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ABSTRACT. We discuss several approaches to generalized solutions of prob-
lems describing the motion of inviscid fluids. We propose a new concept of
dissipative solution to the compressible Euler system based on a careful anal-
ysis of possible oscillations and/or concentrations in the associated generating
sequence. Unlike the conventional measure—valued solutions or rather their
expected values, the dissipative solutions comply with a natural compatibility
condition — they are classical solutions as long as they enjoy a certain degree
of smoothness.

1. Introduction. We consider a mathematical model of an inviscid compressible
fluid with the mass density ¢ = p(t,2) moving with the velocity u = u(t, z).
Thermal effects being neglected, the evolution of the fluid is governed by the Fuler

system:
Oro + div,(ou) = 0, 1)
¢ (ou) + div,(ou ® u) + V,p(p) = 0. '

The quantity p = p(p) is the pressure. We suppose the internal energy e = e(p) is
related to the pressure through the formula

(v — Doe(e) = p(o), (1.2)
where v > 1 is the adiabatic constant. The total energy of the fluid is given by
1
Blow = o [3luf +<(o)]. (1)
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If not otherwise stated, we suppose the fluid occupies a bounded domain Q C R?,
d = 2,3 with impermeable boundary:

u-njpn =0. (1.4)
The initial state of the system is given:
0(0,-) = 00, ou(0,-) = my. (1.5)

The Euler system has been derived from the basic principles of continuum me-
chanics on condition that all quantities appearing in (1.1) are at least continuously
differentiable and the density ¢ is bounded below away from zero. If the initial data
belong to this class then the Euler system admits local-in—time smooth solutions,
see e.g. Tani [23]. The life span of such solutions, however, is finite for a fairly
general class of the initial data, see Smoller [22].

To continue solutions globally in time, the concept of weak solutions is intro-
duced, where all derivatives in (1.1) are understood in the sense of distributions. It
is also more convenient to reformulate the problem in the conservative variables o
and m = pu:

0o + div,m = 0,

® m

1.6

Weak solutions are not unique unless a suitable admissibility criterion is imposed.
In the context of the Euler system, it is customary to require the energy inequality

00z, m) + div, |(B(e.m) + p(e) | <0, (1.7)
where )
1|m
Blom) = 5+ (o). (1.8
In view of (1.2), we obtain
— Y = — a Y
p(o) = ao”, oe(o) = P(o) o L8

Indeed the internal energy ge coincides (modulo a linear function) with the pressure
potential P = P(p):

oe(p) = P(o0), where the latter satisfies P'(0)o — P(0) = p(0).

In particular, the energy E is a conver function of m and p.

Even if (1.7) is imposed as an extra admissibility constraint, the Euler system
remains ill-posed at least for NV = 2,3. As a matter of fact, there exist Lipschitz
initial data for which (1.6), (1.7) admits infinitely many solutions on a given time
interval (0,7, see Chiodaroli et al. [8], [9], and [10]. Still the question of the
existence of global-in—time weak solutions to (1.6), (1.7) for general initial data
remains open.

Our goal is to present several concepts of generalized solutions to the Euler
system and discuss their basic properties. In particular, we address the question
of compactness of the solution set and its stability with respect to perturbations.
Finally, we introduce a new concept of dissipative solution to the Euler system.

The paper is organized as follows. In Section 2 we discuss the problem of com-
pactness of the solution set of the compressible Euler system. Section 3 presents
a short review of various concepts of the so—called measure-valued solutions. In
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Section 4, we introduce a new concept of dissipative solutions. In Section 5 we
introduce a generating sequence and show existence of a dissipative solution to
the Euler system for a fairly general class of initial data. Various properties of
dissipative solutions including weak—strong uniqueness and conditional regularity
are discussed in Section 6. The paper is concluded in Section 7 by introducing
admissible dissipative solutions that maximize the mechanical energy dissipation.

2. Oscillatory solutions. As revealed by the method of convex integration,
bounded sets of solutions to the Euler system may not be precompact even with
respect to the natural weak topology, cf. e.g. De Lellis and Székelyhidi [11]. Indeed
we claim the following result.

Proposition 2.1. Let @ C RN, N = 2,3 be a bounded domain. Let oy € L>=(Q),
00 > 0 be given.

Then there exists a sequence of weak solutions [gn, my,] to the Euler system (1.6)
in (0,T) x Q with 0, = on(x) such that

0n — 00 weakly-(*) in L°°(Q), m,, — 0 weakly-(*) in L°((0,T) x Q; RY), (2.1)

liminf/ |on — 00| dz > 0. (2.2)
Q

n—o0

Remark 2.2. Relation (2.2) means that the convergence claimed in (2.1) is not
strong for {o, }n>o0-

Proof. The proof is based on the method of convex integration. First, consider a
division of the domain 2,

Q:Uielﬁia QiﬂQj :V)fori;éj,

where I is a finite index set, and (2; are domains. Furthermore, we consider a
sequence of endpoints T;. Next, for each €, fix 9; > 0 - a constant density distri-
bution. Similarly to [17], [21], we consider the following problem:

diVm m; — 0,

i i1 my|?
atmi—i—divw(m ©m —m]I)ZO
0i N o

1 |my

S A (o)

> o plei)
in ©;, where A > 0 is a certain positive constant to be determined below. The

apparently overdetermined problem (2.3) is supplemented by the initial-end state
condition

(2.3)

m;(0,-) =m;(T,-) =0. (2.4)

In addition, we impose the “no flux” boundary conditions specified in the weak
sense as follows: We suppose that

T
/ / m;-V,p=0 dzdt (2.5)
o Jo,

for any ¢ € C1([0,7] x €;) and

1 |12
/ / [ml Drp + (mz@m’ _ Lm ]I) :ngo} dedt=0  (2.6)
0 N o
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for any ¢ € CY([0,T] x Q;; RY). Accordingly, solutions defined on €; can be
“pasted” together to produce a weak solution defined on the whole set €. Indeed,
for [o;, m;] satisfying (2.4), we can set

0= lo,0, m(t,)) =Y lom(t—mT), t € [mT,(m+1)T) (2.7)

form =0,1,.... It is a routine matter to check that [0, m] defined through (2.7) is a
weak solution of the Euler system (1.6) for t € (0, 00), satisfying the impermeability
condition ( . Note that the momentum equation reads

[

/ / Adiv,p dz = 0 whenever ¢ € C1([0,00) x @ R?), ¢ -n|g = 0.
0o Jo

: Ve + plo)divee — Adiv,e| dzdi =0,

where

Note that, in contrast with (2.6) where no boundary conditions are imposed on test
functions, we have effectively used the fact ¢ - n|gg = 0 here.
Now we claim that problem (2.3)—(2.6) admits, in fact, infinitely many solutions
as soon as
0<po<p0i<o i1=12,...

for certain A = A(g,2) > 0. Indeed we refer e.g. to Chiodaroli [7] or [21] for the
proof.
Finally, we consider an oscillating sequence

on = 0 €QF, 0, — 0o weakly-(*) in L>°(Q2) but not strongly in L*(Q),

with the family of times T,, = and

277
m
m,, defined on [0,0), m, (27’ ) =0, m=0,1,....
It can be checked that [g,, m,] enjoys the properties claimed in the conclusion of
Proposition 2.1. Indeed we have

m,, — m in Cyear ([0, T]; L2(Q; RY)) and weakly-(*) in L>((0,T) x Q; RY)

for any T' > 0. Moreover, thanks to the pointwise convergence in L?(Q; RY) — weak
at any t > 0, we have

m(%,-):Oforanym:O,l,..., n=12 ...; whence m = 0. 0

Apparently, the limit quantity ¢ = go(z), m = 0 is a (weak) solution of the
Euler system only if g9 = 9 - a (positive) constant. Otherwise, the weak closure
takes us out of the set of weak solutions. This indicates that a possibly larger class
of solutions is necessary to characterize the weak closure. These are the measure—
valued solutions discussed in the next section.

3. Measure—valued solutions. The concept of measure—valued solution was in-
troduced to capture the two major stumbling blocks to strong stability of the Euler
system: (i) oscillations discussed in the previous section, and (ii) concentrations
due to the kinetic energy “blow up”. These two phenomena are conveniently cap-
tured by the oscillation—concentration defect measure introduced by Alibert and
Bouchitté [1].
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Gwiazda et al. [19] used the approach of [1] for the compressible Euler system.
This technique requires a certain structure of the nonlinearities to define their re-
cession functions. This structure enforces the introduction of new state variables:
the density o and the “weighted velocity” ,/pou. It is interesting to note that a
similar choice of variables has been used by Chen and Glimm [6] in a different con-
text. Within this framework, Gwiazda et al. established the existence as well as
the weak—strong uniqueness principle.

The approach of [19] was highly simplified in [14] in the context of the compress-
ible Navier—Stokes. The Alibert—-Bouchitté defect measures have been replaced by
a combination of the standard Young measure acting on the natural variables ¢ and
u and the concentration defect measures balanced by their dissipation counterpart
in the energy inequality. This technique has been adapted by Basari¢ [2] to the
compressible Euler system (1.1) posed on a general, possibly unbounded, domain.

Another simplification, using rather the conservative variables o, m = pu, has
been introduced in [4] in order to construct a solution semiflow to the isentropic
Euler system. We refer also to [3] for the application to the complete Euler sys-
tem and to Section 6 and Section 7 below for further discussion of this subject.
These developments led to the work [16], where the underlying ideas for the no-
tion of dissipative solution presented in the sequel can be found. This particularly
straightforward formulation allowed to establish the following striking dichotomy: a
weakly converging sequence of (weak) solutions to the isentropic Navier—Stokes sys-
tem on RY, N = 2,3, in the vanishing viscosity limit either (i) converges strongly
in the energy norm, or (ii) the limit is not a weak solution of the associated Euler
system, see [16].

4. Dissipative solutions. Motivated by the above mentioned results, we propose
the concept of dissipative solution adapted to the natural conservative variables:
the density ¢ and the momentum m in the Euler system (1.6). They satisfy the
following system of equations in the sense of distributions:

00 + div,m = 0,

Oym + div, <m @ m> + vrp(g) = —div, (%v + 9QP]I) (4 1)
1 jm]? 1 1
—mb = = <
8,5/9 [2 ’ + P(o) + 2trace[9%] + o 19%,,] dz <0,
where R, € L>®(0,T; M (; RE<D)), R, € L>(0,T; MT(2)) are the turbulent

defect measure associated to the convective term and the pressure, respectively.
Here, the symbol M*(Q) denotes the space of non—negative Borel measures on ,
while M*(€; RE<) is the space of matrix valued (signed) measures on  ranging
in positive semi—definite matrices, meaning

R, (E®E) € MH(Q) for any € € R™.
Observe that dissipative solutions are weakly continuous in time, specifically,
0 S Cweak([oa T]v LV(Q))v m < Cweak([oa T]7 L% (Qa Rd))

so that one can correctly define the initial conditions. The boundary condition
(1.4) is satisfied in the weak sense through suitable choice of the test functions in
the weak formulation. The exact definition reads as follows:
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Definition 4.1. We say that
0 € Curear([0, T]; LY()), 0 > 0, m € Cuyearc([0, T); L7557 (Q; RY)),

is a dissipative solution to the Euler system (1.1)—(1.5) if there exist turbulent defect
measures

Ry € L0, T MY (@ RE), %y € L(0, T MT (@)
such that the following holds:

t=1 T
{/ op dx} = / / [g@tgo +m- Vmga} dxdt (4.2)
Q t=0 0 Q

for any 0 < 7 < T, and any ¢ € C}([0,T) x Q);

t=1 T
[/m‘cpdz] :/ / [m.8t<p+<m®m:vmgo> +p(g)divm<p] dx dt
Q t=0 0o Ja 1%

+/T/7V$cp:d[mv+i)‘{p]l} dt
0 Q

(4.3)
for any 0 < 7 < T, and any ¢ € C}([0,T) x Q; RY), ¢ - n|sq = 0;

1 e L ! )}
{1/1 (/Q [2 . + P(p) dx+/§2dtrace[%v]+/ﬁ,y_1d9%p e

Cow ([ [3%5rr@] e [ [ en)
< 0 —-— 4+ P dz + —dt Ry + —dR, ) dt
_/T1 tlff(/Q {2 o (o) x =2 race[R, | [ P

for any 0 < 7y <7 < T, and any ¢ € C}[0,T), ¥ > 0.

(4.4)

Remark 4.2. In (4.4), the initial value of the energy is set

/Q[m;?f—i—P(go)} da.

Although the system (4.1) is apparently underdetermined due to the presence of
the turbulent defect measures, it reduces to (1.6), (1.7), meaning R, = R, = 0 as
soon as ¢ and m are continuously differentiable and ¢ > ¢ > 0 is bounded below

away from zero. Indeed we can introduce the velocity u = %m € O, whereas the
continuity equation is satisfied in the classical sense:

Oro + div,(ou) = 0.

Next, as u can be used as a test function in the momentum equation (4.3), we easily

deduce
/QB““QPHD(Q)} (") dlg;:/Q B'“;ZP+P(QO)] dz

+/ vau d[R, + R0 dt.
0 Jo
This expression may be subtracted from the energy inequality (4.4) to obtain
1 1 T
L {2dtrace[9{v] + /1dﬂ%p} (1) < —/ /7Vmu AR, + R0 dt (4.6)
Q Q7 0 JQ

Thus a direct application of Gronwall’s lemma yields the desired conclusion R, =
R, = 0. We have shown the following result.

(4.5)
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Theorem 4.3. Let Q C R? be a bounded domain of class Cl;Suppose that a
dissipative solution o, m is continuously differentiable in [0,T) x Q and ¢ > o > 0.
Then R, =R, =0 and g, m is a classical solution of the Euler system.

A short inspection of (4.6) shows that C! regularity is not really necessary. In
fact, it is enough that the symmetric velocity gradient

Vu+ Vu
2
satisfies a one sided Lipschitz condition, specifically,

Du + dl > 0 for certain d € L'(0,T). (4.7)

Du =

Indeed, as R, + R, is positively definite, we get

T 1 T
—/ /Vzu:d[‘ﬁv—i-fﬁp]ﬂ dt:—f/ /Du:d[m,,mpﬂ] dt
0o JO 2o Ja

1 (7 1 (7
= —f/ /(Du—i—dﬂ):d[{)‘iv—l—iﬁpﬂ] dt—!—f/ d/ dtrace [R, + R,pI] dt
2Jo Ja 2Jo Q

1 T
1< 5/0 d/ﬁdtrace R, + R, dt.

Consequently, the validity of Theorem 4.3 can be extended to the class of dissipative
solutions satisfying the energy equality (4.5) together with the one—sided Lipschitz
condition (4.7) for the velocity field. Sufficient conditions for validity of the energy
equality of the compressible Euler system have been studied in [15] in the case of
periodic boundary conditions. It turns out that (4.5) remains valid if g, m, and u
enjoy extra Besov—type regularity, specifically:

0 € L>((0,T) x Q), 0> >0, me L>((0,T) x & RY),
1
o,m, u= % € By ((0,7) x % RY), a > -, (4.8)
0, m € L*>(0,T; Bg’“(Q;Rd)) for some 8 > 0, ¢ > 1.

Remark 4.4. The symbol B$»*>°(Q) denotes the Besov space endowed with the
norm

Ul —|— — (- -~
||UHB;‘=°<>(Q) = [|v||La(q) + sup lo(- +¢) ( L”L"(QH(Q )
£eqQ |§|

Now, observe that the impermeability condition (1.4), if imposed on the cube
Q= <_15 1)da

can be transformed to the periodic boundary conditions working with classes of
functions with certain symmetry, see Ebin [12], and [18]. Summing up the previous
observations, we obtain the following extension of Theorem 4.3.

Theorem 4.5. Let
Q=(-1,1)¢
be the cube. Suppose that [p, m] is a dissipative solution of the Euler system belong-

ing to the class (4.8). In addition, let the velocity u satisfy the one—sided Lipschitz
condition

T
/O /Q(_f'u(f'vz)<ﬁ+d\§|2<p> dzdt >0, d e L'(0,T),
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for any £ € R, o € CH((0,T) x Q).
Then R, = R, = 0 and, consequently, [o,m| is a weak solution of the Euler
system.

5. Construction of dissipative solutions. Dissipative solutions appear as a
limit of various approximation schemes. To simplify presentation, we consider the
periodic boundary condition, meaning the spatial domain € is identified with the
flat torus

d
Q= ([*171”{—1,1}) .
The approximate solutions typically solve a system of equations:

T
— / oo.nyp dz = / / {gnatap +m,, - ngp} dz dt + E1,[¢) (5.1)
Q 0o Jo

for any p € CL([0,T) x Q);

T
7/ mg, - de= / / {mn O + <mn®mn : Vz¢p> +p(gn)divm<p} dx dt
Q o Ja

n

+ B2 nl¢] (5.2)
for any ¢ € C1([0,T) x Q; RY);

1 |m0n|2 ] T [1 |mn|2 }
— e 2| dx < 0 —— + P(o, d
[JQQM Pn)] < [Caw [ [ b)) a
+ E3.0[Y]

for any v € C2[0,T), & > 0, $(0) = 1.
The terms E ,,, Es ,, Es, represent consistency errors. Furthermore, we sup-
pose

Ein[p) =0, Eypnle] =0, Es,[¢] — 0 as n — oo for fixed [p, ¢, ). (5.3)
Moreover, we require that
Es ¢ Se (”’QZJHLOO((LT)) uniformly for n — oo. (5.4)

The approximate solutions [0, m,] can be obtained via a numerical scheme or
a suitable physically relevant approximation. We may consider a viscosity approzxi-
mation:

ath + div,m,, =0, Qn(07 ) = 0n,0,

8tmn + dlva: (rn;@rn> + pr(gn) = gleg;Sn, mn(07 ) =1y n, ( )
together with the relevant energy balance
d 1 |m,, |? 1
— —— +P(o,)| dz+~ | S, :Du, dz <0, 5.6
G [ 5 s pe)] @t [ 5,00, a0 (5.

where the velocity field u,, satisfies g,u,, = m,. We suppose the viscous stress

depends in a monotone way on the velocity gradient I, meaning

S, : Du,, = F(Du,) + F*(S,),
where F' is a convex Ls.c. function on ngxn‘f and F™* its conjugate. If, for instance,
Dom[F] = ngxn‘f, F(0) =0, F' > 0, the conjugate F** is non—negative and superlin-
ear. Accordingly, we may set
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1
El,n = E3,n =0, EQ,”[QO] = E

)

T
/ Syt Ve dedt
0o Ja

whereas the desired estimates follow from the energy balance (5.6).

Our next goal is to perform the limit for n — oo in (5.1)—(5.3). The key tool is
the energy inequality (5.3) yielding, together with the consistency bound (5.4), the
uniform bounds

1 |m,|?
/ [m| + P(on)| dz < c(data) uniformly for ¢ € (0,7) and n — oo, (5.7)
Q
in particular,
0 — 0 weakly-(¥) in L(0,T; L7(%2)),
m,, — m weakly-(*) in L*(0,T; L5771 (Q; RY)),

for suitable subsequences as the case may be. Note that the function

(5.8)

0 whenever m = 0,

2
[o,m] € [0,00) x R e % for 0 >0,
oo otherwise
is a convex l.s.c. function.
Next, we have, again for a subsequence,

p(on) — p(o) weakly-(*) in L*(0,T; M™()).

Moreover, as p is convex, we have

0 < p(o) < plo), Ry =p(o) —ple) € L¥(0,T; M* ().
By the same token,

m, ® my, Lm ©m weakly-(*) in L*(0, T; M(£; ngxn‘f)),
QTL
and we set
R, = m @ m _ m & m.
0 0
The crucial observation now is that
Roi (06 = tim |20 (g - (28
n— oo n
2 2
~ lim [Imn §°F [m-¢ } >0
n— oo QTL Q

due to convexity. We therefore conclude that
R, € L=(0,T; M+ (Q; REXD).

Sym
Finally, it is a routine matter to show that the limit [p, m] satisfies (4.2)—(4.4),
meaning, it is a dissipative solution of the Euler system.

6. Properties of the solution set. Dissipative solutions are not uniquely deter-
mined by the initial data unless they enjoy certain extra regularity property similar
to (4.8). However, we report the following weak—strong uniqueness principle proved
in [13, Theorem 2.1].
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Theorem 6.1. Let 4

2= (=1 1l-1n)
be the flat torus. Suppose that the Euler system (1.1)—(1.3) admits a weak solution
0, m = oU belonging to the reqularity class:

0 € By>((6,T) x Q)) N C([0,T); L'(Q)),

p . J (6.1)
U e B> ((6,T) x Q;RY)NC([0,T]; L™ (€5 RY)), for any § > 0,

with
> 1 > 47
a> - _EFT
2)p—’y_17

0<o<o(t,z) <o, [U(t,z) <U for a.a. (t,x) € (0,T) x Q;

/Q (6 U(r. ) (€ Vo) + d(r)ElPe] de >0, de LY(0,T),

for any € € R, and any ¢ € C(Q), ¢ > 0. Let o, m be a dissipative solution
starting from the initial data

Then R, =R, =0, and p = p, m =m.

In the remaining part of this section, we examine the properties of the solution
set for fixed finite energy initial data:

00 € L(Q), my € L7 (Q: RY), /

[1 jm |
Q

0 + P(Qo):| de < Ep<oo. (6.2)
0

Let
Uloo.mo] = {[0.m0] | 0 € Cucar([0, 715 (), m € Cucai (0, T); L7 (0 RY))

is a dissipative solution of the Euler system, 0(0,-) = gp, m(0,-) = mo}

be the set of all dissipative solutions in the sense of Definition 4.1 starting from the
initial data [9g, mo].

We claim that for any [gg, my] satisfying (6.2):

e Uop, mp] is non—empty;

e Uop, my] is convex;

e U[pp, my] is compact with respect to the metric topology on bounded sets in

[Cearc([0,T1: L7(€2)) N L= (0,75 L7(9))] % [Cuvar([0, T); L3 (2)) N L*(0, T5 L777 (2))]

The fact that the solution set is non—empty was proved in Section 5. Compactness
can be shown by the same arguments as the proof of existence. Finally, as a convex
combination of two (non—negative) measures is a measure, it is easy to check that
the set U[og, my] is convex.

7. Selection criteria, admissible solutions. As we have observed in the pre-
vious section, the set of dissipative solutions U[gg, mp] emanating from the initial
data [gg, mg] is non—empty, convex, and compact with respect to the weak topology
on the trajectory space. Unfortunately, there are numerous examples furnished by
the method of convex integration showing the set U[gg, mg] is not a singleton.
Several criteria could be proposed to rule out the irrelevant solutions. We dis-
cuss shortly the maximal dissipation principle asserting that the physical solution
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dissipates the (mechanical) energy at maximal rate. Given [p1,m1], [g2, ma] we
define a relation

[01, m1] < [02, my]

if
1 my |2 1 I R 1 N
5 o +P(91)+§trace[%v}+ﬁﬁﬁp § 5 +P(QQ)+§trace[mv]+ﬁmp

in the sense of measures on [0, 7] x €.

Definition 7.1. Let the initial data [gg, mg] be given. We say that a dissipative
solution [p, m] is admissible if it is minimal with respect to the relation <. Specif-
ically, if [o, m] is another dissipative solution starting from the same initial data
such that

[0, m] < [0, m],
then
1 [m]? 1 1 1|2 1~ 1~
3 o + P(o) + itrace[iﬁv] + ﬁﬁ%p =55 + P(p) + itrace[%v} + ﬁiﬁp
in [0, 7] x Q.

It is easy to see that an admissible solution always exist. It is enough to minimize
the energy functional

T 1 |m|? ] T 1
-——— 4+ P dxdt—i—/ / {dtracei}iv + ——dfR
/0 /9[2 0 (@) o Jal2 ] -1 "7

over the set of all dissipative solutions [g, m| with the associated turbulence defects
Ry, Rp starting from the initial data [0, myg).

Finally, we point out that a suitable choice of a family of selection criteria gives
rise to a semiflow selection and conditional well posedness. The basic idea goes
back to the Krylov [20], where a general selection procedure has been proposed in
the context of Markov semigroups. Similar approach in the deterministic setting
was used by Cardona and Kapitanskii [5]. Subsequently, the method was adapted
to the compressible Euler system in [4]. More precisely, the state variables being
enhanced by the associated energy F, there is a measurable mapping

U: [t7 QOamOaEO] g [Q(t)?m(t)VE(t)L

such that [p,m, E] solves the Euler system (in the sense of dissipative solutions)
with the initial data given by [go, mg, Eo] and the semigroup property

Ulty + ta2, 00, mg, Eo) = Ulta, Ult1, 00, mo, Ey]] for any t;,t2 > 0,

holds true. The interested reader may consult [4] for details.
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