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Abstract

As an important tool characterizing the long time behavior of Markov processes, the
Donsker-Varadhan LDP (large deviation principle) does not directly apply to distribution
dependent SDEs/SPDEs since the solutions are not standard Markovian. We establish
this type LDP for several different models of distribution dependent SDEs/SPDEs which
may also with memories, by comparing the original equations with the corresponding
distribution independent ones. As preparations, the existence, uniqueness and exponential
convergence are also investigated for path-distribution dependent SPDEs which should be
interesting by themselves.
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1 Introduction

The LDP (large deviation principle) is a fundamental tool characterizing the asymptotic be-
haviour of probability measures {.}.~o on a topological space E, see [4] and references within.
Recall that u. for small € > 0 is said to satisfy the LDP with speed A(¢) — +oo (as € — 0) and
rate function I : £ — [0, +00], if I has compact level sets (i.e. {I < r} is compact for r € RY),
and for any Borel subset A of E|
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where A° and A stand for the interior and the closure of A in E respectively. The following
two different type LDPs have been studied in the literature.

The Freidlin-Wentzell type small noise LDP [6]: . stands for the distribution of the
solution to a dynamic system perturbed by a noise with small intensity ¢ > 0, i.e. SDE
(stochastic differential equation) with small noise. In this case, F is the path space for the
solutions of the SDE. This type LDP describes, as ¢ — 0, the convergence of stochastic systems
to the corresponding deterministic system.

The Donsker-Varadhan type long time LDP [5]: . stands for the distribution of L.-1,

where
1

t
L, = —/ 5X(S)ds, t>0
t 0

is the empirical measure for a stochastic process {X(t)}+>0. This type LDP describes the be-
haviour of L; as t — oco. In this case, F is the set of all probability measures on the state space
of the process, on which both the weak topology (induced by bounded continuous functions)
and the 7-topology (induced by bounded measurable functions) are considered in the literature.

In this paper, we study the Donsker-Varadhan LDP for path-distribution dependent SDEs
(stochastic differential equations) on a separable Hilbert space H. Inspired by Kac’s programme
for Vlasov systems in kinetic theory [10], McKean [12] introduced distribution dependent SDEs.
According to Sznitman [15], under the global Lipschtiz condition, these type SDEs can be
derived as the limit of mean-field particle systems when the number of particles tends to infinity.
Therefore, distribution dependent SDEs are also called Mckean-Vlasov SDEs and mean-field
SDEs.

In applications, the distribution of a stochastic process can be regarded as a macro property,
while the path of the process up to a time ¢ stands for the history of the system before this
time. Since the evolution of a stochastic system may depend on both the macro environment
and the history, it is reasonable to investigate path-distribution dependent SDEs. Moreover,
because in many cases the configuration space for particle systems is infinite-dimensional, we
consider path-distribution dependent SDEs on Hilbert spaces, and in this case the SDEs are
called SPDEs (stochastic partial differential equations).

In recent years, distribution dependent SDEs have been intensively investigated. Among
many other papers in this field, [13] established the Freidlin-Wentzell LDP for distribution
dependent SDEs. However, up to our best knowledge, there is no any result on the Donsker-
Varadhan LDP for this type SDEs. Since the solutions are not standard Markov processes,
existing results on the Donsker-Varadhan LDP do not apply. Indeed, the definition of the rate
function (the Donsker-Varadhan level 2 entropy function) depends on the standard Markov
property that the law of the process starting at an initial distribution v is given by

P”:/Pru(dx),
E

where P* is the law of the process starting at =, see Subsection 3.2 for details. However, this
property is not available for distribution dependent SDEs.



Main idea of the study. To establish the Donsker-Varadhan type LDP for a distribution
dependent SDE/SPDE, we choose a reference SDE/SPDE whose solution is standard Marko-
vian so that existing results on the Donsker-Varadhan LDP apply. By comparing the original
equation with the reference one in the sense of LDP, see Lemma 3.5 below, we establish the
Donsker-Varadhan LDP for the distribution dependent SDE/SPDE. To this end, we will as-
sume that the original equation has a unique invariant probability measure ji, and take the
reference equation to be the original one with ji replacing the distribution variable.

The framework. For a measurable space (F, %), let Z(FE) denote the set of all probability
measures on £. For an E-valued random variable £ on a probability space, let 2 € Z(E) be
the distribution of &.

For a separable Hilbert space H, let IL(H) be the class of all bounded linear operators on
H, which is equipped with the operator norm || - ||. We will also use the Hilbert-Schmidt norm
|- [|zs- In general, for two separable Hilbert spaces H; and Hy, LL(H;y; Hs) stands for the space
of all bounded linear operators from H; to Hs.

For a fixed constant rq > 0, let € = C([—70,0]; H) be the space of all continuous maps from
[—70, 0] to H equipped with the uniform norm

[€lloc := sup [£(0)], £€F.

—10<0<0

Then % is a Polish space, which refers to the history of a stochastic differential system on
H with memory length ry. When 7y = 0, the path space ¢ degenerates to H. For any map
h(-) € C([—ro,00); H) and ¢ > 0, the corresponding segment h; € % is defined by

hi(r) =h(t+r), r€[—ry0].

Let W (t) be the cylindrical Brownian motion on H under a complete filtration probability space
(Qa F, {ﬁt}@o, P); that is,

W(t) = iBi(t)é,-, t>0

for an orthonormal basis {é; };>1 on H and a sequence of independent one-dimensional Brownian
motions {B;(t) : t > 0};>1 on (Q, F,{F }i>0,P), where % is rich enough such that for any
T € P (€ x €) there exists a € x €-valued random variable £ on (€2, .%,, P) such that .Z; = 7.
Consequently, for any p > 0 and two probability measures

iz € Zy(€) == {pn € 2(€) : pullp = p( - %) 77 < o0},

there exist two .#y-measurable random variables &1, & on % such that

=) = _jnt ([ e wlirtag.an)

TEE (p1,142)

RS

(Elll& — &%)

Note that &2,(€) is a Polish space under the LP-Wasserstein distance {W,}"\!.



Now, consider the following path-distribution dependent SPDE on H:
(1.1) dX(t) = {AX(t) + b( Xy, Zx,) }dt + o (ZLx,)dW (t), t >0,
where (A, Z(A)) is a negative definite self-adjoint operator on H,

b:6 x P(€)—H, o:P(€)— LH:H)

are measurable. In Section 3, a more general equation (3.1) will be solved for initial value
Xo € LP(Q2 = €, %, P) for some p > 0; i.e. Ly, is in the space Z,(¥€). However, to establish
the Donsker-Varadhan LDP using the comparing method proposed in Theorem 4.1 below, we
have to assume that the noise term only depends on the distribution .#x, rather than the
solution X;.

Let X} denote the mild segment solution with initial distribution v € (%), which is a
continuous adapted process on %, see Definition 3.1 below for details. We study the long time
LDP for the empirical measure

1 t
LY = —/ (SXudS, t > 0.
t s
t 0

Definition 1.1. Let &(%’) be equipped with the weak topology, let o/ C (%), and let
J: P(€) — |0,00] have compact level sets, i.e. {J < r} is compact in & (%) for any r > 0.

(1) {LY},cr is said to satisfy the upper bound uniform LDP with rate function J, denoted
by {LY},er € LDP,(J), if for any closed A C Z(¥),

1
limsup — sup logP(L} € A) < — i%f J.

t—o00 ved

(2) {L}},cor is said to satisfy the lower bound uniform LDP with rate function J, denoted
by {LY},er € LDP(J), if for any open A C Z(%),

1
liminf — inf logP(L} € A) > —inf J.
t—oo t ved A

(3) {L¥},c. is said to satisfy the uniform LDP with rate function J, denoted by {L!},c.s €
LDP(J), if {L/}vew € LDP,(J) and {L!},cy € LDB(J).

The remainder of the paper is orgnized as follows. In Section 2, we state the main results
of the paper and illustrate them by specific examples. To prove these results, in Section 3 we
investigate the existence and uniqueness for path-distribution dependent SDEs/SPDEs, and
recall some results on the Donsker-Varadhan LDP for Markov processes. Finally, the proofs of
main results are addressed in Section 4.



2 Main results and Examples

We investigate the long time LDP for (1.1) in the following three situations respectively:
1) 7o = 0 and H is finite-dimensional;
2) 19 = 0 and H is infinite-dimensional;
3) 7o > 0 and o is constant.

When ry > 0 and o is non-constant, there is a difficulty to apply our comparison argument.
We leave this for the future study.

To state our main results, we recall the Feller property, the strong Feller property and
the irreducibility for a (sub-) Markov operator P. Let %,(%) (resp. Cy(%)) be the space of
bounded measurable (resp. continuous) real functions on %. Let P be a sub-Markov operator
on %B,(€), i.e. it is a positivity-preserving linear operator with P1 < 1. P is called strong

Feller if P%,(€¢) C Cy(6), is called Feller if PCy(€¢) C Cp(€), and is called p-irreducible for
some p € Z(€) if p(1aP1lg) > 0 holds for any A, B € A(€) with pu(A)u(B) > 0.

2.1 Distribution dependent SDE on R

Let 79 = 0, H = R? and H = R™ for some d,m € N. In this case, we combine the linear term
Az with the drift term b(x, ), so that (1.1) reduces to

(2.1) dX (1) = b(X(t), Lx())dt + o (Lx()AW(?),

where b : RYx 25(RY) — R 0 : P5(R?) — RIQR™ and W () is the m-dimensional Brownian
motion. We assume

(Hy) b is continuous, o is bounded and continuous such that
2(b(, 1) = by, v), & —y) + lo(n) —o(W)|hs < —rile — yl* + raWa(p, v)?
holds for some constants x; > kg > 0 and all 7,y € R, u, v € P5(R?).

Under (H), for any X(0) € L?(2 — RY %y, P), the equation (2.1) has a unique solution,
see [18, Theorem 2.1] or Theorem 3.1 in a more general framework. We write P = ZLx ) if
Zx(0) = pt- By [18, Theorem 3.1(2)], P has a unique invariant probability measure i € P(R?)
such that

(2.2) Wo(Prv, i)? < e”W=mitW, (v n)?, ¢ > 0,0 € Po(RY).
Consider the reference SDE
(2.3) dX (t) = b(X(t), i)dt + o(n)dW (t).

It is standard that under (H;) the equation (2.3) has a unique solution X?(¢) for any starting
point x € R, and ji is the unique invariant probability measure of the associated Markov
semigroup

Pof(s) = E[f(X*(£)], t> 0,2 € RY, f € B (RY).

5



Consequently, P, uniquely extends to L*°(z1). If f € L>(ji) satisfies

t
P f= f+/ P,gds, [i-a.e.
0

for some g € L>®(z1) and all t > 0, we write f € 9(4/) and denote &/ f = g. Obviously, we
have 2(&7) D C2(R?) := {f € C°(R?) : Vf has compact support} and

FI) = 3 Y00 Y @ABI @) + 3 hlw WA (@), [ € O R

t,j=1

According to Section 3, the Donsker-Varadhan level 2 entropy function J for the diffusion
process generated by .7 has compact level sets in 22(R%) under the 7 and weak topologies, and
by (3.12) below we have

0, otherwise.

J(y):{sup{fw%‘ﬁdy: 1< feg(d)}, ifv<y,

Theorem 2.1. Assume (Hy). For anyr,R >0, let $, r = {I/ c (R vl < R}.

(1) We have {L}}yes, . € LDP,(J) for all v, R > 0. If P, is strong Feller and fi-irreducible
for some t >0, then {L}} e, , € LDP(J) for all v, R > 0.

(2) If there exist constants €, ¢y, ca > 0 such that
(2.4) (z,b(z,v)) < ¢ — co]z[*Te, 2 € RY v e PH(RY),

then {L},c »,ay € LDP,(J). If moreover P, is strong Feller and fi-irreducible for some
t> O, then {LZ}VEWQ(Rd) € LDP(J)

To apply this result, we first recall some facts on the strong Feller property and the irre-
ducibility of diffusion semigroups.

Remark 2.1. (1) Let P, be the (sub-)Markov semigroup generated by the second order dif-
ferential operator

o = f;Uf + Uy,

where {U;}™, are C''-vector fields and U is a continuous vector field. According to [11, Theorem
5.1], if {U; : 1 < i < m} together with their Lie brackets with Uy span R¢ at any point (i.e. the
Hormander condition holds), then the Harnack inequality

Pof(z) <o(t,s,2,y)Psf(y), t,s>0,2,y eR?, fe B (R

for some map 9 : (0,00)2 x (R%)? — (0,00). Consequently, if moreover P, has an invariant

probability measure f, then P; is fi-irreducible for any ¢ > 0. Finally, if {U; }o<i<m are smooth
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with bounded derivatives of all orders, then the above Hormander condition implies that P,
has smooth heat kernel with respect to the Lebesgue measure, in particular it is strong Feller
for any ¢ > 0.

(2) Let P, be the Markov semigroup generated by

d d
427_ = Z Etijai@j + Z Biaj,
i=1

ij=1

where (a;;(x)) is strictly positive definite for any x, a; € H>!(dz) and b; € LY (dx) for some
p > dand all 1 <4,j < d. Moreover, let i be an invariant probability measure of P,. Then
by [2, Theorem 4.1], P is strong Feller for all t+ > 0. Moreover, as indicated in (1) that [11,
Theorem 5.1] ensures the ji-irreducibility of P; for ¢ > 0.

We present below two examples to illustrate this result, where the first is a distribution
dependent perturbation of the Ornstein-Ulenbeck process, and the second is the distribution
dependent stochastic Hamiltonian system.

Example 2.1. Let o(v) = I + coo(v) and b(z,v) = —x + eby(x,v), where I is the identity
matrix, ¢ > 0 and og : Z5(R?) — RI@ RY, by : R? x P25(RY) — R? are Lipschitz continuous.
When & > 0 is small enough, assumption (H;) holds and that P, satisfies conditions in Remark
2.1(2). So, Theorem 2.1(1) implies {L}},cz, , € LDP(J) for all r, R > 0.

If we take the above o but b(x,v) = —z — c|x|’z + eby(z, v) for some constants ¢, > 0 and
a Lipschitz continuous map by : R? x &25(RY) — R? such that |by(x,v)| < co(1 + |z|) holds for
some constant ¢y > 0, then when € > 0 is small enough (H;) and (2.4) are satisfied, so that
Theorem 2.1(2) and Remark 2.1(2) imply {L{},c»,®e) € LDP(J).

Example 2.2. Let d = 2m and consider the following distribution dependent SDE for X (t) =
(XD(#), X®(t)) on R™ x R™ :

dXO(t) = {XO(t) = AXD(¢)}dt
dXP () ={Z(X(t), Lxw) — X XD ()} dt + odW (1),

were A > ( is a constant, o is an invertible m x m-matrix, W(t) is the m-dimensional Brownian
motion, and Z : R?™ x Z5(R?™) — R™ satisfies

|Z<CC1, ]/1) — Z(JIQ, 1/2)| S Oél|l’g1) - $§1)| + 042|JZ§2) — $g2)| + 013W2(V1, VQ)

for some constants oy, ag, g > 0 and all x; = (:1:(1) :L‘(Q)) eERM™ y; € Po(R?™),1<i,j <2.1If

i e

(2.5) AX > if>1£ {2035 + azs™! +2a, + VAL + ap)? + (20 + azs~1)2},

then {L}},ec%, , € LDP(J) for all r, R > 0.
Indeed, b(x,v) = (2 — X2W, Z(z,v) — A\z®) satisfies

2<b($1, Vl) - 5(552, Vz),iﬁl - iUQ)



< —2M2t" — 2817 = 20X — ap) 2P — 2P
+2l2t? — 2 1{(1 + )2 — 2| + asWa(v1, 1) }
< a3sWy (v, 15)? — {2\ = 6(1 + Oq)}|x§1) — x§1)|2
—{2A =20y — 0 (1 4+ ) — a33_1}|:1:§2) — 2P, s,6>0

for all x1,xo € R*™ and vy, vy € P(R?*™). Taking

5= 200 + azs Tt + /41 + 1) + (202 + azs!)?
B 2(14 ay)

such that §(1 + ;) = 2as + 6 (1 + ;) + azs™!, we see that (H;) holds for some x; > ko
provided 2\ — §(1 + ) > ags for some s > 0, i.e. (2.5) implies (H;). Moreover, it is easy
to see that conditions in Remark 2.1(1) hold, see also [7, 19] for Harnack inequalities and
gradeint estimates on stochastic Hamiltonian systems which also imply the strong Feller and
fi-irreducibility of P;,. Therefore, the claimed assertion follows from Theorem 2.1(1).

2.2 Distribution dependent SPDE
Consider the following distribution-dependent SPDE on a separable Hilbert space H:

(2.6 AX (1) = {AX (1) + b(X (1), L)t + o (L) AW (),

where (A, Z(A)) is a linear operator on H, b : H x Z5(H) — H and o : Z5(H) — IL.(H; H)
are measurable, and W (t) is the cylindrical Brwonian motion on H. We make the following
assumption.

(Hy) (—A, 2(A)) is self-adjoint with discrete spectrum 0 < Ay < Ay < -+ counting multiplici-
ties such that 3.2 A" < 0o holds for some constant v € (0, 1).
Moreover, b is Lipschitz continuous on H x &5(H), o is bounded and there exist constants
oy, a9 > 0 with Ay > a1 + as such that

2(z =y, b(w, 1) = by, ) + llo(n) — o(v)ls < 20|z — y[* + 202 W (1, v)*
holds for all z,y € H and u,v € Z5(H).

According to Theorem 3.1 below, assumption (H) implies that for any X (0) € L*(Q —
H, .%,P), the equation (2.6) has a unique mild solution X (¢). As before we denote by X" (t)
the solution with initial distribution v € Z25(H), and write P;'v = Zxv(). Moreover, by Ito’s
formula and k := A} — (a; + ) > 0, it is easy to see that P, has a unique invariant probability
measure i € P5(H) and

(2.7) Wo(Prv, ji) < e ™Wsy(v, i), t>0.
Consider the reference SPDE

AX(t) = {AX () + B(X (£), 1)}t + o (7)dW (1),
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which is again well-posed for any initial value X (0) € L*(Q — H,.%,,P). Let .J be the Donsker-
Varadhan level 2 entropy function for the Markov process X (t), see Section 3. For any r, R > 0
let

PBr={ve 2MH) v <R}

Theorem 2.2. Assume (Hs). If there ezist constants € € (0,1) and ¢ > 0 such that
(2'8) <(_A)’y_1$a b(a:,u)} <o+ 5'(_A)%x‘27 S -@((_A)%)’

then {L{},c%, ., € LDP,(J) for all v, R > 0. If moreover P, is strong Feller and fi-irreducible
for some t >0, then {L}} e, , € LDP(J) for all r, R > 0.

Assumption (Hs) is standard to imply the well-posedness of (2.6) and the exponential
convergence of P} in Wy. Condition (2.8) is implied by

(2.9) (=A)27 bz, p)| S €(=A)2a| + ¢, w € D((—A)?)

for some constants ¢’ € (0,1) and ¢ > 0. In particular, (2.8) holds if |b(x, u)| < ¢1 + o] for
some constants ¢; > 0 and ¢ € (0, ;). When o is invertible with bounded o~ and b(-, i) is
Lipschitz continuous, the dimension-free Harnack inequality established in [16, Theorem 3.4.1]
implies the strong Feller property and ji-irreducibility of P; for ¢t > 0, see [16, Theorem 1.4.1]
for more properties implied by this type Harnack inequality. Therefore, by Theorem 2.2, in
this case (Hz) and (2.9) imply {L{},c%, , € LDP(J) for all r, R > 0. See Example 2.4 below
for the case where o is non-invertible and b is possibly path-dependent.

2.3 Path-distribution dependent SPDE with additive noise
Let H = H and o € L(H). Then (1.1) becomes
(2.10) dX(t) = {AX () + b(X;, Lx,) bt + odW (1),

Below we consider this equation with o being invertible and non-invertible respectively.

2.3.1 Invertible ¢

Since ¢ is constant, we are able to establish LDP for b(¢, -) being Lipshcitz continuous in W,
for some p > 1 rather than just for p = 2 as in the last two results.

(H3) o € L(H) is constant and (A, Z(A)) satisfies the corresponding condition in (Hsy). More-
over, there exist constants p > 1 and «ay, as > 0 such that

|b(€7:u) - b(T/a V>| < 041”5 - 77”00 —}—OQWP([L, V)7 5777 € %,,u,l/ € ‘@p(%)

Obviously, (Hjz) implies assumption (A) in Theorem 3.1 below, so that for any X} €
LP(Q — €, %y, P) with v = Ly, the equation (1.1) has a unique mild segment solution Xy
with

E| sup HX;’HZO] < oo, T >0.
te[0,T]



Let Pv = Zxy for t > 0 and v € Z,(F).
When P/ has a unique invariant probability measure ji € Z2,(%€’), we consider the reference
functional SPDE

(2.11) dX (t) = {AX(t) + b(Xy, i) }dt + odW (2).

By Theorem 3.1 below, this reference equation is well-posed for any initial value in LP(2 —
€, %o, P). For any ¢, R > 0, let

I.rn={vePE): (el ) < R}.
Theorem 2.3. Assume (H3). Let 6 € [0, \{] such that

Ky =0 — (a1 + ag)eP’™ = sup {r — (g + ag)eprm}.
r€[0,A1]

(1) For any vy,15 € Z,(F6),

(2.12) W, (Prvy, Pfug)P < eP/ro Pl W (v 1y)P, ¢ > 0.

In particular, if k, > 0, then P has a unique invariant probability measure i € P,(€)
such that

(2.13) W, (Prv, )P < eProPiotWy (v n)P, ¢ > 0,v € P,(F).

(2) Let o be invertible. If Kk, > 0 and sup,e( , (s — @1e”°) > 0, then {L},es. , € LDP(J)
for any e, R > 0, where J is the Donsker-Varadhan level 2 entropy function for the Markov
process X; on €.

Example 2.3. For a bounded domain D C R?, let H = L?(D;dz) and A = —(—A)?, where
A is the Dirichlet Laplacian on D and o > g is a constant. Let o = I be the identity operator
on H, and

b(&, 1) = bo(p) + 041/_ E(r)O(dr), (& u) €€ x P (F),

where o7 > 0 is a constant, © is a signed measure on [—r, 0] with total variation 1 (i.e.
|©|([—7r0,0]) = 1), and by satisfies

[bo(1t) = bo(v)| < Wi (p,v), p,v € P1(F)

for some constant ay > 0. Then (Hj3) holds for p = 1, and as shown in he proof of Example 1.1
in [1] that

(dr?)°

R(D)Qa ’

where R(D) is the diameter of D. Therefore, all assertions in Theorem 2.3 hold provided

)\12/\22

sup {r — (a1 + ag)e} > 0.
r€(0,M]

In particular, under this condition {L{},c. , € LDP(J) for any ¢, R > 1.

10



2.3.2 Non-invertible o

Let H = H; x Hy for two separable Hilbert spaces H; and Hy, and consider the following
path-distribution dependent SPDE for X (t) = (XM (¢), X®)(¢)) on H:

dXW(#) = {A XD (t) + BX®(t)}dt
(214 { (1) = {AX V(1) + BXD(0)}dt,

dX@(t) = {A X (t) + Z(Xy, Lx,) ydt + odW (1),

where (A4;, Z(4;)) is a densely defined closed linear operator on H; generating a Cy-semigroup
e (i = 1,2), B € L(Hy;H,), Z : € +— Hy is measurable, 0 € L(H,), and W (t) is the
cylindrical Wiener process on Hy. Obviously, (2.14) can be reduced to (2.10) by taking A =
diag{A;, A2} and using diag{0, o} replacing o, i.e. (2.14) is a special case of (2.10) with non-
invertible o.

For any a > 0 and p > 1, define

3=

Wya(vi, ) = in ( / %(aHf?)—éé”Hoo+H€§2)—é”l!oo)pﬁ(d&,déz)).

TEL (v1,v2)

We assume

(Hy) Letp>1anda>0.

(H}) (—As, 2(Ay)) is self-adjoint with discrete spectrum 0 < A\; < Ay < -+ counting multi-
plicities such that °° A7™' < oo for some v € (0,1). Moreover, 4; < § — )\, for some

i=1""

constant § > 0; i.e., (Ajx, z) < (6 — Ap)|z|? holds for all z € Z(A;).

(HZ?) There exist constants K, Ky > 0 such that
1Z(€1, 1) =b(Eg, 1) < K[| =0 | oot Ko |67 =52 | o+ K5 Wi o (11, 1), (&1, 1) € G X Py(6).

(H3) o is invertible on Hy, and there exists Ay € L(H;;H;) such that for any ¢ > 0, Be!42 =
et41et40 B holds and

t
Q= / e BB*e*Ads
0
is invertible on H;.

By Theorem 3.1 for Hy = H, and diag{0, o} replacing o, (H4) implies that for any X, €
LP(Q2 — €, .%y,P) this equation has a unique mild segment solution. Let Pjv = Zy, for
Lx, =v € P,(F).

Theorem 2.4. Assume (Hy) for some constants p > 1 and o > 0 satisfying
, 1

where || - || is the operator norm. If
(2.16) inf se™" > Ky + || B|| + K,

s€(0,A1]
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then P} has a unique invariant probability measure ji such that
(2.17) W, (P, i)? < cre” W, (v, 1), v € Py(€),t>0

holds for some constants c,ca > 0, and {L{ },es. , € LDP(J) for any e, R > 1, where J is the
Donsker-Varadhan level 2 entropy function for the associated reference equation for X (t).

Example 2.4. Consider the following equation for X (¢) = (XM (¢), X®(¢)) on H = H, x H,
for a separable Hilbert space Hp:

dXO () = {an XP(t) — A\ XD (¢)}de
AX P (1) = {Z(X (1), Lxw) — AXO (1)}t + AW (1),

where a; € R\ {0}, W(t) is the cylindrical Brownian motion on Hy, A is a self-adjoint operator
on Hj with discrete spectrum such that all eigenvalues 0 < A\; <5< - -+ counting multiplicities

satisfy
Z N < oo
i=1

for some v € (0,1), and Z satisfies

1 Z(§1,11) — Z(&2, 10)| < 2|€1 — &alloo + a3Wo (1, 10), (&,14) € C x Po(€),i=1,2.

1
o = E(«/a%—l—élalozg—cw).

Then P has a unique invariant probability measure fi € 5(%), and {L{},c.r,, € LDP(J)
for any R,q > 1 if

Let

. _ a3
2.18 f se™ > g+ + .
( ) sel[l(’)l,/\l] ° a2 1N«

Indeed, it is easy to see that assumption (Hy4) holds for p =2, 0 =0, ||B|| = a1, K1 = Ky = ay

and K3 = {32, So, we have a = o' and (2.18) is equivalent to (2.16). Then the desired assertion

follows from Theorem 2.4.

3 Preparations

In this part, we investigate path-distribution dependent SPDEs and recall some facts on
Donsker-Varadhan LDP for Markov processes.

3.1 Path-distribution dependent SPDEs
Consider the following path-distribution dependent SPDE on H:

(3.1) AX(t) = {AX () + bi( Xy, Zx,) Yt + 04Xy, Lx,) AW (1),

12



where (A, Z(A)) is a negative self-adjoint operator on H, and
b:]0,00) X € x P(€) = H, 0:[0,00) x € x P(€) — L(H; H)
are measurable, and W (t) is the cylindrical Brownian motion on H.

Definition 3.1. An adapted continuous process (X;)i>0 on € is called a mild segment (or
functional) solution of (3.1), if

+ e Moy (X, Zx,)

t
]E/ {\e(t’S)Abs(Xs,.i”XS) g pds < oo, t>0,
0

and the process X (t) := X;(0) satisfies P-a.s.
t t
X(t) = eMX(0) + / el (X, Lx,)ds + / Mo (X, Lx,)dW (s), t>0.
0

0

In this case, we call (X (t)):>0 a mild solution of (3.1) with initial value Xj.

To ensure the existence and uniqueness of mild solutions with Xy € LP(Q) — €, %, P) for
some p > 0, we make the following assumption.

(A) Let p € (0,00). There exists a subspace Hy of H such that o(¢,v)H C H, for any
(&,v) € € x P(F), and the orthogonal projection 7y : H — H satisfies Amg = mpA on Z(A).
Moreover, there exist v € (0,1) and 1 < K € L}, _([0,00) — [0,00)) such that

loc
(Ay) f(f s7||e*4mo)|%sds < oo, t € (0,00).

(As) There exists pp > 2 such that for any ¢t > 0,£,n € € and p,v € Z,(¥),

10:(€, 1) — be(m, )| < K () (1€ = 1lloo + Wy (11, ),
low(€, 1) — au(n, )P < K ()75 (€ — %, + W (1, v)?).

(As) [6¢(0,00)| + [loe(0, do) [P0 < K(t), t > 0.
In many references (A,;) is replaced by [ s~7[|e**||%4ds < 00, see for instance [3]. The present
weaker version allows us to cover more examples with degenerate noise.

Remark 3.1. By (A) we have e("%g, = eA=)myo,, so that using e*(""*)my to replace the
semigroup S(t — s) in the proof of [3, Proposition 7.9], if ®(s) is an adapted process on L(H; H)

such that ]Efot |®(s)||%ds < oo for some ¢ > 2, then
t
Wo(t) := / A ®(s)dW (s), t>0
0
is an adapted continuous process on H such that

?

e [ 1o

t
sup / A ®(r)dW (1)
1J0

s€[0,t
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holds for some constant ¢ > 0.

In the following result, “p = 2”7 is included in both (2) and (3), but conditions in these two
situations are incomparable: comparing with (2), (3) allows o (&, 1) depending on ¢ which is
more general on the one hand, but assumes the Lipschitz condition in the Hilbert-Schmidt
norm which is more restrictive on the other hand.

Theorem 3.1. Assume (A) and let Xg € LP(QY — €, %y, P). Then (3.1) has a unique mild
segment solution { X, >0 starting at Xo with

E[ sup |X,J%] < o0, T € (0,50),
te[0,7

provided one of following conditions holds:
(1) p> 2.
(2) p€(0,2] and o5(&, 1) does not depend on €.

(3) p=2 and for any s > 0,{,n € € and p,v € P5(¢),
los(€, 1) = as(n, ) I7s < K ()€ = nllZ + Walpn, v)?}.

Proof. We consider cases (1)-(3) respectively.

Proof for Case (1). Let p > 2.
The existence. We adopt an iteration argument as in [18]. It suffices to prove that for any
fixed T' > 0, the SPDE has a unique mild segment solution up to time 7" satisfying

(3.2) E[ sup ||Xt||§;o} < .
te[0,7

(1a) We first consider the case that X is bounded. Let X? = X and i} = Zyo for t > 0.
By Remark 3.1,

t t
X0(e) = MX(0) 4 [l M (X0 s+ [ oMo (X0 IV (), €2 0
0 0
is an adapted continuous process on H such that

(33) E| sup [|X/||%] < o0, g0,
te[0,7

where X} (r) := X' (t + )10y + Xo(t + 7)1 gtr<oy
Now, assume that for some n > 1 we have constructed a continuous adapted process
{th}te[o’ﬂ on ¢ with Xg = XO and

E| sup ||XZ‘||ZO] < oo, q>0.
te[0,T]
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By Remark 3.1,

t t
(3.4) X"(1) = MX(0) + / S, (X7 )ds + / g (XT, AW (s), t € [0,T]
0 0

for py} := £Lx» is an adapted continuous process on H, and the segment process X given by
(3.5) X7 (r) o= X"t + ) Lgrsoy + Xo(t + 1) 1yr<oy for 7 € [—1p,0], ¢ >0

satisfies
E| sup X/ %] < o0, q>0.
t€[0,T]

It suffices to find a constant {p > 0 independent of X, such that {X[j, }n>1 is a Cauchy
sequence in LP(Q2 — C([0,t0]; €),P). This together with assumption (A) imply that the limit
Xio,t0] 1= limy, 00 X [0,40] gives rise to a mild segment solution of (3.1) up to time ¢,. By repeating
the procedure with initial time ity and initial value X, for ¢ > 1, in finite many steps we may
construct a mild segment solution of (3.1) up to time 7, such that (3.2) holds.

For any n > 1, by (3.4), (3.5) and assumption (A) we have

nlt) = sup XTI = X = sup [X™1(5) = X7(5)
s€[0,t] s€[0,t]
(3.6) t
< [ REHIXT = X2 Wy (0, 2 s + sup
0

s€[0,t]

/ A, (1AW ()|,
0

where ®@,(r) := o, (X", u") — 0. (X271, u"~1) satisfies
1@ ()P < K (r){11X7 — X2 IB + Wi (e, ™)}

Combining this with W, (u?, ur~1)? < E|| X! — X2

/ AT, (r)dW (1)
0

and noting that Remark 3.1 implies

00

] <cE/ 1B, (5) [Pds

for some constant ¢ > 0, we find constants C,Cy > 0 such that

(3.7) ]E[ sup

s€[0,t]

iin(0) < GE( [ K {60m1(5) + Wyt u?l)dS)p

(338) +CE / K () {IXT = XD 4+ W, P s

< Cor(DE[? (1)), =(t) = ( /0 K(s)ds) + /O K(s)ds

Taking tg € (0,7] such that Cye(ty) < 5, we obtain
E[y7 ()] < 2_”E[w§(to)] <00, n>1.

Thus, { X[y, }n>1 is a Cauchy sequence in LP( — C([0,to]; €), P) as desired.
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(1b) In general, for Xy € LP(2 — €, %y,P) and N € N let XéN) = Xol{xollsny- By (1a),
for any N > 1 we have constructed a mild segment solution (Xt(N))te[QT} for (3.1) satisfying
(3.2) with initial value XO(N):

t t
XN@%Ze”XWN®+l/e“”%AXflémkw+/Pé“”%AXTKAMkWN®7tGWJT
0 0

where pl) = % "« By the above argument for XM () — XM)(t) instead of X" H1(t) — X" (t),
we find a constant C > 0 such that for any N, M > 1, the process

Una(t) = sup | XV — XPMIE ¢ € [0,T]

s€[0,t]

satisfies

(3.9) E[Yna(t)] < CE[| X015 Lqxo ) >narny ] + Ce(OE[nm(t)], ¢ € [0, T].

Taking ¢y € (0,T] such that Ce(ty) < 1, we obtain

so that, {XOt ;1pn=>1 is a Cauchy sequence in LP(Q — C([0, %o}; ¢'),P), and it is easy to see that

its limit as N — 00 is a solution of (3.1) up to time ;. As explained before that by repeating
the procedure we construct a mild segment solution of (3.1) up to time 7" satisfying (3.2).
The uniqueness. Let X; and Y; be two mild segment solutions with initial value X, satisfying

E{ sup (|| Xell%, + IIYtII’éo)} < 0.

te[0,7)

Similarly to (3.8) we have

E| sup | X, = Yill2.| < Ce(E| sup |IX, - Vi|l2], te 0,71,

s€[0,t] s€[0,t]

This implies X; = Y; up to time ¢, € (0, 7] such that Ce(t) < 1. Since this ¢y does not depend
on the initial value, repeating the same argument leads to X; =Y, for all ¢ € [0, T].

Proof for Case (2). Let p € (0,2]. Again we first assume that X is bounded and let X™, u", v,
be defined in step (la). Since o(, 1) does not depend on & and K(s) > 1, by (Az), ®,(s) in
(3.6) satisfies

1@ ()] < K ()W (), pie™ )P

Combining this with Remark 3.1 for ¢ = py > 2, and using W, (u?, u?~ )P < E|| X — X712,
we find a constant C; > 0 such that

[WU<Q</K o1 (s) Q+a(/K %%>%Q£
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< CWUOERP_, (1], tel0,T],n>1

n—1

holds for (¢ fo s)ds)P + fo ds)Po Then the remainder of the proof, including the
existence and unlqueness for bounded X, and the extension to general X, € LP(Q2 — €, Fy, P),
is similar to that in Case (1).

Proof for Case (3). Let p = 2. As explained above we only consider bounded Xj. In this case,
let X™ ™ 1), be defined in step (1a). By (A) and Ito’s formula to | X™1(¢) — X™(¢)]?, we find
a constant ¢ > 0 such that

d[X"H(E) = X(1)[?

(310) n n n n— n n— n
< R (O] IX7 (1) = XPOF + X7~ X 2+ Walt, ) bt + M (o),
where .
M"(t) == 2/ (X" (s) = X™(s8), {os(XT, pd) — oo (X270, pl 1) }dW (s))
0
satisfies

d(M™ (1)) < 4K ()| X"H(t) — X" () P{IXT — XI5 + Walpy', uf )" bt
Obviously, (3.10) implies
|Xn+1(t) _ Xn<t)|26—cf0t K(s)ds
t t
< [ RO (= Wl s+ [ e RO )
0 0

for t € [0,T]. Therefore, by the BDG inequality, there exist constants C;,Cy > 0 depending
only on T such that

E[¢72L (t)] < ecfoT K(S)ds]E |: sup |Xn+1(8) _ Xn(8)|2€—c Io K(r)dr:|

s€[0,t]

/ K(){EW2 ()] + W, a2 1) hds

+OF K/ K(s L(5) + W (i, " }ds)Q}

+02/ K(s){E[W2_,(s)] + Wa(ul, u2~")?}ds, t€[0,T).

|=

m)l»—l

Noting that Wy (u?, u?~1)? < E[)2_,(s)], this implies

E[y2(t)] < 4Cy /tK(s)IE[ 2 (s)]ds < 4CoE[W2 (1)) /tK(s)ds, t€[0,T),n > 1.

Taking ¢y € (0,7] such that 4Cy fo s)ds < %, we obtain

Ely; (to)] < E[(to)] < oo, n>1.
Thus, {X[ ) }n>1 18 a Cauchy sequence in L*(Q2 — C([0,t0]; €),P) as desired. The remainder
of the proof is similar to that in Case (1). O
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3.2 Donsker-Varadhan LDP for Markov processes

We first introduce the rate function, i.e. the Donsker-Varadhan level 2 entropy function for
continuous Markov processes on a Polish space E.
Consider the path space

Cr :=C([0,00) = E) ={w:[0,00) 5t — w(t) € E is continuous}.

Let &(Cg) be the set of all probability measures on Cg, and &7°(Cg) the set of all stationary
(i.e. time-shift-invariant) elements in #(Cpg). For any @ € £°(Cg), let () be the unique
stationary probability measure on Cg := C(R — E) such that

Q{weCp:wt;) € 4,1 <i<n})=Q({we Cr:wt;+s) € A;,1 <i<n})

holds for any n > 1, —0co < t; <ty < -++ < t, < 00,8 > —t1, and {A; }1<icn C B(E). We call Q
the stationary extension of Q to Cg. For any s <t, let % :=0(Cp > w > w(u) :s <u < t).
For a probability measure Q on Cg, let Q,,_ be the regular conditional distribution of Q) given
Fo . Moreover, let Ent zo be the Kullback-Leibler divergence (i.e. relative entropy) on the
o-field .Z); that is, for any two probability measures 1, po on Cg,

hlogh)duy, if dp|zo = hdpsl;
Entg{)(lul‘,uQ) = {fCE ( 0og ) H2, 1 /’L1|,/10 ,Ll/2|€g{),
00, otherwise.

Now, for a standard Markov process on E with {P* : x € E} C &(Cpg), where P* stands
for the distribution of the process starting at z, the process level entropy function of Donsker-
Varadhan is given by

H(Q) = | Joe Bisp(Qu-|PPO)Q(dw), if @ € 2°(C),
00, otherwise.
Then the Donsker-Varadhan level 2 entropy function is defined as

(3.11) J(v):=inf {H(Q): Q€ 2°(Cg),Qw(0) €-)=v}, vePE).

This function has compact level sets in &?(E) under the 7- (hence the weak) topology, see for
instance [20, 21]. For any v € Z(E), let (X} ):>0 be the Markov process with initial distribution
v. Consider its empirical measure

1 t
Ly = —/ dxvds, t>0.
tJo °°

When v = §,, we denote X; = X and L} = Lf. Let p be an invariant probability measure of
P,, where P, is the Markov semigroup given by

P f(x) =E[f(X])], x€ E,t>0,f¢c % (E).

We write f € 2,(</) if f € L>(p) and there exists g € L>(u) such that P,f — f = fot P,gds
holds p-a.e. for all t > 0. In this case, we denote &7 f = g. We have the following formula for
J.
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Theorem 3.2 ([21], Proposition B.10 and Corollary B.11). Assume that P, has a unique
wmvariant probability measure . Then

=dy: 1< of ;
(3.12) J(w) = {sup{fE 7dv < fezl )}, if v < .,u,
0, otherwise.
In particular, if the Markov process is associated with a symmetric Dirichlet form (&, 2(&))
in L*(p), then
E(h3,h3), ifv=hp,h> € D&
(3.13) J(v) = { (h2,h2), ifv=hu,h2 € (&),

0, otherwise.

We now recall another result due to [21] on the LDP for uniformly integrable Markov
semigroups, which will be used in the proof of Theorem 2.3. Let p > 1 and let P be a bounded
linear operator on LP(u). We call P uniformly integrable in LP(u) if

lim  sup u(|PfIPlps>ry) = 0.
R=o0 (1117 <1

This LDP is established under the 7-topology induced by f € Z%,(F), and hence also holds
under the weak topology. Let v € I, := {v = hu : ||h||zaqn) < L} for ¢, L € (1,00).

Theorem 3.3 ([21], Theorem 5.1). Assume that the Markov semigroup P, has a unique in-
variant probability measure u, and there ezists T € (1,00) and p € (1,00) such that Pr is u-
irreducible and uniformly integrable in LP(p). Then {L{},er,, € LDP(J) under the T-topology
for all q, L € (1,00).

The next result due to [20] provides criteria on the LDP using the hitting time to compact
sets, which will be used in the proofs of Theorem 2.1 and Theorem 2.2. For any set K C E
and any z € F, let

T =1inf{t > 0: X(t) € K},

where X*(t) is the Markov process starting at x. We will use the following conditions:

(D1) For any A > 0 there exists a compact set K C E such that

(3.14) sup E[eK] < oo.
el

(D2) For any A > 0 there exist a constant s > 0 and a compact set K C FE such that for any
compact set K’ C F,
X% (s)

(3.15) supE[e’x '] < 0o, sup E[eME] < oo.
zeK reK'

Theorem 3.4 ([20], Theorems 1.1,1.2). Assume that P; is a Feller Markov semigroup.
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(1) (D1) implies {L}},c 2y € LDP,(J), and the inverse holds when E is locally compact. If
moreover P, is strong Feller and p-irreducible for some t > 0, then {L}},e ) € LDP(J)
if and only if (D1) holds.

(2) (D2) implies {L}}rep € LDP,(J) for any compact set D C E, and the inverse holds
provided E 1s locally compact. If P; is strong Feller and p-irreducible for somet > 0, then
{LiYrep € LDP(J) for compact D C E if and only if (D2) holds.

Finally, we introduce the following approximation lemma which is easy to prove but useful
in applications, see for instance [4, Theorems 4.2.16, 4.2.23], and see also [14, Theorem 3.2| for
a stronger version called generalized contraction principle.

Lemma 3.5 (Approximation Lemma for LDP). Let {(L}):>0, (L})i>0 : v € F} be two families
of stochastic processes on a Polish space (E, p) for an index set & . If (L}),es € LDP,(J)(respectively
LDP,(J)) and

: 1 v TV
Jim ) log P(p(Ly, Ly) > 0) = —o0, 6 >0,

then (LY),es € LDP,(J)(respectively LDP,(J)).

4 Proofs of main results

To establish the LDP for LY, we will compare (3.1) with a reference equation:
(4.1) dX¥(t) = {AX"(t) + b(X)) }dt + 5(X)) AW (t), X§ = X{,

where b : € — H, 6 : € — L(H) are measurable such that this equation has a unique
mild segment solution for any initial value in %, which is thus a Markov process on €. In
applications, the coefficients in (4.1) will be given by the limit of b;(-, v4) and o.(-, 1) as t — o0,
where b, and o, are in (3.1) and v, := Zx». Now, let

_ 1 [t
Ll/ — _/ 5Xud8, t > 0.
t t o
0

We have the following result.

Theorem 4.1. Assume that (3.1) and (4.1) are well-posed for any initial value X, with Lx, €
S and Ly, € V(I) respectively, where S is a non-empty subset of P (€') and ¥ : I — P(E)
is a map. If {L}},cw(sy € LDP,(J)(respectively LDP(J)) under the weak topology, and

(4.2) SupE[eNfom{\\X:—XEI”(”)IIooAl}ds} <000, N>1,
veES

then {LY},es € LDP,(J)(respectively LDP,(J)) under the weak topology.

Proof. Consider the probability distance

E?(A,Az

(43) plhide) = inf [ =l A1) )
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on Z(€). It is well known that p induces the weak topology on Z(%). Since
_ 1 [t _
pLi I < 5 [ {10 = X n)ds, £
0
(4.2) implies

1 _
lim = sup log P(p(LY, L}™) > 6)

t—oo { =N4

1 : )
< lim = sup logIP’(N/ {I1X7 = XYW o Al}ds > thS)
0

t—oo t veys

<-N§, N>1,5>0.

Therefore,
1 -
lim — sup log]P’(p(Lt”,L;I}( )) > 0) =—o00, d>0.
t=oo t yeg
Then the desired assertion follows from Lemma 3.5 with [_J;Ij ®) replacing LY. O

4.1 Proof of Theorem 2.1
Obviously, condition (H;) implies that the SDE

dX(t) = b(X(t), B)dt + o ()W (t)
is well-posed and the solution is a Markov Feller process, where fi is the unique invariant
probability measure of P;. Let X7(t) denote the solution starting at z. According to Theorem
3.4 and Theorem 4.1, we only need to prove the following assertions:

(a) For any A > 0, there exist a constant s > 0 and compact set K C R? such that (3.15)
holds for any compact set K’ C R% and

T =inf{t >0: X*(t) € K}, € R%

(b) For any N > 1,

Nfooo{l/\|X"(s)—X0(s)\2}ds

sup Ee < 00.

I/E:%T’R

(c) Under (2.4), for any A > 0 there exists a compact set K C R? such that (3.14) holds for
X, and .
sup BN ST OAX - @ o0 N > 1.
vEPs(RY)

Indeed, by Theorem 3.4(2), (a) implies the upper LDP (LDP if P, is strong Feller and ji-
irreducible) for L? locally uniformly in z, in particular, L) satisfies the upper LDP (LDP if P,
is strong Feller and f-irreducible). Combining this with (b) and Theorem 4.1 for % = %,
and ¥ (v) := Jy, we prove the desired assertion for Ly with v € %, i. Finally, by Theorem
3.4(1) and Theorem 4.1 with % = 225(R?) and ¥(v) = v, (c) implies the upper LDP (LDP if
P, is strong Feller and ji-irreducible) for LY uniformly in v € £2,(R?).
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Proof of (a). By (H;), there exist constants «, § > 0 such that
(4.4) AIX (B < 2{a = BIX()[*}dt + 2(X (1), o (1)dW (1))
Let 6 = ||o||2,. Then for any € € (0, 3/0), there exist constants c1, c; > 0 such that
des¥OF < 2¢e{a — (B —€0)| X (¢)| }eelX Wt + dM(t)
< {cl—cgeE 2l }dt—i—dM()

for some martingale M(t). So,

(4.5) EeslX"OF < eelel L Ly e RY,
&)

To estimate 7% for K := By(N), we take N > Ny := (2o/3)2. Then (4.4) implies
A0 < —BIX (Bt + 2X7(0), o()AW (D), ¢ < 5.

For any 6 > 0, we obtain

t/\TK

]]§e5foA K X2 (s)2as < % Hel? me208~ " Jo o (X(s),u)dW (s))

< eéﬁ—l‘m|2 (Ee&;Qﬁ_zng/\TK |X’z(s)\2ds)%.
Thus, taking ¢ < S—; we arrive at
Ee&v?(tm;{) < Eeéfowf‘ |X(s)|2ds < ezéﬁ”lxﬁ

Letting ¢ 1 oo implies
(4.6) BNk < o871 e RY N > N,

Combining this with the Markov property and (4.5), when § < % we have

X:C(S) — VT C
Ee/N' 7k 7 < Ee?PTIXTOI <ol ZL o e RY s >0, N > N
Co

Therefore, for any A > 0 there exists compact K C R? such that (3.14) holds.

Proof of (b). Simply denote X(t) = X"(¢),X(t) = X°(t) and v, = Lxvy = Pfv for
v € B, r By (H), (2.2) and Ito’s formula, we obtain

AX(0) = KOP <{ = mIX(0) = KOF + ree™ ™ Wali,v)*
2000~ (), {o1) @),

. _X 2 .
Letting (t) = %, we derive
dlog(1+ |X (1) — X()*) < { = kay(t) + koe™ 2, (1, v)? ) dt
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2
TTOx0) —x0)

|2<X(f) — X(t),{o(n) — o () }dW(1)).
We deduce from this and (2.2) that for any A > 0,

Ako

e Fi—r2 W2(ﬁvl’)2E [e/\/ﬂ fot ’y(s)ds}

< E[(l 4 |X0‘2),\ekf5 m<X(5)—X(3)7{U(Vs)—U(H)}dW(S»:|

%)1

{ ( 1 -+ ‘ ) }% (E |:e8n2>\2W2(y,ﬂ)2 fot 7(5)9_(”1_“2)5ds] ) %

ko2 [Fr(s Ve, i)2ds
(4.7) < E{(l + |X0|2)>‘ <E[€8 22 [ V() Wa(vs,f)?d }

< C()\,R) <E|:e)\lﬂ fot'Y(S)ds])a7 t>0

holds for some constant C'(\, R) > 0, where the last step is due to y(s) < 1 and v € %, k.

Therefore,
[ 0o _|XY(s)=X%s)?

sup Ele ®1Jo 1+\XV<S>7>’<0<5>\2d8] <oo, A>0,

IJE@T,R

which implies (b).

Proof of (c). Let (2.4) hold. Then there exist constants ¢y, ¢y > 0 such that
(4.8) deXOF < Lo — o) X ()22 XOP Y at + 26 XOF (X (1), 0 () dW (1)).

This implies
T 2 2
h(t) == Ee X OF < ¢t +el" < 00, t>0,2 € R

Moreover, by Jensen’s inequality and the convexity of [1,00) 3 7+ 7 logHE/ 2

(4.8) that

r, we deduce from

hy(t) < hy(0) + 1t — ¢ /Ot ha(s)log'™/? hy(s)ds, t>0.
This and the comparison theorem imply h,(t) < 1(t), where ¢ (t) solves the ODE
Y(t) = 1 — extp () log ™2 (t), 1(0) = hy(0) = el
So,

(4.9) sup h,(t) < sup ¥(t) =: ¢(t) < 0.
z€R4 ¥(0)>1

On the other hand, by (4.8), there exist constants Ny, 3 > 0 such that for any N > Ny and
K = By(N), we have

(4.10) deX OF < g1 X7 ()2 X OF qt 42X OF (X7(1), o (m)dW (1)), t < T8
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Combining this with (4.6) and using the Markov property, when 2§ < 3? we arrive at

E[eéNQTf(] < eON? _i_E[eéNQTf(l{Tg{Zl}}
X*(1)
< eaN2 —i—E[eéNf(HTK 1 )1{@21}}
<NV (1 + B WP < V(14 ¢(1)) < 00, = €RLN > N,

Therefore, for any A > 0, there exists compact set K such that_(3.14) holds.
Finally, repeating the proof of (4.9) using X" (t) replacing X?(t), we derive

sup  E[e"WF) < 0.

I/EWQ(Rd)
This together with (4.9) yields
(4.11) sup IE[e'XV(I)‘2 + e‘XU(l)P] < 00.
VEWQ(Rd)

On the other hand, as in (4.7) but integrating from time 1, we obtain

t_|XY(s)=XY(5)|?

Ako _ 2 A N
]E[e’\mf1 1+|X”<s)f>’<'f(s>|2ds]

ef K1 —ko W2(N’7V)

S E[(1 4 [X¥(1) - XM e O et o]

t XY (5)= XY (s)|2e~ (F1—r2)s .

S {E [(1 + |sz(1) o Xl/(l)‘2>2)\:| }% <E[e)\fﬂW2(P1*V:ﬂ)2 1 14| XV (s)— XV (s)|2 ds]>77 t>1.

Combining this with (4.11), we derive

Ay [0 X=XV
sup Ee™ 7t HIXVE-XVORP T < oo, A > 1.
Ve P (RY)

Therefore, (c¢) holds.

4.2 Proof of Theorem 2.2

As explained in the beginning of Subsection 4.1 that we only need to verify (a) and (b) in the
last subsection for the present model. Comparing with the finite-dimensional case, the main
difficulty is that bounded sets are no longer compact. To construct compact sets, let {e;}i>1
be the eigenbasis of A; i.e. it is an orthonromal basis of H such that Ae; = —\;e;,7 > 1. For
any N > 0, the set

[e.9]

K :=By,(N) = {ac eH: |z = Z(m,eﬁ%\] < N2}

i=1

is a compact set in H.
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Proof of (a). Simply denote X (t) = X%(t) and 75 = 7% := inf{t > 0 : X*(t) € K}. By
(Hy) and (2.8), we may apply It6’s formula to

o0

Y1) = (A TIX(@), X (1) = D (X(8), e N7,
i=1
such that for some constants dy,dy > 0 and |||/, So0, A7 'A] < 1
(4.12) dy(X () < (dy — do| X (t)[2)dt + dM (2),

where M (t) := 23°°° XV 7H(X (1), e;) (o (a)dW (t), ;) for an orthonormal basis {e; };>; of H. Let

211

N > Ny := (2dy/ds)?, and consider 7y for K = Boy(N). Then

(4.13) di — o X (1) < —dy| X(1)]2, ¢ < 7x.

v

Since o is bounded, by (H2) there exists a constant ¢ > 0 such that
t —
t) < c/ | X (s)[?ds, t>0.
0

So, letting 7, := inf{t > 0: | X(¢)| > n}, we deduce form (4.12) and (4.13) that

D=

Eelo Iy TE sdy | X (s)|2ds < &SV <E6262(M)(tATnATK))
< @) (B2 Jo T X ()2 ds) <00, n>1.
Taking § < (2¢)~! leads to

]Ee6d1N2(t/\Tn/\TK) < Eef(;ﬁ/\‘rn/\rK 6d1|X(s)|?yds < e26¢($)7 > O,n > 1.

Letting t,n — oo we derive
E66N2d1TK < emw(a:)7 r e H.

Combining this with the Markov property, we obtain

Ee 5N2d17 < Ee 259 (X (s))

Y

and it is easy to see from (4.12) that the upper bound is locally bounded in x when § is small
enough. Therefore, condition (a) is satisfied, since N > Ny is arbitrary.

Proof of (b). By (H3) and It6’s formula, we have

dIX7(t) — X)) <{ =2\ — an)[ X7 (t) — X° (V)] + 20oWo (Pv, i)? }dt
+2(XY(t) = X°(t), {o(P/v) — o) }W (1)).

The remainder of the proof is completely similar to that of (b) in the last subsection.
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4.3 Proof of Theorem 2.3
Let 6 € [0, \] such that x, = 0 — (a; + ag)eP?™.

4.3.1 Proof of Theorem 2.3(1)
For any 14,15 € Z2,(€), take X' € LP(2 — €, %, P) such that ngi =v;,1=1,2, and
(4.14) E[IIX5" — Xg?|I%] = W (v, 1)
Since o is constant, we have

(X" (1) — X2 (1) = {AX"(t) — X™2(1)) + b(X{, Plvr) — b(X[2, Piwe) bdt, t>0.
By (Hj) and noting that 6 € [0, \], we obtain

d{|1X"(t) — X (t)[rer?”}
= pe'[ X (t) = X7 (1) 2{(X () — X2 (8), (0 + A) (X" () — X™(1)))

+ (X (1) = X*2(1),b(X]", Pin) — b(X[?, Pivy)) ft
< p| X () — X () P e an || XP — X{H oo + oW, (P, Prn) bdt, ¢ > 0.

Letting ¥(t) = || X" — X?||P. "%, we derive

P(t) <0 sup | XV(s) — X2(s)[Pet?
s€[(t—ro),t]

(4.15) t =
< 0| X5 — Xp2||E, + pet® / {ont(s) + aae® W, (Plvy, Plu)i(s)'7 }ds.
0

Combining this with (4.14) and
W (P, Piv)” <E|[X = X2[%, ¢ >0,

we arrive at

B[ (t)] < eP oW, (v1, v2)P + pet?™ (ay + ay) /tE[w(s)}ds, t>0.

0
By Theorem 3.1 we have E[)(t)] < co,t > 0. Then Gronwall’s lemma yields
E[(t)] < {W, (v, vp) Jrepfrotplartane?®ot -y >

Therefore,

W, (P vy, Pva)" < e E[p(t)] < {Wpy(vy, va) }Per 07" ¢ > 0.

When £, > 0, it is standard that (2.12) implies the existence and uniqueness of P/-invariant
probability measure p such that (2.13) holds, see, for instance, [18, Proof of Theorem 3.1(2)].
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4.3.2 Proof of Theorem 2.3(2)

Let x, > 0. To prove the LDP, let P, be the Markov semigroup for the stationary equation
(2.11) and consider the LDP for L”. Since A > 0 implies SUD,(,),) (" — @1€""®) > 0 and noting
that (H3) implies

[6(&; 1) — b0, )| < aall€ = 7lloo,

by [1, Theorem 1.2] and x; > K, > 0, the Markov semigroup P is hypercontractive. Thus,
by the semigroup property and the interpolation theorem, for any ¢ > 1 there exists t, > 0
such that P, is uniformly integrable in L?(u). Moreover, according to [16, Theorem 4.2.4],
assumption (Hj) implies that for any ¢t > rg, there exists a constant ¢ > 0 such that the
following Harnack inequality holds:

(4.16) (Pof(m)* < (Bof2E))eIEE e, f e By(7).

Obviously, fi is also P-invariant, then for any B € %(%) such that ji(B) > 0, we have

i(P,1p) = pu(B) > 0, so that there exits n € € such that P, 15(n) > 0. Then (4.16) implies
Piy15(€) > 0 for all £ € €, so that i(14P;,15) > 0 for i(A), i(B) > 0, i.e. P, is ji-irreducible.
Therefore, by Theorem 3.3,

(4.17) LY € LDP(J) uniformly in v = hji € P(€) with ||k < R, R>0.
Combining this with Theorem 4.1, it remains to show that for any ¢, R > 0,

(1) {L{}vesn € LDP(J);

(II) For any d > 0,

1 1 [t _
lim — sup log}P’( /{1/\||X8”—X8”||oo}ds>5> = —00.

t—o00 VES. R

For (I). Observing that for any £, 7 € € we have
d(XE(1) — X7(t)) = {A(XE(t) — X7(1) + b(XF, ) — b(X[, o) bt
by the same reason leading to (4.15) we obatin
IXF — X7 [2em < eroll¢ — |2, + arpe?” || XE — X7|[Be?ds, ¢ > 0.
Noting that k, < 6 — a;eP’ by Gronwall’s inequality we get

HX’E Xﬁ”p ep@ro p{0— a1ep9T0}tHf 77Hp €p9r0 pﬁp}t”f 77Hp

Combining this with (4.16) and using the semigroup property of P,, we find a constant t; > t,
such that

(P f(m)” < (P f2E))EIR2 ¢ e, f e B,(F).
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This implies that the invariant probability measure g has full support on %', so that there exists
a constant ¢ > 0 such that
1

sup (P, f(€)* < e < el ¢ eg.
Al f12)<1 h f%efin 77||oo/21u(d77)

Therefore, P,, has a density p;, (£,7) with respect to ji satisfying

/pm(f,n)gu(dn) <cefléle ¢ ecw.
€

Consequently, for any v € . g, 14, := ZL%y has density
1

h@%ZéﬁdémW%)

with respect to i1 which satisfies
AH) < [ pu(€nran) < ) < e
ExC

Combining this with (4.17) and noting that the Markov property of X, implies that the law of

L7 coincides with that of
5 1 t+t1
L;’ = _/ 6Xuds7
tJy s

we prove
(118) {Efhves.n € LDPI).
On the other hand, for the distance p in (4.3) we have
- = 2t
(L L) < = t>0.

So, by Lemma 3.5 and (4.18) we prove (I).

For (II). By (Hj3) and (2.13), there exist constants ¢ > 0 such that for 6 € [0, \],
X} = XY [loce™ <™ sup  [XY(s) — X"(s)|e”

s€[(t—ro)T,t]

t
< [ XY~ X+ aa¥ (P ) s
0

t
<c+ alee’”"/ eeSHXS” — X|lods, t>0,v€ Sp.
0

By Gronwall’s inequality we obtain

sup || X} — X/ || < cexp [{aze?® — 0}t] < ce™™', t>0.

VE'/&R

This proves assertion (II).
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4.4 Proof of Theorem 2.4
By (2.16), we take 6 € (0, A1] such that

(4.19) Pe 0 — Ky — /|| B|| > K.
For any a > 0, let

pal6r &) = alll” = & e + 167 ~ &7, &1.62€ €.
We take Xo, Yy € L2(Q2 — €, %, P) such that Ly, = 11, %y, = 12 and
(4.20) W.a(v1, 12)P = Epa(Xo, Yo)?.

Let X(t) and Y(t) solves (2.14) with initial values X, and Y; respectively. Then (H})
implies A; — 0 < —)\; <6, so that

(XO() = YO (1)] < e {X M (0) = YO (0)}

b [ e a0 s) - Y5 + BX(s) - V() ds

< e "X W(0) — YW (0)] + / e HSIX WV (s) = YO (s)| + || B - [XP(s) = YO(s)| }ds.
0

Equivalently,
XM (1) =Y ()] < |XM(0) — Y (0)]
t
+/ 605{5|X(1)(8) — Y(l)(s)| +||B|| - |X(2)(s) — Y(2)(s)|}ds.
0
Similarly, it follows from Ay < —)\; < —0 and (H?) that
XA () — Y ()] < |XP(0) — YO (0)]

t
+ / e K| X = YV o + Ko | X® — YD + KW, o(Plv, Pivy) bds.
0

Combining these with o/ > o and that X' := {6 + K> + /(K> — §)? + 4| B|| satisfies
o+ Ky =Ndo, o||B||+ K=\ >0,
we derive

" par(Xp, Ye) <™ sup {a/[ XD (s) = YO (s)] + [XP(s) = YO ()] e

SE[t—ro,t]
t

< (X o)+ [ (B4 KD = YO
0

+ (O/”BH + K2)||Xs(2) - }/:9(2)”00 + K?»Wp,a(Ps*Vb Ps*VQ)}dS
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t
= 0o (Xo, V) + €770 / o"*{ N par(Xs, Vo) + K3E[pa( X, Ya)] }ds.

0

By Gronwall’s lemma, for x := § — Me?™ > 0 we have
t
par(Xe, i) < 707 por (X, Yo) + "0 Ky / e IE[pa(X,, Y;))ds.
0

Therefore, for any € > 0 there exists a constant C'(¢) > 0 such that

K%efror(1 + ¢)
KkP—1

par (X1, Yi)P < C(€) par (X0, Yo)Pe " +

¢
/ e IR pa (X, Vs )P]ds.
0

Combining this with p, > p, and E[p. (Xy, Y;)P] < oo due to Theorem 3.1, we deduce from
this and Gronwall’s lemma that

WP@(Pt*VlJ Pt*y2)p < E[pa’ (Xt7 Y;f)p]
< a?C(e)

(o)

W o (1, 10)P exp [ - (’<G —(1+ 5)K§eerop“17p)ﬂ'

It is easy to see that (4.19) implies k > K%e?Pk!=P 5o that by taking small enough ¢ > 0 we
prove

W, (P, Pivy) < cie” @ ¢ > 0,v1,15 € P(F)

for some constants c¢1,co > 0. Consequently, P’ has a unique invariant probability measure z
such that (2.17) holds.

Similarly, by (Hy) and (2.17), we find a constant C' > 0 such that for any X} = X} €
LP(Q) — €, %, P),

/ |1X7 — X/ |2 dt < C, v E Igy,
0

Moreover, it is easy to see that (2.16) implies the condition in [1, Theorem 1.3] for the reference
equation with ji replacing the distribution of solution, so that P, is hypecontractive (hence
uniformly integrable in LP(i) for any p > 1) for large t > 0, and the Harnack in [1, Lemma
4.1] implies (4.16). Then the desired LDP can be proved in the same way as in the proof of
Theorem 2.3.
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