HIGHER HOLDER REGULARITY FOR NONLOCAL EQUATIONS WITH
IRREGULAR KERNEL

SIMON NOWAK

ABSTRACT. We study the higher Holder regularity of local weak solutions to a class of nonlinear
nonlocal elliptic equations with kernels that satisfy a mild continuity assumption. An interesting
feature of our main result is that the obtained regularity is better than one might expect when
considering corresponding results for local elliptic equations in divergence form with continuous
coeflicients. Therefore, in some sense our result can be considered to be of purely nonlocal type,
following the trend of various such purely nonlocal phenomena observed in recent years. Our
approach can be summarized as follows. First, we use certain test functions that involve discrete
fractional derivatives in order to obtain higher Holder regularity for homogeneous equations
driven by a locally translation invariant kernel, while the global behaviour of the kernel is allowed
to be more general. This enables us to deduce the desired regularity in the general case by an

approximation argument.

1. INTRODUCTION

1.1. Basic setting and main result. In this work, we study the higher Holder regularity of

solutions to nonlinear nonlocal equations of the form
(1) Liu=fin QCR"

driven by a kernel that potentially exhibits a very irregular behaviour. More precisely, by modifying
an approach introduced in [2], we prove that so-called local weak solutions to such equations
are locally Holder continuous with some explicitly determined Holder exponent. Here s € (0, 1),
Q C R" is a domain (= open set), f : R™ — R is a given function and

A(z,y)

LYu(x) :=2lim ST

D(u(z) —uly))dy, e,

<=0 Jrm\B.(2) T —
is a nonlocal operator. Throughout the paper, for simplicity we assume that n > 2s. Furthermore,
the function A : R™ x R™ — R is measurable and we assume that there exists a constant A > 1

such that

(2) A < A(x,y) < A for almost all z,y € R™.
Moreover, we require A to be symmetric, i.e.

(3) A(z,y) = A(y,z) for almost all z,y € R".

We call such a function A a kernel coefficient. We define Lo(\) as the class of all such measurable
kernel coefficients A that satisfy the conditions (2) and (3). Moreover, in our main results ® : R — R

is assumed to be a continuous function satisfying ®(0) = 0 and the following Lipschitz continuity
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and monotonicity assumptions, namely

(4) D(t) — ()| < M|t — /| for all t,¢' € R
and
(5) (B(t) — () (t —t') > ALt —t')? for all t, 1’ € R,

where for simplicity we use the same constant A > 1 as in (2). In particular, if ®(¢) = ¢, then the
operator Li reduces to a linear nonlocal operator which is widely considered in the literature. The
above conditions are for example satisfied by any C* function ® with ®(0) = 0 such that the image
of the first derivative ® of ® is contained in [A~1, \].

Define the fractional Sobolev space

2 2 |u(z |2
W*2(Q) = {ueL ‘// |n+25 ————dy <oo}

and denote by W) %(Q) the set of all functions u € L2, () that belong to W*2(Q') for any relatively

compact open subset ' of Q. In addition, we define the tail space

0 n u(y
LL(R") = {ue LL (R™) ’ /n H||Z(J|T)L+28dy < oo}.

We remark that for any function v € L (R™), the quantity

u
/ | (yuﬂs dy
R\ Bp (z0) |70 — Y]

is finite for all R > 0, xg € R™. For all measurable functions u, ¢ : R™ — R, we define

(u, ¢) /n /n |xfy|n+zs (u(z) — u(y))(p(x) — p(y))dyda,

provided that the above expression is well-defined and finite. This is for example the case if
u€ WZS‘OCQ(Q) N Li,(R™) and ¢ € W22(Q), where by W22(Q2) we denote the set of all functions that
belong to W*2(€) and are compactly supported in .

In the literature, various types of weak solutions with varying generality are considered. In this
paper, we adopt the following very general notion of local weak solutions which is for example used
in [1] and [2].

Definition. Let f € L’“’“ (Q). We say that u € W22 () N L3, (R™) is a local weak solution of the

loc

equation LYu = f in Q, if
(6) EX(u,9) = (f,0)r2) Vo € WS2(Q).

We remark that the right-hand side of (6) is finite by the fractional Sobolev embedding (cf. [9,
Theorem 6.5]). It is noteworthy that the above notion of local weak solutions contains most other
notions of weak solutions considered in the literature, such as the ones considered in e.g. [8] or [22].

In our first main result, we are going to impose an additional continuity assumption on A.

Namely, we assume that there exists some small € > 0 such that

(7) lim sup |A(x+h,y+h)—A(z,y)|=0 for any compact set K C €.

In particular, the condition (7) is satisfied if A is either continuous close to the diagonal in € x
or if A belongs to the following subclass of Lo(\) which plays an important role in our proof of the

desired regularity.
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Definition. Let Q be a domain and A > 1. We say that a kernel coefficient Ag € Lo(N\) belongs to
the class L£1(\, ), if there exists a measurable function a : R™ — R such that Ag(x,y) = a(x —y)
for all x,y € Q.

A kernel coefficient that belongs to the class £1(\,2) can be thought of being translation
invariant, but only inside of 2. We also call such a kernel coefficient locally translation invariant.
We note that the condition (7) is also satisfied by some more general choices of kernel coefficients,
for example if

A(z,y) = Al(z,y)Ao(x,y),
where A’ € Eo()\%) is continuous near the diagonal in Q x Q and Ay belongs to the class El()\%,Q),
but is not required to satisfy any continuity or smoothness assumption. Moreover, we stress that
the condition given by (7) only restricts the behaviour of A close to the diagonal in Q x £, while
away from the diagonal in 2 x 2 and outside of £ x 2 a more general behaviour is possible.

We are now in the position to state our main results.

Theorem 1.1. Let Q C R be a domain, s € (0,1), X > 1 and f € L}, (Q) for some q > 3%.
Consider a kernel coefficient A € Lo(\) that satisfies the condition (7) for some € > 0 and suppose
that ® satisfies (4) and (5) with respect to A. Moreover, assume that u € VVlSOf(Q) N LI, (R") is a
local weak solution of the equation LYu = f in Q. Then for any 0 < a < min {25 — %, 1}, we have
u e Cr. ().

Furthermore, for all R > 0, x¢ € Q such that Br(z¢) € Q and any o € (0,1), we have

|u(y)| dy

C n
(ulee (e < (R-znum snen + 7 _ ol
(Bor(z0)) R (Br(zo)) R\ B (x0) |x0 _y|n+25

(8)
+R¥ |f|Lq<BR(zo))) ;

where C = C(n, s, \, o, q,0,6) >0 and

u(z) — u(y)|
Ul = su
[Wlce(Byr(x0)) m,yEB”I;(W z — gl
z#Y

If we focus on obtaining Holder regularity for some fixed exponent 0 < o < min {25 — %, 1},
then we can slightly weaken the assumption on A as follows. Roughly speaking, in this case it is
enough to require that A is locally close enough to being translation invariant, while the condition
(7) essentially means that A is locally arbitrarily close to being translation invariant. This slight
”room for error” is typical when one uses approximation techniques in order to obtain regularity
results, see for example [5].

Theorem 1.2. Let Q@ C R” be a domain, s € (0,1), X > 1 and f € L}, (Q) for some q > 3-.
Consider a kernel coefficient A € Lo(\) and suppose that ® satisfies (4) and (5) with respect to .
Fiz some 0 < a < min {23—%, 1}. Then there exists some small enough § = §(a, n, s, \,q) > 0, such
that if for any z € Q, there exists some small enough radius r, > 0 and some A, € L} (X, B,_(2))
such that

[|[A = A.l|lL> (B, (2)xB.. ()) <6,

then for any local weak solution u € WZSOLQ(Q) N LY (R™) of the equation LYu = f in Q, we have
u € C® _(Q). Moreover, for all R > 0, xq € Q such that Br(xzg) € Q and any o € (0,1), u satisfies

loc

the estimate (8) with respect to a and some constant C = C(n, s, \,a,q,0,{r.}.cq) > 0.
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Remark 1.3. In order to provide some context, let us briefly consider the local elliptic equation

in divergence form of the type
9) div(BVu) =0 in Q,

where the matrix of coefficients B = {b;;}}',_; is assumed to be uniformly elliptic and bounded.
The equation (9) can in some sense be thought of as a local analogue of the nonlocal equation (1)
corresponding to the limit case s = 1. A classical regularity result states that if the coefficients b;;
are continuous, then weak solutions u € Wif(Q) of the equation (9) are locally Holder continuous
for any exponent « € (0, 1), see for example [13, Corollary 5.18]. Heuristically, one might therefore
expect that the optimal regularity in the setting of nonlocal equations with continuous kernel
coefficient should not exceed C*° regularity. Nevertheless, Theorem 1.1 in particular shows that weak
solutions to nonlocal equations of the type Ly u = 0 in € are locally C for any 0 < o < min {2s,1}
whenever A € Lj(\) is continuous, exceeding C* regularity. In particular, in the case when s > 1/2,
weak solutions to homogeneous nonlocal equations with continuous kernel coefficients enjoy the same
amount of Holder regularity as weak solutions to corresponding local equations with continuous
coefficients, despite the fact that the order of such nonlocal equations is lower.

Such at first sight unexpected additional regularity is however not untypical in the context of
nonlocal equations and has been observed in various previous works in the context of Sobolev
regularity. For example, in [18] and [24] it is shown that already in the setting of a general kernel
coefficient A € Ly(\), weak solutions to nonlocal equations of the type (1) are slightly higher
differentiable than initially assumed along the scale of Sobolev spaces, which is a phenomenon not
shared by local elliptic equations of the type (9) with coefficients that are merely measurable.
Another result in this direction was recently proved in [21], where the authors in particular show
that if A € L(A) is Holder continuous with some arbitrary Holder exponent and ®(t) = ¢, then
weak solutions of the equation L§u = 0 in R™ belong to W2 P(R™) for any o < min {23, 1} and any
2 < p < oo, while for local equations of the type (9) with corresponding Hélder continuous coefficients
no comparable gain in differentiability is achievable. In particular, by the Sobolev embedding this
result implies that such weak solutions belong to Cf%_.(R™) for any 0 < o < min {23, 1}, which is
consistent with our main result. Our main result shows that this amount of higher Hélder regularity
is also enjoyed by local weak solutions of possibly nonlinear equations driven by kernel coefficients

of class L£y()) that satisfy the continuity assumption (7).

Remark 1.4. Besides being interesting for its own sake, one of our main motivations is that
Theorem 1.1 also has some interesting potential applications concerning the Sobolev regularity
of solutions to nonlocal equations. A first such application can briefly be summarized as follows.
In [22], in the main result it is assumed that A is globally translation invariant, i.e. that A belongs
to the class £1(A,R™). However, this assumption is only used in order to ensure that the Holder
estimate (8) from Theorem 1.1 is valid, which up to this point was only known for translation
invariant kernels, cf. [22, Theorem 4.6]. Since otherwise the proofs in [22] only rely on the properties
(2) and (3) of A, from Theorem 1.1 above we conclude that the statement of [22, Theorem 1.1] is

also true for general kernel coefficients A of class L£y(\) that satisfy the condition (7).

1.2. Approach and previous results. As mentioned, our approach is strongly influenced by an
approach introduced in [2], where a similar result concerning higher Holder regularity is proved
for the fractional p-Laplacian in the superquadratic case when p > 2. Although for simplicity we

restrict ourselves to the quadratic case when p = 2, in contrast to [2] we deal with a nonlinearity
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already in the quadratic setting and most importantly, we also treat equations driven by general
kernel coefficients A that satisfy the mild assumption (7), while in [2] only the case when A =1 is
considered. Also, we stress that by combining our techniques with some more techniques from [2],
our approach could be modified in order to treat also nonlinearities with nonlinear growth of the
type ®(t) ~ tP~1. However, since the additional difficulties arising from such a generalization were
already dealt with in [2] and we instead want to focus on the difficulties arising from considering
equations with general coefficients, we decided not to pursue this direction in this work.

Let us briefly summarize our approach, highlighting the differences to the one used in [2]. First,
we prove the higher Holder regularity for homogeneous equations driven by a locally translation
invariant kernel coefficient, see section 3. As in [2], the main idea in this case is to test the equation
with certain monotone power functions of discrete fractional derivatives leading to an incremental
higher integrability and differentiability result on the scale of certain Besov-type spaces. However,
in our setting we also need to carefully use the local translation invariance and the bounds imposed
on A, and also the assumptions (4) and (5) imposed on ® in order to overcome the difficulties that
arise due to the presence of the general kernel and the general type of nonlinearity. Moreover, we
remark that restricting ourselves to equations with linear growth has the advantage that the proof
of this incremental higher regularity result simplifies quite substantially in some other respects. The
obtained incremental gain in regularity is then iterated, in order for the desired Holder regularity
to follow by embedding.

In section 4, we then treat the general case of inhomogeneous equations driven by a kernel
coefficient satisfying the condition (7) by an approximation argument. In the corresponding
approximation argument applied in [2], the solution is approximated by a solution of a corresponding
equation with zero right-hand side, while the nonlocal operator driving the equation is left unchanged.
In order to be able to treat equations with a general kernel coefficient A of class Lo(A) that satisfies
only the continuity assumption (7), in addition to freezing the right-hand side, we also need to
locally replace A by a corresponding locally translation invariant kernel coefficient, which is possible
in view of the assumption (7). Since by the first part of the proof the desired Holder regularity is
already known for solutions to equations with locally translation invariant kernel coefficients, we
can then transfer this regularity from the approximate solution to the solution itself. In other words,
in some sense we locally freeze the coefficient, in order to transfer the regularity from an equation
for which the higher regularity can be proved directly to an equation driven by a less regular kernel.
This strategy can be thought of as a nonlocal counterpart of corresponding techniques widely
used in the study of higher regularity for local elliptic equations, although we stress that in our
nonlocal setting we have to overcome a number of additional difficulties which are not present in
the local setting in order to execute such an approximation argument successfully. Moreover, we
believe that just like in the local setting, the approximation techniques developed in this paper are
flexible enough in order to be adaptable to also proving other higher regularity results for nonlocal
equations similar to (1).

Regarding other related regularity results, in [12] a similar result is proved in the linear case

when ®(t) = ¢, where A is required to be locally close enough to b (|§:§\) for some even function
b: 8" ! — R that is bounded between two positive constants, which is contained in our assumption
on A in Theorem 1.2. More results concerning higher Holder regularity for various types of nonlocal
equations are for instance contained in [11], [23], [5], [6] and [14]. Furthermore, results regarding
basic Holder regularity for nonlocal equations are proved for example in [8], [15], [25] and [19],

while results concerning Sobolev regularity can be found for example in [18], [24], [1], [7], [21], [10]
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and [22]. Finally, for some regularity results concerning nonlocal equations similar to (1) in the

more general setting of measure data, we refer to [17].

2. PRELIMINARIES

2.1. Some notation. Let us fix some notation which we use throughout the paper. By C, c,
C; and ¢;, i € Ny, we always denote positive constants, while dependences on parameters of the

constants will be shown in parentheses. As usual, by

B, (20) = {x € R" | [t —xo| <}, Br(wo) = fw € R" | | — o] <7}

we denote the open and closed ball with center g € R™” and radius r > 0, respectively. Moreover,
if E C R™ is measurable, then by |E| we denote the n-dimensional Lebesgue-measure of E. If
0 < |E| < oo, then for any u € L'(E) we define

[0 ::]{Eu(x)dm = ﬁ /Eu(x)dx
Next, for any p € (1,00) we define the function J, : R — R by
Jy(t) = |t
Moreover, for any measurable function 1 : R™ — R and any h € R, we define
Un(@) = (@ +h),  p(x) = n(z) —P(@), 6 (@) = 0n(Bntp(w)) = Yo () + (@) — 2 ().

2.2. The nonlocal tail. In this section, for convenience we state and proof the following two

simple results concerning the nonlocal tail of a function which we use frequently throughout the

paper.

Lemma 2.1. Let s € (0,1) and 0 <7 < R. Then for any x € B, and any u € L} (R™), we have

[l (B L,
R"\Bg |x - y|n+25 “\R-r R"\Bgr |y|n+2S

Proof. The claim follows directly from the observation that for any = € B, and any y € R" \ Bg,

we have

|| r R
<z — =z —yl(1 <lz—yl(1 - —ql.
pl<to—al+lel =lo ol (14 22 ) <l (14 57 ) = ol ol

Lemma 2.2. Let s € (0,1), 7 > 0 and xo € By such that B,(zo) C By. Then for any u € L} (R"™),

we have
[u(y)] —(n+2 lu(y)]
— Ly <2 |y + dy | .
/]R"\BT(IO) |$0 _ y|n+2s L (Bl) ]R"\Bl |y|n+2s

Proof. Since by assumption 29 € B;_,, with the help of Lemma 2.1 we obtain

[u(y)| / [u(y)] / [u(y)]
W L)L — D —
/]R{"\Br(acg) |zo — y|nT2s Bi\B, (z0) [T0 — y|"+2 Re\B, |To — y[" T2

—(n S —(n S U
<r (n+2 )HU||L1(B1)+7' (n+2 )/ | (y)‘ dy
Rn\Bl

|y|nt2s

which finishes the proof. [ ]
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2.3. The fractional Sobolev space W*2. First of all, for notational convenience for any domain

Q C R™ we define the seminorm associated to the space W*2() by

wlz 2 1/2
[ ]Ws 2(9) (// | |n+25| d d.’l?) ?

W*2(Q) = {u € L*(Q) | [ulw:2(0) < oo}.

so that we have

Moreover, we define the space
We(Q) = {u e W**(R") |[u=0in R"\ Q}.

The following Poincaré-type inequality associated to the space W2 will frequently be used

throughout the paper.

Lemma 2.3. (fractional Friedrichs-Poincaré inequality) Let s € (0,1) and consider a bounded
domain Q C R™. For any u € W5*(2), we have

1 dz < C|Q|> |“ |2dd
(10) e B e 0

where C' = C(n,s) >

Proof. Since u € WOS’Q(Q) W2(R") and n > 2s, applying Holder’s inequality and then the
fractional Sobolev inequality (cf. [9, Theorem 6.5]) leads to
< / |u(z)| == 2de) '

Jy e
2
/ / [utw) = wy) o,
n n y‘n+25

where C' = C(n, s) > 0. This finishes the proof. |

n—2s

ek

2.4. Besov-type spaces. Next, let us introduce some function spaces of Besov-type. In order to

do so, for g € [1,00) and any function v € LI(R™) we define the quantities

5hu

(U] \r8.a(gny = SUP || o= , 0<p<l
Noa®(R™) [h|>0 |h|P La(R™)
and 5
u
[] 5.4 oy 2= SUD ||z , 0<p<2.
s @) = S TR ]| o gy

This enables us to define the two Besov-type spaces
NEAR) = {u € LIR™) | [ulypyamny < oo}, 0<pB<1

and
BS4(R™) = {u € LIR™) | [ul gooo gny < oo}, 0<pB<2.

The following embedding result can be found in [4, Lemma 2.3].
Lemma 2.4. Let 8 € (0,1) and q € [1,00). Then we have the continuous embedding
BZA(R™) — NEIYR™).

More precisely, for every u € B%4(R™) we have

C
Wz < T W20
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where C' = C(n,q) > 0.
We also need the following embedding result, cf. [2, Theorem 2.8].

Lemma 2.5. Let ¢ € [1,00) and B € (0,1) such that B¢ > n. If u € N2I(R"), then for any
a € (0,8 —n/q) we have u € C (R™). More precisely, for every u € N24(R™) we have

ag+n

[u(@) ~ u(y) s -
sup T < O ([ulygny ) (llellzaen)
z,yik” |$ y|

TFY

where C = C(n,q,a, ) > 0.
Finally, the following result can be found in [1, Proposition 2.6].

Proposition 2.6. Let s € (0,1).

e Let 0 < r < R. For any function i € WOS’Q(BT), we have
sup
|h|>0

Sntr |2 R\" [ R \° .,
< — 5,2
L2(R") _C(T> (R—T> Whvez o)
where C' = C(n,s) > 0.

[nl*
o Let Q C R™ be an open set and ¢ € WS’2(Q), Then for any R > 0 such that Bg € ) and

loc

any 0 < hg < dist(Bgr,0Q)/2, we have

S ||
|h[*

sup
|R|>0

where C = C(n, s, R, hy) > 0.

< CH'(/}H%/VS?(BRJMO)’
L2(Br)

2.5. Some elementary inequalities. The proof of the following elementary inequality can be
found in [2, Lemma A.3].

Lemma 2.7. For all X,Y € R and any p > 1, we have
1
XX~ Y] 2 X - Y,
where C = C(p) > 0.

Next, we prove two elementary inequalities which involve the function .J;, defined in section 2.1

and are based on the monotonicity property (5) of .
Lemma 2.8. Let ¢ > 1 and a,b,c,d € R". If & : R — R satisfies (5), then we have
(@~ )~ B(b— d)) (Jysa(a —b) — Jysr(c - d))

> A (@ =6) ~ (= ) (o~ b +]e—dir).

Proof. If a — ¢ =b—d, then also a — b = ¢ — d, so that in this case both sides of the inequality
vanish. Next, we consider the case when a — ¢ # b — d. In view of the monotonicity assumption (5)

imposed on ®, we have
(11) (®(a—c) = @(b—d)) ((a—b) ~(c—d)) 2 A ((a—b) — (c —d))>.
Moreover, by [20, page 71], for all 2,y € R we have

(a0~ Ty @)y =) = 5 (= + ol (- a2+ DI o)
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Since the last term on the right-hand side is non-negative, by choosing y = a — b and x = ¢ — d we

obtain
Ugsa(o =) = Jysale — (@ —8) — (e~ d) > 3 (Ja b~ +le—di*™) ((a— ) ~ (e~ d))*.
Multiplying the inequality (11) with the one in the previous display leads to
(®(a )~ 06— @) (Jyia(a—b) ~ Jywr (e~ d)((a~b) — (e~ d))?
> D0 (Ja— b e — d=) (0 — ) — (e — )",

so that the claim follows by simplifying the factor ((a — b) — (¢ — d))? from both sides. |

Lemma 2.9. Let ¢ > 1 and a,b,c,d € R™. If & : R — R satisfies (5), then we have
(®(a—¢) = B(b — d)) (Jysa(a—b) — Jysa(c— d)
> Llla— b @)~ le— ' - )] |

where C = C (A, q) > 0.

Proof. If a — ¢ = b — d, then both sides of the inequality vanish. Next, let us consider the case

when a — ¢ # b — d. In view of (5), we have
(®(a—c) = @(b—d)) (Jgr1(a = b) = Jg4a1(c — d))
=(®(a —¢) = @(b—d))((a—c) - (b—d))
Jor1(a =0) = Jypi(c = d)) ((a = b) = (¢ = d))
(a=c)=(b-d)~>
>N (Jgr1(a = b) = Jgsa(c — d)) ((a = b) — (c — d)).

The right-hand side of the above estimate can be further estimated by applying [2, Lemma A.1]

X

(
x(
with p = ¢+ 1 and ¢ = 2, which yields

(Jgr1(a =b) = Jgpa1(c = d)) ((a = b) — (¢ = d))

2 2 q—1 g—1 2
20(27) [0 @m0 e =)

The claim now follows by combining the last two displays. |

2.6. Some preliminary estimates. The following Caccioppoli-type inequality can be proved in

essentially the same way as the one in [18, Theorem 3.1].

Theorem 2.10. Let 0 <r < R, 20 €R", A>1 and f € L%(BR(SC())). Moreover, assume that
A € Lo(N\) and that the Borel function ® : R — R satisfies

(12) |B(t)| < M, ®(t)t> N2 VEeER.

Then for any local weak solution u € WS’Q(BR(xO)) N L3, (R™) of L%u = f in Br(xo), we have

/ / u(y )|2d Iz
B, (x0) (zo) y‘n+25

SC(R2S/ U(x)2dl’+/ %dy/ |u(z)|dx
Br(zo) R”\ Bg(z0) |zo — yl Br(zo)
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n+42s

* </BR(xo) |f(x)|de> )7

where C = C(n, s, A\,r, R) > 0.

We remark that the assumptions in (12) are clearly implied by the assumptions ®(0) = 0, (4)
and (5) which are used in our main results.

The following result on local boundedness is essentially given by [3, Theorem 3.8], where the
below result is stated under the stronger assumption that u € Wg*(Bg(x)) and in setting of the
fractional p-Laplacian, which applied to our setting means that strictly speaking it only contains the
case when ®(t) =t and A(x,y) = 1. Nevertheless, an inspection of the proof shows that it remains
valid for local weak solutions, see also [2, Theorem 3.2]. Moreover, the case of a general ® and a
general A can easily be treated by noting that the Caccioppoli-type inequality from [3, Proposition
3.5] remains valid for such a general ® and a general A by simply applying the bounds imposed on
® and A whenever appropriate in a similar fashion as in [18, Theorem 3.1]. Therefore, we have the

following result.

Theorem 2.11. Let R > 0, o € R", A > 1, 0 € (0,1) and f € LI(Br(xo)) for some q > 3-.
Moreover, consider a kernel coefficient A € Lo(\) and assume that the Borel function ® : R — R
satisfies (12). Then for any local weak solution u € W*2(Bg(xo)) N L3 (R™) of the equation

L%u = f in Bgr(xo),

we have the estimate

sup |u(x)| <C <<][ u(x)2d$>
zEF,,—R(:Eo) BR(mU)

f|Lf1(BR(z0)))7

2

+R25/ ‘U(y)|+2 dy
R™\ B, r(z0) |wo — y[*+2e

+ R257%

where C = C(n, s, A\, q,0) > 0.

In the case when f = 0 and ®(¢) = ¢, the following result concerning basic Holder regularity
follows from [8, Theorem 1.2]. The case of a general ® can again be treated by replacing the
Caccioppoli inequality given by [8, Theorem 1.4] with the one from [18, Theorem 3.1]. The result

with a general right-hand side can then be proved in essentially the same way as in [2, section 3.2].

Theorem 2.12. Under the same assumptions and notation as in Theorem 2.11, there exists some
B =B(n,s,\q0o) € (0,1) such that u € C®(Bygr(x0)). Moreover, we have the estimate

[ucs(B, g (x0)) SC <<][ u(x)Qda:>
Br(zo)

+R* . ||f|Lq<BR(xo)))»

where C = C(n, s, \,q,0,8) > 0.

1
2

v uwl
R

-ay
"\ By g (zo) 1T0 — Y| T2

3. HIGHER HOLDER REGULARITY FOR HOMOGENEOUS EQUATIONS WITH LOCALLY TRANSLATION
INVARIANT KERNEL

3.1. Incremental higher integrability and differentiability. The key ingredient to proving

the desired higher Holder regularity for homogeneous equations with locally translation invariant
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kernel is provided by the following incremental higher integrability and differentiability result on
the scale of Besov-type spaces. In the case of the fractional p-Laplacian for p > 2, the below
result was proved in [2, Proposition 5.1]. Besides the fact that we treat equations with arbitrary
locally translation invariant kernels, it is also interesting that in our setting of equations with
linear growth, we are able to directly prove both higher integrability and differentiability, while for
possibly degenerate equations as in [2] it is necessary to first obtain a pure higher integrability
result (cf. [2, Proposition 4.1]), which is then used in order to also obtain higher differentiability.
We remark that this additional higher differentiability does not seem to have a counterpart in the
context of local equations and is one of the main reasons why in our nonlocal setting we are able
to exceed C*® regularity.

Moreover, note that although at this point we work with solutions that are bounded, this assumption

will later be removed by using Theorem 2.11.

Proposition 3.1. Let u € W%2(By) N L, (R™) N L>°(By) be a local weak solution of
(13) L% =0 in By,

where A € L1(\, B1) and ® satisfies (4) and (5). Suppose that

lu(y)|

(14) il <1 [ dy <1,

(B1) ) B\ B, |y|n+2s
and that for some ¢ > 2, 9 € R such that 0 < (14+9¢q)/q < 1 and some 0 < hg < 1, we have

s ||
sup +19q < +o00.
0<|h|<ho || [h] "4 L1(B;)
Then for any radius 4hg < R <1 — 2hg, we have
2u o 2u !
sup ++,q <C sup }1l+19q +1
0<|h|<ho || |h| ™ a1 e+ (Br—sng) 0<|h|<ho |||h| 4 L9(Brsang)

where C = C(n, s,q, A\, hg) > 0.

Proof. Step 1: Discrete differentiation of the equation. Set r := R —4hy > 0 and fix some
h € R™ such that 0 < |h| < hg. Let n € C5°(Bpg) be a non-negative Lipschitz cutoff function

satisfying
. . 01 4
=1in B,, =0in R"\ Bpary/2, |V = —.
n m n n \ Brirys2, V| < —r T b
Let us show that the function
5hu 2 5hu 5hu 2
= J —_— =
R (mw) TmEl

belongs to W*2(Bg). Since ||u||f(p,) < 1 implies |[u||p=(py) < 1 and also ||up||r=(py) < 1, we
have ||¢[|r=(By) < % and therefore ¢ € L>°(Bgr) C L?(Bg). Moreover, note that the function
t — Jy+1(t) is Lipschitz continuous on the domain ¢ € [—2,2] with Lipschitz constant q2771.

Therefore, since we have ||dpul[L~(5,) < 2, we obtain

— 2
Br JBg |z — y|rt2e Br JBg |5'3 - |” ®

<20y ([unlyez(pyy + [Wiez(my) < 00,

where Cy = Cs(q) > 0, so that J,1(0,u) € W2(Bg). Thus, since the product of a function
belonging to W*?2(Bg) and a Lipschitz function also belongs to W*2(Bg) (cf. [9, Lemma 5.3]),
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p= Jq+1(5hu)|h’7‘—iq also belongs to W*2(Bg).

Next, consider the function ¢_j(z) := ¢(z — h). Since both ¢ and ¢_j belong to W*2(Bg_p,)
and are compactly supported in Bg_p,, in view of [2, Lemma 2.11] in particular both ¢ and ¢_p,
belong to W22(By), so that both ¢ and ¢_, are admissible test functions in (13). Therefore, using

p_p as a test function in (13) along with a change of variables yields

/ / |w_ |n+zé O(u(z) — u(y))(e—n(x) — p_n(y))dydx
(15) "R

/W / |fo ;|.n2—29 (un(z) — un(y))(p(x) — »(y))dydz,
where we have set Ap(z,y) == A(x + h,y + h). Moreover, testing (13) with ¢ yields
(19 L[ e - u) el - ¢()dyds = 0.

By subtracting (16) from (15) and dividing by 0 < |h| < hg, we obtain

(17) /n /n Ap(z,y)@(up(z) — un(y)) — Az, y)®(u(z) — uly)) (o) — o())dydz = 0.

|hf|z —y[n+2e

Next, splitting the above integral and taking into account the choice of ¢, we arrive at
L+ 1,4+ 13=0,

where

I ._/ / Ap(z,y)®(un(z) — un(y)) — Az, y) P (u(z) — u(y))
Br JBr

) Al = g2

X (T (un(2) — w(@))n(x)? = Jge (uny) — u(y))n(y)?) dydz,

‘h|1+19q|3j _ y|7l+23

I - / / An(, y) @ (un(z) — un(y)) — Az, y) P (u(z) — u(y))
. Brir JR?"\Bg

X o1 (un(@) — u(@))n(z)*dydz,

o An (2, y)®(un(z) — uny)) — Az, y)®(u(z) — u(y))

|h|1+19q‘x _y‘7l+2s

X Jgr1 (un(y) — u(y))n(y) dydz,

where we used that 7 vanishes identically outside of B(gyy/2-

Step 2: Preliminary estimation of the local term I;. Since A € L£;()\, B1), we have
A(z,y) = a(x —y) for all z,y € B; and some measurable function a : R™ — R. Since for x,y € Br
we have x + h,y + h € By, it follows that for all z,y € B we have

Ap(z,y) = Az + by + h) = a((z + h) = (y + h))) = a(z —y) = Az, y).

Therefore, we can rewrite I; as follows

// , y) (P (un(x) — un(y)) — P(u(z) — u(y)))
Br JBgr

HF e — s

X (T (un(x) — w(@))n(x)?* = Jgea (uny) — u(y))n(y)?) dydz.

Let us now concentrate on estimating ;. First of all, we observe that

Jgr1(un(2) — u(@))n(x)? — Josr(un(y) — u(y))n(y)*
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_ (gt (un(@) — u(w)) ; Jor1(un(y) — u(y))) (n(z)? +n(y)?)

N (Jg+1 (up(z) — u(z)) —2¥— Jgr1(un(y) —u(y))) (n(z)? —n(y)?).

Therefore, we obtain

(@ (un(z) = un(y)) — ®(u(@) — uy))) (Jo1(un(@) — u@))n(@)* = o1 (uny) — uy))n(y)*)

X (Jgra(un(@) — (@) = g1 (un(y) —u(y))) ———F—"—

n(@)* —n(y)?*|

= |®(un(z) = un(y)) — @(u(z) = u(y))|(jun(z) = u(@)|* + |un(y) — u(y)|?) 5

Next, using the Lipschitz bound (4), Young’s inequality and then Lemma 2.8, for the negative term
in the last display we deduce

n(z)” —n(y)*

|@(un(2) — un(y)) — D(u(z) = u(y))|(Jun(z) = uw(@)|" + |un(y) —u(y)[’) 5

<2 J(un(e) — un(v)) — (u(x) ~ u(y)
X (Jun () = u(@)| "= [un () = w(@)| 5 + un(y) = w(y)| "7 Jun(y) - ulm)] )
x (n(z) +n(y)) In(x) —ny)|
<2 (junle) — w4 un(y) — w7 ) — (o)
+ 2l (e) — un(w)) — () — () () — )+ un(y) — uo) )
* (@) + n(w))
<2 (junle) — u@) ™+ Jun(y) — w7 ) — (o)

+A%e(®(un(z) — un(y)) — @(u(z) — u(y)))
x (Jgr1(un(z) = u(@)) = Jgpa (un(y) — uy)))(n(@)* +n(y)*),

where € > 0 is arbitrary. By choosing ¢ := combining the last two displays yields

1
222

(=, y) (P (un(x) — un(y)) — P(ulz) —u(y)))
b2 f b

T g

X (Jot1(un(z) = U(m)) o1 (un(y) = u())) (n(x)* + n(y)*)dyda
B (@,y) (lun(@) = w(@)|T*! + |un(y) — u(y)|**?) [n(z) = n(y)[*
S

ATl — g

dydz,

where C3 = C5(\) > 0. By using Lemma 2.9, we can further estimate the first term of the previous
display, which along with the bounds (2) of A leads to

oo, f
Br Y Bgr

orf [ e ) ) ko,
Br JBr |h[1+04|z — y|nt2s Y

_ 2
Bu(@) “Fonu(e) _ |onu()| T duuty) | n@)? +nw)?
|h| 1+19q |h| 1+19q ‘ _ y|n+2s

(18)
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where ¢ = ¢(A, ¢) > 0 and Cy = C4(\) > 0. Next, for simplicity we write

_ @)= owu(x) @) T ()

|| = ' s

and observe that by using the convexity of the function t — 2, we obtain
2

| Xn(z) = Yn(y)|* = ’(X - Y)M + (XH/)M

<3 IX = YPIn(@) + 0 + 51X + ¥ Pln(z) — (o)
<IX =Y P((@)? +n0(y)?) + (X7 +Y?)n(x) —n(y)|

Combining (18) with the last display yields
|0nu(x \ ERUIC)

I, >e / / - O (@) —
BR BR T2
/ / \ahu BT ) ),
50 Jen \ [B[TH0 B ) Ja — e

. (I8wu@)|7** + Bru()| ) In(2) = nw)* -
5n B BT +a]g — y[ni2s Y

[6nu(y)| = dpuly)
|h‘%ﬁq n(y) |z — y|nt2s

6hu %&Lu
|
- 17+0q
[hl™= We2(Br)

Opu(@)| 7 [Spu(y)| Y n(z) — n(y))?
- dyd
“ /BR /BR< R Y

where C5 = C5(\, q¢) > 0. By combining the above estimate for Iy with the identity Iy + Io + I3 = 0,

we arrive at

(19) < Cs(I11 + [L2] + |13]),

1+9q

[5hu|qzl§hu
|h[ >

‘| We:2(Br)
where Cs = Cg(A, ¢) > 0 and

q+1 q+1 _ 2
vm [ (B ey b )R,
Br JBr |h[1+va |h[HH0a |z — y|+2s

Our next goal is to estimate the terms I 1, |I2| and |I5].

Step 3: Estimating the local term I; ;. In order to estimate I; ;, observe that for any z € Bg

changing variables and integrating in polar coordinates yields

dy dz B 9_94
(20) /BR 7@ e < / 7\z|“’+23—2 =C7R < Cy,

where C’7 C7(n,s) > 0. Since by construction 7 is Lipschitz with Lipschitz constant 4h , along
with (20) we obtain

[0pu(2)]7*! [n(z) — n(y)® & / / dy |Opu(z)]*!
dydx < d
~/BR /BR R e —yrzs YTy ) fp, Uy e g2 ) e
Cl |5hu(x)\q+1
07(4h0) /B DR

[Onu(z)[?
SCs||u|Loo(BR+ho)/BR Wdfﬂ
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|5hu
<o f, S

where we used that R+ ho < 1 and |[|u|[z~(p,) < 1 in order to obtain the last inequality and
Cs = Cs(n, s,q, A\, hg) > 0. In the same way we have

5hu ()| () — n(y)? / Oy
< PhAg/l
/B/B R0 g gpeas WIS [ e W

so that we obtain

|Onu(x)|?
(21) 1171 S 208 /BR Wdl'

Step 4: Estimating the nonlocal terms I; and I3. Next, let us estimate the nonlocal terms
I5 and I3, which can be treated in the same way. Since ||u||f~p,) < 1 and (R+7)/24 ho <1,
by additionally using the bound (4) of ® with ¢t = uy,(z) — un(y) and ¢’ = 0, for almost every
* € B(r_ry/2 and any y € R" \ B we have
[ (un (@) = un(v) g1 Onu (@) <A (ull o (Bneryo1n) + lun(®)]) 190() |7
SA(L A fun(y)]) [Onu(z)|®
and similarly
@ (u(@) = u(y)Jgr1(Snu(x))] < A1+ [u(y)]) [onulz)].

By using the upper bound in (2) of A (which trivially also holds for Ap) and the fact that 0 < n <1
and then the last two displays, we deduce

1| S)\/B /n\B (1@ (un(w) = un(y)] +[®(u(x) —u@)]) [orr Gru@)l o

B3]z =y
(22)

Al — g2

q
o[ [ UL ) e,
BRryr "\Br

For any x € B(rr)/2), we have B(r_y)/2(z) C Br, which in view of integration in polar coordinates
along with the fact that R — r = 4hg leads to

dy / dy / dz (R - r> -2
< B S—— =y = Cyo,
/Rn\BR |z — y[rt2s R\B g, (x) |7 — Y[ 2" R\B g, |2]"1? 2
2 2

where Cg = Cy(n,s) > 0 and Cy9 = C9(2ho)~2°. Using Lemma 2.1, the change of variables
z =y + h and then Lemma 2.2, for any x € B(gr4,)/2 We obtain

/ [un (v)| dy<< 2R )”*25 / DAY
R™\Bgr |fL' - y|n+25 “\R-r R™\Bgr |y|n+2s

<(2he) (2 / e,
0 Re\Bp(h) |h— 2|72

“(nt2s |u(2)|
§(2h0R) (n+2s) <||U|L1(Bl) —‘y—/R = |Z|”+25dz
"\B1

—(n+2s |u(2)]
§(8h3) (n+2s) <||u||L°°(Bl)|Bl| + An\B |z|"+23 dz S Clla
1

where C17 = C11(n, s, hg) > 0. Here we also used the the fact that R > 4hg and the bounds

imposed on u. The term involving u can be estimated similarly. In fact, by using Lemma 2.1 and
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Lemma 2.2, for any x € B(r4,)/2 we obtain

[u(y)] 5 / lu(y)|
— T gy <(2hg)~ (7129) d
/Rn\BR |z *Z/\”HS b <(2ho)” Re\ By Y72 Y
u
<s13) ) (Jlallpoolmrl + [ Lay ) <
R™\B; ]

where C12 = C12(n, s, hg) > 0. By combining the above estimates with (22) and the observation

that |I3] can be estimated in the same way, we arrive at

|(5hu |6hu
(L] + [I3] < C'13/ |h|1+19q < Cu |h‘1+19q L5

BR+7‘
2

where C13 = C13(n, s, A\, hg) > 0. By combining this estimate with (21) and (19), we find the
estimate

(23)

1+9q

[|5hu|q215hu
|| ™=

q
SCM/ Powu()|t dz,
Br

] DERZ
W#2(Br)

where C14 = C14(n, s,q, A, hg) > 0.
Step 5: Conclusion. Let & € R™ \ {0} to be chosen such that |£| < hy. Applying Lemma 2.7
with

+1
X=ulx+h+¢&) —ulx+¢), Y=ulx+h)—ux), p:qT
leads to
P
seonu || O (|5hU| E JhU) 18| 2 S
PRI <Cis T < Cis |§|s EETREET ;
|§| o+l Lq+1(BT) |£‘ |h| LZ(B,,) ‘h| L2(R7L)

where C15 = C15(q) > 0. Here we also used that n =1 in B, in order to obtain the last inequality.

Next, we observe that by the discrete Leibniz rule (cf. [2, Formula (2.1)]), we can write
qg—1 q—1 g—1
N (|5hu\75hu) = 0¢ (n\5hu|75hu) - (|6hu\75hu>£ den.

We arrive at

q+1
|| 555hu
|£‘ q+1 La+1(B,)
(24) .
5e ( 16nul T (5pu)n . (16nu1* 5hu)5
<Cis AU +Che F e ;
[hl = L2(R™) |h| 2

L2(R™)
where C16 = 2C15. By applying the first part of Proposition 2.6 with
q—1
|0nul = (6pu)n

[ -

for the first term on the right-hand side of (24) we obtain

1 2
Shul Z* (5pu)n ) (R)"( R )3 l|5hu|q25hu ]
1+ 9q SCI7 - n
1+19q _ 14+9q
|£| ( || ™= " R—r |h| "= We2(Bg)

|6hu] =
ey

A=

S

[£1>0 L2(Rn)

<Cis

)

] Ws2(Br)
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where C17 = C17(n,s) > 0 and Cig = Ci5(n, s,hg) > 0. By using that n is Lipschitz and that
§ < ho, along with the assumption that ||u||z~(p,) < 1 we estimate the second term on the
right-hand side of (24) as follows

_ 2 "

5 (|5hu|q715hu) <|5hu\Tl(5hu)

¢n ¢ <Cuo ¢

|£|S |h|1+219q > |h|1+219q

L2(8n) LBy )
| u(x )\qH |Opu(z
Sclg/ < Ci z,
b, AT e

where C19 = C19(n, hg) > 0. Therefore, we arrive at

+1 _
! |5hu|qT16hu

1+9q
[P

< Cy

Lat1(B,)

2
djiu
q+1

|5hu
Hm w/ |h|””q "

where Coy = Ca(n, s,q,ho) > 0. We now choose & = h and take the supremum over h for
0 < |h| < ho, so that together with (23) we obtain

‘|W52 BR)

g+1 q
52u opu
(25) Sup 1ll25+19q < Oy sup s
o<lhl<ho | [A] o T || Losi(p,) O<lhl<ho La(Br)

where Cy; = Cy1(n, s,q,ho, A) > 0. Next, we use the fact that by [2, Lemma 2.6] applied with
B =(1+9q)/q <1, on the right-hand side of (25) we can replace the first-order difference quotient
by a corresponding second-order difference quotient in the following way

q q

62
|h‘ +19q

Opu
~itdq < Oy sup
0<|h|<ho

sup

+ [l
0<|h|<ho L(Brin) | 7

Li(Br) L(BRr+hng)

where Cyy = Caa(n,q,9,ho) > 0. By combining the last display with (25) and using that

[|u HLq (Bring) < |\u||q,,o I Bil < |Bi|, we conclude that
q+1 q
§2u <c 5,21u 1
sup 1+2stdq = sup +19q + 3
o<lhl<ho || [A] o || Lava () o<ihi<ho || 1A "5 {| La( B any)
where C' = C(n, s,q,9, hg,\) > 0. Since r = R — 4hg, the proof is finished. |

3.2. An iteration argument. We now use an iteration argument based on Proposition 3.1 in

order to obtain the following higher Holder regularity result.

Theorem 3.2. Let R > 0, g € R" and A > 1. Consider a kernel coefficient A € L1(\, Br(x0)),
suppose that ® satisfies (4) and (5) with respect to X and assume that u € W*2%(Bg(zo)) N
L3, (R™) N L>(Br(z0)) is a local weak solution of the equation L%u = 0 in Br(xzo). Then for any
0 < a < min{2s,1}, we have

(26)

¢ 2s lu(y)
[U]ca(Bg)s(x0)) < i <||U||LM(BR(10)) + R [ulwe2(Bp(ao)) + R /Rn\BR ” Wdy :

where C' = C(n, s, A\, a) >0

Proof. If u =0 a.e., then the assertion is trivially satisfied. Otherwise, set

u(y)l

Ty 0

Mg o = [|ull Lo (Br(ae)) + B* 2 [Wlwe2(Ba(ne) + B /
]Rn\BR CE()
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Consider the scaled function

and also
1

B MR,mg
Observe that u; belongs to W*2(By) N L3 (R™) N L>(By) and is a weak solution of Liiul =0in
B;. Moreover, it is easy to verify that A; € £4 (A, By) and that ®; satisfies (4) and (5) with respect

to A. Furthermore, by using changes of variables it is straightforward to verify that u, satisfies

Al (.T, y) = A(R.T + 2o, Ry + 330)7 q)l(t) : <I)(]\43,I0t)'

U1 y
(27) fulmsy <1 [ <1 e, <1
R"\ By |yl
Therefore, the conclusion of Proposition 3.1 is valid with respect to u;. For i € Ny, we define the
sequences
25t +2s—1
=244, U= —.
Q’L + Z7 K3 2 + 'L
In particular, we have
(28) lim ¢; =00, lim ¥; = 2s.
1— 00 1—00

We split the further proof into two cases.
Case 1: s <1/2. Fix 0 < a < 2s. In view of (28), we can find some large enough i, € N such
that

+ 9

oo oo

(29) o<

iOO

For i =0, ..., 7, define

1 7 7 241
ho := == —4(2i+ 1)hg = = — .
0= g g A2+ Dhe =g - e
We note that
7 3
(30) Ro + 4hg = = Rioo,1 —4hg = R, — 4hg = RiJr]_ + 4hg (Z =0,...,%0 — 2).

8) Z»
Since s < 1/2, for i = 0, ...,15 — 1 we have 0 < (1 4+ 9;q;)/q; < 1. Therefore, for i =0, ...,7500 — 1

we can apply Proposition 3.1 to
R:Ria ﬂ:ﬂia q = {qi,

so that along with (30) and the observation that by construction

1+2s+diqi 1+ 9i41Gi41

g +1 Qit1

9

we obtain the following estimates

§2u 2u
h™1 h1
sup e < Cy sup I +1],

0<|h|<ho |h| a1 L9 (Br,y 4ang) 0<|h|<ho L2(By/s)

S2u S2u

a1 a2t . .
sup T it9iidign S CO sup Ti9.4; +1 5 2—17...7200

0<|h|<ho |h‘ a1 0<|h|<ho |h| a;

L%+1(BR, | tano) L% (BR,+4ho)

_27
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and
2u S2u
h1 h1
sup 11y, < CO sup 1+94  —19ig—1 +1 )
e A N N I

Ltieo=1(BR,___+4any)

where Cy = Cy(n, s, A\, a). Combining the above estimates leads to the estimate

< ( sup + 1> ,
L%cc (Bgs) 0<|hl<ho L2(Brs)

where C; = C1(n, s, A\, ) > 0. By taking into account the relation

5}2111,1
|h|*

52
(31) sup el
0<|h|<ho

|0

1
dpur = 5(52111&1 — duy)

and then using the second part of Proposition 2.6 and then (27), we deduce

5hu1
|h|*

5}211141
|h|®

<2 sup

L2(Bq/g) 0<|h|<ho

sup
0<|h|<ho

L2(Bqs)
(32)

<Cs ([Ul]W572(B7/8+2h0) + [ul]Loo(B7/8+2h0)>
<Cy ([ur]we2(py) + [1]L=(By)) < Ca(n, s, ).

By combining (31) with (32) and setting

Bi=

+ ﬂioc € (Ov 1),

Too
we arrive at
5}2111,1
K

(33) sup
0<|h|<ho

< 03(n7 5, >\7 Oé)
Lfice (Bs/4)

In order to proceed, we fix a cutoff function x € C§°(B5/5) with the properties
0<x<1, x=1inBip, [Vx|<Cy [V <0y

where by V2y we denote the Hessian of x and Cy = Cy(n) > 0. In particular, since 0 < 3 < 1, for
any h € R™ with |h| > 0 we have

2

= T =
where C5 = C5(n) > 0. Together with the identity
(34) 8 (u1x)) = Xandpur + 205u1 8 Xh + w1 dh X,
(33) and (27), for 0 < |h| < hy we obtain
‘ 93 (u1x)
1P 1 Laiee gy
<9 (‘ Xand2uy ' Onu1dnXn n w163 x >
- 7P | Lo gy 1R8] Lsice mm) 2P || Loice ()
2
<2 <’ (TZ]? Lot () FI0ntn]| Lice (B, 0y 0ny) T 101l Loiee (35/8+2h0)>
5 0

5%u1
|h|?

<Cs <‘

+ ||U1||Loc(133/4)> < Cr(n, s, A ).
L% o0 (Bgya)
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Since moreover by (27), for |h| > hg we have

52(“1)()
< Cs ||uallpe < Cs(n,s, ).
‘ |h|B Lo (RM) Lo (B3/4)
by Lemma 2.4 it follows that
5}%(“1)()
(35) [ulx]/\/i*qioc (R™) < Cy [le]B‘;qio@ ®Rr) Cy 21;% |h‘6 L ) < Olo(n, S, A, a),

Along with Lemma 2.5 with our choice of 8 and ¢ = ¢;__ (which is applicable in view of (29)), we

obtain

ag; +n
B4

[wilee(s, ) = [tix]ee(s,,,) <Cn ([UIX}NQ‘”@ (]R")) (luaxllpoe @) 7=

(36)

aq; +n

<Cis <||U1HL°°(B5/8)) P < C(n, 5, M, ).

Finally, rescaling yields the desired estimate, namely (26). This finishes the proof in the case when
s<1/2.
Case 2: s >1/2. Fix 0 < a < 1. Since in view of (28) we have

1+ 9;q;

AL I PO

1—00 q;
and the expression Hziqi is increasing in ¢, there exists some i, € N such that

1+ Y;q; 1+9;_q;
(37) 2% o any i =0, i — 1 and — 2l lie 5
4qi Qi
Next, we choose jo, € N large enough such that
n
loo T Joo
Moreover, we choose some ¢ € (0,1) such that
n
loo + Joo
and let v := 1 — . Furthermore, similar to the previous case, for i = 0, ..., 7o + joo We define
1 7 7 2t+1
hoZ: Ri22§—4(2i+1)h0:*— U

64(i00 + Joo) 8  16(ico + Joo)
and note that

3

7 ) . .
(39) R0+4h0: = Rioc-i-joo—l 74h0: 17 Ri74h0:Ri+1 +4h0 (Z:O,...,Zoo +j0072)

87
In view of (37), for i =0, ...,i0 — 1 we can apply Proposition 3.1 to

R=Ri, 9=9i; q=uq,
which in almost exactly the same way as in Case 1 (cf. (33)) leads to the estimate

5%u1
|h]?

5%u1
|h[Y

(40) sup
0<|h|<ho

S C’13(n7 S, )‘7 OZ),
L%ico (Br;__ +4ang)

< sup
L% (BR,__ +4ng) 0<|h|<ho

where we used that by (37) we have y <1< 8 = % + 9, . Next, we set 0; = v — % and observe
that _
1+ 94,

=~v¢€(0,1).
m (0,1)
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Therefore, for ¢ = i, ..., %00 + joo — 1 We can apply Proposition 3.1 to
R:Ri7 19:{911” q = qi,
so that along with (39) and the observation that s > 1/2 implies

1425+ 2+ diq (v —1
+ 25+ dig e g, el =)
¢ +1 ¢+1 ¢+1

we obtain the estimates

52u d2u
Al ru1 . . . .
sup |]’L"Y S 014 sup |h|,), +1 9 Z:ZOOW"»zoo—’_JOO_]w
0<|h|<ho L%+1(Br, | +ang) 0<|h|<ho L% (BRr,+ahg)
and
(52’11,1 52u1
sup h S < Cia sup h " +1],
0<|h|<ho |h| Lico+ico (By/y) 0<|h|<ho |h| Lqioo+.7‘oo—1(BRZ_OOHOCAH,IO)

where C14 = C14(n, s, \,a). Combining these estimates with (40) and recalling that vy =1 — ¢, we

arrive at

sup 6}2LU1
17

0<|h|<ho || 1A} 7€

< Ci5(n, 8, A ).
Liico +ios (By,4)

By imitating the arguments used to conclude in case 1 (cf. (35) and (36)), which in particular
involves applying Lemma 2.5 with § =1 —¢ and ¢ = ¢;_ 4., (which is applicable in view of (38)),
we conclude that

[u1]ca(31/2) <C=C(n,s,\ )

for a different constant C' as the one in (36). The desired estimate (26) now once again simply

follows by rescaling, which finishes the proof. |

4. HIGHER HOLDER REGULARITY BY APPROXIMATION

We now use an approximation argument inspired by [2, section 6] and [5] in order to prove
Theorem 1.1 and Theorem 1.2 under full generality. In order to do so, we need the following

definition.

Definition. Let 0 < r < R and let u € W*2(Bgr) N L}, (R™). We say that v € W*2(Bg) N L}, (R™)

is a weak solution of the problem
Liv=0 in B,
v=u a.e. in R"\ B,,
if we have % (u, ) = 0 for any ¢ € W§*(B,) and v =u a.e. in R™\ B,.
Lemma 4.1. Let s € (0,1), A > 1, ¢ > 3= and M > 1. Then for any 7 > 0, there erists some
small enough 6 = 6(1,n,s,\,q, M) > 0 such that the following is true. Assume that ® satisfies (4)

and (5) with respect to ), that A € Lo(\) and that we have f € LY(By). Moreover, suppose that A
is another kernel coefficient of class Lo(\) such that

(41) 14 = All e @nxmny <6, Ifllzagsy) <6,
and let w € W*2(By) N L3 (R™) be a local weak solution of

(42) LYu=f in By
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that satisfies

|u(y)]
(43) sup |u(x)] —|—/ dy < M.
z€B; R7\ By |y|n+2s

Then the unique weak solution v € W*2(By) N Ly (R™) of the problem

L%’U =0 m B7/8

(44)

v=1u a.e. in R™\ By /g
satisfies
(45) ||U7'U||Loo(33/4)§7'.

Proof. First of all, we remark that the existence of a unique weak solution of the problem (44)
belonging to W*2(By) N L1 (R™) can be shown almost exactly as in [16, Theroem 1 and Remark
3] by using the theory of monotone operators and additionally taking into account the bounds (4)
and (5) imposed on P.

We now prove by contradiction. Assume that the conclusion is not true. Then there exist
some 7 > 0, sequences of kernel coefficients {A,,}2°_, and {A,,}2_, of class Lo()\), a sequence
of functions {®,,}>°_, satisfying (4) and (5), and sequences {u,,}32, C W#%(B;) N L} (R"),

{fm}s°_1 C LY(By), such that for any m the function wu,, is a local weak solution of the problem

(46) L™ U = fp in By,
(47) Sup |u77b('r)| + / |uw’rltg»y2)s| dy S Ma
x€ B, "\Bl ‘y|
(48) A — A < Ll < —
m ml|Loe@nxRn) S mllLaB) < 7

but for any m the unique weak solution v,, € W*2(B;) N L3 (R™) of

L%"Um =0 in By

(49) "

VU = U a.e. in R™\ By/g
satisfies
(50) um = vmllLoe By, > T

In view of (2), (5) and using wy, =y, — v, € W2 (B7/s) as a test function in (49) and also in
(46), we obtain

[ [ @ owmF,,

|z —y[n+2
<) / n / ) gm(%y)((um(:c) —umfz));gﬁ(m) —om(y))) dyds
< )\2( / ) / n A () @ (U () —rxmﬁy;?ﬁg(w) — wm(y)) dydz
_ A (z P (Ui () — v (¥)) (Wi (7) — Wi (y)) -

=0

:)\2</n /n(gm(xvy) _ Am(%y))@m(um(x) — Um(y)) (W (x) — wm(y))dydx

o — g
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b [ [ o 2] U] ~ ) )

|x_y|n+2$
2 ~ Dy (U () — U, Wy () — Wi (y
3 [ o) = A P O 2 2 0 00) g,
=1

+ A2 fm (@)W, (x)dx .

B,
=15
By using (4) and (48), we further estimate I; as follows
n Jrn |z —y|t2e
~ U () — U, Wy (T) — Wy,
S)\3|‘Am _Am”LOO(]R"XR")/ / | ( ) (y)” n+§s) (y)|dyd3;‘
R~ JR" lz =yl
gx”’i/ / |t () — u’”(y)||1fjj§f) - wm(y)ldydx
m Bis/16 Y Bis/16 |£L'—y|
=:I1,1
+ 2N~ / / o (@ (@)l ) g,
m Bz/s "\Bis/16 ‘x - y|
=:I12
m Bz/s "\Bis/16 ‘x - |
=:I13

In order to proceed, we observe that since n > 2s, we have ¢ > 5= > ni_"Qs, so that Holder’s

inequality and (48) yield

n+2s

2n 2n C
(51) ( / | fon ()| 7555 dw) < Cillfmllzacmy < =,
B, m

where C1 = Ci(n, s,q) > 0. By using the Cauchy-Schwarz inequality, Theorem 2.10, (47) and (51),

for I,; we obtain

1
— tm(y) wn )’ ) 0\
Ly < / / — s dydx </ / — e dydx)
( Bis/16 Y Bis/16 |SC* | +2 n n |£E — ‘ +2

1

n+2s\ 3
()| o\
<G (lumleoy +lumlimy [ By ([ 1) #5ds
R™\ By lyl B

</n /n x—yn+2(s v dydfr)
= (/n /n |x—y|n+2(s v dydm) ,

where Cy and Cs depend only on n,s, A, q and M. For I 5, by using Lemma 2.1, the Cauchy-

Schwarz-inequality, the fractional Friedrichs-Poincaré inequality (Lemma 2.3) and (47), we have

U (T)] [ Wi
hozof [ lmGlm,,
B7,8 JR™\Bis/16 |y|

=Cs /37/8 [t (2) || (2)|dz

[N

W=
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1
() — wm(y))? ?
< Csl|wmllr2(B, ) |[umlL2(B,,5) < Co (/ / |a: oyl dydz |

where Cy = 15725, C5 = C5(n, s) > 0 and Cs = Cg(n,s, M) > 0. Similarly, by using Lemma 2.1,
the Cauchy-Schwarz-inequality, Lemma 2.2, Lemma 2.3 and (47), for I; 3 we obtain

I <C4/ / [umWlom@)] g g,
Br/s JR"\Bi5/16 |y|

it ()]
< Crllwml 225 / dy
m (B7/s) R\ Bs 16 |y|n+25

Wi ()? )% / ()]
<C / / dydzx Um||L1(By) + ~-d
8< - |$_y‘n+2a umllzr(s,) R g, [y Yy
wa)? ) *
< Cy (/n/ﬂ |x—y\"+29 dydz |

where again all the constants depend only on n,s and M. Next, by using Holder’s inequality, the

fractional Sobolev inequality (cf. [9, Theorem 6.5]) and (51), we estimate o in the following way

n—2s

n+2s
w<() 'fm<x>'"i"25df> RUAZCEEON
B: .
wm (y))? E
<C10* (/n /n |x —y|”+2q dydx ,

where C19 = C1p(n, s,q) > 0. Putting the above estimates together, we arrive at

— wm(y))? e
< —=
</ﬂ /n |x— |n+29 dydzx =

for some C11 = C11(n,s,A,q, M) > 0. Combining this estimate with the fractional Friedrichs-
Poincaré inequality (Lemma 2.3) leads to

1
—w,(y))? 2 Ci1 mooo
(52)  [[wnlla(,. < Cro </ . / . |x e e e
In other words, we have
(53) n}gnoo ||um - Um||L2(B7/g) = 0.

In view of Theorem 2.11, Theorem 2.12, the fact that u,, = v, a.e. in R™\ B7/g and Lemma 2.2,

we have
sup  |vm ()| + [vm]ce(B,,,) <Crs | llvmllr2(B,,6) + y[n+2s Y
©EB3 /4 R\ By /s 1Y
[um (y)]
<Cis (g2 ) + ol + [ dy
( m (B7/s) m (B7/8) R\ By s |y|n+25

|um(y)|
<Cha | l[wml|z2 + [t | +/ dy |,
<|| ‘L (Br,8) ‘ ||L (B1) B\ By |y|n+25

so that in view of (52) and (47) the sequence {vy,}pe_; is uniformly bounded in B/, and has
uniformly bounded C? seminorms in Bg 4, where = f(n,s, A, q) > 0. Moreover, in view of (47)
and Theorem 2.12, the sequence {u,,}>°_, is also uniformly bounded in Bj /4 and has uniformly

bounded C# seminorms in Bj /4- In particular, the same is also true for the sequence {u,, —vm 5.
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Therefore, by the Arzela-Ascoli theorem, by passing to a subsequence if necessary, we obtain that
the sequence {uyn, — vm }55_; converges uniformly in Bj,4 to some function h. Since by (53) up to

passing to another subsequence we have
Uy — Uy ——25 0 a.e. in By s,
which by uniqueness of the limit implies that h = 0 a.e. in Bj/4, we arrive at
(54) n}gnoo l[ttm — vm|[Lo(Bs,4) = 0
In particular, for m large enough we have
|[tm — Um||L°°(Bg/4) <,

which contradicts (50). This finishes the proof. |

Next, we use the above Lemma and Theorem 3.2 in order to prove the desired higher Holder

regularity in the case when A is close enough to a locally translation invariant kernel coefficient.

Proposition 4.2. Let s € (0,1), A > 1, ¢ > - and let © = min{2s — %,1}. Then for any

0 < & < O, there exists some small enough 6 = 6(e,n,s,\,q) > 0 such that the following is true.
Assume that © satisfies (4) and (5) with respect to A, that A € Lo(N\) and that we have f € L1(By).
Moreover, suppose that there exists a kernel coefficient Ae L1(B1, ) such that

(55) 1A = Al @exre) <0 |[fllLoca) < 0.
Then for any local weak solution u € W*2(By) N L (R™) of

(56) Liu=f in By

that satisfies

Ju(y)|
(57) SWMMSL/ dy <1,
z€B; re\B, Y72

we have u € C®7°(By ) and
[W]ca (B, ) < C(ny s, A, q).

Proof. We divide the proof into two parts.
Step 1: Regularity at the origin. In this step, our aim is to prove that for any 0 < ¢ < © and
any 0 < r < 1, there exists some small enough d > 0 such that if A, g, f and u are as above, then

(58) sup |u(x) — u(0)| < o
zEB,

for some constant C; = Cq(n, s, A\,&) > 0. In order to accomplish this, we fix some 0 < ¢ < © and
observe that it suffices to prove that there exist 0 < p < % and § > 0 such that if A, g, fand u
are as above, then for any k € Ny we have
- |u(p*y) — u(0)]
(59) sup [u(e) - u(O)] <200, [ BEI iy <
z€B ) ro\B, PHOTy[rt2s
where My =1+ fRn\Bl Iy\i% < 0. Indeed, assume that (59) were true. Since for any 0 < r < 1

there exists some k € Ny such that p**t! < r < p¥, by the first inequality in (59) we would arrive at

. 2
sup [u(z) —u(0)| < sup |u(z) —u(0)] < 2pHO7) = F—p*HNO=) < _ZpO7<,

2€B, 2E€B, i poe poc
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which would prove (58) with Cy = p(_,%.
In order to prove (59), we proceed by induction. In the case when k = 0, (59) is true by the
assumptions (57).

Next, suppose that (59) holds up to k and let us prove that it is also true for k + 1. Let 7 > 0 to
be chosen small enough and consider the corresponding § = 6(7,n,s, A, q, M) > 0 given by Lemma

4.1, where M := 2 4+ Mj. Assume that (55) is satisfied with respect to this . Furthermore, define

ko) —
wnte) = WEDMO g a) i O )

and

~ - 1 B
Ap(z,y) = A, p*y),  Ap(z,y) = Alp"z, pby),  @(t) = m‘ﬂpk(@ ).

We note that Ay € Lo(N), A € Ly ()"B:k> C Ly(A\, By) and that @) satisfies (4) and (5)
with respect to . Moreover, wy, belongs to W*2(B;) N L}, (R™) and is a local weak solution of
Li¥wy = fr in By, while by (55) we have
1Ak — Akl oo (e xrn) = |[A = Al| poo (g xrn) < 6
and
[ fellLa(By) = Pk@s*(@*a))/’_k%|\f||La(Bpk) <|[fllza(B,) <0,
where we have also used that © < 2s — % and thus k (25 —(®—¢)— %) > ke > 0. Moreover, by

the induction hypothesis we have

lwi(y)]
60 Wl Lo () < 2, / dy < Mp.
( ) H || (B1) "\ By |y|n+2s

Therefore, by Lemma 4.1 the unique weak solution v, € W*2(By) N L1, (R™) of
P .
LAZ’uk =0 in By
U = Wy a.e. in R™\ By/g
satisfies
(61) Hwk—’l)kHLoo(Bs/4)§T.
Together with the fact that w;,(0) = 0, we obtain that for any » € B;,3 we have
lwi ()] <lwp () — vk (2)] + [0£(0) — wi(0)] + [vk(z) — vk (0)]
<27 + [vk]cefsn(Bl/S)|$|®75/2.

(62)

Our next goal is to prove that the right-hand side of the previous estimate is uniformly bounded by
a constant that does not depend on k. In order to do so, we observe that since A, € L1(\, By) C
L1(X, By)3), by Theorem 3.2 we have

v (y)]
(63) [kloe-</2(B, ) < C2 | [|VkllLe(B,,5) + [Wklwe2(B,,4) +/ sy |
R\ By 3 |y|

where Cy = Cy(n, s, A\, 0,¢) > 0. For the first term of the right-hand side, in view of (61) and (60)

we have

vkl Lo (By)s) < N0klloo(Bs,0) < vk — Wkl[Loo(By,0) + [[WkllL(By,0) < T+ 2.
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In order to estimate the tail term, we observe that by the same argument used in order to obtain
(52), we have

ok — wil|L2(B, ,4) < Cs0,

where C3 = C3(n, s, A, q) > 0. Together with the fact that vy = wy in R\ By/g, Lemma 2.2 and
(60), we deduce

o)l lwr )l ok (y) —wr(y)l
n+2s Y= n+2s Y + n+2s Y
R\ By /3 |y R"\ By 3 |y Br/s\Ba/s |y

We\Y
<Ci(lhonllssy+ [ kg4 [ o) - wntw)lay
R\ B, |yl Bqjs

Wr\Y
g%@wuﬂm+/‘ |M”@+WkUWm@M>S%,

re\B, YT

where Cs = Cg(n, s, A, q,6) > 0. Finally, for the Sobolev seminorm by Theorem 2.10 and the above

estimates we have

vk (y)]

where C7 and Cg do not depend on k. By combining the above estimates with (62) and (63), we

[Vklws2(B,,5) < C7 <||Uk|ioo(33/4) + \|Uk||L°°(Bg/4)/
R™\ B34

obtain that for any x € B;/3 we have

(64) |wi ()] < 27 + Colz| /2,

where again C9 does not depend on k. Next, define

u(pH ) —u(0)  welpa)
Wi () = P ICED NP CEEN,

By choosing 7 small enough such that 27 < p©, in view of (64), we obtain
(65) i1 ()] < 2797 + Cop*©|pa|® /% < (14 Cyla|®~/?)p/* Vz e B..
3

In particular, by choosing p small enough such that p < (14 09)_§ and recalling that p < 1/3, we
arrive at |[wg41|[z(p,) < 1. By definition of w41 this is equivalent to
sup Ju(z) — u(0)] < pFHO=9)]
iEGBPk+1
which proves the first estimate in (59) for k + 1.

In order to prove the second estimate in (59) for k + 1, we observe that (65) implies

O—¢/2
/ 7|wk:1+(i)|dy <p/? / Lol ngfﬁzs dy
B%\Bl |yl B%\Bl lyl

dy

- /2
|y|n+2s+e/2—0 < Crop™,

<1+ Cop’ |

B \By
3p

where Cio := (1 + Cy) fRn\Bl WI% < oo does not depend on k and is finite because

2s+¢/2—-0 > % +¢/2 > 0. Furthermore, by using a change of variables and the first bound in
(60), we obtain

k@) oo e : dy 2
T dy =pt Ot dy < 2p°/ — < C11p?,
/31\331 |ly|m+2s Bi\B, 5 Y"1 Bi\By s Y"1
b p
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where Cq1 := 3"*252|B1\ < 00. Moreover, again by a change of variables and the second bound in
(60), we deduce

|wi+1(y)] —o42 lwk (y)] 2
Wkt \O)] g pe—0+2s dy < Mop/?.
/R"\Bl |y|n+2s r\B, Y[
P

Note that in the last two estimates we also used that p < 1 and that ¢ — © + 2s > ¢/2. By

combining the last three displays and choosing p small enough such that
(C1o + C11 + Mp)p™/? < My,

we arrive at

w
/ %dy < (Cro + Ch1 + Mo)p™/? < My,
R™\ By |y|"+2s

which proves the second estimate in (59) for k + 1. Therefore, for

1 2 e
p<min{g,(l-‘ng)_g,MOE(Cm-i—Cu+M0)_§}, T < %

(59) is true for any k € Ny, which in particular also proves (58) under the assumptions (55) and
(57), where 0 is chosen as above.

Step 2: Regularity in a ball. Next, we show the desired higher Holder regularity in the whole
ball By /. We fix some 0 < ¢ < © and take the corresponding small enough ¢ from step 1. Fix
% € Byja, set L :=2""1(1+|By]) and define

uy(x) :=u (g + z) /L,  f.(z):= 2;28f (g + z)

and

T ~ ~ (T 1
A (z,y) = A (5 + z, % —|—z) , Al(zy)=A (5 + 2, g + z) , Pr(t):= Z@(Lt).

We note that A, € Lo()), A, € £1 (X, By) and that @, satisfies (4) and (5) with respect to A.
Moreover, u, is a local weak solution of Lii u, = f, in By and by (55) we have
14z — .| Lo @) = [[A = Al| oo r xr) < 6
and
2n/q—25
1follzamy = —F7—fllza o) < 1 fllzos) <6
Additionally, by (57) we have

sup |uz(z)| < sup fu(z)] < sup |u(z)| <1
z€B1 z€B /2(2) z€By

and together with Lemma 2.2

. 2—28
R ==t
R™\ By |y L R"\ By /2(z) ly — 2|

2"/ u(y)] 2"
<— dy + —|lullr (s
L Je\5, |y|n+2s I3 (B1)

2 |u(y)] 2" B
<— dy + [lull L 5,y < 1.
L Je\5, |y|n+2s I7 (B1)

Therefore, we are in the position to apply step 1 to u,, which yields

sup |u.(z) —u.(0)| < C1r®7c, 0<r<1.
rEB,
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By rewriting this estimate in terms of u, for any z € By, we obtain

1
(66) sup |u(z) —u(z)] <CL1Lr7, 0<7r< .
zE€B,(z) 2

Now fix two points x,y € By /2. Then applying (66) with r = @ <1/2 and z = (x + y)/2 yields
lu(z) — u(y)| < |u(z) —u(z)] + [uly) —u(z)| <2 sup )|U(w) —u(z)]
weB,(z

<20, Lr®¢ <20, L|x — y|®~*,
which proves the desired Holder regularity of u. |

In order to obtain the estimate (8) in our main results with its precise scaling, we now first
prove Theorem 1.2 at scale 1 by using scaling and covering arguments. The general case will then

follow by another scaling argument.

Theorem 4.3. Let A > 1 and f € LI(By) for some q > 5=. Consider a kernel coefficient A € Lo(A)
and suppose that ® satisfies (4) and (5) with respect to X. Fiz some 0 < a < min {2s — T 1}.
Then there exists some small enough 6 = §(a,n, s, \,q) > 0, such that if for any z € By, there

exists some small enough radius v, > 0 and some A, € LY(\, B,_(z)) such that
[|A = AzllL~ (B, (2)xB,. (2)) < 6,
then for any local weak solution u € W*2(B1) N L3 (R™) of the equation LYu = f in By, we have

u € C%(B,) and

(67) [ulca (B, < C<||U|L2(Bl) +/R [u(y)|

Ly I flacm ).

n\B

where C = C(n, s, \,&,0,q,{r,}.ep,) > 0.

Proof. Fix a € (0,0), where as before © = min{28— %,1}, set € = © —a and let § =
8(e,n,s,\,q) > 0 be given by Proposition 4.2. We need to prove that v € C2¢(B,). Let

loc

6 = d(e,m, 8,A,q) > 0 be the corresponding § given by Proposition 4.2 and fix some o € (0,1).
Fix some z € B,. Then by assumption, there exists some small enough radius r, € (0,1) with
Bs,_(z) C By and some kernel coefficient A, € £1(\, By, (2)) such that
|A = AzllL>(B,. (x)xB,. (z)) < 0
Then the kernel coefficient
~ Ax(z,y) if (z,y) € By (2)
A(z,y) == _
A('T7y) lf (1'73/) ¢ B’fz(z) X

also belongs to L1(\, B, (z)) and satisfies

X
& W
&
—
N
~—

(68) |A = Al|poe (e xn) < 0.
In the case when u = 0, the desired Holder regularity trivially holds. Otherwise, set
[u(y)| Pz
M, := sup \u(w)|+r§s/ — =y + NfllLaB,. (2 > 0.
w€B,, (2) R\ B, (2) |Z—y|n+2s ) 4(Br (2))

Consider the scaled functions u; € W*2(By) N LY (R") and f; € LY(B;) given by

1 7,23
up(x) := i u(r,r +2), fi(z):= i

z z

flrzz +2)
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and also

~ ~ 1

We note that u; is a local weak solution of Liiul = f1 in By. Moreover, observe that A; € Lo()\)
and Ay € £1(\, By), while ®; satisfies (4) and (5) with respect to A. Furthermore, by using changes

of variables it is easy to verify that w; and f; satisfy

u
(69) swp fus ()| <1, [ Ly <1, il <0
z€B, R™\B; |yl

while (68) implies that
(70) HAl - AleLoo(Rn XRTL) S 6

Therefore, in view of (69) and (70) the assumptions (55) and (57) from Proposition 4.2 are verified
with respect to uq, f1, A1 and /Nll, so that by Proposition 4.2 we obtain

[ul]ce—s(Bl/Q) S C’l(n, S, )\, q).
By rescaling and then using Theorem 2.11, we arrive at the estimate

Cy 2 lu(y)|
o<t Sz (_sw o)+ [ WLy,
(Br, 2(2)) 7o-c 2B (2) R™\B,. (2) |z — y|nt2s

2s—n/q

Tz
+ 5||f|L’1(Brz(z))>

G (1: u(v)
S G ="
,r‘(?fa (B2r, (2)) R\ B, (2) |Z _ y|n+2s

+r?”mﬂﬂh%&w“”)

where Cy = Cy(n, s, A\, q,0,¢) > 0. Since {BTZ/4(Z)} is an open covering of B, and B, is

z EEG

N _
compact, there exists a finite subcover {Br, /4(zi)} of B, and hence of B,. Set
i i=1

Fix z,y € B, with x #y. Then x € B, /4(z;) for some i = 1,..., N. If [z — y| < ryin/4, then in
particular y € BTZi/Q(z,»), so that by (71) and Lemma 2.2 we have

|u(z) — u(y)]

P U AE)

u(y)]
s%(MmBTzi+/ IO T TR
G ED T Jenp,. o 2 — 2 (Fars; (20)

ju(y)l
<Ci(lllzaan+ [yt Il )
R™\ By ly

where C5 and Cy depend only on n,s,\,q,0,¢ and ryin. If |2 — y| > rmin/4, then in view of

Theorem 2.11 and Lemma 2.2, we have

[u(z) — u(y)| <9 (rjin>@€ sup |u(z)|

|z —y[®= v€B,

u
s%<muWM+/ @”@+Whmm>

\B, ly|"T2s
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u(y)l
Scﬁ <||U|L2(B1) + /H\Bl |y|n+2S dy + ||f|‘L‘7(B1) ’

where C5 and Cg depend only on n, s, A\, q,0,¢e,0 and ry;,. Recalling that a = © — ¢, combining

the above estimates now proves the estimate (67) and in particular u € C%(B,). |

Proof of Theorem 1.2. Fix some 0 < a < min {25 — %,1} and let 0 = §(a,n,s,\,q) > 0 be
given by Theorem 4.3. Fix ¢ € Q and R > 0 such that Br(zg) € 2, so that by assumption for any

#' € Bg(xg), there is some small enough radius r.» > 0 and some A., € L*(A, B, (z')) such that
[|A — AZ’HL‘X’(BTZ,(Z/)XBTZ/(z’)) <.
Consider the functions u; € W*2(By) N L3 (R™) and f; € L9(By) given by
uy(z) := w(Rx +x0), fi(z) := R* f(Rx + x0)
and also
Ai(z,y) := A(Rx + zo, Ry + o), (A1).(z,y) := ARzqu,(Rx + x0, Ry + z0), 2 € By,

where Apg,1., exists for any z € B; since in this case we have Rz + x¢g € Br(xg). We note that for
any z € By and 1, := rg,44, /R > 0, we have (A1), € L()\, B,_(2)) and

[[A1 = (A1)l (B, (2)x B () < 0.

In addition, u; is a local weak solution of th“l = f1 in By. Therefore, by Theorem 4.3 along with

some changes of variables, for any o € (0, 1) we obtain the estimate

R[] e (B, g (z0)) =[u1]ca(B,)

ui\y
<O (Ml + [ 88y + il
R™\ By |yl
u(y)]

—— L]
"\Br(zo0) |$0 - y|n+2a

—C <R3 [ull 2B (o)) + B /
R

+R25—Z|f||Lq<BR(xO»),

which proves the estimate (8). Furthermore, since xo € 2 is arbitrary, we in particular obtain that
ueCr. (). [ |

Proof of Theorem 1.1. Fix some 0 < a < min {23 - %,1} and let 0 = §(a,n,s,\,q) > 0 be
given by Theorem 1.2. Fix some R > 0 and some zy € Q with Bgr(zg) € Q. Since A satisfies (7) in
Q with respect to some € > 0, there exists some small enough r5 > 0 such that

(72) sup |A(x +h,y+h)— A(z,y)| <6 Vh € B,,.

z,yEBR(zq)
le—y|<e

Now fix some z € Bgr(z¢) and some small enough radius r, € (0,1) such that r, < min{e/2,7s}
and B, (z) C Br(xg). Then for all z,y € B, (z) we have z —y € B,, and z — z € B, so that
(72) implies

sup |A(z —y+2z,2) — A(z,y)| <9, sup |A(z,y —x+2) — A(z,y)| <.
z,y€B,, (2) z,y€B,, (2)
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Therefore, by additionally taking into account the symmetry of A, we see that the kernel coefficient
defined by

Au(ayy) = 5 (Al —y+2.2) + Aly — o +2,2)

DN | =

satisfies

[|[A = A.llLe (B, (2)xB,. (z)) <0
and clearly belongs to the class £1(A, B, (z)). Since z € Br(zg) is arbitrary, all assumptions from
Theorem 1.2 are satisfied with € replaced by Bgr(zo). Therefore, by Theorem 1.2 we see that the

estimate (8) holds in any ball Br(z) € Q. In addition, since xo € € is arbitrary, we obtain that
ueCr. (). [ |

loc
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