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ABSTRACT. Using Zvonkin’s transform and the Poisson equation in R? with a param-
eter, we prove the averaging principle for stochastic differential equations with time-
dependent Hélder continuous coefficients. Sharp convergence rates with order (aA1)/2
in the strong sense and (a/2) A1 in the weak sense are obtained, considerably extend-
ing the existing results in the literature. Moreover, we prove that the convergence of
the multi-scale system to the effective equation depends only on the regularity of the
coefficients of the equation for the slow variable, and does not depend on the regularity
of the coefficients of the equation for the fast component.
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1. INTRODUCTION
In this paper, we consider the following stochastic slow-fast system in R4 x R%:
{ dXF = e 'b(XF, V) dt + e 20 (XF, Vi) dW, s=zeR™,

1.1
dYf = F(t, X5, Y5)dt + G(t, X5, Y, )dW 2, Yi =y € R%, (11)

where dy,dy > 1, W}! and W? are d;, do-dimensional independent standard Brownian
motions both defined on some probability space (,.%#,P), b : R4 x R¥ — R4 F
Ry x R x R%2 — R%2, g : RE x R2 - R4 @R and G : Ry x R% x R%2 — R% @ R
are measurable functions, and the parameter ¢ > 0 represents the ratio between the
timescales of X; and Y® variables. Such multiscale model appears naturally in the theory
of nonlinear oscillations, chemical kinetics, biology, climate dynamics and many other
areas leading to a mathematical description involving ‘slow’ and ‘fast’ phase variables,
see e.g. [1, 17, 27, 33] and the references therein. Usually, the underlying system (1.1) is
difficult to deal with due to the two widely separated timescales and the cross interactions
of slow and fast modes. Hence, the asymptotic study of the behavior of the system as
¢ — 0 is of great interest and has attracted much attentions in the past decades.

It is known that under suitable regularity assumptions on the coefficients, the slow
part Y will converge to the solution of the following reduced equation in R%:

dY, = F(t,Y,)dt + G(t,Y,)dW?, Y=y, (1.2)
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where the new averaged coefficients are given by

F(t,y) ::/Rle(t,x,y)uy(dx) and G(t,y) := \//Rle(t,x,y)G(t,x,y)*,uy(dx). (1.3)

Here G* is the transpose of the matrix G, and p¥(dz) is the unique invariant measure of
the transition semigroup of the process X/, which is the solution of the following frozen
equation:

dX} = b(X},y)dt + o (X}, y)dW!, XY=z (1.4)

The effective dynamic (1.2) then captures the evolution of the system (1.1) over a long
timescale, which does not depend on the fast variable any more and thus is much simpler
than SDE (1.1). This theory, known as the averaging principle, was first developed
for deterministic ordinary differential equations (ODEs for short) by Bogolyubov and
Krylov [25], and extended to the stochastic differential equations (SDEs for short) by
Khasminskii [19]. We refer the readers to the book of Freidlin and Wentzell [13] for a
comprehensive overview.

As a rule, the averaging method requires certain smoothness on both the original and
the averaged coefficients. Various assumptions have been studied in order to guarantee
the above convergence. Note that in the stochastic case, the convergence can be ana-
lyzed in two different ways: the strong convergence which provides pathwise asymptotic
information for the system, and the weak convergence which gives convergence the laws
of the processes. To the best of our knowledge, most of the results in the literature, both
for the deterministic case and for the stochastic case, require at least local Lipschitz
conditions on all the coefficients of system (1.1), see e.g. [9, 16, 18, 22, 23, 29]. There is
only one paper by Veretennikov [36] where weak convergence for the time-independent
system (1.1) was established under the assumptions that the drift coefficient F' in the
slow equation is bounded and measurable with respect to the y variable, and all the
other coefficients are globally Lipschitz continuous. Therefore, it seems that there are
no studies of the averaging principle for SDEs which concentrates on Holder coefficients.

On the other hand, in the papers mentioned above, no order of convergence in terms
of ¢ — 0 is provided. But for numerical purposes, it is important to know the rate
of convergence of the slow variable to the effective dynamics. The main motivation
comes from the well-known Heterogeneous Multi-scale Methods used to approximate the
slow component in system (1.1), see e.g. [4, 11]. Moreover, the rate of convergence
is also known to be very important for functional limit theorems in probability theory
and homogenization, see e.g. [21, 31, 32, 39]. In this direction, the strong convergence
with order 1/2 and weak convergence with order 1 are known to be optimal, see [15,
20, 30, 34, 42]. As far as we know, all the known results in the literature concerning
the rate of convergence require essentially at least C?Z-regularity for all the coefficients,
and none of them considered the fully coupled cases, i.e., the diffusion coefficient in the
slow equation can not depend on the fast term. We also mention that the averaging
principle for stochastic partial differential equations and rates of convergence have also
been widely studied, we refer to [3, 5, 6, 7, 10, 14] and the references therein.
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The main aim of this work is to develop a very general, robust and unified method for
establishing the averaging principle, involving both strong and weak convergence, for the
multi-scale system (1.1) with irregular coefficients, which leads to simplifications and
extensions of the existing results. Unlike most previous publications, we mainly focus
on the “impact of noises” on the averaging principle for system (1.1). More precisely,
we shall prove that under the non-degeneracy of the noises, the averaging principle
holds for system (1.1) with only Holder continuous coefficients, see Theorem 2.3. Note
that the deterministic system can even be ill-posed under such weak conditions on the
coefficients. Moreover, we obtain the strong convergence rate with order (o A 1)/2 and
the weak convergence rate in the fully coupled case with order (a/2) A 1, where a > 0 is
the Holder index of the coefficients with respect to the slow component (y-variable), see
Theorem 2.1 and Theorem 2.5 respectively. In particular, the convergence rates do
not depend on the regularity of the coefficients with respect to the fast term (z-variable),
which appear to be a new observation and which we think provides some new insight
for understanding the averaging principle. See Remark 2.2 and Remark 2.6 for more
detailed comparisons of our results with the previous publications on the subject.

The averaging principle for system (1.1) is also known to be closely related to the be-
havior of solutions for second-order parabolic and elliptic partial differential equations,
see [12, 21, 36] and the references therein. In fact, the infinitesimal operator correspond-
ing to (X, Y/ ) has the form

L= 5_10%(37,?/) + gl(ma y)>

where
2
% = $O<xay) :;alj(xvy)m—i_b(xay)vm (15)
2
S = Li(w,y) =D Hylto,y) 5=+ F(t,2,9) Y, (1.6)
T Yi0Y;

with a(z,y) == o(z,y)o(x,y)*/2 and H(t,x,y) :== G(t,x,y)G(t,z,y)*/2. Givena T > 0,
consider the following Cauchy problem in [0,7] x R% x R?%:

{&u%t,x,y) + Zu(t,x,y) =¢Y(y), 0<t<T,
u (T, z,y) = ¢(y).

Using Theorem 2.5, we can study the behavior of the solution u° to equation (1.7) as
e — 0. More precisely, we shall prove that u®(¢,z,y) converges to the solution u(t,y) of
the following reduced Cauchy problem in [0, T x R%:

{ dalt,y) + ZLult,y) =¢(y), 0<t<T,
u(T,y) = ¢(y),

where v is a bounded measurable function, ¢ is bounded continuous, and .Z is the
infinitesimal generator of the effective SDE (1.2), i.e.,
_ _ 02 _

L = Hii(t,y) —=— + F(t,y)-V 1.9

D () g+ Flty)- (1.9)

4,J

(1.7)

(1.8)
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with H(t,y) := G(t,y)G(t,y)*/2, and F,G are as defined in (1.3). The main result in
this direction is given by Theorem 2.7.

As mentioned before, the argument that we shall use is rather simple insofar as it
does not involve the classical time discretisation procedure, which is commonly used in
the literature to prove the averaging principle. Two ingredients are crucial in our proof:
Zvonkin’s transformation and the Poisson equation in the whole space. First of all, due
to the low regularity of the coefficients, we shall use Zvonkin’s argument to transform the
equation for Y and ¥; into new ones. Such technique was first developed in [44] and is
now widely used to study the strong well-posedness for SDEs with singular coefficients,
see e.g. [26, 40, 41, 43]. Then we use the Poisson equation with a parameter to prove
both the strong and weak convergence for system (1.1). Here we adopt and improve the
idea used in [5], where the convergence rate in the averaging principle for SPDEs with
smooth coefficients with the fast equation not depending on the slow component was
studied. More precisely, we shall study the following Poisson equation in R%:

Lo(e,y)u(z,y) = —f(x,y), =R, (1.10)

where y € R% is a parameter and %(z,y) is defined by (1.5). We note that there is
no boundary condition. When the equation is formulated in a compact set, the corre-
sponding theory is well known. However, equation (1.10) in the whole space R% has
been studied only very recently, and it turns out to be very useful in the theory of the
averaging principle, diffusion approximation and other limit theorems, see the series of
papers [2, 31, 32, 38]. We shall derive estimates for the solution of (1.10) in terms of
explicit conditions on the coefficients as well as the right hand side, see Theorem 3.1,
which generalizes the results in [31, 32] and is of independent interest.

The paper is organized as follows. In Section 2, we state our main results. Section 3 is
devoted to the study of the Poisson equation in the whole space with a parameter. The
proofs of strong convergence and weak convergence are given in Section 4 and Section 5,
respectively.

To end this section, we introduce some notations. Let N := {0,1,---} and N* :=
{1,2---}. For B € (0,1), let C(R?) be the usual local Holder space. For 3 € N*,
without abuse of notation, we denote by C?(RY) the space of all functions f whose
B — 1 order derivative 9°~!f is Lipschitz continuous. While when 8 € (0,00) \ N*,
CP(R9) consists of all functions satisfying f € CI¥(R?) and 91l f € CP~IF(RY), where
(6] denotes the largest integer which is smaller than 3. For 8 > 0, we denote by Cy (R?)
the space of all functions f € C?(R?) whose i-order derivative 9'f is bounded for any
0<i<([f]—1)Vvo.

Given a function f and 7, 72,73 € (0,00), we shall consider the following three cases:
(i) f is defined on R“%42 je.. f is a function with variable z and y: we write f € CJ*
if f € C)'(R™; CY*(R®)), and f € .7 means f € C' (RN C72(R%));

(ii) f is defined on R x R®+%2 je. f is a function of ¢,z and y: we write f € C;*7"
if for every t > 0, f(t,-,-) € C/*"* and for every (z,y), f(-,z,y) € C)*(R,); similarly,
f e Ct ™ means that f(t,-,-) € O and f(+,z,y) € CF(Ry);

(iii) f is defined on R, x R% i.e., f is a function of ¢ and y: we write f € C7*™ if for

every t > 0, f(t,-) € C}* and for every y € R%, f(-,y) € C*(R}).
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2. ASSUMPTIONS AND MAIN RESULTS

Let us first introduce some basic assumptions. We shall assume the following non-
degeneracy conditions on the diffusion coefficients:

(Ho): The coefficient a = oo* is non-degenerate in x uniformly with respect to y, i.e.,
there exists a A > 1 such that for any x € R% and y € R%,

ATHEP < a¥(z,y)&& < AP, V€ € RY.

(Hg): The coefficient H = GG* is non-degenerate in y uniformly with respect to (¢, x),
i.e., there exists a A > 1 such that for any (¢,7) € R, x R% and y € R%,

ATHEP < HY(t, o, y)6€5 < AP, VE € R™.

For the existence of an invariant measure for the frozen SDE (1.4), we assume the
following very weak recurrence condition (see [32, 37]):

(Hb): limy,| 00 sUp,, (7, b(,y)) = —o0.

Below, we state our main results concerning the strong and weak convergence for the
averaging principle for system (1.1) separately.

2.1. Strong convergence. The following is the first main result of this paper.
Theorem 2.1. Let (Ho)-(Hg)-(Hb) hold, and let
G(t,z,y) = G(t,y). (2.1)

Assume that o € CP', b e CP® and F € CY*™, G e C/*" with 0 < 6,0 < 1. Then
we have for any T > 0,

sup E|Yf — Yi]* < Cpe®M, (2.2)
t€[0,T]

where Cr > 0 is a constant independent of 6.

We point out that under our assumptions, the strong well-posedness for system (1.1)
was obtained by [35] or [43, Theorem 1.3], and the invariant measure p¥(dz) for SDE
(1.4) exists and is unique, see [40, Theorem 1.2] or [41, Theorem 2.9]. Meanwhile, we
shall show that the averaged drift F defined in (1.3) is also Holder continuous, i.e.,
F e C’,?/z’a (see Lemma 4.1 below). Thus, there exists a unique strong solution Y; to
SDE (1.2).

Let us list some important comments to explain our result.

Remark 2.2. We first point out that the independence of G with respect to the x-variable
in assumption (2.1) is necessary. Otherwise, the strong convergence for SDE (1.1) may
not be true, cf. [30, 36].

(1) [Singular coefficients]. We do not make any Lipschitz-type assumptions on the
drift coefficients b and F. This is due to the reqularization effect of the non-degenerate
noises. Note that if c = 0 or G = 0, the system (1.1) may even be ill-posed with only

Holder coefficients.
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(2) [Sharp order]. Taking a =1 in (2.2), we can obtain the strong convergence with
order 1/2. Thus we get the optimal rate under much weaker reqularity conditions both on
the diffusion and the drift coefficients than the known results in the literature. Meanwhile,
when 0 < a < 1, we also get that the averaging principle holds with a strong convergence
rate /2, which to the best of our knowledge is new. Moreover, we allow the coefficients
to be time-dependent, which appears to have not been studied before in estimating the
rate of convergence.

(3) [Dependence of convergence|. Note that the convergence rate (o A 1)/2 does
not depend on the index d. This suggests that the convergence in the averaging principle
replies only on the regularity of the coefficients with respect to the y (slow) variable, and
does not depend on the regularity with respect to the x (fast) variable, which we think
provides some new insight for understanding the averaging principle.

By a localization technique as in [41, Corollary 2.6], we can drop the boundness con-
dition on the coefficients with respect to the slow variable.

Theorem 2.3. Let (Ho)-(Hg)-(Hb) hold, and let
G(t,z,y) = G(t,y)-

Assume o € C’locy, G e C’;Zézyl and b € C’l C’ﬁfyéa with 0 < 6, < 1, and that

the following moment estimate holds:
(HM) For any T > 0, there exists a 3 > 2 such that
sup ]E[ sup (\YE]B + \Yt\’g)] < C < oo,

€€(0,e0) t€[0,T

oc,y’

where g > 0 and C > 0 is a constant depending on T, |x|, |y|, where z,y are the
initial conditions in (1.1).
Then we have for any T > 0,
lim sup E|Yf —Y|* =
=0 4c0,77
Remark 2.4. Local conditions imposed on the coefficients allow functions to have certain
growth at infinity. The advantage of Theorem 2.3 lies in that, we only need to show the
a priori moment estimate (HM) in order to guarantee the strong convergence in the
averaging principle for SDE (1.1) with only local Hélder continuous drifts.

2.2. Weak convergence. In the above results, the assumptions o € 02,1 and G € C':/Q’l
are mainly needed to ensure the strong well-posedness for system (1.1). Now, we state
our main result concerning the weak convergence of system (1.1) under weaker conditions
on the diffusion coefficients.

Theorem 2.5 (Weak convergence). Let (Ho)-(Hg)-(Hb) hold true. Assume that o,b €
C"SCY and F,G € C’a/”a with0 < 6, < 2. Then for anyT > 0 and every ¢ € C3T(R%),

we have

sup (Elp(Yy)] — E[p(Y)]| < COp @™, (2:3)

te€[0,7

where Cr > 0 is a constant independent of 6.
6



We now give some comments to explain the above result.

Remark 2.6. Note that here the diffusion coefficient G in the slow equation can also
depend on the fast variable x.

(1) [Singular coefficients]. Due to the non-degeneracy of the noises, it is well-known
that the system (1.1) is weakly well-posed under our conditions. This is the main reason
why we can assume weaker conditions on the diffusion coefficients to prove the above
weak convergence.

(2) [Sharp order]. Taking o =2 in (2.3), we obtain the optimal weak convergence rate
1. Our result generalizes the known results in the literature by allowing the coefficients to
be time-dependent, and more importantly, to be fully coupled, i.e., the diffusion coefficient
i the slow equation can depend on the fast variable, which appears to have not been
considered before in estimating the rate of convergence. Meanwhile, when 0 < a < 2, we
also get that the weak averaging principle holds with convergence rate «/2, which also
appears to be new.

(3) [Dependence of convergence]. As before, the weak convergence relies only on
the regularity of all the coefficients with respect to the y (slow) variable, since the rate
(a/2) A1 does not depend on the index 6.

As a direct consequence of Theorem 2.5, we have the following result concerning the
limit behavior of parabolic equations.

Theorem 2.7. Suppose the assumptions in Theorem 2.5 hold, 1 is bounded measurable
and @ is bounded continuous. Let u® be the solution to equation (1.7). Then for every
t>0, z€RY and y € R®, the limit

limu®(t, z,y) =: u(t,y)
e—0
exists, and the function u(t,y) is the unique solution of the Cauchy problem (1.8).

3. POISSON EQUATION IN R% WITH A PARAMETER

This section is devoted to studying the Poisson equation (1.10) in the whole space. We
are looking for a solution u for (1.10) which grows at most polynomial in x as |z| — oo,
and the main problem addressed here is the regularity of the solution u with respect to
the parameter y. Throughout this section, we shall always assume (Ho) and (Hb) to
hold. Let us point out that there is no boundary condition. As a result, the solution
turns out to be defined up to an additive constant, since Z(z,y)1 = 0. To fix this
constant, it is necessary to make the following “centering” assumption on the right-hand
side:

flz,y)p?(dz) =0, VyeR%, (3.1)
R
which is analogous to the centering in the standard Central Limit Theorem, see [31, 32]
for more details.
We shall essentially use the strategy implemented in [32], where the fundamental
solution was used to study the equation (1.10). More precisely, note that Z(z,y) can

be viewed as the infinitesimal generator of the process X} (), which is the unique strong
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solution for the frozen SDE (1.4). As a result, the solution u to equation (1.10) should
have the following probabilistic representation:

u(z,y) = /000 Ef (X! (z),y)dt. (3.2)

As we shall see below, under our assumptions, X/ (z) admits a density function py(x, 2'; y),
which is also the unique fundamental solution for the operator Zy(x, y). Let T} f(z, y)denotes
the semigroup corresponding to X/ (z), i.e.,

T (e9) = E(F(2@)0) = [ planatsn) fla' )

Then we can write

u(z,y) = / T,f (v, y)dt + / T (3.3)

Thus, we need to study the behavior of T} f as well as its first and second order derivatives
with respect to the y-variable both near ¢t = 0 and as t — oo. The following is the main
result of this section.

Theorem 3.1. Let (Ho) and (Hb) hold. Assume that a,b € CO* with 0 < § < 1
and ¢ = 0,1,2. Then for every function f € qf"’ satisfying (3.1), there exists a unique
solution u to (1.10) such that for any y € R%, u(-,y) € C? and for any v € R%,
u(z,-) € Cf. Moreover, there exists a constant m > 0 such that for any y € R%,

u(z,y)| + [Vou(@, y)| + [Viu(z, y)| < Coll fllgso (1 + 2|™), (3.4)

and when ¢ =1,

Vyu(e, ) <Co|(llallepo + 18l cs0) 1 e

+ (lallggs + Dol Fllcao] (1 + 1), (35)
and when { = 2,

V2u(e,1)] < Cof (lallggo + Ibllcso) | Fllggz + (lallegs + bl o) 1 £l o

+ ((lallgr + Belles)” + (lallgge + Iblloge) ) fllgo | (1 + ™), (3.6)

where Cy is a positive constant depending only on A, dy,ds and ||a||C§,o, ||b||c§,o.

Remark 3.2. Concerning estimates (3.5)-(3.6), usually one does not care about the de-
pendence of constants on the right hand side with respect to the norms of the coefficients.
But this will be very important below for us to get the sharp rate of convergence for sys-
tem (1.1) with only Hélder continuous coefficients. More precisely, since we assume the
coefficients belong to the space C’g’a m Theorem 2.1 and Theorem 2.5, we need to keep
track of the dependence of the constant on the right hand side of (3.5)-(3.6) with respect
to the higher order norms of the coefficients a,b as well as of the potential term f.

The proof of the above result relies on the materials addresses in the following two

subsections. At the moment, we first give:
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Proof of Theorem 3.1. The existence and uniqueness of the solution u to (1.10) are well-
known under the above conditions, see e.g. [31, Theorem 1] and [32]. Meanwhile, by
regarding y € R% as a parameter, the estimate (3.4) is true since all coefficients are
bounded uniformly in the y variable. Concerning estimate (3.5), we have by (3.3) and
Lemma 3.7 below that for any k& € R, there exist constants Cy, m > 0 such that

1 0
Ve < [ VTl [Vl
0 1

< G (lallgo + Bl cpo) 1 g + (lall s + Ibllcpn) 1 lgo]

x@+[”%%%$a)

which in turn yields the desired result. The estimate (3.6) can be proved similarly. The
proof is finished. O

Below, we proceed to study the first and second order derivatives of T;f(z,y) with
respect to the y-variable in the following two subsections. We provide the explicit de-
pendence on all higher order norms of the coefficients involved.

3.1. First order derivative with respect to y. Let us first recall some classical results
concerning the fundamental solution p,(z,z’;y), see [8, Theorem 2.3|, [28, Chapter 1V]
and [32, Proposition 3].

Lemma 3.3. Assume (Ho) holds and let T > 0. Let a,b € C° with 0 < § < 1. Then
for every £ =0,1,2 and any 0 <t < T, we have

Vapi(a, 25 y)| < Crt™ @0 exp (= eolz — 2/ /t), (3.7)

ZT

and for every x1,15 € R® and 0 < ¢’ <6,

IVapi(z1, 2’ y) — Vapi(xa, 25 y)| < Orlay — x2|§/t_(d+2+5/)/2

X (exp (= colms — 2'*/t) + exp ( — colwa — :)3']2/75)>, (3.8)

where Cr,co > 0 are constants independent of y.
If we further assume (Hb) holds, then for any k, j € R, there exists a constant m > 0
such that for allt > 1, x,2’ € R" and y € R%,

1+ |z|™
/
. < v )
Ipe(, 25 y)| < Cy 1+ [2P) (3.9)
and for { = 1,2,
1+ |z™
Viopi(x, 2’5 y)] < O 2 (3.10)

(1+0)F (L + [a'))
Moreover, the limit

Poo(2',y) == Jim py (, 2’5 y)
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exists and is independent of x, and for every k,j € R, there exists a constant m > 0
such that for any y € R%,

Cs
Poo (2, )| < TF ) (3.11)
and
1+ |z|™
" y) — poo(a’ < —, 3.12
The above positive constants C;(i = 1,--- ,4) depend only on \, dy, ds and Ha||cg,o, Hb||cg,o.

To study the regularity of T} f with respect to the y-variable, we first consider the case
where f(x,y) = g(z), i.e., the function f does not depend on the parameter y, and

/ g(x)p?(dz) =0, Vy € R%. (3.13)
R4
To shorten the notation, we write for ¢ =1, 2,

Z.Z

(9 0 Zaamxy w0z, +8€b(:c Y) - V.

We have the following result.

Lemma 3.4. Let (Ho)-(Hb) and (3.1) hold. Assume that a,b € CO' and g € CJ with
0<d<1. Then we have

t 0L
VyTig(z,y) = // pr—s(, 2; y)a—o(z, y)Tsg(z,y)dzds. (3.14)
0 JR% Y
Moreover, for any 0 <t < 2,
9, Tog (2 9)] < Collallggr + 1Bllggr ) gl (3.15)
and for any k € R, | there exists a constant m > 0 such that for allt > 2,
(1 +[=™)

1V, T, )| < Col llallgs + Ibllog )l (3.16)

(14+t)F 7

where Cy > 0 is a constant depending only on A, dy,ds and ||a||og,o, ||b||og,o.
Proof. The equality (3.14) has been proved in [32, Theorem 10] under sightly stronger as-
sumptions on the coefficients. Let us show that the right hand side is indeed well-defined

under our conditions. In fact, since a,b € C{f’l, the operator 0.%,/0y is meaningful. On
the other hand, since g € C, we can derive by (3.7) that for £ = 1,2 and any 0 < s < 2,

ViT.g(zy) = | Vips(z.2y)[9(x') — g(2)]da’

R4
<Cillglles [ 5@ exp (= aalz — ) o|a’ = ol
R%1

< Cillgllegs®72, (3.17)
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and for any s > 1, we have by (3.10) that

1+ |z™ 1 + |z|f”
ViT, <C / _ "< C L Gl

where we choose } > dy in the above inequality, and C; > 0 is a constant independent
of s and y. As a result,

(3.18)

0%
o (z,9)Tsg(z,y)

makes sense, and estimate (3.15) follows directly. Below, we proceed to show (3.16). As
a consequence of (3.13), we have (see [32, (28)])

0%
V,T,g(z,y) // Pe—s(T, 2, Y) —— a (2, y)Tug(z, y)dzds
R91 y

/ /R Poo(z (Z y)Tog(z,y)dzds.

0%
VyTtg(fv,y)Z/ / [pe—s(z, 23y) — Poc(z19)] 5 %(2,9)Tug(z,y)dzds
0 Ré1 )

t 0.4
+ / / ptfs(fc,z;y)a—o(z,y)ng(z,y)dzdS
t/2 JR% Y

> 0L
_/ / poo(’z;y)a_o(z7y)ng(Z>y)dst ::Il +IQ +I3-
/2 JRU Y

We further write

For the first term, we have by (3.12) that for any k € R,

(/ / )/ TS B

Using (3.17) and (3.18) , we can derive that
1+ |z[™ 5/2—1
CfQ(HCLHC‘51 + HbHC‘51 HgHCé(//Rl —|—t—8 (1+ ‘Z|j)8 dZdS

1 m 1 m
/ / + I + 12 dzd)
rir (L+t—8)F(1+1z)7) (1+ )k
(1+ |o]™)
< G (lallgge + W¥leg: ) lslleg = 5 e

where we choose j > d; +m and k large enough in the last inequality. As for the second
term, using (3.9) and (3. 10) we have

(Z) y)ng(z; y) dzds.

£/2
I, = / / ps(z, 2; y (z Y)Ti—s9(z,y)dzds
R y

< Ca(lallegs + Ibleg:lallg | / Pexp (=l — 2/5)
dy



1+ |z|™ // L+ ]z™ 14 ]z|™
><( =) ~dzds + o (L 2P 1+(t—s))kd2ds
+ |z
< O (lallggo + Pl ez gl e

(14
Finally, we have by (3.11) that

1+|z|m
<C ( al| o1+ ||b / /
4 H HC‘” H HC‘;:l HgHC - 1+| |] 1—|—S>

(L+ Ja]™)
<@QM@J+M%yMMqa;5;\@OWbﬂ+%thMb—G:ﬁr

The proof is finished. U

3.2. Second order derivative with respect to y. We shall need the following regu-
larity result for V,Tig(z,y) with respect to x to study the second order derivative of T}g
with respect to the parameter y.

Lemma 3.5. Let (Ho), (Hb) and (3.1) hold. Assume that a,b € C" and g € CF with
0 <6 < 1. Then for every y € R%, we have V,T;g(-,y) € C?. Moreover, for any
0<t<2andl=1,2,

V49, Tl )] < Cot® %2 (llallogs + Bl ) gl (3.19)

and for any k € R, there exists a constant m > 0 such that for any t > 2,

(1 +[=™)
(1+t)F

where Cy > 0 is a constant depending only on A, dy,ds and HaHCg,o, HbHcg,o.

V49, gl w)l < Collallegs + bl ez ) lalleg (3.20)

Proof. We only prove the estimates (3.19) and (3.20) when ¢ = 2, the case { = 1 can be
proved similarly and is easier since it involves less singularities. Recall that

0%,
V,Tig(z,y) // pi—s(, 23 y) 5 (z Y)Tsg(z,y)dzds.
Rd )

By the Hoélder assumption on the coefficients and (3.8), it is easy to check that the
function

z— aé—i;](z, y)Ts9(2,v)

is ¢’-Holder continuous for any ¢’ < 4, i.e., for any x,2 € R® and s < 2, there exists a
constant C'; > 0 such that

0.%, 0%
‘a—y(ﬂc,y)ng(w,y) ~ oy (z7y)ng(Z,y)'

< Ci(llallgps + bllosa ) lgleglz — 275"
12



Consequently, we can derive as in (3.17) that for any ¢ < 2,

t
|VivyTtQ($,y)| < Cz(HCLHCg,l + Hb”ogl> ”chg //Rd(t _ 8)—(d+2)/2
0
Xexp(—co|z—x/|2/<t_8)) |m Z|5/s = 194/ ds
t
/ s
< Cal(lallgs + Pllegr)lglles [ (2= 577215 ds
0

< Gt ([l g + 1ol eg ) ey

which yields (3.19). For t > 2, we write

0%,
ViV, Tig(z,y) = (/ / / ) Vips(w, z;y)—— o (2, )T, sg(z, y)dzds
t—1 Rd
=: Q1+ sy + Q3.

Note that on [t — 1,¢), we have t — s € (0, 1]. By (3.10) and (3.17), we can get

L+ |z™ _
01 < Ca(lallgs + bleg gl | [ et (e )2 s

(1 + [=[™)
< O3<HaHCg,1 + Hb||cg,1> ||gHC;fW
While for the second term, we can use (3.10) and (3.18) to derive that
1 1+|x|m 14 |2|™
C4<HGH051 + HbHC‘S1 HgHC5/ / 1 —|—S 1+ |Z| )(1 T (t _ S))deds
(1+ o] >
< O4<||a||cg,1 + ||b||c§vl> H9||05W

To control the last term, we first claim that for every k£ € R, , there exist constants
Cs,m > 0 such that for any z;, 2 € R® and t > 1,

0% 0%
S = ayo(xl y)Trg(x1,y) — a—yo(afz,y)Ttg(xz,y)

L+ |z ™ + |22
(L+1t)k

< Cs(Jlallcgr + bllos llglleglan = 2ol (3.21)

In fact, we can write

7 < (%2010~ 2 020) ) Tions ) + G (Teor.0) — Tooz)
= 4+ 7.

By the Hoélder assumption on the coefficients and (3.18), it is easy to see that

1< Co(llallggs + bl ez ) gllglos — o’
13

1+ ‘$1|m
(1+t)x



On the other hand, we have by (3.8) that

2 < Ce(llall o + bllega ) lglles D

(=1,2

/ [Vepi(an, 2's5) — Vipu(en o's )] g(e)da’
Rd

/ / :Epl Iy, %, y) Vipl(@,z,y)]

= Cr(llallgr + Bl ) lglleg -
(=1,2

X [pio1(z,2';y) — poo(@’; y)] g(2')dzda’

Cr(lallogs + Bl Ylallglar = 2ol [ [ (expl-colon 2P
Rd JRd
1+ |z|™
T+ R+ o)
s 14 o™ + |ao|™
(14 t)F ’

where in the third inequality we also used (3.12). Thus (3.21) is true. It then follows by
the same argument as in (3.17) that

+ exp(—colez — %)) X l9(a)]dzda’

< Cr(llallggr + bleg ) gl — 22

1
Q< Culallcps + ¥lcgs gl | [ 742 exp (= ol = 2P/25)
0 JR

|I— |61+| | +|x|m

(14 (t—s))*

1
1+ |z|™ _
<C < ’ bl > / 5/2-14
X U8 ||a||051+” ||C§1 ”g”C’}‘)S 0 (1—|—(t—8))k8 S

(1 + [a]™)
< Cg(HGHC;}1 + HbHcgvl> HQHC,;SW

The proof is finished. 0

dzds

We now establish the second order differentiability of T;g with respect to the y-variable.
We have the following result.

Lemma 3.6. Let (Ho), (Hb) and (3.1) hold. Assume that a,b € C* and g € C with
0<d<1. Then we have

¢ 0%
Vilig(z,y) = 2/ /dpt_s(rv,Z;y)—o(z7y)Vyng(z,y)dzdS
R

0> %
// pe—s(x, 2;Y) 52 =2z, y)Tug(z,y)dzds. (3.22)
R Y

Moreover, for any 0 < t <

2
\vzﬂg@,yn<co[<|raucg,1+||b||cg,1> + (lallgse + les) | lolleg.—— (323)
14



and for any k € R, there exists a constant m > 0 such that for everyt > 2,

) : (1+ |m)
|mmmaw<cﬂmwﬁﬁnw@q+0m@muw@awwq7ﬁﬁr,

where Cy > 0 is a constant depending only on X, dy,dy and ||a|| .0, ||b]| s5.0-
b b

(3.24)

Proof. The formula (3.22) has been proven in [32, formula (34)]. Let us focus on estimates
(3.23) and (3.24). In fact, for t < 2, we can use (3.19) and the same argument as in
(3.15) to get that

2
V2Tig(w,y)| < Co(llallgpr + I6llgg ) llglleg + (llallosa + 18l cs2 ) lglleg.

which implies (3.23). Now we prove the estimate (3.24). To this end, we write

ViTg(x,y) —2(//pt5xzy i(zy)VTg(zy)dzds
R4

/ /Rd Peo(2 y (Z Y)V,yTeg(z, y)dzds>

0’ %
+(//pﬁmxwr5£@wnm@wmm
Rd
/ / Poo(2 (z y)Ts9(z, y)dzds) = J1 + J.
R‘i

Note by our assumption that a,b € 05’2, the second part [ can be controlled in exactly
the same way as in the estimate of V,T;g(z,y), i.e., we can get

(1+]a|™
T < 1 (llalege + Wellge)Islcz 7 e

where C; > 0 depends only on A, d;, ds and ||aHCao, ||b||060 Below we shall focus on the
estimate of J;. As before, we write

0%
1T = / / Pe—s(,23Y) — Poo(25 )| —=— 5 2 (2,y)V, Tog(z,y)dzds
Rd Yy
0%
/ / Pe—s(, 2;Y) (Z )V, Tsg(z,y)dzds
t/2 JRA 83/

/ /dpoo z; y (z V)V, Ts9(z,y)dzds = Ji1 + Ji2 + Jis.
t/2 JR

For the first term, we have by (3. 12) (3.19)and (3.20) that

1+ [of"
Tn < a@w@ruwwlnm@//’l+t P e
2 L o™ 1™
C( | b, dzds
il + W) sl [ | e Ty

(1 + [=[™)

2
< C1(Jlalegs +bllege ) Nalleg =77
15



Using (3.9) and (3.20) again, we can control the second term by

1+ |z|™
Ji2 < (HaHCa1+HbHCm HgHCs// 2 exp —00]33 2\2/23)mdzds
K S e
+C(llallgpr + 16lcg ) HgHCa/ / TEREL L
(1+]=™)
< C(llallgp + bl olley 7o
Finally, we have by (3.11) and (3.20) that
2 > O ol ol
C’(a |l ) // . dzds
lallgar + 1Bl r ) llglles o S TE 1P (L5 5
2 (1+ |z|™)
C(lallggs + ez ) Nolleg =g 75
The proof is finished. U

With the above preparations, we can establish the following regularity of T;f with
respect to the parameter y.

Lemma 3.7. Let (Ho), (Hb) and (3.1) hold. Assume a,b € CP* and f € CP* with
0<d<1andl=1,2. Then we have:
(i) (Case t =1 and 0 <t < 2):

VT @ )] < Co[(lallggo + Wllcgo) 1o + (lallega + [Blcen) 1o

(i1) (Case £ =1 and t > 2): for any k € R, there exists a constant m > 0 such that for
every t > 2,

[V, T f (2. 9)] < Co| (lallggo + 1Bl po) 11l
+ (lallggs + Ilea) 1 lloso]
(i1i) (Case ¢ =2 and 0 <t < 2):
V2T, £ (2,9)] <Co| (lallggo + Ibllso) 1 Fllgge + (lallgg: + [6lgg) 1 llcs:

2
+ ((lallgss + 18llgg)* + (lall gz + Ibllg2) Y1 o] (3:25)

(iv) (Case £ =2 and t > 2): for any k € Ry, there exists a constant m > 0 such that
for every t > 2,

V2T, f (e, 0)] < Co[(lall g + bl cso) £ g + (lalloss + 16lan) 1 flles

2 (1+ |z[™)
+ <(||a||cg,1 + Hb”C{f’l) + (Ha”cg,z + ||b||03’2)> HfHCZf’O} (1 _{_ﬂk ’

where Cy > 0 is a constant depending only on X, dy,dy and ||a|| .0, ||b]| s.0-
b b

(L+ [=|™)
(1+4t)k "’

(3.26)

16



Proof. We only prove the above estimates when ¢ = 2. The corresponding estimates for
¢ =1 follows by the same arguments. In fact, we have

2
VT f (w,y) = > C5VyTig(x, y)‘

(=0 9=V
= T,g(z, 2V, T,V g(x, ViT,g(x,
19(z,y) g:%ﬁr yIiVyg(z,y) g:vyf+ JTig(z,y) s
= ICl + ICQ + ]C3.

When t < 2, it is obvious that

K1 < G (llallggo + Bloga ) I3 llggo < o (lallggo + [Bllgga )17l ez

For the second term, we have by (3.15) that

Kz < O (llallggs + Bz IV llggo < Callallega + [Bllgga )17l ez

Finally, using (3.23) we can control the third term by

2
s < Cs] (lallgg + [blleg)® + (lalosz + 1Bl cg) 1 llogo,

which in turn yields (3.25). The estimate (3.26) can be proved similarly by replacing
(3.15) and (3.23) with (3.16) and (3.24), respectively. The proof is finished. O

4. STRONG CONVERGENCE WITH ORDER (a A 1)/2

In this section, we study the strong convergence of the multi-scale system (1.1) to the
effective equation (1.2). To this end, we assume that

G(t,x,y) = G(t,y),

i.e., the diffusion coefficient GG in the slow equation does not dependent on the z-variable.
Note that in this case, we have

G(t,y) =G(t,y).

We shall always assume (Ho), (Hg), (Hb) hold, and that the coefficients a and b are
Holder continuous with respect to  uniformly in y, and that the coefficient G is Holder
continuous with respect to y uniformly in ¢.

4.1. Zvonkin transform. Due to the low regularity assumptions on the coefficients of
the system (1.1), it is not possible to prove the strong convergence of Y to Y; directly.
For this reason, we shall use Zvonkin’s argument to transform the equations for Y;° and
Y, into new ones. Let us first prove the following regularity result for the averaged drift
coefficient.

Lemma 4.1. Assume that a,b € C{f’a and F € O,?/Q’M with 0 < 6,0 < 1. Let F be
defined as in (1.8). Then we have F € C’ba/?’o‘.
17



Proof. The a/2-Holder continuity with respect to the ¢ variable follows directly by the
definition of F'. Let us prove the Hoélder continuous with respect to y. We write for
Y1, Y2 € R

F(t>y1) - F(t7y2) = /Rdl[F(tvxvyl) - F(t,l‘,yQ)]/,Lyl(d:E)

+ [ Pl ) [ da) = i (da)] = S+ e

It is easy to see that there exists a constant C; > 0 such that
H1 < 01(‘91 — | A 1)-

For the second term, by the same argument as in (3.14), we get

Hy = /d F(t, 2, y2) [poo(a; y1)da’ — poo(a’; y2)da’]
R4

= lim // Pi—s(, 23 92) [ Lo (2, y1) — .,%(z,yg)](/d ps(z,x’;yz)F(t,x’,yQ)dx’>dzdS
R%1 R4

t—00

= [T peteimlisiten) = Lol ([ i i) asas.
0 JR%U R41
Thus, we have by (3.11), (3.17) and (3.18) that

2
1
Hy < C —ya|* A1 21,4
2 2(|y1 Yo )(//Rdl +]z|J)S zds
1+\z|> )

where Cy > 0 is a constant. The proof is finished. O

Below, we shall fix a 7' > 0 to be sufficiently small. Recall that .# is defined by (1.9).
Consider the following backward PDE in R%:

{ ow(t,y) + Lou(t,y) + F(t,y) =0, tc[0,T),

(T, y) = 0. (4.1)

Under our assumptions on the coefficients and by Lemma 4.1, it is well known that there
exits a unique solution v € L> ([0, T]; C;**(R%)) N C;+a/2([0, T); L*=(R*%)) for equation
(4.1). Moreover, we can choose T' small enough so that for any 0 <t < T,
Vyo(t,y) <172, VyeR™
Define the transformed function by
O(t,y) ==y +v(t,y).
Then, the map y — ®(¢,y) forms a C''-diffeomorphism and

1/2 < ||Vy?®||s < 3. (4.2)
Now, let us define the new processes by
Vii=®(t,Y;) and V{7 :=®(t,Y)). (4.3)

18



We have the following result.

Lemma 4.2. Let V; and Vi be defined by (4.3). Then we have
AV = G(t,Y;)V,®(t, Y)dW?, Vo = ®(0,y) (4.4)
and
AV = [F(t, X;,YF) — F(,Y7)]V,®(t, Yy )dt
+ G, YV, 0(t, Y )AWE, Vi = ®(0,y). (4.5)

Proof. Using It6’s formula, we have

v(t,YE) =v(0,y) +/ (05 + A)v ds—l—/ G(s,YE)V, (s, YE)AW?
0

t
—v((),y)—i—/ (05 + L) (s,Yj)der/ G(s,YE)V,v(s, YE)AW?
0

0

CRE-1

+ /t [F(s, XZ,YE) — F(s,Y)|Vyv(s, Y7)ds

t t
=0(0.9) = [ Pla¥ids+ [ G ¥0) 9,05, Y)W

R}

t
4 [ IFGXEYE) = FYD] V0l Y)ds,
0
where in the last equality we used (4.1). This together with the equation for Y yields
(4.5). The proof of (4.4) is easier and follows by the same argument. O

4.2. Proof of Theorem 2.1. We first prepare the following mollifying approximation
result. For simplification, let us set

F(t,a,y) = [F(t,z,y) — F(t,9)]V,®(t,y). (4.6)

Let p; : R — [0,1] and py : R — [0 1] be two smooth radial convolution kernel
functlons such that fR p1(r)dr = fRd2 p2(y)dy = 1, and for any k > 1, [V¥p;| < Cpp1(2)
and |V¥p,| < Crpa(2), Where Cy > 0 are constants. For every n € N*, set

pr(r) ==n’pi(n®r) and  p5(y) = n®pa(ny).
We define the mollifying approximations of F' by
Folt,2,y) = / F(t = 5,2,y — 2)p5(2)p} (s)dzds. (4.7)
Rd2+1

Similarly, we define the mollifying approximations of a, b by
oneg) = [ alwy =2z beg) = [ boy- e (08
R%2 R92
Let F, be the average of F,, with respect to u¥(dx), i.e

F, ::/ F,(t,z,y)p’ (dz).
Ré

We have the following easy result, which will play important role below.
19



a/2,6,a

Lemma 4.3. Assume that a,b € Cda and F' € C, with 0 < 0, < 1. Then we have

HF — Fulloo + lla = anlloc + 116 = bulloe + [ Fullo < Con™®, (4.9)
and
1Fullcase + 1 Fullgess + [ Fullgre + [1Full oz + lanllgaz + Iball sz < Con®™®,  (4.10)

where Cy > 0 is a constant independent of n.

Pmof According to Lemma 4.1, it is easy to check that F' € C’a/ 200

of Fn, we have

|F(t,2,y) — Fult,z,y)| < /d LN =smy = 2) = F(t,2,y)| - p5(2)pf (5)d=ds
Rd2+1

. By the definition

<a / (™2 + |21°) - pi (=)o (s)dzds < Cin~®
Rd2+1

Furthermore, we have

|0, (t, z,y)| < / X |F(t —s,xy—2)— F(t,z,y— 2)| - 195 (2)[0sp} (s)dzds
Rd2+1

< C’gnQ/ s22p0(2)pt(s)dzds < Con®@,
Rd2+1
and

\V;Fn(t,x,yﬂ < /d N |F<t_57$73/_z) —F(t—S,‘T,y)} |vzp2( )|10§L(S)d2d5
R2+1

< C’gn2/ |2|%p(2)p(s)dzds < Con®~.
Rd2+1
The other estimates can be proved similarly. U
Now, we are in the position to give:

Proof of Theorem 2.1. Let us first assume that 7' > 0 is sufficiently small so that (4.2)
holds. As a result, we have for any ¢ € [0, 7],

E|Y; - Vi|* < 2E|v7 - Vi[” (4.11)

Hence, we shall focus on the convergence of Vi to V;. Recall the definition of F by (4.6),
and let £, be given by (4.7), F}, := F,, — F,,. According to (4.4) and (4.5), we write

t
Vi Vi [ G Y0 V,0(,Y7) - Gls. ) V,0(s, Vo) i
0

t t
T / [F(s, X5, Y5) — Fuls, X2, Y2)]ds + / Fo(s, X5, Y7)ds.
0 0

Thus, taking expectation and using Burkholder-Davis-Gundy’s inequality we can get
that there exists a Cy > 0 such that

E|Vf — V> < GoE (/ |G(s, Y)YV, ®(s,YE) — G(s,?;)qu>(s,?;)|2ds>

20



2
+ CoE

s) T s

t
/[F(S,Xg,yj) — Fo(s, X5,Y5)]ds
0

2

+ CoE =: 21(t,e) + Do(t,e) + 23(t,¢).

¢
/ Fo(s, X:, Y )ds
0

Below, we divide the proof into three steps to control each term on the right hand side
separately.

Step 1 (Control of 2(t,¢)). Note that the function
Yy — G(ta )qu)(t? ) S CI}(Rdg)
As a result, we easily have that

t
2 (t,e) < CiE (/ = ZPdS) , (4.12)
0

where C; > 0 is a constant independent of e.

Step 2 (Control of 2,(t,¢)). The estimate of this term follows by an easy consequence
of (4.9), which in turn yields that

Dy(t,e) < Col|F — E, ||, < Con™2, (4.13)

where (5 is a positive constant independent of n and e.

Step 3 (Control of Z5(t,€)). We use the technique of the Poisson equation to control the
third part. Let a,, b, be defined by (4.8), and denote by £j(x,y) the operator £y (z,y)
with coefficients a, b replaced by a,, b,, i.e.,

I
Ly (a,y) = Y al(ey) -
ij ¢

+ by (z,y) - V. (4.14)

J

Let ¥, be the solution to the following Poisson equation in R%:

A

"%On(x7 y>\I!n(t7 z, y) = FTL(t: z, y)a

where (t,y) € Ry x R? are viewed as parameters. Note that F), satisfies the centering
condition (3.1). Thus, according to Theorem 3.1, we can use It6’s formula to get that
for any t > 0,

t
W, (t, X2, YE) = ¥, (0,2, y) —|—/ (0s + A) W, (s, X2, Y7 )ds

EREa-]

0
b1 1
—LWa(s, X5, YE)ds + — M} + M2,
+/0 € 0 (S CR s) S+\/g t+ t

where &) is given by (1.6), and for ¢ = 1,2, M are martingales defined by
t
M} ;:/ VoU,(s, X5, Yo (s, XE)dW],
0

and .
Mt2 = / vy\yn(sv X:’ Y;E)G(S? }/SE)de
0
21



This in turn yields that

ER S

¢
/ (s, X5, YE)ds = eV, (t, X£,YS) — eV, (0,2, y) — VeM} — e M}
0

CR S A CRAC]

-/ (X, Y) — BXE V)]V 5, X2, Y2 ds

srts EREa] EREa

t
+/ [an (X5, Y7) — a( X2, V)| V2W, (s, X, Y] )ds
0

t
- 5/ (05 + Z1) U, (s, X2, Y5 )ds.
0

Taking this back into the definition of 25(t, ) and by (3.4), we have that there exists a
constant m > 0 such that

95(t,e) < Cs {52E(1 + | XEPP™) + eB|M}? + *E|M2|?
t
+E (/ <\bn(X§, YE) = b(XE, Y|+ |an(XE,YE) — a(XE, 1/;)\2)(1 + |X§|2m)ds)
0
+ &°E

t 2
/ (83 + .,E/ﬂy) ‘I’n(S, XSE, Yf)ds :| = le(t, 8) + 332(15, 8) + Qgg(t, 6).
0

Note that the assumptions (Ho) and (Hb) hold uniformly in y. Hence, it follows by
[37, Lemma 1] (see also [32, Lemma 2]) that for any k£ > 0,

E|X;1* < C(1+ J2f*), (4.15)

where C' is a positive constant independent of €. As a result, we can control the first
term by (3.5) and (4.10) that

t
2u(t.e) < Cie+ 2B [ [V, XE ) 2ds)
0

t
< (g + 82(||an||cg,1 + ballgss + ||Fn||cg,5,1>E (/ (1+ |X§y2m)ds>
0

< Oy(1 + |z*™) (5 + 52n2(1_°‘)>.
For the second term, by (4.9) and (4.15), it is easy to see that

t
ua(t,€) < Cs (|1 — b]Z, + llan — all2, ) E ( [a+ \X§|2m>ds) < Cs(1+ [af™)n 2.
0

To estimate the last part, we first note that by (3.2) and viewing ¢ as a parameter,we
have that for any s > 0, z € R® and y € R%,

|85\Ifn(8,$,y>| < CﬁHasﬁnHCg,s,o(l + |x|m) < 06n2_04(1 + |l’|m)7
where the last inequality follows by (4.10). On the other hand, by reviewing y as a
parameter, we have by (3.6) and (4.10) that

|20 (-, 2, )|l oo < Co [(”an”cgo + anHcg’O)”Fn”cg)»““’(Haang’l + anHcg’l)”Fang""l
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2 A
+ ((lanlleps + Mballogs)” + (lanllogs + Bonllgse) ) Eullgpae| (1 + ™)
< G (n* 0 ) (L4 fal™) < Con (1 + [a] ™).

As a result, we have
Das(t,e) < Cr(1 + |x]*™)e?n?P=),
Combing the above estimates, we get
Ds(t,e) < Cs(1+ |2*™) (e + n 2 + 2n?E9).
Now, in view of (4.11), (4.12) and (4.13), we arrive at

t
E|Y; - Vi|* < GE ( / Yo - YSFds) + ColL+ [2f2) (2 4 2 4 2p22).
0

Taking n = /2 (which is optimal for minimizing the right hand side of the above
inequality), we get

t
]E‘Y;a — }_/75}2 < CgE (/ IY;€ _ K|2ds) + 09(1 + |x|2m)8o¢/\1,
0
which in turn yields by Gronwall’s inequality that

E|YS - V| < Cp(1 + |a?™)e.

For general 7' > 0 and in view of (4.15), the result can be proved by induction and
analogous arguments. So, the whole proof is finished. 0

4.3. Proof of Theorem 2.3. We use Theorem 2.1 and the radial truncation technique
to prove Theorem 2.3.

Proof of Theorem 2.3. For each n € N, define the new coefficients by

b (2.y) = b(z,y), ly| < n, ou(.g) m o(z,y), lyl <n
Y Vb ny/ly) >0, YT Letany/lul) Tyl >,
and
F(t,x,y), < n, G(t,y), <n
Fo(to.y) ::{ (t,z,y) ] o ):{ (t,y) ]
F(t,z,ny/lyl) ly| >n, G(t,ny/lyl) |yl >n.

It is easy to check that b,,, 0,,, F},, G, satisfy the conditions in Theorem 2.1. Let (X", Y,"™)
be the solution to SDE (1.1) with coefficients b, o, F', G replaced by b, 0,, F,,, G,,. Then
for any T' > 0, we have by Theorem 2.1 that

sup E|Y;"* Y{”‘Q—>0 as ¢ — 0,
t€[0,T]

where Y," is the solution of the following new averaged equation:
AV™ = Fy(t, V)t + Go(t, V)AW?, ¥ =y,
Here, F,(t,y) fRdl (t,z,y)p(dx), and p¥(dz) is the unique invariant measure of
the transmon semigroup of the following frozen equation:
dX;" = 0, (X, y)dt + 0 (X[, y)dW/, XGY =z
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For every € > 0, define the stopping time by
75 = inf{t > 0: |YF| + |Yi| = n}.

Then, by the construction of the new coefficients and the uniqueness of the strong solution
to SDE (1.1), it holds

YF =Y, Ve o, 7.
On the other hand, note that for every |y| < n, we also have p¥(dz) = p¥(dx). This
implies that for |y| < n,

Rt = [ Rultytan) = [ Fltaaeldn) = F(e.y),

R4
which together with the uniqueness of the strong solution to SDE (1.2) means

Yr =Y, Vie[o,r).
As a result, we can deduce that for some 5 > 2 and C' > 0,

SUP}E’YQE - Yt’2 < sup E(Wf - Yt|2 : 1{t<T5}) + sup E(‘Yf - Yt|2 : 1{t>rg})
telo,T

te[o,T te[0,7) [0,7)
2/8
< sup BV~ V7P +C | sup B(YP + [VI7) | (BT > )52
te[0,T] te[0,T]
< sup E[Y)" — V24 C/n’ 2,
te[0,7)

where the last inequality follows by Chebyshev’s inequality and condition (H™). Letting
e — 0 first and then n — oo, we can get the desired result. 0

5. WEAK CONVERGENCE WITH ORDER (a/2) A1

Now we study the weak convergence of the multi-scale system (1.1) to the effective
system (1.2) in the fully coupled case, i.e., the diffusion coefficient G(¢, x,y) in the slow
part also depends on the fast term. We first prove the following regularity result for the
averaged coefficients.

Lemma 5.1. Assume that a,b € C* and F,G € 05/2,5,04 with 0 < 6, a0 < 2. Let F and
G be defined by (1.3). Then we have F, H € C'I?/Q’a.
Proof. We only sketch the proof of the regularity for F. Note that when 0 < o < 1, the

conclusion has been proven in Lemma 4.1. Let us focus on the case 1 < a < 2. We write
for Y1, Y2 € RdQ

VL F () =V, F(te) = [ [9F () = VP )l (do)

+ /d F(t,z,y2)Vy [ (dz) — p¥* (dz)] =: S+ A
R%1

It is easy to see that there exists a constant C; > 0 such that

< Ci(lyr — yo|* " A D).
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For the second term, by (3.14) we write

Ho = /d F(t, 2, ) [vypoo(l’,J y1) — Vypoo(@'s yQde/
R41
t 0L(z,11) 0L (2 yz)]
= lim _slx, z; : - :
/0 /R Peesl yz)[ dy dy

t—o0
X (/ ps(Z,x/;QQ)F(t,l’,,?ﬁ)dl’,) dzds
Rd1

:/ / poo<z’y2)|:8$0<27yl) o aa%(zayZ)](/ ps(z,x/;yg)F(t,I,,yg)dx/) dzds.
0 Jr: dy Ay R

Then, the desired estimates follow by exactly the same arguments as in the proof of
Lemma 4.1. We omit the details. 0

Recall that . is defined by (1.9). Given a function ¢ € CZ** and T > 0, we consider
the following Cauchy problem:

{ o(t,y) — La(t,y) =0, te€l0,T),
w(0,y) = ¢(y)-
It is known that there exists a unique solution @ to (5.1) which is given by
i(t,y) = Ep(Yi(y))-
Moreover, we have V2 € 05/2’a, see e.g. [28, Chapter IV, Section 5]. Set
u(t,y) =T —t,y), te]l0,T].

By Ito’s formula, we deduce that

(5.1)

R

T
w(T,Yy) =u(0,y) + / Ostu(s,YS) + L(XE, YE)u(s, Y )ds + My,
0
where M, is a martingale given by

t
M, ::/ G(s, X2, YAV, (s, YE)dW?2.
0

Note that
u(T,Yr) = a(0,Yr) = o(Yr), and a(0,y) = a(T,y) = Elp(Yr)],
and
Duii(s, V) + LN, YENals, YE) = (X5 YE (s, Y7) — Zyls, V)
= [H(s, X0, Y7) = H(s, Y)|Vyu(s, Y7) + [F(s, X3, Y7) — F(s,Y7)|Vyu(s, 7).
We thus get

Elp(Y5)] - Elp(Vs)] = E( [t x5 v = (s, vVt Yf)ds)

+ E(/OT[F(S, X2, Y7) = F(s, YOV, (s, y;)ds> — U+ U (5.2)
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Define

H(tv L, y) = [H(t> Z, y) - I_{(ta y)]vzﬂ(t, y)
and B -
F(ta €, y) = [F(t7 €, y) - F(t> y)]vyﬁ(t’ y)'
Let H,, F, be the mollifying approximations of H and F defined similarly as in (4.7),

respectively. We prepare the following approximation result, which is similar to Lemma
4.3.

Lemma 5.2. Assume that a,b € C’lf’a and F € C’:/z’(s’a with0 <6 <1,0<a<?2.
Then we have
[ F' = Fulloo + [|H — Hylloo + [[@ = @nlloo + [0 = bnlloc < Con™, (5.3)
and
HFan;"W + HFan;j’“ + HHan;"s’a + HHnHCZ‘jv“ + Haang’Q + anHcg’2 < Con®™, (5.4)
where Cy > 0 is a constant independent of n.
Proof. Note that when 0 < a < 1, the conclusion has been proved in Lemma 4.1. Below,

we shall focus on the case 1 < a < 2, and prove the corresponding estimates for H. The
other estimates can be proved similarly. According to Lemma 5.1, it is easy to check

that H € C’f‘/?’é’a. As a result, we have

Rd2+1

|H(t—s,x,y—z)+f~l(t—s,$,y+z)
— 2H(t,2,y)| - pi(2)p} (s)dzds

< 01/ (s + |2|%) - pa(2)pi(s)dzds < Cin~®,
Rd2+1

and
Vet < [ Vs = 2) = V0 s00)| Va3 (5)dzds
Rd2+1
< an/ |2|*7 - ph(2)pt(s)dzds < Con?~.
Rd2+1
So, the proof is finished. 0

We are now in the position to give:

Proof of Theorem 2.5. We begin from (5.2) and proceed to control the first term. Let
H,, be the average of H, with respect to ¥ (dx), and set H,, := H, — H,. We write
% < E

§7 78

T
/ [H(s, X5, YE) — H,(s, X2, Y5)]ds
0

T
+ E </ ﬁn(S,XSE,YSE)dS> =: 62/11 -+ %12.
0

Using (5.3), we can control the first term easily by

%11 < Cln_o‘.
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To control the second term, let ¥, be the solution to the following Poisson equation in
R

%n(x7 y)an(tv z, y) = Hn(tv Z, y)7
where £ is defined by (4.14) and (t,y) € Ry x R% are viewed as parameters. Note
that H,, satisfies the centering condition (3.1). Thus, according to Theorem 3.1, we can

use the 1to0’s formula to get that

T
E (/ H,(s, X¢, Y;)ds) = e, (T, X5, YE) — eV, (0,2, y)
0

T
(D) = 006 Y] 9 65 Y
0

ER s s S CRd S

+/T [an(XE,YE) — a(XE, V)] V2T, (s, XE Yf)ds)

T
— g/ (05 + L) (s, X2, YE)ds
0

= 9\(T,e) + Do(T, ) + D5(T,¢).
Using (5.3), (5.4) and exactly the same arguments as before, we get
gl(T, 8) + QQ(T, E) < C(Ef + niCM).

and

24(T,e) < Cen®™,
As a result, we have
% <C(e+n"“+en* ).
Using exactly the same arguments as above, we can also get
Uy < C(e+n"“+en*).

12 we arrive at

Hence, taking n = e~
Bl (V)] ~ Blp(Vr)l| < Cr(e™? + ) < Cre@/,
The proof is finished. -
Finally, we give:

Proof of Theorem 2.7. It is well-known that the solution u® to equation (1.7) has the
following probabilistic representation (see [24]):

) = ([ v+ e0)).

Since ¢ is continuous, we can always find a sequence of functions ¢, € C} such that
lon — @lleo — 0 as n — oco. As a result, we deduce by Theorem 2.5 that

Ep(Yi_) — Eo(Yr—) < [Een(Yi_,) — Eon(Yr-o)] + 2llen — ¢l
Taking ¢ — 0 first and then n — oo, we get
i [E(¥5 ) — E(Fi)| =0
27
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On the other hand, since ¢ is bounded, we can always find a sequence of functions
¥, € C such that for every p > 1, |1, — ¢”Lfoc — 0 as n — oo. Then, for every R > 0,
we write

E ( / - [ (Yy) - ¢<Ys>]ds) =E ( / - [n(YS) — wnm)}ds)
e ([ 00 - 60D teiemas ) +B ([ 1070 = a5 s el
+E (/OTt [(Ys) — ¢ (Y5)] 1{YS|>R}d5) +E </0Tt [0(Ys) — thn(Y5)] 1{|YS|>R}dS) :

Due to Theorem 2.5, the first term goes to 0 as ¢ — 0. By Krylov’s estimate (see [24])
we have that for some p > d; + do,

T—t
£ [W(YS) = Un(YO) [ Lvziemyds | < Cllv = allng
0

which goes to 0 as n — oco. Finally, the last part goes to 0 as R — oo by Chebyshev’s
inequality. This finishes the proof. O
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