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1. INTRODUCTION

The Navier-Stokes equation
Owu = vAu +u - Vu + Vp,
divu =0, (1.1)
u(0) =¢

in R? is the core of Eulerian approach dealing with the time evolution of the velocity fields of
Newtonian fluids. Here u represents the velocity, v > 0 is the viscosity constant and p is the
pressure. It is well known that for any divergence free vector field ¢ € L?(R?), there exists a
divergence free Leray-Hopf weak solution to NS equations in

V.= {u : ||UHLOO([O’T];L2(RL1)) + ||VUHL2([07T];L2(RL1)) < o0, vT > 0} . (1.2)

However, it is still unknown whether the above Leray-Hopf solution is unique and smooth when
d = 3, which is one of the most famous open problems in the area of partial differential equations.

If one imagine the fluid as being composed of many ‘fluid particles’, then one can work out
the paths followed by these particles, this is the Lagrangian approach to hydrodynamics studies
the configuration of the underlying particles, namely the solutions of the equation

%Xtm = u(t, X;(x)), Xo(z) ==z €R™ (1.3)

It was first proved by Chemin and Lerner [3] that if d = 2, there is a unique trajectories
corresponding to each Leray-Hopf solution « with an initial condition that is only L?. However,
when d = 3 and u is a Leray-Hopf weak solution of (1.1) with initial data ¢ € H %, only local
well-posedness of (1.3) is proved. Their proof was later simplified by Dashti and Robinson in

[5].
It is also interesting and meaningful to construct the stochastic Lagrangian particle trajectory
X; associated with the velocity field u. More precisely, suppose W is a d—dimensional standard
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Brownian motion on some probability space (2, . %, P), u is a Leray-Hopf weak solution to (1.1),
we want to investigate the well-posedness of the following SDE

dXt == U(t,Xt)dt + V 21/th, XO == f, (14)

in weak or strong sense. If u is smooth in z, then by Constantin and Iyer’s representation [4]
(see also [20]), u can be reconstructed from X;(x), the unique solution to (1.4) with £ = z, as
follows:
ult, x) = PE(V' X, (2) - (X[ (@),

where P is the Leray projection and X;!(z) is the inverse of stochastic flow x +— X;(x), and
V! stands for the transpose of the Jacobian matrix. However, it is well known that even if the
initial data is smooth with compact support, the smoothness of u in z can only be proved in
short time. When the initial data ¢ is only square integrable, by (1.2) and Sobolev’s embedding,

we L{LE, p,g> (2,00, ¢42=4. (1.5)

When d > 2, the classic result of Krylov and Rockner [9] can not be applied in this case, since in

their work, the drift term w in (1.4) should satisfy the following Ladyzhenskaya-Prodi-Serrin’s
type condition (abbreviated as LPS):

we LILP p,q€ [2,00), %+%<1'

See also [22, 24] for further discussion. Recently, in [26], Zhang and the author of this paper
studied the following singular SDE:

t
Xy =x+ / by (Xs)ds + Wy
0

beyond the LPS condition. Their main result shows that if
b,(divb)” € L{LE, p,g€[2,00), 4+2<2,

then the above SDE admits at least one weak(martingale) solution. This implies that when
d = 3, for each € R3, (1.4) admits at least one weak solution. Unfortunately, the uniqueness
of finite dimensional distribution of solutions to the above SDE starting from each single point
was not proved or disproved in that work, and we tend to think it is not true.

Motivated by [4] and [26], in this paper, we want to show a suitable sort of well-posedness of
the following It0’s type SDE with rough coefficients:

t t
Xt:§+/0 b(s,XS)der/O o(s, Xs)dWs, (1.6)

where b : [0,T] x R — RY, o : [0,T] x R? — R? ® R™ are measurable functions and W is an
m—dimensional standard Brownian motion. For deterministic case, in the celebrated paper [6],

DiPerna and Lions studied the connection between the transport equation and the associated
ODE

Xi(z) :a:—l—/o b(s, Xs(z))ds.

They showed that the existence and uniqueness for the transport equation is equivalent to a
sort of well-posedness of the ODE. Roughly speaking, their result shows the ODE has a unique
solution for Ag—a.e. initial datum(here and below, \; denotes the Lebesgue measure in Rd)
provided that b € L%(VVllocl) and divb € LS. In [1], Ambrosio developed the theory of Regular
Lagrangian Flows(Abbreviated as RLF), which relates existence and uniqueness for the continu-
ity equation with well-posedness of the ODE and the well-posedness of the continuity equations
in L™ is proved in the case of vector fields with BV regularity whose distributional divergence is
in L*>. Later, Figalli [7] studied the stochastic counterpart of RLF and a formalization akin to

that of DiPerna-Lions is introduced, the main objects is called Stochastic Lagrangian Flows(see
2
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Definition 2.3). As in the deterministic case, the well-posedness of SDE (1.6) has to be un-
derstood “in average” with respect to Ayj—a.e. initial datum. Such a theory provides efficient
tools to study stochastic differential equations under low regularity assumptions(see also [18]).
Deep connections between well-posedness of Fokker-Planck equation and martingale problems
associated with (1.6) are established in their works, in particular for a wide class of diffusions

having not necessarily continuous nor elliptic coefficients, provided that some Sobolev regularity
holds.

Let us denote
a(t,x) := ialk(t,x)ak] (t,x), Lf:=a"0;f+0b0;f,

and

L*f = 0;(a" f) — 0;(b' f) = 9;(a 0, f) — 0i(V" f),
where V% := b — @-aij. Formally, the distribution of X; solves the following Fokker-Planck(or
Kolmogorov’s forward) in the sense of distribution:

{ O — Ly pr = Oty — 0ij(a" py) + 0 (b pg) = 0

3} (FPE;)
Ho = [t

where i = P o X;'. As showed in [7] and [18] under some mild conditions, the existence and
uniqueness of Stochastic Lagrangian Flow associated to L is equivalent with the well-posedness
of above Fokker-Planck equation in L setting. So a good understanding of above equation is
crucial for studying of Stochastic Lagrangian Flow associated to L. If y; is absolutely continuous
with respect to the Lesbesgue measure, and p;(dz) = u(t, x)\g(dz), a(dz) = ¢(x)M\g(dz), then
the above equation can be rewritten as
{&gu—v-(aVu)-i-V-(Vu) =0

4(0) = (FPE,)

Inspired by [7] and [18], in this paper, by studying the above Forker-Planck equation in
L —setting, we establish the well-posedness of (1.6) in the sense of DiPerna-Lions(or Stochas-
tic Lagrangian Flow corresponding to (1.6)) under some local integrability assumptions on b,
9ja" and divV (see (As) below), provide that the diffusion coefficient a is uniformly elliptic.
Compared with the result in [7] and [18] for bounded elliptic case, we do not need to assume
the drift coefficient b is bounded in x. To prove the existence and uniqueness for L solution
of (FPEy), the key point for us is to establish a priori global maximum estimate. We use the
classic energy method and establish the key maximum estimate (3.11) by De Giorgi’s iteration.
It should be mentioned that similar local maximum principle for homogenous Kolmogorov’s
backward equation is proved by Nazarov and Ural’tseva in [12] by using Moser’s iteration. In
[26], global result for general backward equation was established by De Giorgi’s method. And
when b is divergence-free and smooth, Qian and Xi [13] studied the Aronson’s type estimate for
the heat kernel of operator .Z? = A +b-V, where the bound depends only on the norm HbHLiL;‘:a
where ¢,1 € (2,00) satisfies 1 < %—l—% < 2.

Obviously, the Stochastic Lagrangian Flows are close related to the weak solutions to SDE.
In [21] and [23], Zhang proposed the “strong” version of Stochastic Lagrangian Flows, which
is called almost everywhere Stochastic Flow. When b and o satisfy some Sobolev regularity
assumption(see (Ay4) below), in this paper, a pathwise uniqueness result is proved for particular
solutions to the original SDE (1.6). Combine this and a Yamada-Watanabe’s type argument,
we show that there is a unique almost everywhere Stochastic Flow corresponding to (1.6). Since

each Leray-Hopf solution v of 3D-NS equation with L? initial datum is in L?ng ’2, our results
3
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imply a sort of strong well-posedness of (1.4). However, we should point out that the weak
differentiability of the stochastic flow with respect to the starting point x remains open.

This paper is organized as follows: In Section 2, we give some basic definitions of certain local
Sobolev spaces and state our main results. In Section 3, we study the Fokker-Planck equation
(FPE2) using classic energy method and establish the key maximum estimate (3.11) by De
Giorgi’s iteration. In Section 4, we prove our main result Theorem 2.4 and Theorem 2.7.

2. DEFINITION AND MAIN RESULTS

Suppose (E, ) is a measurable space, the collection of all o—finite measures and probability
measures on F are denoted by .#(E) and Z(E), respectively. Given T > 0, let C([0, T]; R%) be
the continuous function space equipped with the uniform topology, w; be the canonical process
on it and B := o{ws € C([0, T];RY) : 0 < s < t}.

For p,q € [1, 0], we define
LY(T) = L([0,TT; LP(RY)),
and LP(T) := L5(T). For p,q € (1,00), s € R, we also define
Hy?(T) = LI([0, T]; H*?(RY)),
where H*P is the Bessel potential space. The usual energy space is defined as the following way:

VAT) = { € L3(T) N L0, THHY : I lvery = Il + 19l < o}

Throughout this paper we fix a cutoff function
X € C°(R%[0,1]) with x|p, = 1 and x|p; =0,
and for r > 0 and € R?, define
Xr() = x(r~'2), XU(2) = xo(x —y), zeR™ (2.1)
Next we introduce the localized Sobolev spaces for later use.
Definition 2.1. Let p,q € [1, 00|, we define the Banach space: for fized r > 0,

Li(T) == {f € L([0, T L, (RY) < I flgp ) = = sup, 1 xF gy < oo }

ye
and LP(T) := LE(T); For any p,q € (1,00), s € R,
HP(T) = {f € LU0, T; Hype) < 1f gz () := sup ||er||H9P(T)}
yeR

Moreover, we also introduce the localized energy space

V()= {1 e BT NPT 1 lgry = I ey + IVl gy < 00}

VOT) = {f e V(T) : for anyr >0,y € RE t — f()xY

is strong continuous from [0,T] to LQ(Rd)}.

Let us recall the definition of martingale solutions associated to operator L.
4
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Definition 2.2 (MP). A continuous process { X }vc(o,1) with value in R define on some filtered
probability space (0, F, %, P) is a solution of the martingale problem(MP) associated to (L, 1)
or martingale solution to (1.6), if it holds

P oXO_1 = po = law(§) € QZ(Rd);

T
E/ la(t, X;)| + |b(t, X;)|dt < oo;
0

and for each f € C2 the process

t,x

s M = f(t, X,) — £(0, Xo) — /Ot[as + Ly f(s, Xs)ds

is a Fy—martingale. Or equivalently, a probability measure P on C([0,T);RY) is a solution
to MP associated to (L, ug) or martingale solution of (1.6), if the above relations hold for
(C([O’T];Rd)a876t7p7w)‘

The following definition of Stochastic Lagrangian Flow is taken from [7].

Definition 2.3 (SLF). Given a measure mg = poAg € 4 (R?) with pg € L™, we say that a mea-
surable family of probability measures {Py},cga on C([0,T); R?) is a mo—Stochastic Lagrangian
Flow (mo—SLF) associated with L, if:

(i) for mg—a.e. x, Py is a martingale solution of the SDE (1.6) starting from x;
(it) for any t € [0,T]

my = / P, o w; P mo(dz) < Ag,
R4
and my = pAg with py € L uniformly in t € [0,T].
And the \g—SLF is abbreviated as SLF.
Our main assumptions on the coefficients a and b are following:

Assumption 1. There are constants A > 1, k > 0 p1,p2,q1,q2 € [2,00) and z%—I—% <2(i=1,2)
such that

ATHE? < a¥gg; < A% (A1)
Hb”ﬂ?i(T) + Hajaijﬂ]igll o TV V)_H]Egg(T) < K (A2)
dia € L(T). (As)

The following Theorem is our first main result:

Theorem 2.4. Under Assumption 1,
(1) for any mo = pora € A (R?) with py € L™, then there is a unique po—SLEF associated
with L;
(2) for any pg € P (R?) with bounded density with respect to \q, there is a unique martingale
solution P associated to (L, pg) such that py = ]P’owt_1 K Ag and py = pAg with pp € L™
uniformly in t.

If u is a Leray-Hopf solution to 3D-NS equation with initial condition u(0) € L?(R3), then
u € L>=([0,T); L?) N L2([0, T]; H'), by Sobolev embedding and interpolation theorem,

well(T), 2+2=35<2 pqe 200

Thus, Theorem 2.4 implies the following corollary:
5
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Corollary 2.5. Suppose u is the Leray-Hopf weak solution to 3D-NS equation with L? initial
datum, then
(1) for mg € #(R3) with a bounded density with respective to A3, there is a unique mo—SLF
associated with (1.4);
(2) for any po € P(R3) with bounded density with respect to A3, (1.4) admits a unique
martingale solution P such that puy = P o wt_l <K A3 and pr = piAs with pr € L™
uniformly in t.

From the probabilistic view, both results above are about the weak(martingale) solutions of
SDE. Notice that a Leray-Hopf solution u of 3D-NS equation with L? initial datum is in H;Q (T).
Our next main result show that the Sobolev regularity of u leads a sort of well-posedness of (1.4)
in strong sense. Before presenting our statement of second theorem, let us give the definition
of almost everywhere Stochastic Flow mentioned by Zhang in [23, Definition 2.1}, which can be
regard as the “strong” version of SLF.

Definition 2.6 (AESF). Suppose (2, %, %, P) is a filtered probability space satisfying the com-
mon conditions and W is a standard d—dimensional Brownian motion on it. Given a mea-
sure mog = porg € A (RY) with py € L™, we say a R'—valued measurable stochastic field on
[0,T] x Q@ x RY, Xy(w, ), is a mp—almost everywhere Stochastic Flow (AESF) of (1.6) if
(1) {Py}yera = {P o X 1(2)},cpa is a mo—SLF corresponding to L;
(2) for mo—almost all x € RY, X(x)is a continuous F1—adapted process satisfying that

Xi(z) =z + /Ot b(s, Xs(x))ds + o (s, Xs(z))dWs, ¥Vt e [0,T].

In order to get the well-posedness of almost everywhere Stochastic Flow, we need a stronger
assumption on the coefficients.

Assumption 2. The coefficients b and o satisfy
be LN[0,T], Wy, (RY), o € L*([0, T]; W2 (RY). (A4)

loc loc
Theorem 2.7. Under Assumption 1 and 2,
(1) for any mo = poAa € A (RY) with pg € L™, equation (1.6) admits a unique mo—AESF;
(2) if &€ € %y is a random variable with bounded density, then equation (1.6) has a unique
strong solution X; such that the density of P o Xt_1 is uniformly bounded in t.

We should emphasize that a similar result had been stated in [11] under the assumptions that
c=1,V-b=0,b¢ H%’T NLY with r > 1, g + % < 2. Their argument essentially follows Zhang
[23]. In this paper, we will give a slight different proof based on some techniques from [19], [23]
and [2]. Theorem 2.7 implies

Corollary 2.8. Ifd =3,
(1) for any mo = porg € A (R?) with py € L™, there is a unique mo—AESF corresponding
to each Leray-Hopf solution of 3D-NS equation;
(2) for any random variable & € Fo with bounded density, equation (1.4) admits a unique
strong solution X; satisfying P o Xt_1 € L>(T).
3. KOLMOGOROV AND FOKKER-PLANCK EQUATION
In this section, we study the Fokker-Planck Equation associated to (1.6) and establish the
well-posedness of (FPE;) in L™ setting.
Here and in the sequel, we always assume d > 2, (p;, ¢;, e;) € (1,00)2 x (0,1) and
d 2

— 4+ —=2—e¢;. (3.1)
bi Qi6
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For any (p;, ;) given above, we define p}, ¢ € [2,00) by relations
1 2 1 2
=+

bi  P; 9 g
which implies that
d 2 d 2 d+e;
—F+—=2—-ee S+ 5= +ez- (3:3)
Di Qi b 4 2

Let I be an open interval of R and D be a domain in R%, Q := I x D. Consider the following
PDE:

Ou—V - (aVu)+ V- (Vu)+cu=fin Q. (3.4)

Definition 3.1. We say u € V(Q) is a subsolution(supersolution) to (3.4) if for any almost
every t € I, ¢ € C°(Q) with ¢ >0,

/ u(t)p(t) + / [ — udyp + (aVu) - Vo —uV - Vo + cup] < (>) feo, (3.5)
D Dy Dy

where Dy = (I N (—o0,t]) x D.

3.1. A maximum principle. We first prove an energy inequality for the subsolution of (3.4),
which is crucial for the De-Giorgi iteration technique.

We need the following assumption:

IVligs + 1V -V 46 llgas + 1TV + )7l < 4. (A2")

Lemma 3.2 (Energy inequality). Let 0 < p < R< 1, k>0, I CR, @ = I x Br. Suppose
u € V(Q) is a locally bounded weak subsolution to (3.4) and a,V,c satisfy (A1), (A2’). nis a
cut off function in x, compactly supported in Br, n(z) =1 in B, and |Vn| < 2(R—p)~'. Then,
for any ug := (u — k)t and almost every s,t € I with s < t, we have

()= () o [ w0

c 2 2 2
S (G ”“’“”Lszmg(k)) -0 (B 1) S ol

where AL(k) = {u > k} N [s,t] x Br and the constant C' only depends on d, A, s and (pi,q;)-

(3.6)

9

Proof. We claim that : for almost every s,t € I with s < ¢, it holds that

s ([ o) -5 ([ i) o + [ Ve a¥u)

(3.7)
// (up + k)V - V(ugn?) // (ug + k)ugn? +//fukz7]
Indeed, if [t,t + h] C I, we define the Steklov’s mean of u:
1 [k 1 [t+h
ul(t, x) = / u(t+ s, z)ds = / u(s, x)ds, (3.8)
h Jo h Ji

and define u} := (u"—k)T. Suppose ¢ € C2(Q) with ¢ > 0, by (3.5) and choosing h sufficiently
small, we get
/ —udyo "+ (aVu) - Vo — (uV) - Vo + (cu)p™" < fo
IxD
7
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Notice that for sufficiently small h > 0, dyu" € 1.2(Q’), by the above inequality, we obtain

/ ol + (aVu) - Vo — (uV)" - Vo + (cu)p < fhp. (3.9)
IxD IxD
Now let £ > 0 sufficiently small such that [s —e,¢ + ] € I, define

e l(r+e—s), refs—e,s)

1, r € [s,t]

;t(r) =
(1—e1(r—1)), € (t,t+¢]
0, I\[s —¢&,t+¢

Let ¢ = ukn - (51, integration by parts yields

1 1 1
Opul'p = 3 On[(up)*In® - ¢34 = Oul(ugm)? - ¢5) — 2/ (upm)?(C5)
IxD IxD IxD IxD

tte h \2 1 s h \2
_1 / (ulim)? — L / / (ullm)
t D 28 s—eJ D

By standard approximation argument one can see that (3.9) still holds for ¢ = uZnQ . C;t(h is
sufficiently small). Thus,

1 t+e b 2_i s b9
t /D (un)? — 5 / 3 /D (ul)
4 /I [@va - Ve @) Ve + e )

< ),
IxD

Letting h — 0 and then € — 0, by Lebesgue’s dominated convergence theorem and differentiation
theorem, we obtain that for almost every s,t € I,

1(/ugn>(t)_;</ukn) //Vuk oV (urn?)
//uV Y (ur?) //cuum] +//fukn

Notice that u - 1y,sk) = (ug + k)1ysk), We complete the proof for (3.7).

For almost every s,t € I, using integration by parts, we get

//uk—l—kVVukn //nVVuk—i-Q//uanVn
—i—k://nV Vuk—l—%// upnV - Vn
:—// uinV - Vn—//v Vuin? +2// uinV - Vn
s \ s .
_gk// uknv.vn—k//V-Vuan—i—%// upnV - Vn
sJ D sJ D sJ D
t 1 [t t
:// uinV-Vn—//V-VuinQ—k//V-Vuan.
sJ D 2 sJ D sJ D

8
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Combing (3.7), (3.10), (A1) and using Hoélder’s inequality, we obtain

()= (fpoo) s 5 [ o
21 ([ (o) [ e
37’<310 —2// wnVn - (aVuy) // winV -V — // (AV -V + ) uin?
—k//(v-v+c)ukn2+// fuen®?
(21)21\// V| - |ukV7]|—l—// 2|V |V77|+k:2// (V-V4e)r
// AV-V 4oy +(V-V+o)]ud +// Fugn®.

For any ¢ > 0, by Holder’s inequality, (3.2) and (As’), we have

t t
2A// (nVuk| - |ux V| < 5// InVugl? + 40267 (R — p) 72 [lukllF 2 ac (r)

where Al (k) = {u > k} N |[s,t] x Bg;

174 2 .
[ vl <2 - p) Wi e

t
¢ [ [ (V0 <R Rl

ED)

t
Iy. .y - Vv =1 w2 2 2 .
[ a9 v+ @ v ot <ty

]L
a3

t
2 2 2
] run < Wl s ol < Vg ol + ol -

Choosing § = (2A)~! and combining the above inequalities, we get

([ @ ([ ) e [ v

3
<C(R—p) (Hukuwg(k)) 3 kan;(At(k») +C (K + 1512 ) D I agio 12,
i=1 af s i=2 @

where C' only depends on d, A, <" and (p;, ¢;).
O

From now no, we assume @ = I x D = (0,T) x R?. Using De Giorgi iteration, we will prove
a global L™ estimate for the solutions to (3.4). A similar approach can be found in [10].
We need the following elementary lemma.

Lemma 3.3. Suppose {yj}jeN is a nonnegative nondecreasing real sequence,

Yj+1 S NC] 1+6
9
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with e >0 and C > 1. Assume
yo < NVECTVE,

then y; — 0 as j — oo.
The following maximum principle is crucial
Theorem 3.4 (Global maximum principle). Assume u € VO(T) is a locally bounded weak
subsolution to (3.4), ut(0) € L®(R?) and V,c satisfy (As’), then there is a constant C only
depends on d, A, k', T and (p;,q;) such that for any f € Lg3(T)
ol + o ey < € (It @)1z + 1 F ) (3.11)

Proof. Take R =1, p = 5 in Lemma 3.2 and let n be the same function there. Define 7,(-) :

n(- —z) and Qr 4 = (0, T] X Bi(x).
= [|ut(0)]| o + HfH]Lm ) by (3.6) and letting s | 0, we have

Step 1: choose k > Kj
(/ ukm) L v
e e (3.12)

sup
te[0,7]
< (lalag o+ S Tl )OS MaglPyr
’ i—1 Lz (@ra) i—2 Ly
where 7 € (0,7T") and A(z, k) := Qrz N{u > k}.
Let () = n(52), & = 7 = 387, & = & — 257 By (3.3), we have 442 = ¢and
L% (1) C V(7), so Holder’s inequality yields
el pr <Ol g | @ral 53
g (@ S | (3.13)
<Cllurle v (75 < O3 |lug |l
Obviously,
lurllLz(g.,..) < Crs lurll -
By above estimates and (3.12), we get
||Uk||%7( ) SCa sup [z
zER?
3
<CTflugllf ) + CkZZ sup | Lagepll? e
—9 xcRd qu
where § = min;{i5}. By choosing 7 = (2C) 07" we get
3
luely,y < CK* Y sup 140 H (3.14)
=2 x€R4 q;}‘
2 —d 4 ]Lpl( ) C V(7). For

Now let p; = (d + e;)p;i/d, @ = (d + e;)q} /d, then by (3.3), £ + 2 = 4,
any h > k, since A(z,h) C {ug > h — k} N Qr 4, by Chebyshev’s inequahty, Holder s inequality
10



SLF's for SDEs with rough coefficients

and (3.14), we get

1La@mll z; < = k)Ml oy ) < (= k)7 1HUkHLm @ 1At mll @rery /e

q*( T’m) <d+el)q /eq

7 7

<(h—Fk)~ llluwaLm HlAack)Hd:;l C(h — k) urtallvr) ||1Aack)’|d:;1

* *
K3 K3

. p— (3.14) 3 — (3.15)
<C(h —k) Huka/(T)HlA(:c,k)”Lpz <C - ;;&g 11 Az m)ll I; ||1A(:c,1c)”Lp;

*

% 9

<C

14+e
(Z Sup [|Laa,p | ) (Vz € RY),

2 zeR
where € = mini{m} and C7 only depends on d, A, <" and (p;,q;). Let N > 1 be a number will
be determined later, define kj := NKy(2 —277) (j € N) and

3

yj = > s [ Lagayll ;-
= QxGIR

7,

By (3.15), we have
yjr1 < 8C127y 1+€
Thus, by Lemma 3.3, if

3

/.2
S sup [Lageva s = 90 < (8C1) 7727/ (3.16)
= 21‘€R q

7

then lim;_, y; = 0, i.e. ut < 2NKj almost everywhere. Indeed, by (3.15), for any = € R%,

1+¢
C1
11 AN Kol % Sy 1 <Z Sup |14z, ko)l pl)

21‘6

3

1+e
(Z sup |QT1,|%> < 21—i_chl/(]V - 1)5

2 zCR4

which implies yo < 227°C;/(N —1). Let N = 1 +2 ES (Cl)lJr then we have (3.16). Thus,
there is a constant Cy depending only on d, A, " and (p;, ;) such that u™(t,7) < CoKy =
Co(|lu(0)[| o + || f||zrs) for almost every (t,z) € [0,7] x R%. Since Cy does not depends on the
a3
initial value of u, we obtain that ||u™ || () < Co([T/7] + 1) Ko.
Step 2: choose k = 0, by (3.6) and similar argument in Step 1, we can obtain that for any
T € 0,7,

+ O

w12, )+ sup [V @b ) |Zary < lu O, + Cr°llut|3 £ (r

xER4 V(T

and the constant C' only depends on d, A, " and (p;, ¢;). This yields
)~ + _
Iy < € (I Ol + 1flzasr ) -
So we complete our proof. O

Next we give the precise definition of weak solution to Cauchy problem.
11
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Definition 3.5. u € VO(T) is called a weak solution of equation

{ it(l(;)—zvgﬁ' (aVu)+V - Vu)+cu=f (3.17)
in [0, T] x RY, if for any o € C([0,T] x RY) and almost every t € [0,T), it holds that
[ ute®) - [ opl0)
" R (3.18)

t t
+// [ — udip + (aVu) - Vo —uV - Vo + cup] :/ fo.
0 JRd 0 JRd

3.2. Existence, uniqueness and stability. In this section, we will use the apriori estimate
(3.11) to prove the existence-uniqueness and stability of weak solutions for equation

Ou—V - (aVu)+ V- (Vu) =

: (aVu) (Vu) = f (3.10)
u(0) = ¢.

Theorem 3.6 (Existence-uniqueness). Under (A1) and (As), for each f € L3, ¢ € L™ there

exists a unique weak solution to (3.19) in VO(T)N1L>(T).

Proof. The proof is essentially the same as the one of [26, Theorem 2.3]. First of all, the
uniqueness is a direct consequence of (3.11). We prove the existence by weak convergence
method. Let

on(z) := nlo(nz),
0 € CX(By) with [0 = 1. ay(t,z) := alt,") * on(z), Vu(t,z) == V(t,-) * on(z),
f(t,-) * on(z) and ¢, = ¢ * p,,. By Proposition 4.1 of [26], we have

Vi € L%([0,T]; C3°(RY)),  fr € L([0, T); Cg°(RY)),

where 0 <

falt,z)

and
sup ([1Vallzgy + 17 - Va)“llgza + 1l ) < oo (3.20)
It is well known that the following PDE has a unique smooth solution u,, € C([0, T]; Cs°(R%)):
O, =V - (anVuy) — V- (Voun) + fr, un(0) = ¢y
holds in the distributional sense. In particular, for any ¢ € C°([0, 7] x R%) and ¢ € [0, T7,

/Rd un(t)p(t) — /Rd nip(0) = /Ot/Rd Oy

. (3.21)
+ //d —(anVuy) - Vo +u, Vi - Vo + frp.
0JR

Since

HatUnHH‘_'HQ—l,Q(T) < |V - (anVuy) = V- (Vouy) + fn”ﬁ;l,z(T)
<C (Hanvun”ig(ﬂ + HVnun”}i%(T) + anHﬁ;l«z(T))
< C (llanllz=lunllgaz iy + 1Vallez oy lunll e + 1 fallgzs )

<C (HunHﬁ;Q(T) + Hun”LOO(T) + an“ﬁgg(T)) .
By Theorem 3.4, we get for any T > 0,

sup (lunllzooqry + Nunllgy + 190unllgr20r, ) < oo (3.22)
12
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Hence, by the fact that every bounded sub~set of ‘7(T ) is relatively weak compact, there is a
subsequence(still be denoted by n) and @ € V (T)NIL>°(T) such that for any ¢ € C°([0, 7] x R%)

t t
// upOpp + // —(anVuy) - Vo +up,Vy, - Vo + frne
0 JRd 0 JR4

t t
—>// u@tcp+// —(aVa) - Vo +aV -Veo+ fo
0 JRd 0 JRd

[@llLoe cry + Nallgp gy + 18stllggs 12y < 00

(3.23)

and

By Lions-Magenes lemma(cf. [17, Lemma 1.2, Chapter 3]), we obtain that @ € C([0, T]; L2(R?)),
hence 4 € VO(T) NL>(T). On the other hand, by (3.22) and Aubin-Lions lemma (cf. [14]),
there is a subsequence of n(still be denoted by n) such that (3.23) holds and

Jim {|uy, —@l[L2(po,11xBg) = 0, VR > 0.

It holds that for Lebesgue almost all (¢,z) € [0,7] x R?,
un(t,z) = u(t, z),

as n — oo along an appropriate subsequence. Thus, for almost every ¢ € [0, 7],

L awet) = [ 000~ [ awew)- [ o000, (321

Combing (3.21),(3.23) and (3.24), we obtain that for all p € C°([0,T] x R?) and almost every
t€[0,T]

t t
Lawer= [ oo0 = [ [ oo+ [ [ ~avi)-Vorav Vet e
i.e. uw solves (3.19). O

Theorem 3.7. (Stability) Let (p;, q;) € [2,00) with p%_ + % < 2, wherei=1,2,3, T > 0. For
any n € NU{oo} =: Ny, let by, frn, ¢n satisfy

sup (Wl + 107 - V)"l + ez oy + Inllaes ) < oo

TLENOO

For n € Noo, let u, € VO(T) NL®(T) be the unique weak solutions of (3.19) associated with
coefficients (Vy, fn, dn) with initial value u,(0) = ¢,. Assume that for any ¢ € C.(R?),

Jim (H(Vn = Voo)ellzry + [1(fn = foo)®llLzs oy + lldn — %oHLoo) = 0.

Then it holds that for Lebesgue almost all (t,x) € [0,T] x R?,

lim up,(t, ) = uso(t, x).
n—oo

The proof of above theorem is essentially same with Theorem 3.6, so we omit its proof here.
Let us also mention the following Kolmogorov’s backward equation
Oyu — Lu = Opu — aijaiju - bi@iu =f
u(0) = ¢,
which can be rewritten as

ou —V - (aVu) = V- (Vu)+ V- -Vu=f,
{U(O):¢. (KE)

13
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If Ve LEYT), (V- V)~ € LP2(T), due to Theorem 3.4, any subsolution u € VO(T) satisfies
(3.11). Using similar argument in Theorem 3.6(see also [26]), we have

Proposition 3.8. Assume a,b,V satisfy (A1) and (Az), then for each f € ]Eigg (T') and ¢ € L™
equation (KE) admits a unique weak solution v € VO(T)N1L>®(T).

In order to apply the theory on SLF developed in [7] and [18], we first need to extend the
uniqueness result in Theorem 3.6 to larger space L>°(T).
We first give a standard lemma.

Lemma 3.9. Suppose F' € EAQ(T), then the following PDE:
du—V-(aVu) =V -F in (0,T) x RY,
{ u(0) = ¢ € L2.
admits a unique weak solution u € VO(T) and
lellgezy < Nl + CIF gz )

Proof. The proof is quite standard, here we prove the apriori estimate for reader’s convenience.
Take test function ¢ = un?, where 7, is the same cut off function in the proof of Theorem 3.4.
By basic calculations and Holder’s inequality, we obtain that for almost every s,t € [0, 7],

(L) (| )ors [ oo
<c/ﬁ;uvw +c/]"Fﬂmﬁ+mma»

||U”%7(T) < sup [SHP </ U Um) // U77a: ]
z€RE |t€[0,7] R4

<O, + Py, +C [l

(3.25)

Thus,

Gronwall’s inequality yields
ullg ey < ()72 + I Nz
O

Now we extend the uniqueness result of Theorem 3.6 to larger space L°°(T"). Our proof mainly
follows [7, Theorem 4.3].

Theorem 3.10. Suppose a,b satisfy (A1), (As), for any ¢ € L*°, (FPEy) has a unique solution

u e VO(T) NL®(T). If moreover, a satisfies (As), then uniqueness also holds in L°(T). In
particular, any L>°(T) distributional solution of (FPEjy) with bounded initial value belongs to

VO(T) NL=(T).
Proof. Suppose u € L*°(T) is a distributional solution to (FPEy), then
Ou—V - (aVu) = -V (Vu), u(0)e L™
Notice that Vu € L2(T), by Lemma 3.9, there exists & € VO(T) solves the above equation,

with the same initial condition. Let us define g := @ — u, Ag :== V- (aVyg). g € ]IjQ(T) is a
distributional solution to equation

g —Ag=0g—V-(aVg) =0, g¢(0)=0. (3.26)
14
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Here V - (aVg) should be read by 9;;(ag) + 9;(9;a g). Assume w € ]ﬁlé’z(T) solves
A —Aw = w -V - (aVw) =g, X>0. (3.27)
in [0, 7] x R%. Multiple the above equation by wn?, integrate on [0,t] x R? obtaining

A//wnm A// |Vwn,|* <C//Rdwvnx (Vwn,) // 9Nz) (W)

this yields that there is a constant Ay > 0 such that for any A > Ag,
AHU’HEQ(T) + ”VQUH@(T) < CHQHEQ(T)'

This estimate implies that for any A > Ag, there is a unique solution w =: G\g € ]ﬁI%’Q(T), here
G is the solution map of (3.27). It is also easy to verify that G is also bounded from L?(T)
to H?(T) and

MGrgllz(ry + IVGaglle(ry < Cllgllie (- (3.28)
By (3.26), we have
0= 0,Gy'w— AG,'w = G (Byw — Aw) + 04, G} w,
thus formally
dw — Aw = G {[G} 1, 9w} = G)\[V - (8aVw)] (3.29)

in the sense of distribution. One can find the rigurous proof for (3.29) in [7]. Like before,
multiplying (3.29) by wn?2, integrating on [0,¢] x R?, using Holder’s inequality and (3.28), we

obtain
3 [t [ v

/ V - (8:aVw) [Gx(wn?)] = / OaVw - V[G(wn3)]
R 0JRd

<[|0ral = / > [ v-viesw)

2€724/2° 74 ()

1/2
t
<y |/ / o) [[ eI
% OB%(Z)

2€7Z4/2

(;;5}2 f e ”ZP) - ([ weswn?) )

<C (suﬂg HV(wﬁx)HL?(t > Hwn,%HLg(t)
S

1/2

1 2
ﬁf&? HV(wnx)HLz +C’”w||]g§(t)

In the first inequality, we use the fact that G is a symmetric operator in L? space. Taking
supermum over = € R% on the left side of above inequalities, we get

t
lw(®)llz < C /0 Jw(s)[2,ds, ¢t € [0,7).

Gronwall’s inequality yields w = 0 and hence g = 0. U
15
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4. PROOF OF MAIN RESULTS
Before proving our main results, let us list some conclusions in [26] and [18](see also [7]).

Proposition 4.1 (cf. [26]). Assume a,b satisfy (A1) and (Az), then for each py € P(R?),
there exists at least one martingale solution associated with (L, o), say P, which satisfies the
following Krylov’s type estimate: for any p,q € [2,00) with %—l—% < 2, there exist 0 = 6(p,q) >0
and a constant C > 0 such that for all 0 <ty <t1 <T and f € C’(?O(Rd“),

t1
EF ( f(t,wt)dt’Bt()) < O(ts = t0)° £ llgp . (4.1)
to
Define

T
Ly = {,u [0,T] 5t — py €P(RY) /0 /Rd(a(tvfxﬂ + [b(t, 2)|) e (dz)dt < o0

pt = ptAd, pr € L uniformly for ¢ € [0, 77,
and for any ¢ € Cb(Rd), t— / pdpy is continuous}.
R4

The following two Propositions are consequences of [18, Theorem 2.5] and [18, Lemma 2.12]
respectively.

Proposition 4.2. Suppose {j}icjor) € Ly, then there exists P € 2(C([0,T];R?)) which is a
solution to the MP associated to the diffusion operator L such that, for everyt € [0,T)], it holds
w="Po wt_l.

Proposition 4.3. Assume that forward uniqueness for the (FPE;) hold in the class £y for
any initial time. Then, for any po = pora € PR with pg € L, the po—SLF is uniquely
determined po—a.e..

Lemma 4.4. Under Assumption I, assume that pg = porg € P(R?) with py € L™, then
equation (FPE1) admits a unique solution in p € £, .

Proof. The uniqueness follows from Theorem 3.10, so we only need to show the existence. We
prove this by using probability method. Let a,, V}, be the same functions in the proof of Theorem
3.6, then we can find a collection of probability measures {P"},cn on C(]0,T]; R%) such that P"
is the unique martingale solution associated to L™ := a;{ 9;; + b%,0; with initial data po. For any
stopping time 7, 6 > 0 with 7+ ¢ < T, thanks to (4.1), we have

T+6
sup EF / 16" (s, ws)ds < C’(SeHbHqu ()"
neN T P

Using above estimate and BDG inequality, we get

T4+0
EF” ( SUp |wr s —w7]> < EP"/ by | (, wy)dt + EF”

0<s<d

T+s
sup / V2a" (t, wy)dWy

0<s<d

< C(6% + 6Y/2),
where C is independent of n. Thus by [25, Lemma 2.7], we obtain
sup EX" | sup |w; —ws|V? | < (8% + 6'/2).
n [t—s|<6

From this, by Chebyshev’s inequality, we derive that for any € > 0,

6—0 n ‘t—8|<5

16
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Hence, {P"} is tight in 2(C([0,T];R?%)). Suppose P is an limit point of {P"}, then for each
t € [0, 7], up :==P"o w;l = Po w;l =: g, as n — oo along an appropriate subsequence.
For each n € N, notice that pi(z) := 33t () is a distributional solution of (FPEy) with a,b, ¢
replaced by ay, by, po and

sup (IVallgzs + 10V - Va)Tllgzs ) <000 ATMeP < allgigs < Algl.

IS

By Theorem 3.7, we obtain that 0 < pf'(z) — pi(z) for almost everywhere (¢, z) € [0,T] x RY,
where p; is the unique solution to (FPEs)(with ¢ = pg) in class L°(T)(or VO(T) N L>(T)).
Moreover,

[pllLee () < sup [[pnllLes (1) < o0
neN

Lebesgue’s dominated convergence theorem yields that for each f € Cy(R?) and almost every

te 0,77,
/Rdfpt:nh_}rgo/Rdfpt ZnIgQO/Rdfdut Z/Rdfdut-

Notice that the map [0,T] > t — p; € Z(R?) is continuous, so for any ¢ € [0, 7],

sup / fdue < sup  esssup;jo 7 / for <|lpllLer) < C.
£l 1=1; JRE Il =15 R4
FECH(RY) FECH(RY)

Thus, 4 = Pow; ' € Z,. O

Proof of Theorem 2.4. (1). If mg is a probability measure, then the uniqueness of my—SLF is
a consequence of Lemma 4.4 and Proposition 4.3. For arbitrary mg € .#(R%), one can find a
probability measure pg such that po(dz) = p'(z)mo(de) and 0 < p/ < C < 00, mg—a.e.. Notice
that each mg—SLF is a uo—SLF, by the uniqueness of po—SLF and the fact mg < pg, we obtain
the uniqueness of mg—SLF.

For the existence, we only need to prove the case mo = Aq. Let o(z) = e l#1/2, mk(dz) :=
o(z/k)dx € #(RY), pk(dx) := (27k?)~¥2g(x/k)dz € P (R?). The existence of puk—SLF(or
mf—SLF) is a consequence of Proposition 4.2 and Lemma 4.4. Suppose {P*}, pa is a m§—SLF,
notice that for any k, k' € N, \y < mlg < mlgl, by the uniqueness result proved above, we obtain
that P¥ = P, for all kK € N and a.e. z € R%. Thus, by the definition of mé’—SLF, for each k,

my ::/ P, o w; ' mf(dx)
Rd

has a bounded density with respect to Ag, say pf. mF(dz) = pf(z)dz is the unique %, —solution
to (FPE;) with initial value mf(dz) = o(x/k)dz. By Theorem 3.4 and Theorem 3.10,

sup sup o= < Csup [lo(-/k)] 1= < C.
keN te[o,T] keN

Hence, for any A € B(R%), t € [0,T],

/ Py ow  (A)de = lim | PFow  (4)o(z/k)dz
Rd

k—oo Jpd

= lim mF(A) = lim [ pF < CN\(A),
k—o0 k—o0 J A
which implies {Py},cpa is also an SLF.
(2). Suppose {P,},cra is the SLF associated with L. For any up € 2(R?) with pg < Ag,

P := [P, puo(dz) is a martingale solution associated with (L, uo).
17
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Suppose P is a a martingale solution associated with (L, o) and i := Pow; ! = phg
with p; € L° uniformly in t. Let {Qu}yera € Z2(C([0,T]);R?)) be the regular conditional
distribution given by wy = z. By [16, Theorem 6.1.2] for pp—a.e. z, Q. is a martingale solution
to corresponding to (L, d;). Notice that

/onwt po(dw) = (/ Qumdrc)o J=Pow, ' =,

we get {Qz},cpra is a po—SLF. The uniqueness of P follows by the uniqueness of jio—SLF. O

Remark 4.5. If mo(dz) = po(z)dz € #(R%) with 0 < pg < C < oo and py € C(RY), by the
proof of Theorem 2.4, one can see that under Assumption 1, any mo—SLF is an SLF and vice
versa.

Before we give the proof of Theorem 2.7, we need state a lemma about the maximum functions.
One can find its proof in [23, Lemma 3.6] and [15].

Lemma 4.6. (i) Let f € VVZM(Rd) n(z) == ndo(x/n) € C(RY) with [ o= 1. For almost
every z,y € R with | — y| < Ve < 1,

@)~ FW] _
Vi +e

where Fajin is a function depends on f, o, e,n. And there is a constant C = C(p,d),
/BR (@) <OV Fllp By + 1086 IV (o = Ol ey - (4.2)

(ii) For anyp > 1,1, R >0,

| i@y <ca, [ 1@ (4.3)

T BT'+R

(FL, (@) + FL,(),

Now we are on the point to prove Theorem 2.7. Instead of proving an stability result for
the approximation solutions of (1.6), we first prove the pathwise uniqueness of (1.6) if £ has
a bounded density, then using an Yamada-Watanabe type argument(cf. [19]) we show the
existence of AESF.

Lemma 4.7. Suppose b,o satisfy Assumption 2, £ € %y is a random variable with bounded
density. Assume Xy, Yi are two strong solutions of (1.6) whose one dimensional distributions
have uniformly bounded densities, then we have X =Y a.s..

Proof. For any ¢ > 0, let ¢ be a increasing smooth function on [0, o),
s s€0,e/2]
Pe(s) = {
e s€lg, )
and gbls(s) < 01[0,5}(8)7 (bg(s) < 05711[0,5](3)'

O (z) :=log (1 + (258(5’22‘2)> , Zyi=Xy Y,

20L(12)zi | o Clgelcvey
e2+ ¢:(12)| ~ /2 + 2|2

20L (1210 A2(2)zz 46222 | o Clyeisve

e+ ¢c(2?) 2+ e(l2?) [+ (2P| T 2+ [z
18
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Denote 7g := inf{t > 0: | X{| > R, |Y;| > R}. By It6’s formula and Lemma 4.6,

E@J&MQ:A mE@&J%y@N&XQ—U@J@ﬂﬁ

2
INTR b (s, Xs) —b(s,Ys)|1 _
<2E/ 10 (s, Xs) = b5 Vo)l Lx.—vifevey 4
0 \/52+|X3_}/s|2

TR |o(X,) — o (Ys)|?
CE d
* /0 24X, Y.

5 [ B (0" 0r) - (1) - (7 (X) - (1)) ds
0

t/\TR
<CE/ [F€7n(S,XS) +Fg,n(5)yts)]d3+
0

t/\TR
+CE/ [M|Vol|(s, Xs) + M|Vo|(s,Y:)]* ds =: I1(¢) + I,
0

where F_,,(s,x) = Ffﬁf) (r) in Lemma 4.6. Let pi*, p} be the density of X; and Y; respectively,

then

= B [(Ma|Vol (X)) + (Ma|Vo|(V2))?] ds
<C [ [ niol(s. ) (5 (2) + o) (@) dods

t
<C/ / Vo |?(s,z)dzds < C.
0 JBagr

For I (e), by (4.2),

t
1) <C [ [ Foalsia)(p¥ + g )dods
0 JBg

¢ t
gCnd/ / Vb(s, z)dxds + C|loge] / / |Vb(s, ) — Vby(s, x)|dxds.
0 BR+1 0 BR+1

Thus,
E®. (Zinry) < C(L+ Vb 11(0,x Bryy)) + Cllogel[Vh = Vbl 1 ((0,0x Bri)-
By Chebyshev’s inequality,
P (|X; - Y[ > Vet < 7g)

Ziprp |2
<Elog <1 + W) /| log €]

SC(L+ 1Vl 104 Brsr))/|10g el + CIIVD = Vbpl| £1((0,0x B r)-
Let € — 0, then n — 0o and then R — oo, we obtain
P(X;—-Y: >0)=0.

Notice X, Y are both continuous processes, we obtain that X =Y a.s..

0

Proof of Theorem 2.7. Let uo(dz) = (QW)_d/Qe_WP/de. By Remark 4.5, we only need to prove
the existence and uniqueness of pg—AESF associated to SDE (1.6). By Proposition 4.1, there
exists at least one weak solution(martingale solution), say (X, W) to (1.6) with law(&) = po and
pt := dP o X;'/d)\g is uniformly bounded on [0,7] x R%. Suppose (X', W’) is another weak
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solution to (1.6) and the one-dimensional distribution of X’ is also uniformly bounded. Let
Q(z,w; dw) be the regular conditional distribution of X given (Xo, W) = (z,w) and Q'(z, w; dw’)
is defined as the some way. Denote Q := C([0, T]; R?) x C([0,T]; R%) x C([0, T];R™),

Q(dw, do, duw) = / Qla, wi dw) x Q' (2, w; d)pao(de) m(cdw),
]Rd

where 7 is the Wiener on C([0,T];R™). Let % = B;(C([0,T];R%)) x B,(C([0,T];RY)) x
B:(C([0,T];R™)), A be the collection of subsets of {2 with zero measure under Q and .# :=
(FINAN), Fpi= Nyt (FOV A). Suppose (w,w’, w) is the canonical process on the probability
space (Q,.%#,Q), then (w,w) and (w',w) have the same distributions as (X, W) and (X', W’),
respectively. Moreover, w is an .%;—Brownian motion under Q(see [8, Lemma 1.2, Chapter IV]).
In the probability space (Q, . #,Q), (w,w) and (', w) are two solutions of (1.6), and Q o wt_l,
Qow! ! both enjoy uniformly bounded density. Thus, pathwise uniqueness yields Q(w = w') = 1,
which implies
Q(r,w;-) x Q(zv,w; ) (w=u)=1, p xn-—a.s. (r,w).
Hence, there exists a measurable map ) (xz, w) such that for py x n—a.s. (z,w),
Qz,wi{w =(z,w)}) = Q'(z,w; {' = Y(z,w)}) =1,
ie.
Q(z,w; B) = 15(¢(z,w)), VB e B(C([0,T];R?)).

Moreover, for a.c. a, the map w — (z, w) is By(C ([0, T]; R™))" /B,(C([0, T); R%))—measurable(see
[8, Lemma 1.1, Chapter IV]). Recalling that Q(x,w;-) is the the regular conditional probability
of w given (wp = z,w), so [ Q(z,w;-)n(dw) is the regular conditional probability of w given
wo = x. Notice that (2, Q,w) is a martingale solution to (1.6) with initial distribution pg, by
[16, Theorem 6.1.2], for a.e. = the probability measure

B(C(0,TI;RY) 5 B o / Q. w; BYn(duw) = / 15((ar, w))n(dw) = n 0 =z, )(B)

is a martingale solution to (1.6) with initial data & = . Thus, given a filtered probability space
(Q,.7,.%,P) and a standard Brownian motion W on it, for a.e. = € R?,

(X (2) := ¢z, W), W)
is a strong solution to (1.6) with initial datum & = z. Moreover, for any A € B(R?)

(A) = | Po X7 (@) A)n(da)

:/ ,ug(dac)/Q(x,w;wt € A)n(dw) < CAg(A).
R

Thus, {X(2)},cre is a po—AESF. The proof for uniqueness of AESF is essentially the same
with the one of Lemma 4.7, so we leave it to the reads. O
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