Strong dissipativity of generalized time-fractional
derivatives and quasi-linear (stochastic) partial
differential equations

Wei Liu Michael Rockner José Luis da Silva

Abstract

In this paper strong dissipativity of generalized time-fractional derivatives on
Gelfand triples of properly in time weighted LP-path spaces is proved. In particular,
as special cases the classical Caputo derivative and other fractional derivatives ap-
pearing in applications are included. As a consequence one obtains the existence and
uniqueness of solutions to evolution equations on Gelfand triples with generalized
time-fractional derivatives. These equations are of type

d

Sk u)(t) + At ult) = f(H), 0<t<T,

with (in general nonlinear) operators A(t,-) satisfying general weak monotonicity

conditions. Here k is a non-increasing locally Lebesgue-integrable nonnegative func-

tion on [0, co) with lgn k(s) = 0. Analogous results for the case, where f is re-
S—00

placed by a time-fractional additive noise, are obtained as well. Applications include
generalized time-fractional quasi-linear (stochastic) partial differential equations. In
particular, time-fractional (stochastic) porous medium and fast diffusion equations
with ordinary or fractional Laplace operators and the time-fractional (stochastic) p-
Laplace equation are covered.
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1 Introduction

In this paper (see Theorem [2.2]below) we prove existence and uniqueness of solutions to
non-local in time evolution equations of type

O (u—up) + A(t,u(t)) = f(t), 0<t<T, (1.1)
on a separable real Hilbert space (H, (-, -) ), which is the pivot space of a Gelfand triple
VCHZEH)CV", (1.2)

where V' is a reflexive Banach space with dual V*. Here 7' € (0, 00), uo is the initial
condition and

Alt,): V — V', te0,00),

are (in general nonlinear) weakly-monotone operators satisfying in Section 2]
below. Furthermore, f(t) € V*,t € [0,00), and

¢
Ofu = 0y(k x u) == %/ k(t — s)u(s)ds, te€0,00), (1.3)
0

fork € L} ([0,00)), k > 0, non-increasing and without loss of generality right-continuous.

loc

Here we also refer to (2.2) below, which is the integral form of (1.1]) and follows from (1.1)
under an additional assumption on £ (see condition |(k)|in Section below).

In [41] under more stringent conditions on A existence of solutions has been proved
in the special case where

=B
I'(1-p5)

i.e., where 0;% (u — ug) is the Caputo time-fractional derivative of u, has been treated. For

k’(t) = gl_ﬁ(t) = te [0, OO),B € (0, 1), (1.4)

more examples of functions £, also called kernels in the literature, we refer to Section @
In [41], however, the stronger hypothesis that A(t,-): V — V*, ¢ € [0, 00), is mono-
tone (that is, C; = 0 in see Section [2]), was assumed, which excludes a number of
important applications. Apart from this and the more general non-local time derivatives
of kwhich for distinction we call generalized time-fractional derivatives, in this paper
we give a new and easy proof of uniqueness of solutions to (I.1)). The proofs both for
generalizing to weakly-monotone A(t,-), t € [0,00), and for uniqueness turn out to be
consequences of a new result on (generalized) time-fractional derivatives in this paper.
This is that, we identify —9;* as a generator of a C-operator semigroup on a properly
in time weighted L2-space and prove that it is strongly dissipative (see Proposition
and Lemma [3.4] below, as well as their consequence Theorem [2.1)). This together with its
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applications to uniquely solving (I.1)) (see Theorem[2.2)and Section {| below) can be con-
sidered as the main contribution of this work. In particular, our results are applicable to
the time-fractional generalized porous medium and fast diffusion equations with ordinary
or fractional Laplace operators

07" (u(t) — uo) + (—=A)*(lu(t)[u(t)) = f(t,u(t))
and the time-fractional p-Laplace equation
O (u(t) — o) — div (|Vu(t)P>Vu(t)) = f(t, u(t)).

We refer to Section /| for details and more general types of these equations, which our
results apply to and which are not covered by results in the literature.

As a consequence by a simple shift argument we obtain the unique solvability of the
stochastically perturbed variant of (I.1]), namely

O (X (1) — Xo) + A(t, X (1)) = o7 /tB(s) dW(s), 0<t<T, (L5)

where W (t), t > 0, is a cylindrical Brownian motion in some other separable Hilbert
space (U, (-,-);;) and B(s): U — H is a Hilbert-Schmidt operator for every s € [0, c0)
(see Theorem [2.3] below).

At this point we would like to stress that, since the operator A is allowed to be nonlin-
ear as e.g. a quasi-linear partial or pseudo differential operator (see Section [/| below for
examples), the classical probabilistic “inverse subordination method” (see [4}, 5, 149, 156]]
and also [19, 21] as well as the references therein) to solve equation (I.1I)) does not work.

Let us now explain our method of proof in more detail and in comparison with the
usual method in papers on time-fractional differential equations by other authors. The
first main point is that we do not solve (as is commonly done in the literature) the integral
equation corresponding to (I.1)), that is, below. This, by the way, would require an
additional condition on k (see Theorem 2.2](ii)). Instead, we solve equation (I.1]) directly.
The reason is that for (2.2) we cannot exploit the weak monotonicity and coercivity as-
sumptions, (H2), (H3) respectively, on A, because of the convolution integral on the right
hand side of (2.2)). Therefore, the idea to find a solution to (I.1)) is to show that the map on
its left hand side, considered as a map from paths to paths, is surjective from V to V* in a
suitable Gelfand triple V C H C V* of LP-path spaces, (see (2.3) below). It follows by the
assumptions (H1)-(H4) and assuming C'; = 0 in (H2), that, if A denotes the map on paths
given by A (see (2.5))), then A alone has this surjectivity property, because under these
conditions A: V — V* is maximal monotone and coercive. But it is a highly non-trivial
question, whether then also the sum A + 9;* is surjective onto V*. To prove the latter
we prove that 9;* is the infinitesimal generator of a (linear) Cp-semigroup (UF )= on the
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pivot space H = L%([0, 00); H) of the Gelfand triple (2.3) (see Proposition [3.1]and 3.2),
which is given explicitly by (2.7)). Here it is crucial to take the whole time interval [0, co)
in the definition of K rather than just [0, 7, in contrast to what one would expect, because
one wants to solve (T.T)) only for 0 < ¢ < T Since the restriction of (UF);>o to V is again
a Cp-semigroup, by a non-standard (see Remark [A.2[iii)) perturbation result (see Theo-
rem , we can conclude that on some specific domain F* (=generalized time-fractional
Sobolev space) we have A + 9% : F* C V — V* is surjective. For this, however, we need
that A is monotone (i.e. C'; in (H2) must be zero). To reduce our case (i.e. C; > 0) to this
case the strict dissipativity of —9;* on the time weighted Gelfand triple V., C H, C v
(see (2.12)) below), where dt is replaced by e~ 7*dt, v > 0, proved in this paper (with ex-
plicit dissipativity constant ;. (), where 1, is the Bernstein function with Levy measure
MP*, whose distribution function is k; see Lemma and (2.13))), becomes crucial. As
another consequence of the strict dissipativity of —0;* we get uniqueness of solutions
to (L.I) in a very easy and standard way (see the end of the proof of Theorem [2.2]i) in
Section 4). To the best of our knowledge this proof is completely new in the case of gen-
eralized time-fractional derivatives, as is the result that the latter are all strictly dissipative
on appropriately time weighted Gelfand triples as above. In our paper [41] on the spe-
cial case, where in (I.I) &;* is the classical Caputo derivative 9, 5 € (0,1), we also
proved existence of solutions to (and not to its corresponding integral version (2.2)))
by showing the surjectivity of the map on its right hand side, but as mentioned above,
under more stringent conditions on A. There, however, we could not prove uniqueness by
this approach because of the lack of strict dissipativity of the Caputo derivative, which we
only have now as a special case of one of the main results in this paper.

Next we would like to make some historical remarks, explain the motivation to study
equations as (1.1)) and comment on the relation of our results with those in the literature.

Fractional calculus has a long history. Its origins can be traced back to the end of the
seventeenth century (cf. [60]), and it has been experiencing an impressive revival in the
last few decades. One of the main reasons is that scientists and engineers have established
a vast amount of new models (e.g. to describe anomalous diffusions) that naturally involve
time-fractional differential equations, which have been applied successfully, e.g. in me-
chanics (cf. [43]]), bio-chemistry (cf. [25, [26]]), electrical engineering (cf. [24]), medical
science (cf. [22]]). For more applications and references we refer to [6, 31}, 152} 53154, 165]].

There is a lot of motivation from both Physics and Mathematics as regards the use
of generalized time-fractional derivatives (see e.g.[1} 33, 153} 54, 152]]). Here we mention
a few examples. Starting from the seminal paper [12] the Caputo fractional derivative
was introduced to properly handle initial value problems, namely to model waves in vis-
coelastic media. Later on it was generalized to the so called distributed order derivative
(also called variable order derivative in [42]), see [13] and Example[6.3|below for details.
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Other successful applications of the distributed order derivative include the kinetic the-
ory (cf. [15 116, 136, 37]]) to describe ultra-slow diffusion or the theory of elasticity (see
[42]]) for the description of rheological properties of composite materials. Inverse stable
subordinators arise (cf. [48] [50]) as scaling limits of continuous time random walks. In
[51] it was shown that under certain technical conditions the probability density of the
hitting time process E'(t) (that is the inverse of a certain subordinator) solve a distributed
order time-fractional evolution equation. For more applications of the distributed order
derivative we refer the reader to [3, 14, 29, 35| 146, 147]].

When dealing with a particular anomalous diffusion process, it is often difficult to
choose which model of the time-fractional diffusion equations is suitable for its mathe-
matical description. Thus a general framework of time-fractional derivatives is needed. In
[38]], the author introduced a general fractional calculus for integral operators of convo-
lution type with an arbitrary nonnegative locally integrable kernel k. He considered the
initial value problem for both relaxation and diffusion equations with these general time-
fractional derivatives. Since then many authors applied the generalized time-fractional
derivative to solve in general linear fractional equations and nonlinear differential equa-
tions, see e.g. [43. 166, 41]] and references therein. We want to remark that a huge amount
of the existing literature on this subject concentrates on the case of linear and semilinear
type equations. However, to the best of our knowledge, there are only very few results that
are applicable to the quasilinear case, to which the results in this paper have their main
new applications.

We should mention that time-fractional linear evolution equations in the Gelfand triple
setting have first been investigated in [67]. Later on the author also proved the global
solvability of a nondegenerate parabolic equation with time-fractional derivative in [68]
(cf. [1] for more general cases). However, these results cannot be applied to quasilinear
type equations like the porous medium or the p-Laplace equation. In [32] the authors in-
vestigate elliptic-parabolic integro-differential equations with L'-data. Their framework
includes the time-fractional p-Laplace equation. However, the authors in [32] only obtain
generalized solutions (z.e. entropy solutions). Therefore, the results of the current paper
generalize or complement the corresponding results in [32, 41} 166} 67, |68] within the
general setting of time-fractional quasilinear PDEs with weakly monotone coefficients.
In particular, the authors in [66] derive very interesting decay estimates for the solutions
of time-fractional porous medium and p-Laplace equations (by assuming the existence
of solutions), and the decay behaviour is notably different from the case with usual time
derivative. In [41], we give a positive answer to the question on the existence and unique-
ness of solutions to the time-fractional porous medium equations and p-Laplace equa-
tions, which are left open in [66]. The current work further extend the results in [41] to
both generalized fractional derivative and the weakly monotone case.
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Recently, there has been also growing interest in time-fractional stochastic partial
differential equations. For instance, the authors in [20, 34] investigate the L?-theory and
Sobolev space theory respectively for a class of semilinear SPDEs with time-fractional
derivatives, which can be used to describe random effects on transport of particles in me-
dia with thermal memory, or particles subject to sticking and trapping. In [27,55], the au-
thors consider a space-time fractional stochastic heat type equation to model phenomena
with random effects with thermal memory, and they prove the existence and uniqueness
of mild solutions as well as some intermittency property. For a linear stochastic partial
differential equation of fractional order both in the time and space variables with a differ-
ent type of noise term, we refer to [[18]] (see also [2, 23]). In [17] the authors investigate
linear stochastic time-fractional partial differential equations for the type of heat equation
and wave equation.

The list of references quoted above is far from being complete, but show the enormous
interest in the subject. However none of them contains results on quasi-linear SPDEs
with fractional or generalized fractional time derivative, whereas these form a class of
equations to which the results of the present paper apply.

The rest of the paper is organized as follows. In Section 2 we present the main results
(Theorems [2.1] [2.2] and [2.3)) on the existence and uniqueness of solutions to deterministic
and stochastic nonlinear evolution equations with generalized time-fractional derivatives.
Theorem [2.1] will be proved in Section [3] The proof of Theorem [2.2]is given in Section {4}
It relies on Theorem and an abstract perturbation result (see Theorem [4.1)). Since this
is not standard, for the convenience of the reader we include its proof in the Appendix of
this paper. Because of its importance we give a more detailed proof than the very sketchy
one in [41]]. The proof of Theorem 2.3 will be given in Section [5]. Section [6] contains
examples of kernels k& which appeared in literature. In Section[7]we apply the main results
to some concrete quasi-linear deterministic and stochastic PDEs.

2 Framework and main results

Let (H, (-,-) ) be a real separable Hilbert space identified with its dual space H* by the
Riesz isomorphism. Let V' be a real reflexive Banach space, continuously and densely
embedded into /7. Then we have the following Gelfand triple

VCHXH CV*.

Let v+ (-, -)1 denote the dualization between V" and its dual space V* and let || - ||z, || - [|v>

v+ denote the respective norms. Then it is easy to show that

ve(u,v)y = (u,v)g, ue HoveV.



Strong dissipativity of generalized fractional derivatives and quasi-linear (S)PDE 7

Now, for 7" € [0, 00) fixed, we consider the following general nonlinear evolution equa-
tion with generalized time-fractional derivative

O7* (u — o) + A(t,u(t)) = f(t), for dt-ae. t € [0, 7], (2.1)

where k € L} ([0,00);R,ds) =: L _([0,00)) (with ds = Lebesgue measure) satisfies
condition [(k)|below, f € L!(]0, 00); V*), 0;* is as in (T.3), up € V is the initial condition,
and we are seeking for solutions u € L'([0,00); V). Therefore, the derivative % in the
definition (T.3)) of 9;* is understood in the weak sense. Consider the following conditions

on k:

k) k € L (]0,00)), k is nonnegative, non-increasing and (hence without loss of

generality) right continuous such that lim k(s) = 0.
§—00

(k) There exists k € LL ([0, 0)), nonnegative, such that

loc

(ks k)(t) = /Ot k(t —s)k(s)ds =1 for dt-a.e. t € [0, 00).

Here and below we consider & and & as functions on R defining them to be zero on

(—00, 0). Obviously [(k)|and (k)| hold for & as in (T-4).
If andhold, then (2.1)) can be rewritten as
t t
u(t) = up — / k(t — s)A(s,u(s))ds + / k(t—s)f(s)ds for dt-a.e. t € [0, 00).
0 0
(2.2)

This can be easily seen by first integrating with respect to d¢ and using the fact that
the convolution with kxk = kx*k is just integration with respect to d¢. Defining @(t) to be
equal to the right hand side of for every t € [0, 00), we have that 4 is a d¢-version of
u, hence still satisfies (2.2]) with @(0) = uo. In this sense u has w as its initial condition.
Now let us specify the conditions on the map

A:0,00) xV — V*

which is first of all assumed to be B([0, 00) x V')/B(V*) measurable (where B(-) means
Borel o-algebra of -) and assumed to satisfy the following: There exist & € (1,00), 0 €
(0,00), C1,Cy € [0,00) and g € L*(]0, 00); R) such that for all ¢ € [0, 0), v,v;,v9 € V

(H1) (Hemicontinuity) The map s — v+ (A(t,v; + svs),v)y is continuous on R.
(H2) (Weak Monotonicity)

ve(A(t,v1) — A(t,v2), 01 — va)y > —Cillvr — va3.
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(H3) (Coercivity)
v-{A(t,v),v)v > dlJolly — CollvllF — g(t).

(H4) (Growth)

1A o) 15" < g(t) + Co (lvlIF + [lvllz) -

We define the following spaces,

V = L([0,00); V) N L*([0, 00); H),
3¢ = L*([0,00); H), (23)
V7= La1([0,00); V) + L2([0, 00); H),

[0, 00
[0, 00

where | - ||y = max(]| - [l o scpv); | - ) and for u € V*

|wllvs :=inf q ||Jui||, o, o Juslse wy € LaT([0,00); V) up € Hositow = uy +ug g -
L ([0,00);V*)

Then for uy = 0 (the case for general initial conditions uy € V' will then follow easily as
we shall see below) the original equation (2.I)) can be rewritten in the following form

OFu+ Au = f, (2.4)

where
AV — V5 (Au)(t) = A(t,u(t)), t € [0, 00). (2.5)

It is easy to see that A: V — V* is weakly monotone, coercive and bounded on bounded
sets. Below we fix k£ and A as above.

To formulate our main results we furthermore need to define the following “shift to the
right” semigroup Uy, t > 0, on H. Below we extend every f € H by f := 0 on (—o0,0)
to a function f: R — H. For f € J(,t > 0, define

U f(r) = 1oy (r =) f(r—1), re€]0,00). (2.6)

Then it is trivial to check that (U;);~¢ is a strongly continuous (shortly: Cj-)contraction
semigroup on JH and it obviously can be restricted to a Cy-semigroup on V (even in this
case consisting also of contractions on V). Now for k as above and ,uff, t > 0, as defined
in below, we define for f € 3

o

Uff = / Usf pi(ds) = f*pg, ¢>0, 2.7)
0

It is a well-known fact (see e.g. [44, Chap. II, Sect. 4b]), that (U)o is also a Cp-
semigroup of contractions on . Let A* with domain D(A*, H) be its infinitesimal gen-
erator on .
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Obviously, (UF)so can be restricted to a Cp-semigroup on V (again consisting of
contractions). The generator of the latter is again A¥, but with domain

D(A* V) := {u € D(A*; )NV | A*u € V}.
Then D(A*,V) is dense in 'V, hence so is D(A*, H) N'V.

By [64, Lemma 2.3], A*: D(A*,H) "'V — V* is closable as an operator from V
to V*. We denote its closure again by A* and the domain of the latter by 3%, Then F*
2)2, u € F*. We would like to
mention here that, as will be seen in the applications in Section 7, F* is a generalization

is a Banach space with norm ||u|lg = (||ul|3 + ||A*u

of a space-time Sobolev space with generalized time-fractional derivative. It will turn out
(see Theorem below) that it is the appropriate space in which equation (2.1)) can be
solved.

Finally, we define a convenient domain of 8;"“, namely:
D) :={ue V" [ kxue W ((0,T);V*), VT € (0,00)}, (2.8)

where W1((0,7T); V*) denotes the standard Sobolev space of order 1 in L*([0, T]; V*).
We recall that for v € L'([0, 00); V*) we set u = 0 on (00, 0), hence

t
(kxu)(t) = / k(t — s)u(s)ds. (2.9)
0
Then, obviously, for all 7" € (0, co)
kxu= (]]-[O,T}k) * (IL[O,OO)U) on [O,T], (210)

where for p € [1, 00) the function on the right hand side belongs to L?(R; V*) if so does
10,00, and is in C'(R; V*), if in addition £k € L ([0,00)), where p/ := £

loc p—1

For vy € (0,00),p € [1,00), and E =R, V,V* or H we set
SR : —t
L2([0,00); E) := LP([0, 00); £, e77"d2), (2.11)
and define V., 3(,, V? as in (2.3 with Lebesgue measure di replaced by e tdt.
Theorem 2.1. Suppose that k satisfies|(k)l Then:

(i) F* C D(0;*) and
Aou=—0Fu  forallu e F*.

In particular, k xuw € C([0,00), H).
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(ii) (“strong dissipativity in V., C 3, C'V: 7). For everyy € (0,00) and all u € F*

| vtertu sy et ds = 5ot) [ e s @)
0 0
where

() ;:/ (1— e ™)M*dr) (> 01) (2.13)
(0,00)

and M* is the unique measure on ((0, 00), B(0, 00)) such that k(s) = M*((s, )),
s € (0,00) (see the beginning of Section 3| for more details, in particular (3.3)).

The proof of Theorem [2.T| will be given in Section [3]below. We only mention here that
assertion (i) is easy to prove for sufficiently smooth functions. The point here is that it
holds for all u € F*. The proofs of the following two theorems are contained in Section

below.

Theorem 2.2. Suppose that T € [0,00), k satisfies |(k) and A: [0,00) x V — V*
satisfies (HI)H(H4), Furthermore, assume that for C from|(H2)| there exists v € (0,00)

such that 1*(v) > 2Cy, which is always the case iflirr(l) k(s) = oo. Then:
s—

(i) Foreveryug € V and f € V*, 2.1) has a unique solution u such that u—ugp € F*
forevery p € L*([0,00); R) with o = 1 0n [0, T + 1). In particular,

u—ugp € L([0,00):V); 9" (u — uo) € LFT([0,00); V") (2.14)
and t +— fot k(t — s)(u(s) — upp(s)) ds has a continuous H-valued dt-version.

(ii) 1If, in addition, holds, then for dt-a.e. t € [0, T),
t t
u(t) = uo — / k(t — s)A(s,u(s)) ds + / k(t — s)f(s)ds. (2.15)
0 0

Furthermore, if k € L ([0,00)), t — u(t) has a continuous V*-valued dt-version.

loc

Now we turn to our last main result, namely the stochastic version of (2.1]) and (2.2)).
Suppose that U is a Hilbert space and W (t) is a U-valued cylindrical Wiener process
defined on a filtered probability space (2, F, (F;);>0, P) with normal filtration F, ¢ > 0.
Now we consider stochastic nonlinear evolution equations with generalized time-fractional

derivative of type

t
(X () — xo) + A(t, X (1)) = 0;™ / B(s)dW(s), 0<t<T, (2.16)
0
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where xy € V and B: [0,7] — Lpys(U; H) is measurable, here (Lys(U; H), || - || xs)
denotes the space of all Hilbert—Schmidt operators from U to H. Note that, if k; satisfies

(k) the integral form of (2.16) is as follows

t t
X(t) =x¢ — / ki(t — s)A(s, X(s))ds + / (ky * ko) (t — s)B(s)dW (s). (2.17)
0 0
For this we need to assume more about k; and &, from above, namely that they satisfy
(ks) holds for k£, and ks, and k; satisfies [(k)|such that l;:vl x ky € L2 ([0, 00)).

loc

Note that the stochastic integral term in (2.16)

Ft) = /0 (br * k) (£ — 5)B(s) AW (s)

is well-defined if e.g. | B||ys € L{2.([0, 0)), because then

loc

/0 (1;1 * ko )2 (t — 5)||B(5)]|55 ds < oo.

If k; = ko, then the stochastic integral term is even well-defined if merely ||B||gs €
Lie([0,00)).

Theorem 2.3. Suppose that|(ks)|holds, A satisfies|(HI){(H4)land B € L**([0,T], Lys(U; H)).
Assume also that F' € V,dt ® P-a.e. (which is e.g. the case if B(t) is a Radonifying map

from U to'V'). Then:
(i) Forevery xo € V the “shifted equation”
M (X(t) — F(t) — zop) + A(t,X(t)) =0, dt-ae.t €[0,T], (2.18)

has a unique (F;)-adapted solution X such that X — F — xop € F*, P-a.s. for
every ¢ € L%([0,00);R) with ¢ = 1 0on [0,T + 1). In particular,

X —F —xgp € L2([0,00); V); 9% (X — F — o) € La1([0,00); V*), P-a.s.

and t — fot ki(t — s)(X(s) — xp(s))ds P-a.s. has a continuous H-valued dt-

version.
(ii) For dt-a.e. t € [0,T],
t t
X)) = a0~ [ Bt~ DA X)) ds+ [ (ke - 9B AV (6), Pas
0 0
(2.19)

Furthermore, if k; € L ([0,00)), t — X (t) P-a.s. has a continuous V*-valued

dt-version.
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Remark 2.4. In [4]], we have investigated the case that ;" = 07 0% = 9] and A is
monotone. Then it is easy to see that the assumption (ks) is equivalent to vy < [ + % We
want to remark that the special case v = 3 or v = 1 has been intensively investigated
for some semilinear SPDE models (such as the stochastic heat equation or the stochastic
wave equation), see e.g. [2, |17, |18, 127, 55] and more references therein. It’s easy to see

that we can also have fractional Brownian motion or Lévy process as the noise in (2.10)).

3 Generalized time-fractional derivatives as generators
of C)-semigroups and their strong dissipativity

In this section we prove Theorem so assume that k satisfies (k). By Caratheodory’s
theorem there exists a o-finite (nonnegative) measure M* on ((0,00), B((0,00))) such
that

M*¥((s,00)) = k(s), s € (0,00). (3.1)
By Fubini’s theorem it is easy to show that

/ A1 MF(dr) < co. (3.2)
(0,00)

Define

Csp:={z € C|Re z > 0}
and

Cs:={z € C|Re z > 0}.

We define the following function 1/* : C5o — C by
PE(N) = / (1 —e) M*(dr), € Cso, (3.3)
(0,00)

which by (3.2)) is well-defined and holomorphic on C., as well as continuous on C
(see [62, p.25] for details). Hence the same is true for the function

A e T\ e Cyy, (3.4)

for every ¢ € [0, 00). Furthermore for every ¢ € [0, 00), since t" restricted to (0, 00) is a
nonnegative Bernstein function (see [62, Theorem 3.2]), there exists a unique probability
measure 5 on ([0, 00), B([0, 00)) such that

/ ek (ds) = e 'V X e (0, 00), (3.5)
[0,00)
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(see [62, Theorems 3.7 and 1.4]). Furthermore, since the Laplace transform
Luf(N) = /[ | e up(ds) (3.6)
0,00
is defined for all A\ € C- and is obviously holomorphic on C-, as well as continuous on
Cso, implies that
LpE(A) = e '™ forall A € Cxo. (3.7)

In particular, we have for every ¢ € [0, o) for the Fourier transform fi¥ of ;¥
[E(N) = / eMpF(ds) = e W = 7t Jooo)A=ePDMEAT) N e R (3.8)
(0,00)

By the function R 3 X s [¢)¥(—i\)]| is of at most linear growth.

Now let us consider the Cy-semigroup (U});>o on H with infinitesimal generator
(A%, D(A*, H)) introduced in Section [2| First we characterize this generator through its
Fourier transform and as a corollary we prove that it coincides with ;% on an operator
core.

Proposition 3.1. The generator (A*, D(A*, H)) of (UF)i=o (on H), defined in Section[2}
is given as follows

D(A*, H0) = {u e H | r — |[¢*(—ir)|a(r) € L*(R; He)},
(Aku)/\(’r’) = —wk(—ir)zl(r), r € R,

where Hc denotes the complexification of H and U denotes the Fourier transform of u

considered as a function from R to H, i.e. v := 0 on (—00,0) and
u(r) = / e"u(s)ds, reR.
R
Proof. Below we consider each i (ds) as a measure on all of R, by defining
pi(A) = (AN [0, 00)), A € B(R).

Let D := {u € H | r — [*(—ir)|a(r) € L*(R; Hc)}. Then for u € D, because
ux* puf € L?(R; H) and /i is bounded, we have
1 1 * A
H(Oku =0 ) =5 ([ vantas) <) )
0
1

([t =9 it~ )

= et =) ()

S+ | =+ =

a(r) (e 1) — —H(—ir)a(r)

t—0
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for dr-a.e. r € R. But since forall» € Rand ¢t > 0,

% =t | < gyk(—ir),

the last convergence also holds in L?(R; Hc). Hence D C D(A*, ) and
(A*u)™(r) = —*(=ir)a(r), r € R. (3.9)
Because /i¥ is bounded, one similarly checks that
U'DC D Vt>0, (3.10)

and that (A*, D) is closed as an operator from H to H. Since the function R > 7
|9k (—ir)| is at most of linear growth, D is dense in H. Hence (3.9) implies (see [57,
Theorem X.49]) that D is an operator core of (A*, D(A* H)),i.e. D isdensein D(A*, H)
with respect to the graph norm given by A*. Consequently, D = D(A*, H) and A* is given
by (3.9). O

Proposition 3.2. D(A*, H) C F* and for all u € D(A*, )

d
Ay = —E(k*u). (3.11)

Proof. Firstletu € Dy := D(A*, H)NVND(9;*)NL>([0,00); H). Then for T' € (0, 00)

t
I|(k * w)(t)] V*/ k(s)ds fordt-ae.t € [0,T], (3.12)
0

ve < esssupgep r |[u(s)|

and the same inequality holds with || - || 5 replacing || - |

Ve

Again we consider all appearing functions, originally only defined on [0, o0), as func-
tions on all of R by defining them to be equal to zero on R \ [0,00). As in the proof
of Proposition one can check that Dy is dense in 3 and also that UF(Dy) C Dj.
Concerning the latter we note that all spaces in the intersection defining Dy are obvi-
ously invariant under UF except for D(9;*). To see that this is also true for the latter,
let u € D(9;%). Then Ufu = u * uf € L'([0,00); V*) and for T' € (0, 00) there exist
h € L*([0,T); V*) and v € V* such that for r € [0, 7]

(k*u)(r) = v+ /Orh(T) dr.
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But again by setting & = 0 on (—00, 0) and using Fubini’s theorem

(kx UFu)(r) = (k *u* pu¥)(r)

—v—l—//s ) dr ik (ds)
o [
:v+/0 /Oh(T—s)dTuf(ds)

:U—i-/or(h*uf)(T)dT, r e [0,T7.

Since h * ¥ € L1([0,T]; V*), this implies that UFu € D(9;*). Again applying Theorem
X.49 from [57]] we obtain that Dy is an operator core of (A*, D(A*, H)). Hence it remains
to prove (3.11).

Let us start with calculating the Laplace transform £ of the right hand side of (3.11)
forany u € D(9;*)NL>(]0,00); V*). Solet A € (0, o). Then integrating by parts, using
(3.12) and Fubini’s Theorem we obtain

c (%(k \ u)) () = /OOO e”%(l{ Fu)(t) dt

/ / )\e_)‘t dt M*(ds) Lu(N)
0 oo)

where we used (3.1) in the fifth inequality and (3.3) in the last inequality.
For the left-hand side of (3.11)) and v € D, we find for all h € H, A € (0, 00), because
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of (3.7)
</0°° A*u(r)e > dr, h>H = llg% % /OOO (UFu(r) —u(r), h), e dr
— iy 3 (G B ) = (1))
= lim (e — 1) £((u, hy) (V)

Hence, £(A(u))(\) = —¢F(X\)Lu(N) and B-IT) follows for u € Dy.
Now let u € D(A¥, H). Then, since Dy is an operator core for (A*, D(A*, H)), there
exist u,, € Dy, n € N, such that as n — oo

u, — u and  AFu, — AFu in H.
Let T' € (0, 00). Then as n — oo by (2.10) and, since (3.11]) holds for u,,

kxu, — kx*xu

and
0 (k% u,) — AF
——(k *u, u
ot
in L([0, T; V*). Hence, the last assertion follows by the completeness of W1 ([0, T7; V*).

[
After these preparations we can prove the first part of Theorem [2.1]

Proof of Theorem[2.1[(i). Let u € F*. Then there exist u,, € VN D(A*, H), n € N, such
that as n — oo

U, — winV and  — 0/*u, = AFu, — Afuin V*, (3.13)

where we used Proposition[3.2] Let 7' € (0, c0). By 2.10), kxu, — kxuin L*([0,T]; V),
hence in L' ([0, T']; V*), as n — oo and for p := min {2, -%5} the latter part of im-
plies that 9;*u,,, n € N, are bounded in L?([0, T]; V*). Hence the Cesaro mean of a
subsequence of (97*u,, ),en converges strongly in LP([0, T]; V*), hence in L' ([0, T]; V*).
Therefore, by completeness k * u € W11((0,T); V*) and

d
= —%(k xu) on [0,7] dt-a.e.

The last part of the assertion then follows by [7, Theorem 1.19, pp.25]. ]

To prove Theorem [2.1{ii) we need some preparations.
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Lemma 3.3. Let vy € (0,00). Then forall u € 3, t > 0,

[T 1o e as < 00 [T e as
0 0

Proof. Letu € H,t > 0. Then

/ |Ufu(s)|F e ds = / (s 1) ()17 €77 ds < L([[ull ) (7) e,

0 0

where we used Jensen’s inequality and (3.7) in the last step. ]
Lemma 3.4. Lety € (0,00) and u € D(A*, H). Then

o

[ 0w s < L) [ ol ar
0 2 0
Proof. Since

1
A*u = lim =(UFu —u) in 3, hence in Li([O, o0); H),

e—0 &

we have by Lemma [3.3] and the Cauchy—Schwarz inequality
/ (AN*u(s),u(s))ge " ds
0
1 o oo
= lim — [/ (UFu(s),u(s))ge " ds — / (u(s),u(s))ype " ds
0 0

e—0 €

1 c &
< lim * [e590) 1] / lu(s)[3ye ™" ds
0

T e=0¢

1 oo
=500 [ Tl as.

Now we can prove the second part of Theorem [2.1]

Proof of Theorem[2.1[ii). Letu € F*. By definition of (A*, F*) there exist u,, € D(A*, H)N
V such that as n — oo

U, —u inV and AFu, — AFu  in V"

Hence by Lemma 3.4]

/Ooo ve(APu(s), u(s))ye 7 ds = lim ve (N, (), un (5))ye % ds

n—oo 0
1 oo
< lim =505 0) [ (o) e s
1 %0 .
=500 [ o)l s,

since u, — win 'V as n — oo, implies that u,, — w in J(, hence in L2([0, 00); H) as
n — oo. Hence the assertion follows by Theorem [2.1](i). O
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4 Proof of main existence and uniqueness result: the de-
terministic case

In this section we proof Theorem [2.2] so assume that [(k)] and [(H)H(H4)| hold.

As in [41]] the proof heavily relies on a general perturbation result of operators A of
the type as in Theorem [2.2] which we briefly recall now.

As in [64] we consider a generator A, with domain D(A,H), of a Cy-contraction
semigroup of linear operators on H whose restrictions to V form a Cy-semigroup of linear
operators on V. The generator of the latter is again A, but with domain D(A,V) := {u €
VN D(A,H) | Au € V}. Then D(A,V) is dense in 'V, hence so is D(A, H) N'V. By [64,
Lemma 2.3], A : D(A,H) N’V — V* is closable as an operator from V to V*. Denoting
its closure by (A, F) we obtain that F is a Banach space with norm

1
lully = (s + [|Aully-)?, u € T

Now we can formulate the following perturbation result.

Theorem 4.1. Let conditions hold. Assume that in we have C; = 0. Then
for every f € V* there exists u € F such that Au — Au = f.

This result is a generalization of [64, Proposition 3.2]. We replace the strong mono-
tonicity assumption in [64, Proposition 3.2] by the classical monotonicity, i.e. with
C7 = 0, and consider a reflexive Banach space V, while this space was assumed to be a
Hilbert space in [64]. A rather concise proof in this more general case was given in [41].
Since this result is crucial for Theorem 2.2] and for the convenience of the reader we in-
clude a more detailed proof in the Appendix of this paper. Now we are prepared to prove
the second main result of this paper.

Proof of Theorem[2.2(i). Existence:
Case 1: up = 0.
Consider the operator

AZ:A—FOl[,

where I: V. — V*, I(u) := u,u € V, and let A be defined as A was for A. Then we
can apply Theorem with A replaced by A and A replaced by AF = — 7% with domain
F* (see Theorem i)). Hence for every g € H(C V*) there exists u, € F* such that

O ug 4+ Au, + Crug =g+ f  in V*. 4.1)

_ Jgon|0,T]

~ 1 0on (T, o)
Consider the map 3 D Hy > g — Chugo,1 € Fp, where for a function h: [0, 00) —
H we denote its restriction to [0, T by A 77.

Define: Hy := L?([0,T]; H). Then Hr < H by the map i(g)
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By [(H2)|and Theorem [2.1(ii) we have for all v € (0,00); g1, 92 € Hr
1 k g 2 _—vs
§¢ (7) Hclugl (S) - Clu92 (S>||He ds
0

< CY12 /OOO V<u91 (3) - u92(5)7 a:k<ugl - qu) + A(S’ Ug, (3)) - A(S7 ’LLQQ(S))
+ Oty (5) — g (5)))y-e ™7 dls

=C1 [ (€ (s) = Cru(5). 1 (5) = (o) e .

Hence by the Cauchy—Schwarz inequality

([ 16t )~ Cunte ds)é < 2O ( [ o) - ol s :

We recall that by assumption

2
&<1

CUCON
which can always be achieved for large enough ~ by (2.13), if M*((0,00)) = oo, i.e. if
hH(l) k(s) = oo. Hence by Banach’s fixed point theorem there exists g € Hr
5—

Ciuy, =g dt-a.e.on [0,7T].
But then by (4.1)
OfFuy(t) + A(t,uy(t)) = f(t) fordt-ae.t € [0,T],

N holds for uy = 0. Furthermore by construction u, € F*. In particular, (2.14)
holds for ug = 0.

Case 2: up € V.

Let ¢ be as in the assertion of the Theorem. Set x := g and define A, as A, but with

A (t,v) == At,v+zp(t), t>0,v eV,
replacing A. Then by Case 1 there exist u, € F* such that

%(k kU (1)) + Az (t,ug(t)) = f(t) fordt-ae.t € [0,T].
Define u := u, + x¢. Then u — zp(= u,) satisfies (2.14) and
O (u(t) — x) + A(t,u(t)) = f(t) dt-ae.on(0,T)

and (2.1)) is solved.



20 Wei Liu, Michael Roéckner, José Luis da Silva

The last part of assertion (i) of Theorem [2.2]follows by the last part of Theorem [2.1](1).
Uniqueness: Let uy, us be two solutions of (2.1)) on [0, 7'] such that u; — @ug, us — @ug €
F* with ¢ as in the assertion. Then u; — uy € F* and by Theorem ii)

0= /°° (uy(5) — u(s), 07" (uy(s) — ua(s)) + A(s,ui(s)) — A(s, ug(s))y+e 7 ds

v

éw(w - 01) | ts) = el s
0,

v

since by assumption 1*(y) > 2C;. Hence u; = us.
0

Proof of Theorem[2.2(ii). That under assumption |(k)| equation (2.1)) can be rewritten as
(2.15)) was already explained in Section [2|of this paper. The last part of the assertion is an
elementary fact about convolutions in Lebesgue L”-spaces. ]

5 Proof of the stochastic case

The proof of Theorem2.3]follows from Theorem[2.2]by a simple shift argument (cf. [41]).
Proof of Theorem Let u(t) = X (t) — F(t), then u(t) satisfies the following equation
O (u(t) —z) + Alt,u(t) + F(t)) =0, 0<t<T. (5.1)

Define

A(t,u) = A(t,u+ F(t),ue V.

Since F' € V dt ® P-a.e., it is easy to see that A still satisfies (H1)H(H4)| Hence assertion
(¢) follows by Theorem [2.2)(i). Assertion (ii) is then proved analogously to Theorem

2.
The (F;)-adaptedness of the solution follows by the proofs of Theorem and Lemma
[A.3l The last two assertions are obvious. []

6 Examples of Kernels

In this section we give some examples of kernels & which satisfy both condition |(k)| and

needed to apply Theorems and 2.3|in Section

Example 6.1 (Fractional Caputo derivative). Let 0 < S < 1 be given and define the
function k on [0, 00) by
=8

m, t e [0,00)

k() == g1-p(t) =
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Then k is nonnegative, nonincreasing function on [0, 00) and we have lim;_,o k(t) = oo
and lim;_,, k(t) = 0. It is well known that 0;%(f — f(0)) corresponds to the Caputo
derivative of [ and the problem stated in (1.1)) has been treated in [41)]. The associated
Lévy measure is absolutely continuous with respect to the Lebesgue measure and is given
by
g
ME(dt) = =t~ dt, 6.1

It is simple to verify that k satisfies (k) and the corresponding kel
by

1
loc

([0,00)) is given

k) = £

t) = =0
I'(5)

Hence condition (k) is satisfied. The pair (k, k) is called Sonine kernels and (kxk)(t) = 1,

t € [0, 00) is known as Sonine condition, see [63] and [61] for a survey.

t €0, 00).

Example 6.2 (Truncated [3-stable subordinator, cf. Example 2.1-(ii) in [19]). A process
S(t), t > 0is called truncated (3-stable subordinator if it is driftless and its Lévy measure
Is

Mf(dx) = ﬁx(l+ﬁ)ﬂ(o75}(l’) d$, 0> 0.
The kernel k defined by
5
b(0) = ME(1,00) = a0 [ o0 = 20900 - 579

induces the following generalized time-fractional derivative

t
TG FONO = gy [, (97 =0~ F0)ds
Here for a € R, a™ := max{a,0}. This is the generalized time-fractional derivative
whose value at time t depends only on the d-range of the past of f in contrast to the usual
case which depends on the history of f on (0,t). Notice that lims_,o k(t) = ﬁt*fj. We
have lim;_,o k(t) = oo and lim;_,, k(t) = 0. Hence, k satisfies condition but also
because M} is absolutely continuous with respect to the Lebesgue measure. Hence
the existence of the kernel k follows from the theory of complete Bernstein functions, see

Theorem 6.2 in [62]].

Example 6.3 (Distributed order derivative). Let gs as in and define the kernel k by

k(t) ::/0 gs(t)dB, t>0.
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The corresponding generalized time-fractional derivative is called distributed order deriva-

tive and it may be written as

OH(f — F(O))(t) = / Bulk» (f — F(0))(t) dB.

The kernel k is a nonincreasing, nonnegative function on [0, c0) which belongs to Li. .([0, 00)).
Moreover, lim;_,o k(t) = oo and limy_,, k(t) = 0. The associated nonnegative kernel k
such that k * k = 1 has the form

2 Ty
t:
0= [ s

and we have k € L% _([0,0)), so condition (k) is satisfied.

loc

Example 6.4 (Exponential weight). For any v > 0, A > 0 and 0 < [ < 1 define the

kernel k by
+=B
._ U
k(t) == g1_p(t)e T ﬂ)e :
1

loe([0,00)), hence k satisfies con-

The kernel k is nonnegative, nonincreasing and k € L
dition (k). We have lim,_, k(t) = 0o and lim,_,, k(t) = 0. The associated nonnegative k

such that k x k = 1 is given by

k(t) =% + F(lﬁ— 5 /t j:; ds, te€]0,00).

The fact that kxk=1 may be checked by applying the Laplace transform to both sides of

1

1[0, 00)), hence condition

the equation. Moreover, a simple integration shows that kel

is satisfied.

Example 6.5 (Gamma subordinator). Let a,b > 0 be given and k the kernel defined by
k(t) := al'(0,bt), t € [0, 00),

where I'(v, ) := fmoo t'~te~t dt is the upper incomplete gamma function. It follows from
the properties of I'(v, x) that k is a locally integrable, nonnegative, nonincreasing func-
tion on [0,00) and we have lim; o k(t) = oo and liny_,, k(t) = 0. Hence, k satisfies
condition (k). The kernel k is related to the gamma subordinator (see for example [9,
Ch. 111]) through its Laplace transform, namely the process with Laplace exponent equal

to

9 A o0
/\/ e ME(t)dr = alog (1 + E) = CL/ (L—e ™M)t le™™adt, A>0,
0 0

where the second equality stems from the Frullani integral. Hence, the Lévy measure is
MPF,(dt) = at~'e™" dt. The existence of a positive k € L ([0, 00)) such that kxk = 1is

loc
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a consequence of the fact that M kb is absolutely continuous with respect to the Lebesgue

measure and the theory of complete Bernstein functions, see Theorem 6.2 in [62|]. Hence

condition (k) is satisfied.

Example 6.6 (Multi-term derivative). Let 0 < < 1 and 0 < o < 1 be given. Define the
kernel k by

k(t) == g1-p(t) + g1-a(t), t>0.

The kernel k is completely monotone, that is k € C=((0,00)) and (—1)"k™(t) > 0 for
allt > 0 and n € NU {0}. The corresponding generalized time-fractional derivative O;*
is called multi-term fractional derivative. We have lim,_,q k(t) = 0o and lim;_, k(t) = 0.
It follows from Example|6.1|that the Lévy measure M k’a defining k is the sum of two Lévy
measures of the type (6.1). It follows from Theorem 5.5 and Corollary 5.6 of [30]] that
there exists a nonnegative kernel k € LL ([0, 00)) such that k x k = 1 and its Laplace

transform is
~ 1
Lk

A)=——.

) A+ N8

Hence, the kernel k satisfies both conditionsand This example may be generalized
to kernels k(t) := 7 ajr(tl—ﬁﬁ) witha; >0and 0 < 1 < ... < f, <L

7 Applications to quasi-linear (S)PDE

In this section we apply Theorems [2.2]and [2.3]to (stochastic) generalized porous medium
equations, (stochastic) generalized p-Laplace equations, and (stochastic) generalized fast-
diffusion equations (cf. [8, 40]]) with time-fractional derivative. Here for simplicity we
mainly concentrate on the deterministic case, the extension to the stochastic case is straight-
forward.

7.1 Generalized porous medium equations

We introduce the model as in [58]. Let (£, B, m) be a separable o-finite measure space
and (L,D(L)) a negative definite self-adjoint linear operator on L?(m) having discrete
spectrum. Let

(0 <A <A <

be all eigenvalues of — L including multiplicities with unit eigenfunctions {e; };,>1. Let H
be the dual space of the D((—L)2) with respect to L2(m); i.e. H is the completion of
L?(m) under the inner product

i )\i m(ze;)m(ye;),
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where m(z) := [, xdm for z € L'(m). Let
U, d:[0,00) x R—R

be measurable, and be continuous in the second variable. We consider the following gen-
eralized porous medium equation with generalized time-fractional derivative

O (X, — mo) = LU(t, X,) + O(L, X,). (7.1)

To verify conditions (H1), (H2), (H3) and (H4) for A(t,v) := LV (t,v) + ®(¢,v),
we assume that for a fixed constant r > 1,

|W(t,s)|+ |D(t,s)] <c(l+]|s]"), seR,t>0,

—m((¥(t,2) = U(t,y)(r —y) + m((2(t,2) — 2(t,y))(-L) (z—y)) (72)
< Kllz =yl = dllz —yllii1, =0,

hold for some constants ¢, K, § > 0 and all z,y € L™ (m), where || - ||, is the norm in
L'*"(m). Obviously, the assumptions above are satisfied provided W (¢, s) = h(t)|s|""'s

and ®(t,s) = g(t)s,t € [0,T], s € R, with0 < inf h < suph < oo and ||g||oc < 0.

Example 7.1 Let V = L'*"(m) and V* be the dual space of V' with respect to H. Then it
is easy to see that implies that (H1), (H2), (H3) and (H4) hold for (see [58, page
137])

A(t,v) := LY(t,v) + ®(t,v).

Therefore, Theorem [2.2]is applicable to the time-fractional generalized porous medium

equation if k satisfies respectively.

Remark 7.1. (i) Let v > 1 and A be the Dirichlet Laplacian on an open domain D C R<.
Let L = Aif D is bounded and, in addition, r < %, or L = —(—A)® for some constant
a € (0,4)N(0,1] if D = R? (the definition of V and H should be revised in the latter
case, see [58|]). Let

O(t,s) =cs, V(t,s)=s|s|"",

for some constant ¢ € R (see [58, Example 3.4] for possible more general cases). Then
the assertions in Theorem hold.

(ii) Similarly, we could apply Theorem[2.3|to investigate the time-fractional stochastic
generalized porous medium equation

t
O (X, — wo) = {LU(t, Xy) + (¢, X,) }dt + O, / B(s)dW (s), (7.3)
0

where W (s), s > 0, is cylindrical Brownian motion on H and B : [0,00) — Lygs(H) is
measurable and locally bounded.
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7.2 Stochastic generalized p-Laplace equations

Let D C R be an open bounded domain, m be the normalized volume measure on D,
and p € [2,00). Let Hy”(D) be the closure of C$°(D) with respect to the norm

[l = £l + 1V fllp,

where || - ||,, is the norm in L”(m). Let H = L*(m) and V = H," (D). By the Poincaré
inequality, there exists a constant C' > 0 such that || f||;, < C||V f]|,. Now we consider

the following time-fractional generalized p-Laplace equations

O (X — mo) = div (B(t, VXy)) + f(t, Xy), (7.4)
where

®:]0,00) x R - R%: f:[0,00) x R = R
are measurable, and continuous in the second variable.

To verify conditions (H1), (H2), (H3) and (H4) for A(t,v) := div(®(t, Vv)) +
f(t,v), we assume that for a fixed p € [2, 00),
| (2, S)I < K( +]s[P7h), seR%t >0,

(@ (t.y)) (@ —y) = dllz —yl}, t =0,
m ((/( (t.y)(@—y) < Kllz—yl3, t =0,
|/ (¢, )I < K(1+!xlp D, t=0,

hold for some constants /,0 > 0 and all z,y € L?(m).

m

(7.5)

Example 7.2 Suppose that (7.5)) holds, then (H1), (H2), (H3) and (H4) hold for (see
e.g. [28, Example 4.1])

A(t,v) := div (®(t, Vv)) + f(t,v).

Therefore, Theorem [2.2] is applicable to the time-fractional generalized p-Laplace equa-
tions , if k satisfies u nrespectlvely

Remark 7.2. (i) Obviously, the assumptions above are satisfied provided ®(t, s) = h(t)|s|P~2s
and f(t,s) = fi(t)s — fo(t)|s[P7%s, t € [0,T], s € R, with 0 < inf h < suph < oo and
| filloo < 00, which is the classical p-Laplace equation with polynomial type perturbation.

(ii) Similarly, we could apply Theorem [2.3|to the following time-fractional stochastic

generalized p-Laplace equations
t
O (X, — o) = (div (B(t, VX)) + F(£ X,)) dt + 7™ / Bls)dW(s),  (1.6)
0

where W (s), s > 0, is cylindrical Brownian motion on H, B : [0,00) — Lpg(H) is

measurable and locally bounded.
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7.3 Stochastic generalized fast-diffusion equations

Let (E,B,m),(L,D(L)), H (B and W(s), s > 0,) be as in Example 7.1. Suppose that
r € (0,1)and ¥ : [0,00) x R — R is measurable, continuous in the second variable and
such that for some constant § > 0,

(5|81 — 82|2
w(t —U(t — > eR,t>0 7.7
( ( 751> ( 752))(81 52) = <|51’ Y |82|)1_T’ S1, 52 y L Yy ( )
. W,
sU(t,s) > dls|"™,  sup [ S)r| <oo, seR,t>0, (7.8)

tef0,1),5>0 1 + [$]

lsi—sa®> . e
Ts1ilVls2DT—" "= 0 for S1 = SS9 = 0.

We consider the following time-fractional generalized fast-diffusion equations

where

O/ (X (t) — wo) = LU(t, X (1)) + h(H) X (), (7.9)

where h € C([0,00)).
Let V = L™ (m) N H with |[v||y := ||v|l14r + ||v||z. Then it is easy to show that
(H1)-(H4) hold for (see [58, Theorem 3.9] for a more general result)

A(t,v) :== LY(t,v) + h(t)v, veV.

Example 7.3 Suppose that (7.7)) and ([7.8]) hold, then the assertions in Theorem hold

for (7.9), if k satisfies respectively.
Remark 7.3. (i) By the mean-valued theorem, one has for r € (0, 1)
(51 — s9) (51|51 7" — salsa|"™H) > rlsy — sof*(|s1] V |s2])", s1, 82 € R.

So, a simple example of V, so that (1.7) and hold, is V(t,s) = cs|s|""! for some
constant ¢ > 0. This corresponds to the classical fast-diffusion equation.

(ii) Similar results also hold for the corresponding time-fractional stochastic equations

P (X (t) — x) = {L\Il(t,X(t)) + h(t)X(t)}dt + ot /t B(s)dW(s).  (7.10)

A Appendix A. Proof of Theorem 4.1

For the proof of Theorem [.1] we need some preparations. We recall the definition of
a pseudo-monotone operator, which is a very useful generalization of monotone operator
and was first introduced by Brézis in [[10]. We use the notation “—” for weak convergence
in Banach spaces.
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Definition A.1. An operator M : V — V* is called pseudo-monotone if v, — vin'V as
n — oo and
lim sup vy« (M (v,), v, — v}y < 0

n—o0

implies for all u € 'V

v (M(v),v — u)y < liminf y« (M (v,,), v, — u)y.

n—oo

Remark A.2. (i) Browder introduced a slightly different definition of a pseudo-monotone
operator in [11]: An operator M : V — V* is called pseudo-monotone if v, — v in
Vasn — oo and

lim sup v« (M (v,,), v, — v)y <0

n—o0

implies

M(v,) = M(v) and lim v (M (v,), vn)y = v« (M (v), v)y.

n—o0

In particular, if M is bounded on bounded sets, then these two definitions are equiv-
alent, we refer to [39, 40].

(ii) We recall that as mentioned before our operator A: V — V* in (2.4) is coercive
and bounded as well as monotone if C; = 0 in hence in particular pseudo-
monotone. If we add a continuous monotone linear operator A: V — H to it, it is

easy to see that also A + Ais pseudo-monotone.

(iii) Despite the fact that, of course, (—A\, D(A, H)) is maximal monotone as an operator
on H, the map —N: F CV — V* (or —A*: F C V — V*), may be not maximal
monotone. Hence we cannot apply [59] to conclude that A — A: F C V — V* is
maximal monotone. Otherwise, because by Theorem ii ) A — A is coercive, the
assertion of Theorem 4. l|would follow easily.

Lemma A.3. If M : V — V* is pseudo-monotone, bounded on bounded sets and coer-
cive, then M is surjective, i.e. for any f € V*, the equation Mu = f has a solution.

Proof. This is a classical result due to Brézis. For the proof we refer to [10] or [69,
Theorem 27.A]. []

Proof of Theorem Step 1: Let o > 0 and consider the Yosida approximation A, : V —
V* defined by
v (Aqu, )y = ap«(aVou — u, )y,

where V,, = (o — A)7%, o > 0, is the resolvent of (A, D(A, H)) (on H).
We note that since o'V, is a contraction on H, we have

ve(Aqu,u)y = (Aqu,uyg >0 forallu € V,
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hence by Remark ii) it follows that A—A,, is pseudo-monotone, coercive and bounded
on bounded sets. Therefore, by Lemmathere exists u, € V such that Au, — Aju, =

I
Step 2: Note that

V* <-Auouua>\7 < V* <‘Aua - Aauaa ua>\7 = y* <f7 ua)V < Hf

Hence, by the coercivity assumption (H3)| we obtain that sup,- ||u.||v < oo, and hence

sup || Aug ||y < 0o
a>0

by [(HA)}

Since for any v € V
Vs (AqlUo, V)y = —ye (Atg — Nglig, V)y + ve (Atg, v)y

= —v+(f,0)v + v+ (Auq, v)v
< (I f 1l + [[Ava

px < OQ.

ve)l|vllv,

we have sup,- [|[Aata
By the apriori estimates above we know there exists a subsequence «,, — oo such that

Uq, — u In'V;
Aug,, — h in'V*;
Ao, U, — g InV".

So, it is easy to see that h — g = f.
By the strong continuity of the dual resolvent (Va)a>w in V*, we have for all v € V*

lim v (v, @, Va, U, )y = lim v*<an‘7anv,uan)v =y« (v, u)y,
n—oo n—oo

and, therefore,

an Vo, Ua, — u in V.

Since A, V,,, U, = Ao, Ua,, We also have
. *
Ao, Vi, g, — g iIn V.

Since A is linear and (A, F) is closed as an operator from V to V*, this implies that u € F
and Au = g.

Step 3: Now we only need to show Au = h. Since u,, — winV and for all v € D(A, V)

lim sup y- <Aan Uary, y uan>V = lim SUP<V* <Aanuana Uay, — U>V + = <Aanuan7 U>V)
n—00 n—00

< limsup y« (Mg, v, U, — 0}y + v+ (Au, v)y
n—oo

= v+ (Av,u — v)v + v (Au, v)v,
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where the inequality follows from v« (A, (ta, — 1), Uq, — u)y < 0, since each A, is a
contraction on . Since D(A, V) is dense in (F, || - ||5), the above inequality extends to
all v € &F. In particular, we may take v = u, to obtain that

lim sup v+« (Ag, Ua,, s Ua, Yy < v (Au, u)y.

n—0o0
Therefore,
lim sup vy« (Aug,, , Ua, — u)y = limsup y« Ay, Ua, + f, Ua, — Uy
n—oo n—oo
= lim sup v+ (Aq,, Ua, , Ua,, — U)y
n—oo
<y (Au,u —u)y = 0.
So, we have

lim Sup vy <‘Auana uan>V < pe <h’ U>V'

n—roo
Hence, by the pseudo-monotonicity, we have for any w € V

v (Au, u — w)y < liminf p« (Aug, , Ua, — W)y
n—oo

< liminf y« (Aug,, , Ua, )y — v+ (h, W)y

n—oo

S V* <h7 u— w>V7

which implies Au = h since w € 'V was arbitrary. O]
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