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Abstract

In this paper, we consider a stochastic optimal control problem, in which the cost
function is defined through a reflected backward stochastic differential equation in
sublinear expectation framework. Besides, we study the regularity of the value function
and establish the dynamic programming principle. Moreover, we prove that the value
function is the unique viscosity solution of the related Hamilton—Jacobi-Bellman—
Isaac equation.
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1 Introduction

The present paper introduces a new class of stochastic optimal control problem with
obstacle constraints under model uncertainty, which involves a class of non-dominated
probability measures. Specifically, we shall consider a minimum cost problem of
an agent, where the cost is defined by the solution of reflected backward stochastic
differential equation (BSDE) in sublinear expectation framework.

The sublinear expectation theory, formulated by Peng [1], is a useful tool for the
study of model uncertainty, which is also called G-expectation. For example, Epstein
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and Ji [2,3] applied G-expectation to tackle a recursive utility problem under volatility
uncertainty. Actually, the G-expectation can be represented as an upper expectation
over a non-dominated set of probability measures.

Under G-expectation framework, a new kind of Brownian motion, called G-
Brownian motion, was constructed and the associated stochastic calculus was also
established. Moreover, Hu et al. [4,5] studied the well-posedness of BSDE driven by
G-Brownian motion (G-BSDE). In a different setting, Soner et al. [6] established the
so-called 2BSDEs theory, which shares many similarities with G-BSDEs.

Thanks to the development of G-BSDE theory, Hu and Ji [7] discussed a stochas-
tic recursive optimal control problem under volatility uncertainty, in which the cost
function is defined by the solution of G-BSDE. Note that the stochastic control prob-
lem in G-framework is essentially an “inf sup problem,” which can be seen as a
robust optimal control problem. For more results concerning this topic, we refer to
[8-10].

It is well known that the solution of reflected BSDE can be regarded as the
payoff process of American option; see [11]. The reflection means that the solu-
tion is forced to be above a prescribed stochastic process, which is called obstacle.
Then, Li et al. [12] study the reflected BSDE in the G-expectation framework,
called reflected G-BSDE. For the completeness of the G-stochastic control the-
ory, this paper is devoted to extending the results in [7] to the obstacle constraint
case.

The contribution of this paper is threefold: The stochastic optimal control problem
with model uncertainty is formulated; the cost function can be required to be bigger
than a typical function; the G-stochastic representation for a class of HIBI equations
is obtained. Indeed, compared with [13], our problem is essentially an “inf sup prob-
lem” involving a family of non-dominated probability measures, which makes it more
delicate and challenging. The cost function is measured by the solution of a reflected
G-BSDE. Moreover, our result provides a stochastic control approach for the study
of a class of HIBI equations with obstacle constraints, which is easier than the game
problem.

The paper is organized as follows. In Sect. 2, we introduce the stochastic recursive
optimal control problem. We then establish the dynamic programming principle in
Sect. 3. In Sect. 4, it is shown that the value function is the unique viscosity solution
of the corresponding HIBI equations.

2 Formulation of the Problem
Let 27 = Cg ([0, T]) be the space of all R¢-valued continuous paths (w;)o<;<T

starting from the origin and B, (w) = w; be the canonical mapping equipped with the
supremum norm.
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2.1 The Probabilistic Setup

Given a fixed monotonic and sublinear function G : S(d) — R, where S(d) denotes
the space of all d x d symmetric matrices. Foreach 0 <t < T, set

Lip(2) :=={@(Byy, ..., By) ik eN,11, ...t € [0,1], ¢ € CppipR*D)},

where Cp.Lip (RkXd) denotes the space of bounded and Lipschitz functions on Rkxd

Then, Peng [14] established the G-expectation ]E[-] on (§27, L;p($27)). The canonical
process B, called G-Brownian motion, has stationary and independent increment.

Theorem 2.1 ([15]) There exists a weakly compact set P of non-dominated probability
measures on (27, B(§27)), such that

E[g] = sup Ep[&] forall £ € Lip(27).
PeP

Based on the above set P, it is natural to introduce the following capacity

c(A) := sup P(A), A € B(827).
PeP

Aset A € B(£2r) is polar, if c(A) = 0. A property holds quasi-surely (q.s.), if it holds
outside a polar set. From now on, we do not distinguish between two random variables
XandY,if X =Y qs.

In the rest of this paper, we shall make use of the following spaces: for each 0 <
t <s <T,p=>1andacompact subset U of R"”,

L4 Lip(Q;) = {w(Bfl, cees Bttn) n>1,t,...t, €[t,s],0 € Cb.Lip(RnXd)}a
N 1
° Lg(QS’) := {the completion of L;,(§2!) under ||§||Lg = E[|&|P]7 },
o MY, T) = (ny = YN0 Eiliy () it <11 < - < T,& € Lip(20)),
° Mg’t(t, T) := {the completion of Mg’t(t, T) under the norm || - ||M(p;},
° Hg’t(t, T) := {the completion of Mg’l(t, T) under the norm || - ”H(’;’}’
o SG (1, T) = {h(s, Bynss+ s Bias) 111, sty € (1, T] b € Cppip(RIFX),
° Sg’t(t, T) := {the completion of Sg"(t, T) under the norm || - ”Sg 1,
o U't, T):={u:uc Mé’t(t, T) with values in U},
o Ult, Tli={u= " Inu :n>1u eU[t,T], I, € LE(R2D), (A)]_, isa
partition of 27},

where BS’ = By — B; and the definition of the above norms can be found in [4].
For convenience, we set L(£2,) := LF.(2%) and EL(0, T) := Eg’O(O, T), for
E=M6H,S.

Foreach 1 < i, j < d, denote by (Bi, Bj) the cross-variation process. Then, for
two processes ) € Mé (0,T) and ¢ € Mcl; (0, T), the G-Itd integrals f nsdBé and
fésd(Bi, BJ) are well defined; see Peng [14].
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2.2 The Problem of Stochastic Control with Obstacle Constraints

Definition 2.1 For each givent > 0, u : [¢, T] x 27 — U is said to be an admissible
controlon [¢, T],ifu € Mé(t, T). The set of admissible controls on [#, T ] is denoted
by U[t, T].

Foreacht > 0and & € Lg(.Qt) with p > 2, assume that the agent can choose an
admissible control u € U[¢, T'] to obtain the following G-SDEs:

s s
Xyt =g+ f b(r, X5 up)dr + / o(r, Xp5", uy)dB,, (0

t t

where b : [0, T] xR" x U - R"and o : [0, T] x R" x U — R"*4 are continuous
in t and Lipschitz continuous in (x, u), with Lipschitz constant L.

Then, recalling Chapter V of Peng [14], the G-SDE (1) admits a unique solution
X5 e ML, T).

Lemma 2.1 Foreach&, &' € LZ(Q,) with p > 2, and § € [0, T — t], we have

() B[ sup X5 = X051 1) < Cr (g — &P + By [ Jug — ) |Pds));

selt,t+38]
(i) B[ sup [X05“IP] < Cr(1 + |£1P);
selt,T]
Gi) Byl sup |X05" —&P] < Cr(1 + [£[P)sP/2,
selt,t+38]

where the constant Ct depends on G, L, p, n, U and T.

Example 2.1 Consider a production planning problem of a factory. Assume that the
inventory process is described by G-SDE (1) with an initial inventory x and a pro-
duction plan u € Mé (z, T), which can be chosen by the production management, for
example the production rate.

Suppose the cost per unit time is f(x, u). Denote @ (x) and a constant A > 0
by the cost of retaining the leftover inventory x at time 7 and the discounted rate,
respectively. Then, the expected discounted cost at time ¢ is given by

T
J(t, x,u) =, |:e_’\(T_t)<D(XtT’X’”) + / e MmO pxlrn us)ds] :
1
which can be regarded as the ¥, term of the solution of the following G-BSDE:

T T
Yirt = o (X7 +/ (f(XD5" up) =AY "dr —f ZLY1dB,
N S

1,x,u o l,X,u
— (K77 — Kg™%).

In [7], the authors study the minimal cost V (¢, x) over the set of production plans.
However, taking into account the occurrence of unexpected events, such as power
cutoff or misoperation, the expected discounted cost function may be required to
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be bigger than one specific function /(z, x) at time ¢. In this case, one can measure
the expected discounted cost J (¢, x, u) by the following G-BSDE with reflection
formulated by [12], i.e., J (7, x, u) := Y™,

@) Y5 = e X + [T u) = aY Y dr — [T 21 B, A (AR
_ Ag,x,Lt)’

(i) Yo = 1(s, Xy™"), Vi <5 < T,
(i) { /s, Xpo"y — v YA Y s epr ) is a non-increasing G-martingale.
Note that the cost process Y'-** satisfies the management constraint at each time; see
condition (ii), called obstacle constraints. The above condition (iii) is called “martin-
gale condition” to ensure the minimality of solution Y**¥,

In this typical case, our stochastic optimal control problem with the obstacle con-

straints is to find a production plan u to “minimize” the solution Yé) R

Remark 2.1 In Example 2.1, we use G-expectation to measure the expected cost due
to the volatility uncertainty. More precisely, the volatility uncertainty is parametrized
by a set of non-dominated probability measures; see Theorem 2.1. In the case without
volatility uncertainty, the G-expectation and the reflected G-BSDE reduce to a linear
expectation and a standard reflected BSDE, respectively.

Now, we assume that the cost function of the agent is defined by the solution of a
G-BSDE with obstacle constraint associated with the controlled G-diffusion process
(1). Specifically, for eacht > 0, u € U[t, T] and & € LZ(Q,) with p > 2, the cost

function ¥;"**" satisfies the following equation:

T
() YI5u = o (X55") +/ fr, XEE ySn Z08 ) dr

N
T
s (2)
(i) Y25 > I(s, XE5M), Vs elt, Tl

N
(iii){/ (s, X201y — Y 5")dAL " Ysepr, 7 is @ non-increasing G-martingale,
'

where ® :R" > R, f:[0,T] xR xRxR! x U — Rand/:[0,T] x R" - R
are deterministic continuous functions satisfying the following conditions:

(A1) f is uniformly Lipschitz in (x, y, z, u), @, [ are uniformly Lipschitz in x, with
Lipschitz constant L,
(A2) there is a constant ¢ such that/ < cand [(T, x) < @ (x) for any x € R",
(A2’) [ belongs to Cl{ﬁ)([O, T] x R") and I(T, x) < ®@(x) for each x € R". Here,
ci;i([o, T x R) is the set of all functions of class C1'2([0, T] x R") whose
partial derivatives of order less than or equal to 2 and itself are Lipschtiz con-

tinuous functions with respect to x.

It follows from Lemma A.1 that the reflected G-BSDE (2) has a unique solution
(YtEu gtEu AtEuyynderconditions (A1), (A2) or (A2°). For convenience, for each
(x,u) € R" x Y[0, T], set
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(X)c,u7 Yx,u’ Zx,u7 Ax,u) — (XO,x,u’ YO,x,u’ ZO,x,u’ AO,x,u).

Then, the objective of the agent is to find some u € U[0, T] so as to minimize the

cost function Yx’“ for each x € R". For this purpose, it is necessary to introduce
the definition of essential infimum of {Yt S | u € U[t, T]} in the G-expectation

framework.

Definition 2.2 For each £ € L} (Q,) with p > 2, the essential infimum of {Yt A

u € U[t, T1}, denoted by essinf Y’ héu ,is an element ¢ € LZG(.Q,) satisfying:
u(eUlt,T1
() Yu eU[t, T, ¢ <Y/ 5" qs.
(i1) if n is arandom variable satisfyingn < Y;
q.s.

.6 q.s.foranyu € U[¢t, T], then¢ > n

Remark 2.2 To our best knowledge, Cohen [16] first introduced the essential supre-
mum in the quasi-surely sense. He showed that, if the family of probability measures
satisfies the Hahn property, the essential supremum exists. However, the resulting
essential supremum may not be quasi-continuous, which cannot be applied directly to
our case.

We can now define our stochastic optimal control problem with the obstacle con-
straints precisely as the following.

Definition 2.3 For each ¢ € [0, T] and x € R", the value function is defined as the
following:

V(t, x) = ess 1an M for (1, x) € [0, T] x R, 3)

ueld[t,T
where Y*:" is the solution to Eq. (2)
Remark 2.3 In the linear case, Wu and Yu [13] consider a maximum utility problem,
where the utility is defined by the solution of classical reflected BSDEs. We refer the
readers to [17—-19] for a closest related approach on this research.

3 Regularity of the Value Function

Theorem 3.1 Assume (A1), (A2) or (A2’) hold. Then, the value function V (t, x) is a
deterministic function and

V(t,x)= inf Y/ "= essinf ¥/
ueld'[t,T] uellr,T]

In order to prove the above theorem, we need to state some useful lemmas.
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Lemma3.1 ([7]) Let u € U[t, T] be given. Then, for each p > 2, there exists a
sequence (uk)kzl in U[¢t, T] such that

T
lim £ U lug — u1§|pdsi| =0.
k—o00 t :

Lemma 3.2 Assume that £,& € LY (821 R") with p > 3 and u, u' € Ult, T). Let
conditions (A1)—(A2) hold. Then, there exists a constant C 1 depending on T, G, n, ¢

and L such that
(i) Y]S5 < 611+ [g)),
’ ! A A A T
(ii) |V 5" = yE 2 < € {|s|2 + 1 [ f |ﬂs|2ds}
t

3 3 ~ A T
+(+ (£ + &1 (€] + B, [/ IftsIZdS})2
t

|

Lemma 3.3 Assume that £, &' € L? ¢ (821 R") with p > 8 and u, u' € Ult, T). Let
conditions (A1) and (A2’) hold. Then there exists a constant Cy depending on T, G,
n and L such that

where liy = ug —u,, and § = & — &',

Q) 1Y) 5" < G (1 + 8P,

1

., B . . T R 2
Gi) [V 5 =y TP < Cia 4+ 1+ 1 | 1P + B [ / |us|4ds} ,
t

where ity = us — ul, and & =& — &'

The proof of Lemmas 3.2 and 3.3 will be stated in “Appendix B.” Now, we are
ready to give the proof of Theorem 3.1.

Proof 1t suffices to prove the case where (A1)—(A2) hold, since the other case can
be proved in a similar way. Note that for each u € U'[t, T], the G-diffusion process
X e Mz’t(t T). Then, it follows from Lemma A.1 that Y"*:* ¢ Sé”(t, T) (see

also [12]). In particular, ;""" € L% (£2!) is a constant.

From Lemma 3.1, we could find a sequence u* = Z IAkLtl ke U, T,

k=1,2,..., so that lim I@I,[ftT lus — u¥|?ds] = 0 for each given u € U[t, T].

k
By the uniqueness of reflected G-BSDE, we have that 3¢, 1, kY’ ot =y, ",

which together with Lemma 3.2 indicates that ) ;* Ne VLY ut converges to ¥ ",

Therefore, one can easily get that Yt > inf veld![1,T] Y

Consequently, in spirit of the fact that U'[t, T] C U[t, T], we derive that

essinf Y/ = inf, ;.71 Y7 ", which completes the proof. ]
ueld(t,T]
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Lemma 3.4 Forany x,y € R", we have the following:
(i) Assume (A1)~(A2) hold. Then, |V (¢, x)| < Ci1(1 + |x|) and
V(@ x) = V)l < Cilx =yl + (1 + el + [y Dlx — yl2.
(ii) Assume (A1) and (A2) hold. Then, |V (¢, x)| < C1(1 + |x|?) and
IV, x) = Ve, | < Cr(l + x> + [yP)]x — yl.
Proof The proof follows from Theorem 3.1, Lemmas 3.2 and 3.3. O

Theorem 3.2 Assume that (Al), (A2) or (A2’) are satisfied. Then, for any & €
LZ(Q,; R™) with p > 8, we have

V(t,£) = essinf ¥/,
ueld[t,T)

Proof The proof is similar to the one of Theorem 20 in [7] and we omit it. O

In the rest of this section, we shall discuss the dynamic programming principle for
our stochastic optimal control problem. Firstly, we introduce a family of backward
semigroups, established by Peng [20]. For a given initial data (¢, x), a positive real
number § < T —t,u € U[t, 1+ 8] and n € L} (2,45) with p > 8, we define

1,X,u . ytt+é,x.u
G, ihslnl =7, ,

where (Y[ITowu ghirdxu gLiFdaay o is the solution of the following
reflected G-BSDE with obstacle process (s, X5*"):

t+48
Yst,t+5.,x,u =7 +/ f(r, X;,x,u’ Yrt,t+5,x,u’ Zﬁ,t+8,x,u’ ur)dr
N

t+5
tt4+8,x,u t,t+8,x,u t,t4+8,x,u
= [z, (A A,
K

Then, we have the following dynamic programming principle.
Theorem 3.3 Suppose that (Al), (A2) or (A2’) hold. Then, for each s € [t, T] and

x € R", we have

V(t,x) = ess infGﬁ:f’”[V(s, XM= inf G;:f’“[V(s, X 4)

ueld(t,s] ueld'[t,s]

Proof Note that X;* € LY. (£2,) forany p > 2 by Lemma 2.1. Then, with the help of

1,x,u t,x,u
Theorem 3.2, we conclude that Y% % > v (s, X25"), where Y% 4 = yl-xu
due to the uniqueness of solution to reflected G-BSDE. Consequently, it follows from
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the comparison theorem of reflected G-BSDE (Theorem 5.3 in [12]) that Y,t’x’” >

Gy [V (s, Xy™")]. Therefore, we get that V (¢, x) > esg{infGi’f’”[V(s, X,
” ueldlt,s]
By a similar analysis as in Lemma 22 in [7] or Lemma 5.2 in [21] , we can obtain

that

V(t,x) < inf GPVY[V(s, X0N)] = essinf GpE [V (s, X051,
eu't,s] ueldlt,s]

u
which completes the proof. O
Finally, we shall prove the continuity property of V (¢, x) with respect to .

Lemma 3.5 Assume (A1), (A2)or(A2’) hold. Then, the value function V is continuous
int.

Proof We shall only prove the case where (A1)—(A2) hold as above. For each x € R”,
0 <t <t <T,applying Theorem 3.3 yields that

V(%) =V, 0l < sup |Gy [V, X" = V(2,0

1,0 19}
ueld'1(t1,1]

On the other hand, it is easy to check that V (#;, x) > [(t2, x). Thus, we can get that
(V(t2, x), 0, 0) is the solution to reflected G-BSDE with data (V (t2, x), 0, [(t2, x))
in the interval [t1, t>]. Therefore, applying Lemmas A.2, 3.4 and B.1 and by a simple
calculation, we obtain that for each u € U" [t1, t2],

5 1
G [V (12, Xy )] = Vi, 0P < Co(1 + x2) (12 — 112
+ sup |i(s,x) —I(t2, X)),

n=s=n

which implies the desired result. O

4 Stochastic Representation for HJBI Equations
In this section, we shall show that the value function V (¢, x) is the viscosity solution
to the related HIBI equation. In the sequel, we always assume (Al), (A2) or (A2’)
hold.
Consider the following HIBI equation:
min{V (¢, x) — (¢, x), =0,V — ing H(,x,V,0,V, afo, u)} =0,
ue
V(T,x) =®((x), xeR", (5)

where function H is given by
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H(t,x,v, p, A,u) = G(o ' Ao (t, x,u)) + (p, b(t, x, u))
+ ft,x,v,0 " (t,x,u)p, u).

Firstly, we state the main result of this section.

Theorem 4.1 The value function V defined by Eq. (3) is the unique viscosity solution
to Hamilton—Jacobi—Bellman—Isaac Eq. (5).

In order to prove Theorem 4.1, we need to introduce an auxiliary stochastic optimal
control problem without obstacle constraints. Indeed, for any positive integer N, the
following standard G-BSDE in time interval [#, T']

T
Nitxu _ Lx,u N t,x, N.t.x, N.t.x,
yNovn — o (xt )+/ FV(r, XLy Nt g N Lz g,
N

T
N,t,x,u N.,t,x.u N,t,x,u
- / Z\ A, — (Kp — K0

S

admits a unique solution (YN:/-%:4  zN.L.xu  gN.1.x.1) \where

N x,y,2) = £, x, v, z,u) + Ny —1(t, %) ™.

Furthermore, we have Y, /%" 4 y/ou,
Next, we consider a stochastic optimal control problem, in which the cost function
is defined by YN-'¥# je. the value function V¥ (¢, x) is given by ess inf ¥\"'"".
ueld[t,T]
It follows from [7] that V" is the viscosity solution of the following fully nonlinear

partial differential equations (PDEs):

—a, VN —inf HV @, x, VN, 0, VN, 32 VN u) =0,

> VXX
uelU

vN(T, x) = d(x), xeR", ©)

where HN(t, x,v,p,A,u) =H(t,x,v,p, A,u) + N(v —I(¢t, x))”. Then, we have
the following relation between V and V.

Lemma4.1 Forany (t,x) € [0, T] x R", VN(t,x) TV, x).

Proof 1t follows from the monotonicity of YtN L5 that VN (¢, x) 4+ V (¢, x). Thus, we
only need to prove V (¢, x) > V(t, x).

We claim that
hm Sup E Sup |YSN,I,)C,M _ YSM,I,)C,M|2 — O, (7)
N.M—=00 ycfife, 7] | selt,T]

whose proof will be given in “Appendix B.” Therefore, for each ¢ > 0, we can find
some Nj so that ¥;,"" < YtN”’X’” + 5, forany u € U'[z, T]. Recalling Theorem 17
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in [7], there exists a u™' € U'[r, T such that

v €
yeet < v

N —
which implies that V (z, x) < Y,t’x’” ! < VM@, x)+e < Ve, x) + e Letting ¢
converge to 0, we can get the desired result. O

Now, we are in a position to complete the proof of Theorem 4.1.

Proof In spirit of the fact that G is sublinear function, the PDE (5) can be seen as a
special case of Equation (4.2) in [22]. Thus, we can get the uniqueness by Theorem
5.1 and Remark 5.1 of [22]. In the following, we only prove that V is the viscosity
subsolution, since the other case can be proved similarly.

Given (¢, x) €]0, T[xR" and (a, p, X) € PZ’JFV(t,x). Without loss of gener-
ality, we assume that V (¢, x) > I(¢, x). Then, from Lemma 6.1 in [23], there exist
sequences N; — oo, (tj,x;) — (t,x) and (aj, pj, X;) € 772’+VNf(tj,xj), such
that (a;, pj, X;) — (a, p, X). Since V¥ is the viscosity solution to Eq. (6), we derive
that

. N N
—a; —L}Iellf]H Iy, xj, VY, xj), pj, Xj,u) <0,

Note that V (7, x) > I(¢, x) and VN uniformly converges to V on each compact subset.
Then, it is easy to check that VVi(¢;, x;) > I(t;, x;) for j large enough. Therefore,
we get that for j large enough

—aj = inf H(tj,xj, VY (1), %)), pj, X, u) < 0.

By a similar analysis as in [13], we derive that

. . N
Lim inf H(tj, x;, V7i(tj, x;), pj, X, u)
j—oouelU

= inf lim H(tj,x;, VVi(tj, xj), pj. Xj, ).
uel j—oo

Combining the above two equations, we could obtain the desired result. O

5 Conclusions

In this article, we investigate the stochastic optimal control problem with obstacle
constraints in G-framework. This problem arises in minimizing the cost of an agent
subject to some constraints under volatility uncertainty. In order to solve this prob-
lem, we first show that the value function is a deterministic continuous function by
the approximation method for admissible controls. Then, we establish the dynamic
programming principle for the value function via the “implied partition™ approach.
Finally, we show that the value function is the unique viscosity solution of the associ-
ated HIBI equation.
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Appendix A: Reflected G-BSDE

The definition of reflected G-BSDEs Given an obstacle process {S;};¢[0,7], @ terminal
value ¢ € L‘g(QT) with ¢ > S7 for B > 2 and generator f(t,w, y,z) : [0, T] x
2xRxR! >R, a triple of processes (Y, Z, A) € 6%;(0, T) is called a solution of
reflected G-BSDE with data (¢, f, §) if the following properties hold:

D Yi=¢+ [ fs.Y Zds — [ Z,dB + (A — Ay);
(i) Y; = S, and {— fot(Ys — Ss)dAg} 0,71 1S @ non-increasing G-martingale,

where 6%;(0, T) is the collection of processes (Y, Z, A) such that ¥ € Sé 0, 7),
Z € Mé (0,T) and A € Sé (0, T') is a continuous non-decreasing process starting
from origin.

The well-posedness of reflected G-BSDEs Consider the following assumption:

(H1) there exists a constant 8 > 2 such that for any y, z, f(-,-,y,2) € Mg(O, T);

(H2) there exists a constant L; > 0 such that | (¢, y, z) — f(t,y',z)| < L1(ly —
Y+ lz=2'D;

(H3) there exists a constant ¢ such that {S;};c[0,7] € Sg (0, T) and S; < c for each
tel0,T];

(H3*) {S¢}:ef0,71 has the following form:

t d t o d t
St=50+/ byds + Zf y;jd(B‘,Bf)s+Zf «!dB;],
0 S 0 ; 0
i,j=1 j=1

where the processes by, ysij = ysji € Mg(O, T) and Ksj € Hg(O, T),
l<i,j=d

Lemma A.1 ([12]) Assume that f satisfies (H1)-(H2) for some B > 2 and let (H3) or
(H3’) hold. Then, the reflected G-BSDE has a unique solution (Y, Z, K) € Gé O, 7).

LemmaA.2 ([12]) Let ¢" € L'(B;(.QT), v = 1,2 and f°, SV satisfy (H1)-(H3) for
some B > 2. Assume that (Y', ZV, K") € 6%; (0, T), v =1, 2 are the solutions of the
reflected G-BSDE corresponding to data (¢V, f", SV). Set Y, = Yl1 — Y,2, S, = Sl1 — S,2
and ;: = ' — 2. Then, there exists a constant 6] depending on T, G, B, c and L
such that

T
|WFSCE[LHHF+/|WW%ﬂ,
t
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T
IV:1* < C{E, [|§|2+/ If' s, Y2, 22 — f2(s, Y2, z?>|2ds}
t

12
+u::,[sup w} s
se(t,T]

where W7 = Y o_ Bylsup, ey ) Bs[1+ 1272 + [ 1.0, 0)Pdr]1.
LemmaA3 ([12]) Let ¢° € LE(27), v = 1,2 and fY, S saiisfy (H1), (H2), (H3")
for some B > 2. Assume that (Y” 7", K") € &2 0, T), v =1,2 are the solutions

of the reflected G-BSDE with data (¢, [, S"). Set Y, =} —SH — (Y} —S?) and
S, = S, ! S2 Then, there exists a constant C depending on T, G, B and L such that

IYY1> < CR, | [¢V1> + sup |SY)? +f 12202ds |
selr,T]
—_— — A T A ~
|7, 2 sc{ﬂzz [v:‘ —S‘T—¢2+S%|2+/ (|xx|2+|ﬁs|2+|ss|2)ds“,
t

where Js = |f'(s,¥2.23) — £ Y2 ZDL W0 = 17, 0,0)] + [bY] +
5 A i 55
Yo * Yol and e = bl = 031+ X = v+
1j
Z?‘:l |y — ks j|
Appendix B: The Complement Proofs

The following maximal inequality for G-martingale has been firstly established by
Song [24].

LemmaB.1 Assume a > 1 and § > 0. Set

ngme{ (1—1—1421 V):]<y<a+5,y§2

Then, we have

E, [ sup I@snsm} < Col@E[151FD/ D + By [1§“ ).
sSE(t,

Proof The proof is immediate from the definition of conditional G-expectation and
Theorem 3.4 in [24]. O

Now, we are going to state the proof of Lemmas 3.2 and 3.3.
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Proof 1t is sufficient to prove the second inequalities in both cases, since the first ones
can be proved similarly. For convenience, we omit superscripts t. We fist prove the sec-

ond inequality in Lemma 3.2, Set X, = X5 — X5 & (X7) = &(X5") — (X5
and Ay = fF(s. X5 vE ZE wy = pis x5 vE ZE uy). Applying
Lemma A.2 and Lemma B.1 yields that

1/2

T

V1> < Gy { E, [IXT|2+/ (|Xs|2+|ﬁs|2)ds}+m[sup |Xs|2} Ty,
t se(t,T]

where C» is a generic constant depending on 7', G, ¢, L and n (may vary from line to
line), and W2, < Co(1 + €[ + |&']%). From Lemma 2.1, we could get the desired
result.

Then, we prove the second inequality in Lemma 3.3. Applying G-1t6’s formula (see

Theorem 6.5 of Chap. Il in [14]) to I (s, Xf’”) yields that

s s . .
I(s, Xf*”):l(t,&)—k/ bf’“dr—i—/ ve (B, BYy, +/ kI apd
t

t t

where b5, y& ¥ and «5** are given by

BE = Bl (s, X5) + (0:l(s, X5U), b(s, X5, uy)),
Yyt = (@l (s, X5, hij(s, X5, ug))
+ —(oT(s, X5, ug)dZ 1 (s, X5 o (s, X5, uy))ij,

ks = (@5, X5 o (5. X5 ), o] s the jthrow of o

Denote by C3 a generic constant depending on 7, G, n and L, which may vary
from line to line. Then, recalling Lemma A.3, we deduce that

T
IY,1? < C3 {Et [|s|2+/ (As* + 165> + |Ss|2>ds]},
t
where

Vo= (0 =10, 8) = (0 — 1, 60), S =16, X =16, X{),
E=o(X5") — (T, X5") — (X5 +1(T, x5,
A = | f(s, x5, Y“z“u)—f(sxf" Y& Z8 u)),

pom 5 =3 “”|+Z|x“’ ).
i j=1
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Set@ 7= sup (1+|X;" |+ (X5 |+ X" 2+ (X" P and Xy = X" — X5
selt,T]
Then, recalling assumptions (A1), (A2') and Lemma B.1, we derive that

T T
|Yt|2scg{E, [|XT|2+/ <|xs|2+|ﬁs|2)ds}+Et[w;}T]zEt [/ (1%,
t t
1
+|ﬁs|4)ds] 2 } .

Consequently, in spirit of Lemma 2.1, we get

1

_ R T 2
%12 < G+ P+ 1EY | 18— &1+ E U lus — u§|4ds} ,
t

which, together with [Y5" — Y5 "' |2 < 2(I(t, £) — I(1, &) 2 + |V, [?), implies the
inequality (ii). The proof is complete. O

Finally, we are ready to state the proof of Eq. (7).

Proof For readers’ convenience, we shall give the sketch of the proof. For simplicity,
we omit the superscripts (¢, x).
From the proof of Lemma 4.4 in [12], it suffices to prove that

lim  sup 1) sup |(YSN”‘—l(s,X_':))_|2 =0.
N=>00yeqt[s,T] | selt.T]

For simplicity, set ©,""" = (x4, YN, zN"). Now, recalling Lemma 4.3 in [12],
we derive that for each (¢, x) € [0, T] x R" and u € U'[¢t, T],

T
YN —1(s, X))~ < By [|§SN’”| + |/ NS f(r, 0N, u,)dr|] ,
N

where SV = eNO=T)(@(X%) — I(s, X)) + [ NeNC (U, XY — I(s, X))dr.
In spirit of Lemma B.1 and using a similar analysis as Equation (4.3) in [12], we
conclude that

T 2
lim  sup IE|: sup Eg [|/ eN(S*r)f(r, @rN,u7 Mr)dr|j| :| =0. )
S

N=ooy ey, | selr,T]

Next, we shall deal with the term ng ‘" Let Cs > 0 be a generic constant. It follows
from Equation (4.4) in [12] that for each fixed ¢, > O and 8 > 2,

lim  sup K| sup |SNf
N=ooyeyrir, 1) | selt, T—8)
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<Cs sup {E |: sup  sup |I(r, Xg) — (s, X;‘)|’3i|
ueld'[t,T] se[t, T rels,s+e€]

+Ii |: sup sup |X) — X;‘V{H .

se[t,T]rels,s+el

Noting that for each u € U'[¢t, T] and any integer p > 0, we have

A

Bl sup  sup |I(r, X")—1(s, X“)|P
selt, T]rels,s+e]

N Cs -
<BE| sup sup G XY — 1. XDPIA |+ 2E| sup [XY|+ sup [X¥|'HP
se[t,T]rels,s+¢] P set,T] selt,T]

selt,T],|x|<prels,s+e¢]

C
< sup sup |l(r,x)—l(s,x)|’3+—5.
0

where A = { sup |X¥| < p}. Denote tl.p = %(T—t),i =0, ..., p. Then, we deduce
selt,T]

that, for each ¢ < %,

p—1
. A ]
E |: sup sup |X) — X;‘lﬂi| < Cs ZIE sup |qu,” - Xﬁ,‘|’3 < Csp'™2.

selt, T]rels,s+¢] i—0 Se[tlp’tiil] i

Consequently, letting ¢ — 0 and sending p — 0o we obtain that

lim sup K| sup |SV4P| =0,
N—=>00 yeyqify, 7] | 1€[0,T—5]

which, together with Eq. (8) and (4.5) in [12], implies that foreacht <& < T

lim  sup K| sup (YN —1I(s, X))
N—=oo,cytir,T1 | selr.T]

< sup E| sup (X1 —1(s, X)) .
ueld't,T] se[T—-46,T]

By the definition of Yl we have

T T
Y =K, [qb(x;) +/ fr, @rl’“,u,)dr—i—/ (y}e —z(r,X;‘))dr].
s N

@ Springer



Journal of Optimization Theory and Applications

It is easy to check that for some > 2,

T
lim sup E| sup /{umgymmW+n¢%4mngW = 0.
=0y crpre, ) | selr—8.71Js

By Lemma B.1, it follows that

T 2
lim sup E sup g |:/ |f(r, O u)| + Y — 1, Xf)|dri| =0.
5=0ueurr, 7] | selT—8.T] 5

Note that (Y}’” — (T, X))~ = 0. Then, it holds that
(Y —10s, X))~ < |V — (X + [1(s, X — I(T, X¥)].

Thus, by a similar analysis as the above we derive that for each integer p > 0,

E[wp|m“—mxbnﬁsakﬂ:wp|Ewam—¢awﬂ
se[T—68,T] se[T—38,T]

+ sup (s, x) — (T, x)|?
s€[T—4,T]|x|<p

+§+m@}
0

where m(-) is a nonnegative continuous function satisfying limgs_.o m(§) = 0.
On the other hand, it follows from Lemmas 2.1 and B.1 that

lim sup B[ sup [Bf@(X4)]— (X)) | =0.
=0, ey, 1] | selT—8.T]

Therefore, by the above analysis, it holds that for each integer p > 0

lim  sup K| sup [(¥YN" —I(s, X")7)?
N—=00 yeyfts,T] selt,T]

1
< Cs sup (s, x) — (T, x)>+—+m@®) | .
SE[T—8,T],|x|<p P

Sending § — 0 and then p — oo yields the desired result. O
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