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Abstract

One proves the existence and uniqueness of a generalized (mild) solution for
the nonlinear Fokker—Planck equation (FPE)

uy — A(B(u)) + div(D(x)b(u)u) =0, t>0, z € RY, d+#2,

u(0, ) = up, in RY,

where uy € L*(R?Y), 8 € C?(R) is a nondecreasing function, b € C!, bounded,
b>0,D e L*°(R4RY), divD € L?(R?) + L*(R?), with (div D)~ € L*(R?),
B strictly increasing, if b is not constant. Moreover, ¢t — u(t, ug) is a semi-
group of contractions in L!(R?), which leaves invariant the set of probability
density functions in RY. If divD > 0, §/(r) > alr|*7}, and |3(r)| < Cr?,
a > 1,d > 3, then |u(t)|p~ < Ot~ T |u0\2+(’3*1>d, t > 0, and, if
D € L*(R%RY), the existence extends to initial data ug in the space M,
of bounded measures in R%. As a consequence for arbitrary initial laws, we
obtain weak solutions to a class of McKean-Vlasov SDEs with coefficients
which have singular dependence on the time marginal laws.
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1. Introduction
Here, we consider the nonlinear parabolic equation (FPE)

uy — A(B(u)) + div(Db(u)u) = 0, ¥(t,z) € [0,00) x R, (1.1)
u(0,+) = p, in RY, '

where 1 is a bounded measure on RY and the functions 8 : R — R,
D :RY - R% b: R — R, are assumed to satisfy the following hypothe-
ses

(i) 8:R — R is a monotonically nondecreasing C'-function, 3(0) = 0.

(i) D € L*(R%RY), divD € LL (R?), (div D)~ € L=(RY).

loc

(iii) b € CY(R), b bounded, nonnegative, and b = const., if B is not strictly
INCreasing.

In statistical physics, the nonlinear Fokker-Planck equation (NFPE) (1.1)
models anomalous diffusion processes. As a matter of fact, (1.1) is an exten-
sion of the classical Smoluchowski equation.

It should be also mentioned that, as in the classical linear theory, NFPE
(1.1) is related to the McKean-Vlasov stochastic differential equation

4X(1) = DOX(E)b(ult, X(0)dr + &5 (L) awie), 1> 0. (1
X(0) = &,

where @ := [#(0). More precisely, if u is a Schwartz distributional solu-
tion to (1.1) such that u : [0,00) — LY(R?) is o(L!, Cy)-continuous with
u(0) = updz, ug € L* N L>®, u > 0, and

/ u(t,z)de =1, Vt > 0,
R4

then there exists a (probabilistically) weak solution process X to SDE (1.2)
such that u is the probability density of its time marginal laws. (See [3]-[4].)
Here we would like to note that there is a vast literature on McKean—Vlasov
SDEs and on Fokker—Planck equations (see [14] and in particular [10], Section
6.7 (iii), respectively, and the references therein). But the dependence of the
coefficients on the solution in these references is much more regular than in
our so called ”Nemytskii case” (see [4], Section 2, for details).
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The existence theory in R for Fokker—Planck equations of the form (1.1)
in RY, d > 1, and weak existence for the corresponding McKean-Vlasov
equations (1.2) was studied in [3]-[4], [5], via nonlinear semigroup theory in
LY(RY). Here, we shall extend this approach to the case where the initial
data is a bounded measure on R%. In this case, our existence result extends
those in earlier work of H. Brezis and A. Friedman [12] and by M. Pierre [17],
who studied the case D = 0. One main ingredient of the proof is the L* — L>
regularity of the solution of (1.1), extending previous results by Ph. Benilan
8], A. Pazy [15], L. Veron [19].

A further contribution of this paper is its applications to McKean-Vlasov
SDEs (see Section 6) which in turn was one motivation of this work.

The structure of the paper is as follows. Sections 2 and 3 contain our
main existence result for (1.1) for u = ug dz, ug € L'. In Section 4, we prove
the L' — L™ regularizing effects of the generalized solutions to (1.1) on the
initial data (see Theorem 4.1). Section 5 is devoted to the existence for the
Radon measure initial data and Section 6 to applications to McKean-Vlasov

SDEs.

Notation. For each 1 < p < oo, LP(R?), briefly denoted LP, is the space of
Lebesgue integrable functions v on R? with the standard norm |-|,. We denote
by W#P(R%) the Sobolev space of all functions in LP with partial derivatives
Df up to order k in L?, where D¢ = %ﬁ" is taken in the sense of Schwartz distri-

J
butions D'(R?). Denote by L the space of LP-integrable functions on every

compact set and I/Vlléf ={ue L} ; Dfu el] ,1<j<d (=12, ..k}
1 <p<oo Weset H' = W'?(R?) and H? = W*?(R?). We denote by (-, -),
the scalar product of L? and by g-1 (-, ), the duality functional between
H' and its dual space (H')' = H~1. Cy(R?) is the space of all continuous and
bounded functions u : RY — R endowed with the supremum norm |- ||¢,, and
by CL(R?) the space of continuously differentiable bounded functions with
bounded derivatives. By My(R?) we denote the space of bounded Radon
measures on R? In the following, we shall simply denote Cy(R?), C}(R?) by
Cy, C}, respectively, and My(R?) by M,. Denote by ||-|| s, the norm of My,

el ag, = supq{|pu(y); [¥le, < 1}. We set
Po(Rd) = {pe L', p>0, / pdr = 1}.
R4

For 1 < p < oo, we denote by MP(R?) (simply written M?) the Marcinkiewicz
space of all (classes of) measurable functions v : R¢ — R such that
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=

lu|[pe = inf {)\ > O;/ |u(z)|dr < A(meas K)»
K
for all Borel sets K C Rd} < 00, % + 1% =1

We recall that MP(R?) C L (RY) for 1 < ¢ < p < .

loc

Let E(r) = wa|z|3% = € RY, d > 3, be the fundamental solution of the
Laplace operator. (Here wy is the volume of the unit d-ball and | - |; is the
Euclidean norm of R%.) We recall that (see, e.g., [9]) that, for d > 3,

E € M7= (RY), |VE|, € M7T(RY), (1.3)

and, for f € L', the solution u to the equation —Au = f in D'(R?) is given
by the convolution product u = E * f and satisfies

lull ey < EI o, | F ] (1.4)

— Md-2
IVul e < IIVE a [f]h (1.5)

Md—1 Md—1

(In this context, we cite also the work of H. Brezis and W. Strauss [13].)

2. Generalized solutions to NFPE (1.1)
We shall treat first FPE (1.1) for initial data ug € L'.

Definition 2.1. A continuous function u : [0,00] — L! is said to be a
generalized solution (or mild solution) to equation (1.1) if, for each T' > 0,

u(t) = ilzli% up(t) in L' uniformly on each interval [0, 7], (2.1)

where uy, : [0,7] — L' is the step function, defined by the finite difference
scheme
up(t) = uj, Vt € (ih, (i + 1)h], i =0,1,..,N — 1, (2.2)
up) = ug, B(ul) € L., u,, € L', Vi=1,2,....N, Nh=T, (2.3)

loc»

U = RAB(E™) + h div(Db(u i) = b, in DRY),  (24)
foralli =0,1,..... N — 1.

Theorem 2.2 is our first main result.



Theorem 2.2. Let d # 2. Under Hypotheses (i), (ii), (iii), for each uy €
D(A), where A and D(A) are defined in (3.10), (3.11) below and D(A) is
the L'-closure of D(A), there is a unique generalized solution u = u(t,ug) to
equation (1.1). Now assume, in addition, that

B e C*(R). (2.5)
Then D(A) = L' and, for every ug € L* N L™,

[u(t)]oo < exp(|(divD)™ + |D||&t)|ug|o, VE > 0. (2.6)

If ug € Po(RY), then

u(t) € Py(RY), Vt >0, (2.7)
Moreover, t — S(t)ug = u(t,ug) is a strongly continuous semigroup of non-
linear contractions from L' to L', that is, S(t + s)ug = S(t)S(s)ug for
0<s<t, and

|S(t>U0 — S(t)ﬂoh < |U0 — ﬂ0|1, vVt > 0, ug,ug € L. (28)

If ug € L* N L™, then u is a solution to (1.1) in the sense of Schwartz
distributions on (0,00) x R, that is,

/ Oo/ (u(pr +b(u)D - Vo) + B(u)Ap)dt dx
n (2.9)
" / ()0, 2)dz = 0, Y € C5°([0,00) x RY).

We also note that, by (2.6), equation (2.9) is well defined for all ¢ €
C5e([0, 00) x RY).

Remark 2.3. It should be noted that the uniqueness of the solution u given
by Theorem 2.2 is claimed in the class of generalized solutions and not in
that of distributional solutions. The latter is true in some special cases (see,
e.g., [6], [11]), but it is open in the general case we consider here.

3. Proof of Theorem 2.2

The idea of the proof is to associate with equation (1.1) an m-accretive
operator A in L' and so to reduce (1.1) to the Cauchy problem
du

E+AU:O’ t>0, u(0) = up.



To this purpose, consider in L! the nonlinear operator
Aoy = —AB(y) +div(Db(y)y), Yy € D(A), 3.1)
D(Ao) = {ye L', By) € L, —AB(y) + div(Db(y)y) € L'},

where the differential operators A and div are taken in D'(R¢). The main
ingredient of the proof is the following lemma.
Lemma 3.1. We have

R(I +)XAg) = L', VA >0, (3.2)
and there is an operator Jy : L' — L' such that

S € (I +NAg)lu, Vuell,

(3.3)
| vu — Jywly < lu—v|;, Yu,v € LY > 0.
A1 A
o= |—u+|1——|ILul, VO < A, Ay < 0. (34)
A2 A2
Moreover,
d
B(J)\U) S L?oc’ l<g< m, Yu € L17 (35)
1
| \t|oo < (14 [(div D)™ + |D||%)|t]oe, Yu € L' N L™,
0 <A< X = ([(divD)™ +|D|lo + (|(div D)~ + [ DI[%)[bc)
3.6)
[T (1) oo < O|t]oe, Yu € L* N L>®, X >0, for some Cy € (0,00). (3.7)
J\(Po(RY)) C Po(RY), A > 0. (3.8)
If (2.5) holds, then
\J)\g - g|1 S O)‘HQHWQvQ(Rd)a Vg € Cgo(Rd) (39)

Here R(I + AAp) is the range of the operator I + AAg and (I + AAg)™' :
L' — D(Ap) (which, in general, might be multivalues) is a right inverse of
Ag. Before proving Lemma 3.1, let us discuss some consequences.

Define the operator A : D(A) C L' — L*,

Au = Apu, Yu e D(A), (3.10)
D(A) = {Jyw, ve L'} (3.11)
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It is easily seen by (3.4) that
D(A) = {u=Jyw, ve L'}, V0< )< oo (3.12)
By Lemma 3.1, we have
Lemma 3.2.
(i) Jx coincides with the inverse (I + XA)™! of (I + \A).

(i) The operator A is m-accretive in L', that is, R(I + AA) = L', YA > 0,
and

(I + A u — (I +2A) |y < |u—o]y, Yu,v € L', X >0. (3.13)

Moreover, (3.5), (3.6), (3.8) hold with (I + NA)™! instead of Jx. If (2.5)
holds, then D(A) is dense in L .

Proof of Lemma 3.2. (i) follows immediately by (3.10), (3.11), (3.12).
Except for the density of D(A) in L', all assertions of (ii) are immediate by
the definition of A and Lemma 3.1. Now, assume that (2.5) holds and let
us prove that D(A) is dense in L' (that is, D(A) = L'). By (3.9), we have
Cs°(R?) C D(A) and, since Cg°(RY) is dense in L', the assertion follows.

We recall that Lemma 3.2 implies via the Crandall and Liggett theorem

(see [2], p.140) that, for each ug € D(A)=L' and T > 0, the Cauchy problem

d
25+Au:ate(aﬂ, u(0) = uo, (3.14)

has a unique mild solution u € C([0,T]; L'), that is,

u(t) = }lg% up(t) in L' uniformly on [0, 77, (3.15)

where uy, : [0, T] — L' is given by (2.2)-(2.4), that is,

up(t) = utt, t € (ih, (i + 1)h],
upt + hAuT =g, i = 0,1, N —1; Nb =T, (3.16)

u) = ug.



In fact, the solution u = wu(t,up) given by (3.15), (3.16) is given by the
exponential formula

S(t)ug = u(t,up) = lim (I + iA) up in L', t >0, (3.17)
n

n—oo

where the convergence is uniform in ¢ on compact intervals [0, 7], and S(t)
is a semigroup of contractions on L', that is,

S(t+s) = S(B)S(s)uo, W5 >0, S(0) =1,
|S(t)U,Q — S(t)ﬂoh < |U — ﬂo'l, VUO,TLQ € Ll, t>0.

Proof of Lemma 3.1. We shall follow the argument of [5] (Lemma 3.1).
Namely, for f € L' consider the equation

u~+ ANou = f (3.18)
or, equivalently,
u— ANAB(u) + A div(Db(u)u) = f in D'(R), (3.19)
we L', B(u) € L., —AB(u) + div(Db(u)u) € L. (3.20)
We shall assume first f € L' N L? and we approximate equation (3.19) by
w— AAB.(u) + Aefe(u) 4+ A div(Dobe(u)u) = f, (3.21)
where Bg(u) = f.(u) + cu, and for e > 0, r € R,
B =1 (= (T +ep) ) =BT +eB) ™), (3:22)
Ds:{ D, if |D| € L? and div D € L* + L™,
n.D, else.
b, if b is a constant,
be(r) = (bl *+PZ)| £7|"), otherwise.

Here p.(r) =1 p (%), pe C*(R), p > 0, is a standard modifier and by I we
denote the identity on R. Furthermore, n. € C(RY), 0 < n. <1, |[Vn.| <1
and n.(z) = 1if |z| < L. Clearly, we have

|De| € LN L2, |De| < |D|, lim De(2) = D(z), ae. z€ RY,  (3.23)
e—
(divD.)~ < (divD)~ + Lzt |D]. (3.24)

8



We are going to show that, for ¢ — 0, the solution {u.} to (3.21) is
convergent to a solution u to (3.19). We can rewrite (3.21) as

(eI — A)"u + AB.(u) + Mel — A)~'div(D.b.(w)u) = (eI — A)"1f. (3.25)
We set -
F.(u) = (el —A) ', GHu) = \B-(u), u € L?
G (u) = Mel —A) Y (div(D:b.(u)u)), v e L2

It is easily seen that F. and G! are accretive and continuous in L.
Since 7+ b.(r)r is Lipschitz, we also have by assumptions (ii), (iii) that
G? is continuous in L? and

[ (620 - G @) - s
= -\ [ D(.(u)u—b(a)a)-V(el —A) " (u—a)dx

Rd

> —C\u — ala|V(el — A) N u — @)y, Yu,u € L*(RY).

Moreover, we have
/ (eI — A) tuudr = e|(el — A uli + |V(el — A)~tul3, Yu e L2
R4

Hence, for u* = u — u, we have

(F(u) + Gi(u) — Ge(u) + G2(u) — G2(), u*)2
> Aelu'[3 + [V(el — A)"rurf3 + el (el — A) w3
—CE/\|U*|2|V(€] — A)*lu*|2.

This implies that F. + G! 4+ G? is accretive and coercive on L? for A < A,
where A\, > 0 is sufficiently small. Since this operator is continuous and
accretive, it follows that it is m-accretive and, therefore, surjective (because
it is coercive). Hence, for each f € L* N L' and 0 < A < Ae, equation (3.25)
has a unique solution u. € L? with ﬁs(ue) € H!. Since ﬁs has a Lipschitz
inverse, we have that u. € H', and hence b.(u.)u. € H' N L*.

We denote by u.(f) € H' the solution to (3.25) for f € L* N L' and we
shall prove that

[uc(f1) — ue(fo)lr < [f1 — fali, V1, fa € L'nr* (3.26)



To this purpose we set u = u(f1) — u:(f2), f = f1 — fo- By (3.21), we have,
for u; = u(f;), 1 =1,2,

w— MA(B-(uy) — Be(uz)) + eNBe(ur) — Bel(us))

' (3.27)
+Adiv(D. (b (ur)uy — be(ug)usg)) = f.
We consider the Lipschitzian function Xy : R — R,
1 forr >,
Xs(r) = g for |r| <6, (3.28)

—1 forr < =6,

where § > 0. (We note that Xs(r) — sign r for 6 — 0.) We set
Q. = /\V(Es(ul) - Ea(%)) — AD (b (u1)uy — be(uz)ug)

and rewrite (3.27) as
u=div &, — eA(B.(u1) — Be(uz)) + f.

In particular, div®, € L?. We set A; = Xg(,@;(ul) — B;(uz)) Since As € H',
it follows that As div®, € L', and so we have

/ ulsdx = —/ d, - VAsdx
Rd R

—eA /R d(ﬁa(ul) — Be(us))Asdz + 9 FAsdx

. / @ V() = Blma) X5 B (3.29)
- Beua))dn =X [ (Bitun) = Fulun) A5(Fufu)
— B(us))dzx + 5 FAsda.

We have

I = D.(be(uy)ug — be(ug)ug) - VAsdx
Rd
1 ~ ~
= 5 Dbulu)u — bus)us) - VB ) - )
[18e (u1) —Be (u2)|<4]
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Since the inverse of 55 is Lipschitz with constant %, we have

C. ~ ~
|be(u1)uy — be(ug)ug| < Celuy — ug| < . B (u1) — Be(ug)],

and this yields

.1 - -
= | De(be (ur)uy — be(uz)uz) - V(B(u1) — B(u2))|dx
0700 J]|Be (ur)—Be (u2)| <]
C. , ~ ~ :
< % 1Dy lim (/~  VB(w) - Bg(uQ))|2dx> ~ 0, (3.30)
3 020 \J (1B (u1) —Be (u2) | <4]

because V(B(u1) — B-(u2))(z) = 0, a.e. on [z € R%: Be(ui(z)) — B.(us(z))=0].
This yields (lsiH(l) I} = 0. Since X} > 0, a.e. on R, we also have
_>

V(B-(ur) — Be(u)) - V(Be(ur) — Be(uz)) X4 Be(ur) — Be(ug)) dz > 0.

Rd

Then, by (3.29), we get

im [ wX(Be(w) — Fo(us))d < / | dz, Ve >0,
=0 Jpd Rd
and, since uX;(B.(u1) — Be(uz)) > 0 and X5 — sign as & — 0, by Fatou’s
lemma this yields
luly < |fl1, (3.31)

as claimed. We note that, since f = 0 implies u.(f) = 0, it follows by (3.31)
that u.(f) € L', Vf € L' N L2

Next, for f arbitrary in L!, consider a sequence {f,} C L? such that
fn — [ strongly in L'. Let {u?} C L' N L? be the corresponding solutions
to (3.21) for 0 < A < A.. Taking into account (3.31), we obtain by the above
equation that |u” — u™y < |fn — fml1, Vn,m € N. Hence, for n — oo, we
have u” — u.(f) in L'. Define the operator

Au = —AB.(u) + eB.(u) + div(D.b.(u)u)

- _ (3.32)
D(A.) = {ue L';—AB(u) +eB:(u) + div(D.be(u)u) € L'}

It is obvious that (A., D(A.)) is closed on L!. Therefore, u.(f) € D(A.) and
us(f) + AMeu(f) = f, (3.33)
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for A < \.. We also have

lue(f1) — ue(fo)lr < |fi = foli, Vfi, f2 € L' (3.34)

Then, by Proposition 3.3 in [2], p. 99, it follows that R(1+ M\A.) = L',
VA >0, and also (3.33), (3.34) extend to all A > 0 (see Proposition 3.1
in [2]).

Moreover, if u. = wu.(A, f) is our solution to (3.21), we have, for all
0< A, A\ <ooand fe LN L2 by definition

wie ) =u (g (12 wtwn). 63
2 2
If f e L'nL>®, wehave
[ (F)loe < (14 |(div D)™ + [D]|Z)|flao 0 < A< Ao, (3.36)

1
Indeed, by (3.21), we see that, for M. = |[(div D.)7|%|fleo, e = uc(f),
bi(r) = b.(r)r and X\ < Ao, where \q is as in (3.6),

(e = [ floo — M) = AA(Be(uz) — Bo(|floo + M2))
A (Be(ue) — Be(| oo + Mz)) + Adiv(Do (b2 (ue) — bi(| floo + M)
< f - |f|oo - Ms - )‘b:(ME + |f|oo)d1VD€ <0.

Multiplying the above equation by Xs((ue — (| f]oo + M.))") and integrating
over RY, we get as above, for § — 0, |(u: — | f|ee — M.)*|1 < 0 and, therefore,
by (3.24)

e < (14 |(div D)™ + | D||)|flwes ace. in RY.
Similarly, one gets that
ue > —(1+ |(div D)~ + | D||%)|floe, ac. in RY
and so (3.36) follows, which in turn by (3.35) implies that, for some C) > 0,
[uc (N, floo < Ox|floe foralle >0, feL'NL™. (3.37)

Now, we are going to let ¢ — 0 in (3.33). To this end, we need some
estimates on u.. By (3.21) (or (3.33)), we have

AB.(u) = AN (ue — f) + div(D2b. (ue)uz) + 8- (u.). (3.38)
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We shall first consider the case d > 3. This yields, if f € L' N L*,

B.(ug) = = E x (—uz — eABo(ue) + f) + div(E * (Debo(us)ue)), ae. in RY,

A
(3.39)
where E is the fundamental solution to the Laplace operator (see Section 1).
Then, recalling (1.3), (1.4) and (3.31), we get, for ¢ € (0,1),

HE&(Us) — div(E * (Dsbe(%)us))HMﬁ ( )
1 ~ 2+ 3\
< BN, e+ AcB(ue) = flu € 2B o IF

d—2 A Md—2

VA > 0, because £|B.(u)| < (2 + £2)|u|. Taking into account that, for d > 3,
M= C I

loc?

vp € (17 d%dg)v Md;il - Lifoc’ vp € (17 d%dl)
we see by (3.40) that, for 1 < p < -4 and, for all compacts K C R?, we have

d—27
~ ) 14+ A
B (ue) — div(E * (Daba(ua)ua))”Lp(K) < I Cklfli, YA >0,

and so, by (1.5), we have, for 1 < ¢ < 7%, f € L' N L,

~ 1+ A
Bt sty < Cie (iv(E » (Dabelwcduc s + 517

14+ A
< Cic (v (E s (Db (0 + 521010 ) ()

1+ A 1+ A
<Ok (|Ue|1 + T\fh) <Ok <T) | fl1,

VA > 0, for any compact subset K C R¢, where the constant C is inde-
pendent of f and changes from line to line and we used that |b:|so < [b]oo,
| De| < [Dlso-

We assume first that f € L' N L>and 0 < A\ < A¢. Then, by (3.36), we
have, along a subsequence {¢} — 0,

u. — u weak-star in L, whence weakly in L. (3.42)

Therefore, {B.(u.)} is bounded in Li . (as a matter of fact, since 1B.(r)] <
Cu(1+|r]), |r] < M, e € (0,1), see (3.56) below, it is bounded in L*).
Hence, by selecting a further subsequence {¢} — 0, we also have

ga(ua) — n weakly in L , g € (1, d;fl) . (3.43)
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Now, we consider two cases:
Case 1. b is constant (hence b. = b).

By (3.21), (3.23), (3.42), (3.43), we have
u — AAn + A div(Dbu) = f in D'(RY). (3.44)
It remains to be shown that
n(x) = B(u(x)), a.e. z € R (3.45)

For this purpose, we shall prove first, via the Riesz-Kolmogorov compactness
theorem, that {f.(uz)}eso is compact in LL_. We set

loc*

Ve = ge(us)a Ué’(l’) = 'UE(Z' + V) — UE(.CE), V:r;, vV E Rd.
By (3.39), we have
1

o= 5 E"#(—tue—eXB-(us)+ f)—div(E=(D.bu.)), EY(z) = E(z+v)—E(x),
and, by ( 4), (1.5), this yields, for any compact K C R% 1 < ¢ < 7%,

qg<p< and all € € (0,1),

d27

02| La(x < — HE” (—ue — eAB:(us) + )]l Loy
‘|'||d1V(EV * (D:bue)) | Loy

Ck | 1w ~
< ~ |EY * (—ue. — eAB:(us) + f)||Md%2
+Ck||div(EY * <D5bu5)>”Mﬁf1

CK

< BN gy (ucl + [F10) + Crl[VE"|| o fucly

Md 2
1

< Oy (1 #3) UE gty + IV B 1

where we used that |De|s < |D|s. On the other hand, we have

L ([[E7]| o) +[VEY]| e )=0.

Mdl
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(This continuity property follows as in the case of LP-spaces.) Therefore,
{B:(u.); € € (0,1)} is compact in each space LY(K), K compact subset of
R?, where 1 < ¢ < -%-. We also note that £|u.|; — 0 as ¢ — 0. Hence, on a
subsequence {e} — 0,

Be(us) — n strongly in L . (3.46)

loc

Since {ue; € € (0,1)} are bounded in L*>, we have
lim |/85(u6) - /B(u6)|00 =0,
e—0

so, by (3.46),
B(us) — n strongly in L . (3.47)

loc

Recalling that u. — u weak-star in L*> and that the map u — [(u) is
maximal monotone in each dual pair (L4(K), L7 (K)), hence weakly-strongly
closed, we get by (3.47) that (3.45) holds. Hence, by (3.34), (3.42), for
u=u(A, f), we have

lu(X, f) —ul\ 9)y < |f —gli, YA>0, f,ge L' N L™, (3.48)

(Indeed, first only for 0 < A < Ag, but then by Proposition 3.1 in [2] for all
A > 0.) Hence, u(), f) € L' and so, by (3.44), u(), f) € D(Ap) and satisfies
(3.18) for all f € L' N L.

Case 2. Let 8 be strictly increasing.

Multiplying (3.33) by u. = u.(f) and integrating over R¢, since u, b, (u.)u. €
H'NnL'NL*>, Eg(ue) € H?, we obtain

e 3 4 A / B (u2) Ve *da
R (3.49)

1 1
< [ (Fue Db + 5 a3+ 11
Rd 2 2
Defining
»(r) :/ b-(s)sds, r € R,
0

we see that 1) > 0, hence the first integral on the right hand side of (3.49) is
equal to

- / div Dy (u)dr < C < o0, (3.50)
R

15



where (see (3.24))

1 . _
C = 5 [bloo[(div D)™ + [ Dlfoc sup (Jtte]ootich)-

€€(0,1)

C is by (3.34) and (3.37) indeed finite, since f € L' N L.
Define ¢.(r) = (I +e8)"!(r), r € N, and

G

CL(T) = ; Tﬁ’(s) dS, r e R.
e Flar) . Fla)
/ gE r 95 r / 2
and thus

Bé(u€)|vue|2 > [Va(g.(ue)) [,
we obtain from (3.49), (3.50)

-+ 20 [ [Valg.(w)Pds <175 @.51)
Rd

Since |a(r)| < |r| and |g-(r)| < |r|, r € R, this implies that a(g.(u.)), € > 0,

is bounded in H', hence compact in L, so along a subsequence € — ()

a(ge(us)) = v in L2 and a.e.

Since a is strictly increasing and continuous, and thus so is its inverse function
a~!, it follows that g.(u.) — a~'(v), a.e. , and so, as ¢ — 0,

Ue = ga(ua) + 55(95(%5)) — CL_l(U), a.e. on Rd.
Therefore, by (3.36) we have v € L™ and by (3.42)

ue — u in LY . Vp € [1,00). (3.52)

e—0 loc?

By Fatou’s lemma and (3.34), it follows that u € L'. Furthermore, obviously
both . and b., € € (0,1), are locally equicontinuous. Hence,

Bo(u) = B(u), be(u)us — b(u)u, ae. on RY, (3.53)
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as ¢ — 0, since sup |uc| < 00 by (3.36). We note that, since § is locally

e>0
Lipschitz and 5(0) = 0, we have, for M > 0, Cy; = sup 5'(r),
r|<M
1B.(r)| < Cp|(I +eB) | < Curlr|, € [-M, M]. (3.54)

Hence, by (3.36), (3.37) and because |b:| < |b|oo, (3.54) implies that both
convergences in (3.53) also hold in L} , p € [1,00). Hence we can pass to
the limit in (3.33), (3.34) to conclude that u satisfies (3.19), which in turn
implies that u € D(A), because f(u) € Li. ., p € [1,00), and that (3.48) also
holds in Case 2.

All what follows now holds in both Cases 1 and 2.

We define Jy : L' N L™ — L,

) =u\ f), YfeL'NL®, XA>0.

Then, (3.4) follows by definition. We note that, by (3.41), it also follows

B Dl < Coe (143 ) 1l ¥ €LNL, A0, (355)

Now, let f € L' and {f,} C L' N L*> be such that f, — f in L'. If
U, = u(N, fn), we see by (3.48) that u, — u in L' and, by (3.55), {B(u,)} is
bounded in L(K) for each K C R? ¢ € (0, d%‘ll). Hence, by the generalized
Lebesgue convergence theorem and the continuity of 3, f(u,) — F(u) in
LY K), and so u € D(Ay), Agu, — Aou in L', and

u+ AMou = f, (3.56)

Then, we may extend (3.48) and (3.55) to all of f € L' and hence (3.3) and
(3.5) hold.

By (3.36), (3.42), it follows that (3.6) holds, which by (3.4) implies (3.7).
Moreover,if f > 0 on R?, by (3.21) it is easily seen that u. > 0 on R¢, and
so, by (3.42) we infer that u > 0. Moreover, we have

/ udr = [ fdu. (3.57)
Ré Rd

By (3.56), we have
/ updr — X [ B(u)Apdx + )\/ ub(u)D - Vpdr = | fedr, (3.58)
Rd Rd Rd Rd
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Vo € Cg°. Now, we choose in (3.58) ¢ = ¢, € C5°, where ¢, — 1 on R,
0<¢, <1, and
A0y |00 + |Vou]oo — 0 as v — 0.

(Such an example is ¢,(z) = exp (— 1Z|f‘§|2> .) This implies (3.57), and so
(3.8) holds.

It remains to prove (3.9). Let g € C5°(R?) be arbitrary but fixed. Coming
back to equation (3.33), we can write

g — MAB.(g) + AeB-(g) + A div(D.b-(9)g) = g+ AA.(g),
and so (3.34) yields that, for some C € (0, 00),
uc(9) — gh < A A(g)h < CA(llgllwz2we) + lglo), Ve € (0,1),

because 3 € C2, b € C*, and hence ., (8.), (3.)" and b’ are locally uniformly
bounded in e € (0,1) and since |D]s < oo, divD € Li . and [b.| < |b]eo.
This, together with (3.42), implies (3.9), as claimed. This completes the
proof of Lemma 3.1 for d > 3.

Now, we shall sketch the proof of the case d = 1 only in the case that
b= 1. By (3.38), we have

(Be(u2)) () = D(@uc(z) + A~ / (uely) — F(y))dy, Yz € R,

Bu(ue(2)) = B / D(y)us(y
A~ /ds/ (uely) — fy))dy, Yz, z0 € R.

Taking into account that {u.} is bounded in L', we may choose zy indepen-
dent of € such that {u.(z¢)} is bounded. This implies that {5.(u.)}eso is
bounded in L2 and so estimate (3.41) follows. Hence, it follows as above

that (3.42)-(3.44) follow too. We shall prove that {f.(ue)}eso is compact in
Li.. Tfv. = B.(u.) and v’ = v.(z + v) — v.(x), we get by (3.59) that

-/ D)y + A / ™ s | ) - rwnay

18
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and, therefore, lin?) [v¢z1 = 0 uniformly with respect to e. Hence, {v.} is
v— oc

compact in L{ . and so (3.45) follows by (3.46). As regard (3.48)-(3.57), and
so all conclusion of Lemma 3.1, it follows as in the previous case.

Later, we shall also need the following convergence result for the solution
ue to the approximating equation (3.21).

Lemma 3.3. Assume that 3 is strictly increasing. Then, we have, fore — 0,
ue —u=Jyfin L',V felL. (3.60)

Proof. We shall proceed as in the proof of Lemma 3.2 in [5]. It suffices to
prove this for f in a dense subset of L!. In Case 2 of the proof of Lemma
3.1, by (3.52) we have u, — u = Jy f strongly in L} . But this also follows

loc*

in Case 1, because by (3.45) and (3.47) we have that 8(u.) — B(u) in L]

loc*
So, by our additional assumption that § is strictly increasing, which entails

that its inverse 37! is continuous, we have that also u. — u, a.e. (along a
subsequence), hence u. — u in L _ by (3.42). Hence it suffices to show that

loc

there is C' independent of € such that
]| = / e (2)]®(2)dz < C, Ve >0, (3.61)
R4

where ® € C?(RY) is such that 1 < ®(z), Vo € R, and
O(z) = +oo as |z| — o0, VO € L™, Ad € L™,
(An example is ®(z) = (1 + |z]?)* with a € (0, 1] .)

We fix such a function ® and assume that

fel'nL>™, HfH:/ O(x)|f(z)|dx < oc.
Rd

If we multiply equation (3.21) by ¢, Xs(B-(u.)), where ¢, (z) = ®(z) exp(—v®(z)),

v > 0, and integrate over R?, we get, since Aj >0,

/R 0Bl dr < N [ VBw) V(HlBel)) g )

A [ D) Ve + [ Iflpda
<) / (VB (1) - Vi )X (B () ) (3.62)

R4

+\ /R Db (ue) - VB (u) XH(B-(ue) )y da

A (D Ve ) 0o + [ I flpude.

Rd
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Here, b}(u) = b.(u)u. Letting 6 — 0, we get as above

/ ’UEWVCM < _)\/ v’gs(us)’ ’ Vg@,,d.%‘
R4 R4

—A « =
—i—hmg | D | 0% (ue)| |V Be (ue) | da

0200 J[|B. (ue)|<6]

(3.63)
+A /}RUZ(Sign1L€)I)Z(1L5)(D6 -V, )dr + /Rd|f|<pydx

< [ (Bl + @)D Volda + [ |l

where in the last step we used that

b2 ()] < Lip(0)]ue] < = Lip(02)|B.(os )]
We have
Vo, (z) = (VP — vdVP) exp(—vd),
Ap,(z) = (AD — v|VD|? — vPAD + 2P|V D|2 — 1v|VD|?) exp(—vP).
Then, letting ¥ — 0 in (3.63), since M = sgg|u5|oo < 00, [bE(r)] < |blolr],
|D.| < |D| and |B.(r)| < <|Sg€46,(r) —i—a)\r\, Vr € [—M, M], we get

[uell < NfII+ CAIAR|o + [ Dloo| V@|oo) [ f11, Ve € (0,1).

Hence (3.61) and, therefore, (3.60), hold for all f € L' N L>® with ||f| < oc.
Since the latter set is dense in L', we get (3.60), as claimed.

Proof of Theorem 2.2 (continued). As seen earlier, the solution uy, to the
finite difference scheme (2.2)-(2.4) is uniformly convergent on every compact
interval [0,7] to u € C([0,00); L). By (3.6) and (3.17), by a standard
argument we obtain that, for vy € L' N L*,

[u(t)]oo = |S()uo]oo < exp(|(div D)™ + | D||&t)|ugle, VE > 0.

(2.7) follows by (3.17) and (3.8).
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Let us prove now that u is a distributional solution to (1.1). We note first
that by (2.4) we have (setting uy(t) = ug for t € (—00,0))

wn(t) = hAB(uA()) + b div(Db(un(t))un(t)) = wn(t — h), t > 0,

3.64
up(0) = ug. (3.64)

Since hm uh( ) = S(t)up in L' locally uniformly in ¢ € [0,00), we have by
(2.6) that
1
|un(t)|oo < exp(|(div D)™ + |D||5t)|uolo +1, £ >0,

for small enough h, and, hence, for b — 0, B(ux(t)) — B(u(t)) in LL _, a
t>0.
Let ¢ € C5°([0,00) x RY). Then, by (3.64) we have

a.e.

/OOO /Rd% (up(t,x) —up(t — h,z))p(t,x) — Blup(t, x))Ap(t, z)
—b(un(t,2))un(t, 2) De(x) - Vep(t, 2)dt d = 0,

if we take up(t,x) = ug(z) for t € (—h,0]. Then, replacing the first term by

> 1
/ / —up(t,z) (et + h,x) — p(t,x))dt de + — / / uo(z)p(t, x)dt dz
0 RN h RN

and, letting h — 0, we get (2.9), as claimed. This completes the proof. [

Remark 3.4. Theorem 2.2 extends by a slight modification of the proof to
the multivalued functions 8 : R — 2% with D(8) = (o0, +00) and which
are maximal monotone graphs on R x R, that is, (v; — va)(u1 — u2) > 0,
Vu; € B(u;), 1 =1,2, and R(1 + ) =

4. Regularizing effect on initial data

Consider here equation (1.1) under the following hypotheses.
(k) B € C*(R), B'(r) = alr[*™", Vr e R; B(0) =

where a« > 1, d > 3, a > 0.
(kk) D € L>®(R%RY), div D € L*(RY) + L>(R?), div D > 0, a.e.
(kkk) b € Co(R)NCYR), b > 0.
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Theorem 4.1. Let d > 3. Then, under Hypotheses (k), (kk), (kkk), the
generalized solution u to (1.1) given by Theorem 2.2 for u = ugdzx, uy € L*,
satisfies

u(t) € L™=, ¥t >0, (4.1)

2
[u(t)]oo < Ot 7 lupl; 77, Vit € (0,00), ug € L, (4.2)
where C' is independent of ug.
Proof. We shall first prove the following lemma.

Lemma 4.2. Let uy = (I + MA)"'f, where A is the operator (3.10), (3.11).
Then, for each p > 1 and X\ > 0, we have

pp—1 «
|’LL)\’£ + )\aom | )\|]():_+01211)d < |f| \V/f eLPn Ll. (43)

where C' s independent of p and .

Proof. Let p € (1,00). By approximation, we may assume that f € L*NL>.
Let us first explain the proof by heuristic computations in the case b = 1,
that is, for the equation

uy — AAB(uy) + A div(Duy) = f. (4.4)
We multiply (3.21) by |ux|P~2uy and integrate over R? and get

g+ (o= DA [ 5n) [V Pl
R
-1
= / fluxlP2uzdx — =1 A Jua|Pdiv D dx (4.5)
R p R

B 1 1
< Iflohuly™ <3 1115+ (1 - 5) .

Taking into account (k) yields

On the other hand,

/ [un P3| Vuy | *dr
Rd

il aplp = DA [ sV e < |1
R
ae 2
(]uA|p+ 1)‘ dx

(p—l—Oé > Rd
d—2
C /|u|(a = dx ’
p—i—oz—l Rd A
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(by the Sobolev embedding theorem in R). This yields

plp—1) a—1+
fialy 200 G a i [allegge S 17l YA >0
as claimed.
Of course, the above argument is heuristic since e.g. uy ¢ H'. To make
the proof rigorous, we recall that by Lemma 3.3 the solution u := wu, to

(3.19) constructed in Lemma 3.2 is an L!-limit of solutions wu., ¢ > 0, to
the approximating equations (3.33) (with A, as in (3.32)). So, we shall start
with (3.33) (instead of (4.4)) and with its solution u.. Then we know by the
proof of Lemma 3.1 (see (3.25)) that u., b(u)u. € H'NL*NL>®, B.(u.) € H2.
We have, for all r € R,

S Blel) )
Be(r) = (1 +28)(g-(r)) +& 2> he(ge(r)), (4.6)
where ot
h.(r) = LELZCL—MOH’ reR, g.=(I+ep) (4.7)

Define ¢5 : R — R by
ws(r) = (Ir| +6)P%r, reR.
Then, 5 € Gy, lim () = (p — 1)|r"~* and j(r) = min(1, p—1)(jr|+6)~>.
—
Now, we multiply (3.33) by ¢s(u.) and obtain
/ ueps(ue)dx + )\/ B (u2) | Ve |2y (ug)da
R R

= )\/ (D. - Vue)ps(ue)be (us)u.dx + fos(u)dz.
Rd

Rd

(4.8)

Defining
$(r) = / ()b (s)s ds,

we see that ¢ > 0, hence the first integral in the right hand side of (4.8) is
equal to

_ /R (div D.)i(u)de < C, (4.9)
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where (see (3.24))

1
C. = §|b|oo|D|OO sup |u5|oo/ 1> |uc|dz.
Rd :

€€(0,1)

Furthermore, we deduce from (4.6) that the second integral on the left hand
side of (4.8) dominates

/ (g2 0)) VP () = / Ve 1) el
R e (4.10)

d—2
2d Td
>C ( |1/J€75(u5)|d*2 dx> )
Rd

where

Pea(r) = /0 hg.(9)e(s) ds, reR (4.11)

(Here, we used the Sobolev embedding.) Combining (4.8)—(4.10) and letting
d — 0, we obtain by Fatou’s lemma and (3.36)

d—2
AC 2d 2 1 1
Ep o (U a—2 (] < - p 1—— Ep OE, 412
ot 20 ([ etwiar) T <2 (1o DY )

where

ve(r)=+/p—1 /OT \/hg(gg(s))|s|p—2 ds, reR. (4.13)

Obviously, ¥.(u.), € > 0, are equicontinuous, hence by (3.36) and (3.52)

9 2
ﬁ) ‘u|p+a71’ a.e. on Rd,
pr—oa—

(be(w))? = alp— 1) (

and, since u. — w in L' by Lemma 3.3, lim._,q C. = 0. Therefore, by Fatou’s
lemma, (4.12) implies (4.3).

Proof of Theorem 4.1. We choose p = p,,, where {p, } are defined by

d
Pnt1 =55 (Pn+a—1), po>1.
Then, by (4.3), we get

_p”(p" ) Aluy [P et

ualpr + Ca (P + o — 1)2 Prt1

<|ffPr, n=0,1,...
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Now, we apply Theorem 5.2 in A. Pazy [15], where ¢, (u) = |ulb", 3, = dT,
C, = Ca inf 222U and conclude that (see Proposmon 6.5 in [15]

PE[po,00) (p+a—1)27
or [19]) that
2pg
()] < Cpt 07D Jugl| 57 ¥t > 0, g € L. (4.14)
Define
d+2 2 d+2\?
Cod = -1 = — . 4.15
y 2d+\/<a o+ d)+(%7) - @
Note that, since @ > 1 — 2, the value under the root is strictly bigger than

(2d) hence C, 4 > 1.

Lemma 4.3. Let py € (1,Ch4). Then, for some constant Cp, > 0,

Y(pgta—1

()] < Cpt 00T g P07 W > 0, wg € L' L™, (4.16)

_ 2po+ (a—1)d
(po+a—2)d+2

e (0,1). (4.17)

Proof. We may assume that uy € L*. We shall use the approximating
scheme (3.15)-(3.16). By estimate (4.3), we have, for A\ = h,

i+1|p i+1|pot+a—1 D L
[up, b0 4 Chluy, ]<p0+a e < Juple, i=0,1, ...

By the summation by parts formula, this yields, for all £ > 0,

t
tun(t) ,’§8+0/ s|un(s )|I?20+i e d8</ |un(s)[pods + hluolpy, — (4.18)
0

where wuy, is given by (3.16) and where, here and below, by C' we denote
various constants independent of ¢ and ug, but depending on py.
On the other hand, by Holder’s inequality we have

[un(s) s < lun ()1 1un($)|Ggsena, s> 0.

d—2

Then, substituting into (4.18), we get
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t
ﬂw@@+c/ﬂmumfﬁus—m%%

< o | o)

—-p

< \uon/ s7ota T fuy (s TS T goraT ds
; o

yto—1

Po—7Y
Y ! po+a—1 pota—l ¢ Y=po_ pota—l
oto—
< |uol] slup(s) o io 1a dS s§7Fta—1 ds )
0 a—2 0

Since py < Uy 4, we know by Lemma A.1 in the Appendix that
7 —Po
y+oa—1
Hence the above is dominated by

PO—Y
5 2y+a—pg—1 t » ta— 1 pota—1
a1 0
Clug|i t rote-1 slup(s) Gtaa ds )
0

This yields, for ¢ > 0,

3 a1 W@O+a;1) 2v+a—pg—1
@2+ C [ slan)Ptihads < Cluoly T FFE 4 bl

Hence, dropping the integral on the left hand side and letting h — 0, we
obtain that

y(ppta—1)

4(®)ly < Coolual {777 15000 1> 0,
and (4.16) is proved.

Proof of Theorem 4.1 (continued). By approximation, we may assume
that ug € L' N L>®. Combining estimates (4.14) and (4.16), we get, for ¢ > 0,

4 ___2r0
|u(t)|oo < Cpo (%) 2poH(a=1)d ’u (%){;g’frd(a*l)
(Po—7)2p Y(pg+a—1)2pg
<Cp t (2”0“0‘ 774 pg G- 120 +0(a— 1))> || e VROt dlamL) (4.19)

_ *T 2+(0<—1)d
_Cpot el ‘u(]’l )

where we used Lemma A.2 in the Appendix in the last step and where again
the constant C),, changes from line to line. Hence, Theorem 4.1 is proved.
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Remark 4.4. In the proof of Theorem 4.1, we have used the weaker condition
o >1— 2 However, since 5 € C*(R), we should assume in (k) that o > 1.
We plan to remove the assumption 3 € C*(R) in a future paper.

5. Equation (1.1) with a measure as initial datum

Consider here equation (1.1) with the initial data ug = p € M,.
Definition 5.1. The function u : [0,00) — M, is a distributional solution
o (L1) if
u, B(u) € Lie([0,00) x R), (5.1)
/ / (t, ) (pe(t, ) + b(u(t,x))D(z) - Vp(t, x)) (5.2)
u(t, z))Ap(t, x)dt dz + u(p(0,-)) = 0, Yo € C°([0,00) x RY).
We have

Theorem 5.2. Assume that Hypotheses (k), (kk), (kkk) from Section 4 hold
and, in addition, that D € L?*(R%;R?) and

1B(r)| < C|r|*, Vr € R. (5.3)

Let u € My. Then, (1.1) has a distributional solution which satisfies, for
dt-a.e. t € (0,00),

u(t,z) >0, a.e. on R, provided u > 0, (5.4)
/R ult,a)ds = /R dn (5.5)

u(t) oo < C 17T [ T, (56)
[u(@)]r < el (5.7)

Furthermore, for all p € [1, o+ %l) ,

u € LP((0,T) x RY), VT > 0, (5.8)
Bu) € LY(0,T)xRY), VT > 0. (5.9)
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The map t — u(t, z)dx € My has a o(M,, Cy)-continuous version on (0, 00),
denoted by S(t)u, t > 0, for which (5.4), (5.5), (5.6) and (5.7) hold for all
t > 0. Furthermore,

lim [ (S(t)p) ()¢ (x)de = u(y), Vi € C. (5.10)

t—0 R4

Defining S(0)u = p, then S(t), t > 0, restricted to L' coincides with the
semigroup from Theorem 2.2 and we have

1S = SO pallm, < llpn = p2llag, VE20, g, p2 € M.

Proof. Consider a smooth approximation p. of uy = p of the form
Me(x) = (/J *ps)a e >0,

where p(x) = L p(Lz]), p € C([=1,1]), J1,p(r)dr = 1. Then, by

Theorem 4.1, the equation
(ue); — AB(ue) + div(Db(ug)u.) = 0 in (0, 00) x R4,
(5.11)
uE(O) = MEu

has, for each ¢ > 0, a unique generalized solution u. € C([0,00);L') N
L>®((8,00) x R?), ¥§ > 0. More precisely, we have

2 2
[e(t)] oo < 1 TF@D [ [T < O mE () 5T, 6> 0. (5.12)

Everywhere in the following, C' is a positive constant independent of ¢ and p
possibly changing from line to line. Also, for simplicity, we set ||u|| = || p]| m,

and || p| e 2 ey v(t,p), Yt >0, ue M, We also have by (2.8)

ue ()]s < lpely < [lull, V& =0, Ve > 0. (5.13)

If we formally multiply (5.11) by B(u.) and integrate over (6,t) x R%, for
=[5 B'(s)b(s)s ds, since 1, div.D > 0, we get

/ g(uclt, ) dx+/ [ VB ds
/ / V((ue)) Ddxds—l—/ g(us(d, z))dx (5.14)
< /R (ue(6,2))dz < Cllul(6, )", Vit > 5,
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where g(r fo s)ds > 0 and the last inequality follows by (5.3). Esti-
mate (5. 14) can be derlved rigorously by using the finite difference scheme
(3.15)—(3.16) corresponding to the resolvent of the regularized version (3.33)
of equation (5.11). Indeed, by Lemma 3.3, it follows via the Trotter—-Kato
theorem for nonlinear semigroups (see, e.g., [2], p. 168) that, for each & > 0,

t -—-n
us(t) = lim lim ([ + — Al,> L,
n

v—0 n—o0

where A, is the operator defined by (3.32) and both limits are in L', locally
uniformly in ¢ € [0, 00). Hence,

us(t) = lim lim w, 5 (¢), t € [0, 77, (5.15)

v—0 h—0

where

U (t) = w1 € (ih, (i + 1A,

(5.16)
urth +hAuh =l i=0,1,.,N—1; Nh=T, ul, = pe.

We know by the proof of Lemma 3.1 that, if v € L' N L™, then for the
solution uy, to the equation uy + hA,up, = v (see (3.32) and (3.33)), we have
wp, by (up)uy, € HY O LY 0 L, B, (up) € H? and |up|o < |v]se. Hence, if we
multiply (5.16) by £, (u erl) and integrate over RY, we get as above

/ g (S @) dz + h [ VB, i) Pde
R4

R4
S / gV(uf/,h>d:E7 i:O,l,...,Nl’ Nh:T,
R4
where g, (1) = [§ 51/ )ds and we used that div D, > 0, since D,, = D because

D e LQ(Rd RY). Summlng over from j = [N§/T|+1to k—1 = [Nt/T], we get

/ gu(uy ) dl’+ / VB, (uihh)] da:</ gu(ul,,)dx, VE.
R4 R4

Then, letting b — 0 and afterwards v — 0, by (5.15) and, since [u}, ;| <
|te|so, the closedness of the gradient on L*(0,T;L?) and the weak lower
semicontinuity implies (5.14), as claimed.
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Multiplying (5.11) by |uc|9"2u., ¢ > 2, and integrating over (§,¢) x R,
we get by hypothesis (k) that

q+a
a(g—1) ( )// |V || | dsdr + — / lue(t, x)|?dx
ara-l (5.17)

< [ luelba)ltde < Cllal (6, )
Rd

As in the previous case, the above calculus can be made rigorous if we replace

5.11) by its discrete version (5.16), which we multiply by u’“ 9=2 1 and
( th

integrate over R?. Indeed, noting that, since uffhl, b, (u ’+1) ffhl € H'NL'NL>
and f/(u ZH) € H? (see (3.25), (3.37)), we get similarly as in the proof of
Lemma 4.2 for Uu(r) = Vo =1 V/Iu(g.(s))|s|2ds, r € R, where he, g.

are as in (4.7
/ |ul+1|qu+h/ |V, (uit ) [Pdr < = / |ul, | %da,
Rd

i=0,.,N—1, Nh=T.

Summing over i from j = [N§/T]+1tok—1= [Nt/T], we get

/ |uyh|qdrx—l—h2/ Vb, (it Pdr < = / |u?, aldz,
i=0,..N—1, Nh=T.

Letting h — 0, and afterwards v — 0, (5.17) follows from (5.15) and the
closedness of the gradient on L*(0,T; L?).
Now, taking into account that by (5.17), with ¢ = 2p — 1 — a, we get

t
[ 19l s < @ o), ez vz SR Gy
)

Moreover, by (5.14), {V3(u.)}.>¢ is bounded in L?*(§, T, L?), and so
|AB(ue) — div(Db(ue)ue) || L25,rm 1) < C, Ve > 0. (5.19)

Note also that, by (5.18), it follows that

t
/5 IV (|ueP~%u.)|3ds < O, Ve > 0. (5.20)
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Hence, {|u.|P"'}.>0 is bounded in L?*(§,T; H') and so, by (5.19), we infer
that, for m > 4,

I e (AB () s st + V(Db )uo) ooz ) < C.
This implies that the set

{Glnr ) =l @00 - D).,

e>0

is bounded in L'(6,T; H'). Note that by (5.18) applied to p + 1 replacing
p, we have that also {|u.|P"'u.}.~0 is bounded in L?(6,T; H').

Then, by the Aubin-Lions-Simon compactness theorem (see [18]), the set
{|uc|P~ u}eso is relatively compact in L2(6,T; L2,) for all 0 < § < T < co.

loc
Hence, along a subsequence, we have for v(r) := |r|P7'r, r € R,

Y(us) — v, a.e. on (0,00) x R% (5.21)

Then, since v has a continuous inverse and since 3 is continuous, we have

u. — u=~"'(v) and B(u.) — B(u), a.e. on (0,00) x R% (5.22)

By (5.12), (5.13), we have, for all p > 1, Vt > 0, ¢ > 0,

p—1

1 p=1 2p+(a—1)d d(p—1)
ue(t)]p < Jue()|FJuc(t)]od < Clu]| CFeDs ¢ @a=nas (5.23)

We have Z—i((i_—ll))d < 1 for every p € [l,oz+ %) Then, for such p, (5.23)

implies that, for every T" > 0,

T
/ ue(£)2dt < C, (5.24)
0

and, therefore, if in addition p > 1, along a subsequence ¢ — 0,
u. — u weakly in LP((0,T) x R%). (5.25)

Moreover, by (5.3), (5.22) and (5.24), it follows that {5(u.)} is bounded
in L9((0,T) x R?) for all ¢ € (1,14 Z), and so (along a subsequence)

B(u.) — B(u) weakly in L((0,T) x R9). (5.26)
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Since, by (2.9), we have

[ [ wtot Do)+ stuagtas+ [ ). =0

for any ¢ € C5°([0,00) x RY), letting € — 0, we see by (5.25) and (5.26)
that u satisfies (5.2). As regards (5.4), (5.5), (5.6) and (5.7), these by (5.22)
immediately follow from the corresponding properties of u. and (5.12). Fur-
thermore, (5.8) follows from (5.24) and Fatou’s Lemma. Taking p = a in
(5.8), (5.9) follows by (5.3).

By (5.5) and (5.9), we may apply Lemma 8.1.2 in [1], to conclude that
t — u(t,x)de € M, has a o(M,, Cp)-continuous version on (0, c0), denoted
by pg, t > 0. To show (5.10), we apply (5.2) with ¢(¢,z) = ¥(t)((x), ¥ €
Cs°([0,00)) and ¢ € Cg°(R?). Then, for

LC(t, ) = B(u(t, 2))A(x) + D(x) - V((x),

we have from (5.2)

/Ooow(t)/Rchduthzb(O)LCdu:—/ooo%;b(t)/Rd(dutdt, (5.27)

hence, choosing ¥ € C§°((0,000)), we obtain for dt-a.e. t € (0, 00),

t
» Cduy =C +/ /Rd L¢ dusds. (5.28)
0

By (5.9), the right hand side is continuous in ¢ € [0, 00) and equal to C at
t = 0, while, as seen above, also the left hand side is continuous in ¢ € (0, 00).
Hence, we obtain that (5.28) holds for all ¢t € (0,00) and

lim [ (du, = C.

t—0 R

Plugging (5.28) into the right hand side of (5.27), with ¢ € C§°([0, 00)) such
that 1(0) = 1 and integrating by parts, we find

/ Y Lgdutdt—i-/ Cd,uzC+/ v [ L{dpdt
0 R R 0 R

and (5.10) follows, because (5.5) holds for all ¢ > 0, as we shall see below. It
is obvious that, for the o(M,, Cp)-continuous version ¢t — py; of ¢t — u(t, x)dx
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on (0, 00), properties (5.4), (5.5) and (5.7) hold for all t > 0. For this version,
it is also easily seen that ¢ — |u(t)|s is lower semicontinuous, hence also (5.6)
follows for all ¢ > 0.

It remains to prove the last assertion in Theorem 5.2. To express the
dependence of our (M}, Cy)-continuous version [0, 00) 3 t +— pp € My, with
po = o of our solution to (5.2), we set, for p € My, P(t)u = py, t > 0,
and recall that i, has a density in L' for ¢ > 0, which we identify with pu,,
ie., uy € L', vVt > 0. Let T > 0. By construction, we know that (along a
subsequence depending on p) € — 0

S()(p#ps) = P(- ), a.e. on (0, T)xR* and weakly in LP((0, T)xR?) (5.29)
as functions of (¢,z) for p € (1,a + 2) (see (5.22), (5.25), respectively). Here
S(t), t > 0, is the semigroup from Theorem 5.2.

Claim. If p € L', then S(t)p = P(t)p for all ¢ > 0.

To prove the claim we recall that, since u € L', we have u* p. — p in L.
Hence, by (2.8) and (5.29),

S(t)u = P(t)u in M, for dt — a.e. t € [0,T].

Since both sides are o (L', Cy)-continuous in ¢ € [0,7], this equality holds
Vt e [0,T], T >0, and the Claim is proved.

Therefore, we may rename P(t) : M, — My, t > 0, and set S(t) = P(t),
t > 0, since it is an extension of S(¢) : L' — L' for every t > 0.

Finally, for p, 1 € M, with corresponding solutions u., u. to (5.11), we
have by (2.8), for all ¢t > 0,

Jue(t) — ue(t) |1 < |(u — ) * pely < || — f] -

Hence, for all ¢ € Cy(]0,00)), ¢ > 0, by (5.22) and Fatous’s lemma, letting
e — 0 we get

/0 " o(0)]S(t) — S0l adt < / o0l — Fillad,

SO,
1S — SE)pl < |l = pllam, for dt —ace. ¢ € (0,00).

But the left hand side is lower semicontinuous in ¢ € [0, 00), since ¢ — S(t)u
is o(L', Cy)-continuous, hence

1S@)p = SO ullag, < = plim,, VT € [0, 00).
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Remark 5.3. One might suspect that, if 4 > 0, then under the hypotheses
of Theorem 5.2 the solution u is the unique nonnegative solution to (5.2).
This is true for the porous media equation ([17]). If the uniqueness is true
for all 4 € L', it follows by Theorem 2.2 that u(t) € C([§,00); L'), for each
0 > 0. In this case, our solutions in Theorem 5.2 starting from any p € M,
would also have the flow property.

Remark 5.4. It should be noted that, as follows from (5.20), (5.22), for
every p € My, p > 52,

|S(Hu|P2S (Y € L6, T; HY), 0 <6 < T < oo.

Remark 5.5. If D = 0 and 8(r) = ar®, where 0 < o < %2, then (see
[16]) equation (1.1) has a nonnegative solution for yu € M,(R?) if and only
1

if u(K) = 0 for each compact set K of Cy,-capacity zero, where p = .

The extension of this result to the present case remains to be done. (See also
Remark 4.4.)

6. The McKean-Vlasov equation

As a direct consequence of Theorems 2.2 and 5.2, we obtain (probabilis-
tically) weak solutions to the McKean-Vlasov SDE (1.2). More precisely, we
have

Theorem 6.1. Assume that we are in one of the following situations:

(a) Hypotheses (i), (ii), (iii) from Section 1 and (2.5) hold and let u be the
solution of (2.9) from Theorem 2.2 with the initial condition p = ugpdz,
Ug € Po(Rd) N L.

(b) Hypotheses (k), (kk), (kkk) from Section 4 and (5.3) hold and, addi-
tionally, let D € L*(R% R?). Let u be the solution of (5.2) from Theo-
rem 5.2 with the initial condition p € P(R?).

Then, there exists a (probabilistically) weak solution X to (1.2) on some
filtered probability space (2, F, P, (Fi)is0) with an Ri-valued (F;)-Brownian
motion W (t), t > 0, such that X has P-a.s. continuous sample paths and

p="Po (X(0)" and u(t,z)dx =Po (X (t)) ' (dz), Vt > 0. (6.1)
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Proof. By our assumptions, we have, for every 7" > 0,

T
| [ sttt + bt ) D@t ))dodr <
Hence, the assertion follows immediately by Section 2 in [4]. O

Appendix

Lemma A.1. Let a € (%,oo), po € (1,00). Let Cpq and v be as defined
in (4.15), (4.17), respectively. Then

(po — 1)(d - 2)

i =1- —-1>0.
(i) v wta-2drz T
i 7 —Po
If po < Coa, then ———— > —1.
(ii) If po d, then -

The proof follows by a direct computation and will be omitted.

By Lemma A.1, it also follows

Lemma A.2. Consider the situation of Lemma A.1. Then

. _ (po—1)(pot+a—1)d _ (2+(a—1)d)(po+a—1)
() po—7 = WW’ Tta—-1= (po+a—2]§?1+2
2v(po + o — 1) 2

(i1) (v +a—1)2po + (a—1)d) T2+ (@ =1)d
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