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ABSTRACT. We consider the stochastic Navier—Stokes equations in three dimensions and prove that
the law of analytically weak solutions is not unique. In particular, we focus on two iconic examples
of a stochastic perturbation: either an additive or a linear multiplicative noise driven by a Wiener
process. In both cases, we develop a stochastic counterpart of the convex integration method
introduced recently by Buckmaster and Vicol. This permits to construct probabilistically strong
and analytically weak solutions defined up to a suitable stopping time. In addition, these solutions
fail the corresponding energy inequality at a prescribed time with a prescribed probability. Then
we introduce a general probabilistic construction used to extend the convex integration solutions
beyond the stopping time and in particular to the whole time interval [0, c0). Finally, we show that
their law is distinct from the law of solutions obtained by Galerkin approximation. In particular,
non-uniqueness in law holds on an arbitrary time interval [0,7], T'> 0.
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1. INTRODUCTION

The fundamental problems in fluid dynamics remain largely open. On the theoretical side,
existence and smoothness of solutions to the three dimensional incompressible Navier—Stokes system
is one of the Millennium Prize Problems. An intimately related question is that of uniqueness of
solutions. Intuitively, smooth solutions are unique whereas uniqueness for less regular solutions,
such as weak solutions, is very challenging and not even true for a number of models.

A revolutionary step was made through the method of convex integration by De Lellis and
Székelyhidi Jr. [DLS09, DLS10, DLS13]. They were able to construct infinitely many weak solu-
tions to the incompressible Euler system which dissipate energy and even satisfy various additional
criteria such as a global or local energy inequality. After this breakthrough, an avalanche of excite-
ment and intriguing results followed, proving existence of solutions with often rather pathological
behavior. In particular, it is nowadays well understood that the compressible counterpart of the
Euler system is desperately ill-posed: even certain smooth initial data give rise to infinitely many
weak solutions satisfying an energy inequality, see Chiodaroli et al. [CKMS19]. Very recently, the
non-uniqueness of weak solutions to the incompressible Navier—Stokes equations was obtained by
Buckmaster and Vicol [BV19b], see also Buckmaster, Colombo and Vicol [BCV18].

In view of these substantial theoretical difficulties, it is natural to believe that a certain prob-
abilistic description is indispensable and may eventually help with the non-uniqueness issue. In
particular, it is essential to develop a suitable probabilistic understanding of the deterministic sys-
tems, in order to capture their chaotic and intrinsically random nature after the blow-up and loss
of uniqueness. Moreover, there is evidence that a suitable stochastic perturbation may provide a
regularizing effect on deterministically ill-posed problems, in particular those involving transport
as shown, e.g., by Flandoli, Gubinelli and Priola [FGP10]. Also a linear multiplicative noise as
treated in the present paper has a certain stabilizing effect on the three dimensional Navier—Stokes
system, see Réckner, Zhu and Zhu [RZZ14].

On the other hand, an external stochastic forcing is often included in the system of governing
equations, taking additional model uncertainties into account. Mathematically, this introduces new
phenomena and raises basic questions of solvability of the system, i.e. existence and uniqueness
of solutions, as well as their long time behavior. In particular, the question of uniqueness of the
probability measures induced by solutions, the so-called uniqueness in law, has been a longstanding
open problem in the field.

In the present paper, we prove that non-uniqueness in law holds for the stochastic three dimen-
sional Navier—Stokes system posed on a periodic domain in a class of analytically weak solutions.
This system governs the time evolution of the velocity u of a viscous incompressible fluid under
stochastic perturbations. It reads as

du - vAudt + div(u ® u)dt + VPdt = G(u)dB,
(1.1) _
divu =0,

where G'(u)dB represents a stochastic force acting on the fluid and v > 0 is the kinematic viscosity.
We particularly focus on two iconic examples of a stochastic forcing, namely, an additive noise
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driven by a cylindrical Wiener process B with diffusion coefficients G being smooth functions of
the spatial variable z, i.e.,

(1.2) G(u)dB =GdB =Y G'dB;, G'=G"(z),
=1

and a linear multiplicative noise driven by a real-valued Wiener process By, i.e.,
(1.3) G(u)dB = udB;.

In both settings, we develop a stochastic counterpart of the convex integration method introduced
by Buckmaster and Vicol [BV19a] and construct analytically weak solutions with unexpected be-
havior defined up to suitable stopping times. The striking feature of these solutions is that they
are probabilistically strong, i.e., adapted to the given Wiener process. This severely contradicts the
general belief present within the SPDEs community, namely, that probabilistically strong solutions
and uniqueness in law could help with the uniqueness problem for the Navier—Stokes system.

We say that uniqueness in law holds for a system of SPDEs provided the probability law induced
by the solutions is uniquely determined. On the other hand, we say that pathwise uniqueness
holds true if two solutions coincide almost surely. There are explicit examples of stochastic differ-
ential equations (SDEs), where pathwise uniqueness does not hold but uniqueness in law is valid.
Pathwise uniqueness for the stochastic Navier—Stokes system essentially poses the same difficulties
as uniqueness in the deterministic setting. As a consequence, there has been a clear hope that
showing uniqueness in law for the Navier—-Stokes system might be easier than proving pathwise
uniqueness. Furthermore, Yamada—Watanabe-Engelbert’s theorem states that, for a certain class
of SDEs, pathwise uniqueness is equivalent to uniqueness in law and existence of a probabilisti-
cally strong solution, see Kurtz [K07], Cherny [C03]. This suggests another possible way towards
pathwise uniqueness, provided one could prove uniqueness in law.

Our main result proves the above hopes wrong, at least for a certain class of analytically weak
solutions. However, the question of uniqueness of the so-called Leray solutions remains an out-
standing open problem. In particular, we show that non-uniqueness in law for analytically weak
solutions holds true on an arbitrary time interval [0,7], T'> 0. This trivially implies pathwise non-
uniqueness. More precisely, we construct a deterministic divergence-free initial condition u(0) € L?
which gives rise to two solutions to the Navier-Stokes system (1.1) with distinct laws. One of
the solutions is constructed by means of the convex integration method whereas the other one is
a solution obtained by a classical compactness argument from a Galerkin approximation, see e.g.
[FGI5].

We note that the solutions obtained by Galerkin approximation are clearly more physical as
they correspond to Leray solutions in the deterministic setting and satisfy the energy inequality.
However, these solutions are not probabilistically strong as the adaptedness with respect to the
given noise is lost within the stochastic compactness method. On the other hand, the convex
integration permits to construct adapted solutions up to a stopping time but they behave in an
unphysical way with respect to the energy inequality. Moreover, the spatial regularity is worse as
we can only prove that they belong to H” for a certain + > 0 small.

1.1. Main results. Even though the main result, i.e., non-uniqueness in law, is the same in both
considered settings (1.2) and (1.3), the proofs are different. The additive noise case is easier and we
present a direct construction of two solutions with different laws. This is not possible in the case
of a linear multiplicative noise where the proof becomes more involved. For notational simplicity,
we suppose from now on that v = 1.
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1.1.1. Additive noise. Consider the stochastic Navier—Stokes system driven by an additive noise on
T3, which reads as

du — Audt + div(u ® u)dt + VPdt = dB,

(1.4) divu =0,

where B is a GG*-Wiener process on a probability space (©2,F,P) and G is a Hilbert—Schmidt
operator from L? to L2 Let (Fi)0 denote the normal filtration generated by B, that is, the
canonical right continuous filtration augmented by all the P-negligible events.

Our first result in this setting is the existence of a probabilistically strong solution which is
defined up to a stopping time and which violates the corresponding energy inequality.

Theorem 1.1. Suppose that T‘r((—A)%+2"GG*) < oo for some o > 0. Let T >0, K > 1 and
k € (0,1) be given. Then there exist v € (0,1) and a P-a.s. strictly positive stopping time t
satisfying P(t > T) > k such that the following holds true: There exists an (Ft)ws0-adapted process
u which belongs to C([0,t]; H?) P-a.s. and is an analytically weak solution to (1.4) with u(0)
deterministic. In addition,

(1.5) esssup sup ||u(t)|mr < oo,
we  te[0,t]
and
(1.6) [u(T) |2 > K Ju(0)| 2 + K (T Te(GG*))?

on the set {t>T}.

The proof of this result relies on a the convex integration method and the stopping time is
employed in the construction in order to control the noise in various bounds. While this result
readily implies non-uniqueness in law for solutions defined on the random time interval [0,t], our
main result is more general: we prove non-uniqueness in law on an arbitrary time interval or more
generally up to an arbitrary stopping time.

Theorem 1.2. Suppose that Tr((—A)%Jr%GG*) < oo for some o > 0. Then non-uniqueness in
law holds for the Navier—Stokes system (1.4) on [0,00). Furthermore, for every given T > 0,
non-uniqueness in law holds for the Navier—Stokes system (1.4) on [0,T].

In order to derive the result of Theorem 1.2 from Theorem 1.1, it is necessary to extend the
convex integration solutions to the whole time interval [0,00). To this end, we present a general
probabilistic construction which connects the law of solutions defined up to a stopping time to a
law of a solution obtained by the classical compactness argument. The principle difficulty is to
allow for the concatenation of solutions at a random time. Since the stopping time t is defined in
terms of the solution u, we work with the notion of martingale solution which is defined as the law
of a solution u. Consequently, we are able to obtain non-uniqueness in law, i.e., non-uniqueness of
martingale solutions directly, as opposed to the case of a linear multiplicative noise.

1.1.2. Linear multiplicative noise. Consider the stochastic Navier—Stokes equation driven by linear
multiplicative noise on T2, which reads as

du — Audt + div(u ® u)dt + VPdt = udB,

(1.7) divu =0,

where B is a real-valued Wiener process on a probability space (2, F,P). Similarly to above, we
denote by (F;)s0 the normal filtration generated by B. The main results in this case are as follows.
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Theorem 1.3. Let T >0, K > 1 and x € (0,1) be given. Then there exist v € (0,1) and a P-a.s.
strictly positive stopping time t satisfying P(t > T) > k and the following holds true: There exists an
(Ft)=0-adapted process u which belongs to C([0,t]; HY) P-a.s. and is an analytically weak solution
to (1.7) with u(0) deterministic. In addition,

esssup sup |u(t)] gy < oo,
weQ  te[0,t]
and
|u(T) |2 > Ke™[u(0)] 12
on the set {t>T}.

Theorem 1.4. Non-uniqueness in law holds for the Navier—Stokes system (1.7) on [0,00). Fur-
thermore, for every given T > 0, non-uniqueness in law holds for the Navier—Stokes system (1.7)
on [0,T].

Contrary to the additive noise setting, the stopping time t in the case of the linear multiplicative
noise is a function of B and not a function of the solution u. As a consequence, we are forced to work
with the notion of a probabilistically weak solution which governs the joint law of (u, B). We extend
our method of concatenation of two solutions to connect the probabilistically weak solution obtained
through Theorem 1.3 to a probabilistically weak solution obtained by compactness. Accordingly, we
first only deduce joint non-uniqueness in law, i.e., non-uniqueness of probabilistically weak solutions.
Finally, we prove that joint non-uniqueness in law implies non-uniqueness in law, concluding the
proof of Theorem 1.4. This relies on a generalization of the result of Cherny [C03] to the infinite
dimensional setting which is interesting in its own right, see Appendix C.

1.2. Further relevant literature. Stochastic Navier—Stokes equations driven by a trace-class
noise, have been the subject of interest of a large number of works. The reader is referred e.g.
to [FG95, HMO06, Del3] and the reference therein. In the two dimensional case, existence and
uniqueness of strong solutions was obtained if the noisy forcing term is white in time and colored
in space. In the three dimensional case, existence of martingale solutions was proved in [FROS,
DPDO03, GRZ09]. Furthermore, ergodicity was proved if the system is driven by non-degenerate
trace-class noise, see [DPD03, FR08]. Navier—Stokes equations driven by space-time white noise
are also considered in [DPDO02] and [ZZ15] and the system is studied in the context of rough paths
theory in [HLN19a, HLN19b]. The linear multiplicative noise (1.3) can be seen as a damping term:
it is shown in [RZZ14] that it prevents the system from exploding with a large probability. In a more
recent work, Flandoli and Luo [FL19] proved that one kind of transport noise improves the vorticity
blow-up in 3D Navier-Stokes equations with large probability. In [BR17], a global solution starting
from small initial data was constructed for 3D Navier—Stokes equations in vorticity formulation
driven by linear multiplicative noise. However, the solutions are not adapted to the filtration
generated by the noise and the stochastic integral should be understood in a rough path sense
(see [RZZ19] and [MR19] for more general noise). By the methods in [BR17, MR19], adapted
solutions up to a stopping time can also be obtained. However, we note that existence of globally
defined probabilistically strong solutions without any stopping time remains a challenging open
problem. Finally, we note that the convex integration has already been applied in a stochastic
setting, namely, to the isentropic Euler system in [BFH17] and to the full Euler system in [CFF19].

1.3. Organization of the paper. In Section 2, we collect the notations used throughout the
paper. Section 3 and Section 4 are devoted to the proof of our first main result Theorem 1.2, the
non-uniqueness in law for the case of an additive noise. First, in Section 3 we introduce the notion
of martingale solution and present a general method of extending martingale solutions defined up
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to a stopping time to the whole time interval [0,00). This is then applied to solutions obtained
through the convex integration technique and the non-uniqueness in law is shown in Section 3.3.
The convex integration solutions are constructed in Section 4, which proves Theorem 1.1. A similar
structure can be found in Section 5 and Section 6 devoted to the setting of a linear multiplicative
noise. This relies on the notion of probabilistically weak solution and a general concatenation
procedure presented in Section 5.2. Application to the convex integration solutions together with
the proof of Theorem 1.4 can be found in Section 5.3. The convex integration in this setting is
applied in Section 6, where Theorem 1.3 is established. In Appendix, we collect several auxiliary
results concerning stability of martingale as well as probabilistically weak solutions in Appendix A
and the construction of intermittent jets needed for the convex integration in Appendix B. Finally,
in Appendix C, we show that non-uniqueness in law implies joint non-uniqueness in law in a general
infinite dimensional SPDE setting.
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2. NOTATIONS

2.1. Function spaces. Throughout the paper, we use the notation a $ b if there exists a constant
¢ > 0 such that a < ¢b, and we write a ~ b if a < b and b $ a. Given a Banach space E with a
norm | - |g and T > 0, we write CrE = C([0,T]; E') for the space of continuous functions from
[0,7] to E, equipped with the supremum norm | f|c, g = supsor [ f(t)|e. We also use CE or
C([0,00); E) to denote the space of continuous functions from [0, o) to E. For a € (0,1) we define

C2E as the space of a-Holder continuous functions from [0,7'] to E, endowed with the seminorm

I flegr = sups sefo,17,52¢ % Here we use C to denote the case when E = R. We also use

Cis . E to denote the space of functions from [0, 00) to E satisfying f|jo 7y € CFE for all T'> 0. For
p€[1,00] we write LY. E = LP([0,T]; E) for the space of LP-integrable functions from [0,T7] to E,
equipped with the usual LP-norm. We also use Lfoc([O, 00); E) to denote the space of functions f
from [0,00) to E satisfying f |[0’T] € L’}E for all T > 0. We use L? to denote the set of standard
LP-integrable functions from T? to R?. For s >0, p>1 we set WP := {f € LP;|(I - A)2 f| 1o < o0}
with the norm |f|wsr = [(I = A)2f|pe. Set L2 = {u € L?;divu = 0}. For s >0, H® := W2 n L2.
For s < 0 define H® to be the dual space of H™®.

”f”Cf"x = Yoen+ajen |0F D fllLeor. For a Polish space H we also use B(H) to denote the

a—algebfa of Borel sets in H.

2.2. Probabilistic elements. Let Q= C([0,00), H3) n L2 ([0,00),L2) and let Z(£p) denote
the set of all probability measures on (g, B) with B being the Borel o-algebra coming from the
topology of locally uniform convergence on €. Let 2 : Qg — H™ denote the canonical process on
Qo given by
x(w) =w(t).

Similarly, for ¢ > 0 we define € := C([t, 00), H3)nL° ([t, 00), L2) equipped with its Borel o-algebra
B! which coincides with o {z(s),s > t}. Finally, we define the canonical filtration BY := o{z(s),s < t},
t >0, as well as its right continuous version B; := r‘15>t82, t > 0. For given probability measure P we
use ET to denote the expectation under P.

For a Hilbert space U, let Lo(U, Lg) be the space all Hilbert—Schmidt operators from U to Lg
with the norm | - |1, z2). Let G : L2 - Ly(U,L?) be B(L2)/B(Ly(U, L%)) measurable. In the
following, we assume

|G (@) | o2y < C(1+ [z 2),
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for every z € C*°(T?) n L2 and if in addition y, » v in L? then
lim [Gyn)" - Gly) allo 0.

where the asterisk denotes the adjoint operator.

Suppose there is another Hilbert space Uy such that the embedding U c U; is Hilbert—Schmidt.
Let Q:= C([0,00); H3 x Uy) n L2 ([0,00); L2 x Up) and let 2(£) denote the set of all probability
measures on (£, B) with B being the Borel o-algebra coming from the topology of locally uniform

convergence on ). Let (z,y) : Q — H3 x U denote the canonical process on  given by

(z1(w), ye(w)) = w(t).
For t > 0 we define o-algebra B' = o{(x(s),y(s)),s > t}. Finally, we define the canonical filtration
BY = o{(x(s),y(s)),s <t}, t >0, as well as its right continuous version By := ns:BY, ¢ > 0.

3. NON-UNIQUENESS IN LAW I: THE CASE OF AN ADDITIVE NOISE

3.1. Martingale solutions. Let us begin with a definition of martingale solution on [0,00). In
what follows, we fix v € (0,1).

Definition 3.1. Let s > 0 and z¢ € L2. A probability measure P € 22({)) is a martingale solution
to the Navier—Stokes system (1.1) with the initial value z( at time s provided
(M1) P(x(t) =x0,0<t<s)=1, and for any n e N

P{az €Qq: [0 HG(az(r))Hiz(U;Lg)dr < +oo} =1.

(M2) For every e; € C*(T3) n L2, and for ¢ > s the process

M = a(0) — (), + [ (div(a(r) ©:2(r)) - A(r), ei)dr

is a continuous square integrable (B;);ss-martingale under P with the quadratic variation process
given by |, St |G (z(r))*e;||? dr, where the asterisk denotes the adjoint operator.
(M3) For any g € N there exists a positive real function ¢ — C , such that for all ¢ > s

€[0,¢]

B” 2, [ indr| <C 441
sup [2(r)[ 2 + | 2(r)[adr | < Crg(Jol s +1),
T

where ET denotes the expectation under P.

In particular, we observe that in the context of Definition 3.1 for additive noise case, i.e. G
independent of x, if {e;}; is an orthonormal basis of L2 consisting of eigenvector of GG* then
M s = YieN Misei is a GG*-Wiener process starting from s with respect to the filtration (B;)¢ss
under P.

Similarly, we may define martingale solutions up to a stopping time 7 : Qy — [0, 00]. To this end,
we define the space of trajectories stopped at the time 7 by

Qor={wArT(w));weQ}.
We note that due to the Borel measurability of 7, the set Qo » = {w: z(t,w) = z(t AT(w),w), YVt >0}
is a Borel subset of Qy hence £ () c Z ().

Definition 3.2. Let s > 0 and 9 € L2. Let 7 > s be a (B;)sss-stopping time. A probability measure
P e Z(Q,;) is a martingale solution to the Navier—Stokes system (1.1) on [s,7] with the initial
value xg at time s provided



8 MARTINA HOFMANOVA, RONGCHAN ZHU, AND XIANGCHAN ZHU
(M1) P(x(t) =x0,0<t<s)=1, and for any ne N

NAT
P{x e [T IGEN)0u5)dr < +oo} -1

(M2) For every e; € C*(T3) n L2, and for ¢ > s the process

AT

M., = (2(tAT) - 20, e5) + f (div(z(r) ® (1)) - Az(r), e;)dr

is a continuous square integrable (B;);>s-martingale under P with the quadratic variation process
. tAT * 2

given by [ [|G(z(r)) €| dr.

(M3) For any g € N there exists a positive real function ¢ — C , such that for all ¢ > s

P 2% tnt 2 2
E sup [a(r)]7s + . |z (r) [z dr | < Crg(llzol 7z + 1),

re[0,tAT]
where ET denotes the expectation under P.

The following result provides the existence of martingale solutions as well as a stability of the
set of all martingale solutions. A similar result can be found in [FR08, GRZ09] but in the present
paper we require in addition stability with respect to the initial time. For completeness, we include
the proof in Appendix A.

Theorem 3.1. For every (s,xzo) € [0,00) x L2, there exists P € P() which is a martingale
solution to the Navier—Stokes system (1.1) starting at time s from the initial condition xy in the
sense of Definition 3.1. The set of all such martingale solutions with the same Cyq in (M3) of
Definition 3.1 is denoted by € (s, o, Ctq)-

Let (8n,7n) = (8,20) in [0,00) x L2 as n — oo and let P, € € (sp,Tpn,Crq). Then there exists a
subsequence ny, such that the sequence { Py, }ken converges weakly to some P € € (s,x9,Ctq).

For completeness, let us recall the definition of uniqueness in law.

Definition 3.3. We say that uniqueness in law holds for (1.1) if martingale solutions starting from
the same initial distribution are unique.

Now, we have all in hand to proceed with the proof of our first main result, Theorem 1.2. On the
one hand, by classical arguments as in Theorem 3.1 we obtain existence of a martingale solution
to (1.1) which satisfies the corresponding energy inequality. On the other hand, for the case of an
additive noise, Theorem 1.1 provides a stopping time t such that there exists an (F;)so-adapted
analytically weak solution u € C'([0,t]; H") to (1.4), which violates the energy inequality. The main
idea is to construct a martingale solution which is defined on the full interval [0, c0) and preserves
the properties of the adapted solution on [0, ], that is, the energy inequality is not satisfied in this
random time interval. To this end, the essential point is to make use of adaptedness of solutions
obtained through Theorem 1.1 and connect them to ordinary martingale solutions obtained by
Theorem 3.1. The difficulty is that the connection has to happen at a random time, which only
turns out to be a stopping time with respect the right continuous filtration (B;)so. Consequently,
the classical martingale theory of Stroock and Varadhan [SV79] does not apply and we are facing
a number of measurability issues which have to be carefully treated.

3.2. General construction for martingale solutions. First, we present an auxiliary result
which is then used in order to extend martingale solutions defined up a stopping time 7 to the
whole interval [0,00). To this end, we denote by B, the o-field associated to the stopping time .
The results of this section apply to a general form of a noise in (1.1), the restriction to an additive
noise is only required in Section 3.3 below in order to apply the result of Theorem 1.1.
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Proposition 3.2. Let 7 be a bounded (By)is0-stopping time. Then for every w € Qg there exists
Qu € Z(Q) such that

(3.1) Qw(w'eﬁo;w(t,w') =w(t) forOStST(w)) =1,
and
(3.2) QN(A) = RT(W)@(T(UJ)M) (A) f07“ all Ae BT(UJ).

where Ry(w) 2(r(w)w) € £ (o) is a martingale solution to the Navier—Stokes system (1.1) starting
at time T(w) from the initial condition x(7(w),w). Furthermore, for every B € B the mapping
wr Qu(B) is Br-measurable.

Proof. It is necessary to select in a measurable way from the set of all martingale solutions. To
this end, we observe that as a consequence of the stability with respect to the initial time and the
initial condition in Theorem 3.1, for every (s,z¢) € [0, 00) x L2 the set € (s, 20, Ct ) of all associated
martingale solutions to (1.1) with the same C} 4 is compact with respect to the weak convergence
of probability measures. Let Comp(Z2(£y)) denote the space of all compact subsets of ()
equipped with the Hausdorff metric. Using the stability from Theorem 3.1 together with [SV79,
Lemma 12.1.8] we obtain that the map

[07 Oo) x L<27 e Comp(@(Qo)), ($7$0) e %($7$0’Ct,q)a

is Borel measurable. Accordingly, [SV79, Theorem 12.1.10] gives the existence of a measurable
selection. More precisely, there exists a Borel measurable map

[Oa oo) X Lg - 9(90)1 (S,.I'()) = Rs,zm

such that R ., € € (s,20,Ctq) for all (s,20) € [0,00) x L2.

As the next step, we recall that the canonical process x on € is continuous in H~3, hence
x:[0,00) x Qp - H3 is progressively measurable with respect to the canonical filtration (BY);so
and consequently it is also progressively measurable with respect to the right continuous filtration
(Bt)ts0. Furthermore, Lg c H™? continuously and densely, by Kuratowski’s measurable theorem
we know L2 € B(H™3) and B(L2) = B(H™3) n L2, which implies that z : [0,00) x Qg — L2 is
progressively measurable with respect to the right continuous filtration (B;);»0. In addition, 7
is a stopping time with respect to the same filtration (B;)is0. Therefore, it follows from [SV79,
Lemma 1.2.4] that both 7 and z(7(-),-) is B;-measurable, where B is the o-algebra associated to
7. Combining this fact with the measurability of the selection (s,z¢) = Rs 4, constructed above,
we deduce that

(3.3) Q-2 ),  w= Riw)arw)w)

is Br-measurable as a composition of Br-measurable mappings. Recall that for every w € {2y this
mapping gives a martingale solution starting at the deterministic time 7(w) from the deterministic
initial condition x(7(w),w). In other words,

Rf(w),a:(‘r(w),w) (w’ € QO; x(T(w)7w,) = x(T(w),w)) =1

Now, we apply [SV79, Lemma 6.1.1] and deduce that for every w € g there is a unique probability
measure

(34) Qu = 0w B (w) RT(w),x(T(w),w) € ‘@(90)7

such that (3.1) and (3.2) hold. This permits to concatenate, at the deterministic time 7(w), the
Dirac mass d,, with the martingale solution R. () z(r(w)w)-
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In order to show that the mapping w — @, (B) is B;-measurable for every B € B, it is enough
to consider sets of the form A = {x(t1) € I'1,...,x(t,) € I'y} where n e N, 0 < ¢ < -+ < t,, and
I'1,...,T, e B(H3). Then by the definition of @, we have

Qu(A) = 114,)(T(W)) Rr(w) (r(w)w) (A)
n-1
+ k; Lty i) (T(W))r, (2(t1,w))-1r, (z(tg, w))

X RT(w),x(T(w),w) (x(tk+1) €lki1,0 x(tn) € Pn)
1100 (T(W)) 11y (2(t1,0))- 1, (2(tn, )

Here the right hand side is B.-measurable as a consequence of the B -measurability of (3.3) and 7.
The proof is complete. O

Remark 3.3. If P as a martingale solution up to a stopping time 7, our ultimate goal is to make
use of Proposition 3.2, in order to define a probability measure

P®;R():= fQO Qu(+) P(dw)

and show that it is a martingale solution on [0, 00) in the sense of Definition 3.1 which coincides
with P up to the time 7. However, due to the fact that 7 is only a stopping time with respect to
the right continuous filtration (B;):0, (3.1) does not suffice to show that (Q.)weq, is a conditional
probability distribution of P ®, R given B.. More precisely, we cannot prove that for every A € B;
and BeB

P&, R(ANB) = fA Qu(B)P(dw).

This is the reason why the corresponding results of [SV79], namely Theorem 6.1.2 and in particular
Theorem 1.2.10 leading to the desired martingale property (M2), cannot be applied. It will be
seen below in Proposition 3.4 that an additional condition on @, i.e., (3.5), is necessary in order
to guarantee (M1), (M2) and (M3). To conclude this remark, we note that certain measurability
of the mapping w — Q,(B) is only needed to define the integral in (3.6). Since we do not show
that (Qu)weq, is a conditional probability distribution, the B -measurability from Proposition 3.2
is actually not used in the sequel.

Proposition 3.4. Let 29 € L2. Let P be a martingale solution to the Navier—Stokes system (1.1)
on [0,7] starting at the time 0 from the initial condition xo. In addition to the assumptions of
Proposition 3.2, suppose that there exists a Borel set N c Qo ; such that P(N') =0 and for every
w e N€ it holds

(3.5) Qu(w' € Qi 7(w') = 7(w)) = 1.
Then the probability measure P ®: R e Z(Q) defined by
(3.6) PerR()= [ Qu()P(dw)

satisfies P ®; R =P on Qo and it is a martingale solution to the Navier-Stokes system (1.1) on
[0, 00) with initial condition xg.

Proof. First, we observe that due to (3.5) and (3.1), it holds P ®, R(A) = P(A) for every Borel set
A c Qo ;. It remains to verify that P®; R satisfies (M1), (M2) and (M3) in Definition 3.1 with s = 0.
The first condition in (M1) follows easily since by construction P®,R(z(0) = xo) = P(z(0) = xp) = 1.
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The second one in (M1) follows from (M3) and the assumption on G. In order to show (M3), we
write

t
EP@rR( sup 234+ [ ||x<r>||%ﬁdr)
re[0,t] 0

tAT t
< EP®TR( sup ch(r)HL2 + [ Hx(r)%ﬁdr) + EP®*R( sup Hx(?‘)HLQ + [mr Ha;(r)%wdr).

[0,tAT] re[tAT,t]

Here, the first term can be estimated due to the bound (M3) for P, whereas the second term can
be bounded based on (M3) for R. Then by (3.5)

EPM( sup 2(r)]% + / Jax( r)\mdr)

re[0,t]
<C(Jlzol 73 +1) + C(E” ()75 + 1) < C(laol s +1).

In the last step, we used the fact that 7 is bounded together with (M3) for P.
Finally, we shall verify (M2). To this end, we recall that since P is a martingale solution
n [0,7], the process M;, , is a continuous square integrable (Bi)io-martingale under P with

the quadratic variation process given by [, G (z(r)) e |%dr. On the other hand, since for ev-
ery w € {)g, the probability measure R () 2(r(w)w) IS @ martingale solution starting at the time

7(w) from the initial condition z(7(w),w), the process M}’ is a continuous square inte-

tiAT(w)
grable (Bt)tzf(w)—martingale under R, o(r(w)w) With the quadratlc variation process given by
/ttM(w) |G(z(r))*ei||fdr, t > T(w). In other words, the process M/ MM(w) o Is a continuous
square integrable (B;)so-martingale under R (0),2(r(w)w) With the quadratlc variation process giv-
t *
en by [t/\T(w) HG(:C(T)) €; H%]dr
Next, we will show that Mao is a continuous square integrable (B;)sso-martingale under P ®, R

with the quadratic variation process given by /Ot |G(z(r))*e;||?dr. To this end, let s < t and A € Bs.
We first prove that

(37) EQW [Mti,OlA] = EQW [MgtAT(w))vs,OlA] :

In fact, it is enough to consider sets of the form A = {x(t1) € '1,...,2(t,) € [} where n e N, 0 <
t1 < <tp<s,and I'y,..., [y € B(H_?’). For more general A € B; we could use the approximation
and the continuity of M,fo to conclude. Then by the definition of @), and using the martingale
property with respect to R (,) 2(r(w)w) Which is valid for ¢ > 7(w), we have

B9 [(Mti,o - MZtAT(w))VS,o)lA]
L{o,) (T(w)) B G @.e) [(Mf g = MZ)14]
& Ly (P (011,00, (o1, 0))
i1
x Bir@.aG @@ (Mg = M o) La(ty,1)elpnra(tn)eln )
+ 11t,,,00) (T(@)) 1, (@(t1,w)) 1, (@(tn, w)) x B wC@@ (Mg = M{y, (0 vs0)
=0.

Now (3.7) follows.
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Then it follows from (3.6) and (3.4) that
EFeR (Miy1a] = [ B9 [Mg1a] P(dw)
0

_ 00 ®r(w) Br(w),a(r(w)0) [MtiolA] P(dw).
Q0 '

According to (3.7) and then using the key assumption (3.5) we further deduce that

EPeR (Miy1a] = |
= prert [M(itAT)VS,olA]
= EPO R M, 0L angrssy ] + BV [ML g1 anresy] -
Finally, using the martingale property up to 7 with respect to P, we get
BT [M]g1a] = BYS R M o1 an gy |+ BYO M g1 a0 ey ]
= EPeRIM! 14].

I 0000 (M ] P

0

Hence M?is a (B;)sso-martingale with respect to P®; R. In order to identify its quadratic variation,
we proceed similarly and write

Breo (e - [16G0) albdr) 14]
S B (Ot~ M0 [ 166G elbdr) 14 Plae)
o [ me [((Mz‘w),o)? [ G(m(r))*eirr%]) 1A]P<dw>

Q
Qu i i i
+2 \/(;O E I:(Mt/\T(w),O(Mt,O Mt/\T(w),O)) ]'A] P(dw)
: J1 + JQ + Jg.

Here, due to the martingale property with respect to R and P similar as in (3.7), we obtain

0 i ; 9 tAT(w)Vs . 12
B [ B (O8] = Mo = [ 160 il | 14 | P(d),

AT (w)
; sAT(w) .
Jo = fﬂo EQw I:((M;/\T(w)p)Q - [O 1G(2(r)) eiIIZUdr) 1A] P(dw),

J3=2 LO EQw [ Z/\T(w),o (Mti/w(w)\/s,() - MZ/\T(W),O) 1A] P(dw)'

Combining these calculations and using (3.5) as above we finally deduce that
. t
ek - [16G ) elfdr) 1]
. SAT
-7y [T 16 e hdr) 14]

o= 210 - [ 166 el Lingrss
+ 2BV R [M7 o (Mg~ M7 ) Langrss )

- pre(ner - [T 1660 albdr) L],
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which completes the proof of (M2). O

As the next step, we present an auxiliary result which allows to show that for weakly continuous
stochastic processes, hitting times of open sets are stopping times with respect to the corresponding
right continuous filtration. Here we want to emphasize that the filtration (B;)s0 used below is not
the augmented one since we have to consider different probabilities. As a consequence, we have to
be careful about making any conclusions about stopping times.

Lemma 3.5. Let (0, F,(F;)t0,P) be a stochastic basis. Let Hy, Hy be separable Hilbert spaces
such that the embedding Hy c Hy is continuous. Suppose that there exists {hy}rey ¢ Hy ¢ H{ to
have for f e Hy

| fll 22, = sup Ay (£)-
keN

Suppose that X is an (Fi)w0-adapted stochastic process with trajectories in C([0,00); Hy). Let
L>0 and a€(0,1). Then

71 :=1nf{t > 0; | X (¢)||m, > L} and 1 :=inf{t > 0; | X|con, > L}
are (Fiy)es0-stopping times where Fry = NesoFpse-

We note that in the above result, the process X a priori does not need to take values in Hj.
In other words, without additional regularity of the trajectories of X, we simply have 7 = 7 = 0.
However, in the application of Lemma 3.5 in the proof of Theorem 1.2 below, additional regularity
will be known a.s. under a suitable probability measure.

Proof of Lemma 3.5. In the proof we use X“(s) to denote X (s,w). First, we observe that the
trajectories of X are lower semicontinuous in H; in the following sense

(3.8)  IX ()|, =suphi(X(t)) =suplimhi(X(s)) <liminfsuphg(X(s)) < liminf | X (s)|m,,
keN keN s—t 5>t keN st

where ¢ > 0. Note that since by assumption we only know that X takes values in Ho o Hj, the
Hi-norms appearing in (3.8) may be infinite. Next, we have for ¢ > 0

{r1 2t} = Ngepo, {1 X (), < L} = Oseo,ng {1 X (8) [ 11y < L} € Fi

Indeed, to show the first equality, we observe that the right hand side is a subset of the left one. For
the converse inclusion, we know that {7y >t} is a subset of the right hand side. Now, we consider
w e {r =t}. In this case, | X“(s)|m, <L for every s € [0,t). Thus, there exists a sequence t; 1t
such that |X*(tx)|m, < L and by the lower semicontinuity of X it follows that | X% (¢)|m, < L.
The second equality is also a consequence of lower semicontinuity. Indeed, if w belongs to the right
hand side, then for s € [0,t], s ¢ Q, there is a sequence (Sg)reny € [0,] N Q, s — s, such that
| X“(sk)lle, < L. Hence | X“(s)|lz, < L and w belongs to the let hand side as well. Therefore, we
deduce that
{1 <t} =no{T <t+e}eF,

which proves that 7 is an (F)0-stopping time.

We proceed similarly for 75. By the same argument as in (3.8) we obtain that also the time
increments of X are lower semicontinuous in H;. More precisely, for t1,t3 > 0 we have

| X (t1) = X(t2) |, < liminf [ X(s1) - X(s2)|m,

s1—>t1,52—>12

and as a consequence if £; # to then
X -X X -X
” (tl) (t2)”H1 < liminf H (31) (32)”H1‘

‘tl — t2|0‘ s1—~t1,52—>t2 ’81 - 82|O‘
S51FS2
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This implies for ¢ > 0 that

| X (s1) = X (s2) 1y SL} ¢ F,

(39  {n2th={IXlopm <L} - m81¢825[0,t]m@{ R

Indeed, for the first equality, we obtain immediately that the right hand side is a subset of the left
one, because the process t = | X|cepy, is nondecreasing. For the converse inclusion, we know that

{m2 >t} is a subset of the right hand side. Let w € {9 =¢}. Then there is a sequence t;, 1 t such
that | X“ HC;ZH < L and we have

| X (s1) = X“(52) | 1, X (51 Aty) = X9(s2 At) | my

sup - < sup liminf -
s1#52€[0,t] |s1 — s2 s1#s2€[0,t] k=0 |s1 Atk —s2 Aty
X -Xv
o sy XD =X Gl
keN s1#52€[0,t] |51 — 52|

We deduce that |X“|cep, < L hence w also belongs to the set on the right hand side of the
first equality in (3.9). The second equality in (3.9) follows by a similar argument. Therefore, we
conclude that 7 is an (Fy )»0-stopping time. O

3.3. Application to solutions obtained through Theorem 1.1. As the first step, we de-
compose the Navier—Stokes system (1.4) into two parts, one is linear and contains the stochastic
integral, whereas the second one is nonlinear but random PDE. More precisely, we consider

dz - Az + VP dt =dB,
(3.10) divz =0,
2(0) =0,
and
v —-Av+div((v+2)®(v+2))+ VP =0,

11
(3.11) dive = 0.

This allows to separate the difficulties coming from the stochastic perturbation from those origi-
nating in the nonlinearity.

Now, we fix a GG*-Wiener process B defined on a probability space (2, F,P) and we denote
by (F)¢s0 its normal filtration, i.e. the canonical filtration of B augmented by all the P-negligible
sets. This filtration is right continuous. We recall that using the factorization method it is stan-
dard to derive regularity of the stochastic convolution z which solves the linear equation (3.10)
on (Q,F,(Ft)e=0,P). In particular, the following result follows from [Del3, Proposition IV.1.2]
together with the Kolmogorov continuity criterion.

Proposition 3.6. Suppose that Tr((—A)%JrQUGG*) < oo for some o >0. Then for all 6 € (0,1) and
T>0

B (141 e + 141 g e | <

As the next step, for every w € )y we define a process M}, similarly to Definition 3.1, that is,

(3.12) My =w(t) -w(0) + /Ot[IP’diV(w(r) ®w(r)) - Aw(r)]dr
and for every w € y we let

t
(3.13) Z4(t) = M¥) + /0 PAc AN dr
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The idea behind these definitions is as follows. The process M is defined in terms of the canonical
process = and hence its definition makes sense for every w € €y, i.e. without the reference to any
probability measure. Consequently, the same applies to Z. In addition, if P is a martingale solution
to the Navier—Stokes system (1.4), the process M is a GG*-Wiener process under P. Hence we may
apply an integration by parts formula to show that, the process Z solves (3.10) with B replaced by
M. In other words, under P, Z is almost surely equal to a stochastic convolution, i.e., we have

t
Z(t) = fo Pe"D2dN,,  P-as.

In addition, by definition of Z and M together with the regularity of trajectories in £y, it follows
that for every w € Qg, Z% € C([0,00), H™). For n e N,L > 0 and for ¢ € (0,1/12) to be determined
below we define

o . (L- 1y . (L- 1)V
) = 12 0120 e > g AN 012 e > g AL

where Cyg is the Sobolev constant for | f|p= < CS||fHH3+T° with o > 0. We observe that the sequence
(77 )nen is nondecreasing and define

(3.14) 71 = lim 77.

n—oo

Note that without additional regularity of the trajectory w, it holds true that 7;'(w) = 0. However,
340

under P we may use the regularity assumption on G to deduce that Z € CH %N 0110/02—5H 2
P-as. By Lemma 3.5 we obtain that 77 is (B¢)w0-stopping time and consequently also 77, is a
(Bt)ts0-stopping time as an increasing limit of stopping times.

As the next step, we apply Theorem 1.1 on the stochastic basis (2, F, (F)t0, P). We note that
the stopping time t from the statement of Theorem 1.1 is given by T}, for a sufficiently large L > 1,
defined in (4.2) below. We recall that u is adapted with respect to (F;)i»0 which is an essential
property employed in the sequel. We denote by P the law of u and prove the following result.

Proposition 3.7. The probability measure P is a martingale solution to the Navier—Stokes system
(1.4) on [0,71] in the sense of Definition 3.2, where 11, was defined in (3.14).

Proof. Recall that the stopping time 77, was defined in (4.2) in terms of the process z, the solution
to the linear equation (3.10). Theorem 1.1 yields the existence of a solution u to the Navier—Stokes
system (1.4) on [0,77] such that u(- ATL) € Qo P-a.s. We will now prove that

(3.15) (u) =T, P-as.

To this end, we observe that due to the definition of M in (3.12) and Z in (3.13) together with the
fact that u solves the Navier—Stokes system (1.4) on [0,77], we have

(3.16) ZU(t)=2(t) forte[0,7] P-as.

) 540 Ls 340 . .. . .
Since z€ CH2 nC_ H 2 P-as. according to Proposition 3.6, the trajectories of the processes

o el and o2 g, 0

are P-a.s. continuous. It follows from the definition of T}, that one of the following three statements
holds P-a.s.:

cither Ty, =L or |2(T1)| sia > LY*/Cs or |z] 1 _us
H 2 CT%L

> L'?Cq.

3+ao
2
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Therefore, as a consequence of (3.16), we deduce that 77 (u) < Ty, P-a.s. Suppose now that 77,(u) <
T7, holds true on a set of positive probability P. Then it holds on this set that

=L@y = 12" ysge > LV4Cs o8 12°] yoas s = I2]_yoas ae > LV/Css,

71, (u) TL(u) 2

which however contradicts the definition of T7,. Hence we have proved (3.15).

Recall that 77 is a (B;)0-stopping time. We intend to show that P is a martingale solution to
the Navier-Stokes system (1.4) on [0,77] in the sense of Definition 3.2. First, we observe that it
can be seen from the construction in Theorem 1.1 that the initial value u(0) = v(0) + z(0) = v(0)
is indeed deterministic. Hence the condition (M1) follows. However, we note that the initial value
v(0) cannot be prescribed in advance. In other words, Theorem 1.1 does not yield a solution to the
Cauchy problem, it only provides the existence of an initial condition for which a solution violating
the energy inequality exists. For an appropriate choice of the constant Cy, in Definition 3.2, which
has to depend on the constant Cp, in (1.5) in Theorem 1.1, the condition (M3) also follows.

Let us now verify (M2). To this end, let s < ¢t and let g be a bounded and real valued B;-
measurable and continuous function on €. Since u(-ATy) is an (F;)¢s0-adapted process and (3.15)
holds, we deduce that u(- A 77(w)) is also (F;)i0-adapted. Consequently, the composition g(u(- A

7r(u))) is Fs-measurable. On the other hand, we know that under P, Mt“Afr ()0 = (Biarp (u)s €i) 18

an (F;)io-martingale. Its quadratic variation process is given by [ Ge;||3,(t A 72(u)). Therefore,
we have

EP[MZ/\TLyog] EP[Mt/\TL (u), OQ(U)] [ S/\TL (u), Og(u)] [ s/\TL,Og]

and by similar arguments we also obtain that

E"[((Minr, 0)* = (t A7) |Geil72) 9] = BT [((Mirr, 0)* = (s ATL) | Geil 72) 9]

Accordingly, the process Mt Ary,,0 1S @ continuous square integrable (Bt)s0-martingale under P with
the quadratic variation process given by |Ge;|7,(t A7.) and (M2) in Definition 3.2 follows. O

At this point, we are already able to deduce that martingale solutions on [0,77] in the sense of
Definition 3.2 are not unique. However, we aim at a stronger result, namely that globally defined
martingale solutions on [0, c0) in the sense of Definition 3.1 are not unique. Moreover, we will
prove that for an arbitrary time interval [0,7'], the martingale solutions on [0,7'] are not unique.
To this end, we will extend P to a martingale solution on [0, c0) through the procedure developed
in Section 3.2. More precisely, as an immediate corollary of Proposition 3.7 and the fact that 7,
is a (B)w0-stopping time, we may apply Proposition 3.2. In particular, we construct @, for all
w € Q. In view of Proposition 3.4, (M1-M3) follows once we verify the condition (3.5) for @,,. This
will be achieved in the following result.

Proposition 3.8. The probability measure P ®,, R is a martingale solution to the Navier—Stokes
system (1.4) on [0,00) in the sense of Definition 3.1.

Proof. In light of Proposition 3.2 and Proposition 3.4, it only remains to establish (3.5). Due to
(3.15) and (3.16), we know that

3+o 3+o

P(Wizw('/\TL(w))EC’H55 002 7)=P(Zu('/\TL(u))ECH5; 002 *)

5to 1.5 340
:P(z(-/\TL)eCH > nC2. H> )zl.

This means that there exists a P-measurable set N c Qo such that P(N') =0 and for w e N°

3+<7

(3.17) 7%y €CH 0 e
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On the other hand, it follows from (3.13) that for every w’ € Qg

2(t) = 24 (¢ T (w)) = Mg - eTINEDAN

t !
[ PAeA M ds
t ,

ATL (w)

tatr (w) ,
4 (AL )A I)[ ATL(w)O+fO ) Bt @ 8yt g

Z oy () + (NTEEA Dy 7 (4 n (),
with

t !
TL(w)(t) (t thTL ()4 t/\TL(w) 0 f PAe(t_S)AMZOdS

tATE (w)

t
w’ w' -s)A w’
G- ME 0t me<w)PAe(t A (M~ M2 (y0)ds.

Since M.o = M.x7; (w),0 18 Bt (“)_measurable, we know that Z‘T"L'(w) is B7t(“)_measurable.
Using (3.1) and (3.2) it holds that for all w € Q

Qw(w'er; 7¢ c CH™Y 001/25 SM)
) 3+o0 W' k) 3+cr
= QUJ (LL) € QO, /\T (UJ) [S CH ﬂ 01/2 H Z (OJ) € CH ﬂ 01/2 )

=4, (w €Qo; Z )eCH 001/25 3+J)

/\T (w
1/2 5 3+o0
X RTL(W)’I(TL(UJ),LU) (w € Qo Z ne (w) € C’H m C 3 ) .

Here the first factor on the right hand side equals to 1 for all w € N¢ due to (3.17). Since
R;, (w)2(r(w)w) 18 @ martingale solution to the Navier-Stokes system (1.4) starting at the de-
terministic time 77 (w) from the deterministic initial condition z(77(w),w), the process w’
M,“’ M ‘XT ()0 15 2 GG*-Wiener process starting from 77, (w) with respect to (B;)¢>o under the
measure R. () z(r (w)w)- Due to the regularity of its covariance we deduce that also the second
factor equals to 1. Indeed, we have for R, () 2(r, (w)w)-2-€- W' that

w’ t (t-s)A w’ w’
ZTL(W) (t) = A Pe d(M&O - Ms/\TL(w),O)

and the regularity of this stochastic convolution follows again from Proposition 3.6. In particular,
it holds for R wy-a-e. W' that

T (w)@(TL (W),
TL(w) cCHS" 001/2 0
To summarize, we have proved that for all w e N¢

QW(WIGQ(); wEC'H 001/26 3+U):l.

As a consequence, for all w € N¢ there exists a measurable set N, such that Q,(N,) =0 and

for all W’ € NS the trajectory ¢ — Z (t) belongs to CH™ n C1/2 ‘H%" Therefore, by (3.14) we
obtain that 77 (w") = 71 (w’) for all w’' € NS where

P =it {20,127 ()] s > LV4Cs ) Aint {t 20,12 apaens yage 2 L1/2/CS} AL



18 MARTINA HOFMANOVA, RONGCHAN ZHU, AND XIANGCHAN ZHU

This implies that for t < L

{w'eN5,7L<w'>st}={w’eNs, sup |27 (s)], sse 2L1/4/Cs}
s€Q,s<t H 2

(3.18)

!
12 (1) = 2% (s2) ], a5
Jiw' e NS, sup - HZ
$1#52€Qn[0,t] |51 - 32|§_26

> L1/2/CS}.

Finally, we deduce that for all w e N©
Qu(w' € Qoo (w') =71 (w)) = Qu(w' € NS T (w') = Tr.(w))

= Qw(w' eNS;W'(s)=w(s),0< s <Tp(w), (W) = TL(w)) =1,
where we used (3.1) and we used (3.18) implies the fact that {w’ € N&;7(w') = 71.(w)} € N6nB?

(3.19)

T, (W)
This verifies the condition (3.5) in Proposition 3.4 and as a consequence P ®,, R is a martingale
solution to the Navier—Stokes system (1.4) on [0, c0) in the sense of Definition 3.1. O

Remark 3.9. The property (3.19) is essential for showing that the concatenated probability mea-
sure satisfies (M1-M3). This is the reason why we had to introduce 77, and make use of the continuity
of Z under the law of a martingale solution, which is different from the original regularity of Z
which follows merely from its definition (3.13) together with the regularity of trajectories in €.
Without the improved regularity, we could only prove that 77, is a stopping time with respect to the
right continuous filtration (B;):>o and the dependence on the right limit does not allow to establish
(3.19).

Finally, we have all in hand to conclude the proof of our main result, Theorem 1.2.

Proof of Theorem 1.2. Let T > 0 be arbitrary, let k = 1/2 and K = 2. Based on Theorem 1.1 and
Proposition 3.8 there exists L > 1 and a measure P ®,, R which is a martingale solution to the
Navier—Stokes system (1.4) on [0, 00) and it coincides on the random interval [0, 77, ] with the law of
the solution constructed through Theorem 1.1. The martingale solution P®;, R starts from certain
deterministic initial value zo = v(0) € L2 dictated by the construction in Theorem 1.1. The key
result is the failure of the energy inequality at time 7" formulated in (1.6) on the set {T, > T} c Q.
In view of (3.6), (3.19) and (3.15), we obtain

P&, R(r,>T) = fQU Qu(rr > T)P(dw) = fno Qu(71(w) > T)P(dw)
=P(rp2T)=P(rp(u) >T)=P(Ty >T) >1/2,
which by (1.6) and the choice of K =2 in particular implies
EPP R |a(T)72] = EP® B[4 amy (D) 72 ] + BPP B[ , cry J(T) 7]
>2 (o) + TTe(GG)).

On the other hand, by a classical compactness argument based on a Galerkin approximation
we may construct another martingale solution P which starts from the same deterministic initial
condition xg and which satisfies the energy inequality

EP[|2(T)[72] < lzof72 + T Te(GG™).

Therefore, we can finally conclude that the two martingale solutions P ®,, R and P are distinct
and non-uniqueness in law holds for the Navier-Stokes system (1.4). O



NON-UNIQUENESS IN LAW OF STOCHASTIC 3D NAVIER-STOKES EQUATIONS 19

4. PROOF OF THEOREM 1.1

In this section we fix a probability space (£2,F,P) and let B be a GG*-Wiener process on
(Q,F,P). We let (Fi)is0 be the normal filtration generated by B, that is, the canonical right
continuous filtration augmented by all the P-negligible sets. In order to verify that the solution
constructed in this section is a martingale solution before a suitable stopping time, it is essential
that the solution is adapted to the filtration (F3)s»0, which corresponds to a probabilistically strong
solution. In the following, we construct a probabilistically strong solution before a stopping time.
Furthermore, the solutions do not satisfy the energy inequality.

We intend to develop an iteration procedure leading to the proof of Theorem 1.1. More precisely,
we apply the convex integration method to the nonlinear equation (3.11). The iteration is indexed
by a parameter ¢ € Ny. At each step ¢, a pair (vy, éq) is constructed solving the following system
i1 Orvg — Avg + div((vg + 2) ® (vg + 2)) + Vpg = div]%q,

(41) diveg = 0.
We consider an increasing sequence {\g} ey © N which diverges to oo, and a sequence {04 }4eny € (0, 1)
which is decreasing to 0. We choose a € N;be N, S € (0,1) and let

Ag=a" 6, =0,

where 3 will be chosen sufficiently small and a as well as b will be chosen sufficiently large. By the
Sobolev embedding we know | f|z= < C’S||f||H3+Ta for o > 0. Define for L>1 and 0 <4 < 1/12

o > LY2|Csy A L.

— 7 1/4 .
(42)  Tpo=inf{t20,[2()] s > LMYCsY AL 0,12 ypos

According to Proposition 3.6, the stopping time 77, is P-a.s. strictly positive and it holds that
Ty 1 oo as L - oo P-a.s. Moreover, for ¢ € [0,7] ]

(13) ()= <D [92(@Olim <2 2]y <2

t
Let Mo(t) = LY*L*. By induction on ¢ we assume the following bounds for the iterations (v,, ]'giq):
if t € [0,T7] then

logle,re < Mo(0)! 2 (1+ Y0 67%) < 2Mo(t)'12,

1<r<q

44 loalles, < Mo())'72x;,

HéqHCtLl < Mo(t)crdg1-

Here we defined Y i.,.<9 = 0, cg > 0 is a sufficiently small universal constant given in (4.28) and
(4.37) below. In addition, we used Y51 5% < Yrs1a P = lf:ﬁ;b < 1/2 which boils down to the

requirement

(4.5) a® > 3,

which we assume from now on. The iteration will be initiated through the following result which
also establishes compatibility conditions between the parameters L, a, 3,b essential for the sequel.

Lemma 4.1. For L>1 define

L2 2Lt
vo(t, ) = : € (sin(w3),0,0).

)2
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Then the associated Reynolds stress is given by

op szt (0 0 —cos(as) L
# 0 0 0 +v9®2 + 2Qvy + 2®2.

(4.6) Ro(t,z) =
’ (2m)3/2 —cos(zg) 0 0

Moreover, all the estimates in (4.4) on the level ¢ = 0 for (vo, Ro) as well as (4.5) are valid provided

3/2, 4
(4.7) 45- (2m)%? <5 (21)¥2a® < cpL < c ( (2”)2 - - 1) .

In particular, we require
(4.8) crL > 45-(27)%/2,
Furthermore, the initial values vo(0,z) and Ro(0,z) are deterministic.

Proof. The first bound in (4.4) follows immediately since

2 2Lt

LZe
[vo(®)]z2 = 7 S Mo(t)'2.

For the second bound, we have

2(1+ L
ooy < Mo() 22U D) gy i2ag = agy(n) 20t

(2)3/2
provided

2(0+L) 4
(4'9) W <a

A direct computation implies that the corresponding Reynolds stress is given by (4.6) and we obtain
|Ro(t)] 11 < (27)32 My(8)V22(2L + 1) + 2(27) Mo () V2LV + (27) 3 LV/2.
Therefore, the desired third bound in (4.4) holds provided
| Ro ()] 1 <5+ (2m)*2 Mo (t) /L < Mo (t)crdy = My(t)cpa™™,

which requires 5 - (271)3/ 2L71 < cpa™?Pb. Here we used (4.8) in the first inequality. Combining this
condition with (4.9), we obtain the requirement

2 3/2 4
(4.10) 5-(27)%2a? < cpL < cp ((”)T“ - 1) .
In particular, we require that

(4.11) crL>5-(2m)%?,

otherwise the left inequality in (4.10) cannot be fulfilled. Under these conditions, all the estimates
in (4.4) are valid on the level ¢ = 0. Taking into account (4.5), the conditions (4.10) and (4.11) are
strengthened to (4.7) and (4.8) from the statement of the lemma and the proof is complete. O

The key result of this section which is used to prove Theorem 1.1 is the following.

1We denote by ® the trace-free part of the tensor product.
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Proposition 4.2. (Main iteration) Let L > 1 satisfying (4.8) be given and let (vg, ]Q%q) be an (Fy)so0-
adapted solution to (4.1) satisfying (4.4). Then there exists a choice of parameters a,b, such that
(4.7) is fulfilled and there exist (Fi)ws0-adapted processes (vg+1, Rqv1) which solve (4.1), obey (4.4)
at level g+ 1 and for t € [0,T1] we have

(412) o1 (2) = vy (£) | 2 < Mo() V26,13,

q+1°
Furthermore, if vq(O),}?q(O) are deterministic, so are Uq+1(0),Rq+1(0).

The proof of Proposition 4.2 is presented in Section 4.1. At this point, we take Proposition 4.2
for granted and apply it in order to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. The proof relies on the above described iteration procedure. More precisely,
our goal is to prove that for L > 1 satisfying (4.8), Lemma 4.1 and Proposition 4.2 give rise to
an (F;)is0-adapted analytically weak solution v to the transformed problem (3.11). By possibly
increasing the value of L, the corresponding solution v fails a suitable energy inequality at the given
time T'. Finally, again by possibly making L bigger, we verify that u := v+ z and t:= 77, fulfill all
the requirements in the statement of the theorem.

Starting from (v, }o%o) given in Lemma 4.1, the iteration Proposition 4.2 yields a sequence (vg, }O%q)
satisfying (4.4) and (4.12). By interpolation we deduce that the following series is summable for

ye(0,175), te[0,T1]

- 4
> Noger(t) = v ()i $ Y Joger(t) = v (B 12" fvger () = vg () 31 S Mo () 3 5q+21 Agia S Mo ().
q>0 q>0 q>0
Thus we obtain a limiting solution v = limg_, v4, which lies in C'([0,77], H™). Since vq is (F¢)e0-
adapted for every ¢ > 0, the limit v is (F;)¢s0- adapted as well. Furthermore, v is an analytically

weak solution to (3.11) since it holds lim,_, Rq =0in C([0,Tr]; L'). In addition, there exists a
deterministic constant C, such that

(4.13) lv(@)]zr < CL

holds true for all ¢ € [0,77].
Let us now show that the constructed solution v fails the corresponding energy inequality at
time 7. Namely, we will show

(4.14) [o(T) ]2 > (J0(0)[ 22 + L)e™ .

According to (4.12), in view of b%*! > b(q + 1) which holds if b > 2 and then applying (4.5), we
obtain for all ¢ € [0,77]

Jo(t) - vo(t) ]2 < 2 Joge1 () = vg(t) ]2 < Mo(t)? Z au% < Mo(t)V? ZO< a byt

8b
a
= Mo()'*

1
< §M0(t)1/2.
Consequently,

(1012 + L)e™ < (loo(0)] 2 + [0(0) = en(0) 2+ L)e” < (Mo ()12 L) T

which we want to estimate (strictly) by

(% - %) Mo(T)Y? < oo (T) | g2 = [0(T) = wo(T) | 2 < |o(T) | 12
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on the set {T7, > T} c Q. In view of the definition of My(t), this is indeed possible provided

(4.15) (§+l)<(i—l)e”.
2 L) 2 2

In other words, given T > 0 and the universal constant cg > 0, we can choose L = L(T,cgr) > 1 large
enough so that (4.8) as well as (4.15) holds and consequently (4.14) is satisfied. Moreover, in view
of Proposition 3.6 and the definition of the stopping times (4.2), we observe that for a given 7' > 0
we may possibly increase L so that the set {17, > T} satisfies P(T1 >T') > k.

Let us now define u := v+ z. Then w is (F;)0-adapted, solves the Navier-Stokes system (1.4)
and we deduce from (4.13) together with (4.3) that (1.5) holds true. To verify (1.6), we use (4.3)
and apply (4.14) on {11, > T} to obtain

[a(T) g2 2 [o(T) 12 = [2(T) ] 2 > ([0(0)| g2 + L) = (2m)* LV,

Thus, since u(0) = v(0) we may possibly increase the value of L depending on K and Tr(GG*)
in order to conclude the desired lower bound (1.6). The initial value v(0) is deterministic by our
construction. Finally, we set t:= T}, which finishes the proof. O

To summarize the above discussion, first we fix the parameter L large enough in dependence on
T,cr,k, K and Tr(GG*). Then we apply Proposition 4.2 and deduce the result of Theorem 1.1.
It remains to prove Proposition 4.2 and to verify that the parameters a, b, 8 can be appropriately
chosen.

4.1. The main iteration — proof of Proposition 4.2. The proof of Proposition 4.2 proceeds
along the lines of [BV19a, Section 7]. We have to track the proof carefully to make the construction
in each step (Fi)wo0-adapted and the initial value v(0) deterministic. In the course of the proof
we will need to adjust the value of the parameters a, b, 8 as further conditions on these parameters
will appear. The parameter L is given and will be kept fixed. In addition, we have to make sure
that the condition (4.7), which is essential in order to prove the failure of the energy inequality in
Theorem 1.1, is not violated. However, we observe that the right inequality in (4.7) remains valid
if we increase the value of a. In other words, given L we find the minimal value of a for which this
inequality holds and from now on we may increase a as we wish. On the other hand, increasing
the value of @ or b can in principle cause problems in the left inequality in (4.7), but here we may
make the parameter S smaller so that the inequality remains true. To summarize, we may freely
increase a or b at the cost of making 5 smaller.

4.1.1. Choice of parameters. In the sequel, additional parameters will be indispensable and their
value has to be carefully chosen in order to respect all the compatibility conditions appearing in
the estimations below. First, for a sufficiently small o € (0,1) to be chosen below, we let £ € (0,1)
be a small parameter satisfying

(4.16) OE A, Clenky, An<eh
In particular, we define

_3a
(4.17) L= A 20"

The last condition in (4.16) together with (4.7) leads to

at-(2m)3? -1

45 (27)%% <5 (21)%%a?®® < cpL < cp 5
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We remark that the reasoning from the beginning of Section 4.1 remains valid for this new condition:
we may freely increase the value of a provided we make § smaller at the same time. In addition,
we will require ab > 16 and « > 843b.

In order to verify the inductive estimates (4.4) in Section 4.1.4 and Section 4.1.6, it will also be
necessary to absorb various expressions including Mo (t)'/? for all ¢ € [0,77]. Since the stopping
time 77, is bounded by L, this reduces to absorbing MO(L)I/ 2 and it will be seen that the strongest
such requirement is

1/2)\130*% < CROg+2

(4.18) Mo(L) " Agi 10

needed in Section 4.1.6. In other words,

2 _1
126207 jb(13a-3+208) ¢

and choosing b = (7L?) v (17-142), L € N, (this choice is coming from the fact that with our choice
of o below we want to guarantee that ab > 16 as well as the fact that b is a multiple of 7 needed
for the choice of parameters needed for the intermittent jets below, cf. Appendix B) and e? < all14

leads to
bab/14ab(13a—;+2b,8) «1

In view of o > 83b, this can be achieved by choosing a large enough and « = 1472, This choice also
satisfies ab > 16 required above and the condition o > 83b can be achieved by choosing § small. It
is also compatible with all the other requirements needed below.

From now on, the parameters a and b remain fixed and the free parameters are a and 3 for
which we already have a lower, respectively upper, bound. In the sequel, we will possibly increase
a and decrease § at the same time in order to preserve all the above conditions and to fulfil further
conditions appearing below.

4.1.2. Mollification. We intend to replace v, by a mollified velocity field v,. To this end, let {¢: }<>0
be a family of standard mollifiers on R?, and let {¢.}es0 be a family of standard mollifiers with
support on R*. We define a mollification of vy, R, and z in space and time by convolution as
follows

ve= (Vg *a 00) %t 00, Re=(Rg*adp) e 00, 20= (2 %5 $0) *1 0,
where ¢y = Z%gi)(?) and @y = %cp(z). Since the mollifier ¢, is supported on R*, it is easy to see
that z; is (F)s0-adapted and so are vy and Ry. Since ¢y is supported on R*, if the initial values
vq(O),]iZq(O) are deterministic, so are v,(0) and R¢(0),9:R¢(0). Moreover, z(0) = 0 implies that
2¢(0) and Rcom(0) given below are deterministic as well. Then using (4.1) we obtain that (vg, Ry)

satisfies
(4.19) Ayvg — Ay + div((ve + 2¢) ® (vg + 20)) + Ve = div(Ry + Reom)
. diVUg = 0,

where
Reom = (vg + Zz)é’(w +2y) - ((Uq + Z)é’(vq +2)) %z Do *t o,
1
pe = (Pg *a G1) *t 1 — §(|W + 24 = (Jug + 2 %2 B¢) *¢ 00).
By using (4.4) and (4.16) we know for ¢ € [0,77]

_ 1 1/2
(420) oy - ey € o - vellcg, & Elegley, < OXEMo()Y2 < Mo(t) Y202y < TMo(6)11263,
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where we used the fact that a > 8 and we chose a large enough in order to absorb the implicit
constant. In addition, it holds for ¢ € [0, 7} ]

(4.21) lvele,re < v,z < Mo(®) (1 + Y 613,
1<r<q
and for N >1
(4.22) loeloy, $ 0 oglor, <N INM(0)V2 < Mo(0) 20N A8

where we have chosen a large enough to absorb implicit constant.

4.1.3. Construction of vg+1. Let us now proceed with the construction of the perturbation wg.1
which then defines the next iteration by vgi1 = v + wge1. To this end, we make use of the
construction of the intermittent jets [BV19a, Section 7.4], which we recall in Appendix B. In
particular, the building blocks W¢) = Wer, » 2, for € € A are defined in (B.3) and the set A is

introduced in Lemma B.1. The necessary estimates are collected in (B.7). For the intermittent jets
we choose the following parameters

(4.23) N R W T e WD W TP PR T TP WA

It is required that b is a multiple of 7 to ensure that Ag417, = a®" /7 e N.
In order to define the amplitude functions, let y be a smooth function such that

(2) 1, if0<z<1,
zZ) =
X z, if z>2,
and z < 2x(z) <4z for z € (1,2). We then define for t € [0,77,] and w € Q

,O(CU, t’ aj) = 4CR5(1+1M0(t)X ((CR(SqulMO(t))_l“%f(w? tv 113’)|) 3
which is (F;)s0-adapted and we have
Folw,ta)| 1 (erdpn Mo(®) R t.2)] 1
plw,t.2) | Ax((crdgar Mo(8)) M Re(w,t,2)]) ~ 2
Note that if Ry(0,z),8;Re(0,z) are deterministic, so is p(0,z) and d,p(0,z). Moreover, we have
for any pe[1,00], t€[0,7L]
(4.24) Ipllcver <16 (87 Perdgn Mo(t) + | Belcyrr ) -

Furthermore, by mollification estimates, the embedding W*! c L* and (4.4) we obtain for N >0
te [0, TL]

Héf”cgvx SN by Mo(t)
and by a repeated application of the chain rule (see [BDLIS16, Proposition C.1]) we obtain
lolew s €N erdgn Mo(t) + (crdgar Mo(£) ™07 (crdg Mo (1))

S f_4_5NCR5q+1M0(t),

(4.25)

where we used the fact that %Mo(t) = 4LMy(t) as well as 4L < £7! and the implicit constants are
independent of w.
As the next step, we define the amplitude functions

~ Rg(w,t,l') ) (27r)_%

(4.26) ae) (w,t,x) = a§7q+1(w,t,x) = p(w,t,l')l/Q'Yf (Id (W t,7)
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where ¢ is introduced in Lemma B.1. Since p and ]O%g are (F;)is0-adapted, we know that also ae)
is (F)wso-adapted. If R¢(0,z),0;R(0,z) are deterministic, so are a(e)(0,7) and drae(0,7). By
(B.5) we have

3 o
(4.27) (27‘(‘) 2 g}\a%g) ]’[11'3 W(g) ® W(E)d$ = pld — Ry,

and using (4.24) for t € [0,77]

1/4 1/251/2
Mo (t)1/262
Mo(t)1/25;121— 2[Al =,

4c)? (873 + 1) M
BIA|(370 + 1) 172

1/2
(4.28) lageleyzz < olgm el cocs, aay <

where we choose cr as a small universal constant to absorb M and we use M to denote the
universal constant as in Lemma B.1. Furthermore, by using the fact that p is bounded from below
by 4crdq+1Mo(t) we obtain by similar arguments as in (4.25) that it holds for ¢ € [0, T} ] that

_9-5N 1/4:1/2
(4.29) lag ey, < 2N el oy Mo(8) 12,
for N > 0.
With these preparations in hand, we define the principal part w;ﬁ)l of the perturbation wy.1 as
w®?
(4.30) wgt = ga@)W@)-

If Ry(0,2),0:R(0,) are deterministic, so are w(gf)l(o,x) and &gwéﬁ)l (0,x). Since the coefficients
(P)

aey are (Fy)iso-adapted and Wiy is a deterministic function we deduce that (]

adapted. Moreover, according to (4.27) and (B.4) it follows that

is also (F;)es0-

(4.31) wi @ wh) + Ry= 3 o Pao(Wie) ® We)) + pld,
el

q+1

where we use the notation Py f := f — Ff(0) = f - (277)3/2 frs f
We also define an incompressibility corrector by

(4.32) éi)l Z curl(Vaggy x Vigy) + Vae) x curlVig) + a(E)W((g))’

with W((g)) and V¢ being given in (B.6). Since a(e is (F;)s0-adapted and W(g),W((g)) and V)
are deterministic functions we know that w((l +)1 is also (F;)so-adapted. If Ry(0,z),8;Re(0,z) are

deterministic, so are wéi)l(o,a:) and 8tw§i)1(0,x). By a direct computation we deduce that

wé{:)l PO Z curl curl(ae) Viey ),

g+l —

hence
div(wgﬁ)l + wq+1) 0.

We also introduce a temporal corrector

1
(4.33) wl) = - g PP.o (afey 80 %(e)S)
€



26 MARTINA HOFMANOVA, RONGCHAN ZHU, AND XIANGCHAN ZHU

where P is the Helmholtz projection. If Ry(0,z),9;R¢(0,2) are deterministic, so is wgi)l(o,x).
(t)

q+1

615111(5?1 + gE/\]P)¢0 (a%é)diV(W(g) ® W(g)))

Similarly to above w_, is (F;)wo0-adapted and by a direct computation we obtain

1 2 2 2 1 2 2 2
(4.34) - &ZAPM@ (afey@feviet) + " &ZA]P?O (0% 2oyt ©))

1 2 2 2 1 2 2 2
- (1d-P)- %moat (0t 0%y ¥ie€) - . &ZAMO (0eae) () ¥0©) ) -

Note that the first term on the right hand side can be viewed as a pressure term Vpj.
Finally, the total perturbation wg,1 is defined by

(4.35) wya = wi) +wily + g,

which is mean zero, divergence free and (F;)sso-adapted. If ]%g(O,;U),@tl%g(O,x) are deterministic,
50 is wg+1(0,2). The new velocity vg.1 is defined as

(4.36) Vgl = Vg + Woe1-
Thus, it is also (F;)so-adapted. If ﬁq(O,x),vq(O,x) are deterministic, so is vg+1(0, ).

4.1.4. Verification of the inductive estimates for vq.1. Next, we verify the inductive estimates (4.4)
on the level ¢ + 1 for v and we prove (4.12). First, we recall the following result from [BV19a,
Lemma 7.4].

Lemma 4.3. Fiz integers N,k > 1 and let ( > 1 be such that
2 1 2 N
7r\/§C < = and C4M <1.
3 kv

K

Let pe {1,2} and let f be a T®-periodic function such that there exists a constant Cy >0 such that
1D floe < Oy,

holds for all 0 < j < N +4. In addition, let g be a (T/k)3-periodic function. Then it holds that
1 £gllee s CtlglLr,

where the implicit constant is universal.

This result shall be used in order to bound wéf)l in L? whereas for the other LP-norms we apply
a different approach. By (4.28) and (4.29) we obtain for ¢ € [0,77]
M (1)1

. CR 1/2 -8
HDJCL(O ”C’tLQ S Téqile 37

which combined with Lemma 4.3 for ¢ = £=® we obtain for ¢ € [0,77]

1 14 1/2 1 1/2
(4.37) ||w;’i)1 leyr2 < g%:\ MCR/ Mo(t)1/25qi1||W(g)HctL2 < §M0(75)1/25q{,1,

/

where we used 024 to absorb the universal constant and the fact that due to (B.3) together with
the normalizations (B.1), (B.2) we have that [W)| 2 ~ 1 uniformly in all the involved parameters.
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For general LP norm we apply (B.7) and (4.29) to deduce for t € [0,TL], p € (1,00)

1/2 2 11 1/2
(4.38) [wi e 2 lace log, IWielei 5 Mot 25112 2,200 A2
€
lwgilows < X (la@les 17 lewws + lage Loz 1Vie lcawe)
(4.39)
1/2 - 2 11 1/2 - - 1/2 ,— 2 1/p-3/2
SMo(t)l/Qaqﬁle 23 P (L) 8 Mo(0) 20y 0 2 I
and

lwos s s 7Y lage) leo eIz ¥ e, o
(4.40) geh

$ 8t Mo(D) 427 P72 e ) = Mo(0)ga T AL

We note that for p =2 (4.38) provides a worse bound than (4.37) which was based on Lemma 4.3.
Since by (4.18) MO(L)I/Z)\ -7 <1 we have for ¢ € [0,7} ]

lwii e + [wi o
(4.41) < Mo(t)l/zééﬁﬁ 2rf/p 1ri/p—1/2 (5710 +M0(t)1/251/2 -2 ﬁ/z)\qn)
MRS
_2
where we use (4.16) and the fact that )\z?j " <1 by our choice of a. The bound (4.41) will be used
below in the estimation of the Reynolds stress.
Combining (4.37), (4.39) and (4.40) we obtain for ¢ € [0,77 ]

lwgelc, 2 < Mo(t)/261>

q+1

(5+ 00 gt s ono(e) a0 ”3/2Agil)

(4.42)

g+1 g+1 g+1 q+1 g+’

< My (t)1/251/2 ( C)\24°‘72/7+CM (t)1/251/2 8a- 1/7) < S Myt )1/251/2
where by (4.18) we choose /3 small enough and a large enough such that

CNATT <18, and  OMo(L)283N00 T <18,

The bound (4.42) can be directly combined with (4.21) and the definition of the velocity vg+1 (4.36)
to deduce the first bound in (4.4) on the level ¢ + 1. Indeed, for ¢ € [0, 77 ]

1/2 1/2
[ogrillcze < [velo,ee + lwgnlloe < Mo 21+ Y 61%).
1<r<g+1

In addition, (4.42) together with (4.20) yields for ¢ € [0, 77 ]

1/2
[vge1 = vgllce < gt leyze + [ve = valle, e < Mo()'/26,13,

hence (4.12) holds.
As the next step, we shall verify the second bound in (4.4). Using (4.29)and (B.7) we have for
te [0, TL]

ooy, < 2 lace loy, Wie ey,
(4.43)
) Mg(t)l/% 7 _1 " 1/2)\qul (1 LN) < My (t)l/?g 7 —1 r; 1/2)\q+1>
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[wiile, 8 = (laley W@ ler, +lagles, (Violer, + 1Viglaes))
€
(4.44)

— - r _ -
S Mo(D) 017y (1 : —f‘) S Mo(O)P 0T

and

1

t

[wi ] s < > Zllay ol viglcmsees + lalo sl vie leywes]
"

1
<2 3 (locoles laco Loz 160 B =
EeA ’ ’

+ 2 oo +a,00 2 oo
(4.45) lageylco 1) =) Iwrveee [¥0e) [

+la 2y 166 1= (6o low= e leavies + b loy =¥ loawer
+ e o=l lcawas))

S Mo(t)eor 2kt (1 T %) S Mo(t)e~Or 2k,

where we chose p large enough and applied the Sobolev embedding in the first inequality in (4.45)
needed because PP, is not a bounded operator on C?; in the last inequality we used interpolation
and an extra Ag,; appeared. Combining (4.22) and (4.43), (4.44), (4.45) with (4.16) we obtain for
te [0, TL]

Jogiler, < loelor + lwgnle

< My(t)? ( O+ OS2 ONBG2T C’Mo(t)l/zAg‘f*?’) < My(t) 20,1,

where we used (4.18) to have the fact that C'My(L)Y? < %/\éﬁga. Thus, the second estimate in
(4.4) holds true on the level ¢ + 1.

We conclude this part with further estimates of the perturbations w®

q+1°
will be used below in order to bound the Reynolds stress 441 and to establish the final estimate
in (4.4) on the level ¢+ 1. By a similar approach as in (4.38), (4.39), (4.40), we derive the following
estimates: for ¢ € [0,7] by using (4.16), (4.29) and (B.7)

()

g+l and w(t) which

w g+l

)+ eawin < 3 lewrlenrl(ag Viey lews

EeA

S (Ha(g) les Vi lewwr + lalez, [Viey lowre
EeA ’ '

(4.46)
*+laler, IVio lewze +lagler, 1Vie) Hcths,p)

< Mo(t)l/Qrf/p_lrﬁ/p_l/ 2N T T 2 )

S MO(t)1/2Ti/p_1rﬁ/p_1/2€72)‘q+1a
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and
1
[ lcawe < = 3 (lalon, laelor I 12 )12, 12
K e
(4.47) + age H?ng |y 20 [V oyl p2e 9o H%’tLQP

+lage chgm |6y 120 | V¥ 6) 0y 20 19 e ”CtLZP)

My (t _ _ _ _ -
S —(L( ) 2lp (0 4 0 ) $ Moyt R e 2
4.1.5. Definition of the Reynolds stress .éq+1. Subtracting from (4.1) at level g+1 the system (4.19),
we obtain

(p) ()

div.f%qﬂ = Vpg+1 = —Awg1 + O(wyyy +w,,7) + div((ve + 2¢) ® wge1 + wga1 ® (ve + 2¢))

diV(Rlin)+vPlin

+div ((wéi)l ) ® weer + wh) ® (W' + wé?ﬁ)

diV(Rcor ) +VPcor

+ div(wf]ﬁ)l ® wf]ﬁ)l + ]O%g) + 8,511)(5?1

(4.48)

diV(Roso)+vposc
+div (V44192 — Ugs1®2¢ + 2@Vg41 — 2e®Vg11 + 202 — 2¢®%p)

diV(Rcoml)+Vpcoml
+div(Reom ) — Vpe-

We recall the inverse divergence operator R as in [BV19a, Section 5.6], which acts on vector fields
v with [5 vdr =0 as

(Ro)¥ = (9,A7 0! + §A1F) - %(% + OO A divA

for k,1 € {1,2,3}. Then Ruv(z) is a symmetric trace-free matrix for each x € T3, and R is a right
inverse of the div operator, i.e. div(Rv) =v. By using R we define

Ryin := -“RAwgy1 + R@t(wéﬂ +w'® ) + (Ve + 20) ®Wgs1 + Wyr1® (Vg + 2¢),

q+1
° c t
(p)1®(w( )1 + wé )1),

Reom1 = Ugs1®2 — Vg11®2¢ + 2@Vgs1 — 20®@Vgs1 + 2@2 — 20®2.

t o
Reor = (w;i)l + wéﬁl)@wqﬂ +w

We observe that if ]-Eiq(O, x),v4(0,2) are deterministic, the same is valid for the above defined error
terms Ry, (0,2), Reor(0,2), Reom1(0,).

In order to define the remaining oscillation error from the third line in (4.48), we apply (4.31)
and (4.34) to obtain

div(wg)1 ® wg)l + Rg) + 8tw(§?1

= éZ/:\div (a%@P#o(W(g) ® W(g))) +Vp+ atwéi)l

= g]ﬂto (Va%@IP;o(W(&) ® W(g))) +Vp+ gz/:\]P)#) (a%g)diV(W(g) ® W(g))) + 8,51025_)1
€ €
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= %Pm (Vaé)Pqto(W(g) ® W(g))) +Vp+Vp1 - ig\]ﬂo (@ﬁg)(ﬁgﬁ?@f))
Therefore,
Rosei= 2R (Va2 Peo(Wiey @ Wie))) -~ LR (Gratey (670 ©)) = RED + B,
which is also deterministic at time 0. Finally we define the Reynolds stress on the level ¢ + 1 by
Rys1 1= Riin + Reor + Rose + Reom + Reom1-

We note that by construction Rq+1(0,x) is deterministic.
4.1.6. Verification of the inductive estimate (4.4) for éq+1. To conclude the proof of Proposi-

tion 4.2, we shall verify the third estimate in (4.4). To this end, we estimate each term in the
definition of R4 separately.

> 1 so that it holds in particular that r2/p 2pL/p- <A

In the following we choose p = T g1

32 7a
For the linear error we apply (4.4) to obtain for ¢ € [0, 77 ]

| Rinllcyzr $ IRAwgat [cyze + IRO(wE) +wlK ) cyne + | (v + 20)@wget + wau1®(ve + 20) |cyro

$ [wgetlewrr + Y [0curl(age Viey lorr + Mo(t)*(Xg + 1) [wger |, o,
el

where by (B.7) and (4.29)
> ldcwrl(a@y Vie))le,re < Z (lal et 10:Vigy leywre + 10ace) leyer | Viey lewre)
el

2/p 1/p-3/2 -12 2/p-1 1/p-1/2
<M(t)1/2£ 7T /p H/p //L+M(t)1/2€ 12, /p H/p / q+1

In view of (4.46), (4.47) as well as (4.38), (4.41), we deduce for ¢ € [0,T7]

| Binllcyzo s Mo()) 20203 420y ()t 2 N2

+M0(t)1/2€_77"i/p7"i/p 3/2M+M (t)l/QE 12 2/p 1 i/p 1/2>\qul + Mo()e? 2/p 1 ﬁ/p 1/2)\4

< Mo(t)1/2A5a‘1/7 M()(t)>\9a 2/7+M (t)l/Q/\ISa 1/7 Mg(t)1/2)\25a_15/7

q+1 g+l
< Mo(t)CRéq_,.Q .
a 5
Here, we have taken a sufficiently large and 3 sufficiently small.
The corrector error is estimated using (4.38), (4.39), (4.40), (4.41) for t € [0,T] as

t t
| Reorllcy o < 0l + w0l o, 2w lwgat gy o + 108 + 0 gy 12w [0y 2

1 1/(2p)-3/2 1 1/(2p)-2 -2 1/p-1 1/(2p)-1/2
SMO(t)( 12 /p H/( p)-3/ + 0 4M (t)l/Q /p-1 ”/( p)— )\q+1)€ 271/? 7"”/( p)-1/

< A4'(t) (f_l4 2/p-1 i/P 2 +>f_6ﬂ4b(t)1/2 2/p-2 i/P 5/2Aq+1)

a— o— My(t)e (5
S Mo(t) ()‘231 2/7+M0(t)1/2>‘;il 1/7) o )5R .

Here we use (4.18) to have MO(L)1/2)\13a YT o —CR{SSM-
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Finally, we proceed with the oscillation error Rq,s. and we focus on R(()gc) first. Since W(E) is
(T/(r.Mg+1))? periodic, we deduce that
Poo(Wig) ® Wig)) = Porx g 2(Wiey @ Wiy ),

where Py, = Id - P, and P, denotes a Fourier multiplier operator, which projects a function onto
its Fourier frequencies < r in absolute value. We also recall the following results from [BV19a,
Lemma 7.5].

Lemma 4.4. Fiz parameters 1 < ¢ < k,p € (1,2], and assume there exists N € N such that
(N < kN2 Let a e CN(T?) be such that there exists Cy > 0 with

|D7aflco < Cag?,
for all0< j < N. Assume that f € LP(T?) such that 13 a(x)Ps. f(z)dz = 0. Then we have

119" (aPss f)| 1o < Ca ”fHLp

where the implicit constant depends only on p and N.

Using Lemma 4.4 with a = Va%g) for Cp = Mo(¢)€7™2, ( = €7, k=71, \j+1 and any N > 3, we have
T 2
|RE e < g% [R(Vae)Parin 2(Wie) @ Wee))) 1o
€

o Wiy ® W)l

1%, 2
< Mo (1) < oy V@l

Tl)\q+1 7alAq+1
$ Mo(0)e PP AL S Mo A (k)
Mo(t)CR(Sq_,.Q

< Mo(t )\1911 1/7S
o) =

For the second term R(()é)c we use Fubini’s theorem to integrate along the orthogonal directions of
by and Py and use (B.7) to deduce

|RG eir < 17" Y 10kl oo Ie) |G, 22w I9(e) 1, 2
EeA ’

My(t)crd,
<Mg(t),u_1€ 9 2/p 2 i/p 1 < M, (t))\19a 9/7§ o( iBR q+2.

In view of the standard mollification estimates we have that for ¢ € [0, T} ]
| Reomllc,r s €Clvglcy , + I2leer)vgle, ez + 2l o)
195
Iy 4 ol )(lralouse + leloiss)

t
My (t)crd
S 20N Mo (t) + €23 2N My (#) < Mo(t)erbyrz );R Ay

where § < ﬁ and we require that E%_Q‘S)\g < ch—g*Q. With the choice of £ in (4.17) and since we
postulated that a > 83b and ab > 16, this can indeed be achieved by possibly increasing a and

consequently decreasing 3. Finally, we obtain for ¢ € [0, 77 ]

Mo(t)CR(Sq_,.Q

1_
| Reomt i1 $ Mo()' 7226 = 2] = < Mo(0)037 < =2
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Here we used « > 83b in the last inequality. Summarizing all the above estimates we obtain

”éqﬂ HCtLl < MO(t)CR5q+2,

which is the desired last bound in (4.4). The proof of Proposition 4.2 is complete.

5. NON-UNIQUENESS IN LAW II: THE CASE OF A LINEAR MULTIPLICATIVE NOISE

5.1. Probabilistically weak solutions. In the case of an additive noise, the stopping times
employed in the convex integration can be regarded as functions of the solution u. This does not
follow a priori from their definition (4.2), but can be seen from (3.13) and (3.16). Accordingly, it
was possible to prove non-uniqueness of martingale solutions in the sense of Definition 3.1 directly.
However, the situation is rather different in the case of a linear multiplicative noise. Indeed, the
stopping times are functions of the driving noise B, which is not a function of u, and therefore it is
necessary to work with the extended canonical space € including trajectories of both the solution
u and the noise B. To this end, we define the notion of probabilistically weak solution. In the
first step, we then establish joint non-uniqueness in law: we show that the joint law of (u,B)
is not unique. In the second step, we extend the finite-dimensional result of Cherny [CO03] to a
general SPDE setting (see Appendix C), proving that uniqueness in law implies joint uniqueness
in law. This permits us to conclude the desired non-uniqueness of martingale solutions stated in
Theorem 1.4.

To avoid confusion, we point out that the two notions of solution, i.e. martingale solution and
probabilistically weak solution, are equivalent. The only reason why the proof of non-uniqueness in
law from Section 3 does not apply to the case of linear multiplicative noise is the different definition
of stopping times. Conversely, the proof of the present section applies to the additive noise case
as well. However, it is more complicated than the direct proof in Section 3 which does not rely on
the generalization Cherny’s result, Theorem C.1.

Definition 5.1. Let s > 0 and xg € L2, yo € U;. A probability measure P € () is a proba-
bilistically weak solution to the Navier—Stokes system (1.1) with the initial value (xo,y0) at time s
provided

(M1) P(z(t) = zo,y(t) =y0,0<t<s) =1 and for any n e N

Pl e [T 1G@ONIEwugdr < +oof =1

(M2) Under P, y is a cylindrical (B;);»s-Wiener process on U starting from yo at time s and for
every e; € C*°(T3)n L2, and for t > s
t t
(o(t) - a(s) )+ [ (div(a(r) () - Aa(r),eiddr = [ (e G(o()dyr).

(M3) For any g € N there exists a positive real function ¢ — C 4, such that for all ¢ > s

t
2 2
EP( sup [z (r)[ 72 + / x(?“)ll?{vd?") < Crg(zol s +1).
re[0,t] S
For the application to the Navier—Stokes system, we will again require a definition of probabilis-
tically weak solutions defined up to a stopping time 7. To this end, we set

Q= {w(ArT(w));weQ}.

Definition 5.2. Let s > 0 and z € L2, yo € Uy. Let 7 > s be a (B;)ss-stopping time. A probability
measure P € Z(€);) is a probabilistically weak solution to the Navier—Stokes system (1.1) on [s,7]
with the initial value (xg,y0) at time s provided
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(M1) P(z(t) = o,y(t) =y0,0<t<s) =1 and for any n e N

_ nAT
P{(az,y) eQ:fO ||G(:L“(T))H%2(U;Lg)dr<+c>o}: 1.

(M2) Under P, (y(-AT),l;)u is a continuous square integrable (B;):s-martingale starting from yq
at time s with quadratic variation process given by (t A7 —s)|l; |7, where {I;};ey is an orthonormal
basis in U. For every e; € C*°(T3)n L2, and for ¢t > s

tAT

(x(t/\T)—x(s),ei)+]; (div(ar(r)®a:(r))—Aa:(r),ei)dr:fstM(ei,G(x(r))dyr).

(M3) For any ¢ € N there exists a positive real function ¢ » Cy 4 such that for all ¢ > s

Tl 2 [ ()| dr | < C % 41
SUlP]HﬂC(T)HLzJr el ) < Ceg(lzol72 +1).

re[0,tAT

Similarly to Theorem 3.1 we obtain the following existence and stability result. The proof is
presented in Appendix A.

Theorem 5.1. For every (s,zq,y0) € [0, 00) x L2 x Uy, there exists P € 2(Q) which is a probabilis-
tically weak solution to the Navier—Stokes system (1.1) starting at time s from the initial condition
(x0,90) in the sense of Definition 5.1. The set of all such probabilistically weak solutions with the
same implicit constant Cy 4 in Definition 5.1 is denoted by # (s, x0, Yo, Ctq)-

Let (Sn,Tn,yn) = (5,20,90) in [0,00) x LZ x Uy as n — oo and let Py € W (Sp,Tn,Yn,Crq)-
Then there exists a subsequence ny such that the sequence (Pp, )keny converges weakly to some
Pe W(S, L0, Yo, Ct,q)‘

As in the case of additive noise, the non-uniqueness in law stated in Theorem 1.4 means non-
uniqueness of martingale solutions in the sense of Definition 3.1. Non-uniqueness of probabilistically
weak solutions corresponds to the joint non-uniqueness in law.

Definition 5.3. We say that joint uniqueness in law holds for (1.1) if probabilistically weak solu-
tions starting from the same initial distribution are unique.

5.2. General construction for probabilistically weak solutions. The overall strategy is sim-
ilar to Section 3.2: in the first step, we shall extend probabilistically weak solutions defined up a
(Bt)ts0-stopping time 7 to the whole interval [0, 00). We denote by B, the o-field associated to .

Proposition 5.2. Let 7 be a bounded (B})¢s0-stopping time. Then for every w € Q there exists
Q. € Z(Q) such that

(5.1) Qu(w € Qs (2,9)(t,0") = (z,y)(t,w) for 0<t<T(w)) =1,
and
(5.2) Qu(A) = RT(w)@(T(W)M)’y(T(w)’w)(A) for all Ae B,

where Ry () x(r(w)w)y(r(w)w) € P(Q) is a probabilistically weak solution to the Navier-Stokes sys-
tem (1.1) starting at time 7(w) from the initial condition (z(7(w),w),y(7(w),w)). Furthermore,
for every B € B the mapping w — Q. (B) is B;-measurable.

Proof. The proof of this result is identical to the proof of Proposition 3.2 applied to the extended
path space Q instead of €2y and making use of Theorem 5.1 instead of Theorem 3.1. O

We proceed with a result which is analogous to Proposition 3.4.
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Proposition 5.3. Let 2 € L2. Let P be a probabilistically weak solution to the Navier-Stokes
system (1.1) on [0,7] starting at the time O from the initial condition (x¢,0). In addition to the
assumptions of Proposition 5.2, suppose that there erists a Borel set N c €, such that P(N) =0
and for every w € N¢ it holds

(5.3) Qu(w e x7(W) =7(w)) = 1.
Then the probability measure P ®, R e () defined by

P®;R():= fQ Qu(+) P(dw)

satisfies P ®; R = P on Q; and is a probabilistically weak solution to the Navier-Stokes system
(1.1) on [0, 00) with initial condition (x¢,0).

Proof. The fact that P ®, R(A) = P(A) holds for every Borel set A c 2, as well as the property
(M1) follows directly from the construction together with (5.3). In order to show (M3), we write

t
EPM( sup ()| + [ x(r)ﬂﬁﬂdr)
€[0,t] 0

r

tAT t
sEPM( sup_a(r)|3+ [ ux@)%d?«)wmm( sup [a(r)|3%+ [ Hw(r)\limdr)

re[0,tAT] re[tAaT,t] tnt
<C(xol7% + 1) + C(E |a(r) 3% + 1) < C(|wol 7% + 1),

where we used (M3) for P and for R, (5.3) and the boundedness of the stopping time 7.

For (M2), we first recall that since P is a probabilistically weak solution on [0, 7], the process
(Yenr, Li)u is a continuous square integrable (B;);so-martingale under P with the quadratic variation
process given by (A 7)|l;]|%. On the other hand, since for every w € €2, the probability measure
R (w),2(r(w)w)y(r(w)w) 15 @ probabilistically weak solution starting at the time 7(w) from the initial
condition (z(7(w),w),y(7(w),w)), the process (Y — Ysar(w),li)v is a continuous square integrable

(Bt)tsr(w)-martingale under R. () »(r(w), ) with the quadratic variation process given by

w),y(T(w),
(t - T()|L|%, t > 7(w). Then by the same arguments as in the proof of Proposition 3.4 we
deduce that under P®, R, the process (y,1;)y is a continuous square integrable (B;)sso-martingale
with the quadratic variation process given by ¢[l;|?, ¢ > 0, which implies that y is an cylindrical
(Bt)ts0-Wiener process on U.

Furthermore, under P it holds for every e; € C*°(T3) n L2 and for ¢t > 0

tAT

ijé =(z(tAT)-2(0),6;) + /(; (div(z(r) @ z(r)) - Ax(r), e;)dr = /(;tAT(ei, G(x(r))dyy).

On the other hand, for w € Q, under Ry () a(r(w)w) w) it holds for ¢ > 7(w)

y(T(w),
M () =a(r @) e+ [ Wiv(a() ©2()) - Aa(r).edr = [ (ei.Gar))d)

Therefore, we obtain

. t
Pe, R{Mf:(’)y” = [0 (es, G(z(r))dy,),e; € C®(T3) n L2, t > O}
. t
_ Z,Y, _ .
- far@@ufarzi, - [ ecm),

. taT(w) -
Vo= [ e Gl e () 2 a0,
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Now, using (5.3) and (5.2) we obtain

. t
Y, _ . . () 3 2
dep(w)Qw{MmT(w) - lAT(w)(el,G(x(r))dyr),el ¢ O™(T )mLU,tzo}

wai tAT(w) -~
- [, 4P (w)Rr(w>,x(w),w),yww),w){Mtxf’(w),o - [ e Gla)dy, ) e e (T 0 L2t > 0}
and using (5.3) and (5.1) we deduce

- tAT(w) 00 /i3 9
\/(:2 dP(w)QW{MtAg(w)p = [0 <€i, G(.ﬁU('I"))dyr), €; € O (T ) N Lo’at 2 0}

. AT
= P{MtfoS = /0 (es, G(z(r))dy,),e; € C(T*) n L2t > O} =1.

In view of the elementary inequality for probability measures Q,(AN B) > 1 - Qu(A°) - Qu(B°),
we finally deduce that P ®, R-a.s.

, t
Mg = /(; (es, G(z(r))dy,) for all e; e C®(T*)n L%, t>0,
hence the condition (M2) follows. O

5.3. Application to solutions obtained through Theorem 1.3. The general construction
presented in Section 5.2 applies to a general infinite dimensional stochastic perturbation of the
Navier—Stokes system. From now on, we restrict ourselves to the setting of a linear multiplicative
noise. In particular, the driving Wiener process is real-valued and consequently U = U; = R.

For ne N, L>1 and ¢ € (0,1/12) we define

(W) = inf{t >0, y(t,w)| > (L - %)1/4} /\inf{t >0, [yt )] g5 > (L= %)1/2} AL

Then the sequence {7} }ney is nondecreasing and we define

(5.4) 71 = lim 77.

n—oo

Without additional regularity of the process y, it holds true that 7;'(w) = 0. By Lemma 3.5 we
obtain that 77 is (B:)s0-stopping time and consequently also 77, is a (Bt)0-stopping time as an
increasing limit of stopping times.

Now, we fix a real-valued Wiener process B defined on a probability space (2, F,P) and we
denote by (F; )0 its normal filtration. On this stochastic basis, we apply Theorem 1.3 and denote
by u the corresponding solution to the Navier—Stokes system (1.7) on [0,77], where the stopping
time 77, is defined in (6.3). We recall that u is adapted with respect to (F;)s0 which is an essential
property employed to prove the martingale property in the proof of Proposition 5.4. We denote
by P the law of (u,B) and obtain the following result by similar arguments as in the proof of
Proposition 3.7.

Proposition 5.4. The probability measure P is a probabilistically weak solution to the Navier—
Stokes system (1.7) on [0,71] in the sense of Definition 5.2, where Tp, was defined in (5.4).

Proof. The proof is similar as the proof of Proposition 3.7 once we note that
y(t,(u,B)) =B(t) forte[0,T,] P-as.
In particular, the property (M2) in Definition 5.2 follows since (u, B) satisfies (1.7). O
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Proposition 5.5. The probability measure P®,, R is a probabilistically weak solution to the Navier—
Stokes system (1.7) on [0,00) in the sense of Definition 5.1.

Proof. In light of Proposition 5.2 and Proposition 5.3, it only remains to establish (5.3), which
follows by similar arguments as in the proof of Proposition 3.8. O

Finally, we have all in hand to conclude the proof of our main result Theorem 1.4.

Proof of Theorem 1.4. Let T > 0 be arbitrary. Let x = 1/2 and K =2 and apply Theorem 1.3 and
Proposition 5.5. As in the proof of Theorem 1.2 it follows that the constructed probability measure
P ®;, R satisfies
P&, R(rp, >T)=P(IT>T)>1/2,
and consequently
BTl |2(T)|7:] > 2¢7 o] 72
The initial value zo = v(0) € L2 is given through the construction in Theorem 1.3. However,
based on a Galerkin approximation one can construct a probabilistically weak solution P to (1.7)
starting from the same initial value as P ®,, R. In addition, this solution satisfies the usual energy
inequality, that is,
EP2(T)|7:] < " o] 7.

Therefore, the two probabilistically weak solutions are distinct and as a consequence joint non-
uniqueness in law, i.e. non-uniqueness of probabilistically weak solutions, holds for the Navier—
Stokes system (1.7). In view of Theorem C.1 we finally deduce that the desired non-uniqueness in
law, i.e., non-uniqueness of martingale solutions, holds as well. O

6. PROOF OF THEOREM 1.3

As the first step, we transform (1.7) to a random PDE. To this end, we consider the stochastic
process
0(t) =P, t>0,
and define v := #~'u. Then, by Itd’s formula we obtain
1
O + i Av +6div(vev) + 7 VP =0,
divv = 0.

(6.1)

Our aim is to develop a similar induction argument as in Section 4 and apply it to (6.1). At
each step ¢ € Ny, a pair (vq, Ry) is constructed solving the following system

1 .
(6.2) Orvg + 3V~ Avg + 0div(vg ® vg) + Vpg = divRy,
dive, = 0.

We choose suitable parameters a € N and b € N sufficiently large and a parameter 5 € (0,1)
sufficiently small and define

Ag=a® 6, =07
The necessary stopping times T, are now defined in terms of the Wiener Process B as
(6.3) Ty = inf{t > 0,[B(0)| 2 L'y Atnf{t > 0, Bl rz2s 2 L2} A L
for L >1 and 0 € (0,1/12). As a consequence, it holds for ¢ € [0, 77 ]
(6.4) B <L, Bl g < L2,
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which implies
(6.5) 6] 325 +16(1)] + 071 (t)| < 3LY2eE" =2
t

We also define
(6.6) Mo(t) = e*Ft+2L,
For the induction, we will assume the following bounds for (vg, ]Q%q) which are valid for ¢ € [0,77]

lvglle, e <mpMo() (1 + Y 612) < 2mp Mo ()2,

1<r<q

(6.7) lvgllcy, <maMo(t)?Xg,
|Ryllc,r <crMo(t)dge1.

Here Y1, 5L2 = 0, cr > 0 is a sufficiently small universal constant given in (6.22), (6.24) and we

used the fact that Y, (5;/2 <Y, a P = lf;[_ﬂ;b <1/2 and

(6.8) a>3

in the first inequality. The following result sets the starting point of our iteration procedure and
gives the key compatibility conditions between the parameters L, a, 53, b.

Lemma 6.1. Let L > 1 and define

2Lt+L
m(L;T (sin(z3),0,0) .
T)2

Then the associated Reynolds stress is given by

'U()(t,J?) =

0 0 -cos(zs)
3 mp (2L + 3/2)e?+L
Ro(t,z) = @) 0 0 0
g —cos(zg) 0 0

The initial values vo(0,x) and Ry(0,2) are deterministic. Moreover, all the estimates in (6.7) on
the level ¢ =0 for (v, Ro) as well as (6.8) are valid provided

L
(6.9) 18- (27)32V/3 < 2 (21)32V/3a%P < R r AL<dl.
LVA(2L + 2)e2t

In particular, the minimal lower bound for L is given through

cReL
LVA2L + 3)ex™"

(6.10) 18- (27)%%/3 <

Proof. We observe that for t € [0,77]

W2L€2Lt+L

[vo(®)]z2 = A <mpMo(t)'/?, lvolles, < ALmp e < mp Mo(8)Y2)3,
provided
The associated Reynolds stress can be directly computed and admits the bound

I Ro(t)] 11 <2+ (27) 2mp (2L + 3/2)eE < Mo (t)cpén,
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provided
(6.12) 2. (2m)2V/3LY4(2L + 3/2)e2 X" < ebepa 2,

Under the conditions (6.11) and (6.12) all the estimates in (6.7) are valid on the level ¢ = 0.
Combining (6.11), (6.12) with (6.8) we arrive at (6.9), (6.10) from the statement of the lemma. O

We note that the compatibility conditions (6.9), (6.10) are similar in spirit to the corresponding
conditions in the additive noise case, i.e. (4.7), (4.8). In other words, (6.10) gives the minimal
admissible lower bound for L. Then based on the second condition in (6.9) we obtain a minimal
admissible lower bound for a. Whenever we need to increase a or b in the course of the main
iteration proposition below, we have to decrease the value of § simultaneously so that the first
condition in (6.9) is not violated.

Proposition 6.2. (Main iteration) Let L > 1 satisfying (6.10) be given and let (Uq,lo%q) be an
(Ft)es0-adapted solution to (6.2) satisfying (6.7). Then there exists a choice of parameters a,b, 3
such that (6.9) is fulfilled and there exist (Fi)i=0-adapted processes (vq+1,éq+1) which solve (6.2),
obey (6.7) at level ¢+ 1 and for t € [0,T1] we have

(6.13) vger (£) = vg(£) | L2 < mp Mo ()25, [3

q+1-
Furthermore, if vq(O),}o?q(O) are deterministic, so are Uq+1(0),éq+1(0).

The proof of Proposition 6.13 is presented in Section 6.1 below. Based on this result, we are able
to conclude the proof of Theorem 1.3.

Proof of Theorem 1.3. Starting from (vo,lilo) given in Lemma 6.1 and using Proposition 6.2 we
obtain a sequence (vq, Ry) satisfying (6.7) and (6.13). By interpolation, it follows for vy € (0
te [0, TL]

ZO lvge1(t) = vg(8) | 7 5 Z [ge1(t) = vg ()77 [vge1(t) = vg () e S mrMo(8)V/2.

8
7@)?

Therefore, the sequence v, converges to a limit v € C([0,Tr], H”) which is (F;)s0-adapted. Fur-
thermore, we know that v is an analytically weak solution to (6.1) with a deterministic initial value,
since due to (6.7) it holds limg_,eo éq =0in C([0,Tr]; L'). According to (6.13) and (6.8), it follows
for ¢t € [0,T} ]

1
[o() =0 (®) 22 € 3 [oger(t) = vg(D)] 2 < meMo(0)V2 Y 8,15 < Smp Mo (1)
q20 q=0

Now, we show that for a given T' > 0 we can choose L = L(T) > 1 large enough so that v fails the
corresponding energy inequality at time 7', namely, it holds

1/2
(6.14) [o(T) ]2 > € [0(0)] 2
on the set {77, > T'}. To this end, we observe that

1/2 1/2 172 3
T 0(0) ][22 <€ (Juo(0) |2 + [0(0) ~ w0 (0)| =) < €2 S Mo(0) /2.
On the other hand, we obtain on {17, > T'}

2L/3

1ol (ool = 1oT) - (D) 2 (5 = 3 M7 > 22 B 01

L
V2
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provided

(6.15) (L - 1) (2T 5 3 202,
22 2
Hence (6.14) follows for a suitable choice of L satisfying additionally (6.15). Furthermore, for a
given T' > 0 we could possibly increase L so that P(Tp >T) > k.
To conclude the proof, we define u := fv and observe that u(0) = v(0). In addition, u is (F¢)e0-
adapted and solves the original Navier—Stokes system (1.4). Then in view of (6.14) and the fact

that due to (6.4) it holds true |0p]| > e on the set {Tr, > T}, we obtain
1/2
[u(T) ) 2 = 6D (T | 22 > €= [u(0) ] 2

on {Tp, > T}. Choosing L sufficiently large in dependence on K and T' from the statement of the
theorem, the desired lower bound follows. Finally, setting t:= Tt completes the proof. U

6.1. The main iteration — proof of Proposition 6.2. The overall strategy of the proof is similar
to Section 4.1 but modifications are required since the approximate system on the level ¢ has a
different form. As in Section 4.1, we have to make sure that the construction is (F;)s0-adapted at
each step.

6.1.1. Choice of parameters. We choose a small parameter ¢ € (0,1) as in Section 4.1.1: for a
sufficiently small o € (0,1) to be chosen below, we let £ € (0,1) be a small parameter defined in
(4.17) and satisfying (4.16). We note that the compatibility conditions (6.9), (6.10) as well and the
last condition in (4.16) can all be fulfilled provided we make a large enough and § small enough at
the same time. In addition, we will require ab > 16 and « > 84b.

In order to verify the inductive estimates (6.7) we need to absorb various expressions including
m4 Mo(t)"/? for all t € [0,T1]. To this end, we need to change the condition (4.18) in Section 4.1.1
to
(6.16) Cmi MBS < 2l

“R7qr2 <0t
0 @

_1
m Mo(L)' AL T

IN

CR5q+2
5 9

In other words, we need
1/4 _a, 10
9L62L ab( 2+3b+2b6) <« 1’

1/4 2 _1
9[62L €2L +Lab(13a = +2b83) «1,
1/4 3 2
\/§L1/4el/2L ! <a®t 2T

Choosing b = (7L%) v (17 -14?), in view of a > 88b, (6.16) can be achieved by choosing a large
enough and a = 1472, This choice also satisfies ab > 16 required above and the condition o > 83b
can be achieved by choosing 8 small. It is also compatible with all the other requirements needed
below.

6.1.2. Mollification. As the next step, we define space-time mollifications of v, and Rq and a time
mollification of 8 as follows

ve = (Vg *o P2) *¢ r, Ry = (éq o Pp) *t Pr, 00 = P+, oy
By choosing time mollifiers that are compactly supported in R*, the mollification preserves (F;)s0-
adaptedness. If the initial data v4(0), R4(0) are deterministic, so are vy(0) and R;(0),0;R¢(0).
Then using (6.2) we obtain that (vs, Ry) satisfies
1 .
at’l)g + 57)5 - AU@ + Hgdiv(’l)g ® Ug) + Vpy = diV(Re + Rcom)

divuy =0,
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where
Reom = Qg(vzé)vg) - (evqévq) * Qp % Py,
1
pe = (Pg *z 1) *t pe — 5(9€|W|2 — (Blvgl? *& de) *¢ 0).

With this setting, the counterparts of the estimates (4.20), (4.21) and (4.22) are obtained the
same way only replacing My(t)"/? by myMy(t)'/?. In particular,

1 1/2
(6.17) oy = v,z € Jme Mo(t) 25112,
(6.18) lvel e,z <meMo()Y2(1+ Y 6Y%) < 2my My ()2,
1<r<q
(6.19) loel oy <mpMo() 2N A

6.1.3. Construction of vg+1. We recall that the intermittent jets W) and the corresponding esti-
mates are summarized in Appendix B. The parameters A,r|,r,, u are chosen as in (4.23) and we
define x and p be the same functions as in Section 4.1.3 with My(¢) given by (6.6). Now, we define
the modified amplitude functions

éf(w7t7$)
p(watax)

)(27r)—2

= = _p1/2 1/2
aey(w,t,x) = ag ger (w, t, ) =0, “plw,t,x)" ", (Id—
(6.20) © €.q+ ¢ 3
= 921/2a5’q+1(w, t, .73),
where ¢ is introduced in Lemma B.1 and a¢ 441 is as in Section 4.1.3 with My(t) given in (6.6).
Since p, 6y and Ry are (F;)i0-adapted, we know ¢y is (F)i-0-adapted. Note that since 6y(0) and
9,0,(0) are deterministic, if R,(0),d;R¢(0) are deterministic, so are a¢(0) and 0iae(0). By (B.5)
we have

(6.21) (2m)¥2 3 aly £ Wiy ® Weeyda = 07 (p1d - Fy),
el
and for ¢ € [0,77 ]
la)leuz < 16 e lolg el oo s, oy
t /

1/4 1/2

(0:22) < 40}%/2(2%3 * 1)1/2]\4771 M (t)1/2(51/2 < CR/ mLMO(t)l/Q(SqJ/rl
8[A[(8m3 + 1)1z T g+l = 2[A| ’

where we choose cp as a small universal constant to absorb M and M denotes the universal constant
from Lemma B.1 and we apply the bound \921] < m2L Furthermore, since p is bounded from below
by 4cgrdq+1Mo(t) we obtain for ¢ € [0,77 ]

(6.23) laley, s g—2—5NC}%/4mLMO(t)1/251/2

q+1°
for N > 0, where we used (6.5) and 4L < ¢! and the derivative of 921/2 gives extra E‘lm% and
myp, < ¢t

As the next step, we define wy,; similarly as in Section 4.1.3. In particular, first we define the

. (p)
principal part w g+l

(6.21)

of wgy1 as (4.30) with a(ey replaced by @) given in (6.20). Then it follows from

bty @ s + e =01 3l Pao Wi @ Wig) 1
€
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()
q+1
a(ey- The temporal corrector w( ) is now defined as in (4.33) with a(e) given in (4.26) for Mo(t)
from (6.6). Note that for the temporal corrector we use the original amplitude functions a¢ from
Section 4.1.3 (only using a different function Mj(t)), since we need the extra 6, to obtain a suitable
cancelation. The total velocity increment wg.1 and the new velocity vg,1 are then given by

(p) () )

Wq+1 = wq+1 + wq+1 + wq+17

The incompressible corrector w is therefore defined as in (4.32) again with a(ey replaced by

Vg+1 = Vg + Wg41-
Both are (F;)w0-adapted, divergence free and w1 is mean zero. If v4(0), Ry(0) are deterministic,

50 is v44+1(0).

6.1.4. Verification of the inductive estimates for vq.1. For the counterparts of the estimates (4.37)-
(4.47), the main difference now is the extra m, appearing in the bounds (6.22) and (6.23) for a¢).

Therefore, many of the estimates remain valid with My(¢)/? replaced by mzMy(t)'/?, only the

bounds for the temporal corrector wéi)l do not change. More precisely, we obtain for ¢ € [0,77 ]
1 1/2

(6.24) w oz < miMo() /28,15,

1/2 )—2_2/p-1_1/p-1/2
(6.25) [w leurs  mpMo(#) V20,5022t 712,
(6.26) [l leuzr S mp Mo(t) V26,3 7123077572,

2/p-1_1/p-2
(6.27) lwilenze Mot i P2t
Combining (6.24), (6.26) and (6.27) then leads to
(6.28)
10% Q 3
fgealens < meMo()V20)03 (5 + ONS™T+ CM (2SN <« S Mo(0) 26115

where we used (6.16) to bound C’MO(L)l/Q(S;ﬁ)\Sfl_lﬁ <1/8.

As a consequence of (6.28) and (6.18), the first bound in (6.7) on the level g + 1 readily follows.
In addition, (6.28) together with (6.17) implies (6.13) from the statement of the proposition. In
order to verify the second bound in (6.7), we observe that similarly to (4.43)-(4.45) it holds for

te [O,TL]

_ 1/2
(6.29) [l ey s meMo(t) 2T M 202,
(6.30) lwfiiley, s meMo() e TN,
(6.31) [wl ey s Mo(0)€ r 2018

Combining (6.29), (6.30), (6.31) with (6.19) and taking (6.16) into account, the second bound in
(6.7) follows.

In order to control the Reynolds stress below, we observe that similarly to (4.46), (4.47), the
following bounds hold true for ¢ € [0,77], p € (1, 00)

(6.32) [w® + w leawin < muMo()) 2P e P22
2 21 1 =2/7
(6.33) [ lewrn < Mo(t)r? P42 2T
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6.1.5. Definition of the Reynolds Stress éq+1. Similar as before we know

(P) (c)

Lo 1 .
divRgi1 = Vpgs1 = §wq+1 - Awgi1 + 6,5(10(1Jr1 + wqﬂ) +0pdiv(vy @ Wgs1 + Wys1 ® Vp)

div(Rlin)+vPlin
(t)

+ 0,div w +w ®w +1+w(p) ® w(c) +w(t)
1 g+1 q +1

q+1 q+1

diV(Rcor +Vpcor)

+ div(Ggwg)l ® wg)l + Ry) + 8twq+)1

diV(Rosc)+vposc
+ (9 — Qg)div (vq+1<§)vq+1) +diV(RCOm) - Vpy.

diV(Rcoml )+vpcom1

Therefore, applying the inverse divergence operator R we define
1
Riiy = §qu+1 - RAwg1 + R@t(w(p)l + qu) + 0£U€®Wq+1 + ngq+1®vg,

Reor = 96(“’;?1 + wq+1)®wq+1 + ngyﬂ@( éi)1 + w;i)l)’

Reom1 = (95 - 9)(vq+1®vq+1).
And similarly to Section 4.1.5 we have

1
Rose = 3 R(Vale Pao(Wig) © Wie))) = — 2 R (dhafey (8 ¥e)©) )
§eA H EeA
with a(¢) given in (4.26) for My(t) from (6.6). Hence the bounds for Res. are the same as in
Section 4.1.6. The Reynolds stress on the level ¢ + 1 is then defined as
f{qul = Rlin + Rosc + Rcor + RCom + Rcoml-

6.1.6. Vem’ﬁcation of the inductive estimate for éq+1. In the following we estimate the remaining
terms in Rq+1 separately. We choose p = 3575 > 1.

For the linear error, have for ¢ € [0, TL]
| Rinearllc,zv $ lwgeilcowo + [RO(wE) +wl?) e, po +md ve@wgen +we®velc, Lo

S lwgetlcywie + Y, [0rcurl(@e Viey) lo,or + Agmi Mo(t)'/?
e

Hence using (6.32), (6.33), (6.23), (B.7), (6.25), (6.26) and (6.27) we have for t € [0,77]

lwg+1llo,ze-

| Rinear |,z S Mo (t)1/2€ 2r2/p 1 ﬁ/p 1/2)\qul T+ Mo(t)e 4r2/p 2Ti/p 1)\;3{7

+mLMo(t)1/2€_7r2/prﬂ/p_3/2u+mLM0(t)1/2€_12 2/p-1 ﬁ/p 12 ;+1

+m Mo(t) e 2rilP =y P12

< mp Mo (t)1/2)\5a 1/7+M (t))\ga 2/7+mLMO(t)1/2>\15a71/7

q+1 q+1

q+1
< Mo(t)CR5q+2
S —5 5
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where we used the fact that a is sufficiently large and $ is suffiently small, in particular, (6.16)
holds.
The corrector error is estimated by (6.25), (6.26) and (6.27) for ¢ € [0,77] as follows

2 2
|Reorllcyzr < m3 |l + S o, 20 lwgen o,z +m | + w0l e, p2 |0 o, 20
< i ( -12,.1/p, 1/(2p)=3/2 | -4 1/2,. 1/p 1,.1/(2p)-2 ) -2 1/10 1,.1/(2p)-1/2
Sy Moy(t) ey My (t) T )\ 14 |

s Mo(t) (€M Py P72 s O M () 2R PR

- My(t)crd
<m7 My(t) ()\zi? 2/7+Mo(t)1/2)\;i‘f 1/7) %’
where we used again (6.16) to have m%)‘z?j_QW +md My (L)1/2/\13a 1/7 CR(;M‘

In view of a standard mollification estimate we deduce that for te[0,Tr]
100(£) — O(2)| < L2 L12LM? ¢ g1/2-25,,2

| Reomlcz1 S mEelvglcs Ivgle,rz + 72 m Mo ()X

Moy(t)cgrd
< Ef—QJm%MO(t))\AL < 0( )E)CR (1+2’
where ¢ € (0,1/12) and we choose a large enough to have
(6.34) Co P mint < —Aqu

With the choice of ¢ and since we postulated that a > 838b and ab > 16, this can indeed be achieved
by possibly increasing a and consequently decreasing j.
The second commutator error can be estimated for ¢ € [0,77] as follows

Moy (t)cRd,
| Reomil eyt < 272 md Mo (1) < %

)

where we used (6.34) to have 61/2’25m% < %5q+2.
Thus, collecting the above estimates we obtain the desired third bound in (6.7) and the proof of
Proposition 6.2 is complete.
APPENDIX A. PROOF OF THEOREM 3.1 AND THEOREM 5.1
Let us begin with the following tightness result.

Lemma A.1. Let {(8n,2n) nen € [0,00) x L2 such that (sp,x,) = (8,70). Let { Py }nen be a family
of probability measures on Qg satisfying for all m e N

(A.1) P (x(t) =x,,0<t<s,) =1

and for some v,k >0 and any T >0

- . T
(A.2) sup EF | sup [z(t)|2 + sup | (t) = 2(r) s +/ |z () |3 dr | < oo.
neN te[0,T] r+te[0,T] |t - T|H Sn

Then { Py }nen is tight in'S = Cioc([0,00); H3)n L2 ([0, 00); L2).
Proof. In view of the uniform bound (A.2), the canonical process under the measure P, is bounded

in L ([0,00); L) n lOc([0 0); H3) n L ([8n,00); H?) and the bounds are uniform in n. We
recall that a set K c S is compact provided

Kr:={flory; £ € K} € C([0,T); H®) n L*(0,T; L2)
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is compact for every T > 0. In addition, for every T" > 0, the following embedding
L=(0,T;L%) n C*([0, T}, H®) n L*([0,T}; HY) < C([0, T); H™®) n L*(0, T LY)

is compact, see e.g. [BFH18, Section 1.8.2]. This implies that also the embedding of the local-in-
time spaces
Lis([0,00); L*) 0 Cfo ([0, 00); H™) N Lig ([0, 00); HY) € S

is compact as well. This result, however, cannot be applied directly in order to prove the claim
of the lemma due to the fact that the uniform H7 regularity in (A.2) only holds on the respective
time intervals [s,,T]. The idea is instead to use (A.1) which says that under each measure P,
the canonical process is constant on [0, s,, ] and its value equals to x,,. Together with the fact that
(8n,2n) = (5,20) in [0,00) x L2, the desired compactness then follows.

To be more precise, we fix € > 0 and any k € N, k > kg := sup,,cy Sn, we may choose Ry > 0
sufficiently large such that

— N k
P,z eQo: sup ||x(t)|r2+ sup |2(t) = () + f |z(r) |3 dr > Ry, | < e/2F.
te[0,k] rte[0,k] |t —rls "

Sn

Now, we set Q,, := {z € Qo;x(t) = x,,0 <t < s, } and define

t)— _ k
(A3) K:=J N {2eQ; sup |2(t)|p2+ sup |z (1) ‘””(Z)HHHf |2 (r)|%-dr < Ry ¢ .
neN léce’IC\I te[0,k] r#te[0,k] |t - Tl Sn
2R0

By Chebyshev’s inequality together with (A.2), it follows that

sup P,(K°) <sup P,(K°) <,
neN neN

so it only remains to show that the set K is a compact set in S. As mentioned above, it is sufficient
to prove that for every k € N, k > ko, the restriction of functions in K to [0, k] is relatively compact
in Sy == C([0,k], H3)n L?(0,k; L?).

To this end, let {x, }men be a sequence in K. If there exists N € N so that for infinitely many
m it holds z,, € Qy, the result can be obtained by a standard argument based on the compact
embedding discussed above. If this is not true, we may assume without loss of generality that
Ty € Q. The compactness in C([0,k]; H3) is a direct consequence of the bound

t) — _
sup (D)2 + sup Lol Zm (Dl

< Ry
te[0,k] rete[0,k] |t — [~

and the compact embedding
L=(0,k; L?) n C*([0,k]; H™) ¢ C([0,k]; H™).
Consequently, we can find a subsequence x,,, such that

(A.4) lim sup |z, (t) - zm,, ()| -3 = 0.
lin—>20 4¢10 k]
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With this in hand, we deduce
k 9 qu,l/\S»,—nn )
L 1w (®) =@ Ot < [T () = 2, ()] 2t
Smy VSmy, 9 k 9
o L gy (8) = o, Ot 4 [ (8) = 2, ()]l

Smy ASmp Smy VSmp

< K2, (0) = 2, (0) |72 + 4RE (S, V Sy, = Sy A S, )

k
+e f |2y () = @, () |72 dt + Cck sup_ |3, () = @, () [77-5
myVsmp te[0,k]

< K2, (0) = 2, (0|72 + 4RE (S, V Sy, = Sy A St )

+4eRy, + Cok sup [, (t) = 2m,, (t)]F-5 = 0,
te[0,k]

as my, my — oo and we used interpolation and Young’s inequality in the second step and we used
(A.4) in the last step. Now the proof is complete. O

Proof of Theorem 3.1. The first result giving existence of a martingale solution can be easily de-
duced by Galerkin approximation and the same arguments as in [FR08, GRZ09]. The second result
giving the stability of martingale solutions with respect to the initial time and initial condition will
be proved in the sequel based on Lemma A.1.

First, we prove that the set {P, }nen is tight in S = Cloc ([0, 00); H3) n L2 ([0, 00); L2). To this
end, we denote F'(x) := -Pdiv(x ® x) + Azx. Since for every n € N, the measure P, is a martingale
solution to (1.1) starting from the initial condition z,, at time s,, in the sense of Definition 3.1, we
know that for ¢ € sy, o)

t
2(t) = 2 + / F(a(r))dr+ M, Pyas.,
Sn,

where t — Mtgfgn = (M{, ,ei), v € Q, is a continuous square integrable martingale with respect

to (Bt)ess, with the quadratic variation process given by ¢ — fstn |G(x(r))*eill7rdr. Moreover,
according to (M3) it holds for every p > 1

B 7 F ) ’7{-3] <2 [ G

r#te[sn,T'] |t - 7/‘|I)71

S el +1,

where the implicit constant is universal and therefore independent of n since all P,, share the same
Ct 4. By the condition on G' we have for every p>1

EP””Mt,sn_MTSn”Qp <Gy B ([ ”G(x(l))”Lz(ULQ)dl) <G ‘t T 1EPnf HG(Qf(l))HLQ(Um

<Cplt —r|P~ IEP”f (Hx(l)H +1)dl < Cplt —r|P~ 1(H:Jcn|| +1).

By Kolmogorov’s criterion, for any a € (0,5 ) we get
P | M5, = Mrs, | 12 ,
b Lflf%? - e <Gl .
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Combining the above estimates, we conclude for all € (0,1/2) that

(A.5) sup P [ |=(t) - x(r)||H-3:| ‘oo,

Combining (A.5), (M3) and using Lemma A.1 it follows that the set { P, } ey is tight in S.
Without loss of generality, we may assume that P,, converges weakly to some probability measure
P e 2(Qp). It remains to prove that P € €(s,z9,Ctq). By Skorohod’s representation theorem,
there exists a probability space (Q,F, P) and S-valued random variables #, and Z such that
(i) Zp has the law P, for each n e N,
(ii) #, - & in S P-a.s., and Z has the law P.

sup
r#te[0,T] |t -l

Since the initial conditions z, as well as the initial times s,, are deterministic, we obtain by (i),
(ii), and (M1) applied to P, that

P(x(t) = 0,0 <t < 5) = P(#(t) = w0,0 <t < 8) = lim P(&,(t) = 2,0 <t < 5,)
n—oo
= lim P,(x(t) =x,,0<t<sp) = 1.
n—oo

As the next step, we verify (M2) for P. We know that under P it holds according to the convergence
in (ii) that for every e; € C°°(T?)

(Fn(t),e5) — (1), e1), /S:(F(a?n(r)),ei)dr»fst(F(fc(r)),ei)dr Pas.

This implies for every t € [s,00) and every p > 1

~ - . t p
sup B (10172 P7) « Coup B (160D By nads) | < .

(A.6) lim EP[|M - M| = 0.

n—oo

Let t >r > s and g be any bounded and real-valued B,-measurable continuous function on S. Using
(A.6) we know

EPL(M - M7 g()] = BP[(MF) - M7)g(#)] = lim EP[(M{7 - M3 )g(an)]

t,8n 7,80

= lim B [(M[ - MEE )g(x)] =

n—o0 tysn T:8n
Consequently, we deduce
EP[M|B,] = MY}

hence t — Mtl;s is a (B;)iss-martingale under P. Similarly, we have

lim EP[|M$"” MEP] =0,

n—oo t,8n

which gives

B[ - [ 16y aldals,] = 0 - [ 166w el

and accordingly (M2) follows.
Finally, we verify (M3). Define

t
S(t,s,x):= sup IIw(T)HLﬁfS e (r) 3,

re[0,t]
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It is easy to see that x — S(t,s,x) is lower semicontinuous on S. Hence, by Fatou’s lemma
EP[S(t,s,x)] = EY[S(t,s,%)] < h}f_{i}gleP[S(t, Sny@n)] < Ctg hgglf(“.fn”i% +1) < o0.
The proof is complete. O

Proof of Theorem 5.1. The existence of a probabilistically weak solution can be easily deduced
from Theorem 3.1 and the martingale representation theorem, see [DPZ92]. The stability of weak
solutions with respect to the initial time and initial condition will be proved in a similar way as in
Theorem 3.1. First, we prove that the set (P,)ney is tight in

S 1= Cioc([0,00); H™ x U1) 0 Lo ([0, 00); LZ x Un).

loc
To this end, we denote F'(z) := -Pdiv(x ® x) + Az and recall that for every n € N, the measure P,
is a probabilistically weak solution to (1.1) starting from the initial condition x,, at time s,, in the
sense of Definition 5.1. Thus, for ¢ € [s,, o)

z(t) =z, + L: F(x(r))dr+ /;: G(xy)dyy, Py-a.s.

where under P, the process y is a cylindrical Wiener process on U starting from y,, at time s,. In
other words, under P, the process t — y(t + s, ) — yn is a cylindrical Wiener process on U starting
at time 0 from the initial value 0. Since the law of the Wiener process is unique and tight, for a
given € > 0 there exists a compact set K; c C([0,00);U;) n L2 ([0, 00);Uy) such that

loc

sup P (y(- + $) — yn € KT) <e.
neN

Let us now define
Ky:=J{yeC([0,00);Uy);

neN
y(t+sn) —yn € Ky for t € [0,00), y(t) =y, for t € [O,Sn]}.
Then
(A.7) sup P, (K2 ) <sup Po(y(-+sn) —yn € K{) <€
neN neN

and we claim that K> is relatively compact in C([0,00);U;) ¢ L2 _([0,00);U1). Indeed, let {y™}men

be a sequence in Ky. Then for every m € N there exists n,, € N and y™"" ¢ K; so that

Y (t+ Sn,,) = Yn,, =y 0" (t)  for te[0,00), y"(t) =yn,, fortel0, sy, ]
If there exists N € N such that n,, = N for infinitely many m € N then the relative compactness of
{y"™ }men follows directly from the fact that the corresponding sequence {y™"™},,cy is relatively
compact due to compactness of Ki. If such an IV does not exist, then by passing to a subsequence
and relabelling we can assume without loss of generality that n,, = m. In addition, it holds for
t€[sp, o)
y" () =y™ " (= 5m) + Ym.-
Hence using the relative compactness of

{ym7m}meN cK; and {(3m7ym)}mEN c [07 oo) x U,

we finally deduce that the given sequence {3 } ey is relatively compact.
Now, we recall that the set K defined in the course of the proof of Theorem 3.1 in (A.3) is
relatively compact in Cioc ([0, 00); H3)nL2 ([0, 00); L2). Chebyshev’s inequality again shows that

loc

(A.8) sup P, (K°) <sup P, (K°) <e.
neN neN
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Hence the set K x K> is relatively compact in S and the desired tightness follows from (A.7), (A.8).
Without loss of generality, we may assume that P, converges weakly to some probability measure
P. It remains to prove that P € # (s,x0,40,Ctq). By Skorokhod’s representation theorem, there

exists a probability space (Q,F, P) and S-valued random variables (Z,,%,) and (&,§) such that

(i) (Zp,Tn) has the law P, for each n €N,
(ii) (#p,9n) = (#,7) in S P-a.s., and (Z,7) has the law P.

Let (F})is0 be the P-augmented canonical filtration of the process (#,7). Then it is easy to see
that 7 is a cylindrical Wiener process on U with respect to (F;)ss0. The conditions (M1) and (M3)
follow similarly as in the proof of Theorem 3.1. Finally, we shall verify (M2) for P. We know that
under P it holds according to the convergence in (ii) that for every e; € C*(T?)

(Tn(t),ei) = (2(1), €), fS:<F(in(r)),ei)dHfstw(f(r)),ei)dr P-as.
Define
M = (a(t) - a(s) - [ F(x(r))dr, e:).

Then we have for every t € [s,00) and every p e (1,00)

sup B (1017 7] < Cup B [ [ 16601 By uayds) | <o
ne

(A.9) lim EP[|M - M) = 0.

n—oo

Let t>7 > s and g be any bounded continuous function on S. Using (A.9) we know

EP[(M - MEDg (@0, vlio,)] = BP[(MF - MED (10,0, 3l0,)]
= 7}1_{?0 EP[(MtI;LnZ Mﬁg:)g(mnho,r]agn|[0,r])] = T}grolo EP”[(thsZn Mfsln )g($|[0,r]ay|[0,r])] =0.

Consequently, we deduce that ¢ — Mtl s is a (By)ss-martingale under P. Similarly, we obtain

B [onz- [

which identifies the quadratic variation of ¢ — Mfs It remains to identify the cross variation of
this process with the cylindrical Wiener process y under P. To this end, we let {l;} ey be an
orthonormal basis of U and define y; = (y,1;)y. Then we deduce that

B, | = M (i) - i) - [ (G @en vt

B] (MH)? f |G ()" el

B Mz i) - 5y(90) - [ 16" @enty)

Thus, the quadratic variation process of M;’ jj -/ St(ei, G(z)dy) is 0 which implies (M2). The proof
is complete. O

APPENDIX B. INTERMITTENT JETS

In this part we recall the construction of intermittent jets from [BV19a, Section 7.4]. We point
out that the construction is entirely deterministic, that is, none of the functions below depends on
w. Let us begin with the following geometric lemma which can be found in [BV19a, Lemma 6.6].
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Lemma B.1. Denote by Byy(1d) the closed ball of radius 1/2 around the identity matriz 1d, in

the space of 3 x 3 symmetric matrices. There exists A ¢ SN Q> such that for each € € A there exists
a C%-function ¢ : Byjp(Id) - R such that

R=Y 7 (R)(£®E)

EeA

for every symmetric matriz satisfying |R - 1d| < 1/2. For Cy = 8|A|(1 + 87)Y/2, where |A| is the
cardinality of the set A, we define the constant

M = C'Asup(”’YchOJr > 1D ye| o).
EeA l7lsN

For each § € A let us define A¢ € S2n Q3 to be an orthogonal vector to £. Then for each € € A we
have that {£, A¢, & x A¢} S2n Q3 form an orthonormal basis for R3. We label by n. the smallest
natural such that

{n.&,n.Ag,ne€ x Ag} 73
for every £ € A.

Let ® : R? - R? be a smooth function with support in a ball of radius 1. We normalize ® such
that ¢ = ~A® obeys
(B.l) f ¢2($1,3}2)d.%'1d$2 =1.
472

By definition we know [ ¢dz = 0. Define ¢ : R > R to be a smooth, mean zero function with
support in the ball of radius 1 satisfying

(B.2) %A@DQ(.ﬁg)dxg -1,

For parameters 7,7 > 0 such that

Ty <<,
we define the rescaled cut-off functions
T1 T9 T1 T9 T3
¢rl($1,$2)__¢(_ _)7 QT’L(xla:L?)__(b( _)7 er(ZB) 1/2 ( )
l Tl Tl Tl T’l T TH

We periodize ¢, ,®, and 1/JT,H so that they are viewed as periodic functions on T?,T? and T
respectively.

Consider a large real number A such that Ar; € N, and a large time oscillation parameter p > 0.
For every £ € A we introduce

Piey(t, ) = Ve, oy At @) 1= r (nar M- € + pit))
(I)(ﬁ) (z) = (I)ﬁ,n)\(x) = O (nar AMx - ag) - Ag, ner A(x - ag) (€ x Ag))
O(e) () 1= B, (1) 1= B, (naru Az ) - Ag mar A(x = ) - (€% A¢)).

where o € R? are shifts to ensure that {®(¢) }een have mutually disjoint support.
The intermittent jets W) : T3 x R - R3 are defined as in [BV19a, Section 7.4].

(B3) W({) (t7 1’) = WE,M,TH,)\,M(ta x) = fw(g) (tv x)¢(£) (CC)
By the choice of a¢ we have that
(B4.) W(E) ® W(g/) =0, for £ # 5/ €A,
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and by the normalizations (B.1) and (B.2) we obtain

£ W t) e Wi (ta)dz = o ¢,
These facts combined with Lemma B.1 imply that

(B.5) 5> 93(R) ., Wiey(t,2) @ Wiey(t,2)do =

EeA
for every symmetric matrix R satisfying |R — Id| < 1/2. Since W) are not divergence free, we
introduce the corrector term

(B.6) W) =

1
© = e Vibey x curl(®(¢)€) = curl curl Vigy - Wiey.

with

Viey(t, ) = =580y (£, 2) By (2).

2)\2

Thus we have ©
div (W(f) + W(&) )

Finally, we recall the key bounds from [BV19a, Section 7.4]. For N, M >0 and p € [1,00] the

following holds
(B.7)

N M
_ A A
HV o] w(g)HCtLP<7"”/ 1/2(71 ) (TJ_ ,u)

gl il

IV ey lze + IV @y e s 727 TIAN,

M
r ¢ _ _ LA

IVNOMWie) lcvir + —-[VN MW [ cyir + NIV OMVig) loyrw 2Pl AN (28
L © u "

where the implicit constants may depend on p, N and M, but are independent of A, 7,7, u.

ApPPENDIX C. UNIQUENESS IN LAW IMPLIES JOINT UNIQUENESS IN LAW

In this part we will extend the result of Cherny [C03] to a general infinite dimensional setting. A
generalization to a semigroup framework in Banach spaces was proved by Ondrejat in [On04]. Let
U,U1,H and H; be separable Hilbert spaces and suppose that the embedding U c U; is Hilbert—
Schmidt and the embedding H c H; is continuous. Consider the SPDE of the form

(C.1) dX = F(X)dt+G(X)dB,  X(0)=z¢€H,

where F': H - H; is B(H)/B(H;) measurable and B is a cylindrical Wiener process on the Hilbert
space U which is defined on a stochastic basis (Q, F, (Ft)t0, P). In other words, B can be viewed as
a continuous process taking values in U; and we assume that for € H, G(«) is an Hilbert—Schmidt
operator from U to H. Solutions to (C.1) are then understood in the following sense.

Definition C.1. A pair (X, B) is a solution to (C.1) provided there exists a stochastic basis
(2, F, (Fi)t0, P) such that

(H1) B is a cylindrical (F;)s»0-Wiener process on U,

(H2) X is an (F;)s0-adapted process in C([0,00); Hy) P-a.s.;

(H3) F(X) e Ll _([0,00); Hy) and G(X) € L2 ([0,00); Lo(U, H)) P-a.s.;

(H4)

4) P-a.s. it holds for all ¢ € [0, c0)

t t
Xt:m+/0 F(Xs)ds+f0 G(X,)dB,.
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Let us now recall the definition of uniqueness in law as well as joint uniqueness in law.

Definition C.2. We say that uniqueness in law holds for (C.1) if for any two solutions (X, B)
and (X, B) starting from the same initial distribution, one has Law(X) = Law(X). We say that
joint uniqueness in law holds for (C.1) if for any two solutions (X, B) and (X, B) starting from
the same initial distribution, one has Law (X, B) = Law(X, B).

Clearly, joint uniqueness in law implies uniqueness in law. The following result shows that the
two notions are in fact equivalent for SPDEs of the form (C.1).

Theorem C.1. Suppose that uniqueness in law holds for (C.1). Then joint uniqueness in law
holds for (C.1).

Set E = Lo(U, H). Since E is separable, it follows that C([0,¢], E) is dense in L?([0,t], E). By
the same argument as Lemma 3.2 in [C03], we can prove the following result.

Lemma C.2. Lett >0 and f € L>([0,t],F). For keN, set

0, if sel0,£],
f(k) S) = i . it (G .
(¢) %f(it_/f)t/kf(r)dﬁ Zfse(%v(+kl)t]a (i=1,...,k-1).

Then ) — f in L*([0,t], E).
By Lemma C.2 and the same argument as in Lemma 3.3 in [C03], we obtain the following.

Lemma C.3. Let (X,B) be a solution to (C.1) defined on a stochastic basis (2, F,(Ft)ts0, P).
Let (Qu)weq be a conditional probability distribution of (X, B) given Fo>. Let'Y be the coordinate
process with values in Hy and let Z be the coordinate process with values in Uy. Let (Hy)wso be the
canonical filtration on C([0,00), Hy xUy) and denote H = /159 Hi. Then for P-a.e. w € ) the pair
(Y, Z) is a solution to (C.1) on the stochastic basis (C([0,00); Hy x U1),H, (Ht)t0, Qu)-

Proof of Theorem C.1. Let (X, B) be a solution to (C.1) on a stochastic basis (2, F, (Ft)t=0, P).
Let {8¥)}ray and {*}reny be two families of independent real-valued Wiener processes defined on
another stochastic basis (2, F', (F{)s0, P') and set

(Q,f, (j:'t)tzO,P) = (Q X Q’,f@f’, (}-t ®ft,)t20,P® P,).

All the processes X, B, 8", 3%, k € N, can be defined on € in an obvious way. Assume that the
cylindrical Wiener process B admits the decomposition B = .72, o1, where {ak bren is a family
of independent real-valued Wiener processes and {lj }rey is an orthonormal basis in U. Let ¢(x)
be the orthogonal projection from U to (ker G(x))* and ¢(x) be the orthogonal projection from
U to ker G(x). Then set

Ps = @(Xs)a P = ¢(Xs),

0 t k t k _ 0 t - t k
V= | [ eadabicr [Tvaagin]. Vi S| [eddine [Codabn.
k=1 0 0 k=1 0 0

In the following, (-, ): denotes the cross-variation process at time t. We obtain

[ee)

W vk = 3| [Nebtutediobyods + [ o b)uds|

k=1

= [ Wosdisoashu + (i vlihulds = [ (s + 6000 (oo + 9
ZLt<li,lj>UdS=5ijt.

2Here, we consider (X, B) as a C([0, 00); Hy x Uy )-valued process.
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Similarly, we obtain
((V) li)U? (‘_/a l])U»t = 07 (<V7 li>U7 (‘7) l]>U»t = 5th

As a consequence, under P the process (V,V) is an (F;)so-cylindrical Wiener process on U x U.
Moreover, for any t > 0, we have

fotG(Xs)st = fOtG(Xs)sosst = fOtG(XS)dVS.

Hence (X, V) is a solution to (C.1) on (Q,F, (Ft)ss0, P).
Consider now the filtration

gs:]:"Sva(‘_/t;tz())=.7:-5VU(‘_/15—VS;7525)7 52 0.

Since F; and o(Vy = Vgt 2 s) vo(Vy - Vgt > s) are independent, the process V is a cylindrical
(G1)ss0-Wiener process on U under P. Thus (X, V) is a solution to (C.1) on (€, F, (G¢)s0, P).

Let (Qa);.q be a conditional probability distribution of (X,V) given Gy. By Lemma C.3, for
P-ae. @€, the pair (Y, Z) is a solution to (C.1) on (C([0,00); H x U),H, (H¢)e0, Q). As the
uniqueness in law holds for (C.1), the probability law induced by Y on each of these stochastic bases,
ie. QzoY ! is the same for P-a.e. @ € ). Since this is the conditional probability distribution of
X given Gy, it follows that the process X is independent of Gy. In particular, we deduce that X
and V are independent. Let y(z) be the pseudo-inverse of G(z) (see e.g. [LR15, Appendix C] for
more details), then x(z)G(x) = p(x). Set xs = x(Xs). Thus,

t t t
fo gosdBS:/O XSG(XS)dBS:fO sdM,,

where . .
Mtzfo G(Xs)stth—x—fO F(X,)ds.

Accordingly, we obtain

t t t t _
Bi= [TpuB,+ [ 0B, = [ xdMy+ [l
0 0 0 0

The process M is a measurable functional of X while V is independent of X. Thus the distribution
Law(X, B) is unique. O
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