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ULTRAMETRIC SPACES

ALEXANDER BENDIKOV, ALEXANDER GRIGOR’YAN, ERYAN HU, AND JIAXIN HU

ABSTRACT. We consider a class of jump measures on ultrametric spaces and the associated
non-local regular Dirichlet forms. We obtain equivalent conditions for certain heat kernel
upper and lower estimates in terms of the properties of the jump measure. In particular,
heat kernel estimates are given for quite degenerate/singular jump measures as shown in a
number of examples.
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1. INTRODUCTION AND MOTIVATION

The purpose of this paper is to obtain upper and lower estimates of heat kernels of certain
jump type Dirichlet forms on ultrametric spaces. In particular, our results apply on such
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well-known examples of ultrametric spaces as the fields Q, of p-adic numbers and their self-
products Q. For general metric spaces most of these results are not known yet.

1.1. Jump type Dirichlet forms. Let (M,d) be a locally compact separable metric space
and p be a Radon measure on M with full support. Let (£,F) be a regular jump type
Dirichlet form in L? (M, u) with the jump kernel J (z,y), that is, for all f,g € F C L? we
have

E(f.g) = / /MxM (@) — 1)) (9(x) — o)) (&, y)du(x)dpu(y). (L1)

(see [10] for the theory of Dirichlet forms). The Dirichlet form has a generator £ that is a non-
negative definite self-adjoint operator in L? and the associated heat semigroup {e*tc} >0

The heat kernel py(z,y) of (€, F) (or of £) is the integral kernel of the heat operator P; = e~
(should the former exist). Equivalently, p; (x,y) is the transition density of the associated
jump process.

Given a symmetric, non-negative, measurable function J on M x M, one may ask if the
bilinear form (1.1) becomes a regular Dirichlet form in an appropriate domain F, whether it
admits the heat kernel and how to estimate the latter quantitatively.

For example, consider in R™ the jump kernel

J(z,y) = |z —y| "),

where ( is a real parameter. If 0 < § < 2 then £ is a regular Dirichlet form with the
generator const ( —A)ﬁ /2 (where A is the Laplace operator), and the associated jump process
is the symmetric stable Levy process of the index (. In the case § =1 we have

cpt
pe(z,y) = T

(2412 —yP) °

with some ¢, > 0, which is the Cauchy distribution with the parameter t. For an arbitrary
0 < B < 2, the heat kernel of the symmetric stable process of index § admits the following

estimate: (r6)
t 1 z —y[\ """
(116 + o —y|)" 7 /P t1/0

where the sign ~ means that the ratio of two sides is bounded between two positive constants.
The estimate (1.2) is obtained by the subordination techniques from the heat kernel of A.
Assume now that

J(z,y) = o —y| ")

Then (1.2) is still true, which follows from a result of Chen and Kumagai [6]. One can ask,
under what conditions on an arbitrary metric measure space (M, d, ) and a jump kernel J,
the heat kernel of the associated Dirichlet form exists and satisfies the stable-like estimate

1 d(z,y)\ 7
pi(x,y) ~ Py (1 + W) (1.3)

with some positive parameters «, 8. If the Dirichlet form is conservative then following two
conditions are necessary for (1.3) (see [6], [16], and [18]):
e the a-regularity: for any metric ball B (z,r), we have

(B (2,r)) = re. V)
e the jump kernel estimate:
J(w.y) = d(z,y) =, ()

It follows from (V') that « is necessarily the Hausdorff dimension of M and p ~ H,. The
value of the parameter 3 in (1.3) or (J) is called the index of the Dirichlet form or that of
the associated jump process.
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Chen and Kumagai [5], [6] proved that if 0 < 8 < 2 then (V') and (J) are also sufficient
for (1.3), that is,

(V)+(J) & (1.3).

There are many examples of fractal spaces where a jump kernel (.J) generates a regular
Dirichlet form even with 8 > 2. Indeed, on large families of fractals there are diffusion
processes with the walk dimension $* > 2. By using the subordination techniques, one
obtains a jump process with any index 3 € (0, 3"), in particular, § can be larger than 2 (see
2], [12], [i6)).

In the case of § > 2, in order to ensure the estimate (1.3), one needs on top of (V') and
(J) one more quite complicated condition, which was established independently in [7] (cutoff
Sobolev inequality) and [14] (generalized capacity condition). One of the purposes of this
paper is to show that in the setting of ultrametric spaces one can manage without the third
condition for any (8 € (0, +00).

1.2. Ultrametric spaces. Let (M, d) be a metric space. The metric d is called an ultrametric
if it satisfies the ultrametric inequality

d(z,y) < max{d(z,z),d(z,y)}. (1.4)

In this case (M, d) is called an ultrametric space.
Consider for any x € M and r > 0 the metric ball

B(z,r)={ye M :d(z,y) <r}.

It is easy to deduce from the ultrametric inequality (1.4) the following properties of the space
in question. These properties will be frequently used in what follows.

e Any two balls of the same radius are either disjoint or coincide. More generally, any
two balls are either disjoint or one contains the other. Consequently, the collection of
all distinct balls of the same radius r forms a partition of M.

e Every point inside a ball is its center. This implies that balls are not only closed sets
but also open. Consequently, the topological boundary of any ball is empty. One
more consequence is that any ultrametric space is totally disconnected.

e From any covering of a compact set by a family of balls there is a finite subcover that
consists of mutually disjoint balls.

A well-known example of an ultrametric space is the field Q, of p-adic numbers, where p
is a prime. Recall that Q, is defined as the closure of Q with respect to the p-adic norm ||z||,
that satisfies the ultrametric inequality

o+ yl, < max {2l . Iyll, } -

Hence, Q, with the metric ||z — y||p is an ultrametric space. Analysis on Q, and Q) was
developed, in particular, in [1], [3], [26], [27], [28].

1.3. Isotropic Dirichlet forms. Let (M,d) be an ultrametric space where all balls are
compact. Let x be a Radon measure on M with full support. In [3], the authors introduced
an isotropic jump kernel on M given by

B o 1 do(r)
J(z,y) = /d(x’y) o) H(B@.r)’ (1.5)

where o is any cumulative probability distribution function on (0, co) that is strictly monotone
increasing and left-continuous. This jump kernel determines a regular Dirichlet form that
is referred to as isotropic Dirichlet form, and its heat kernel admits the following explicit

formula
Y to!=1(r)do(r)
men = [ S o
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Assume that M is a-regular, that is, it satisfies ( V'). Choosing o to be the Fréchet distribution:

c\"B
o) =ew (- (£)°).
where ¢, > 0 are arbitrary, we obtain that the jump kernel (1.5) satisfies (J) and the heat
kernel (1.7) satisfies the stable-like estimate (1.3).

For example, let M = Q) where p is a prime and n € Z. This space is n-regular so that
the isotropic heat kernel with the above o admits the estimate

1 lz =y, "+
pe(x,y) =~ Ry (1 + W) . (1.7)

In this case the jump kernel in Q} can be computed exactly as follows

Cnp,B
J(z,y) = —2__ (L8)
e = wllp™?

The generator of the Dirichlet form associated with the jump kernel (1.8) coincides with

Taibleson operator introduced in [26] (see also [27], [3] and references therein).

Let (M, d) be a general metric space and p be an a-regular measure on M. For any > 0,
consider the following quadratic form in L% (M, u):

B 2
5@#3(f,f)==]([;Xﬂ{Elé%ijgfgggl-du(w)dﬂ(y)

Define the the walk dimension 3% of M by
B* =sup{B > 0: &, extends to a regular Dirichlet form} . (1.9)

Note that §* is an invariant of the metric space (M,d) alone because o = dimy M and
=~ Hey, where dimy M is the Hausdorff dimension of M. It is known that if M carries
a diffusion process {X;} whose transition density satisfies a sub-Gaussian upper and lower
estimates, then the walk dimension of {X;} (a parameter in sub-Gaussian estimates) must
be equal to 3" (see [16]).

It follows from (1.9) that always * > 2 because for any § < 2, Lipschitz functions with
compact supports are in the domain of &, g.

If M is a Riemannian manifold then §* = 2, while on fractals typically * > 2. On a-
regular ultrametric spaces, as it follows from the above construction of isotropic Dirichlet
forms, we have always 8* = co. Hence, in the family of all a-regular metric spaces, manifolds
and ultrametric spaces are extremal opposite cases as far as the walk dimension is concerned.

However, these two extremal classes of metric spaces have something in common: both
manifolds and ultrametric spaces possess a priori rich classes of test functions with controlled
energy: on manifolds these are usual bump or tent functions, while on ultrametric spaces
these are indicators of balls, as we will see below. The existence of such classes of test
functions is vital for obtaining upper bounds of the heat kernel.

2. STATEMENT OF THE MAIN RESULTS

In this section we state the main results of this paper, while the proofs will be given in the
rest of the paper.

Throughout the paper, (M, d) is a locally compact separable ultrametric space and p is a
Radon measure on M with full support. Denote by B (M) the set of all Borel functions on
M. For any open set U C M, denote by Cy(U) the space of all continuous functions f on M
with a compact support supp f C U.
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2.1. Jump kernel and Dirichlet form. Throughout the paper we fix some parameter
R € (0,diam M] and a kernel J(z, E) on M x B(M) that satisfies the following two conditions:
for any r € (O,R),

J(x, B(z,7)°) is a p-locally integrable function of z € M, (5.1)
and J is symmetric, that is, for all u,v € B4 (M),

/ w(a)o(y)J (z, dy)du(z) = / u(y)o () Tz, dy)du(z). (.2)
M

M
For example, the kernel

J (2, E) = /E J (., y)du(y)

satisfies (j.1) and (j.2) provided J (z,y) is a non-negative symmetric measurable function of
(z,y) € M x M such that

| [ Iedu@n) < o (2.1)
K J(Kr)°

for any compact set K C M and any r € (O,E), where K, is the r-neighborhood of K.
Any kernel J satisfying (j.1) and (j.2) determines a positive symmetric Radon measure j
on M x M \ diag that is defined by

/MXM\diag f@y)dj(@,y) = /M (/M flz,y)J(z, dy)> du(x),

for any f € Co(M x M \ diag).
Consider the following bilinear form (€, Finax) on L?(M, u):

£00,0) = [ [ stcanig (4(2) — u(9)) (0(2) ~ 0(0) i) 02)
Fmax = {u € L*(M) : u is Borel measurable and &(u,u) < oo} '
The argument in [10, Example 1.2.4, p. 14] shows that £ is well-defined, that is, for any
ue B(M),
u=0 p-a.e = E(u,u) =0.
We will prove below that, under conditions (j.1) and (j.2), (£, Fmax) is a Dirichlet form, and
construct further a regular Dirichlet form (&, F) with the domain F C Fax.

Definition 2.1. A function f on M is said to be locally constant if, for any x € M, there is
e > 0 such that f = const in B(z,¢).

Denote by D the space of all locally constant functions on M with compact supports.
Clearly, we have D C Cy (M) .

Since any ball is closed and open, the indicator function 1p of any compact ball B belongs
to D. Moreover, using properties of ultrametric balls, it is easy to verify that D consists of
finite linear combinations of indicator functions of compact balls:

D= {Z cilp, :n €N, ¢; € R, B; is a compact ball} , (2.3)
i=0
where the balls {B;}7_, can be chosen to be mutually disjoint (see the proof of Lemma 4.1).
Theorem 2.2. Assume (j.1) and (j.2) are satisfied.
(I) Then (€, Fuax) is a Dirichlet form on L?>(M) and D C Fax-
(IT) Set
F =D, (2.4)

where the closure is taken with respect to the inner product & = € + (-,-)r2 in F.
Then (€, F) is a regular Dirichlet form on L*(M).
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In particular, indicator functions 1p of compact balls B belong to F.

The proof of Theorem 2.2 is given in Section 4. Unless otherwise stated, in the rest of this
paper, (€, F) is always referred to the regular Dirichlet form constructed in Theorem 2.2(1I).
Let us emphasize that so far we have not made any additional assumption about u.

2.2. Heat kernel estimates. Let us now state our main results about the heat kernel
estimates. For these results, we always assume the space M is proper, that is, all balls
B (z,r) in M are compact. In particular, we have p (B (x,r)) < oo.

Throughout the paper we fix positive reals «, 3 and R € (0,diam M]. Note that R could
be o if diam M = oo.

Definition 2.3. We say that condition (V<) is satisfied if, for all z € M and r € (0, 00),
p(B(z,r)) < Cr, (V<)
for some constant C' > 0. We say that condition (V) is satisfied if, for all x € M and all
r € (0,R),
u(B(z,r)) = C~hre (V>)
We say that (V) is satisfied if both (V<) and (V) are satisfied.

Let us emphasize that (V<) is assumed to be true for all » > 0 while (V>) should be

satisfied only for r € (O,E). This convention allows us to cover compact ultrametric spaces
M.

Definition 2.4. We say that the tail condition (T'J) is satisfied if there exists C' > 0 such
that, for any ball B = B(z,r) with x € M and r € (0, R),

J(z, B%) < Cr b, (TJ)

Clearly, if (T'J) is satisfied then J satisfies (j.1) so that Theorem 2.2 applies.
For any measurable set A C M and any integrable function f on A, set

1
fai= | fdn = [ gan
A 1(A) Ja
For any ball B = B (xg,r) and any A > 0, set

AB = B (xg, Ar).

Since any point in the ball B can be used as its center, the notation AB is sensitive to the
choice of the center of B if A < 1.

Definition 2.5. We say that the Poincaré inequality (PI) is satisfied if there exist x € (0, 1]
and C' > 0 such that, for any ball B := B(xg,r) with 9 € M and r € (0, R), and for any
feF,

L V= fldp < 0 /B /B () — F(9)*dj(z.y). (PI)

Definition 2.6. We say that the weak upper estimate (wUFE) is satisfied, if the heat kernel
pe(x,y) exists and satisfies the following estimate

=\ B
C dlx,y) N R
pt(xay) S to‘/'g (1 + ('L‘T)/B> ) (UJUE)

for some C' > 0, for all ¢t € (O,RB) and for p-almost all z,y € M.

In particular, if R > diam M then (wUE) is equivalent to

d(ﬂf,y)>_5

C
pe(z,y) < g (1 + =175

for all t € (O,Tzﬁ) and for p-almost all z,y € M.
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Definition 2.7. We say that near diagonal lower estimate (nLE) is satisfied if the heat
kernel p;(x,y) exists and satisfies the following estimate:

pe(x,y) > ct=/B, (nLE)
for some ¢, > 0, for all t € (O,Eﬂ) and p-almost all x,y € M such that
d(z,y) < 6t+/5.
Our main result is the following theorem.

Theorem 2.8. Let M be a proper ultrametric space. If (V), (T'J) and (PI) are satisfied
then the heat kernel pi(x,y) of (€, F) exists, is continuous jointly in t,x,y, Holder continuous
jointly in x,y and satisfies (WUE) and (nLE).

Moreover, under the standing assumptions (V) and (TJ), the following equivalence takes
place:

(PI) < (wUE) 4+ (nLE). (2.5)

Note also that the conditions (7'J) and (PI) can be satisfied for quite degenerate/singular
jump measures as will be shown on examples in Section 15.

Let us emphasize that similar results for general metric spaces are not known and, most
probably, they are not true without additional conditions. It would be interesting to obtain
a version of Theorem 2.8 for general metric spaces.

Remark 2.9. Let M be a Riemannian manifold with the geodesic distance d and the Rie-
mannian measure pu. Let (£,F) be the classical local Dirichlet form

€ (u,u) :/ \Vul? dp.
M

Then, under the standing assumption ( V'), the corresponding Poincaré inequality

[ 15 = tuPaw < [ 1952 dn,
B B
is equivalent to the following Gaussian estimate of the heat kernel pi(z,y):

_ d(z,y)*
pe(x,y) < o exp <—cT

(see [11], [23], [24]). The equivalence (2.5) of Theorem 2.8 can be regarded as a version of
this result for ultrametric spaces.

The following stability result is an easy consequence of Theorem 2.8.

Corollary 2.10. Assume that (V) is satisfied. Let JU and J@ be two kernels both satisfying
(4.1), (j.2). Let (€M, FW), (£R) FP) be two regular Dirichlet forms determined by J) and
J® respectively (as in Theorem 2.2). Assume that, for some C > 0,

172 < JO) <« 0 @)
If (€W, FN) satisfies (T.J), (wUE) and (nLE), then (£, F?)) also satisfies (TJ), (wUE)
and (nLE).

In Section 15, we give examples with R = oo showing that, under the hypotheses ( V),
(T'J) and (PI) of Theorem 2.8, the estimate (wUE) cannot be improved to

C (), .y~
for any e > 0. Similarly, the lower bound (nLE) cannot be improved to

¢ d(z,y)\ "
pe(w,y) = g <1+ 177 >




8 A.BENDIKOV, A. GRIGOR’YAN, E. HU, AND J. HU

for any N > 0. Hence, in an ultrametric space, the Poincaré inequality does not yield
matching upper and lower bounds. For the latter one needs stronger assumptions as below.

Definition 2.11. We say that condition (J<) is satisfied if the jump kernel J has the form:

J (z,dy) = J(z,y)du(y), (2.6)
where J (z,y) is a symmetric function of z,y € M such that, for all distinct z,y € M,
J(x,y) < Cd(z,y)~ . (J<)
Similarly, we say that condition (.J>) is satisfied if, for all distinct =,y € M,
J(x,y) > Cd(z,y)~ 0. (J>)

We say that condition (/) is satisfied if both (J<) and (J>) are satisfied, that is, if, for all
x,y € M,

T (w,y) = d (2,y)" . ()
It is easy to see that
(Vo)+(J<) = (1) (2.7)
(see [14, Prop. 6.4]) and
(V2)+(J>) = (PI) (2.8)

(see Lemma 3.1 and the argument after that).
Hence, (T'J) can be regarded as a weak version of the upper bound (J<), and (PI) can be
regarded as a weak version of the lower bound (J>).

Definition 2.12. We say that the optimal upper estimate (UE) is satisfied if the heat kernel
pe(x,y) exists and satisfies the following upper bound:

C d(z,y)\ 7
Pt(%?/)ﬁm(l‘F 175 ) )

(VE)

for some C > 0, for all ¢ € (O,Rﬁ) and for p-almost all z,y € M.
We say that the optimal lower estimate (LE) is satisfied if the heat kernel p;(z,y) exists
and satisfies the following lower bound:

¢ (, dzy)) T
pi(z,y) > B (1 + s > ; (LE)
for some ¢ > 0, for all ¢ € (O,Rﬁ) and for p-almost all z,y € M.

We say that the heat kernel satisfies two-sided stable-like estimate if both (UFE) and (LE)
are satisfied, that is, if

1 d(,y)\ "
pt(x7y) — tO‘/ﬁ <1 + tl/ﬁ > ) (29)
for all t € (O,Rﬁ) and p-a.a. x,y € M.

Corollary 2.13. Let (V) be satisfied and J have the form (2.6).
(a) We have
(J<)+ (PI) & (UE) + (nLE).
(b) If in addition (T'J) is satisfied then
(J>) © (WUE) + (LE).
(c) We have
(J) & (2.9).

In all the cases (a), (b), (c), the heat kernel pi(x,y) exists, is continuous jointly in t,x,y
and Hoélder continuous jointly in x,y.
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Corollary 2.13(c) recovers the estimate (1.7) of [3] that was proved for the jump kernel
(1.8) in Q. Corollary 2.13(c) can be deduced from the previously known results for general
metric spaces. Indeed, the case of an arbitrary § > 0 can be reduced to the case § =1
by a simple change of distance function d (z,y) = d (z,y)” (that is again a metric by the
ultrametric property), and then one can apply the results of [6] or [14] to obtain (2.9).
However, Theorem 2.8 and parts (a), (b) of Corollary 2.13 cannot be obtained in this way.

2.3. Structure of the paper. In Section 3 we give examples of ultrametric spaces and jump
kernels satisfying (7'.J) and (PI). These examples show, in particular, that our results work
for highly anisotropic cases, in particular, the jump measure can vanish on very large area of
(M x M)\ diag. In Section 4 we prove Theorem 2.2 about construction of a regular Dirichlet
form.

The major part of the paper is devoted to the proof of Theorem 2.8. The proof of the key
implication

(V)+(TJ)+ (PI)= (wUE) + (nLE), (2.10)

is fulfilled in Sections 5-12.

In Section 13 we deduce (PI) from the heat kernel bounds (wUFE) and (nLE), and in
Section 14 we conclude the proofs of Theorem 2.8 and Corollary 2.13 by combining the
results of the previous sections.

In Section 15 we give more examples to show that the heat kernel bounds (wUFE) and
(nLE) of Theorem 2.8 are sharp in certain sense.

Let us now describe the main steps in the proof of the implication (2.10).

Step 1. We show that the Poincaré inequality (PI) implies the Nash inequality (Lemma
5.2). The latter yields by the well-known argument the existence of the heat kernel and
on-diagonal upper bound

Dt (l’, y) S Ct_a/ﬁa (211)

for all ¢ € (0,}_26) and p- a.a. z,y € M (Lemma 5.5). One more consequence of the Nash
inequality is the Faber-Krahn inequality (Lemma 5.3).

The on-diagonal upper estimate (2.11) implies the upper bounds of the meat exit time
from balls: for any ball B of radius r € (0,0R)

esssup GP1 < CrP, (2.12)
B

where G the Green operator in B (Lemma 10.2).

Step 2. This is the largest and most technical part of the proof. We first prove Lemma of
growth (Lemma 6.4) that is based on the Faber-Krahn inequality, and Lemma 7.2 where the
Poincaré inequality is used at full strength. These lemmas imply a weak Harnack inequality
for harmonic functions of (£, F) (Lemma 8.1), that in turn yields the oscillation inequalities
for harmonic functions (Lemmas 9.1, 9.3, 9.4) and, consequently, the Holder continuity of
harmonic functions.

Step 3. The mean exit time estimate (2.12) implies that

|GB || e < CrP NI fll oo -

which allows to extends the oscillation inequality to solutions u of Lu = f (Lemma 11.2).
Considering a function u (¢,-) = P, f as solution to Lu = —0,u and estimating ||0;u||;~ by
means of (2.11), we obtain the oscillation inequality and the Hélder continuity for P, f and,
hence, also for the heat kernel (Lemma 12.1 and [14, Lemmas 5.10, 5.11, 5.12, 5.13]).
Step 4. Using one of the consequences of Lemma of growth, we obtain the lower bound
for mean exit time in any ball B of radius r € (0, R):

essjginf GP1> e in B, (2.13)



10 A.BENDIKOV, A. GRIGOR’YAN, E. HU, AND J. HU

(Lemma 10.4). The estimates (2.12) and (2.13) imply the following survival estimate: for
any ball B of radius r € (0, R),

essBinf PP1>¢ in B, provided t'/7 < ér (2.14)

(Lemma 10.6).
Step 5. The survival estimate (2.14) implies the on-diagonal lower bound

pe(z,x) > et =P,

which together with the oscillation inequality yields the near diagonal lower estimate (nLE)
(Lemma 12.2).

Step 6. Here we prove the off-diagonal upper estimate (wUFE). The main difficulty is in
obtaining the following estimate: for any ball B of radius » < R and any t > 0,

t
Plpe <O (2.15)

It is done by comparing P; to a semigroup @Q; with a truncated jump kernel dj(®) = Yiay)<pr @
and observing that @Q; does not propagate from the inside of any ball of radius p to the out-
side, which follows from the ultrametric property (Lemma 12.3). Combining (2.15) with the
on-diagonal upper bound (2.11), we obtain (wUFE) (Lemma 12.6).

NOTATION. The letters C,C’,¢,c,--- denote positive constants whose values are unim-
portant and can change at any occurrence. However, the value of all such constants depends
only on the parameters in the hypotheses in question. The letters o, and R denote the
global parameters that have the same meaning all over the paper except for Section 15.

The essential supremum and infimum are always taken with respect to measure pu. We use
the expression “p-almost all 2,y € M” as a shorthand for “u x p-almost all (x,y) € M x M”.
We also use LP as a shorthand for LP (M, u) .

3. EXAMPLES

In this section, we give an example of an ultrametric space (M, d) and a jump kernel J on
M x M that satisfies (T'J) and (PI) but does not satisfy (J<) or (J>) (Proposition 3.5).

Let (M,d) be so far any metric space with a measure p that is finite and positive on all
balls. Let J(z,y) be a symmetric non-negative function on M x M, and let ® be an increasing
positive function on (0, +00).

We say that J satisfies a ®-Poincaré inequality if, for any ball B in M of radius r and for
any f € L?(B),

1

/B @)~ ) Tyl dnla) > s

Lemma 3.1. The inequality (3.1) is equivalent to

24 (B)
/BxB(f(x)—f(y))QJ(w,y)du(w)du(y)> () /B(f—f3)2du- (3.2)

Clearly, if y(B) ~ r® and ® (r) ~ r®5 then (3.2) coincides with the Poincaré inequality
(PI).

Proof. Let us verify that the right hand sides of (3.1) and (3.2) coincide. We have

[ [ @ - w2 au / / 2~ 2£(@)f(5) + £(1)?) du(e)duy)
o ()
=2 (B) ([ Fau— fui)

/ (f(2) — F) dp(@)du(y).  (3.1)
BxB
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and
/ (f — )2 dpu = / Fdu— 2 / fdut fiu (B / f2du— fou(B),
whence
/ (F(2) — F())* dux)du(y) = 201 (B) / (f = fu)*du, (3.3)
BxB B
which was to be proved. g

Remark 3.2. It is clear that if, for all z,y € M,

J x?y Z —7
)2 G y)
then (3.1) holds because for all x,y € B we have d(z,y) < r and, hence, J(x,y) > @(lr)'
Hence, also (3.2) holds. Consequently, (V~) and (J>) imply (PI).

Now let us fix a prime p, consider a finite field I, :== {0,1,2,--- ,p — 1} and the following
set
M, = {x = {zk}trez : x1 € Fp and 2, = 0 for all k < —K for some K € Z},
that consists of double sequences of elements of I, that are vanishing near —oo. Consider
M, as a linear space over [F, with linear operations

4y ={xk +yrtpey and az = {axi}icq
for all z,y € M, and a € F,. Define in M,, the usual p-adic norm by
|z|l, =p~ ", where n:=min{k € Z : z;, # 0}.

For all 2,y € My, set d(x,y) = ||z — yl|, and observe that (M,,d) is an ultrametric space.
Furthermore, (M, d) is obviously separable and every ball B (x,r) in M, is compact. As a
metric space, M), coincides with Q,, but the operations in M,, are different from those in Q,,.
The Haar measure p on M, can be constructed as follows. For any n € Z and for any ball
B of radius p™", set
w(B) =p". (3.4)
Since each ball of radius p~" is a disjoint union of p balls of radii p~ (D) it is easy to see that
 is o-additive and o-finite on the semi-ring of all balls in M,,. By Carathéodory’s extension
theorem, /1 extends to a Borel measure on M,. It follows easily from (3.4) that measure p is
1-regular, that is,
w(B(z,r)) ~r (3.5)
for all x € M, and r > 0.
For any set A C My, any u € M, and a € F, define the sets A+u={y+u:y € A} and
aA={ay:y e A}.

Lemma 3.3. For any a € F, \ {0} and u € M, the map y — ay + u preserves metric d and
measure j1. Consequently, for any nonnegative measurable function f on M,,

[ S / f(ay + w)dp(y). (3.6)

Proof. For any y € M, we have llyll, = llay|l, because yx # 0 < ayy # 0. It follows that, for
all z,y € M,

d(az +u,ay + u) = |lay — az|, = |y — 2|, = d(z,y),
so that the metric d is preserved by y — ay+u. Let us show that measure p is also preserved,
that is, for any Borel set A C M

p(A) = p(aA + u). (3.7)

It suffices to prove this for A = B(z,r). Since by the first part aA + w is a ball of the same
radius r, (3.7) follows from the construction of the Haar measure. The identity (3.6) is a
consequence of (3.7). O
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Define a function S : M, — [, as follows: for any « € M, with |z|, = p™", set
S(x) = zp.

In other words, S (z) is equal to a non-zero digit x,, of x with the smallest n. Define the
following subset N of M, x M,:

N ={(z,y) € M x M, : S(x) =S(x+y)=1or S(y) =S(x+y)=1}. (3.8)

Fix some n € Z and let w € M), be such that w,_1 =1 and w, = 0 for all k <n —1. We
claim that

B(w,p™™) x B(0,p~") C N,

where 0 is the zero element of M,. Indeed, if x € B(w,p™) and y € B(0,p™") then

rr — wg = yr = 0 for all & < n, which implies that the first non-zero component of z is

Zn—1 = 1 and the same is true for x4y, whence S (z) = S (x + y) = 1 and, hence, (z,y) € N.
It follows that

(1 x @) (N) = pu (B(w,p™™)) o (B(O,p™")) = p~"".
Since n € 7Z is arbitrary, we see that (u x p)(N) = oc.

Proposition 3.4. Let p > 2. Then the jump kernel

o 1Ne(x7y) o 07 ('T?y) € N,
T = et {0 (39
satisfies the 5®-Poincaré inequality.
Proof. Fix a ball B := B(w,r) C M,. If (z,y) € (B x B) \ N then 1y¢(z,y) =1 and
2 _ 1 2 — 2
(Fla) = F)* Ho) = sy (o) = @)
> 507 @) = 1)
which implies
[ @ = @) Swdpdnta) = [ (f(a) = @) T p)date)duty)
BxB (BxB)\N
1 2 didla
2 507 gy )~ F0) )i
We will prove that
/ (f(x) = f(v))? dp(w)dp(y) < 4 (f(x) = f(v))? dp(w)dp(y), (3.10)

(BxB)NN (BxB)\N
which will then imply that
[ 0@~ F)P dudnt) <5 [ (70@) ~ F) dute)dnty)
BxB (BXB)\N
and, hence,
2 1 2
| 0@ = 1) S dute)int) > sgs [ (@) = 1) dula)dnts),

that is, the 5®-Poincaré inequality.
For any pair z,y € M), consider

p+1
2

c=z(ey) = Tl (@ +y) € M,
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where 1%1 € I, since p > 2. Observe that

_p—1 p+1  p+1
zx—2x+2y—2(yx)

and, hence,
Iz —=l, = lly — =l
Consequently, if z,y belong to B then also z € B because x can be regarded as a center of
B.
If (z,y) € N then we have by (3.8)

p+1 p+1
S(z) =8(—F—(@+y)=—F-#1
Therefore, no pair (-, z) can lie in N, and we conclude that
if (z,y) € (Bx B)NN then (z,2),(y,z) € (B x B)\N. (3.11)

Next, we have, for all z,y and z = &21(33 +v),

(f(@) = fW)* <2(f(x) — f(2)° +2(fy) — f(2)),

and

/ (F(2) — F(9)? duz)dp(y)
(BxB)NN

<2 / Vmemyomy (@) (F@) — (2) du(z)du(y)
Mpx Mp

+2 /M Laxmynny(@,y) (F(y) = £(2))* du(x)dp(y). (3.12)

pX Mp

Furthermore, by (3.11) and Lemma 3.3 with a = ’%1 and u = ax we have

[ e @) (F@) ~ £:))? du@)dn(y)
Mpx My

</, (L

P

- / (/ 1(BxB>\N<x,y><f<x>—f<y>>2du<y>) dyu(z)
M, \JM,

Ly (@.a(z+y)) (f(x) — fla(z +y)))? du(y)> dp(x)

= [ (@) ) dul@)du(w)
(BxB)\N
Estimating similarly the integral in (3.12), we obtain (3.10), which finishes the proof. O

Set now ®(r) = r*#. The jump kernel J from (3.9) satisfies (PI) by Lemma 3.1 and
Proposition 3.4. By [14, Prop. 6.4], we have, for any a-regular space,

d
/ _Y) @Q S <o, (3.13)
B(z,r)¢ d (I‘, y)

that is, (J<) implies (7J). Clearly, J satisfies (J<) and, hence, (7J) but J obviously does
not satisfy (J>).
Now we construct a new jump kernel J > J that satisfies (7'J) and (PI) but not (J<) or
(J>)-
For any integer n > 1, define the set E,, C M, to consist of all sequences of the form
r=_.. 1.1 0..0..
~N N~ =
k>0 k=—1,...—n k<—n
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that is, zx = 1 for k = —1,..., —n, z = 0 for all £k < —n and =z} is arbitrary for all £ > 0.
Similarly define a set F,, C M), to consist of all the sequences
r=_.. 2.2 0..0..
= K ==
k>0 k=—1,...—n k<—n
Clearly, E,, and F, are balls of radii 1, so that u(E,) = u(F,) = 1, and all the balls E,,, F,,,
n > 1, are pairwise disjoint. It follows that also all the sets
(B, X Fp), (F,x Ey), n>1,

are pairwise disjoint in M, x M,,. Define
= U (Ey x Fp) U (F, x Ey),

so that the set E is symmetric and (M x p) (E) = oco.

It follows from the definition (3.8) of the set N that, for any n > 1, the sets E,, x F, and F}, x
E,, are disjoint with N. Indeed, if z € E,, and y € F, then S (z+y) =3 # 1 in F, so that
(xz,y) ¢ N. Consequently, the sets N and E are disjoint.

Let J(x,y) be the jump kernel from Proposition 3.4 with ®(r) = r'74, that is,

1
J(x,y) = —————=1nc (2,y),
(z,y) g Y (z,y)
Fix € > 0 and define further the kernels
d(zx
o) = I p(ey) and o) = Jey) + fey)

Proposition 3.5. For any ¢ € (0,1), the jump kernel J satisfies (I'J) and (PI) but neither
(J>) mor (J<).

Proof. As we have already mentioned, J satisfies (PI) since J > J and J satisfies (PI).

Since both J and Jy vanish on N, we have J = 0 on N so that J does not satisfy (J>).
To disprove (J<) observe that d(x,y) = p” for all (z,y) € E, x F,, which implies for such
pairs (z,y)

T(@,y)d (z,9)*7 > Jo(w, y)d(e,y) P = d(x,y)° = p",

that can be arbitrarily large.

It remains to prove that J satisfies (7). Since J satisfies (T'J), it suffices to prove that
Jo satisfies (T'J). By symmetry, it suffices to prove that, for any x € E,, and r > 0,

/ Jo(w,y)du(y) < Cr . (3.14)
B(z,r)c

Consider two cases.
(1) Let r > 1. By definition of E, we see that if x € E,, and (z,y) € F then y € F),. Hence,
we have, for x € E,,

. _ . dp(y)
/B(w)c Jo(z, y)du(y) /B(“) 1g (z,y) d(z, y) o

</ dp(y) p(Frn)
o B(z,r)°NFy ( 7y)1+ﬂ €

rlt+p—c
(74) Let r < 1. By (i), (3.5) and (3.13), we obtain

IN

< 1
_7'/6.

dp (y)
Jo(e, y)duly) < / Jo(a,y)duly) + / )
/B(cc,mc Bla,1)e Bl a)\B(er) d (z,y) ™7

<1+Crf<@a+C)r?
which finishes the proof. ([l
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4. CONSTRUCTION OF NON-LOCAL DIRICHLET FORMS

The purpose of this section is to prove Theorem 2.2.

For any open set Q C M, we regard L? () as a subset of L? (M) by extending any function
f € L?(Q) by constant zero outside Q. Fix a kernel J(z, E) on M x B(M) satisfying (j.1)
and (j.2), and consider the bilinear form (&, Fax) on L?(M, ) given by (2.2). Let F be
defined by (2.4). Recall that D denotes the space of all locally constant functions on M with

compact supports. Denote by D (€2) the subspace of D that consists of functions with support
in Q.

Lemma 4.1. Under the above hypotheses, the following is true.
(I) For any compact ball B, the indicator function 1g belongs to Fmax. Moreover, D C
Fmax-
(II) For any open set Q& C M, D(Q) is dense in Cy(Q2) with respect to sup-norm and in
L?(Q) with respect to L>-norm. In particular, D is dense in Co(M) and in L*(M).

Proof. (I). Denote ¢ = 1p for a ball of radius r and prove first that if B is compact and if
r < R then £(¢,$) < co. Since ¢(x) — ¢(y) = 0 provided z,y are both in B or in B¢, we
obtain by (2.2) and (j.1)

c6.0)= [ [ (6 - ow)ditay)
=2 [ [ @@ - o) dile.n)

= 2j(B,B°) = Q/BJ(af,B(:z:,T)C)du(m) < 00, (4.1)

where we also use the property that B = B(z,r).

Let f be any function from D (in particular, f can be 1p for a compact ball B). Since f
is locally constant, for any « € M, there exists r, € (0, R) such that f = const in B(x,r,).
Since the family { B(z,7;)}zep is an open covering of supp f, there exists a finite subcovering
{B(;,74,)}Y,. By the properties of ultrametric balls, we may further assume that all the
balls B(x;,7;,) are mutually disjoint. It follows that f is a finite linear combination of
functions 1p(,, ,, ) (cf. (2.3)), which implies £ (f, f) < oo.

(II) Fix an open set  C M, a function f € Cp(2) and set K = supp f. Since f is
uniformly continuous, for any € > 0 there exists » > 0 such that any ball B (x,r) with z € K
lies in V' C €, where V is a precompact open set such that K ¢ V C V C Q, and the
oscillation of f in B (x,r) is bounded by . Choose a finite covering {B(z;, r)}f\il of K. As
above, we can assume that all the balls B(x;,r) are mutually disjoint. Clearly, the function

N
Je = Zf(mz)lB(a:“r)

i=1
belongs to D(§2) and

Sup|f€_f| <g,
which proved that D(2) is dense in Cp(2) in sup-norm. Since also

N
Ife = 72 <€D u(Blai,r)) < u(V),
i=1

D(R) is dense in Cp(£2) also in L2 norm, whence all the claims follow. O
Proof of Theorem 2.2. (I). Under conditions (j.1) and (j.2), it follows easily from (2.2) that

(€, Fmax) is a bilinear, symmetric, non-negative and Markovian form. Moreover, by the
arguments in [10, Example 1.2.4, p. 14|, (&, Fmax) is also closed. It remains to show that
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the domain Fpay is dense in L2(M). Indeed, by Lemma 4.1, D is a subset of Fpay and D is
dense in L?(M), whence also Fyay is dense in L2(M), and (€, Finax) is a Dirichlet form.
(IT). By Lemma 4.1(II), F is dense in L?(M) so that (£, F) is a Dirichlet form. To prove
the regularity of (£,F), we need to verify that F N Cy(M) is dense in Cy(M) in sup-norm
and in F in &-norm. Since F N Cy(M) contains D, the regularity of (€, F) also follows from
Lemma 4.1(II). O

Corollary 4.2. Assume that (TJ) is satisfied. Then (£,F) defined in (2.2) and (2.4) is a
regqular Dirichlet form. Besides, for any compact ball B of radius r € (0, R), the indicator
¢ :=1p of B belongs to D C F and satisfies:

£(¢,9) < C”if). (4.2)

Proof. Clearly, (T'J) implies (j.1), and the first claim follows from Theorem 2.2. By (4.1)
and (T'J), we obtain

£6.0) =2 [ (o Bla,r)dutz) < D,

which proves the second claim. O

In the subsequent sections we will need also the following statement.

Proposition 4.3. Under the hypotheses of Theorem 2.2, for any open set A C M and for
any Borel function v € F, that is non-negative on A, we have

/v(y)J(:c,dy) < esssupv/ J(x,dy), (4.3)
A A A

for p-a.a. x € M.

Proof. By [10, Lemma 4.5.4(i), p. 184] and [10, Theorem 4.2.1(ii), p. 161], measure j charges
no part of M x M \ diag whose projection on the factor M has capacity 0.
It follows that if

u=0 q.e.in A
then

/ w(y) 7 (. dy) dp (z) = 0
M x A\diag
and, hence,
[ )7ty =0
A

for p-a.e. x € M.
Hence, the function v in (4.3) can be replaced by its quasi-continuous version v. Set

a = esssup v = esssup .
A A

By [10, Lemma 2.1.4, p. 70] we have
v<a qe. in A,
which implies

v idn = [ )i <a [ ).
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5. NASH INEQUALITY

From this section, we start preparation for the proof of Theorem 2.8. From now on, we
always assume (M, d) is an ultrametric space that is proper and separable, and u is a Radon
measure on M with full support. Let (£, F) be the Dirichlet form defined by Theorem 2.2.
Other hypotheses will be stated explicitly.

Definition 5.1. We say the Nash inequality (Nash) holds for the Dirichlet form (&, F) if
there exist positive constants v and C' such that

LA <o (0.0 +RPIFI:) 113 (Nash)
for all f € FN L.

The following lemma was proved in [23, Theorem 2.1] for a local Dirichlet form on a
Riemannian manifold. We extend this result to non-local Dirichlet forms on ultrametric
spaces.

Lemma 5.2. We have (V) 4+ (PI) = (Nash) where v = /.

Proof. The proof is divided into three steps. For any f € L' (M) and s > 0, define a function

fs on M by
1

fle) = s [ 1@duca).
2 (B(xa S)) B(z,s)
Step I. Let us prove that, for any f € L! and for all s € (0, R),

1fsll72 < Cs™(| fII71, (5.1)

where the constant C depends only on the constants in hypotheses. Indeed, for all z € M,
s> 0and x € B(z,s), we have B(x,s) = B(z, s) and, hence,

sl < MLl =/ B ( )/B( |[f()dp(z)dp(x)

= [ 17Gduts / e da)

= | fllzs-
On the other hand, we have by (V~),
[ fsllLee < Cs™ sup |f(2)|du(z) < Cs™| fllLs-
xeM J B(x,s)
It follows that

1fsll2e < | fsllzooll fsll i < Cs™@| £,

which proves (5.1). _
Step II. Let us prove that, for all f € FN L' and s € (0, xkR),

If — fsl|22 < CSPE(F, ), (5.2)

where « is the constant from (PI), and C' depends only on the constants in hypotheses.
Indeed, since all distinct balls of radius s in M are disjoint and M is separable, there exists
a (at most) countable family {B; := B(x;, s)} of disjoint balls of radii s such that M = U;B;.
Note that, for any = € B;, we have B(x,s) = B; and, hence,

f@=f fau={f fdu=
B(z,s) B;
Hence, we obtain by (PI) that

If = £lPa = Z/B 1 — fuPdu = Z/B f = f.2dn
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< csﬁz / (F(@) — F(9))dj(z, ).
“1B))x(k~1B;)

Each ball k!B, is a disjoint union of at most N balls B; where N depends on the constants
in (V). It follows that, for each index i, there is at most N indices j so that B; C k= 'B;.
Hence, we obtain

I7 = £l < ONs 3 | @) - ) i)

BixM
_ ONS /MxMu(x) — F)2dj(z, ),

which proves (5.2).
Step III. Now we can prove (Nash). Indeed, by (5.1) and (5.2), we have, for any
feFnL and s € (0,kR),

171172 < 201F = fllZe + 20 fsll= < CSPE(S, ) + Cs™ | 7.
On the other hand, if s € [kR, 00) (in the case R < 00) then
IF1Z2 < (s/ (5R)°IIFI1Z2.

Combining the above two inequalities and assuming that C' > 1, we obtain that, for any
s >0,

1£132 < C5° (£, 1) + R 1fI3:) + Cs I £

Choosing s so that the two terms on the right hand side are equal, that is,

ath _ 1£112.
EL 1)+ R IIfI2,

we obtain

1712 <2057 1% = 2C (60,0 + B 12) T 11557
which yields (Nash) with v = §/a. O

Lemma 5.3. Assume that (V<) and (Nash) hold with v = [3/a. Then there exists o € (0, 1)
such that, for any ball B C M of radius R € (0,0R), for any measurable set E C B, and for
any function f € F such that f =0 a.e. in E°, we have

If1Z2 < Cu(B)"E(f.£). (5.3)
Proof. Indeed, by Cauchy-Schwarz inequality,
117 < (B [ F172
whence by (Nash)
LA <o (06D + R P1FI3:) 11350 (B)”

whence
1f1122 < CE(f, i (B) +CR Pu(B)” [If]3.

Choosing ¢ so small that

we obtain (5.3). O
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The inequality (5.3) is called the Faber-Krahn inequality. It follows from Lemmas 5.2 and
5.3 that the hypotheses (V') and (PI) imply the Faber-Krahn inequality (5.3) with v = 3/«
and for some o € (0,1). This parameter o will be used in the rest of this paper alongside with
a and B. Without loss of generality, we can assume that ¢ is small enough, in particular,
o < k where k is the parameter from (PI).

For a non-empty open set 2 C M, let F(Q2) be the closure of F N Cy(2) in F with respect
to the norm & (u,u) = E(u,u) + [Jul|3,. It is well known (see [10]) that if (€, F) is regular,
then (£, F(Q)) is a regular Dirichlet form on L?(Q2). Denote the corresponding generator,
heat semigroup and heat kernel (if it exists) respectively by £, {Pf*} and p(z,v).

Denote by A1() the bottom of the spectrum of the operator £ in L?(2). Tt is known

that
= D)
rerF@\or [I£1172
It follows from (5.3) that if € is contained in a ball B of radius R < o R then
() > e (Q). (5.4)

Definition 5.4. We say that condition (DUE) is satisfied if the heat kernel p;(z,y) exists
and satisfies the following diagonal upper estimate

C
pi(z,y) < /B’ (DUE)

A (D

for any t € (0,}_26) and for p-almost all z,y € M.

A very useful consequence of the Nash inequality is stated in the next lemma.

Lemma 5.5. If (£, F) satisfies (Nash) with v = «/(3 then, for all t € (O,Eﬂ),
C
Consequently, (DUE) is satisfied.

For the proof see [4, Theorem 2.1] and [15, Lemma 3.7].
The converse is also true: (DUFE) implies the ultracontractive estimate (5.5), while the
latter implies (Nash) (see [8]).

6. LEMMA OF GROWTH

The main result of this section is Lemma of growth (Lemma 6.4) and its consequences. A
similar lemma in general metric spaces was proved [14] but in the present setting we have
significant simplifications due to the ultrametric properties. In particular, we do not need to
use a generalized capacity condition as in [14].

Consider the space

F':=F + {const}
and extend & from F to F’ as follows: for all u,v € F and a,b € R, set
E(u+a,v+0b):=E(u,v).

Definition 6.1. Let Q be an open subset of M. We say that a function u € F’ is subharmonic
(resp. superharmonic) in € if
E(u, ) <0 (resp. E(u,p) >0) (6.1)

for any 0 < ¢ € F(Q2). A function u € F' is called harmonic in  if it is both subharmonic
and superharmonic in 2.
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Let v be a Borel function on M. Define its tail Tp (v) outside a ball B by

Tp(v) = esssup/c lv(y)|J(z, dy). (6.2)

z€B

Lemma 6.2. Let B be a compact ball of radius R € (0, R). Set
¢ :=1p.
Then, for any v € F' N L, that is non-negative and subharmonic in B, we have

E(vg,vp) < QTB(U)/ vdp. (6.3)

B

Proof. By Lemma 4.1, ¢ € F(B). Hence, both vé and v¢?® belong to F (B) (cf. [l4,
Proposition 6.5 (i)-(ii)]). By a direct computation, we obtain the identity

E(ve,v) = E(v,v?) + /MxM v(@)u(y) ($(z) — d(y))* dj (6.4)

(see also [14, (3.19)]). Since v¢? € F(B), we conclude by the definition of subharmonic
functions, that

E(v,v9?) < 0.
Splitting the domain of integration in (6.4) and using symmetrization and ¢ = 1p, we obtain

U¢7U¢ (/BXB /CXB /Bch /C><Bc> ) (¢(m) - ¢(y))2 d]

= 2/ v(z)o(y) (p(x) — ¢(y))*dj  (by symmetrization)
Bx B¢

<2 /B o()dp(z) - esssup / o)l dy), (6.5)

zeB
which is equivalent to (6.3). O

Remark 6.3. In a setting of jump Dirichlet forms in general metric measure spaces, a similar
lemma was proved in [14, Lemma 3.10]. However, the proof in [14] is much more involved
because in general the indicator function 1p is not in F and, hence, one must use a cutoff
function ¢ of B in a larger ball. In order to do so, one has to assume an additional complicated
hypothesis: the generalized capacity condition, that we do not need in the ultrametric setting.

Lemma 6.4 (Lemma of growth). Assume that (V), (T'J) and (PI) are satisfied. If a function
u € F'N L is superharmonic and non-negative in a ball B of radius R € (0,0R), and if,
for some a > 0,

—a/B
uw(BN{u<a}) RPTp(u_)
< _ .
then
essinfu >
B

(6.7)

N

Here gy € (0,1) is a constant that depends only on the constants in the hypotheses.

Recall that the tail function Ts(v) was defined by (6.2). Observe also that if u > 0 on M
then Tp(u—_) = 0 and the condition (6.6) simplifies. The statement of Lemma 6.4 means the
following: if the set {u < a} takes in a ball B a small enough measure then the set {u < a/2}
takes in B measure zero (see Fig. 1).

The notion of Lemma of growth was introduced by Landis [21], [22] in the context of
solutions of elliptic second order PDEs in R", where this type of statements were used in
order to obtain the Hélder continuity and the Harnack inequality. The proof of the Lemma
of growth for the non-divergence form second order elliptic and parabolic PDEs was a key
part of the work of Krylov and Safonov [20].
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FIGURE 1. Level sets {u < a} and {u < a/2}

Here we use the Lemma of growth for non-local operators that appeared in this form in
[14]. However, in the presence of an ultrametric, the statement and the proof noticeably
simplify.

The most essential part of the proof of Lemma 6.4 is contained in the following lemma.

Lemma 6.5. Assume that (V), (T'J) and (PI) are satisfied. Let a function u € F' N L> be
superharmonic and non-negative in a ball B of radius R € (0,0R). Fix some 0 < a < b and

set
B B
BB <Al | u(B) 0 {u <))
(B) pu(B)
Then
b\ 14/a
o S CA <m) mb y (68)
where
T
A=1+ R+(“‘), (6.9)
and the constant C' > 0 depends only on the constants in (V), (T'J) and (PI).
Proof. Denote
mg = pu(BN{u<a}) and my:= u(BN{u<b})
and consider the functions
¢:=1p and v:=(b—u)4.
Since v > b — a on the set {u < a}, we obtain
1
fita = Pl < s [ uPdn (6.10)
/Bﬁ{u<a} (b - a)Q B

Consider the set E = BN {u < b} (see Fig. 2). Since ¢ = 0 outside B and v = 0 outside
{u < b}, we see that ¢pv =0 in E°.

Since ¢ € F (B) and, hence, ¢v € F (B), we conclude by the Faber-Krahn inequality (see
Lemmas 5.2, 5.3) that

[ @ordu= [ @i < v o0 (B = E(ov, ou). (6.11)
Combining this inequality with (6.10), we obtain
__Enon)

S (el S (6.12)
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FIGURE 2. Set F = BnN{u < b}

Let us now estimate £(¢v, ¢v) from above. Since u is superharmonic in B, the function b —u
is subharmonic in B. Then the function v = (b — u)4 is also subharmonic in B (cf. [14,
Lemma 3.2(ii)]). By Lemma 6.2, we have

E(vp,ve) < 2TB(U)/ vdp. (6.13)
B
Using v < b1y, <}, the definitions of E,v, my, A, and the hypothesis (7'J), we obtain
E(vg,v9) < 2Tp(v)bu(E) < 2(Tx(b) + Tp(u-)) bmy
<2 (CbR*ﬁ + TB(u_)> by, < CAV2R Py, (6.14)

Combining (6.12) and (6.14) yields

b 2
Mo < CA ( ; > R™Pmytt,

—a
Finally, dividing this inequality by u(B) ~ R*, we obtain (6.8), which finishes the proof. O
As we see from the proof, Lemma 6.5 does not use (PI) directly, only its consequence — the

Faber-Krahn inequality in (6.11), whereas the hypothesis (7"J) is used explicitly in (6.14).
The ultrametric property was most essentially used via Lemma 6.2 in (6.13).

Proof of Lemma 6.4. Let u € F' N L™ be superharmonic and non-negative in a ball B of
radius R < oR and let a > 0. Consider the following sequence

1

aj = 5(1 +27Ma, k=0,1,2,..,
so that ag = a and a; \ %a as k — oo. Set also
 u(BN{u<ag})
my :=
(B)

Applying the inequality (6.8) of Lemma 6.5 with a = a; and b = a;_1, we obtain, for any

k> 1,
B 2

e < C<1+ R B(U)> ( (g1 ) mlch—r?/a’

ak—1

Since ap_q1 > %a and
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it follows that

my < CA-4%-mf |, (6.15)
where 5
Tp(u—
A:I—i—w and ¢=1+ 3/a.

a
Iterating (6.15), we obtain

e gk—1 _ k=1 k
mp < (CA)Fat+a " ghta(k=1)++q -md

k

< (@A)q%l v .m0>q , (6.16)

where in the second line we have used that

ML (k+1)q+k q
ktqk—1) 4 +g =1 < k
talk=t g (¢ —1) SAUEE
and C > 1. It follows from (6.16) and ¢ > 1 that if
e 1
(CA) qll L @-1)2% . mo < 5, (617)
then
lim my = 0. (6.18)
k—o0
Clearly, (6.17) is equivalent to
29 __
mo <2 @2t (CA)TT. (6.19)

Since qu1 = 5, we sce that (6.19) is equivalent to the hypothesis (6.6) with

——29 1 1
gg:=2 @n? "C a1, (6.20)

Assuming that ¢ is defined by (6.20), we see that (6.17) is satisfied and, hence, we have
(6.18). It follows that

BN {u< g} =0,
which implies essinfp u > §, that is, (6.7). O
The following lemma is an easy consequence of Lemma 6.4.

Lemma 6.6. Assume that (V), (T'J) and (PI) are satisfied. Then, for any ball B of radius
R € (0,0R), and for any non-negative function u € F' N L that is superharmonic in B, the

following is true:
1 -1
essinf u > 0 <][ —du) ,
B 2 BU

where €q is the same as in Lemma 6.4.

Proof. We will apply Lemma 6.4 with a suitable value of a. Indeed, for any a > 0, we have
1 1 1 1
p(BO{u<ah) =uBA Ly > ) <a [ vdn=an(B)f Ldn
u a BU BU

Since u is non-negative, we have that R°Tp(u_) = 0. Setting

1 -1
a:= gy <][ —d,u) ,
BU

we obtain that the condition (6.6) of Lemma 6.4 is fulfilled. Hence, by Lemma 6.4, we

conclude that )
. a €0 { 1 N
eSSBln v= 2 2 ( BU N) ’

which was to be proved. ]
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7. SOME AUXILIARY INEQUALITIES

In this section we prove some preparatory lemmas to be used in Sections 8 and 10. We
frequently use the notation
uy) = u -+ A
where u is a function on M and A\ > 0 is a constant.

Lemma 7.1. Let a function u E F' N L*® be non-negative in a ball B C M. Set ¢ := 1p.

Then, for any A > 0, we hcwe ~ € F(B) and
¢* UA(ZJ) 2 (ur () .
cwDys g [ BB ey <se@o)+2 [ g @), ()

where in the last integral x € B and y € BC. If in addition u is superharmonic in B then
2
In “A(y)‘ dj < 6 (¢, ¢) +4/ ww)- . (7.2)

/BXB uk(x) Bx B¢ u/\(x)
Proof. By [14, Lemma 3.7], for any ¢ € F N Cy (B), we have JZ% € FNL*® and

2 u 2
0.3 [ @@ arw) \ln A(y)' & (2. )

uy’ 2 ux(z)
¢*(z) ..
<366.0-2 [ uw® D).
Substituting ¢ = 1p € F N Cp(B) into this inequality, we obtain (7.1). Observe that
P =% € F(B) (cf. [10]).
If w is superharmonic in B then &(u, %) > 0 because % € F (B) is non-negative. Hence,
(7.2) follows from (7.1). O

Lemma 7.2. Assume that (V), (T'J) and (PI) are satisfied. Let a function u € F' N L> be
non-negative and superharmonic in a ball B of radius R € (0, R). Fix three positive numbers
a,b, A and consider in B the function:

V= <1n£> Ab.
ux/ o

]/{B]/{B ) dp(x)dp(y) < C <1 + M) , (7.3)

where K is the constant from (PI) and C depends only on the constants in the hypotheses.

Then

Proof. Let us extend v to B¢ by setting v = 0 and show that v € F (B). Indeed, the function
F(t)=1n 5 is a bounded Lipschitz function on R. Therefore, F (u) € FN L* and, hence,

1pF (u) € F (B). Consequently, by the Markov property, v = (1gF (u))+ Abis also in F (B).
Applying the identity (3.3), the hypotheses (PI), and the obvious inquality

j0(z) — v(y)| < [in 2
uy(x)
that holds for all z,y € B, we obtain
_ 2 v —v.5)°
£ F 0@ =) Pdua@ntn) = 2 [ (0= vep)d
8
<5 | 0@ - i)
8 U 2
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Applying the inequality (7.2) of Lemma 7.1, estimating & (¢, ¢) by Corollary 4.2, and using
uy () > X in B, we obtain

|, u(B) (),
/BXB 1nuA(x)‘ dj(z,y) < C =5 +4/B><BC @) dj(z,y)

<ot it essup [ aw)-Sd)
5
< C’% (1 + RTTB((u,\)_)> . (7.5)
Combining (7.4) and (7.5), we obtain (7.3). O

Note that Lemma 7.2 is the only place in the entire proof where we use directly the
Poincaré inequality (PI) (except for Lemma 5.2, where we derive the Nash inequality from
(PI)). Through Lemma 7.2, (PI) is used in the derivation of the weak Harnack inequality
in the next section.

8. WEAK HARNACK INEQUALITY

Lemma 8.1. Assume that (V), (T'J) and (PI) are satisfied. Then, for any ball B of radius
R € (0,0R), for any function u € F' N L that is superharmonic and non-negative in B,
and for any a > 0, such that

peB 0 {u > o) | 1 1
u(kB) 2
and
RPTy(u_) < ea, (8.2)
we have
esg}ignfu > ea (8.3)

(see Fig. 3). Heree € (0,1) is a constant that depends only on the constants in the hypotheses.

FIGURE 3. Level sets {u > a} and {u > ea}

If w > 0 on M then the condition (8.2) is trivially satisfied. A (strong) Harnack inequality
for non-negative harmonic functions (should it be true) would say that

essinf u > cesssup u.
rB xB

In particular, for any a < esssup,.p u, we would have (8.3). Thus, the hypothesis (8.1) could
have been relaxed in this case to u (kB N {u > a}) > 0. Hence, Lemma 8.1 can be regarded
as a weak version of the Harnack inequality.
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Proof. Let A\, b be two positive parameters to be determined later. Consider in B the function

A
vi= <lna+ ) A b,
ux )4

where uy = u + A. Note that 0 < v < b and

A
v=20 ot <1 & wu>a
U
A
v=>b at >t o u,\S(a—F)\)e’b::q.

U
We will apply Lemma 6.4 to u) instead of u. For that, set
u(vB{u>a})  p(sB N {v=0})

w = — = 8.4
#(+ ) H(+B) &4
and
w(B) W(nB)
By Lemma 6.4, if
—a/p
R
. <1+ (+R)°T, q e () >) | (8.6)
then .
infuy > = .
essinfuy > o (8.7)
Since u > 0 in B, we have
A= RTp(u_) > (kR)° Typ ((un)_) .
Hence, in order to have (8.6), it suffices to ensure that
A\ T/P
m < gp <1 + E) . (8.8)
Using (8.4), (8.5), and Lemma 7.2, we obtain
1
bmw =

HxB)y? /ﬂBﬂ{vo} /f-cBﬂ{vb} Vdiu(z)du(y)

e BN / oy () = 00 )i
]{B][ y))2dp(x)dp(y)

(ﬁ) <of1+4).

C A 2C A
< il
m_b2 (14—)\)_[)2 (l—i-)\)

where we have used that w > 1/2, which is true by (8.1). Hence, the condition (8.8) will be

satisfied provided
2¢ 14+ — 4 < 1+ A -
2 x) =50 q

2 A A\ /P
b > © <1 + ) <1 + —) : (8.9)
o A q

It follows that

that is equivalent to
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Fix € > 0 to be determined later, and specify the parameters A, b as follows:

1
A:=c¢ca, b:=In +€.
4e

Then we have
q=(a+Ne b= 4eaq,
and the inequality (8.9) is equivalent to

2 o/B
mlte) S A (AT (8.10)
4e €0 ea 4ea
Since A < ea by (8.2), the inequality (8.10) will follow from
1+e\% _ 4C 5\
In > — | -
4e €0 4

that can be achieved by choosing £ small enough. With this choice of ¢ we conclude that
(8.7) holds, which implies

essinf u > g—Az?ea—sa:w,
kB 2

thus finishing the proof. U

9. OSCILLATION PROPERTIES FOR HARMONIC FUNCTIONS

Given a ball B C M and a function v € F' N L*>® (M), set

my = essBinf u, m" =esssupu (9.1)
B

and define the following notations:

oscu :=m* — m,
B
and

Tj(u) = Tiy (= m.)- + (m" —u)-) = esssup / (= ma) -+ (=) I (@, dy)

It is easy to see that T (u) is monotone decreasing with respect to B.

Lemma 9.1 (Oscillation inequality). Assume that (V), (T'J) and (PI) are satisfied. Let
u € F' N L*>® be harmonic in a ball B of radius R € (0,0R). Then we have either

< (1- 2
oscu < (1—¢) oscu, (9.2)

or
oscu < e ROT%(u), (9.3)

where € € (0,1) is a constant depending only on the constants from the hypotheses.

Proof. Let us use the notations (9.1). By adding to u a constant, we can assume without loss
of generality that m., + m* = 0, that is,
a:=m" = —m,.

Clearly, one of the sets kB N {u >0} and kB N {u < 0} takes at least 1 of the measure of
rkB. Without loss of generality, we can assume that this is the first one (otherwise change u
to —u), which is equivalent to

wkBN{u+a>a}) _ 1

u(kB) 2’

Since the function u + a belongs to ' N L> and is non-negative and harmonic in B, we
conclude by Lemma 8.1 that if

> (9.4)

RTs((u+a)-) < ea, (9.5)
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then
essinf (u + a) > ea.
kB

In this case we obtain

£ e
%SBCU eSi?lpU essjlgn uUsa (sa (I) 5 a B OEC’LL

On the other hand, if (9.5) fails then

RPTH(u) = R°Tp((u+a)_ + (a—u)_) > RPT((u+a)_) > ca = gogcu.

Renaming €/2 to e, we obtain that one of the inequalities (9.2), (9.3) is satisfied. O

Lemma 9.2. Let {Bj};.czo be a sequence of k + 1 balls such that Bjy1 C Bj for all j =
0,1,....k — 1. For any function u € F' 0 L, the following inequality holds:

k—1
T () < 3 T, ()(cgou = o) + Tou(u) + Ton (1)l - (9.6)
]:

Proof. Denote

m; = essBlnfu, M; = esssupu, Q; = oscu = M; —m;.
J B J

Set
v=(u—my) + My —u)_ = (mp —u), + (u— M),
so that T (u) =Tpg, (v). Let us first prove that, for any j =0, ...,k — 1,
TB]'+1 (U) < (Qj - Qk)TBj-H(l) + TBj (U) (97)
(Fig. 4). Since Bf,; is the union of B; \ Bjt1 and BY, we have

Tp,., (v) <ess sup/ v(y)J(z,dy) + ess sup/ v(y)J (z,dy). (9.8)
Bj\Bjt1 Bj

r€Bj 11 zeB;

FIGURE 4.

Let us verify that
v<Q; — Qr p-a.e. in Bj. (9.9)
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Indeed, in the set {m; < u < M} we have v = 0 and (9.9) is trivial. In the set {u < my}NDB;
we have
VvV =myg —»u/fgrn%;—-rnj f;(Tnk —-Tnj) +-(A4j-— A4k) ::(Qj —>C2k.
The same argument works in the set {u > My} N B; as in this case
v=u— M, <M; - M, <Q; — Q.

Using (9.9) and (4.3) we obtain, for y- a.a. x € Bj1,

/ v(y)J(z, dy) < (Q; — Qk)/ J(2,dy) < (Qj — Qr)TB;,: (1) (9.10)

Bij\Bjt1

c
Egj+1

Substituting this into (9.8), we obtain (9.7).
Iterating (9.7), we obtain

ES
|
—

Tp, (u) =Tp, (v) < ) (Qj —Qk)Tr;y, (1) + Th, (v).

.
Il
=)

Observing that
v < ul + max{[my|, [My[} < |u| + [Jul| po ) »
and, hence,
T, (v) < Ty (u) + Ty (1) lull oo () »
we obtain (9.6). 0

In the rest of this section we use the notation B, := B(xg,r) assuming that z is a fixed
point on M.

Lemma 9.3 (Iterated Oscillation Inequality). Assume that (V), (I'J) and (PI) are satisfied.
For any function w € F' N L that is harmonic in a ball Br of radius R € (0,0R), the
following inequality holds for any non-negative integer k:
osc u < Coqg "*A, (9.11)
e kR
where ¢ > 1, Cy > 1 and 0 < v < 1 are constant depending on the hypotheses and
A= RTg, (u) + ||u] 1 (By)- (9.12)

Proof. In this proof all constants are important and will be denoted by designated letters.
The letter € denotes the constant from Lemma 9.1, C is reserved for the constant from (7°J),
and Cj is the constant from (9.11).

We use an enhanced version of the argument that originated from [9] and was also used in
[14]. Previous versions of this argument were also used in [25] and [19)].

Fix a large number ¢ > 1 to be specified below and set, for any non-negative integer k,

R, =q *R and Qp = oscu.
B,
The inequality (9.11) is equivalent to
Qr < Cog " A, (9.13)

that will be proved by induction in k, where v > 0 is a small number and Cjy is a large
number, to be chosen below.
For k =0 and k = 1 we have

Q1 <Qp=o0scu<2 HuHLw(BR) <24 =2¢" (q*VA) ,
Br
so that (9.13) holds provided Cy > 2¢7. Let us make the inductive step from < k to k + 1,

assuming k£ > 1.
Taking ¢ so big that ¢! < k, we obtain by Lemma 9.1, that

cither Q1 < (1—)Qx or Qx <e 'R/Tj, (u).
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Assuming first that Q1 < (1 — €)Qp, we obtain by the inductive hypothesis
Qi1 < (1—2)Coq ™A = (1-¢2)q"Cog " *+D A < Cog 7D 4,

provided
(1-¢e)g" <1. (9.14)
After we specify below a large enough ¢, we can always choose 7 > 0 so small that (9.14) is

satisfied. Thus, we complete the inductive step in this case.
Consider now the second case, that is, let

Q1 < e'RTH, (u). (9.15)

By Lemma 9.2, we have

T
L

Tng (u) < (Qj — Qk) TBR]-+1 (1) + TBg (u) + TBR(l) HUHLOO(BR) :

<.
Il
)

Clearly,
Ty () + T (1) llull e 5,y < Tin(w) + OR™ P ||ull poo g,y = CAR™,

and, by (7'J), we have
Tp, (1) < CR;” = C¢" R™P.
It follows that

Ty (u) <CY (Qj — Qi) PVTVRP 4 CARTP,

whence

where we have used that E;?;ol ¢?U=k+1) > 1. By the inductive hypothesis we have
Qj < Cog VA, j=0,1,...,k (9.16)
Substituting into the previous estimate and assuming ~ < 3, we obtain

k—1
R)Th, (u) < C [ Cog™ D" P74 - @ + Ag™*
j=0

Combining with (9.15), we obtain

Cog’q*A

Qr < 8_10( 1 _Qk+Aq_5k) ;

whence

C (Cod’¢% g
QkSC+€(qﬁ_7—1+q A
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C q 1 Ak
< — TRA. 1
S+ <1 e + Co> Coq (9.17)

In order to complete the inductive step, it suffices to verify that
Qr < Cog~ "4
because Qx+1 < Q. Clearly, this will follow from (9.17) provided

C q’ 1 .
— <1. 1
0+s<1_q<ﬁw%a)q = (9.18)

Assuming that v < /2, (9.18) will follow from

2y 2l
q q €
—_— <14 —=. 9.19
—qr g s e (9.19)
Clearly, by choosing first ¢ large enough, then v > 0 small enough, and then Cy large enough,
we achieve both (9.14) and (9.19), thus finishing the proof. O

Lemma 9.4 (Oscillation Lemma). Assume that (V), (T'J) and (PI) are satisfied. Let u €
F' N L*® be harmonic in a ball Br = B(xg, R) with R < oR. Then, for any p € (0, R,

oscu < C (2) (BT (ul) + [l 5 ) - (9.20)

P

where v > 0 is the constant from Lemma 9.3 and C depends only on the constants from the
hypotheses.

Proof. We use the notation from Lemma 9.3. Since p € (0, R], there exists an integer k£ > 0
such that

(k1) o Pk
q R= q
Hence, by Lemma 9.3,
oscu < osc u < Cog ™A= Coq’(q"*M)7A < Cog (ﬁy A,
P BR/qk R

which is exactly (9.20) with C' = Cyq". O

10. CONDITIONS (E) AND (S5)

Recall that, for any open set Q C M, (£,F ()) is a regular Dirichlet form in L? (Q),
L% is its generator, and P! = e~t£%s the corresponding heat semigroup acting in L2 (2)
(see Section 7). By the functional calculus, for any f € L?(f2), the function ¢ — P f is a
continuous mapping from [0, o0) to L%(€2). Hence, it can be integrated in ¢ on any bounded
time interval [0, 7] as an L?-valued function. Assuming further that f > 0, we can let T — oo
and define the Green operator G* by

00 T
@7:/ PEfdt = lim P fdt
0 T—00 Jo
where the limit is understood a.e.. Note that the function G f takes values in [0, +o00]. By
the monotonicity of Gf in f, we can extend the operator G* to all non-negative measurable
function f, in particular, to f = 1.

Definition 10.1. We say that condition (E<) holds if there exist o € (0,1) and C' > 0 such
that, for any ball B of radius r € (0,0R),

esssup GP1 < CrP. (E<)
B
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We say that condition (E>) holds! if, for any ball B of radius r € (0, R),
ess inf GB1 >0 4P, (E>)
We say that condition (£) holds if both (E<) and (E>) are satisfied.

In what follows, the parameter ¢ in the above definition will coincide with the parameter
o in the Faber-Krahn inequality (cf. Lemma 5.3).

Lemma 10.2. We have
(V<) + (Nash) = (E<)

where v and o are the same as in Lemma 5.3.

Proof. Let B be a ball of radius r € ((), O'R) . Let us first prove that, for all ¢t > %rﬁ ,
C

1PN e < o7

Indeed, if ¢t < R’ then by, the inequality (5.5) of Lemma 5.5,

c '’

B
1P 2 oo < 1Pellp2—pee < o/ (28) < peyEe

The same inequality holds also for ¢ > RB as HPtB is monotone decreasing in .

Next, we have by (5.4) and (V<)

HL2—>L°°

A (B) > cp (B) P > e P,
Hence, by spectral theory of self-adjoint operators, we obtain, for all ¢ > 0,
1PE || pope < e MBI < emer
It follows that, for all ¢ > P,

B B B B
1P |~ neo S N Pyjslloi— 2Pyl ze— 2 1 Pyjsll 2 — poe

B B
= | Pijall L2 oo | Pifsll 21
ge—cr_ﬁt.

7«0[
Consequently, we have, for all t > r?,

C _..5 C _..-5 B
B
1PPLl| e < e Lpl = e (B) < G

For any nonnegative f € L'(B), we obtain
s
,

61,0 = [ PP < |
0 0
Tﬁ o0
—er—B
<[ Ui [ o

<C"r| fll1s
where €’ =1+ C [ e “ds. Since 0 < f € L'(B) is arbitrary, we obtain (E<). O

ﬂ&fﬂﬁ+/jﬁfhaﬂﬁ

10n an arbitrary metric space, the condition (E>) should look as follows:
essinf GP1 > C’flrﬁ7
eB
where € > 0 is small enough, to ensure that the points where we estimate G®1 from below are far enough

from B°. However, in ultra-metric space, the distance from any point of B to B€ is at least r, so we can take
e=1.
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Lemma 10.3 ([14, Lemma 5.1]). If G%1 € L>®(Q) then, for any f € L*(Q), the function
G f belongs to F(Q) and satisfies the identity
EGH, ) = (f,0) Vo€ F(Q).
If in addition f > 0 then G*f is superharmonic in .
Lemma 10.4. We have
(V)+(TJ)+ (PI) = (E>).

Proof. By Lemmas 5.2 and 10.2, we have (F<). Let B be a ball of radius r € (0, R). We
need to prove that
essinf GP1> erf (10.1)

Assume first that r € (0,0'R). By (E<) we have GB1 € L>*. Hence, by Lemma 10.3, the
function u := GP1 is superharmonic in B. Since v > 0 in M, we obtain by Lemma 6.6 that

1 -1
inf u > —d, . 10.2
essgnu_c(éu,LL) (10.2)

Recall that the function ¢ := 1p belongs to F(B) (cf. Lemma 4.1). For any A > 0, set
2
uy = u + . Since % € F(B) (cf. [14, Propostion 6.5(iii)]), we obtain by Lemma 10.3

U U U U
Since uy > 0 on M, we obtain by Lemma 7.1 and (4.2)

d)Q
E(u,—) <3E(d,¢) <C
Uy

/B ~d = (15, ¢—2) = £(G"1, ¢_2) =&(u, ¢_2)'

p(B)
rf

Combining the two previous lines, dividing by p (B) and letting A — 0, we obtain

1
][ —dp < Cr P,
BU

which together with (10.2) proves (10.1). B
Now let r € [0R, R) (in the case R < o). For any ball B’ C B of radius r’ = 30 R, we
have by the first part of the proof that

GP1 > G511 >c (r')ﬁ > drP ae. in B'.

Since B can be covered by a countable family of balls of radius 7/, we obtain (10.1), which
was to be proved. O

Definition 10.5. We say that a survival condition (S) is satisfied if there exist constants
g,6 > 0 such that, for any ball B C M of radius r € (0, R), the following inequality holds:

essBinf PP1 > ¢, (S)

provided t'/8 < ér.
Lemma 10.6. We have (E) = (95).

Proof. Let us first prove that, for any ball B with HGBlHLOO < oo and for any t > 0,

GBl(z) —t
B
PP @) = sy

t e’}
GB1:</ +/ )PsBlds
0 t

for p-a.a. x € B. (10.3)

Indeed, we have



34 A.BENDIKOV, A. GRIGOR’YAN, E. HU, AND J. HU

t o0
:/Rﬁ@+/ﬁﬂﬁm
0 0
<t+ PP (GP1) <t+|G"1]| .. PP,

whence (10.3) follows. _ B

Let now B be a ball of radius r € (0,R). If r < oR then by (E) we have GB1 ~ 1P a.e.
in B. Substituting into (10.3), we obtain PB1 > ¢ ae. in B for all t < (6r)° with a small
enough €,6 > 0. If r € [oR, R) then we obtain (S) by covering of B by smaller balls as in
the proof of Lemma 10.4. ]

A version of Lemma 10.6 for general metric spaces was proved in [14, Lemma 5.6], but the
present proof is simpler.

11. OSCILLATION INEQUALITY FOR Lu = f

We apply the oscillation inequalities for harmonic functions in Section 9 to prove the Holder
continuity of the solutions to the equation Lu = f for f € L?.

Definition 11.1. For a non-empty open set Q C M and f € L?(f2), we say that a function
u € F solves weakly the equation
Lu=f in Q,
if, for any ¢ € F(Q),
E(u,¢) = (f, ).

We continue using the notation B, = B (xg,r) where xg € M is fixed.

Lemma 11.2. Assume that (V), (T'J) and (PI) are satisfied. Let  be any open subset
of M. Let f € L> N L*() and assume that a function u € F N L solves the equation
Lu = f weakly in Q. Then, for any ball B, = B(zo,7) C Q of radius v € (0,0 R) and for any
0 < p<r, we have

P\
osou < C (2) ull ey + Cr7)1 e, (11.1)
P
where positive constants o,y, C' depends only on the constants in the hypotheses.

Proof. By (E<) and r < oR we have HGBlHLOO < 00. By Lemma 10.3, the function w =
GP f belongs to F(B) and solves the equation Lw = f weakly in B. Clearly, the function
v:=u— GPf belongs F N L>® and is harmonic in B (cf. [14, Prop. 5.8]). Hence, by Lemma
9.4,

P\7 ( 3
(Tvgct)(rﬂ“m+MMW&J. (11.2)
Using (7'J) and (4.3), we obtain
75, (0) = esssup [ o] a,dy) < Clolliqn. (11.3)
rEDbr ;‘

Clearly, we have
ol oeqary < lulloqany + [[G%

Combining the above three lines, we obtain

9sc <C (g)V (”uHLC’O(M) +|GPrf

}LOO(M) = llull poo (ary + HGBTfHLOO(BT) :

MM&Q. (11.4)

By (E<), we have
HGBTf ‘LOO(BT) < HGBl“Loo ”f”LOO(BT) < CTﬁ HfHLOC(BT) :
Combining this with (11.4), we obtain

oscu < oscv + osc GPr f
B, B, B,
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< (8) (lulieqan + 1G5 1| s, ) + 21165 £
< ¢ (2) Nullzeqny + O 11l e 5,

which proves (11.1). O

‘LOO(BT)

IR

12. HEAT KERNEL

12.1. Existence and the Hoélder continuity of the heat kernel. Let the hypotheses
(V), (T'J) and (PI) be satisfied. By the results of Section 5, the heat kernel p; (x,y) exists
and satisfies the diagonal upper bound (DUFE). The same argument applies to any open set
Q C M so that the heat kernel p{® (z,v) exists and satisfies the same upper bound.

For any f € L' N L?(Q), the function u; = Pf satisfies for any ¢ > 0 the equation
Lu; = —0yu in € understood weakly as above. Lemma 5.5 and the duality argument yield
an upper bound of |u¢[; via || f[l;1(q), which implies by the standard argument of the
spectral theory also an upper bound for [|Oyul|;« (see [14, Lemma 5.10]). Combining with
Lemma 11.2, one obtains an oscillation inequality for wu;, which implies the same for the heat
kernel. In particular, one obtains the Holder continuity of the heat kernel. This argument has
been carried out in details in [14, Lemmas 5.10, 5.11, 5.12, 5.13] and results in the following
statement.

Lemma 12.1. Assume that (V), (T'J) and (PI) are satisfied.
For any non-empty open set Q C M, there exists the heat kernel pi*(z,y) that is jointly
continuous in (x,y,t) € Q x Q x (0,00) and locally Holder continuous in (x,y). Besides, it

satisfies the following upper bound for all x,y € Q and t € (O,Eﬂ)

C
Pi(@.y) < 5 (12.1)

In the case Q = M, the heat kernel pi(x,y) satisfies the following estimate, for all x,y,y’ € M
oL
andt € (0,R")

C (dy,y)\’
[pe(,y) = pi(, )] < 75 ( (tl/ﬂ )> , (12.2)

where § = %, v s the constant from Lemma 11.2, and C' depends only on the constants in

the hypotheses.
12.2. Near-diagonal lower estimate.
Lemma 12.2. We have (V) + (TJ) + (PI) = (nLE).

Proof. By Lemma 12.1, there is a continuous heat kernel p;(z,y). Fix t < (§R)® and set
r = 6 1t'/8 where § is the constant from (S). Using the semigroup identity and (S), we
obtain, for any x € M,

MMMZAmmWW@ZLm@WW@

(/Bpt (x,y)du(x)>2 > %1(;)))2

v

1
(B
82

~ T e OB

\Y]

(B)

=

It follows that
pi (z,x) > et /P, (12.3)

for all z € M and for all t < 5’Eﬂ, for some ¢, &’ > 0.
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By (12.2), we have, for all t < R’ and x,y € M,

1 (2,) — 1 (o)) < Orr? (A0
P (L, T b2,y tl/ﬂ
In particular, if d (z,y) < 6t'/8 with small enough &, then

c _
Ipe (z,2) — pe (2, y)| < 3t /B,

whence
pi(x,y) > dt/P (12.4)
where ¢ = ¢/2. Hence, we have proved this inequality provided ¢ < §R’ and d (z,y) < 6t'/8.
In order to complete the proof of (nLE), we need to extend (12.4) to all ¢t < R’ that is,
to achieve ¢ = 1. We have, for any ¢ < 5’§ﬁ,

2 «@
pou (z,2) > / P} (2,y) du (y) > (dt’“/ﬂ) C<5tw> =" (2t)7P
B(x,5t1/5)

Hence, renaming 2t to ¢, we see that (12.3) holds for all ¢ < 2R, Setting 6" = min (1, 24")
and repeating the above argument with (12.2), we obtain that (12.4) holds for all ¢ < §” R
Iterating this argument, we obtain (12.4) for all ¢ < R O

A similar argument was carried out in [14, Sect. 5.6] in the setting of general metric spaces.

12.3. Weak upper estimate. In this section we prove the implication
(V)+(TJ)+ (PI) = (WUE) (12.5)

of Theorem 2.8. Let us fix an arbitrary p € (0,00) and define the following truncated bilinear
form:

£0)(1,g) / / D) (9(@) - g@)di (z,y),

M x M\diag
where

d](p) ((IZ, y) = 1{d(x,y)§p}dj(x7 y)
As always, we assume that dj (z,y) = J (z,dy) du(z) where J satisfies (j.1) and (j.2). Using
the same argument as in [18, Propositions 4.1 and 4.2], we conclude that the form (), F) is
closable and its closure (£(P), F(¥)) is a regular Dirichlet form on L?(M). Moreover, FNCo(M)
is the core of the Dirichlet form (), F().

By [18, Proposition 4.6], we have the following estimate: for any nonnegative f € L>(M)

and for all ¢ > 0,

1Pef = Qefllpoe < 2t) fllzee sup J(z, B(z, p)°). (12.6)
xe
Lemma 12.3. For any ball B = B (x,p) of radius p and any t > 0, we have
Qilp =1p (12.7)
and
Qtch = ]_Bc.

Proof. Consider the killed heat semigroup QP. It is generated by the Dirichlet form (€ (0), Flr) (B ))-
In particular, for f € F N Cy (B) we have

O (f.f) = /MxM (f @) — F @) 4 (z.)

:/ (f (@) = F ) L@y <p i (2,9)
BxB
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where we can replace M x M by B x B because of the following observation: if both z,y € B¢
then f (z) = f (y) = 0 while if one of x,y is in B and the other is in B¢ then d (z,y) > p and,
hence, 1(4(,)<py = 0. Hence, the Dirichlet form (W), F) (B)) has no killing part. Since B

is compact, we conclude that (€ (0), F(P) (B)) is conservative, that is, for all ¢ > 0,

Qf1p =13.
It follows that
Qilp > 1p (12.8)
whence
(Qu1p,1) > (15,1) = u(B). (12.9)
Since also

(QtlBa 1) = (1B>Qt1) < (1Ba 1) = IU(B) )
we see that, in fact, equality is attained in (12.9) and, hence, in (12.8), which proves (12.7).

Since M 1is a disjoint union of all distinct balls of radius p, it follows from (12.7) that
@¢1 = 1. Finally, we have

Qtch = Qtl - Qt]-B =1—-—1p=1pgec.
g

Corollary 12.4. If (T'J) is satisfied then, for any ball B of radius v € (0, R) and for any
t>0,

t
Pilpe < C— in B. (12.10)
T

Proof. Choose p = r. Setting f = 1pc in (12.6), using that by Lemma 12.3 Q;1p. =0 in B,
and applying (7"J), we obtain

t
P1pe <2tsup J(z,B(z,r)°) < C_ﬁ in B,
zeM r

which was to be proved. ]

Remark 12.5. In fact, we have (12.10)<(7"J), since (T'J) follows from (12.10) by dividing
by t and letting ¢ — O.

Now we can prove the implication (12.5).
Lemma 12.6. (V) + (7J) + (PI) = (wUE).

Proof. Under the conditions (V'), (7J) and (PI), by Lemma 12.1, the heat kernel p; (x,y)
exists, is continuous and satisfies the estimate
C
pe(@.y) < 75 (12.11)

for all x,y € M and t € (O,Eﬁ ). It suffices to prove that the heat kernel satisfies also

pe(z,y) < < !
t ) =~ — )
te/8 (d(x,y)/\R)B

which together with (12.11) will imply (wUE).
By Corollary 12.4, we have (12.10). Since P;1p(, ) is monotone decreasing in r, it follows
from (12.10) that, for all » > 0 and ¢ > 0,

(12.12)

Ct

Pl < -
B (’I“/\R)ﬁ

in B(z,r). (12.13)
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Now fix t € (O,Eﬁ), x,y € M and set r := %d(x,y). It suffices to prove (12.12) in the case
r > t1/8. By semigroup property of p;(z,y), (12.11) and (12.13), we have

Pl y) = /Mpm(w,z)pm(z,y)du(z)

( / + / )ptﬁ(x,z)ptp(z,y)du(z)
B(z,r)c B(y,r)c

< sup pia(2,y)  Pyyplperye () + sup pyo(z,2) - Pyalpyee (y)

IN

y,2€M z,z2EM
ot
S (AR
which finishes the proof. O

13. DERIVATION OF (PI) FROM HEAT KERNEL ESTIMATES

Definition 13.1. We say that the localized lower estimate (LL_E) is satisfied if there exist
¢ > 0 and € € (0,1) such that, for any ball B of radius r € (0, R), the heat kernel p?(z,y)
exists and satisfies for any t'/% < er the following inequality:

pB(x,y) > ct=/P for p-a.a. z,y € B such that d(z,y) < et'/?. (LLE)
Lemma 13.2. We have (WUE) + (nLE) = (LLE).

Proof. Since (wUFE) implies (DUFE) and, hence, (Nash), applying (Nash) in any open set
Q) C M, we obtain by Lemma 5.5 that p? exists for any €.

Let € € (0,1) be a small enough number to be determined later. By [17, Thm. 5.1] with
p = 0o, we have, for any ¢t > 0 and for - a.a. z,y € B,

pt(x,y)gptB(a;,y)+ sup esssupps(x,z)+ sup esssupps(y,z), (13.1)
t/2<s<t zE€EK° t/2<s<t z€K°

where K is any compact subset of B. Since B is compact, we can take here K = B. Note
that, for any t1/% < er and for all z € B, z € B¢, we have

d(z,2) AR>rANR=r>¢c 1/P
By (wUFE), we have, for any s € [t/2,t] and p- a.a. x € B, z € B€ that

2\ B
C d(z,z) AR

< C 14 e~ 141/8 7
- (t/g)a/ﬁ t1/8

< OB/,

Estimating in the same way p, (y,z) in (13.1), we obtain, for any t'/# < er and p- a.a.
xz,y € B that

e (,y) = pila,y) — CePtP, (13.2)
Let ¢ be the constant from (nLE). Assuming that ¢ < § and applying (nLE), we obtain
that, for all t'/# < er and for y- a.a. 2,y € B such that d (z,y) < et'/?,

pr (z,y) > =P,
Substituting into (13.2), we obtain
pP(x,y) >t/ — P8 = (¢ — CPYto/P,
Finally, choosing € small enough, we obtain (LLE). O
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Proposition 13.3. Let B a ball such that
esssup J (z, BY) < oo. (13.3)
rEB
Set
fBXB\dlag( (‘T) o u(y))(v(x) - U(y))dj ('Iay) ’

7

ol &

Then, for all u € F,

&1 (uyu) ==& (u,v) + (u,v) 2 ~ & (u,u). (13.4)
Consequently, (€, F) is a regular Dirichlet form in L*(B).
Proof. Clearly, if J satisfies (j.1) and (j.2), then also any kernel of the form

¢ (z,y)J (z,dy)
with a bounded non-negative symmetric Borel function ¢ also satisfies (j.1) and (j.2). In
particular, this is the case for ¢ (x,y) = 1pxp. Consequently, £ is well-defined on Fypax (cf.
(2.2).

It is easy to see that the form (&, F) is bilinear, symmetric, non-negative and Markovian.
By definition, F is dense in L? (B). Hence, the fact that (€, F) is closed and regular will
follow from (13.4).

For all u,v € F, we compute & (u,v) —& (u,v) by splitting the domain of integration M x M
into the union of B x B, B x B¢, B¢ x B, B¢ x B¢ and using symmetry of the jump measure,
as follows:

o) ~Ewo = ([ +ff CX; ) )~ uw)e(o) - o) e o)

=2 [ ) daua)
= Q/Bu(m)v(z)J(:c,Bc)du(x) (13.5)

< Cllullge ol 2
where C = 2esssup,cp J (z, B¢) < co. It follows that, for any u € F,
E (u,0) < € (u,0) < E (u,0) + C ul25 (13.6)

and, hence,

E1 (u,u) < E1(u,u) < (C+1) &1 (u,u),
whence (13.4) follows. O

Lemma 13.4. (Comparison principle) Let (£,F) be a Dirichlet form, A > 0 and u € F.
Suppose that

Ex(u,v) :=E(u,v) + (u,v)2 >0 forall0<veF.
Then u > 0.

Proof. Indeed, take v = Gy f with 0 < f € L?. Then we have 0 < v € F and then
(u, f) = Ex(u, GAf) = Ex(u,v) = 0.
Since f is arbitrary, we can conclude that u > 0. O

Proposition 13.5. Let B C M be a ball. Let (E,F) be the regular Dirichlet form from
Proposition 13.3 and let {Pt}i>0 be its heat semigroup. Then, for all non-negative functions
f € L3(B) and for all t > 0, we have

Pif>PPf inB.
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Proof. We denote the resolvents of (£, F(B)) and (€, F) by G¥ and G, respectively. Fix
0 < f € L*B)and A > 0. Since F = F (B), both functions v = G¥ f and u = G, f belong
to F. For any v € F, we have
Ex(u,v) = (f,v)12(8) = EA(W,v),
which together with (13.5) yields
g)\(ﬂ - u, U) = z/\(ﬂ7 U) - E)\(’U,, ’U)

= E(u,v) — E(u,v)

Hence, by Lemma 13.4, we conclude that w — u > 0 in B, that is,
Grf >GBf in B.
Since this is true for all A > 0, applying the formula [10, (1.3.5)], we obtain

)\~>oo

- o= (A o= (V)" .
Pif = lim e ”Z(n? G\)"f > lim MZ—(“? (AGR)"f =PPF.
n=0 ) n=0 ’

Lemma 13.6. We have (V) + (wUE) + (nLE) = (PI).

Proof. Let B = B (xo,r) C M be a ball of radius r € (0, R). Consider the heat semigroup
{Pt} in B defined as above. Let us show that it has a heat kernel P, (z,y). Indeed, by

(wUE), we have, for all t < R’ and - a.a. x,y € M,
pi(z,y) < Ot/
By [4, Thm. 2.1], we have the Nash inequality

(1+v) -8 v
LA™ < (08, )+ RNFIZ:) £
for all f € FN L', where v = 3/a. By (13.6), we obtain, for all f € FnL!,

1557 < € (EC )+ (14 R7) 1112 ) 1915

Applying again [4, Thm. 2.1] and [15, Cor. 3.8], we conclude that the heat semigroup {Ft}
has a heat kernel that we denote by p, (z,y). It follows from Proposition 13.5 that, for all
t>0and u- a.a. z,y € B,

By Lemma 13.2, we have the lower bound (LLE) for pP, which implies the same lower bound
for p, (x,y), that is,

7, (z,y) >t /P, (13.7)
for all t'/8 < er and p- a.a. 2,y € B such that d(z,y) < t'/8. Choose here
t=(er)’.
It follows from (13.7) that, for this ¢,
Dy (z,y) > er™ @, (13.8)

for p- a.a. xyEB(:co,e r)
For any f € F, we have by [10, eq. (1.3.17)]

B0 2 =Pis) 2 g [ [ ) (@) = 1 @) dut@) du o).
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which together with (13.8) implies that

£ = — f()?dp (x) dp (y) -
S Y . (9)?dp (&) dp (1)
Using the definition of £, we rewrite this inequality in the form
Lo @ e duadut) < o [ (@) = 1) i), (139
B(zo,e2r) J B(zo,e2T)

where f is any function from F = F (B). Let now f be any function from F N L (M).
Applying (13.9) to the function flp € F (B) (cf. Lemma 4.1), we conclude that (13.9) holds
also for all f € FNL*(M). By a standard approximation argument, it follows that (13.9)
holds also for all f € F, which proves (PI) with x = 2. O

14. COMPLETION OF PROOF OF THE MAIN RESULTS

Proof of Theorem 2.8. Assume that (V), (T'J) and (PI) are satisfied. By Lemma 12.1, (£, F)
has a Holder continuous heat kernel p;(z, y). The heat kernel satisfies the upper bound (wU E)
by Lemma 12.6, and the lower bound (nLFE) by Lemma 12.2.

Conversely, if (V), (wUE) and (nLE) are satisfied, then we obtain (PI) by Lemma 13.6,
which completes the proof. O

Proof of Corollary 2.13. By Lemmas 5.2, 10.2, 10.4, 10.6, we obtain condition (S). By [13,
Lemma 4.6], conditions (V') and (S) imply that (£, F) is conservative.

(a) Note that (wUE) implies (DUE). By Theorem 2.8, it suffices to prove the following
implications:

(V=) + (DUE) + (J<) + (S) = (UE), (14.1)
and
(UE) = (J<),

which follow from [18, Theorem 2.1] and the first implication of [13, Lemma 4.9], respectively.
Although the implication (14.1) was derived under the assumption that R = o0, its proof
also works for R < 0o (see also [13, Sect. 4.4, proof of Thm. 2.9]).

(b) By Theorem 2.8, it suffices to prove the following implications:

(nLE) + (V=) + (J>) + (S) = (LE),
and
(LE) = (J>),

which follow from [13, Theorem 2.8] and the first implication of [13, Lemma 4.9], respectively.
O

15. OPTIMALITY OF HEAT KERNEL BOUNDS UNDER (7'J) AND (PI)

In this sections we give examples to show that, under the conditions ( V'), (PI) and (T'J),
the heat kernel estimates (wUE) and (nLE) are sharp in certain sense.

Fix a positive integer n, a sequence of positive reals {a;};"; and a positive real 8. Let
(M;,d;, p1;), 1 <1i < n, ben ultrametric spaces satisfying the conditions

w(Bi(x,r)) ~r*  for all z € M;, r > 0.
For example, M; can be taken to be Q, with the distance d; (z,y) = ||z — yH]l?/ai and the

Haar measure p,.
For each 1 <4 < n, consider on M; the jump kernel

1
Ji(x,y) = W
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Since this jump kernel satisfies (7'J) (cf. (3.13)), it determines by Corollary 4.2 a regular

Dirichlet form (&;, F;) with the jump kernel J;. By Theorem 2.8, the heat kernel pgi) (z,y) of
(&, F;) satisfies (UFE) and (LE):

—(a;+P)
(4) 1 d(z,y)
b (l’,y) - tai/ﬂ <1 + tl/ﬁ '

Now let us consider the product space M := My x Ms X ... x M, equipped with the metric
d and product measure p as follows:

d(CC,y) = 1<?<Xn{di($i,yi)}, W= g X g X oo X fhy,

where x = (x1,29, -+ ,x,) and y = (y1,y2, - ,yn). Clearly, (M,d) is an ultrametric space
and p satisfies

w(x,r) ~r* forall x € M, r>0,
where
a=a1+az+ -+ ap. (15.1)

Consider the jump measure J (z,dy) on M that is defined on non-negative continuous func-
tions f on M by

/Mf(y) J (z,dy) = ;/Mz J (@1, o, i1, Yis i1y s Tn) Ji (T4, Y1) Aty (43) - (15.2)

Let us verify that the jump measure J satisfies (7'J). Indeed, since each J; satisfies (1), we
obtain using (15.2) and

B(‘T7T) = Bl(.’[‘l,T) X BQ($2)T) X X Bn(xn,r), (153)
that

J(x, Bz, r)°) = /M Loy (4) J (. dy)

= Z/ 1B(zr)e (T15 oo Tim1, Yy Tig s oo Tn) Ji (@i, i) dpt (yi)
i=1 7 Mi

= 2/ 15, (e rye (Yi) i (@3, yi) di; (yi)
i=1 Y Mi

= Ji (i, yi) dpy (yi) < — = —.
> /BM () i () < D2 =

i=1
Hence, by Theorem 2.2, the jump measure J determines a regular Dirichlet form (£, F) with
the jump measure J. Clearly, we have

g(fa f) = Z/M/M (f(l’]_,” C Ly Lg—1y Ljy Li4-1, """ axn) - f(xl)' oy Li—1,Yiy L4150 0 7:UTL))2
i=1 i

< Ji (i, yi) dpg (yi)dp(),
for any f € L? (M, ). The generator of (&, F) is given by

Cf (@) = /M (f (@) — () 7 (. dy)

n
= Z/ (f@1, @i, @i, @iga, -, 2n) — f(T1,0 0 i1, Yis Tig1, -+, Tn))
i=1 Y Mi

xJi (i, yi) dp; (ys)
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n
= Z Lif (x)
i=1
where £; is the generator of (&;, F;) acting on the component x; of x. It follows that
n
Sl
and, consequently, the heat kernel p;(z,y) o

f(€,
1 di(wi,yi)\ @
Hpt (4, 91) ~ WH L = . (15.4)

By direct computation, we see the following.
(1) pe(z,y) satisfies (wUE), since by (15.4)

C max; d;(z;, y;) 76_ C d(z,y) -8

(i1) ps(z,y) satisfies (nLE). Indeed, for any x,y € M and t > 0 with d(z,y) < t'/7, we
have also d; (z;,y;) < t1/8 and, hence,

— (i +B) n /
di(xi, yi) ¢ —(aitp) — € _
(z,y) toc/ﬁ H (1 T ass ) = jarB I_Il (1+1) = ja/B

By Theorem 2.8, we conclude that (£, F) satisfies also (PI).

Hence, the ultrametric space M with reference measure p and jump measure J satisfies
(V), (PI), (TJ) with parameters a, 3 and R = oo. Note that o and 3 can take arbitrary
positive values. Even if we fix o and 3, there are still “hidden” parameters n, aq, ..., o, with
the only constraint (15.1), and they can be varied to obtain desired properties of M.

Let us show that (wUFE) is optimal in the sense that the exponent [ cannot be replaced
by any larger number. More precisely, let us show that, for any ¢ > 0, there is a choice of
“hidden” parameters such that, in some range of the variables (¢, z,y),

c d(z,y)\
pe(x,y) > eyl (1 + W) ;
d(z,y)

while =775~ can take arbitrarily large values. Indeed, we can assume that ¢ is small enough
and set o; = €, while ag, ..., ay, should only satisfy (15.1). Set

E = {(t,x,y) €R+ x M xM:di(a:i,yi) Stl/ﬁ < dj (.11,331), 2 S’Lgn}

F) satisfies:

Then, for any (t,z,y) € E, we have
d(z,y) = max {d;(zi,y:)} = di(21,91),
1<i<n

and hence, by (15.4),
n —(a;+8)
1'27 yz)
ne) 2 g1 ( )

(1+p) n
) H(l + 1)~ (@th)

=2

Y

ta/ < tl/ﬂ

—(B+e¢)

which was to be proved.
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Now let us show that (nLE) is optimal in the following sense: for any large number N > 0,
there is a choice of “hidden” parameters such that, in some range of the variables (¢, z,y),

while

C d(z,y N
pt(x,y)gta/ﬁ <1+ il/ﬁ)> : (15.5)

dt(lm/’ﬁ) can be arbitrarily large. Indeed, set

1 .
F = {(xz,y) e M x M : §d1 (x1,1) < di(mi,ys) < di(x1,01), 2<i<mn}.

Then, for all t > 0 and (z,y) € F,

d(z,y)
2

d(x,y) =dy (x1,y1) and d; (x4, y;) > 2<i<n.

Hence, we obtain by (15.4) that, for all ¢ > 0 and (z,y) € F,

pe(z,y) < 2B 11 <1 + —/B ) < /B H <1 + ot1/8 >

i i=1

—(a+np) ! —(a+np)
_ ¢ (., 4=y < ¢ ) .
to/B 2t1/8 ta/B t1/8

Choosing n large enough such that o + nf > N we obtain (15.5).
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