i + d(w) (v, F(v + w,)) r)

t€[0,T] (8)

< €| Av|f; + (¢ + () [[(=A) "olF + cop(w)[v]|F + S (w).

Essentially, the coercivity type condition (§)) appears as one of our assumptions of Theorem
below (see (@5]) in Section Bl below for details). Our proposal for this specific Lyapunov-type
function is partially inspired by the arguments in Section 4 in Bianchi, Blomker, & Schneider [1]
(cf. [1, Theroem 4.1 and Lemma 4.4]).

After the preprint version of this work has appeared, a series of research articles related to this
work have appeared. We refer to Bréhier & Goudenege [7, [§], Liu & Qiao [25], Wang [35], Qi &
Wang [30], and Cui & Hong [10] for details.

The remainder of this article is structured as follows. Section [2 establishes suitable a pri-
ori bounds for the numerical approximations. In Section [3] the error analysis for the considered
nonlinearity-truncated approximation schemes is carried out in the pathwise sense and in Section @l
we perform the error analysis for these numerical schemes in the strong LP-sense. In Section
we combine the results from Section Ml with appropriate uniform a priori moment bounds for the
numerical approximation processes (see Section [2) to establish Theorem [5.5 which is the main result
of this article. In Section [6] we finally verify that the assumptions of Theorem are satisfied in
the case of stochastic Allen-Cahn equations.



1.1 Notation

Throughout this article the following notation is used. For every measurable space (4, .A) and every
measurable space (B, B) we denote by M(A, B) the set of all .A/B-measurable functions. For every
set A we denote by #4 € {0,1,2,...} U{oo} the number of elements of A, we denote by P(A) the
power set of A, and we denote by Py(A) the set given by Py(A) = {B € P(A): #p < oo}. For every
set A and every set A with A C P(A) we denote by c4(A) the smallest sigma-algebra on A which
contains A. For every topological space (X, 7) we denote by B(X) the set given by B(X) = ox (7).
For every natural number d € N and every set A € B(R?) we denote by A4: B(A) — [0, 0] the
Lebesgue-Borel measure on A. We denote by |-|,: R — R, h € (0,00), the functions which satisfy
for all h € (0,00), t € R that [t]|, = max({0, h, —h,2h, —2h,...} N (—o0,t]). For every measure
space ({2, F,v), every measurable space (5, S), every set R, and every function f: 2 — R we denote
by [f]v.s the set given by [f],.s = {g € M(F,S): (FA € F: v(A) =0 and {w € Q: f(w) # g(w)} C
A)}. For every set Q and every set A we denote by 19: Q — R the function which satisfies for all
z € Q) that

so-{y 2ol 0
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2 A priori bounds for the numerical approximation

Lemma 2.1. Consider the notation in Section [L1], let (H,(-,)y,|lly) be a separable R-Hilbert
space, let H C H be a non-empty orthonormal basis of H, let T, p,c € (0,00), C € [0,00), €,K,p €
0,1), v € (p, 1), x € (0, 0=P/a+e2)] N (0, AP/ (14¢)], M € N, pi: H — R satisfy suppey pn < 0, let
A: D(A) € H — H be the linear operator which satisfies D(A) = {v € H: Y, o [t (h, v)u|* < 0o}
and Vv € D(A): Av =3, e tn(h,v)gh, let (Hy, (-, )m,, ||-[|7.), € R, be a family of interpolation
spaces associated to —A (cf., e.g., [33, Section 3.7]), let I € Py(H), P € L(H) satisfy for allv € H
that P(v) = Y ,c/(h,v)gh, and let X:[0,T] — P(H), O € C([0,T],P(H)), FF € C(P(H),H),
¢, ®: C([0,T], P(H)) — [0,00) satisfy for all u,v € P(H), w € C([0,T], P(H)), t € [0,T] that

1F ()]} < C'max{1, Ju] 7}, (10)
2
1F(w) — F(v)|3; < Cmax{L, [ull Hu—vl}, + Cllu —v]| 5+, (11)



(v, PF(v+wi))my , + d(w) (v, F(v+we))m 12)
< ellvllz, + (c+ d()llvliz,, + red(w) vl + @(w),

and Xy :/ Pelt~ S)AIL[O (M/T)x (HXLSJT/MHH'V + HO SJT/MHHw) (XLSJT/JW)dS+ Or. (13)
0

Then
(i) we have that the function [0,T] >t — X, — Oy € P(H) is continuous and

(i1) we have that
2 2
sup (|| — Ot||H1/2 + 0(0)[|X: — Oull)

te[0,7
maX{la (b(O)}C(C + 1) |:max{1,T}(1+\/5)](2+Lp)) ) <14)

eZCT
(1-p)

<

c (q)(OH 21— (1 —r)e

Proof of Lemma[Z1. Throughout this proof assume w.l.o.g. that I # () and let X: [0,7] — P(H)
and Z: [0,T] — {0,1} be the functions which satisfy for all s € [0,T] that

X=X-0, and  Zy= Loy X%lm, +110s]m,). (15)

Observe that, e.g., Lemma 2.4 in [23] (with V = P(H), |||y = P(H) > v — ||v||%} € [0,0),
T=T,1n=0,A=PH)>v+— Av € P(H),V=P(H) > v+ Hv”fql/2 + ¢(O )HUH2 € R,
Z=10T]xQ5 (tw) s Z(w) ER,Y =X, 0=0,0=0, F = P(H) > v+ PF(v) € P(H),
p=Vo3v—2ceR, f=V3v+—0€R, h=T/u in the notation of Lemma 2.4 in [23]) implies
that (i) holds and that for all ¢ € [0, 7] it holds that

e |23, , + 6O %,
t
— 2/ —2cs [(XS,AX + ZLSJT/MPF(XS + OLSJT/M»HW
0
+ G(O) X, AX, + 11y PF(Xs + Oy )| ds

(16)

+2 6—205 ZLSJT/M [(X'S’ P[F(XLSJT/M) — F(‘X_'S + OLSJT/}\/[):I>H1/2

S~

+ gb(@)(fs, P[F(XLSJT/M) - F(‘)ES + OLSJT/M)])H] ds

t
— 2 [ e 1, +o0) A1) ds



The fact that P € L(H) is symmetric hence proves for all ¢ € [0, T] that
e (123, , + SO B3]
t
_ 9 / e (&, (~A) B}, + O(O)(Xs, (~A) o)y | ds
0

t
_'_2/0 67208 ZLSJT/M |:<X57PF<X5+OL5JT/AI)>H1/Q +¢<O)<PX87F<XS + OLSJT/M»H ds

(17)
+2 /Ot € Zlslam [<(—A)1/2??s, (—A)PPIF(X s)p0,) — F(X + Ol a
+ (ONPX,, F(Xyyyy,) = F(X + Oy )| ds
~2e [ e IR, + o0 ds
The fact that Vs € [0,T]: X, € P(H) therefore implies for all ¢ € [0, T] that
e[| %1, + 6(0) | &
= 2 [ AR AR+ 6O) (Ao (A ]
/ 0 s [(Foe PR+ Ol ity + 0(0) (e Pt Oy )] s
(18)
+2 / 2 g [ (A X, PIF(X(oy) = F( + Oy )
+ B(O)(Foy F(Xy 1) = F(Xe + Oty )| ds
~2 [ [l + O] ds
This and the Cauchy-Schwarz inequality ensure for all ¢ € [0, T] that
e 123, , + 6(O)]1 %3]
< -2 / s 113, + (e + GON &I, + o) &l | ds
2 [ 2 2, [ PP Ol i 4 OV R+ O ] ds

+ 2/0 _265 Z L)z [ (\/ﬁ ||X ||H1) (\/ﬁ ||P[F(XLSJT/M) - F(‘)ES + OLSJT/M)]HH)

ds.

0) (V3T = 1) {7ty 1P (Xi) = FE + Oy )




The fact that
Va,y € R: 2zy < 2% + 92 (20)

hence proves that for all ¢ € [0, 7] we have that
e (|43, , + () |
< -2 / 2 &, + (o4 GODI A, , + co(O)|1 &l ds

t
+ 2/0 e ZLSJT/M [(st PF(X; + OLSJT/M»HyQ + ¢(O) (X, F(Xs + OLSJT/M»H] ds (21)

t
—0—/0 e ZLSJT/M {2@ B 6> ”XSH%h + 2(1—176) ”PH%(H) HF<‘)€LSJT/M) N F(Xs * OLSJT/M)”%

+2¢(1 = &) SO XNy + 55505 1 (X jn,) — F(X+ OLsJT/M)H?{} ds.
The fact || P||ry) < 1 therefore shows for all ¢ € [0,77] that
e 1B 13,,, + 0(0) | &l

t
< -2 / 2 e Z |V, + (4 SONNHlE, , + K SO | X3 ds

t 22
+ 2/0 € Zls s [(??s, PF(Xs + Olgjg, ) my, + G(O)( X, F(X + OLsJT/M»H] ds )
t
+[a + 395] [ Rt | P Xg) = Pt Ol N
Hence, we obtain that for all ¢ € [0,7] we have that
161, + (O) X1
t
<2 [ D [l IRl + (4 ONIIE, + ool OV EI] ds
(23)

t
—+ 2/0 eZc(t—s) ZLSJT/M |:<XS, PF(XS + OLSJT/JV[)>H1/2 + ¢(O)<X87 F(XS + OLSJT/M)>H:| ds

1 9O) 1 [ ais) i 2
c(t—s Ja _F Xs . ds.
+ |:2(1 — 6) + 26(1 — I{):| /0 ¢ SJT/M” ( SJT/M) ( + OL JT/M)HH S




Moreover, note that the triangle inequality implies that for all s € [0,7T] we have that

SJT/IVIHX XSJT/]VI”Hp

= Zs )y 1(Xs = O5) = (Xis)nr — Olsians) 11,
< Z gy [ (€C 704 —1d ) (X0, — Ols)ons) I,
+ Zsgon (X = Og) = 7m0 (X — O, ),
< Zpyug (= A) 7072 (7Ll — T g )| o) | X gy — Ot 1,

° s—u)A
_'_ZLSJT/]M/ ”Pe( ) ZLUJT/MF(XLUJT/M)”Hp du

Ls] /M

The fact that
Vs e (07 OO),T' S [07 1] ”<_SA)7T(€SA - IdH)”L(H) < 17

the triangle inequality, the fact that
Vs €[0,00),7 € [0,1]: [[(=sA) e Ly < 1,
the fact that ||P||;m) < 1, and the assumption that
@
Vo € P(H): | P(o)lf < Cmax{L, o]}
hence ensure for all s € [0, 7] that

ZLSJT/M HA?S - A?LSJT/M HHp
< (S - LSJT/M>(77P)ZLSJT/M (”XLSJT/]W HHw + HOLSJT/M”H«/)

+Z[SJT/M/ HPHL(H)||(_A)p6(s_u)A||L(H)||F(XLSJT/M)HH du

Ls] /M

< |T/M|(7_p)|M/T|X +VC (s —u)™” ZLsJT/M maX{l’ ||X Lsloym 1 H | 1+¢/2)} du
LSJT/M
< |T/p| =P 4 \/amax{l, |M/T|(1+“’/2)X} (s —u)~"du.
LSJT/M
This shows that for all s € [0,7] we have that
SJT/IVIHX XSJT/]VIHHp
— (1=p)
< |T/ar| =P 4 \chax{L |M/T|(1+w/2)x} (s (LfJT/M))
—p
< a ! ) [|T/M|(V—P‘X) +V/C max{|T/u|), |T/M|(1—P—(1+9’/2)X)}]
-p
< m maX{T/M’ |T/M|(7_P_X)’ |T/M|(1—p—(1+v/2)x)} )
- (=)

(25)

(26)

(27)

(29)



Next observe that the assumption
Vu,v € P(H): |F(u) = Fu)|} < Cmax{L, [[ull 7, Hu— o[, + Cllu—vl|7" (30)
ensures for all s € [0, T] that
2151 1F (Xisjng) = F (X + Ol 1
< C 2| XL, Xy 1, M Eisgns = Hally, 1L — el
< OZ | Biains = Hully, [masl L 117 + Zap B — B (a1)

< 2CZLSJT/MH/?LSJT/M - ‘)E‘S”%Ip [max{lv ‘M/T|LPX7 Z SJT/IVIHXSJT/IVI - XS|’EP}

| S

_ _ _ _ ¢
= 2CZLSJT/M HX[SJT/M - XsH%{p [max{l, |M/T|X7 ZLSJT/M ||XLSJT/M — XsHHp}] .
This together with (29) proves for all s € [0, T that

ZLSJT/M ||F(X|_5JT/]M) - F(A?S + OLSJT/]M)H%I
2C(1 4+ VC)2+9)
=TI
. }max{l | M/ |X, T/M’ |T/M|(’Y*P*X)’ |T/M|(1*P*(1+‘P/2)X)HL’O (32)
_20(1+VO)PF
(1= p)C

: }max{T/M7 ‘M/T|X7 |T/M‘ Y—p—X) ’ |T/M‘ (1—p—(14+2/2)x) }’

2

}maX{T/M’ ‘T/M|(’Y*P*X)7 ‘T/M|(1*P*(1+‘P/2)X)H

}maX{T/M |T/M|(v p—X) |T/M|(1 p— (1+"’/2)X)H

In addition, note that the assumption that x € (0, =r)/(1+¢/2)] N (0, 1=r)/(1+4)] ensures that
T=p=x€(0,1), 1-p=(1+92)xe(01), (33)
and
min{y —p— (1 +%/2)x,1 —p— (1 +¢)x} € [0,1). (34)
This implies that for all A € (0, 1] we have that

|max{h, hO =X pl=p=(+4/2) X)}’ max{h, h=X, BO—P) p(=p=(+e220 1)

= p2min{y—p=x.l-p=(+¢/2)x} p—ex — p2min{y—p=(1t+e/2x1-p= (o)X} < 1 (35)
Moreover, observe that (33]) shows for all A € (1, 00) that
}max{h hL—P=x) h(l p—(1+¢/2) x)}’ ’max{h hX h(v p—X) h —(1+%/2) x)}’ h(2+0) (36)
Combining (32) with (35) and (B6]) yields that for all s € [0,T] we have that
(2+¢)
_ max{1,T}(1 ++/C)
2t IWF (X)) = F (X + Oy M < 2C 1 (37)

10



Furthermore, note that the assumption that Vv € P(H),w € C([0,T], P(H)), s € [0,T]: (v, PF(v+
ws)) iy, + (W)W, F(0+wi))u < ellvllfy, + (¢ + o(w))l|vllF,, + sed(w)|v]|E + ©(w) ensures that
for all v € P(H), w € C([0,T], P(H)), s € [0,T] we have that
<U7 PF<U + w[SJT/M>>H1/2 + (b(U))(U, F<U + wLSJT/M»H
< ellvllf, + (e + ow))llvllz,, + reg(w)vlli + (w). (38)
This implies that for all w € C([0,T], P(H)), s € [0,T] we have that
<‘/E‘37 PF(‘/E‘S + w[SJT/M>>H1/2 + (b(U})(.)E‘s, F(‘)E‘S + wLSJT/M>>H
< el Xl + (e + p() [ X[, , + rmed(w) | X7 + 2(w). (39)
The assumption that O € C([0,T], P(H)) hence guarantees for all s € [0, 7] that
<‘/E‘37 PF(‘/E‘S + OLSJT/M»HVQ + ¢<O><st F<XS + OLSJT/M)>H
< el Xallhy, + (e + S(ON 1 Xullzy, , + ed(O)| Xl + 2(O). (40)
Combining (23) with (87) and (40) demonstrates that for all ¢ € [0,7] we have that
163, , + (O)1 Xl T

t
<=2 [ @ [y IRl + (4 SO, + 0O ds

t
c(t—s % V 41
+2 / ) L [Nl + (e SHON IR, , + ned(O)| BN+ 2(0)] ds 1Y
(2+¢) '
+ 920 1 + ¢(O) maX{lv T}(l + \/5) / ch(tfs) dsl .
2(1—¢€)  2¢(1—k) (1—p) 0
This shows that for all ¢ € [0, 7] we have that
167, , + SO Xl
SO -1 Cle = 1 ) |[max{rmya+vO)] " @)
- c c 2(1—¢€)  2¢(1 —k) (1—p)
Hence, we obtain that
sup (23, , + 6(O) &l |
t€[0,T]
(e*T —1) C 9O max{l i (2+¢)
<N T
- c @(0)4_2 (1—6 +c(1—/1 ] (43)
(GQCT — 1) Cmax{l ¢(O)} 1 max{1,7}(1+C) (2+¢)
< — Z
e e s v | K et
_ (GQCT B 1) (I)(O) maX{lv gb( )}C(]' + C) |:max{1,T}(1+\/6)j|(2+<p)
c 2(1 —€)(1 — K)c (1=p) '
The proof of Lemma 2.1 is thus completed. O
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3 Pathwise error estimates

3.1 Setting

Consider the notation in Section [Tl let (H, (-,-), |- ;) be a separable R-Hilbert space, let H C H
be a non-empty orthonormal basis of H, let T,c,p € (0,00), C € [0,00), M € N, p: H — R
satisfy suppempn < 0, let A: D(A) € H — H be the linear operator which satisfies D(A) =
{fveH: >, culun(h,v)u|> < oo} and Yo € D(A): Av = 37,y in(h, v) rh, let (V, ||-]|;,) be an
R-Banach space with D(A) C V C H continuously and densely, and let O, 0, X, X: [0,T] — V
and V: V x V — [0, 00) be functions, and let X € C([0,T],V), F € C(V.H), I € Py(H), P € L(H)
satisfy for all v,w € D(A), t € [0,T] that

P(v) =Y herhv)gh,  (v—w, Av+ F(v) — Aw — F(w))i < cllv —wlf3, (44)
1F(v) = F(w)|F < Cllo = wlZ(L+ vl + [lwllf), (45)
t t
X; = / TR (X)ds+ 0,y Xy = / P (X ),,,) ds + PO, (46)
0 0
t
and Xy = /0 Pe(tis)A]l]%%,M/T} <V<XL8JT/M? OLSJT/M)) F(XLSJT/M) ds + Oy. (47)

3.2 On the separability of a certain Banach space

The next elementary lemma, Lemma [B.1], ensures that the R-Banach space (V ||-||y/) in Section B.1]
is separable. Lemma [B.1] is well-known in the literature. A proof of Lemma [3.1] can, e.g., be found
in the extended arXiv version of this article [3, Section 3.2].

Lemma 3.1. Let (V,||-||,/) be a separable R-Banach space and let (W, ||-||,,) be an R-Banach space
with V- C W continuously and densely. Then (W, ||-|l,,) is a separable R-Banach space.

3.3 Analysis of the error between the Galerkin projection of the exact
solution and the Galerkin projection of the semilinear integrated
version of the numerical approximation

In our error analysis in Lemma [3.3] below we employ the following elementary result, Lemma
below, on mild solutions of certain semilinear evolution equations. A proof of Lemma can, e.g.,
be found in the extended arXiv version of this article [3, Section 3.3].

Lemma 3.2. Consider the notation in Section [L1], let (V,||-|lv) be a separable R-Banach space,
and let A € L(V), T € (0,00), Y:[0,T] — V, Z € C([0,T),V) satisfy for all t € [0,T] that
Y, = fot =947 ds. Then

(i) we have that Y is continuously differentiable,

(ii) we have for all t € [0,T] that Y, = [} AY, + Zds, and
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(iii) we have for all t € [0,T) that %Y, = AY, + Z,.
Lemma 3.3. Assume the setting in Section[3.1 and let k € (2,00), t € [0,T]. Then

CeliCT t )
m/o [IIXS — PX,|lv + [IX; — XLSJT/MHV]

(T IXME + I + 1Kl + X1 ) .

IPX, — Xl <
(48)

Proof of Lemma[3.3. Throughout this proof assume w.l.o.g. that ¢ € (0, 7] (otherwise the proof
is clear). Observe that Lemma (with V= P(H), A= (P(H) v~ Ave P(H)), T =T,
Y =(0,7T]>s+— P(X;—0;) € P(H)), Z=([0,T] 5 s+~ PF(X;) € P(H)) in the notation of
Lemma [3.2]) shows that the function [0,7] > s — P(X;— Os) € P(H) is continuously differentiable
and that for all s € [0, 7] we have that

P(X,—0y) = / AP(X, — O,) + PF(X,) du. (49)
0

Next note that Lemma 2.1 in Hutzenthaler et al. [18] (with V = H, A = A, T =T, h = T/um,

Y =(0,T]3s—X;—POs€ H), Z=([0,T] > s— PF(X;) € H) in the notation of Lemma 2.1

in Hutzenthaler et al. [18]) implies that for all s € [0,T] we have that X, — POy € D(A), that the

function [0,7] > s — X, — PO, € D(A) is continuous, that the function [0,7]\ {0, L,2L, ...} 5

s — X, — PO, € H is continuously differentiable, and that for all s € [0, 7] we have that

X, — PO, = / A(Xy = POy) + PF(X\u),,) du. (50)
0
This, (49), the fundamental theorem of calculus, and the fact that
Vs e [0,T]: APX,, AX, € P(H) (51)

prove that
e " PX, — XtHfH = e "P(Xy — Op) — (X — POt)qu

_9 /t e " (PX, — X,,AP(X, — O,) + PF(X,) — A(X, — PO,) — PF(X5,,,,)), ds
0
— Ke /t e | PX, — X, |3, ds
0
_9 /t e " (PX, - X,,APX, 4+ PF(X,) — AX, — PF(X5),,,)), ds
0
— ke /t e " | PX, — X, |5, ds
0
_9 /t e (PX, — Xy, P[APX, + F(X,) — AX, — F(Xi3),;,,)]),, ds
0

t
— HC/ e | PX, — X, |3, ds.
0

13



The fact that P € L(H) is symmetric together with the fact that
vse[0,T]: PX,, X, € P(H)

therefore ensures that

e " PX; — Xt||12r{

5] /M ) >H ds

t
- 2/ e (PX, — X, APX, + F(X,) — AX, — F(X]
0 t
_ m/ e | PX, — X, |2 ds
0
t
= 2/ e " <PXs - Xsu APXS + F<PXS) - AXS - F<X3)>H ds
0
t
+ 2/ e " (PX,— X, F(X,) — F(PX,) + F(X,) = F(Xjs)00,)) y ds
0

t
— HC/ e~ | PX, — X, |3, ds.
0
The assumption that
Vo,we€ D(A): (v—w, Av+ F(v) — Aw — F(w)), < c|lv —w||%,
the Cauchy-Schwarz inequality, and the fact that
Vz,ye R: xy <2°/a+v*/2

hence demonstrate that

e "|PX, — XtHfH

t t
< 20/ e | PX, — X, |5 ds — HC/ e~ |PX, — X, |3 ds
0 0
t
+ 2/ e "CPXs = Xllm [|[F(Xs) = F(PX,) + F(X,) = F(X(5)p,,) | 1 ds
0

t
:(Q—H)C/ —res | PX, — X|]Hds+2/ [\/H— c|lPX, — Xl
0

| R IFOX) = F(PX.) 4 FOX) = F(Xi | ds

t
< (2—&)0/ e“csHPXS—XsH?{deL/
0 0

+ (RjQ)C HF(XS) - F<PXS) + F<XS) - F(X\_SJT/IVI)”%I:| ds.

t

g res {(m —2)c||PX, — X3

The triangle inequality and the fact that
Vo,we Vi [[F(v) = Fw)lf < Cllv = wlp-(1+ [oll{ + [lwl{)
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therefore yield that

e " PX, — Xt”?{

t
< oo ), o IO = PR+ 1FOC) = P )] s
< o Sora [ [ = P LTI 1P o
2
1K, = Bl T4 I+ Dl |
This completes the proof of Lemma 3.3 O

3.4 Analysis of the error between the numerical approximation and
the Galerkin projection of the semilinear integrated version of the
numerical approximation

Lemma 3.4. Assume the setting in Section [31] and let o € (0,00), p € [0,1), t € [0,T] satisfy
SUDse (0,1 5p||€SA||L(H,v) < 00. Then

1Xe = &l

TOé sA t — e
< Mo SGS(%%) s° He HL(H,V)] /0 (t—s) ’ }V(XLSJT/JWOLSJT/M)} ”F(X[SJT/M)HHdS (60)

+ PO = Olv.

Proof of Lemma[3]. Throughout this proof we assume w.l.o.g. that ¢ € (0,7 (otherwise the proof
is clear). Observe that

1Xe = Xl

t
< A Hpe(t_S)A [1 - ]l%M/T}(V(XLSJT/M’ OLSJT/]M))} F(XLSJT/M)HV ds + ||POt - OtHV

t
sA -
< sup s” He HL(H,V) / (t - S) g H]]‘]%%W/T,OO)(V(X\_SJT/]\/I’ OLSJT/M)) PF(XLSJT/]M)HH ds
_86(07T) |70 (61)
+ [[PO; — O4llv

t
sA - R
< es(ltl)%) sP He HL(H,V) /0 (t - 5) g ]1(1\/1/T,oo)<v<XLSJT/M7 OLSJT/M)) [%V<X\_SJT/1\/I7 OLSJT/JM)}

a

NPl 2y 1F (X gp ) ds + [[POr = Oy

s] /M )

This and the fact that || P|| 5 < 1 complete the proof of Lemma 3.4l O
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3.5 Temporal regularity for the Galerkin projection of the semilinear

integrated version of the numerical approximation

Lemma 3.5. Assume the setting in Section [Z1] and let p € [0,1), o € [0,1 — p), t; € [0,T),

ty € (t1, T] satisfy supyc(.r) 5°[|€**|| vy < 0o. Then

t2
||Xt1 - Xt2||V < [ sSup sP HGSAHL(Hy)] / (tQ - 5)7[) HF(XLSJT/M)HHdS
t1

s€(0,T)

t1
+ 20079 (¢, — tl)g/ (t = 5) T (X gy pu) | ds | + PO, — O) v
0

Proof of Lemmal3.J. Observe that
||Xt2 - th ||V

to t1
< [ NPt g s [P ) Pl
t1 0

+ HP(Ot2 - Otl)Hv

to
S Sup s° HeSAHL(H,V)] / <t2 o 5)_/’ HPF(XLSJT/Ju)HHdS + HP<Ot2 - Otl)HV
s€(0,T) t
+ | sup s || /t1 2 ) Hpeé(trs)A (=4 _1dg) F(X, ), ds
s€(0,T) L(H,V) 0 t1 — s H Lsloyns /|| g &2

This, the fact that
Vs e [07 OO)7T S [07 1] ||(_SA)TBSA||L(H) <1,

the fact that
Vs e (07 OO),T' € [07 1] ”<_SA)_T(€SA - IdH)”L(H) < 17
and the fact that || P| L) < 1 prove that

1Xe, = X, [lv

< | sup s”He‘S’AHL(va)] /t1 (t2 _5)_pHPHL(H)HF(XLSJT/M)HHdS

s€(0,T)

+ HP(Ot2 - Otl)Hv

t1
sA _ - — l( —s)A
20 5" |le HL(H,V)] /0 (=) | (=) e

' H<_A)7Q (e(trtl)A - IdH)HL(H)HPHL(H)HF<X|_5JT/M)HHdS

+2°

<

to
sup s” HGSAHL(H,V)] /t (t2 —s)"" HF(XLSJT/M)HHdS + HP(Ot2 - Otl)Hv

s€(0,T)

2040 (1, — 1)) [ sup " [|e*! )

s€(0,T)
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t1
/0 (t1 — S)i(ﬁg) HF<XLSJT/M)HHd8'

(62)

(63)

(64)

(65)

(66)



The proof of Lemma is thus completed. O

4 Strong error estimates

4.1 Setting

Consider the notation in Section[[T] let (H, (-,-), ||-||;;) be a separable R-Hilbert space, let HH C H
be a non-empty orthonormal basis of H, let T, c,C,p € (0,00), D C Py(H), p: H — R satisfy
suppem pn, < 0, let A: D(A) € H — H be the linear operator which satisfies D(A) = {v €
H: Y cmlun(h,v)gl> < oo} and Vo € D(A): Av = >, g in({h,v)gh, let (V. ||-|l;;) be an R-
Banach space with D(A) C V C H continuously and densely, and let V € M (B(V x V), B([0,0))),
FeC(V.H), (Pr)repmy C L(H) satisfy for all v,w € D(A), I € P(H) that

(v —w,Av+ F(v) — Aw — F(w))g < c|jv — w||%, (67)

1F(v) = F(w)llf; < Cllo = wl[Z(1+ [l + [wl{), (68)

and Pr(v) = >, (h,v)gh, let (Q, F,P) be a probability space, let X : [0, T]x€ — V be a stochastic
process with continuous sample paths, and let O: [0, T]xQ — V and XL XML OML: [0, T)xQ —
V, M € N, I € D, be stochastic processes which satisfy for all ¢ € [0, T, M € N, I € D that

t t
X, = / e AR(X ) ds +0,, X = / PIe“—S)AF(Xij/M) ds + POy, (69)
0 0
t
and XtM’I = / P]G(t_S)AIL?V(XM,I M, I )<M/T} F(X\_](\S/jiM) dS + Oi\/LI- (70)
0 Lsloyne” ™ Lsloyna’ = /

4.2 Analysis of the error between the (Galerkin projection of the exact
solution and the Galerkin projection of the semilinear integrated
version of the numerical approximation

Lemma 4.1. Assume the setting in Section[{.1 and let k € (2,00), t € [0,T], p € [2,00), M € N,
1€ D satisfy sup,eqr) E[IXJ + IPXE -+ XTI + X057 [97] < 5. Then

Ls] /M

CTencT
171X = X ooy < e | sup ([P Xl + K2 = 207 o))
(k —2) ¢ |se1) /

L sup (Il ey + 1P By + X2 +HXM1H;3/5W)]. (71)
se (0,
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Proof of Lemmal{.1 Note that Lemma and Holder’s inequality ensure that

”PIXt - XiMJ”%P(]P’;H)
= H”Pth - XiM’IHHHLP/Q(P;R)

CencT t
L
~ (k- 2)0/0

(1 X+ IPXIE + XA+ 1205719

2
[HXS - PIXsHV + ”Xi‘m[ - XLSJT/JM HV]

s (72)
LP/2(P;R)

IiCT

P —
N (
H1+ HX I+ 1PeXNS + IS + 1,

SJT/M ||V HEQP(]P’ iR)

ds.

/HHX — P X ||y + || XM — X

E1EYY; ‘ }U’ (P;R)
This shows that

M,I
1PrXs = X | 2o,y

Cech t I
< omgre | (1% = Pl + X2

T X iy + 1P ooy + 1 ooy + 1L ey | s

CTencT
(k—2)c

2
LSJT/M HL » (P; V)]

2
< sup (||PH\IXS||L2P(P;V) +[IX - XSJT/M“E P(P; V))]

s€(0,T)

1 + SR)%) (”XSHZPW(]P’;V)”PIXSHiWP(P;V) + ”Xi\/[’I”iW(PV + ” LSJT/M”LW(P V))] .
se(0,

Combining this with the fact that

VneNzy,...,z, €0,00): Va1 + ...+ 2, < VT + ...+ /Ty (74)

completes the proof of Lemma [Tl O

4.3 Analysis of the error between the numerical approximation and
the Galerkin projection of the semilinear integrated version of the
numerical approximation

Lemma 4.2. Assume the setting in Sectzon[—ﬂ] and let o € (0, ) €[0,1),t€]0 T] p € [1,00),

M €N, I € D satisfy supc 1) "€\ vy +5uD,eio ) B[ [ V(XM OMD) 20y || F(XMT)|[F] < o0.
Then
HXiw’I - XtMJ”LP(IP’;V)
T(1+a—p)
< 1= Me | 5up 5p||€SA||L(H,V) Sup (HV(XSM’IaOéw)||%2PQ(P;R)||F(XSM’I)||£2P(P;H)) (75)
(1—-0p) s€(0,T) s€[0,T)

+ | POy — O ooy,
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Proof of Lemmal[{.9 Note that Lemma [3.4] and Hoélder’s inequality imply that

HX?“ - XtMJ”EP(IP;V)

— | sup s”||e*?| Ly
< Lem) el >]

—p M, I M, I @
t_ 8) H|V<XLSJT/]M o SJT/JVI)‘ H ( LSJT/M HHHLP (P;R) d8:|

+ HPIOt — OM| oy (76)
S e

86(0 T)

sup " HeSAHL(H,m]

Ls] /M’ Ls] T/M

— M, I M, I
(=) IV O e 1P e
+ HPIOt - Oy’l”ﬁp(ﬂl;v).

This and the fact that fot(t —8)Pds = i(ll%;; complete the proof of Lemma [4.2] O

4.4 Temporal regularity for the Galerkin projection of the semilinear
integrated version of the numerical approximation

Lemma 4.3. Assume the setting in Section [[.1) and let p € [0,1), 0 € [0,1 —p), t; € [0,T),
ty € (t1,T], pe [1,00), M €N, I € D satisfy sup,c(o.r) "|l€**|| Li,vy < 00. Then
X2 = X5 ler@wy < PO = Ol ereny
3T, (ty — t,)? [

(1-p-o
Proof of Lemma[{.3. Observe that Lemma proves that

X = X0 | 2oy

sup s” HeSA”L(H,V)] [ sup ||F(XM D) oy | - (T7)
s€(0,T) s€[0,T)

<

[/: (ta —s) " ds

+ 1 Pr(Or, = Ol ooy

sup s” ||€SA||L(H,V)] [SUP IF (XM 2oy
5€(0,7) s€[0,7)

t1
+ 9(pto) (t2 . tl)e/ (t1 . 5)*(p+@) ds
0

(78)
= | sup s” ||68A||L(H,V)] [ sup || F(X")| oy
s€(0,T) s€[0,T)
(ty — 1) 20070 (g5 — ;)2 |t;|0-P—0)
: POy, — O V)
[ (1 — p) (1 —p— Q) + || I( t2 t1)||£P(P,V)
This completes the proof of Lemma 3] H
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4.5 Analysis of the error between the exact solution and the numerical

approximation

Proposition 4.4. Assume the setting in Section [[.1] and let a € (0,00), p € [0,1), 0 € [0,1 — p),

€ (2,00), p € [max{2,Y/s},00), M € N, I € D. Then
sup [|X; — XtM’IHm(P;H)
t€[0,T]

4(2+¢) max{l T(3/2+a7p+<ﬂ/279¢/2)} max{l C(1+<p/4)}, /ercT [
< : :

a min{1,/c(k —2)} (1 — p— o)+

v
+ sup PO — Oy lemeary + sup [PLO) — OM oy | maxd 1, sup 120
te(0,T) te[0,T] veV\{0} [vllv

te[0,T)

®/2

s€(0,T)

s 1+
|1+ sup V(M OMI)”&W(PR)] max{l, sup [s” HeAHL(HvV)]( %/2)}
s€[0,T) s€(0,T)

[(144¢/2)? 1+
: max{l, SEI;) ||XMI||£P(li/‘;/)2)}max{4,‘ﬁ}(P;V)} + [|F(0 )H( 99/2]
s€

Sup ”PH\IXt”LQP(P v+ )y~ min{o,o}

1+ sup HX ”ﬁzw(]}nv)—i_ S(U_p ”PIX ngw ]PV)_'_ S[llp HXMIHLPLP ]pv)+ S(llp HPIO HLpr pv)]

(79)

Proof of Proposition[{.4] Throughout this proof assume w.lo.g. that sup, ) (sp||63A||L(H7V) +
E[|[PrOs |7 + | PrXalff + [ X[7]) + supgepo zy B[ VAN, OF D)oo 4 M T < oo,

Note that the fact that
Vo,we V:|[F(v) = F(w)|} < Cllo—w|{H(1+ vllf + llwllf)
and the fact that
Va,y €[0,00): vVr+y <Vr+ .y
imply for all s € [0, T] that
IF (XD < [FE) = FO) i + [1F(0)]a
< \JCIAM2 (L4 22 )2) + [ F )]l
<V XMy (1 + 122 172) + 1F )] o
= VT (12X [l + XD 4+ | F )]l

Hence, we obtain for all ¢ € [1,00) that
s€[0,T)

s€[0,T

20

sup || F (X ooy < 2V/C max{ , sup HXMﬂr;;ﬁimm)}+HF<0>HH-

(80)

(81)

(82)

(83)



Next observe that the triangle inequality, Lemma 4.2 Lemma [£3, and Holder’s inequality imply
that

sup ”Xiw - || c2 2p(P;V)

s€(0,T) SJT/M

< sup [IXI = XU @y + sup X — XM oy
s€(0,T) / s€[0,T)

37(1-p) "

< sup s” [|e* | v Sup, IE (XD 220
(1 —p— Q) Me s€(0,T) ( ) s€l0,T ¢
T (1+a—p) "

+ ———— | sup s’|¢° L(H,V
(1—MAP[%mn € ey

. [sup V(M OMI)HL‘HW]P’R)] sup || F(XM)]| zar IP’H)] (84)
5€[0,T) s€[0,T)

+ sup [[P(Os — Opsypu M@y + sup [P0 — O | vy
s€(0,T) s€[0,T)

3max{1, T(+e=r)}
= (1= p— o) Mmin{oe}

sup " [|e*|.

I+ sup ||V(XMI OMI)HE‘lW(]P’R)
s€(0,T)

s€[0,T)

(H,V)

+ sup ||PI(OS - OLSJT/]W)||£2P(P§V)

-[mmnF< Dllesan | + sup
se(0,

s€[0,T)

+ sup [|PrO;s — O c2o vy
s€[0,T)

Moreover, note that (83) and the fact that || Pr||rmy < 1 yields that

sup (| X2 | ooy

s€(0,T)
< sup /ple(su)AF(XWAﬂ’i/M)du + sup [|[PrOsl|zre @)
s€(0,1) || Jo cre(p;v)  s€(0,7)
<<wp/nw“wmwwmu|w<ﬂwmmmHm+swnaomww>
s€(0,T

s€(0,T)

s€(0,T) sel0,T se(0,T

sup 5p||68A||L(H,V)] [ sup)||F( )Hl;pcp IPH)] [ sup)/ (S—u)pdu] (85)
0

+ sup ||P]OS ||l;p<p(IP;V)

s€(0,T)
T(1-p)
< sup s” ||y | | sup [F(XM) oo i)
(1—0p) 5€(0,T) s€[0,T)

+ sup [|[PrOs]|gre @,y < 00.
s€(0,T)
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Combining this, (84)), and the fact that
‘v’x,y e [O, OO)Z (ZL‘ + y)w/Q < 2max{0,v/2—1}(l,w/2 + yv/2) (86)
with Lemma [£.1] proves that

sup || PrXy — X ooy

te[0,7
2max{07w/2—1}\/W
< sup || Pa\r Xl c2zeevy + sup [[Pr(Os — Oy ) c2e vy
(k—2)c s€(0,T) s€(0,T)

S€[0T) ’ (1 —p— o) Mmin{oe}

3max{1, T(+o=r)
+ sup ||P]OS — OéVLIHEQp(]p.V) + { }
s€(0,T)

sup s” ||eSA||L(H,V)]

1+ sup [V, OMI)||L4W(PR)
s€[0,T)

L:Bp) IE (XM oo oy H)] ) (87)

<1+ sup (| X[ 2 ey + Sup [ PIXGl 20 ey + sup 1120
s€(0,T) s€(0,T) s€[0,T7)

T (1—=p)¢/2

#/2 ®/2
+ m sup s’ ||esA||L(H,V)] [ sup ||[F(xM )||LW(P H)]

s€(0,T)

7

+ sup [P0, ||z/i¢(w>
s€(0,T)

Hence, we obtain that

sup ||PrX; — Xiu’lﬂgp(p;H)
t€[0,T)
3 2max{0 #/2—1} max{l T (3/24+a—p+e/2— P<P/2} /C'ercT

1—p—0" (k= 2)c

sup || P\ 1 Xs|| 220 pyvy
s€(0,T)

+ sup [P0 — Oy )llemean + sup [P0, — OM ||LQP<P;V>+M‘MM}]

s€(0,T) s€[0,7)
(88)
P/2 P2
2+ sup HX ||L/zw P;V) + sup HPIX ||£zw(]pv + sup HXMIHE/W(]}DV
s€(0,T) s€(0,T) s€[0,T)

+ sup ||PIO ||LP<P(]PV)

s€(0,T) s€[0,T)

1+ sup V(&M OMI)||L4W(PR)]

s 1+
-max{l, sup [s” e AIIL(H,V)]( wﬁ)} maX{L sup [|F (XM I)Hglpti/f{)AL ) (P H)}
s€(0,T) s€[0,T)
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In the next step observe that the triangle inequality implies that

sup || X, — X" ooy

te[0,7
< S[Up] [HXt — PrXo||l gy + || PrXe — Xiw’IHm(P;H) + ||Xiw - XtM’IHLP(P;H)}
te[0,T
< sup [|PrX; — X || o
te[0,7
+ ” H sup [HPH\IXtHD’ P;V) +||XMI—XMI||51) IP’V]
veV\{0} [vlv te[0,T]

sup ||Pr Xy — X | ooy + sup || Pana Xl czo ey + 11X —XtM’IHm(P;w]]
te[0,T] t€[0,T7]

-max<q 1, sup M .
vevyfoy llvllv
This, (8])), and Lemma .2 prove that

sup [|.X; — XtM’IHLP(P;H)
t€[0,T]

[3 . gmax{1,¢/2} 4 1] max{l, T(3/2+a—p+w/2—p<p/2)} max{l, W}
<

B min{1, \/(k — 2)c} (1 — p — o) +7? [te[O,T}

+ MM sup (PO = Oy )l ze ey + sup || PO, — tM’IHM(P;V)]
te(0,T) te[0,T)

1+ sup ”X Hz/;v P;V) + sup ”PIX ”z/zio(pv

s€(0,T) s€(0,T)

+ sup HXMIHZ/; @v) T Sup 1PrOs HLW ]P’V)]

s€[0,T) s€(0,T
s 1+
max{l, sup [sp||6 AHL(H,V)}( *9/2)}

14+ sup ||V(XMI OMI)HNW]PR) 07)
se (0,

s€[0,T)

H
-max{l, sup ||F(XMI)||[:1:::/3?4 ©} (P, H)}max{l, sup || H }

5€[0,T) veV\{0} [v]lv

Next note that (83]) and the fact that

Y,y € [0,00): (z+y) T2 < 272(g 1) 4yt
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sup || P\ s X¢|| 20,1

(89)

(91)



ensure that

1+
max{ 1, sup [[F(XMT) H(Lpni/f{zl ¢} (P, H)}

s€[0,T)
(14%/2)
M, 1| (1+¢/2)

< [2 max{1, v} max{l, w2 ||Lp<:1i/2)W,M(W} FIFO)n )

< 210 max{1, CUH} [max{l, Sp 5 st v>} +F©)] 1**””]

< Q.
Combining this with (@0) and the fact that

[3 . gmax{le/2} 1] oHe) < 3. gmax{le/2} (14 1] - 9(1+¢)
e 7 . 2max{1+¢,3¢/2} S 4(2+4P) <93)

completes the proof of Proposition 4.4l O

5 Main result

5.1 Setting

Consider the notation in Section [[1] let (H, (-,-), |- ;) be a separable R-Hilbert space, let H C H
be a non-empty orthonormal basis of H, let T, ¢, ¢ € (0,00), € € [0,1), p € [0,Y/2), v € (p, /2], x €
(0, 0=P)/(14¢/2)] N (0, A=)/ (1+¢)], D C Po(H) \ {0}, po: H — R satisty supj,ey pin < 0, let A: D(A) C
H — H be the linear operator which satisfies that D(A) = {v € H: Y, | (h, v)u|* < co} and
Vv € D(A): Av = 3, cqpnlh,v)g by let (H,, (-, ) m,, ||-||7), 7 € R, be a family of interpolation
spaces associated to —A (cf., e.g., [33, Sectlon 3.7]), let (V. ||-|[v) be an R-Banach space with H, C
V' C H continuously and densely, let ¢, ®: C([0,T], H;) — [0,00) be B(C([0,T], Hy))/B([0, 00))-
measurable functions, let F' € C(V,H), (Pr)iep, € L(H) satisfy for all I € Py(H), v € H,
v,w € Pr(H), z € C([0,T], Hy) that

Pr(u) =Y erlh,u)m h, (v—w,Av+ F(v) — Aw — F(w))g < c|lv — wl||%, (94)
sup ((v, PIF(v+ SL’t)>H1/2 + ¢(z) (v, F(v+24)) i)
t€[0,T] (95)
< ellvllz, + (e + @), + co@)llvlE + (@),
and  [[F(v) = F(w)|[f < cllv—wl|H(1+ [0l + [[w]f), (96)

let (€2, F,P) be a probability space, let X,0:[0,7] x Q@ — V and OM1: [0,T] x Q@ — H;, M € N,
I € D, be stochastic processes with continuous sample paths, let X7 [0, 7] x Q — H,, M € N,
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I € D, be stochastic processes, and assume for all ¢ € [0,T], M € N, I € D that OM1([0,T] x Q) C
P;(H) and

t
IP’(Xt = [P (X,)ds + Ot)
' (97)

t
= P(XtM’I = fP[ e(t_S)A ]].Q M,I
0

(e FXMT Y ds + otva) = 1.
slo/m

||H7+||(9AI’I | ey <(M/T)x} Ls]zyne

Lslyns

5.2 Comments on the setting

The next two results, Lemma 5.1l and Lemma below, disclose a few elementary consequences
of the framework in Section 5.l Proofs of Lemma [5.1] and Lemma, can, e.g., be found in the
extended arXiv version of this article [3, Section 5.2].

Lemma 5.1. Assume the setting in Section 51l and let r € [0,00). Then span(]HI)HT =H,.

Lemma 5.2. Assume the setting in Section[21. Then

(i) we have that span(H) = Urep,m Pr(H),

(i1) we have for all r € [0,00) that U[e'pO(H)P[<H>HT = H,,
(iii) we have for all v,w € Hy that (v —w, Av + F(v) — Aw — F(w))g < c|lv —w||%, and

(iv) we have for all v,w € V that ||F(v) — F(w)||% < cllv — w|)3 (1 + [[v]|f + [|[w]|F).

5.3 On the measurability of a certain function

In our proof of Theorem (the main result of this article) we employ the following well-known
result, Lemma below. Lemma is, e.g., proved as Lemma in the extended arXiv version
of this article [3], Section 5.3].

Lemma 5.3. Consider the notation in Section[L1, let (V,||-|\;) be a separable R-Banach space, let
(W, |-Il) be an R-Banach space with V-C W continuously and densely, let (S,S) be a measurable
space, let s € S, let: V — S be a B(V)/S-measurable function, and let W: W — S be the function
which satisfies for all v € W that

) Yw) rveV
\I]@)_{s cve W\ V. (98)

Then we have that V: W — S is a B(W)/S-measurable function.
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5.4 A priori moment bounds for the numerical approximation

Lemma 5.4. Assume the setting in Section[5 1, let p € [1,00), o € [0,7], and assume that

sup sup sup E[|OP |2, + (0" + [o(OM)]F] < oo, (99)
MEeN I€D t€[0,T]

Then

sup sup sup E[HXtM’IH?g] < 0. (100)
MEN I€D te[0,T]

Proof of Lemma 5.4 Throughout this proof let x € (0,1) be a real number, let XML (0,T] x Q —
Pi(H), M € N, I € D, be the functions which satisfy for all M € N, I € D, t € [0,T] that

t
DM.I _ (t—5)A 19 oM. I M,T
* /0 fre ]1{” L];IJ;/M”HW"'” JLV;J;/M“HWS(M/T)X} F<XL5JT/M) ds + O, (101)
and let C, K € [0, 00| be the extended real numbers given by
ol ™
K =+/cmax{1, sup T (102)
ve(VNH,)\{0} HUHHP

and

C = max{3K2(1 + 2max{0,¢_1})

v ®
I+ sup I ||Hp]’

veH,\{0} ||U||£r7

2
(8K? 4 2||F(0)[|3,) max< 1, su I H( ;!
H ’ P (2+s0) '

veH {0} [|v][ ]

(103)

Note that the fact that H, C H, C V continuously ensures that C, K € [0,00). In the next step
observe that Lemma (.2 (iv)) and the fact that

Vr,y,z €€[0,00): Vr+y+2<Vz+/y++vz (104)

imply for all v,w € H, that

[1F(v) = F(w)l[u < \/ch —wlly, T+ [WlIy + lwl[7)

1/2
U ¥
gﬁ[ sup M] ||v—w||Hp<1+ aup ”V] [nvnffﬁnwnzp]) (105)

wer,\{o} llullm, wer\foy |[ulf

< Kllo = wlla, (14 07 + |l 7).

llv) = (Hy, [[-ll,), Vo) =

Combining this with Lemma 2.4 in Hutzenthaler et al. [18] (with (V]
EZKH C,E—¢/2,Q9:Q07

(Hp, 1la, ), Well-llw) = (H, [[-llm)s OV Al-w) = (L [ m),
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F =H,>v~— F(v) € H in the notation of Lemma 2.4 in Hutzenthaler et al. [18]) implies that for
all u,v € H, we have that

1F ()]} < C'max{1, [[u] i7"} (106)
and
1F(w) = F(v)|3; < Cmax{1, [u]l . Hlu—vl}, + Cllu—l|G7*. (107)

Moreover, observe that the assumption that for all I € Py(H), v € P;(H), w € C([0,T], H;) we
have that

sup (v, PrF (v +wy)) m,y, + ¢(w) (v, F(v+w))p)
t€[0,7] (108)
< ellvll, + (e + d(w))llvliE, , + co(w)vly + P(w)

ensures that for all I € D, v € P/(H), w € C([0,T], P/(H)), t € [0,T] we have that

(v, PrF (v +we))m,, + ¢([0,T] 5 s = wy € Hi)(v, F(v+ we))n
< vl + (£ +0(0,T] 5 s = ws € H))|vll,, +co([0,T] 5 s = ws € ol (109)
+ ®([0,T] > s — ws € Hy).

This together with (I01), (I06]), and (I07) allows us to apply Lemma 1] (with H = H, H = H,
T=T, o=¢p,c=¢, C=C,e=€, k=K p=p,Y=7 X=X, M =M, u=pu A=A,
I =1, P="P, X=[0T] 3t X"Ww e P(H),O =107 >t O"(w) € P(H),
F=PFP(H)>v+— Fw) € H, ¢ =C([0,T], P[(H)) v+ ¢(0,T] >t — v(t) € Hy) € [0,00),
O =C([0,T],Pr(H)) >v+— ®(0,T] 2t — v(t) € H) € [0,00) for [ € D, M € N, w € Q in the
notation of Lemma [2.1]) to obtain that for every M € N, [ € D, w € ) we have that the function
0,7] 5t — XM (w) — 0" (w) € Pi(H) is continuous and that

S (16" (@) = O (W)IFy, , + 18 (@) = O (@)7)
i (QCT) (@(OM’I(W)) | max{l, 9O (W) }C(e+ 1) [max{LT}(Hm)}(W)). o

< —
=P 21— 6)(1 — )c (=)

K

This, in particular, implies for all M € N, I € D that
(25w supyeo 18 () = O (@), € R) € M(F, B(R)). (111)
The assumption that p > 1, the fact that

Va,y€0,00): vr+y <vVr+./y, (112)
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and (II0) hence ensure for all M € N, I € D that

H SUP¢e(o,7] ||/’€'tM7I —- o) I||Hl/2 Hg%(]}n;[@)

i 2cT max 1’ OMJ C Ct+KR max (2+¢) /2
< —eXp(—) (<I>((9M’I)+ {2 fb( )}CA ) [ {lilT—}S)ﬂ@} )
c K (1—¢€)(1—kr)c )
< Vv exp <£)
c K
1/2
) H@((QM,I)” + (H<b((9M,I)HLp(P;R) + 1) C(c+ k) [max{l,T}(H\/a}(zw) (113)
L£r(P;R) 2(1—€)(1 — k) 1-p)
K 1/
< \/—;exp< ) ||(I>((’)]‘”)||L/p(]P)]R

(”¢<OMI)”1/2 1) \/Wexp(%) |:max{1,T}(1+\@):|(1+“’/2) .

FER ) o201 — ) (- 1) (=)

In addition, observe that the fact that for every r € R, I € D we have that P;(H) C H, continuously
and, e.g., Andersson et al. [2, Lemma 2.2] (with Vo = H,, ||'llvy = |I'|lm,., Vi = Pi(H), |||, =
Pi(H) > v ||v]lg € [0,00) for I € D, r € R in the notation of Andersson et al. [2, Lemma 2.2])
prove that for all I € D we have that

B(P/(H))={S eP(P(H)): (3B e B(H,): S=BNP(H))} CB(H,). (114)

The hypothesis that OM7: [0,T] x Q — H;, M € N, I € D, are stochastic processes therefore
demonstrates that for every M € N, I € D we have that X:MI[O,T] x Q — P(H) is a stochastic
process. Combining this with (II4)) shows that for all B € B(H,), t € [0,T], M € N, I € D we
have that

-1

(2300 BN W) e m,) (B) = (23w (W) e HV>I(B N Pi(H))

_ -1 - -1 11
= <Q Sw— XtM’I(w) € PI(H)> (B N PI(H)) = (XtM’I> (B N PI(H)) e F. (115)
—_———
€B(Pr(H))
Hence, we obtain for all t € [0, T], M € N, I € D that
{weQ: M (w) = ftM’I(w)} e F. (116)

The assumption that for every ¢ € [0,7], M € N, I € D we have that

M,I (t—s)A 1 Q M,I mr\
P(Xt /0 Pre H{HXMI ||Hﬂ,+||(9fwjl/ i, <(M/T)x }F<XLSJT/M>dS+ O, ) =1 (117)

Lslynms
therefore implies that for all ¢t € [0,T], M € N, I € D we have that

P(xM =M = 1. (118)
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This and the triangle inequality assure that

M,I oM, I
sup sup sup |4 | e, = sup sup sup | XM e,
MEeN I€D te[0,T] MEeN I€D te[0,T]

< sup sup sup [||2€'tM’I - 0151‘/[7]||£2P(P;Ha) + ||OtMJ||£2P(P;Ho)]
MeN I€D te[0,T]

(119)
< oLy sup sy 1 = O i o
vEH1,\{0} HU”H1/2 MeN IeD / (PR)
+ sup sup sup ||OM Hl;zp(P;Ha).
MEN IeD te[0,T)
The assumption that
sup sup sup E[[|O;" |7 + [@(OM)[7 + [¢(OM )] < oo, (120)
MEN I€D te0,T)
the fact that H., C H, continuously, and (II3) hence prove that
sup sup sup || X" || 2 e, )
MeN I€D te[0,T)
[olla, | | VE T )
< | sup gt I AZ exp( = | sup sup [|9(0M)]| £
vEH1 5 \{0} ||'U||H1/2 \/E MeN IeD (121)
M1y |2 VC(c+ k) exp(%) max{ 1T} (14v3) |14/
+ | sup sup ||¢( )Hm P;R) +1 1—p)
MEN IeD /21 —€)(Yr— 1)
+ sup sup sup ”Ot]VLI”£2p(]P;HU) < 0.
MEN I€D te0,T)
This completes the proof of Lemma [5.4] O

5.5 Main result

Theorem 5.5. Assume the setting in Section[51), let ¥ € (0,00), p € [max{2, e}, 00), 0 € [0,1—p),
and assume that

sup_sup B [|| X |[f1 72 4| Py oy ]
t€l0,T] I€D

+ sup sup sup E“HOMIHH + @(OM 1) + (b(OM I)‘pmax{219,2+<p,(1+¢/2)¢/2} < 0.
MeN I€D te[0,T)

(122)

Then we have

[HXM I||pmax{419 A42¢0, <p(1+¢/2)}j|

(i) that Sup ey SUP ep SUPseo, 1] E < o0 and
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(ii) that there ezists a real number C € (0,00) such that for all M € N, I € D it holds that
1/p .
sup (B[ = 2 5)'" < €| MmO 4 )40y = B
telo,T

l/gp
+ sup (B[~ POOI? + 1710 = O + P10 = Ot )I]) ™ |

t€[0,T]

(123)

Proof of Theorem[2.4. Throughout this proof let x € (2,00) be a real number, let (B;)repm C
()

L(H) be the linear operators which satisfy for all I € P(H), v € H that
Bi(v) = (h,v)uh, (124)
hel

let V: V x V — [0,00) be the function which satisfies for all v, w € V' that

(lollm, + lwllm)>  : (v,w) € H, x H,

0 D (v,w) e (VxV)\ (H, x Hy), (125)

V(v,w) = {

let XM [0,T] x Q — H, M € N, I € D, be the functions which satisfy for all M € N, I € D,
t €0, 7] that

t
oM,I _ (t—s)A Q > M, 1 M,I
let 2 C Q be the set given by
Q={¥te[0,T]: X, = [y I*F(X,)ds + O;} (127)
—{Vte ] @ Xt f@tSAF<Xs)dS+Ot},

and let X:[0,7) xQ =V and O: [0,T] x Q@ — V be the functions which satisfy for all ¢ € [0, T]
that X; = Xtﬂg and

O, = 0,12 — M (=94 (0) ds] Lo = Oilg + A (Idy — ) F(0) 15 - (128)

Observe that for all I € Py(H) C P(H) we have that

PBr="r and Puys = ldg — Pr. (129)

Next note that the fact that H; C H., continuously and, e.g., Andersson et al. [2, Lemma 2.2] (with
Vo =H,y, ||'llve = I, Vi = Hy, |||lvi = |||, in the notation of Andersson et al. [2, Lemma 2.2])
ensure that

B(H,)={S e€P(H): (3Be€B(H,): S=BNH,)}CB(H,). (130)
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The hypothesis that OM1: [0,T] x Q — H,, M € N, I € D, are stochastic processes therefore
demonstrates that for every M € N, I € D we have that X M, :10,T] x Q@ — H, is a stochastic
process. Hence, we obtain for all t € [0,T], M € N, I € D that

{weQ: M (W) =" (w)} eF. (131)
The assumption that for every ¢ € [0,7], M € N, I € D we have that
t
M, _ (t—s)A 1 Q M,I MIY\ _
P(Xt = /0 Pre H{HXMI ||Hﬂ,+||(9fwjl/ i, <(M/T)x }F(XLSJT/M) ds + Ot ) =1 (132)

Lslrym

therefore implies that for all ¢t € [0,T], M € N, I € D we have that
P(xM = xM) = 1. (133)
Combining this and the assumption that

sup sup sup E[[[|O |7, + ®@(OMT) 4+ g(OM)[preaxtZ2eltello] < oo (134)
MeN I€D te[0,T)

with Lemma [5.4] demonstrates that

P

sup sup sup ||X; |lﬁpmax{m,“zw,@(lw/z)}(P;HV)

MeN I€D te[0,T) (135)

M,I

= sup sup sup ||X; |]l;pmax{419,4+2¢,¢(1+<p/2)}(P;HV) < 00.
MeN I€D te[0,T]

This establishes (). Moreover, note that the assumption that V¢ € [0, T]: P(X; = fot e=9AF(X,) ds
+0,) = 1 yields that P(Q) = 1. Hence, we obtain for all ¢ € [0, 7] that P(X, = X;) > P(Q) = 1.

|:||Xt||p(1+<ﬂ/2) max{2,<p}}

Combining this with the assumption that supcjo 7 E < oo ensures that

Sup ||Xt||£p(l+%’/2) max{2,¢} (]P) V) — Sup ||Xt||£p(1+99/2) max{2,p} (]P) V) < Q. (136)
te[0,T] t€[0,T7]

Furthermore, observe that the fact that

Vit € [0,00),r € [0,1]: [[(—tA)" €|y < 1, (137)
the triangle inequality, and Lemma (ix)) show for all ¢t € (0,T] that
AR 5
/ (=AY () pomte o
< /0 (t = 5)" " [IF(X,) = FO)l otz + | FO)]1] ds (138)

t
< [e=97e | Vers (e 1507

L£pmax{2,0}(P;R)

T HF<0>HH} ds

t
_ 1+
< /o (t—s)~*o \/_ (HX | cpmaxtz.e B,y + 1X, [ ffwm)maxm w}(Pv) + HF(O)HH} ds
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Inequality (I36]) hence implies for all ¢ € (0, 7] that

/ H p+g elt— s)AF( )Hﬁpmaxpw}(PH)dS

< / (t =)0 [2vemax{ 1 Xl 0 o ey § + IF(O) 1] ds

¢
(1 _
< 2fmax{1 sup, I X, IIEJI”K?/Q)%XM(W)}+||F(0)||H U (t—s) ds]
s€ 0
i T(1=p—0)
1+
S 2\/EmaX ? Sup ||X ||i:p(f—{i/2)rxxax{2 cp}(]Pu V) + ||F(0)||H — < Q.
i se(0.T (1—p—0)

This and the fact that .
Vte[0,T]: X, = / IR(X,) ds + O,
0

prove that
t:%l; 1X; = Oull gomacee 2} (PHpy o))
(t—s)A
< t:%% (/ ||6 F )||£pmax{2 (p}(]P) H(p+g)) ds) < OQ.

In addition, observe that the triangle inequality assures for all I € D that

sup || P s Xl czory < sup [”mH\I(Xt — O)) || 2o vy + HmH\IOt”LQP(]P’;V)]
+€[0,7] te[0,T]

v .
< sup m sup ”mH\I(Xt Ot)”EQP(IP’;Hp)
et oy 0]l | | eero)

+ sup | B0l 2 vy
t€[0,T]

| s I Ay B (- ) (S, — Ol
e\ oy 0]l | | eero)

+ sup ||§BH\IOt||L2P P;V)-
te[0,T

The fact that
VIePH): || Bl <1
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(139)

(140)

(141)

(142)

(143)



hence guarantees for all I € D that

t€[0,T]

< | sup

te[0,7

<

lvflv

e\ oy [Vlla, | | eepo)

+ sup ||‘BH\IOt||L2P(P;V)

[v]lv

| veH,\{0} ||U||Hp_ | t€[0,7]

sup H(‘BH\IXt HLQP(IP;V)
T

sup [P s (Xe — Ol 2o sty ) | 1(—=A) 7 Bens | iy

sup || Xy — Oillc2eimr,, ) | 1(=A)" Pzl o)

=+ sup ”mH\IOtHLQP(]P’;V)-

t€[0,T]

Furthermore, observe that the triangle inequality, the fact that

VIePyH): || Prllom <1,

the fact that H,,,) € V continuously, the fact that

the assumption that

and (I41)) imply that

sup sup || PrXyl| greev)
te[0,T] I€D

Vte[0,T]): P(O, =0, >P(Q) =1,

sup sup E[||PrOy|[77] < oo,
tel0,T) I€D

< sup sup ||P X, — PIOtHEW(p;V) + sup sup ||P[O~t||£p<p(]P>;V)

<

<

te[0,T] I€D

p
_vGH(p+Q)\{0} ”U HH(HQ) |

el
p

_vGH(p+Q)\{0} ”U HH(HQ) |

t€l0,T] I€D

sup sup | Pr(X; — O)|| coece.nr
_te[O,T} IeD

(/Jﬂ?))

t€l0,T] I€D

+ sup sup || PrO¢|| zre @,y < 00.
t€l0,T] I€D

sup [|X; = Ol coee.n
_tG[O,T} t tll.Lre( (p+g))

In the next step we note that the hypothesis that H, C V' continuously and the fact that

Vit € [0,00),r € [0,1]: [|(—tA) || pm) < 1
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+ sup sup ||PIOt||LW(IP;V)

(144)

(145)

(146)

(147)

(148)

(149)



ensure that

tP||et4v
sup e sy = sup sup |
te(0,T) te(0,T) ve H\{0} [v][
< | sup [v]lv sup sup [(—tA)Pe vl n
~ |ven,\{0} ”UHHp te(0,T) ve H\{0} vl
]| 30
v
= | sup | sup [[(—tA) e | Loy
e \{oy Ivlla, | |
< sup M < Q.
= veroy 1vlla, |

Moreover, observe that, e.g., Lemmab.3l (with V = H, xH,, W =V xV, S =1[0,00), S = B([0, >0)),
s=0,¢=H,xH,> v,w)~ (|v|m, +|w]m,)" €[0,00), ¥ =1V in the notation of Lemma [.3)
establishes that

Ve M(B(V xV),B([0,))). (151)

The fact that V¢ € [0,T]: X, = f (t=9)A [ (X,) ds+O,, (I26), (I50), Lemmal5.2 (), Lemmal5.2 (),
and, e.g., Andersson et al. [2 Lemma 2.2] hence allow us to apply Proposition @4 (with H = H,
H=HT=T c=c¢eo=¢p,C=¢,D=D,p=pA=AV=VV=VF=F
(PJ)JEP( H) - L(H) (q:;J)JEP( M) - L(H)7 (Q"F’ P) - (Q"F’ P)? Xt(w) - Xt(w)’ Ot(w) = Ot(w)a
X M(w) = fy PR (@) ds + Pr(O(w)), KM (w) = M (w), 0% (w) = 0" (w),
oz—ﬁx, p=p, 0= 0 K=K, p—p,M:M,I:IforMEN,IGD,tG[O,T],wEQinthe
notation of Proposition [4.4]) to obtain that for all M € N, I € D we have that

sup || Xy — XM || cogesary
t€[0,T]
4(2+<p) max{l T(3/2+79X*P+‘P/2*W/2)} max{l C(1+<P/4)}1 / ercT [
< Y Y

= min{1, m} (1—p-— Q)(1+<P/2)

~ ~ v
+ sup [|[Pr(Or = Opypp ) c2e vy + SUP 1P1O; = O}|| c2npyy | maxq 1, sup ol
te(0,T) te[o0,T veV\{0} [v]lv

sup ||§BH\IXt||L21’(PV + M min{dx,e}
te[0,T)

- |1+ sup ||X ||z/z72<p P;V) + sup ||PIX8||Z/;v(]P;V)+ sup ||XMI||z/zio(]pv + sup ||PIO Hz/zio(]p\/]
s€(0,T) s€(0,T) s€f0,T s€(0,T

s 1+
-1 + sup ||V(XMI OMI)||L41719X ]P’]R)] maX{l, sup [spHe AHL(H,V)]( ‘P/2)}
s€[0,T) s€(0,1)

1+ 1+
-nm{L3£HMWﬂmﬁxmwwv}+wwm;W1.
se

(152)
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The fact that V¢ € [0,7]: P(X, = X;) > P(Q) = 1, the fact that Vt € [0,T]: P(O, = O;) > P(Q) =
1, and (I25) hence prove that for all M € N, I € D we have that

sup [|X; — XM ooy = sup || Xy — M| ooy
te[0,T] t€[0,T]

4@+ max {1, TC+IX-pHe/2-09/2) ) max (1, (1490 /eneT [
< Y Y

- win{1, /e (v =2} (1= p— o))

v
+ sup ||P](Ot—OLtJTﬂM)HEQp(]PJ;V) sup | POy — If]MJHEQp(]p;V) maxy{ 1, sup vl
te(0,T) te[o,T veV\{0} [vllv

sup ||§BH\IXt||£2P(]P’ V) + M min{dx,0}
t€[0,T

L s 1Ky + s P + sup ||XMI||2/§¢(PV + sup (17O, ||zéfm]
s€(0,T) s€(0,T) s€l0,T s€(0,T

~ 9 S 1
1 —+ sup {HXSM’IHI 4p19(P>;H,Y) ||O£\J7I||L490(P;HW)} ] InaX{l, su [SPHG AHL(H, ):|( ‘P/Q)}
s€[0,T) se((),pT) Vv

1+ 1+
- max{l, sup ||XMI||EP(£/5/QJW{4mm}+||F<o>||$q *”/”].

s€[0,T)
(153)
The fact that B
YMeN,IeD,tel0,T]: P& =xM") =1, (154)
the fact that ~ .
Vit e[0,T]: P(O, = O) >P(Q) =1, (155)

the fact that VI € D: ||Py||pmy < 1, (I44), and (I50) therefore assure that for all M € N, I € D
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we have that
sup || Xy — XM ooy = sup [|Xe — &M o)
te[0,7] t€[0,T)
4(2+50) max{l T(3/2+19X—p+¥’/2—ﬁ9’/2)} max{l C(1+¢/4)}\/QHCT
< ) b
N min{1, /¢ (k= 2)} (1 — p— )T

+ s[up} ||Xt — Ot||£2p(]P>;H(p+g)) ||(—A)_9‘BH\I||L(H) + M~ min{dx.e}
te[0,T

sup [P\ rO¢|| 20 vy
t€[0,7)

T+ sup PO — Oyl + sup [P0 — OM oy | mad 1, sup 1202
te(0,T) te[0,T] veV\{0} [vllv

1+ sup ||X ||z/z>2so(]pv + sup ||PIX ||z/pio(pv + sup HXMIHZ/ZO(P;H)+ sup || PrO; Hz/ria ]P’V]

s€(0,T) s€(0,T) s€[0,T) s€(0,T)
_ v M, I M, I v ||v||v1+(p/2) o
1+ sup {H‘Xs 7 ||£4P‘9(]P’;H ) + ||Os 7 ||£4P‘9(]P’;H )} maxq 1, sup
s€[0,T) K K veH,\{0} HUHE%W/Q)QWM
_ oA (/2] (14972 ol
+ [maxq 1, sup [[A maxeorpry (T IE (O | maxq 1, sup T—re—r o
i se0.T) LR menllr) (i) ver\o} [[u] 7
(156)
The fact that H, C H, CV C H continuously, (I353]), (I36]), (I41]), (I4]), and the fact that
sup sup sup [0 || cwoea,) + | PrO| oo ey < o0 (157)
MeN I€D te[0,T)
therefore establish (). The proof of Theorem is thus completed. O

Corollary 5.6. Assume the setting in Section[21), let § € [0,00), ¥ € (0,00), p € [max{2,1/},0),
0 € [0,1—p), and assume that

1 max{2,
sup B [[| 3|7/ o]
te[0,7)

L )
+supsup sup (3] (BP0 = Oy 1) + (E[IP0: - 0t o =T L)

MeN I€D te[0,T]

+ sup sup sup EDHOMIHH +(I)<OM1) —|—¢((’)MI ’pmaX{21972+go,(1+w/2)v/2}} < 00,
MEeN IeD t€[0,T)

(158)
Then we have

[H XtM’I "p}{max{479,4+2<p,<p(1+¢/2)}}

(i) that sup ey SUPrep SUPepo. ) E < oo and
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(ii) that there ezists a real number C € (0,00) such that for all M € N, I € D it holds that

1/p
sup (B[, — 1))

t€[0,T]

(159)
<C [M min{Pe 8t || (—A)~2(Idy — Pr)| oo + S[up] |(Idzr — Pr)O¢|| 20 vy
t€[0,T

Proof of Corollary[5.8. Note that the triangle inequality, (I58]), and the fact that H, C V' continu-
ously yield that

sup sup ||P;Os| ooy < sup sup sup [||[PrOs — OX | coe vy + |OX || oo o]
1€D se(0,T) MeN I€D se(0,T)

< sup sup sup |[[P/O, — Oé\/[’IHEW(P;V)
MEeN Ie€D se(0,T) (160)

L el
p

+
veH,\{0} ||U||Hw

[sup sup sup [0 ’IIILW(P;HV)] < 00
MeN I€D se(0,T)

This together with (I58) allows us to apply Theorem to obtain that (i) holds and that there
exists a real number K € (0, 00) such that for all M € N, I € D we have that

sup || Xe — &M ooy < K(M mintiel (= A)~(Idy — P)l|am

t€(0,T] (161)
+ hd |(1dr — Pr)Oil cavevy + |1PrO: — O || con ey + || Pr(O; — OLtJT/M)Hw(P;w] )
Hence, we obtain that for all M € N, I € D we have that
S 1% - X eoemy
< K<M‘min{’9x’g} + [(=A)~¢(Idg — Pr)l|nemy + Sup [(Ide — Pr)O| 2o e,y (162)

te[0,7

+ M—0 { Sup <M0 [||PIOt - OtJWJH,C?P(]P’;V) + ||P](Ot - OUJT/M)||£2P(P§V):|> } ) .
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This implies that for all M € N, I € D we have that

sup || Xe — X" ooy
t€[0,T

< K<M_minwx’g’6} + [(=A)"°(dy — Pr)|lmy + sup [[(Idy — Pr)Oy| c2e ey
t€[0,T

+ M—min{ﬁX&yg} { Sup} (MG |:||PIOt — Oé‘d’l||ﬁgp(ﬂm;v) + ||PI(Ot — OLtJT/AI)||£2p(P§V):|> } ) (163)

telo, T

=K <||(—A)_Q(IdH — Pp)lloiy + sup [|(Idi — Pr)Oy cangevy + M~

te[0,7

: {1+ sup (MG [HPIOt ]‘/II||£2P1P’V)+ HPI( OUJT/JVI)HEQP(P;V)})})'

te[0,7
Therefore, we obtain that for all M € N, I € D we have that

sup [|X; — XtM’IHLP(P;H)
te[0,7

te(0,T

< K(H(_A)_Q(IdH — Pl + up |(dg — PO g2y + M~ ™n0x00}

NeN JeD tg[0,T

<K

1 4 sup sup sup (NG |:||PJ(Ot — OLtJT/N)HL%(]P’;V) + || P;O, — O£V7J||L2P(P;V)]>]
NeN JeD t€[0,T)

' [M_minwx’g’g} + I(=A)"¢(Idg — Pr)||oy + sup |[(Idg — Pr)Oyl| 22 Pv] :

t€(0,T)

Combining this with (I58)) establishes (). The proof of Corollary [.6]is thus completed. O

6 Stochastic Allen-Cahn equations

6.1 Setting

Consider the notation in Section [ T] let T, v € (0, 00), ag, a1, a2 € R, ag € (—00,0], (H, (-, ) u, ||-[|x)
= (LQ()\(O,l);R)a () '>L2()\(0’1);R)7 H'”LQ(A(OJ);R))a (en)nen € H, F: LG()\(O,l);R) — H, (Py)nen € L(H)
satisfy for all n € N, v € L5(X\p1);R) that a, ]l]fo}(ag) =0, e, = [(\/§sin(mm))xe(ovl)],\(o’l),g([@),
F(v) =Yg axv®, Pu(v) = 320 (e, ) ex, let A: D(A) € H — H be the Laplacian with Dirichlet
boundary conditions on H times the real number v, let (H,, (-, u,,||'||5,.), € R, be a family of
interpolation spaces associated to —A (cf., e.g., [33, Section 3.7]), let (2, F,P) be a probability
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space, let (W), be an Idg-cylindrical Wiener process, and let (-): {['U])\(OJ),B(]R) € H: (v e

C((0,1),R) is a uniformly continuous function)} — C((0,1),R) be the function which satisfies for
all uniformly continuous functions v: (0,1) — R that [v]y, ;5@ = v

6.2 Properties of the nonlinearities of stochastic Allen-Cahn equations

Lemma 6.1. Assume the setting in Section[6.1 and let € € (0,1), ¢ € [22 max{%, las|}, 00).
{0}

Then there exists a real number C' € (0,00) such that for all N € N, vee Py(H), w e C([0,T], Hy),
t €[0,T] we have that
(v, P (0 + w)biny, + c[5baciom 10allin s + 1] (0 Fw + w0
< elloll, + (Jor] + s ) el
e 5UPepory s g ) + 1] (Jaol + 252 ) ol

+ C[Supse[O,T] ||w8||8L°°()\(0’1);R) + 1]'

©0,1):R

(165)

A proof of Lemma can, e.g., be found in the extended arXiv version of this article [3|
Section 6.2]. The next elementary lemma, Lemma below, establishes a local Lipschitz estimate
for the nonlinearity F' in Section Lemma [6.2]is a slightly modified version of Lemma 6.8 in [5].
A proof of Lemmal[6.2] can, e.g., be found in the extended arXiv version of this article [3], Section 6.2].

Lemma 6.2. Assume the setting in Section (6.1 and let g € [6,00), v,w € LI(A@,); R). Then

2
I1F(v) = F(w)|% < 36 [jerﬂ%};} |aj|] v — w”%ﬂ()\(o’l);R) <1 + ||'U||iq(>\(0’1);]R) + ||w||iq(A(0,1);R)> . (166)

6.3 Properties of linear stochastic heat equations

In this subsection we present a few elementary regularity and approximation results for linear
stochastic heat equations; see Lemmas and Corollary below. Similar regularity and
approximation results for linear stochastic heat equations can, e.g., be found in Hutzenthaler et
al. [I8, Lemma 5.6, Corollary 5.8, and Lemma 5.9]. Proofs of Lemmas and Corollary
can, e.g., be found in the extended arXiv version of this article [3, Section 6.3].

Lemma 6.3. Assume the setting in Section[6. 1, let v € [0,/4), B € (Y4, 2—~), B€ HS(H,H_p),
and let p: [0, T) — [0,T] be a B([0,T])/B([0, T])-measurable function which satisfies for allt € [0, T]
that p(t) < t. Then there exists an up to indistinguishability unique stochastic process O: [0,T] x
Q — H, with continuous sample paths which satisfies for all t € [0,T] that

¢
[O4le,5(m1) :/ elt=eAR qy,. (167)

0
Lemma 6.4. Assume the setting in Section [6.1] and let p,q € [2,00), 6 € [/a — Y/2q,1/4), € €

LP(IP; Hyg). Then there exists a stochastic process O: [0,T] x Q — Li(Ag1); R) with continuous
sample paths which satisfies
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(i) that for all t € [0,T] we have that [0y — e"*¢]p gy = fot =94 dW, and

(ii) that
(HPN(Ot - Os)”ﬁp(P;Lq(A(o,l);R)>)
sup sup 7
NEN 0<s<t<T (t—s) (168)
+sup sup (N29 10, — PNOt||LP(]P;L‘1()\(O’1);R))) < 0.
NeN te[0,T]

Lemma 6.5. Assume the setting in Section[G.1 and let p € [2,00), 0 € [0,/4), & € LP(IP; Hy). Then
there erist stochastic processes OMN: [0, T] x Q — Py(H), M, N € N, with continuous sample
paths which satisfy

(i) that for allt € [0,T], M,N € N we have that [0} — Prne'Aelp sy = fot Pyelt=lslmpn)A quy7
and
(i) that Sup.,c(o o) SUP s, NeN SUPse[o,7] IE[H(’),{WNH%J < 00.

Lemma 6.6. Assume the setting in Section [, let p € [1,00), & € Upc(iya,o)LP(P; H,), and let
OMN. 10, T) x Q — Py(H), M, N €N, be stochastic processes with continuous sample paths which
satisfy for all M, N € N, t € [0,T] that

t
(O} — Pyet€]e s :/ Pyet=lslmoA gy (169)
0
Then
M,N p
0 Espreio 11108 e o] < 00 (170)

Lemma 6.7. Assume the setting in Section [61, let p,q € [2,00), & € LP(P; LI(Ap1);R)), 0 €
0,1/4), and let O: [0,T] x Q — Li(Ao1);R) and OMN:[0,T] x Q@ — Py(H), M,N € N, be
stochastic processes which satisfy for allt € [0,T], M,N € N that [O; — e"*&Jp gy = fg et=94 q1y,
and [0} — Prne'A€lp ) = fot Pyelt=sltn)A gy Then we have that

l/p
sup sup} [M(’ (E[HPNOt - O%Nniq(/\(o,l);R)D ] < 0. (171)

M,NeN+t€[0,T

Corollary 6.8. Assume the setting in Section and let p,q € [2,00), 0 € [Ya — Y)2q,1/4), £ €
Ure(1/a,00)n20,00) L7 (P; Hy).  Then there exist stochastic processes O: [0,T] x  — Li(A1);R) and
OMN 10, T) x Q — Py(H), M, N € N, with continuous sample paths which satisfy

(i) that for allt € [0, T) we have that [O; — e A&]p gy = fot et=94 W,

(i) that for all M, N € N, t € [0,T] we have that [O}"" — Pye'A&lp gy = fg Prelt=lslmm)A g/,
and
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(111) that for all v € [0,20] N [0,Y/4) we have that

p
M,N
sup — sup [Me (E[”PN<Ot - OUJT/AI)”I[)}I()\(OJ);R) + [[PnO: — O HLQ(A(O 1 R)}) :|

M,NeN te[0,T]
l/p
+ sup sup E[HOtMNH%J + sup sup N29<E[||Ot PnO[7q (o R)D (172)
M,NEN ¢€[0,T] NeN t€[0,T] (0.1)3

MNHp

+ sup E[supteOT |O < 00.
M,N

oo )\(0 13 R)]

6.4 Strong convergence rates for numerical approximations of stochas-
tic Allen-Cahn equations

Lemma 6.9. Assume the setting in Section [0 1, let p € [2,00), ¥ € (0,00), 0 € [Y6,1/4), v €
(Y6, 1/4), x € (0,73 — /18], € € Upe(/s,c0inn,00) L P> EIN(P; H,), let X [0,T] x Q= LS(A\1); R)
be a stochastic process with continuous sample paths which satisfies for all t € [0,T] that [X; —

e — f (=)AR(X,) ds]p sy = ft (t=5)A Q. and SUD (0,7 E[||X, ”}3267)\(0,1);]1%)} < o0, and let

XMN0,T) x Q2 — Hy, M,N €N, and O™V [0,T] x Q — Py(H), M,N €N, be stochastic pro-
cesses which satisfy for all M,N €N, t € [0,T] that [0} — Pxet€]p sy = fot Pyelt=slmn)A gy,
and

P(XtM7N:ftPN6(t s)A 19 M,N

F(X
0 U s n (

ds +0MN) —1.  (173)

ey HIOGY Iy <(M/T)X} LSJT/M)

Lslaynr

Then we have

[||XMN||4pmaX{3 19}}

(i) that sup; nen SUDseqo 1] < o0 and

(i1) that there exists a real number C € R such that for all M, N € N we have that

1/p .
SBPT] (E[”Xt . XtMJV”%}) S C<M7m1n{z9x,€} + N72€). (174)
t€|0,

Proof of Lemma[G:9. Throughout this proof let (V,[|-lv) = (L°(A0,1); R), [|llzs (r 1)) and let € €
(0,1), C' € [32/e max{laz| /(\a3\+11{0}(a3)), las|}, 00) be real numbers. Note that, e.g., [5, Lemma 6.7]
proves that for all v,w € L'®(\1);R) with v —w € H; we have that

(v—w,A(v —w) + F(v) — F(w))y

2 2 (175)
< 2max{1, /(a3+1{0}(a3))}max{1,k1§?§} [klax|] } v —w||%.
The fact that H; C L'(Xo,1); R) therefore implies that for all v, w € H; we have that
(v—w,Av+ F(v) — Aw — F(w))y
(176)

< 2max{l, 1/(a3+]1{0}(a3))}max{1,kren{zi>§} [k:|ak|}2} v — w||%.
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Combining this, Lemmal6.1] (with € = €, ¢ = C in the notation of Lemmal6.T]) and Lemmal6.2lensures
that there exit a real number ¢ € (0, 00) such that for all N € N, v,w € Py(H), x € C([0,T], Hy),
t € [0,T] we have that

(v—w,Av+ F(v) — Aw — F(w))g < ch—waq, (177)
(v, PNF(v+ :L‘t)>H1/2 +C

SUD (|| (3 0wy + 1| (0, F(v+ 20))

s€[0,T7]
< ellvlly, +cllvll,, +cC | sup |zl m + 1| 1% (178)
s€[0,T7]
+c SEEPT] ]| Z00 (.0 2) T 1
and
IF(v) = Fw)lf < cllo—wlf (1+ o]y + wly). (179)

Moreover, note that Corollary (with p = 16pmax{3,9}, ¢ = 6, § = 0, £ = £ in the notation of
Corollary [6.8) and the fact that 26 > ~ imply that there exist stochastic processes O: [0, 7] xQ — V
and OMN: [0, T] x Q — Py(H), M, N € N, with continuous sample paths which satisfy that

AM,N
sup — sup (MGH | Pn(Oy — tJT/M)”V + [ PvO; — O; HVHzlepmax{s,v}(P-R)>
M,NeN te[o,T] ’

M,N 20 B
+MSt]$fe>Nti[%pT 110" | a2, + N?||O; PNOtHvHﬁmpmax{s,g}(mm (180)

o [supie o, 711108 (30,12 | 16 masts.on oy < 0

that for all ¢ € [0,7] we have that
[0; — €z sy = [y =94 W, (181)
and that for all ¢ € [0,T], M, N € N we have that
(O — Py e &lp s = [ Pr et llmoA g, (182)

Observe that (IRI) and the fact that ¥Vt € [0,T], ¥V M, N € N: P(OMY = OM") = 1 guarantee for
all t € [0,T], M, N € N that

IP’(Xt . e(t_S)AF(XS) ds + Ot>

A1 FXMN Y ds + OM vN) (183)
slo/m

Ls] /M

i, o <(M/TYX}

+o LSJT/M
=1.
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Combining (I77)-({I79) and (I80)-(I83) allows us to apply Corollary (with H = H, H =
{ex: keN} T =T, c=c,o=4e=¢,p=Ys,v=7, x=x, D ={{e1}. {e1, e}, {e1,e2,e3},...},
plen) = —vm®N*, A = A, H, = H,, V=V, F=F, ¢ =C(0,T], H)) > w  Clsup,cor
Hwt”iw()\(o’l);ﬂk) + 1] S [07 00)7 ¢ = C([OuT]aHl) > w C[SuptE[O,T] Hwt”%w()\(o’l);ﬂ%) + 1] € [07 00)7
Pley e ent (V) = 2iy{en v)mex, (2, F,P) = (@, F,P), X = X, O = O, OMevezent — [0, 7] x
Q35 (w,t) = OMN(w) e Hy, xMAeverent — YMN g—9 9= p=p o=0for NeN, reR,
v € H in the notation of Corollary [5.6]) to obtain that () holds and that there exists a real number
K € (0,00) such that for all M, N € N we have that

sup ||.X; — XtMW”E"(P;H)

t€[0,T]
. (184)
<K [M MO (= A) (g — Pyl + sup, 10: — PNOtHM(P;V)] -
te[0,T
The fact that
VN € N: ||[(—A)(Idy — Pyl = (vr?(N +1)%)7° (185)
hence yields that for all M, N € N we have that
sup || X; — XtM7NHU’(1P’;H)
te[0,7)
| in{9x,0} 20 N 20
< K | M7mmex N~ N0y — PnOy|| 20 (-
- + Vm20(N 4 1) —i—tsgg] [ 1O WOc2 (P’V)}
i . 1 (186)
S K Mfmm{ﬂx,@} +N720 + sup [N2€”Ot . PNOt”E%’(]P*V)}
i V920 te[0,T] 7
1 .
< Kmax{l, ) + sup [N20H0t — PNOtHLQP(]P’;V)] } [Mi min{dx,0} —+ N72€] .
4 te[0,T]
Combining this with (I80) completes the proof of Lemma O

Corollary 6.10. Assume the setting in Section [, let & € Npepo)LP(P; Huip), v € (Y6,1/4),
x € (0,73 — 18], and let XMV [0,T] x Q@ — Py(H), M,N € N, and OMY:[0,T] x Q —
Pn(H), M,N € N, be stochastic processes which satisfy for all M, N € N, t € [0,T] that [qu’N —
Pre e gy = [, Pyet BI04 dw, and

P<XtM,N _ fOt Pyet=9412

e FXMN Y s 4 (93”) 1. (187)
sloym

ey HNIOTY -l <(M/T)X} LsJaynr

Lslaym
Then
(i) we have that there exists an up to indistinguishability unique stochastic process X : [0, T] x Q2 —

0,
LG()\(OJ);R) with continuous sample paths which satisfies for all t € [0,T], p € (0,00) that
supse[O,T]E[HXSHZG(,\W);R)] < 00 and

(X — e = [ UIE(X,) ds]p gy = Jo €404 dW, (188)

H)
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(ii) we have for all p € (0,00) that SUP,¢(_ o~ SUP A NeN SUDse(0,7] E[HXtM’NH%J < 00, and

(111) we have for all p € (0,00), r € [0,1/4) that there exists a real number C € R such that for all
M, N € N it holds that

l/p
swp (E[1X, — M N|f5]) " < oa 4 N, (189)

t€[0,T]

Proof of Corollary[6.10. Note that under the assumptions of Corollary it is well known (cf.,
e.g., [26] Theorem 3.4.1 (ii) in Section 3.4, Lemma 2.4.2 in Section 2, and Definition 2.7 in Section 2],
[19, Lemma 28 in Section 3.2, Lemma (6.2, the hypothesis that £ € Nper,00)LP(P; Hipy), and [11
(A.46) in Section A.5.2]) that there exist stochastic processes X,: [0,7] x @ — Li(A\o1);R), ¢ €
{6,7,8,...}, with continuous sample paths which satisfy for all ¢t € [0,T], ¢ € {6,7,8,...} that
SUPselo,1] [HXq 8” 01);]1@)} < 0o and

[Xy0 — e — [Tet94F(X, ) ds] = [o et g, (190)

P,B(H)
Combining this with (I87)), the assumption that f € Mpeft,00)LP(P; Hipp), and, e.g., Lemma 2.2 in
Andersson et al. [2] allows us to apply Lemma 6.9 (withp=p, 9 =9, 0 =r, (=&, v=7, x = X,
X =[0,T] x Q3 (t,w) = X, (w) € LA R), XN =[0,T] x Q > (t,w) — XMN(W) cH,
OMN = OMN for p € {6,7,8,...}, ¥ € [/x,00), 7 € [f6,1/a), M, N € N in the notation of
Lemma [6.9) to obtain that there exists a function C': [2,00) X [l/6,1/4) — R such that for all
pe{6,7,8,...}, r€[Ys /1), M, N € N we have that

s[up] HXp,t - XtM7N||£P(1P’;H) < CPJ’(M_T + N_QT)' (191)
te[0,T

Next observe that the triangle inequality ensures that for all py,ps € {6,7,8,...} with p; < py we
have that

Sup HXpl t— ng,t”ﬁpl(JP;H)

t€[0,T)

= limsup limsup sup Hth XM’N+XtM’N Xp%t”ﬁpl(P;H) (192)
M—oo  N—oo t€]0,T]

< limsup limsup sup [I!th MM er ey + 1 Ko = XN | em ey | -

M—oo  N—oo t€]0,T]

Holder’s inequality and (I91)) hence prove that for all py,ps € {6,7,8,...}, 7 € (Y6, /1) with p; < po
we have that

SUP ” 1t ng,tHﬁm (P;H)
tel0,T
< limsuplimsup sup [HXPM - XtM’Nngm(P;H) + |1 Xt — XtM’NHLPQ(]P;H)] (193)

M—oo N—oo t€[0,T]
< Gy, limsup limsup [M~" 4+ N~*"] + Cp, llm sup limsup [M ™" + N~ = 0.

M—oo N—oo —00  N—oo
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This implies that for all ¢1, ¢ € {6,7,8,...}, t € [0,T] we have that

P(Xy: = Xgi) = 1. (194)
In the next step let Q2 C Q be the set given by

Q={weQ: (Va,ge{6.7,8,...},t€[0,T]: X4 () = Xp.(w))} (195)

and let X: [0,T] x © — L(A0,1); R) be the function which satisfies for all ¢ € [0,T],w € § that

B Xei(w) 1we
Xilw) = {O cwe N\ (196)

Note that the fact that every ¢ € {6,7,8,...} we have that X,: [0,7] x Q — LI(A\g1);R) has
continuous sample paths shows that

QO={weQ: (Va.¢€{6,7,8,.. },t € [0,T]NQ: Xy, 1(w) = Xpp1(w)) } (197)
= Ngygsefo.rs..3 Dhenr1no { Xor (W) = Xop e (w) }-
Combining this with (I94]) ensures that that
QeF and P(Q) =1 (198)

Next observe that the fact that X: [0,7] x Q — L%(X0,1); R) has continuous sample paths demon-
strates that X has continuous sample paths. Moreover, note that (I95), (I96), and (I98)) ensure
that for all ¢ € {6,7,8, ...} we have that

P(Vte[0,T]: X0 =X,) = 1. (199)

Combining this with (I90) demonstrates that for all ¢ € [0, 7], p € (0,00) we have that

p
82}32«]E[”XS”LG(A(OJ);R)] < 0o (200)
and
[X; — ¢ — fot =4 F(X,) ds]PB(H) = fot et=94 dIy,. (201)

This, the fact that X : [0, 7] x Q@ — L°(A(0,1); R) has continuous sample paths, and again Lemma [6.9]
(withp=p, 9=9,0=0,=&v=7vx=x, X =X, XMV =[0,T]| xQ > (t,w) —
xMN(w) e Hy, OMN = OMN for p € [2,00), 9 € [f/x,00), 6 € [/s,1/4), M, N € N in the notation
of Lemma [6.9]) complete the proof of Corollary O
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