A MULTIVARIATE VERSION OF KOLMOGOROV’S SECOND UNIFORM
LIMIT THEOREM

FRIEDRICH GOTZE, ANDREI YU. ZAITSEV, AND DMITRY ZAPOROZHETS

ABSTRACT. The aim of the present work is to show that the results obtained earlier on the
approximation of distributions of sums of independent summands by infinitely divisible laws
may be transferred to the estimation of the closeness of distributions on convex polyhedra.

1. INTRODUCTION

Let us fix some n € N and consider independent random variables

&,...,.& R,

which are not necessary identically distributed. The classical result of Kolmogorov [5] states
that if n is large, then under quite general conditions the distribution of their sum is close in
the Lévy metric to the class of all infinitely divisible distributions. To be more precise, let
us first fix some notation.

For a random variable £ € R! define its concentration function as

Q(&7) == sup Plz <& <+ 7).

z€R!
The Lévy metric between two random variables &, ¢ € R! is defined as
L(&E) =if{A>0:Pl¢<a] <Pl <x+ A+
Pl <z]<PE<z+A+AforallzeR'}

Denote by ® the class of all infinitely divisible random variables.
Kolmogorov [5] showed that there exists an absolute constant ¢ such that for arbitrary

independent random variables &1, ..., &, and for all 7 > 0,
inf L(& + -+ &) < ¢ (p1° + 7% log 7V 4 1)), (1)
ne
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where

p:=max{py,...,pot and p;,:=1—-Q(&;7), i=1,...,n. (2)

Let us note that the original result in [5] has a slightly different form formulated for 7 €
(0,1/2], see Remark 2 below.

The restriction (2) on the distributions of summands is a non-asymptotic analogue of
the classical limit constancy condition for the triangular scheme for independent random
variables. The bound for the rate of approximations may be considered as a qualitative
improvement of the classical Khinchin theorem for the set of infinitely divisible distributions
being limit laws of the distributions of sums in a triangular scheme.

The Lévy distance metrizes the weak convergence of probability distributions on the real
line. Therefore, Kolmogorov’s inequality (1) proves Khinchin’s theorem since weak conver-
gence as p — 0 and 7 — 0 of distributions of sums & + --- + &, to some distribution
implies weak convergence to the same limit of distributions of some infinitely divisible vari-
ables.This limit is infinitely divisible as a limit of infinitely divisible distributions. However,
Kolmogorov’s inequality (1) provides good infinitely divisible approximations for fixed small
p and 7 even if the distributions of sums in the triangular scheme with p — 0 and 7 — 0 are
not sequentially compact.

Kolmogorov’s methods of proving (1) along with a combinatorial lemma of Sperner have
been later used by Rogozin in [8, 9] to obtain the result which is now well known as
Kolmogorov—Rogozin inequality: for some absolute constant ¢ and all 7 > 0,

C
Q&+ +&iT) < N e

Thereafter, subsequent improvements of the bound in the right-hand side of (1) have been
obtained in [6, 4]. Finally, the optimal bound was derived in Zaitsev and Arak [13]:

ggif)L(é‘ﬁ---Jrfn,n)Sc-(p+7(llog7|+1))- (3)

The authors also considered in [13] the Lévy—Prokhorov metric
(&, €) =inf{A > 0:P[¢ € B| < P[¢' € B + ),
P[¢' € B] < P[¢ € BY + A for all Borel sets B},
where
AL 1. _

B :={zeR ;2£|l' yl < A},

and obtained the bound
Inf (& o &) S e (P (llog 7| + 1)) + (4)

=1

which is optimal as well. For a more detailed discussion of the subject we refer the reader
to [1].
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Estimates (3) and (4), although being optimal, have their drawbacks inasmuch they are
for instance not invariant with respect to the scaling of the random variables. In particular,
they become trival for large 7. Thus in [10] the following generalization of (3) and (4) hasb
been suggested which lacks these disadvantages: for some absolute constants ¢, > 0 and all
AT >0,

;2%[/)\(51 + .- +§n777) <c- (p+ exp(—e : A/T))v

. g (5)
Inf my (& - 4 &uym) S e (p+exp(—e - A7) + le?,
where Ly(-, -) and my(-, -) are the following refinements of the Lévy and Lévy—Prokhorov
metrics:

LA(,€) = sup max{P[¢ < 1] — P&’ < 2+ X, P&’ < 1] — P£ <+ ]},

rcR1
m(&, ) = sup max{P[¢ € B] - P[¢' € B, P[¢' € B] - P[¢ € B']}.

Borel
sets B

The latter quantity was first considered in [2], while the former one — in [10]. Knowing
Ly(-,-) and m(-, -) provides more information on the closeness of the distributions of
random variables rather than just knowing L(-, -) and #(-, -). In particular, we have

L(& &) :=inf{\ > 0: Ly(£, &) < A},
7(&,&) :==inf{\ > 0:m\(&,&) < A}

Remark 1. We would like to stress that (5) is indeed the generalization of (3) and (4): it is
straightforward to check that (5) together with (6) implies (3) and (4), see [10] for details.

(6)

Remark 2. In [5], it was essentially proved that for all 7, A such that 0 < 27 < A,
. 15 Ty 172 A
1nfLA(§1+"'+€nan)§c' p +_10g —
nev A T

which together with (6) implies (1) for 7 € (0,1/2].

2. HIGHER DIMENSIONS

The problem discussed in the previous section can be naturally extended to higher dimen-
sions. Now let

617"'75n€Rd

be independent d-dimensional random vectors. The concentration function of a random
vector £ € R? is defined as

Q(&7) == sup P[|€ — 2| < 7], (7)

zeR4
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where for d = 1 this definition differs from the previous one by the scaling factor 2 in the
argument. The definitions of 7(-, ) and my(-, -) in R? stay without any changes with B*
being defined as

B* = R : inf |z — AL,
{z €R": inf |z —y[ <A}

The situation with L(-, -) and Ly(-, -) is more ambiguous. In [11], the following multidi-
mensional versions of these quantities have been suggested. Let

1,:=(1,...,1) € R%
For random vectors &, & € R? define
L(&,€) =inf{A > 0:P[§ <a] <P <+ Ag] + A, (8)
P[¢ <] < P[¢ <z + A1y + A for all z € R}

and
Lx(&,€) == sup max{P[¢{ <z] = P[¢' <24 A1), P[¢ <] - Pl <z + A4} (9)
z€R4
Consider some arbitrary independent random vectors &, ..., &, € R? and let p, pi, ..., p, be

defined as in (2). It was shown in [11] that the following multidimensional version of (5)
holds: for some constants cg4,e4 > 0 depending on d only and all 7, A > 0 we have

B L6+ 6n) o (o expl—a+ A7), 10

inf e ) < cq- —e5-\ 2 11

Jinf. &+ 4 &nn) <car (p+exp(—ea- AT)) + ;pz (11)
where ©, denotes the class of all d-dimensional infinitely divisible random vectors.
Remark 3. Note that (6) remains true in higher dimensions, too. Thus it is not hard to

show (see [10] for details) that (10) together with (6) implies the multidimensional analogues
of (3) and (4):

nf L&+ +&.n) <c- (p+7(|log 7| + 1)), (12)

d

nf 7(& 4+ Gum) S ca- (p+7(llog 7|+ 1) + > i (13)
d i=1

3. MAIN RESULTS

The definition of the multidimensional Lévy metric given in the previous section is not re-
ally natural: it heavily depends on the choice of the coordinate basis, while the concentration
functions involved in the upper bounds in (10) do not. Our aim is to suggest a coordinate-free
definition and to obtain a counterpart of (10) for it. Let us start with some notation.

For m € N we denote by P,, the class of convex polyhedra P C R representable as

P:{xERd<{L’,t]>§b],j:].,,m}, (]‘4)
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where t; € R? with |t;] = 1 and b; € R', j=1,...,m. For P € P, defined in (14) and A\ > 0
let
Py, = {xERd: (x,t;) < bj+ A, jzl,...,m}.
By definition, P, is the intersection of closed A-neighborhoods of half-spaces {:c c R? :

(x,t;) < bj}, where j = 1,...,m. Let us stress that P, depends on representation (14) which
might be not unique for a given polyhedron.

Let eq,...,eq € R? be the vectors of the standard Euclidean basis. If we consider the
subclass P; C P, of those polyhedra which are representable as
P:{xeRd:(x,ej>§bj,jzl,...,d}, (15)

then (8) and (9) are obviously equivalent to

L€, €)= inf{A > 0: P[¢ € P] < P[¢' € P\] + \,
P[¢' € P] <Pl € P\]+ A forall P e P;}
and
Ly(€€) = Sup, max{P[{ € P| - P[{' € P\, P[{' € P] - P[¢ € P} (16)

This observation suggests the following coordinate-free definition for L(-, -) and Ly(-, -) in
R,
Definition 3.1. For m € N and for random vectors &, £ € R? define
Ly (&€) :=nf{A > 0: P[{¢ € PI<P[¢ € ]+ A,
P e PI<PEeP]+Aforall PeP,}

and
Lam(&,¢) = Psug) max{P[¢ € P] — P[¢' € B\|,P[¢' € P] — P[¢ € Py}
€Pm
It follows directly from the definition that for m > d,
L(-,-)<Ly(-,-) and Ly(-, ) < Lym(-, ). (17)

Our first result provides upper bounds for L, (-, -) and Ly ,,(-, -) similar to (10) and (12).
Consider again some arbitrary independent random vectors &1, . .., &, € R®and let p,py, ..., p,
be defined as in (2).

Theorem 3.1. For any m € N there exist constants c,,, €,, depending on m only such that
inf Ly (€44 &n) < 6 (p+7(|log 7| + 1)),
neda
inf L)\,m<§1 +o 4+ fmﬁ) < Cpe (p + eXp(—é‘m ’ )‘/7))7

nEDy

for all 7, A > 0.
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Let us emphasize that the constants ¢,,, €, do not depend on dimension d.
Applying Theorem 3.1 for 7 = 0, and that

Pl e P| = /l\irr(l)P[g € P\], forany P € P,
—
we get the following Corollary 3.1.

Corollary 3.1 (Gotze and Zaitsev [3], see also Zaitsev [12]). Assume that the conditions
of Theorem 3.1 are satisfied with 7 = 0. Then, for any m € N, there exist a constant c,,
depending on m only such that

inf pM<€1 + o+ fnan) < Cmps
n€Dy

where

pm(§,€') == sup |P[§ € P]-P[¢ € P]|.

PePm

In order to prove Corollary 3.1 one should apply Theorem 3.1 as 7 — 0 with A = /7 — 0.

In the definition of L,,( -, ) and Ly, (-, - ) we considered convex polyhedra P along with
their approximations Py, while in the classical Lévy—Prokhorov metric all Borel sets B along
with their neighborhoods B* are considered. Thus it is natural to examine the intermediate
case: convex polyhedra P along with their neighborhoods P*.

Definition 3.2. For m € N and for random vectors &, &' € R? define
Tm(&,€) ;== inf{\ > 0:P[¢ € P] < P[¢ € P+ ),
P[¢ € P]<P[¢ € P+ Aforall PcP,}
and

mn(6.€) = sup max{Pe € P| ~Pl¢’ € P Ple € P~ Pl € P']}

Again, from the definition we have that

L(-, )< Ln(+, ) <am(, ) <a(-, ) and La(-, ) < Lo, ) < Tl -, -) < male, ).
(18)

Therefore, (11) and (13) readily give upper bounds for m,,(-, -) and 7, (-, -). However,
as our next theorem shows, the restriction from the class of the Borel sets to the convex
polyhedra allows us to remove the term >, | p? from these bounds.

Theorem 3.2. For any m € N there exist constants c,,, €, depending on m only such that
inf Ly (€44 &n) < e (p+7(|log 7| + 1)),
nefa
nien”Df L)\7m(§1 + -+ fn/fn < Cm- (p + exp(—gm : >‘/T>>7
d

for all 7, A > 0.
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Again, the constants ¢,,, €, are dimension-free.

It readily follows from (18) that Theorem 3.2 implies Theorem 3.1. However, it will be
convenient for us first to prove Theorem 3.1 and then to derive Theorem 3.2 from it.

We will derive Theorem 3.1 by means of constructing for any convex polyhedron from P,
some linear transformation from R to R™ so that the polyhedron turns out to be a pre-image
of another convex polyhedron in R™ of the form (15), and then applying (10) and (12).

The proof of Theorem 3.2 is more involved. To derive it from Theorem 3.1, we will need
to bound Py by P for some ¢ > 1. In general, this is not possible: as it is easily seen, for
any ¢ > 1 there exists P € P,, such that P, ¢ P**. However, as noted above, P, depends
on representation (14) which is not unique. Thus, as the next proposition shows, it will be
possible to add to the right-hand side of (14) “not too many” half-spaces which do not affect
P, but change P, so that Py, C P,

Proposition 3.1. Fiz some m € N and € > 0. Then there exists a constant c,, . depending
on m, e only such that for any polyhedron P € P, of the form (14) there exist mg < ¢, and
bj,t; € R with |t;| =1, b; e RY, j=m+1,...,mg, such that

P = {xGRd: (x,tj) <bj, j= 1,...,m0},
and for any X\ > 0,
Pyi={zeR: (x,t;) <bj+ A j=1,...,mg} C PUT (19)
The proof of Proposition 3.1 is postponed to Section 6. Now let us proceed with the proofs
of the theorems.
4. REMARK ON THE COMPOUND POISSON DISTRIBUTIONS

Let £ € R? be a random vector and let €1 ¢ be its independent copies. Denote by
e(€) a random vector in R distributed as

6(5) 3 Z(é‘(l) 4+t f(k)) . ]_{C = k}’
k=0
where ¢ has the standard Poisson distribution and is independent of ¢, £®?) ... We say

that e(£) has the compound Poisson distribution with respect to £. Clearly, e(¢) is infinitely
divisible. Every time we construct e(§) by some random vector £, we tacitly assume that it
is independent of everything else (including &).

Le Cam [7] has found that the compound Poisson distributions are good candidates for
the infinitely divisible approximations of the sums of independent random vectors. This
observation provided a new way of obtaining the Kolmogorov-type bounds like (3) and (4).
Let us be more specific.

As above, fix some 7 > 0, and let

617"'75n€Rd



8 F. GOTZE, A.YU. ZAITSEV, AND D. ZAPOROZHETS

be independent d-dimensional random vectors and let the quantities p, pq, ..., p, be defined
as in (2). From (7) and from the definition of p it follows that there exist a},...,a/, € R?
such that

Pl —d|<7]=1-p;>1—p, i=1,...,n

Generalizing the previous one-dimensional results, Zaitsev [11] proved the following state-
ment.

Lemma 4.1. Let o; € RY, X; € R?, i = 1,...,n, be independent random wvariables and
vectors such that for some a, € R?

Plo,=1=1-Plo;=0l=p;, P[X;i—d)|<7|]]=1 i=1,...,n (20)

Let

ai=EX;, &=(101-a)X;+wY;, i=1,...n, (21)
where Y; € R are some independent random vectors which are independent of { X;, o;}. Then
for the vector

n

Mo = Z [ai +e(& — ai)]. (22)

i=1
and for some constants cq,eq > 0, depending on d only it holds

La(&+ -+ &) < ca (p+exp(—ga- A/T)), (23)

A+ &) < ca- (p+exp(—eq- A/T)) +ZP@2>

i=1
which implies the bounds (10) and (11).
5. PROOF OF THEOREMS 3.1 AND 3.2
Proof of Theorem 3.1. Fix some polyhedron P € P,,:
P = {IGRd:(:p,tj) <bj, j= 1,...,m}.
Let A : RY — R™ be a linear operator mapping as
Ty = ((:E,t1>,...,<$,tm>).

Let eq,..., e, be the standard Euclidean basis in R™. Consider the polyhedron P CRm
belonging to the class P} (see (15)) defined as

P={yeR": (ye;) <bj, j=1,....,m}.
Since
(z,15) = (x, A%e;) = (Az, ej),
it follows that
P=A"YP) and Py=A"'(P).
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Therefore, for any random vectors &, ¢ € RY we have
max{P[¢ € P| - P[{' € P, P[{' € P] - P[{ € P]}
— max{P[A¢ € P| — P[A¢' € P)|,P[A¢' € P| — P[A¢ € Py|} < Ly(A¢€, A¢)),
where in the last step we used (16). Hence,

Lym(§,€) < La(AE, AL). (24)

Recall that we consider independent random vectors &, ...,&, € R? and p, p1, ..., p, which
are defined as in (2). Without loss of generality, we can assume that & are represented
as in (21), where the distributions of X;’s coincide with the conditional distribution of &’s
provided that |&; —a}| < 7 with some o} € R?, which exist by (2). Moreover, P[|§;—d}| > 7] =
pi, and the distributions of Y;’s coincide with the conditional distribution of &;’s provided that
& —a;| > 7. Let ay, ..., a, and 1y be defined in (21) and (22). Since |t;| =1forj=1,...,n,
we have [|A|| < /m. Using this fact gives

Pl|AX; — Adl| < v/m7] =1, i=1,...,n.
Moreover,
Notice that

n n

i=1 =1
Thus, the vectors A&y, ..., A, satisfy all the conditions imposed on the vectors &;,... &,
in Lemma 4.1 with a; replaced by Aa;, a; by Ad}, and 7 by 74/m. Therefore, applying (23)
to the vectors A&y, ..., A&, gives (for some constants ¢, &, > 0, depending on m only):

L)\(Afl +---+ Afnv AUO) S Cm * (p + eXp(_Em : >\/T>)7
which together with (24) implies
L)\,m(gl + -+ §n>n0) S Cm * (p + eXp(_gm : /\/T))

Recalling that 7 is infinitely divisible finishes the proof of the second part of Theorem 3.1.
The first part follows from the second one by standard reasoning, see Remarks 1, 3. O

Proof of Theorem 3.2. Fix some polyhedron P € P,,:
P = {xGRd:(x,tj) <bj, j= 1,...,m}.
It follows from Proposition 3.1 that it is possible to represent P in the form
pP= {:EGRd:(x,tj) <bj, j=1,...,me}.
such that
Py, C P and my<N,, € N,
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where the constant N,, depends on m only. Thus for any random vectors &, &’ we have
max{P[¢ € P] — P[¢' € P}, P[¢' € P] - P[¢ € P}
<max{P[{ € P] - P[¢' € P\jo],P[¢' € P] = P[£ € P\o]} < Lyjan,. (€, ).
Since this holds for any P € P,, we arrive at
Tam (5 ) < Laja, (45 -)-

Thus the second part of Theorem 3.2 follows from the second part of Theorem 3.1. The first
part follows from the second one by standard reasoning, see Remarks 1, 3. U

6. PROOF OF PROPOSITION 3.1

Proof. First let us construct by, 41, tm1, - - - Omg, tmg- L€t
HjII{IERdI<LE,tj>:bj}, jzl,,m
Denote by F(P) the collection of all k-dimensional faces of the polyhedron P. If k£ <
d — min(d, m), then Fi(P) is empty. Therefore,
d—1

F(P) = U Fi(P)

k=d—min(d,m)
is the collection of all proper faces of P. Fix some face F' € F(P) and let x be some point
from its relative interior, relint’. Denote by Tr the tangent cone at the face F which is
defined as
Tr =Tp(P) :={z € RY: xp +ex € P for some ¢ > 0}.
Obviously, Tr does not depend on the choice of xr. Also define by Ng the normal cone at
the face F’ which is defined as the polar cone of Tr:
Np = Np(P):={x € R*: (x,y) <0 for all y € Tr}.

It is known that

dim Np < m. (26)
Let 6 > 0 be some small enough constant to be fixed later. Since Np intersected with the
unit sphere S%! is compact, there exists a finite covering subset Sp C Ny N S%! such that

max(u,v) > 1—¢6 forany u€ NpnS*? (27)

vESE

Moreover, it follows from (26) that Sg is contained in the (min(d, m) — 1)-dimensional unit
sphere, so

#Sp < Cms, (28)

where ¢, 5 depends on m, d only.

Now define the desirable set {(b;,t;)}]2,, ., to be a set of all pairs

((xF’U>>U)7
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where v runs over all points of Sg, while F' runs over all faces of P. Again, let us emphasize
that this definition does not depend on the choices of xr’s. Since any face is represented as
an intersection of P with several hyperplanes from H,, ..., H,,, their number is at most 2™,
which together with (28) implies

mo < m+2"¢, .

Now having defined by, 41.tm41, - - - bimgs tmg, let us prove (19). Fix some point zy € Py. Let
Yo denote the Euclidean projection of zy onto P:
yo := argmin{||zo — y|| : v € P}. (29)
The task is to show that
[0 — yol| < (1 +e)A. (30)

We obviously may assume that xq ¢ P which implies yo € OP. It is well-known that the
boundary of a polyhedron can be represented as a union of the relative interiors of its proper
faces (which do not intersect). Thus there is a unique face F' of P such that

Yo € relintF.
The latter together with (29) implies
o — Yo € Nr.
Thus it follows from (27) applying to (zo — o) /|0 — yol| that for some v € S,
(zo — Yo, v) = (1 = 0)[|xo — yol|-
At the other hand, since xy € P, and by the construction of {(b;,t;) ;”:Om 1)
{zo,v) < (yo,v) + A

Combining the last two inequalities gives

A
— < —.
7o = yoll < 1

Choosing 6 =1 — l—ia implies (30), and the proposition follows. O
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