H*P REGULARITY THEORY FOR A CLASS OF NONLOCAL ELLIPTIC
EQUATIONS

SIMON NOWAK

ABSTRACT. In this paper, we study the regularity of weak solutions to a class of nonlocal elliptic
equations in Bessel potential spaces H®*P. Our main results can be seen as an extension of the
well-known WP regularity theory for local second-order elliptic equations in divergence form to

the nonlocal setting.
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1. INTRODUCTION

1.1. Basic setting. In this work, we study the regularity of weak solutions to nonlocal elliptic

equations of the form |

m
(1) LAu+bu:ZLDigi+finQCR”

i=1
in Bessel potential spaces H*P?. Roughly speaking, the purpose of this paper is to prove the
implication u € H*? = wu € H*P for the whole range of exponents p € (2,00) in the case
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of possibly very irregular data. Here s € (0,1), 2 C R™ (n > 2s) is a domain (= open set),
b, f,gi :R*" R (i =1,...,m, m € N) are given functions and

A(z,y)
Lau(z) =2 1lim ———2(u(z) —u(y))dy, =€ Q,
=0 Jpm\ g () T — Y[ T2
is a nonlocal operator. Furthermore, the function A : R™ x R™ — R is measurable and we assume

that there exists a constant A > 1 such that
(2) AT < A(z,y) < X for almost all z,y € R".
Moreover, we require A to be symmetric, i.e.
(3) A(z,y) = A(y,z) for almost all z,y € R™.

We call such a function A a kernel coefficient. We define Lo(\) as the class of all such measurable
kernel coefficients A that satisfy the conditions and . Note that in our main results, we
additionally assume that A is translation invariant, cf. section 1.3. Moreover, throughout this work
D;:R"xR" - R (i =1,...,m) are assumed to be measurable functions that are symmetric and

bounded by some A > 0, i.e.

m

(4) Z |D;(z,y)| < A for almost all z,y € R™.
i=1

Define the spaces

2
H(QR™) = {u R"™ — R measurable ‘ / )V2dx —|—/ / |n+2)s) dydz < oo}

and

Hi(QR") ={ue H(QR") | u=0 a.e. in R™\ Q}.
For all measurable functions u, ¢ : R™ — R we define the bilinear form associated to the operator
L4 by

o) = [ o) — w0 (o) ~ (o)),

provided that the above expression is well-defined and finite, this is e.g. the case if u € H*(Q2|R™)
and ¢ € HE(QR™). Analogously we consider the bilinear forms Ep, (u, ) associated to the operators
Lp.

i

Definition. Given b € L>®(Q), f € L*(Q) and g; € H*(QR"™), i = 1,...,m, we say that u €
H*(Q|R™) is a weak solution to the equation Lau+bu =3 . Lp,g; + f in Q, if

Ealu, o) + (bu, ) r2(0) ZED gi,) + (f,0)2) Ve € Hy(QR™).

1.2. Some previous results. Studying the regularity of weak solutions to equations of the form
has been a very active area of research in recent years. Results concerning Holder regularity were
e.g. obtained in [18], [13], [31], [22], [29] and [28], while results concerning higher differentiability
in Sobolev spaces were e.g. obtained in [12] and [5]. Regarding higher integrability, in [3] and [1] it
was shown that under the assumptions from section 1.1 there exists some small ¢ > 0, such that

for any weak solution u of Lau = f in R™ the function
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belongs to L?T7(R™) whenever f € L?*(R™). In view of a classical characterization of Bessel
potential spaces due to Stein (cf. Theorem , this actually implies that u belongs to the Bessel
potential space H*2T7(R"). Similar results were proved in [21], [30] and [1], where it was shown
that under the assumptions from section 1.1 u actually not only possesses a higher integrability

but also a slightly higher differentiabillity.

1.3. Main results. The aim of this work is to prove the H*P regularity for solutions u to equations
of the form not only for some p > 2 close enough to 2, but for the full range p € (2,00). In
order to accomplish this, we restrict our attention to the following class of translation invariant

kernel coefficients.

Definition. Let A > 1. We say that a kernel coefficient A € Lo(\) belongs to the class L1(N), if
there exists a measurable function a : R™ — R such that A(x,y) = a(z —y) for all z,y € R™, that

18, if A is translation invariant.
Our main result concerning local regularity in Bessel potential spaces H*? is the following.

Theorem 1.1. (Local H*P regularity in domains)

Let Q C R" be a bounded domain, p € (2,00), s € (0,1), b € L*(Q), ¢, € H*(QR"™) N H>P(R")
and f € LP~(Q)), where p, = max{nf’:;s,Z}. If A belongs to the class L1(\) and if all D; are
symmetric and satisfy , then for any weak solution uw € H*(QR™) of the equation

(6) Lau+bu=Y " Lp,gi+f inQ

i=1

we have u € H;'?(Q) and u e WP(Q).

loc

Remark. We actually obtain a slightly stronger result (cf. Theorem than the one given by
Theorem in terms of certain function spaces H*?(2|R™) that generalize the space H*(Q2R™)
to the case when p # 2, cf. section 3. By a useful alternative characterization of Bessel potential
spaces (cf. Theorem [3.3)), this space H*?(Q|R™) is actually contained in H*?(2) whenever (2 is
regular enough, so that this result then implies Theorem Moreover, since Theorem is
concerned with local regularity, the above result remains true if we generalize the notion of weak

solutions to an appropriate notion of local weak solutions, cf. section 7.

Remark. Although in Theorem and in our other main results we are primarily concerned
with regularity in Bessel potential spaces H®P, due to the classical embedding H*? — W#P for
p € [2,00) (cf. Proposition [3.2)), we also obtain regularity in Sobolev-Slobodeckij spaces W*P.

If the equation is posed on the whole space R", we are actually able to establish the following

global regularity result.

Theorem 1.2. (H*®P regularity on the whole space R™)
Letp € (2,00), s € (0,1), b € L>®(R"), g; € H*(R") N H*>P(R") and f € L*(R") ﬂLp*il)%"), where

Py = max { nﬁZS,Q}. If A belongs to L1(N\) and if all D; are symmetric and satisfy

any weak solution w € H*(R™) of the equation

, then for

(7) LAu+bu:ZLDigi+finR”

i=1

we have uw € H>P(R™) and u € W*P(R").
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In the case when b=g¢; =0 (i = 1,...,m), by writing A(z,y) = a(x — y), Theorem can also
be deduced by applying [2, Theorem 1] to the symbol

_ Jgn(cos(€ - y) — " (y)V(dy)  aly)
M= Jan(cos(€-y) = )V (dy) (dy) = |y|t2s Y

The main achievement of this paper is that we develop the H*?P regularity theory for weak

solutions of the equation for a general right-hand side and especially in the setting of arbitrary
domains 2 C R™. This is because although in the case of local elliptic equations local regularity in
domains € can be deduced from the corresponding result in R™ by using a cutoff argument, in the
nonlocal setting such a cutoff argument requires an additional assumption on the solution in the
complement of Q (cf. [4] or [19]), which is not required in Theorem Another advantage of our
approach is that it can be generalized to an appropriate class of nonlinear nonlocal equations. We
plan to do this in a future work.

We also want to mention that in [15] a somewhat related result was proved. Building on an
approach used by Krylov in [20] to obtain WP estimates for local second-order elliptic equations,
the authors obtained H?*P? a priori estimates for strong solutions of the equation L4 = f in R”.

In order to prove our main results, we instead apply a variation of another approach commonly
used in order to obtain WP regularity results for local elliptic equations in divergence form which
we briefly describe in section 1.4. This enables us to simultaneously treat the problems of local

H?P regularity in domains ) and the problem of global H*? regularity on the whole space R"™.

1.4. WP regularity theory for second-order elliptic equations in divergence form. Let
us briefly review the well-known WP regularity theory for local second-order elliptic equations in
divergence form treated for example in [7], [§] or [9], where the authors build on an approach first

introduced by Caffarelli and Peral in |10]. Consider the equation
(8) div(BVu) =divg+ f in Q,

where @ C R™ is a domain, the matrix of coefficients B : R” — R™*", B(x) = (B;;(2))i j=1,..n
has measurable entries, is uniformly elliptic and bounded, while g : 2 — R™ and f : Q — R are
given functions. Furthermore, solutions are understood in an appropriate weak sense, cf. [17]
or |7]. Let 2 < p < co. A natural question corresponding to Theorem to ask in this context
is the following: Under which assumptions on B, f and g does any weak solution u € H} (£2)
of in fact belong to the space u € Wllo’f (€2)? The minimal assumptions on g and f for this
property to hold are g € L} (2, R™) and f € L[gfpﬂ (€2), while the coefficients B;; are required to
have small enough BMO-seminorms, cf. |7]. The strategy to obtain such local WP estimates used
e.g. in [7], [8] or [9] is as follows. One approximates the gradient of the weak solution u of (8)) in L?
by the gradient of a weak solution v of a suitable equation div(ByVu) = 0, where By has constant
coefficients. One then uses the fact that v satisfies a local C%! estimate along with a real-variable
argument based on the Vitali covering lemma, the Hardy-Littlewood maximal function and an
alternative characterization of LP spaces in order to obtain an LP estimate for Vu, which in view
of interpolation then implies the desired local WP estimate.

The main idea of our approach in the nonlocal setting is to apply similar arguments with the
gradient Vu replaced by the nonlocal s-gradient V*u defined in . However, due to the nonlocal
nature of the operator V* and the equations we consider, in our setting we have to overcome a

number of difficulties that are not present in the local case.
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1.5. Some notation. For convenience, let us fix some notation which we use throughout the
paper. By C and C;, i € N, we always denote positive constants, while dependences on parameters

of the constants will be shown in parentheses. As usual, by
B, (zg) :={z € R" | |xr — x0| < 1}

we denote the open ball with center zg € R™ and radius v > 0. Moreover, if E C R™ is measurable,

then by |E| we denote the n-dimensional Lebesgue-measure of E. If 0 < |E| < oo, then for any

u € LY(F) we define
1
ug ::][ u(z)dx := —/ u(x)dx.
B El Jp

2. SOME TOOLS FROM REAL ANALYSIS

In this section, we discuss some results from real analysis that will play key roles in our treatment
of the H*%P regularity theory for nonlocal elliptic equations.

The following result can be proved by using the well-known Vitali covering lemma, cf. [7, Theorem
2.7].

Lemma 2.1. Assume that E and F' are measurable sets in R™ that satisfy £ C F' C By. Assume
further that there exists some € € (0,1) such that

|E| < E|B1|7
and that for all x € By and any r € (0,1) with |E N B,(x)| > ¢|B,(z)| we have
B.(z)N By C F.

Then we have
|E| < 10"¢|F)|.

Another tool we use is the Hardy-Littlewood maximal function.

Definition. Let f € L}, .(R™). Then the Hardy-Littlewood maximal function
Mf:R™ = [0,00] of f is defined by

M (z) = M(f)(x) == sup Ji Sl

p>0

Moreover, for any domain Q C R™ and any function f € L'(Q), consider the zero extension of f
to R™

fole) = f(z), f’fx €
0 ,ifxéeQ
We then define
Maf = Mfaq.

Rather straightforward but important features of the Hardy-Littlewood maximal function are
its scaling and translation invariance, given by the following Lemma which can be proved by using

a change of variables.

Lemma 2.2. Let f € L}, (R™), 7 >0 and y € R™. Then for the function f,,(x) = f(rz+y) and

loc

any x € R™ we have

Mfry(x) = Mf(rz+y).
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Similarly, for any domain Q C R™, any function f € L*(Q) and any x € Q we have
MQ’fT,y(x) = MQf(Tl' + y)7
where ' = {**¥ | x € Q}.

We remark that for any f € Li (R"), Mf is Lebesgue-measurable. Intuitively, the Hardy-
Littlewood maximal function of a function f in general seems to be much larger than the function
f itself. However, the following results show that when measured appropriately, the size of M f

can actually be controlled by the size of f, cf. [33].
Theorem 2.3. Let Q) C R" be a domain.
(i) (weak 1-1 estimate) If f € L*(Q) and t > 0, then
C
o €| Ma(f)(e) > 1 < T [ 111de

where C = C(n) >0
(i) (strong p-p estimates) If f € LP(Q) for some p € (1,00], then
e < [IMafller@) < CllfllLr @)

where C = C(n,p) > 0.
(iii) If f € LP(Q) for some p € [1,00], then the function Mqf is finite almost everywhere.

We conclude this section by giving an alternative characterization of L? spaces, cf. |11, Lemma

7.3]. It can be proved by using the well-known formula

1Moy =2 [ 07" o€ @] 1@) > )]

Lemma 2.4. Let 0 < p < oo. Furthermore, suppose that f is a nonnegative and measurable
function in a bounded domain Q@ C R™ and let 7 > 0, B > 1 be constants. Then for

S:=> Bz e fx) > 8"},

k=1
we have
C18 < 1[50 < COQI+5)
for some constant C' = C(t,8,p) > 0. In particular, we have f € LP(Q) if and only if S < co.

3. FRACTIONAL SOBOLEV SPACES AND THE S-GRADIENT

We start this section by defining a first type of fractional Sobolev spaces which is probably the

most widely used type of such spaces in the literature concerned with elliptic equations.

Definition. Let Q C R™ be a domain. For p € [1,00) and s € (0,1), we define the Sobolev-
Slobodeckij space

p
WP(Q) i= {ueLP ‘/ |x7 W])D d dai<oo}

Ju(z) — uy)I? e
P p
[[ullwerq) == </Q |u(z)| dstr/Q P dydx .

Moreover, we define the corresponding local Sobolev-Slobodeckij spaces by

with norm

WEP(Q) :={ue LY (Q) | ue WP(Q) for any domain Q' CC Q}.

loc
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Finally, set
H(Q) := W2(Q).

Remark. The space H*(Q2) is a Hilbert space with respect to the inner product

(9) (u,0) e (0) = (4, 0)L2(0) +/Q/Q () — uly))Col2) _v(y))dydx.

o — g

We use the following fractional Poincaré inequality, cf. |14, Lemma 3.10].

Lemma 3.1. Let Q C R" be a bounded Lipschitz domain and s € (0,1). For any u € H*(Q) we

have u(z) ()|2
9 u(z) — u(y
u(z) —u dx<C//7ddx,
/Q‘ @) ol olo |z—y[rt2 Y

where C' = C(s,9Q) > 0.
We also use the following type of fractional Sobolev spaces.
Definition. For p € [1,00) and s € R, consider the Bessel potential space
(R = {ue PR | FH(1+ ) Ff| e P@®™)},

where F denotes the Fourier transform and F~' denotes the inverse Fourier transform. We equip
H*P(R™) with the norm

| o0 oy = H]—"1 [(1+1g)? Ff”

LP(R")

Moreover, for any domain 2 C R™ we define
H*P(Q) := {u|Q | ue H‘”’(R")}

with norm

||u| H"‘”’(Q) = inf {||’U||H3,p(]Rn) ‘ ’U‘Q = u} .

Furthermore, we define the corresponding local Bessel potential spaces by

HPP(Q):={ue Ll (Q)|ue H*PQ) for any domain Q' CC Q}.

loc loc

The following result gives some relations between Bessel potential spaces and Sobolev-Slobodeckij

spaces.

Proposition 3.2. Let Q C R" be a domain.
(i) If Q is a bounded Lipschitz domain or Q = R"™, then for all s € (0,1), p € (1,2] we have
WeP(Q) — H*P(Q).
(i1) For any s € (0,1) and any p € [2,00) we have H*P(Q) — WP (Q).

For a proof of Proposition we refer to Theorem 5 in chapter V of |33] for the case when 2 = R™.
For general domains €2, part (i) then follows by extending an arbitrary function u € W*P(Q)
to a function that belongs to W*P?(R"™), for which an additional assumption on € is required,
cf. |23, Theorem 5.4]. Part (i7) follows similarly by extending an arbitrary function v € H*P ()
to a function that belongs to H*P(R™), which by definition of H*P(Q2) is possible for arbitrary
domains.

We now define a function that can be viewed as a nonlocal analogue to the euclidean norm of

the gradient of a function in the local context.
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Definition. Let s € (0,1). For any domain 2 C R™ and any measurable function u: Q — R, we
define the s-gradient Viu : Q — [0, 00| by

Moreover, for any measurable function u : R™ — R we define Vu := V. u.

In view of Proposition for any bounded Lipschitz domain Q we have v € H*2(Q) if and only if
u € L*(Q) and V{u € L*(Q). The following result shows that a similar alternative characterization
of Bessel potential spaces in terms of the s-gradient is also true for a much wider range of exponents
p. This characterization was first given by Stein in [32] in the case when Q = R™. For the case
when () is an arbitrary Lipschitz domain we refer to [25, Theorem 1.3] or |24, Theorem 2.10], where
this characterization is proved in the more general context of Triebel-Lizorkin spaces and so-called

uniform domains.

Theorem 3.3. Let s € (0,1), p € (%, oo) and assume that Q C R™ is a bounded Lipschitz
domain or that Q = R"™. Then we have w € H*>P(2) if and only if w € LP(Q) and Viu € LP(£2).
Moreover, we have

[ullren () = [[ullLe @) + [IVEQU[ L0 (0)
in the sense of equivalent norms.

We remark that the above result holds in particular for any p > 2.

Even though we primarily work in some domain 2 C R", we obtain most results in this work in
terms of the global s-gradient V* instead of the localized s-gradient V§,, which is mostly due to
the nonlocal character of the equations we consider. In order to state our main result in domains
in an optimal way (cf. Theorem , we therefore also define the following natural nonstandard

function spaces.
Definition. Let Q@ C R™ be a domain. Forp € [1,00) and s € (0,1), we define the linear space
H*P(QR") := {u : R® — R measurable | u € LP(Q) and Vu € LP(Q)} .
Moreover, we define the corresponding local spaces by
H}P(QR™) = {u: R" — R measurable | u e H*P(Q'|R") for any domain Q' CC Q}.

Also, we use the spaces
HyP(QR™) :={u € H*P(QR") | u =0 a.e. in R"\Q}.
Furthermore, set
H*(QR™) := H*(QIR"), H,o(QUR") = Hy; (UR") and H3(QIR") := Hg*(QR™).

Remark. Since for any v € H§(QR™) we have

[ otwraes [ [ SO g0 < [ epas 2 [ (9t <,

H§(QR™) clearly is a closed subspace of H*(R™) and thus also a Hilbert space with respect to the
inner product (u,v) s gn) defined in @
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Remark. In view of Theorem for any bounded Lipschitz domain 2 C R™ and all s € (0,1),

pE (ni"% , oo) we have the inclusions

H*P(R™) Cc H*P(QR™) C H*P(Q).
In the case when 2 C R" is an arbitrary domain this implies the inclusions

H*P(R™) C HZP(QR™) C HP(Q).

loc loc

We also use the following embedding theorems of Bessel potential spaces. Parts (¢) and (i7) follow
from [34, Remark 1.96 (i4¢)], while the last two parts follow from the corresponding embeddings of
Sobolev-Slobodeckij spaces (cf. [23]) and part (ii) of Proposition [3.2]

Theorem 3.4. Let 1 <p < p; <00, 8,81 > 0 and assume that 2 C R™ is a domain.
(i) If sp < n, then for any q € [p, —2-] we have

n—sp

H*?(Q) < LI(Q).

(ii) More generally, if s — % =s1— ., then
H*P(Q) — H**P1(Q).
(iii) If sp = n, then for any q € [p,00) we have
H*P(Q) — L1(Q).

(iv) If sp > n, then we have
H?P(Q) — C*(Q),

wherea:s—%.

4. SOME PRELIMINARY REGULARITY RESULTS

For the rest of this paper, we fix real numbers s € (0,1) and A > 1.

4.1. L™ estimates. The following Lemma relates the nonlocal tail of a function that often appears

naturally in the literature to the L? norm of its s-gradient.

Lemma 4.1. For all r,R > 0 and any u € H*(Bgr|R™) we have

u(y)? 5,012 2
(10) s, W dy < C([[Voulli2(p,) + ullzz8,)):
where C = C(n,s,r, R) > 0.
Proof. First of all, integration in polar coordinates yields
dz oo pnl Wn
11 — =Wy dp = =: ] < o0,
(11) /R"\BT |2[nt2s w /T P2 P = S5gr2s 1S

where w,, denotes the surface area of the n—1 dimensional unit sphere S”~!. By the Cauchy-Schwarz
inequality, Fubini’s theorem and we have

u(y)? (u(y) —f Ru(x)derf Ru(x)dx)2
/R"\BT wmd _/R”\BT - - dy

[tz Y T |y|nt2s

(JEBR (u(z) — U(y))dﬂf)z (fBR u(x)da:)2
<2 /R"\BT dy + /RR\BT -~ 7 dy

|y|t2s |y|+2s
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z) —uly )) JfBR (z)dx
</"\B ]{BR Wd vdy +/RH\B y|n+zsdy>
u(y))? )
|BR| </BR /"\B |y|n+25 dyd.’L’+Cl /BRU (.fL')d,’Ij) .

Moreover, since for any € By and any y € R™ \ B, we have

R R
o=yl <lel ol < R+l = (25 +1) o < (£ 1)

we see that

L Lo, e s [ [ e < [ (90

where Cy = (% + 1)n+25. By combining the above computations, we see that holds with
C = ﬁmax{Cz,Cl}. [ ]

We also use the following local L estimate for weak solutions to homogeneous nonlocal equations,
cf. [13| Theorem 1.1]. We remark that although in [13] the below result is stated under the stronger

assumption that uw € H*(R™), an inspection of the proof shows that this is not necessary.

Theorem 4.2. Consider a kernel coefficient A € Ly(X). For all 0 < r < R < oo and any weak
solution u € H*(Br|R™) of the equation

LAU:O m BR

lu(y)
u||poe(B,) < C / dy + ||ul|r2(B ;
||ul| Lo (B,) <R"\BT s |ul| L2 (BR)

where C = C(n,s,r,R,\) >0

we have the estimate

By combining the above two results, we obtain the following.

Corollary 4.3. Consider a kernel coefficient A € Lo(N\). For all 0 < r < R < 00 and any weak
solution u € H*(Br|R™) of the equation

Lau=0 in Br
we have the estimate
(12) lull e (B,) < CUIVullL2(Br) + llullL2(8r)),
where C = C(n,s,r,R,\) >0

Proof. By Theorem and Lemma we have

ju(v)
lull=(s,) < Cr ( [ e+ el
re\B, |Vl

%
: u(y)?
<G| G5 (/RH\BT |y‘n+25dy + [lullz2(BR)

1 1
<G (€505 +1) (IV*ul 2o + lulle2(3m)
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where C is given by Theorem Cs is given by (11)) and Cj is given by Lemma This proves
11
1; with C = Cy (C; Cr + 1). n

Corollary 4.4. Consider a kernel coefficient A € Lo(N\). For all 0 < r < R < oo and any weak
solution u € H*(Br|R™) of the equation

Lau=0 in Br
we have the estimate
(13) Ve grtllze (s, < ClIV:ullL2(Bg),
where C = C(n,s,r, R,\) >0
Proof. For any x € B, and any y € R" \ Br we have
R R
yl<lz—yl+|z|<|lz—yl+R=(14+—)le—yl<(1+-— )]z —y|
|z — y R—r

For almost every = € B,, it follows that

(u(z) —u(y))*
/Rn\BR |z — y|nt2s 24

(u(z) —u(y))?
=G /Rn\BR |y|+2s W

u(z)? u(y)®
<2C / 7dy+/ dy
! ( R\ Bp Y[ R™\Bg |y\"+25
<2C4 <C’2||u||%oc(Br) + Cs (/ / P y|n+2s) dydz +/B u2(z)dz>>
n R

<2C1(CoCy + Cs) (/BR/ Md dz+/BR u2(z)dz),

n+2s
where C; = (1 + RRT) , Cy = Cy(n, s, R) is given as in in the proof of Lemma 4.1} while
C3 = C3(n, s, R) is given by Lemma[4.1]and Cy = Cy(n, s, A\, 7, R) is given by Corollary - Set
Cs :=2C1(C3C4 + C3). Since the function v —up, € H*(Br|R™) also solves the equation

Ls(u—1up,) =0 weakly in Bp,

the above estimate also applies to the function u — gy, so that together with the fractional

Poincaré inequality (Lemma [3.1)) for almost every = € B, we deduce

u(xr) —u 2 u(xr) —u —(u —u 2
Vi, u(@) = /W (u(@) — ulw)? | /W (wle) = Tp,) = (uly) = Tp,))* |

o =y o — g

<o [ (o) ) —|§in<i>—uBR>>2 s+ [ ),

<G </BR/ z—y|”+2“’) dydz+06/ LRWC[W>

< Cq||V? u||L2(BR)7

where Cs = Cg(n, s, R) and C7 := C5(1 + Cs), which proves with C = 07%. [ ]

4.2. Higher Holder regularity. In the basic case when A € Ly()), it can be shown that any weak

solution to the corresponding homogeneous nonlocal equation is C* for some « > 0, cf. 13| Theorem
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1.2]. The following result shows that if A is of class £1(\), then weak solutions to the corresponding

homogeneous nonlocal equation enjoy better Holder regularity than in general.

Theorem 4.5. Consider a kernel coefficient A € L1(\) and assume that u € H*(Bs|R"™) is a weak
solution of the equation Lau =0 in Bs. Then for any 0 < o < min{2s,1} we have

[u]ca(Bs) < ClIVPul|L2(By),

where C = C(n, s, \,a) >0 and

[u(z) — u(y)]
Ujce = su
[ ]C (Bs) z,yegs |$_y‘a
TFy

We will derive Theoremfrom the following analogue of |6, Theorem 5.2], where a corresponding

result is proved for weak solutions to the fractional p-Laplace equation.

Theorem 4.6. Consider a kernel coefficient A € L1(X) and assume that u € H*(B5|R"™) is a weak
solution of the equation Lau =0 in Bs. Then for any 0 < o < min{2s,1} we have

—u(y)? / [u(y)|
« < oo _
[ulc (Bs) c (lu”L (B4) +/ /34 |z — y|nt2s dydz + Rn\ By |y|”+2sdy ’

where C' = C(n, s, A\, a) > 0.

Since the proof in [6] is done only in the case when A(x,y) = 1 but naturally applies to the
setting of arbitrary kernel coefficients A € £1(\), let us briefly explain the modifications that are
necessary in order to prove the result in this more general setting. Fix 0 < r < R, h € R™\ {0} such
that |h| < £5* and a test function ¢ € H§(B(r4r)/2|R"™). Moreover, suppose that u € H*(Bg|R")

is a weak solution of
(14) Lau=0in Bp.

Since the function ¢_p(x) := @(x — h) belongs to H§(Br|R™), we can use p_j as a test function
in (14). Setting wj(x) := u(z + h), along with a change of variables and the assumption that
A € L1(X) this yields

0= [ [ ) — u)(o-ae)  o-n()iyda
(19 / e [fc At ’;Piﬁ;h) (un(2) = () ((0) — (w))dyd
Moreover, testing with ¢ yields

By subtracting (16]) from and dividing by |h| > 0, we obtain

an [ [ e L L O o) oty ~ o

(un(z) —un(y))(p(x) — 0(y))dydz.

€T _y‘n+23

which corresponds to formula (4.3) in [6, Proposition 4.1]. The further proof of Theorem can
now be done in almost exactly the same way as in section 4 and 5 of |6] by additionally using the
bounds of A when appropriate.
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Proof of Theorem (4.5l Since ug :=u —up, € H¥(Bs|R") also solves the equation
L qaug = 0 weakly in Bs,

we have

[u]ca(By) = [uolca(Bs)

g (x (y)]? |uo(y)]
< (ol +/ / 1U0l) = “OM)T iy + dy
1 (II o= (52) . |x_ |n+2s z\B, [y["T?

s s U 2 2
< 1 | CalllVuollua i) + luollza(sy)) + 11750l [ L2() + C ( / [uo(y)] dy)
R

71\B4 |y|’ﬂ+25
< C1(Co + 1+ C5Cy) (I[V2ull 125y + 1ol 22(5y))
< C1(Cy + 1+ C3Cy)(1+ Cs5)| [V ul| 12(8,),

where C7 = Ci(n, s, A\, @) is given by Theorem Cy = Cs(n, s, A) is given by Corollary
C3 = C3(n,s) is given by (1)), C4 = Cu(n,s) is given by Lemma and C5 = Cs(n,s) is
given by the fractional Poincaré inequality (Lemma . This proves Theorem with C' =
C1(Ca + 1+ C3C4)(1 4 Cs). n

Remark. Theorem can also be proved by the following alternative approach. In the case when
u belongs to L>°(R™) and is a weak solution of an inhomogeneous equation of the form Ly = f
in By with f € L*°(Bjy), the additional Holder regularity from Theorem can be proved by
essentially the same approach used to prove [28, Theorem 1.1], cf. the lecture notes |26]. Theorem
can then be deduced by a cutoff argument similar to the one applied in |29, Corollary 2.4].

5. THE DIRICHLET PROBLEM

In what follows, we fix measurable functions D; : R” x R” — R (¢ = 1,...,m) that are symmetric

and bounded by some A > 0.

Proposition 5.1. Consider a kernel coefficient A € Lo(N\). Let @ C R™ be a domain, g;,h €
H(QR™), f € L*(Q), b€ L>=(Q) and | := essinfeq b(x). If Q is bounded, then we assume that
1 >0, otherwise we assume that | > 0. Then there exists a unique solution u € H*(QR™) of the

weak Dirichlet problem

Lau+bu=>" Lp,g+f weaklyinQ

(18)
u=nh a.e. in R™\ Q.
Moreover, if Q0 is bounded and b = 0, then u satisfies the estimate
(19) [[Viul|p20) < C <||vsh|L2(Q) + Z [IVgillL2(a) + |f||L2(Q)> ,
i=1

where C = C(n, s, \, A, |9]).
Proof. Consider the symmetric bilinear form
& Hy(QR™) x H(QR") = R, E(w, @) := Ea(w, @) + (bw, p)12(0)-

First of all, fix some w € Hg (QR™). We have

oy < [ [ D LOP ity < maxih Bl HlolFr oo
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Let us first consider the case when 2 is unbounded, in this case we have [ > 0 and therefore

- (w(z) —w(y)?
E(w,w) > A 1/ / xynﬁs))dydx‘*‘leH%?(Rn) 2 Cl”“’”%{s(n@n)a

where C; = min{\~!,1} > 0. If Q is bounded, then we have [ > 0. Since we have w = 0 a.e. in
R™\ Q and w € H*(R™), in this case Holder’s inequality and the fractional Sobolev inequality

(cf. |23 Theorem 6.5]) yield
n=2s
([

/ dex:/dex <9
(20) Q

< CQ‘Q| n / / |n+2s)) d dx
where Cy = Cy(n, s) > 0. We deduce

E(w,w) >\~ / / n+25)) dydzx
L2t v))? voln [ )
n |n+2s s Gydr + Gy |Q| = widz | > C3||w||H”(R"‘)a

where Cy = 2~ min {1 Ccyt \Q|_*} > 0. We obtain that in both cases £(,-) is positive definite
and hence an inner product in Hg(QJR™) that is equivalent to the inner product (-, ) gs(®n) defined

in section 3. Therefore H§(QJR™) with the inner product £(-,-) is a Hilbert space. Since moreover

by Holder’s inequality the expression

_SA(h’ 90) - (bh7 @)LZ(Q) + ZgDi (gu ) (f7 )LQ(Q

i=1
is a bounded linear functional of ¢ € HF(Q|R™), by the Riesz representation theorem there exists a
unique w € H(QR™) such that

gA(w7 @) + (bwa QD)L2 ()

(21) m i .
= —Ealh, @) = (bh, @) 2) + D Ep,(9i:0) + ([, 9)r2 () Vo € HS(QR™).

i=1
But then the function u := w + h € H*(QR") solves the Dirichlet problem (I8). Furthermore, if u
and v both solve the Dirichlet problem (18)), then u — h and v — h both satisfy (21)), so that by
the uniqueness part of the Riesz representation theorem we deduce u — h = v — h a.e. in R™ and
therefore u = v a.e. in R"™, so that the Dirichlet problem has a unique solution.

Let us now prove that if € is bounded and b = 0, then the unique solution v € H§(2|R™) of
satisfies the estimate (19). In order to accomplish this, note that by for any w € H5(QR™) we

have

/Qlf(x)\lw(x)ldx <A@ llwlle2 @)

2 3
z s w(x) —wl(y
T G ey

1
<207

2@ IViwl|L2(q)-
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Since w :=u — h € H§(QR™) satisfies (21)), using ¢ = w as a test function in along with the
Cauchy-Schwarz inequality yields

52 (w(z) —w(y))?
|VEw||72(q) §/ /n Wdi‘/dm

<>‘/”/n )Q:JE%)) dydz
o] /nA@,y) 2 Kot vt

+Z / Dilz.y) (gi(af)—|9;(y);(|1:+(i)—w(y)) dydz + /Q f(x)w(x)dx>

([ [ M= HDle) i,
+Ai /. / n ‘gz |m_)l'/'|ﬁ‘j£23 M iyas + [ i)
<2amax{\, A, 202 |0 (// Wliw) = ww)l g,

|.’E _ |n+2s
|gi(x ()] Jw(x) — w(y)| .
- Z/ /" |(L‘ — y‘n+25 dydﬂ? + Hf||L2(Q)Hv w||L2(Q)

<C4||V*wl|2(0) <|Vsh||L2(sz) + Z [IV*gillL2(0) + ||f|L2(Q)> ;

i=1

where Cy := 2 A max{\, A, 2C’§|Q = }. We obtain

IVoullL2@) < 2([IVPwllr2(0) + [[VhI|L2(0))

<2 (04 <||vsh|L2(Q) +) VoGl + |f||L2(Q)> + ||Vsh|L2(sz)>

i=1

<C <|vsh||L2(Q) + Z [[V2gil|L2 (o) + ||f|L2(Q)> ,

i=1

where C' = 2(Cy + 1). ]

For a treatment of the nonlocal Dirichlet problem for a much more general class of kernels, we
refer to [16].

6. HIGHER INTEGRABILLITY OF V®u
For the rest of this paper, we assume that the kernel coefficient A belongs to the class £1()).

6.1. An approximation argument. A key step in the proof of the higher integrability of V*u

is given by the following approximation lemma.

Lemma 6.1. Let M be an arbitrary positive real number. For any € > 0 there exists some
6 =10(g,m, 8, \, A, M) > 0, such that for any weak solution u € H*(B5|R™) of the equation

Lau= ZLDigi + f in By
i=1
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under the assumptions that
(22) ][ |Voul?de < M
Bs

and that

(23) ]{B <f2 +3° |VSgi|2> dr < M&?,

i=1

there exists a weak solution v € H*(Bs|R™) of the equation
(24) Lav =0 in Bs
that satisfies

(25) IV (= )l < =
Moreover, v satisfies the estimate

(26) IVl Lo (By) < No
for some constant Ny = No(n, s, \, A, M).

Proof. Fix e > 0 and let 6 > 0 to be chosen. Let v € H*(Bs|R™) be the unique weak solution of
the problem

Liv=0 weakly in By

(27)
v=u a.e. in R™\ Bs,
note that v exists by Proposition [5.1} Observe that we have

Lay(u—v)=30" Lp,gi+f weaklyin Bs

(28)
u—v=0 a.e. in R™\ Bs.

Thus, by the estimate from Proposition[5.1]and (23), there exists a constant Cy = Ci(n, s, A, A)
such that

(29) / IV (u = v)2de < C <Z/ Vg 2 +/ f2dx> < Cu|Bs|Mo? < 2.
Bs = JBs Bs

where the last inequality follows by choosing ¢ sufficiently small. This completes the proof of .
Let us now proof the estimate . For almost every x € Bs, by Corollary H we have

(v(z) —v(y)” / / y)®
————="—dydz,
/]R"’\Bg ‘m - |7l+25 Bs n |Z — ‘n+28

where Cy = Ca(n, s, A). Now choose v > 0 small enough such that v < s and s+ < 1. In view of
the assumption that A € £1()\), by Theorem we have

[Vlcstv(By) < C3l|VE0|L2(B;)

for some constant C5 = Cs3(n, s, A,). Thus, for almost every x € By we have

W) =8 gy [
T )y < )2 B —
e L e

2
e <ocr [ @R =)
C4[U]C +’Y(B3) - 0403 /;5 /n ‘Z - y|n+28 dydz’



H*®P? REGULARITY THEORY FOR A CLASS OF NONLOCAL ELLIPTIC EQUATIONS 17

where Cy = Cy(n,7v) < oo. Applylng the estimate (19)) from Proposition [5.1| E to (27)) yields

y)? (u(2) — uly))?
/135/n |z— |n+23 dydz<C5 ey dydz,

where C5 = C5(n, s, A\, A). By combining the above estimates, along with we conclude that

SN2y (v(z) —v(y))* (v(z) —v(y)*
(V7o) (x)/]Rn\Bs |z —y |”+28 dy+/ |z — y|t2s W

v))? v))?
<C/ /n |z y|"+25 dydz+CC3 i y|n+28 ———5—dydz

< 2 7—)d d
<oieracy [ [ SRS

< C5(Cy + C4C3)|Bs| M
for almost every x € Bs, so that holds with No = (C5(Ca + C4C’32)|B5|M)%. [ ]

6.2. A real variable argument. We now combine the above approximation lemma with the

techniques from section 2.

Lemma 6.2. There is a constant N1 = Ni(n,s,A\,A) > 1, such that the following holds. For
any € > 0 there exists some 6 = §(g,n,s, A\, A) > 0, such that for any z € R, any r € (0,1], any
bounded domain U C R™ such that Bs,(z) C U and any weak solution u € H*(Bs,-(2)|R™) of the

equation
m

Lau= ZLDigi + f in B5T(Z)
=1
with

{z € B.(2) | Mu(IV*ul*)(2) <1} N {x € Br(2) | My <|f|2 + IngiIQ> (z) < 52} # 0,

i=1

we have
(30) {z € By (2) | Mu(IV*ul?)(z) > N7 }| < e|B,|.
Proof. Let 6 > 0and M > 0 to be chosen and consider the corresponding § = 6(0,n, s, \, A, M) > 0
given by Lemma Fix r € (0,1] and z € R™. For any x € U’ := {2 | x € U}, define
Az, y) = A(rz + z,ry + 2) = A(ra,ry), Dy(z,y) = Di(rz + 2,1y + 2),
W) = ru(re +2),  Gil@) = rgi(ra+2),  fla) =t fre+ 2)

and note that under the above assumptions A belongs to the class £1()\) and that & € H*(B5|R")

satisfies .
Lzu= ZLE@ + fweakly in Bs.
i=1
Hence, by Lemma there exists a weak solution v € H*(B5|R"™) of
Lzv=0in Bs
such that

(31) / |V* (@ — ) |*de < 62,
By
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provided that the conditions (22|) and (23) are satisfied. By assumption, there exists a point
x € B,(z) such that

My(V*ul) (@) <1, My <|f|2 +y IVng-I2> (x) < 6%

=1

By the scaling and translation invariance of the Hardy-Littlewood maximal function (Lemma ,

for the point zg :=
My (|V*a?) (zo) = My (|Viul*)(z) <1

and

i=1

My <|J?2 +> |V8§z‘|2> (xo) = My <7“28|f|2 +> |V89i|2> (z) < &2
=1

Therefore, for any p > 0 we have

(32) ][ Voa2de < 1, ][ |f\2+Z|VS 2 dz < 62,
B,,(Io) BP(‘TO

where the values of V*u, V*g; and foutside of U’ are replaced by 0, which we also do for the rest
of the proof. Since Bs C Bg(xg), by (32) we have

B n
][ VUl da < 1B |Vou|?da < (6>
Bs |B5| Bg :EO) 5

—— |Bs| T2 NS g 2 61" 2
2+ S 1vegi)? | da < P+ VoGl |de< (2 ) &7,
]i( | ; ! Bl Joi ;‘ g

so that we get that @, §; and f satisfy the conditions and with M = (£)". Therefore,
is satisfied by u and the corresponding approximate solution v. Considering the function
v € H*(U|R") given by v(z) := r*0 (£:2) and rescaling back yields

and

(33) / |Vs(u—v)\2da:=r”/ V5 (i — 7)|2da < 62",
Bar(y) By
By Lemma there exists a constant Ny = Ny(n, s, A, A) > 0 such that
(34) IV (5,) < NG-
Next, we define Ny := (max{4NZ,3"})'/2 > 1 and claim that
(35) {z e B| My (|VEa)*) (z) > N12} c{ze By | Mp,(V°(u- )3 (x) > Ng}.
To see this, assume that
(36) 1€ {reB | Mg, (|V:(u —2)%)(z) gNg}.

For p < 1, we have B,(x1) C Bi(z1) C Ba, so that together with and (34) we deduce
][ |Veu)?de < 2][ (V@ —0)]* + |V*0|?) d
By (z1) By (1)

<9 ][ V2@ = 0)Pde + 2 [V (5, 0y
By (z1)

<2 Mg, (IV*(@ = 0)P)(21) + 2 [|[V°0][ e ,) < 415 -
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On the other hand, for p > 1 we have B,(x1) C Bs,(x0), so that (32)) implies
][ |Veu|?de < 1Bsy| |VEu)|?de < 3.
By (21) 1Bol JBa, (20)
Thus, we have
1 € {z € By | My (IV*u?)(z) < le},
which implies . In view of the scaling and translation invariance of the Hardy-Littlewood
maximal function (Lemma [2.2)), is equivalent to

(37)  {z € B(2) [ Mu([V*ul*)(2) > NP} € {@ € By(2) | M, (o) (IV*(u—v)|*) () > NG}

For any £ > 0, using (37), the weak 1-1 estimate from Theorem [2.3] and (33)), we conclude that

there exists some constant C' = C(n) > 0 such that

{2 € By(2) | Mu(IV*u2)(@) > N2}| < [{w € Bu(2) | M, (IV*(u = 0)2)(x) > N2}
7,
<< IV (u - v)2da
N02 BQ-,-(Z)
C
< N702027“n < 8‘B7«|,
where the last inequality is obtained by choosing € and thus also ¢ sufficiently small.

This finishes our proof. |

Remark. Note that in the above proof, the choice of 6 and thus also the choice of a sufficiently
small 0 does not depend on the radius 7, which is due to the fact that |B,.| = ¢r™ for some constant

¢ = c¢(n) > 0. This is vital in our further proof of the H*? regularity.

Next, we refine the statement of Lemma [6.2] in order make it applicable for proving the

assumptions of Lemma [2.1

Corollary 6.3. There is a constant Ny = Ni(n,s, A\, A) > 1, such that the following holds. For
any € > 0 there exists some 6 = §(e,n, s,\,A) > 0, such that for any z € By, any r € (0,1) and
any weak solution uw € H®*(Bg|R™) of the equation

Lau= ZLDigi+f i Bg

i=1

with
(38) {z € Br(2) | Mp,(|V*ul*)(z) > NT } N By| > €| B, |,

we have
B, (2) N By C{z € By | Mpy(|V°u|?)(z) > 1}
(39) 2 N s, 2 2
U@ e Bi | Mpg [ [FP+) Vgl ) (z) > 65
i=1
Proof. Let Ny = Ni(n,s,A\,A) > 1 be given by Lemma Fixe > 0,r € (0,1), z € R" and

consider the corresponding & = §(g,n,s,\,A) > 0 given by Lemma [6.2] We argue by contradiction.
Assume that is satisfied but that is false, so that there exists some ¢ € B,.(z) N By such
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that

2o € B (2) N {z € By | Mp,(|V*u*)(z) < 1}

n {x € B, | Mp, <|f|2 +y° |Vng-|2> (z) < 52}

i=1

C{z € B.(2) | Mp,(|V*u*)(z) < 1}

N {x € By(z) | Mg, <|f|2+i|vsg¢2> (z) < 52}.

i=1

Since moreover we have Bs,.(z) C Bg, Lemma with U = Bg yields
|{z € B,(2) | Mp,(|V*ul*)(z) > N7} N By|
<|{z € Br(2) | Mp,(|V°ul*)(z) > N{}| < e[ B,
which contradicts . |

Lemma 6.4. Let Ny = Ni(n,s, A\, A) > 1 be given by Corollary. Moreover, letk € N, e € (0,1),
set €1 := 10™e and consider the corresponding § = 6(g,n, s, \,A) > 0 given by Corollary . Then
for any weak solution u € H*(Bg|R™) of the equation

Lau=y_ Lp,gi+[ inBs
i=1

with
(40) ’{x € By | Mp,(|V*u*)(z) > NIQ}‘ < e|By],
we have

{z € Bi | Mg, (IVul*)(2) > NP} |

k m
< Zajl {33 € By | Mg, <|f|2 + Z |ngi|2> (x) > 62N12(k1)}‘
Jj=1 i=1
+ef [{z € Bi | M, (|V*ul)(2) > 1}].

Proof. We proof this Lemma by induction on k. In view of and Corollary the case k =1
is a direct consequence of Lemma applied to the sets

B = {z € By | Mp,(|V*ul*)(x) > N7}
and
F:={z € B | Mp,(|IV*u*)(z) > 1} U {x € By | Mg, (If2 + |ngi|2> (2) > 52} ,
i=1

Next, assume that the conclusion is valid for some k € N. Define @ := u/Ny, g; := ¢;/N1 and
f:: f/Ni1. Then u clearly satisfies

Lai=_ Lp,gi+ f weakly in Bs.
=1

Moreover, since N1 > 1 we have
[{z € By | My, (IV*3)(2) > N?}| = [{z € By | My, (IV*u)(2) > N} }]
<|{zeB| Mp,(|Vul?)(z) > Nf}’ < g|Byl.
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Thus, using the induction assumption yields
{ € B I My, (1970P) (@) > NPV Y
= ’{x € By | Mp,(|V*u*)(x) > ngkH

k m
<N¢ {wefh | M, (Iﬂ”ZIVS@IZ) <x>>62Nf<“>H

1 i=1

<.
Il

k
+ &

{z € By | Mp,(|V*i])(x) > 1}]

: {x € Bi | Mg, <|f|2 +3° |Vng-|2> (z) > 62Nf<k“‘”}’

i=1

Il
-
M
—<

<
I
—

+eb |{z € By | Mp,([Vou*)(z) > N7 }|.

Moreover, by using the case k = 1 we obtain
k m
=3¢ {x € By | Mp, <|f|2 +y |VSgl-2> (z) > §2N12(k+1_”}|
7j=1 i=1
+ ek }{x € By | Mp,(IV*ul*)(z) > N12}|

k m
<3¢ {x € B, | Mg, <|f|2 +3° |vsgﬁ> (z) > 5%3“““”}‘
j=1

i=1
+ E’f (51

{x € By | Mg, (f|2 + Z |ngi|2> () > 52}’
tei|{r e B | My, (°u)() > 1}] )

=1
k+1 . m )
=< (H € By | Mp, <|f|2 +3° |v59i|2> (z) > 62Nf“““‘”}
j=1

=1

+ b [{z € By | M, (|IVoul?)(z) > 1}

b

so that by combining the last two displays we see that the conclusion is valid for k + 1, which

completes the proof. [ |

We are now set to prove the higher integrability of V*®u in the case of balls. The approach to
the proof can be summarized as follows. First of all, we consider an appropriately scaled version of
u that satisfies the condition from Lemma and also corresponding scaled versions of g; and
f. Then we use Lemma in order to derive from Lemma the desired L? estimate in terms of
the Hardy-Littlewood maximal functions of the scaled versions of u, g; and f, which in view of the

strong p-p estimates from Theorem and rescaling then yields the desired LP estimate for V®u.

Theorem 6.5. Let 2 < p < 0o, g; € H¥P(Bg|R™) and f € LP(Bg). If A belongs to L1(\) and if
all D; are symmetric and bounded by A > 0, then for any weak solution u € H*(Bgs|R™) of the
equation
Lau=> Lp,gi+ f in Be
i=1
we have V¥u € LP(By). Moreover, there exists a constant C = C(p,n,s, A\, A) > 0 such that

(41) IVullpe(p) < C <|f+ZVSgiI|Lp(BG) + ||V5U||L2(BG)> :

i=1
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Proof. Fix p > 2 and let N; = Ni(n,s,A,A) > 1 be given by Lemma Moreover, select
€ (0,1) such that

1
(42) N{10"e < 3

Cousider also the corresponding § = (e, n, s, A, A) > 0 given by Corollary If Vou =0 a.e.
in Bg, then the assertion is trivially satisfied, so that we can assume ||V*u||z2(p,) > 0. Next, we

define
YU G V9 and Ji= vf
[IVoullL2(Bg) HVSUHL?(BB) [IVoullL2(Bg)

where v > 0 remains to be chosen independently of u, g; and f, note that we have

U=

Lai=Y_ Lp,g + f weakly in Be.

i=1

/ |Vot|2de = 42
Bs

Combining this observation with the weak 1-1 estimate from Theorem [2.3] it follows that there is a
constant Cy = Cq(n) > 0 such that

Moreover, we have

017

o€ By | Ma,(V'5R)@) > N2} < b [V aPas = S <eiB
Bsg

where the last inequality is obtained by choosing v small enough. Therefore, all assumptions made
in Lemma are satisfied by 4. Furthermore, in view of Lemma with 7 = 62, 8 = N7 and with
p replaced by p/2, and also taking into account the strong p-p estimates for the Hardy-Littlewood
maximal function (cf. Theorem , we deduce that there exist constants Cy = Ca(n, s, A\, A, p) > 0
and C3 = Cs(n,p) > 0 such that

> N {x € By | Mp, ( +y |v57|2> ) > 52N12’fH
k=1 i=1
m
- . )
(43) <Ch|[Mp, <|f|2 + Z Vegil? ||I££/2(BG)
i=1

<C,CY||f + ZV%J?IILP Bo)"

i=1
Setting €1 := 10"¢, by we see that

(44) ZN”517<Z< )
j=1
Using Lemma the Cauchy product, , , and setting Cy := C2C%, we compute

E:N{”C [{z € By | Mp,(|V*ul*)(z) > Ni*}|
k=1

e’} k
ﬁZNf’“(Ze{
k=1 j=1

{x € B, | Mp, <f|2 +> |vsgi|2> (z) > 62N12(k_j)}|

i=1

+ ¥ HI € By | Mp,(|V*a|?*)(z) > 1}|>
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= (i NPF

k=0

&eBnM%QW+ZNwW>w>ﬁWﬁD S (VFer)

i=1 j=1

+ (i Nfel)k> [{z € By | Mp,(IV*T2)(z) > 1}]

i=1

b {g: € By | Mp, <|f|2 +y |ng§2> (z) > 62N12’“}

i=1

* {x € Bi | M, (lfl2 +y IngAz'IQ) (z) > 52N12’“}

(oo}
+2|B1> > (NPey)!
j=1

+ 2| By

m

<Cullf + D V2allG o, + 2Bl

i=1
Therefore, by Theorem and Theorem we find that there exists another constant C5 =
Cs(n, s, A\, A, p) > 0 such that

IV* @l 5y < (M (V3170 5,

s (Z NP*|[{z € By | My ([V5il?)(z) > N2F}| + |Bl|>

k=1

< ( <|f||Lp Bs) +ZHV5§\ZHLP Be>+3|B1|>
<C§ <|f+ZVSgﬁ»|§p(BG) + 1) ,

i=1

where Cg := (C5 max {Cy, 3|Bl|})1/p. It follows that

m 1/p m
||V5ﬂ||Lp(Bl) < Cs (Hf + ZVS@HZ(BG) + 1) < Cs <||f + szg\i”LP(Ba) + 1) )
i=1

i=1
so that
s % s ||VSU’HL2 B
|VMM@%G{H+ZVwW%WV(M

i=1

m
< Cey ! <|f + szgiHLP(Ba) + ||VSU||L2(BG)> )

i=1

which proves with C := Cgy~ L. |
7. PROOFS OF THE MAIN RESULTS

In order to state our main result on local regularity in an optimal way, we define the following

notion of local weak solutions.

Definition. Let Q C R" be a domain. Given b € L2.(Q), f € L} (Q) and g; € Hi (QR"), w
say that w € HY (QR™) is a local weak solution to the equation Lau + bu = Zi:l Lp,gi+ f in Q,
if

Ealu, ) + (bu, @) r2(0) = ZSD (9i»0) + (fi9)r2() Ve € HZ(QR™),
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where by HE(QR™) we denote the set of all functions that belong to H*(QR™) and are compactly
supported in 2.

In view of the inclusions

H*P(R™) C H)P(QIR™) € HP(Q) € WP (Q)

loc loc

for p € [2,00) which we discussed in section 3, Theorem - 1| follows directly from the following
slightly stronger result in terms of the spaces H;'*(QR™) defined in section 3.

Theorem 7.1. Let Q@ C R” be a domain, p € (2,00), s € (0,1), b e L°.(Q), g; € HZ(QR™) and
fe Ll (2

loc

_ pn
(), where p, = max{n+ps,

bounded by A > 0, then for any local weak solution v € HS (QR™) of the equation

2}, If A belongs to L1(X) and if all D; are symmetric and

(45) LAu—i—bu:ZLDigi—i—finQ
i=1

we have uw € H)P(QR™).

loc

Proof. Fix p € (2,00). We first prove the result under the stronger assumption that f € L} ().
Fix relatively compact bounded open sets U CC V CC 2. Moreover, fix a smooth domain U, such
that U CcC U, CC V. Let f:: f — bu, so that u is a local weak solution of

(46) LAu:ZLDigi—i—fin Q.
i=1

In particular, u is a weak solution of in V. For any z € V, fix some small enough r, € (0,1)
such that Bg,, (2) CC V. Define

A (x,y) = A(r,x+ z,my+2) = A(rox,ry), Di(z,y):=D;(r.x+z,ry+2),

w(@) = tu (et 2), gi(@) =120 (et z), ful@) = rif (e 2)
and note that for any z € V, A, belongs to the class £4()\) and that u, satisfies
La,u, = ZLDizgiz + jz weakly in Bg.
i=1

Using Theorem for any g € (2,00) we obtain the estimate

||Vsu||L‘1(Brz () = TZ HV UZHL‘J(Bl)

<r?C <|J?z + ZVSQiZHLq(BG) + |Vsuz||L2(BG)>

i=1

i=1

o <||7”§f+2vsgi|m(36rz(z)) +T5’_2||VSU|L2(BGTZ<z)>>

n_n - m
<Cimax{l,rs *} <|f|Lq<Bﬁrz(z)) 11D Vol La(Bo. =) + IVSU||L2<B6T»z(z))> :

i=1
where C1 = C1(g,n, s, A\, A) > 0. Since {B,_(2)}, 7.,
there is a finite subcover {Brz zz)} _, of U, and hence of U,. Let {¢;}¥_, be a partition of unity

is an open covering of U, and U, is compact,

subordinate to the covering {B,, ( zi)}f: | of U,, that is, the ¢; are non-negative functions on R",
we have ¢; € C§°(B,,, (z;)) for alli =1,.... k, Zle ¢; =1 in an open neighbourhood of U, and

Zle ¢; < 1in R™. Setting Cy := C; max{l,max;—; _x75 >} and summing the above estimates
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over i = 1,..., k, we conclude

k
IV ull Lo = 1D IVouldil | Law.)

i=1

k
<> _IVeuléillzas,., )

i=1

k
<D IViullzas, .,
=1

k m
<> G (llflqu(Bmz ) D Vol La(se. o)) + ||VSU|L2(BGTZ<Z))>

=1 =1
k N m

< 202 <||f||Lq(V) + | szgi”Lq(V) + ||VSU||L2(V)>
=1 =1

= Cok <||ﬂ|Lq(V) +1D_Vogillea) + ||VSU|L2(V)> ,

i=1

which implies that for any ¢ € (2, 00) we have

(47) [IVoullpaw,) < Cs <||f|Lq(v) +lullzary + D IVEgillaqry + ||VSU|L2(V)> ,

i=1
where C3 = Cokmax{1,||b|[1=(v}. In particular, since by assumption and Theorem [3.3| we have
f,V?g; € LP(V), for any ¢ € [2, p] we have V°u € L1(U,) whenever u € L9(V). For any r € [1,p],
define

™
n—rs’

min{ p}, ifrs<n

P, if rs > n,
note that r* € [1,p]. By the embedding theorem of Bessel potential spaces (Theorem , for any
r > 1 we have

H*"(U,) = L™ (U,).

Since u € H*(V), we have u € L? (V) and therefore Vu € L*" (U,). If p = 2*, we have u € LP(U,),
Veu € LP(U,) and therefore u € H*P(U,|R™). If p > 2*, then we have u,V{ u € L*(U,), so
that Theorem [3.3| yields u € H>? (U,). We therefore arrive at v € L*>""(U,). By replacing U,
with an arbitrary relatively compact smooth open subset of U, which contains U if necessary,
we therefore obtain Vu € L*""(U,). If 2** = p, then we have u, Vi, u € LP(Uy) and therefore
u € HSP(U,|R™). If 2** > p, then iterating the above procedure also yields v € H5?(U,|R™) and
therefore u € H*P(U|R"™) at some point. Since U is an arbitrary relatively compact open subset of
Q, we conclude that u € H,)?(QR™). This finishes the proof when f € L7 ().

loc

Next, consider the general case when f € LI* (), where p, = max{nﬁ’;m,?}. Define the
function fq : R™ — R by
f(z), ifxeQ
0, if x e R"\ Q
and note that fo € LP+(R™) N L?(R™). By Proposition there exists a unique weak solution
g € H*(R™) C Hy .(2R™) of the equation

fQ(l‘) =

(48) (=A)'g+g=fo inR",
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where

g9(x) — g(y)
—A)® =Chs d
(~AVgla) = Cus [ EED=E 80y
is the fractional Laplacian. In view of the classical H?* regularity for the fractional Laplacian on
the whole space R™ (cf. for example [19, Lemma 3.5]), we have g € H?*P+(R") — H*P(R") and

therefore in particular g € H;P(QR™). Since furthermore u is a local weak solution of

i=1

Lau+bu = (Z Lp,g; + (A)SQ> +gin Q,

by the first part of the proof we obtain that u € H; ¥ (QR™). This finishes the proof. [ ]

Proof of Theorem [1.2l Fix p € (2,00) and let § = 6(p,n, s, \, A) > 0 be given by Theorem
We first prove the result under the stronger assumption that f € L*(R™) N LP(R"). For any k € Z",
let By := B (k) and Fy := By /n(k). We then have R™ = J; .. Ex, moreover, there exists some
N € N depending only on n such that no point in R" is contained in more than N of the balls F},.
In other words, we have Zkezd Xr, < N, where xp, is the characteristic function of Fj. Since for
f:: f — bu we have

m

Lau= ZLDigi + fweakly in R™,
i=1

by the same argument as in the proof of Theorem for any k € Z? and any ¢ € (2,0) we have

[IVoullpag,) < C <|f|LQ(Fk) +1D Vgl + ||VSU|L2(Fk)>

i=1

for some constant C' = C(n, s,q, A, A) > 0. It follows that

/|vs |de<2/ |Vou(z)|9da

kez™
: N
<c1y” (/ 7@ de) (/ S Vi) |qu> ([ 19outaa)
kezn sz 1 Fy

<Cy0m (( \Q+Z|vs de> Ly (/ Vou(a)] dx) )

kezn kezn N Fk
<C,C1 Z/ |q+Z\V“’gl |de> (Z |V u( |dx>

kezn Y Fr kezn  Fe

el ( Fa+Y |v59i<x>|q> S X (@)da | + / V@) Y (@)

kezd kezd

<NiC,c <</ )7 + Z |Vegi(x |qu> (/ Vsu(x)|2dx) 3) :

where C; = C1(¢q) > 0. This implies that for any ¢ € (2,00) we have
(49) [[Voul|Lo@ny < Ca <||f|Lq(1Rn) +lullza@ny + > 1V illLa@n) + |Vsu||L2(]R”)> ,
i=1

where Cy := N2C7 C' max{1, ||b]| o< (=) }- In particular, since for any ¢ € [2,p] we have L*(R™) N
LP(R™) — L9(R™) and in view of the assumptions and Theorem we have f,V®g; € L*(R") N
LP(R™), for any ¢ € [2,p] it follows that V®u € LI(R"™) whenever v € LY(R™). The proof in the
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case when f € L?(R") N LP(R™) can now be concluded by using essentially the same iteration
argument as the one in the proof of Theorem n The general case when f € L2(R"™) N LP+(R™)
then can once again be treated by solving the equation under optimal regularity, as we did in
the proof of Theorem [ |

Remark on boundary regularity. An interesting question is if it is possible to prove a global
H?P regularity result in smooth enough bounded domains €2 corresponding to our local regularity
result Theorem Our approach is based on a C*T7 estimate (y > 0) for nonlocal equations
with translation invariant kernels, however it is known that already in the case of the fractional
Laplacian in a unit ball the optimal regularity up to the boundary is C*(Bj), cf. |27} section 7.1].
Therefore, at least with our methods proving such a global H#®P regularity result for the equations

we consider in this work seems to be unattainable even in the case when 2 is very regular.

REFERENCES

1. P. Auscher, S. Bortz, M. Egert and O. Saari, Nonlocal self-improving properties: a functional analytic approach,
Tunis. J. Math. 1 (2019), no. 2, 151-183.

2. R. Bainuelos and K. Bogdan, Lévy processes and Fourier multipliers, J. Funct. Anal. 250 (2007), no. 1, 197-213.

3. R. F. Bass and H. Ren, Meyers inequality and strong stability for stable-like operators, J. Funct. Anal. 265
(2013), no. 1, 28-48.

4. U. Biccari, M. Warma and E. Zuazua, Local elliptic regularity for the Dirichlet fractional Laplacian, Adv.
Nonlinear Stud. 17 (2017), no. 2, 387-409.

5. L. Brasco and E. Lindgren, Higher Sobolev regularity for the fractional p-Laplace equation in the superquadratic
case, Adv. Math. 304 (2017), 300-354.

6. L. Brasco, E. Lindgren and A. Schikkora, Higher Hélder regularity for the fractional p-Laplacian in the
superquadratic case, Adv. Math. 338 (2018), 782-846.

7. S.-S. Byun, Elliptic equations with BMO coefficients in Lipschitz domains, Trans. Amer. Math. Soc. 357 (2005),
no. 3, 1025-1046.

8. S.-S. Byun and D. K. Palagachev, Weighted Lp-estimates for elliptic equations with measurable coefficients in
nonsmooth domains, Potential Analysis 41 (2014), no. 1, 51-79.

9. S.-S. Byun and L. Wang, Elliptic equations with BMO coefficients in Reifenberg domains, Comm. Pure Appl.
Math. 57 (2004), no. 10, 1283-1310.

10. L. A. Caffarelli and 1. Peral, On WP estimates for elliptic equations in divergence form, Comm. Pure Appl.
Math. 51 (1998), no. 1, 1-21.

11. L. A. Caffarelli and X. Cabré, Fully nonlinear elliptic equations, American Mathematical Society Colloquium
Publications, vol. 43, American Mathematical Society, Providence, RI, 1995.

12. M. Cozzi, Interior regularity of solutions of non-local equations in Sobolev and Nikol’skii spaces, Ann. Mat.
Pura Appl. (4) 196 (2017), no. 2, 555-578.

13. A. Di Castro, T. Kuusi and G. Palatucci, Local behavior of fractional p-minimizers, Ann. Inst. H. Poincaré
Anal. Non Linéaire 33 (2016), no. 5, 1279-1299.

14. Serena Dipierro, Xavier Ros-Oton, and Enrico Valdinoci, Nonlocal problems with Neumann boundary conditions,
Rev. Mat. Iberoam. 33 (2017), no. 2, 377-416.

15. H. Dong and D. Kim, On Ly-estimates for a class of non-local elliptic equations, J. Funct. Anal. 262 (2012),
no. 3, 1166-1199.

16. M. Felsinger, M. Kassmann and P. Voigt, The Dirichlet problem for nonlocal operators, Math. Z. 279 (2015),
no. 3-4, 779-809.

17. D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Classics in Mathematics,
Springer-Verlag, Berlin, 2001, Reprint of the 1998 edition.

18. M. Kassmann, A priori estimates for integro-differential operators with measurable kernels, Calc. Var. Partial
Differential Equations 34 (2009), no. 1, 1-21.

19. M. Kassmann, T. Mengesha and J. Scott, Solvability of nonlocal systems related to peridynamics, Commun.
Pure Appl. Anal. 18 (2019), no. 3, 1303-1332.



28

20

21.
22.

23.

24.

25.

26.

27.
28.

29.

30.

31.

32.
33.

34

SIMON NOWAK

. N. V. Krylov, Parabolic and elliptic equations with VMO coefficients, Comm. Partial Differential Equations 32
(2007), no. 1-3, 453-475.

T. Kuusi, G. Mingione and Y. Sire, Nonlocal self-improving properties, Anal. PDE 8 (2015), no. 1, 57-114.

T. Leonori, I. Peral, A. Primo and F. Soria, Basic estimates for solutions of a class of nonlocal elliptic and
parabolic equations, Discrete Contin. Dyn. Syst. 35 (2015), no. 12, 6031-6068.

E. Di Nezza, G. Palatucci and E. Valdinoci, Hitchhiker’s guide to the fractional Sobolev spaces, Bull. Sci. Math.
136 (2012), no. 5, 521-573.

M. Prats, Singular integral operators on Sobolev spaces on domains and quasiconformal mappings, Ph.D. thesis,
Autonomous University of Barcelona, 2015, https://www.tdx.cat/bitstream/handle/10803/314193/mpsidell
pdf ?sequence=1, accessed December 6, 2019.

M. Prats and E. Saksman, A T(1) theorem for fractional Sobolev spaces on domains, J. Geom. Anal. 27 (2017),
no. 3, 2490-2538.

X. Ros-Oton, Lecture notes on monlocal elliptic equations,
http://user.math.uzh.ch/ros-oton/PhD-Course-Nonlocal-Ch2.pdf}, accessed December 6, 2019.

X. Ros-Oton, Nonlocal elliptic equations in bounded domains: a survey, Publ. Mat. 60 (2016), no. 1, 3-26.

X. Ros-Oton and J. Serra, Regularity theory for general stable operators, Journal of Differential Equations 260
(2016), no. 12, 8675 — 8715.

X. Ros-Oton and J. Serra, The Dirichlet problem for the fractional Laplacian: regularity up to the boundary, J.
Math. Pures Appl. (9) 101 (2014), no. 3, 275-302.

A. Schikorra, Nonlinear commutators for the fractional p-Laplacian and applications, Math. Ann. 366 (2016),
no. 1-2, 695-720.

L. Silvestre, Holder estimates for solutions of integro-differential equations like the fractional Laplace, Indiana
Univ. Math. J. 55 (2006), no. 3, 1155-1174.

E. M. Stein, The characterization of functions arising as potentials, Bull. Amer. Math. Soc. 67 (1961), 102-104.
E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Mathematical Series, No.
30, Princeton University Press, Princeton, N.J., 1970.

. H. Triebel, Theory of function spaces. III, Monographs in Mathematics, vol. 100, Birkhauser Verlag, Basel, 2006.

UNIVERSITAT BIELEFELD, FAKULTAT FUR MATHEMATIK, POSTFACH 100131, D-33501 BIELEFELD, GERMANY

Email address: simon.nowak@uni-bielefeld.de


https://www.tdx.cat/bitstream/handle/10803/314193/mps1de1.pdf?sequence=1
https://www.tdx.cat/bitstream/handle/10803/314193/mps1de1.pdf?sequence=1
http://user.math.uzh.ch/ros-oton/PhD-Course-Nonlocal-Ch2.pdf

	1. Introduction
	1.1. Basic setting
	1.2. Some previous results
	1.3. Main results
	1.4. W1,p regularity theory for second-order elliptic equations in divergence form
	1.5. Some notation

	2. Some tools from real analysis
	3. Fractional Sobolev spaces and the s-gradient
	4. Some preliminary regularity results
	4.1. L estimates
	4.2. Higher Hölder regularity

	5. The Dirichlet problem
	6. Higher integrabillity of s u
	6.1. An approximation argument
	6.2. A real variable argument

	7. Proofs of the main results
	References

