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Abstract

In this paper we prove a discretized version of Krylov’s estimate for discretized
Itd6 processes. As applications, we study the weak and strong convergences for
Euler’s approximation of mean-field SDEs with measurable discontinuous and linear
growth coefficients. Moreover, we also show the propagation of chaos for Euler’s
approximation of mean-field SDEs.
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1 Introduction

1.1 Discretized Krylov’s estimate

Let (Q,#,P;(#,)i>0) be a complete filtration probability space and (W,);>0 a d-
dimensional standard .%;-Brownian motion. Let £; be a d-dimensional It6 process with
the following form

t t
5t:£o+/ bsds+/ oIV, (1.1)
0 0

where & € Z, bs(w) : Ry x @ — R? and o4(w) : Ry x @ - R? ® R? are bounded
measurable .%;-adapted processes with bound xy. Suppose that for some x; > 0,

det(os(w)os(w)) = K1, ¥(s,w) € Ry x Q,

where the asterisk stands for the transpose of a matrix. It is well known that for any
T > 0and p > d+ 1, there exists a constant C > 0 depending only on kg, k1, p and d such

*Supported by NNSFC grant of China (No. 11731009) and the DFG through the CRC 1283 “Taming
uncertainty and profiting from randomness and low regularity in analysis, stochastics and their applications”.
TSchool of Mathematics and Statistics, Wuhan University, Wuhan, Hubei 430072, P.R. China.
E-mail: XichengZhang@gmail.com


http://www.imstat.org/ejp/
https://doi.org/10.1214/19-EJP390
mailto:XichengZhang@gmail.com

A discretized version of Krylov’s estimate and its applications
that for all f € L?([0,T] x R%),

T
E (/0 f(57£s)d5> < Ol fllze 0,11 xR (1.2)

and for time-independent f € L?(R?) with p > d,

T
E (/ f(ﬁs)da?) < Ol fllzemay- (1.3)
0

Such estimates were proven by Krylov in [8], which plays a basic role in the study of
SDEs with measurable coefficients (see also [19] for some extensions).

In this paper we are interesting in showing a discretized version of (1.2). More
precisely, for fixed N € IN, we introduce the following discretized It6 process: for k& € IN,

k—1 k—1
=6+ D /N +Y 05 (Wisnyn = Win)
= prd (1.4)

=& 1 +be—1/N +op1 - Wiy — Wi—1y/n )

where ¢}’ € %, and for each j € Ny := NU {0}, b; € R? and 0; € R? ® R? are .7 n-
measurable random variables. We aim to establish a discretized version of Krylov’s
estimate for ¢ in the following theorem.

Theorem 1.1. Suppose that for some kg, k1 > 0 and any j € Ny,

1551, llo; |l < ko, det(ajaj) > K1, a.s.

Then for any p > d+1, there is a constant C' = C(p, d, ko, k1) > 0 such that forany N € N
and f, € LP(R%), k=1,--- ,N,

1 & 1 & e
N ZEfk(fl]cv) <C (N Z ||fk||12p(]gd)> . (1.5)
h=1 h=1

Moreover, for any p > d, we have

1 N
~ 2 EIE) < CllfllLoaay. (1.6)
k=1

The motivation of studying the above discretized version of Krylov’s estimate comes
from the study of Euler’s scheme for SDEs with measurable discontinuous coefficients.
Let us consider the following general SDE in R¢:

dXt = bt(Xt)dt + O't(Xt)th, XO =, (17)

where b : Ry x R? — R? is a Borel measurable function and o : Ry x R? — R¢ @ R
is a nondegenerate matrix-valued Borel measurable function and continuous in z. If b
and o are of linear growth in z uniformly in ¢, it is well known that SDE (1.7) admits a
unique weak solution X; (cf. [16]). Moreover, if in addition ¢ is Lipschitz continuous in x
uniformly in ¢, then SDE (1.7) admits a unique strong solution (cf. [18]). For h € (0, 1),
consider the following Euler approximation of SDE (1.7):

dX] = by, (X[)dt + oy, (X])dW,, X ==, (1.8)
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where tj, := [t/h]h, which can be solved recursively as follows:
Xt = X, 4 b (X5 (8 = tn) + 00, (X5 ) (W = W), (1.9)
or equivalently, for k =0,1,2,--- and ¢ € [kh, (k + 1)h),

X{ = X}l + ben (X ) (t = kR) + arn (X3, ) (Wi = Wip). (1.10)
One would ask whether it holds
limE | sup |X] - X:|* | =0, (1.11)
h—0 t€[0,T)

where the key point of proving the above limit is to show an estimate like (1.5). Notice
that if we take h = 1/N, then g{j = X;;ﬁ just takes the same form as in (1.4). In fact,
when ¢ is Holder continuous, that is, for some « € (0,1) and ¢ > 0,

low(z) = oe ()l < clz —y[*,

Gyongy and Krylov [4, Theorem 4.2] proved that X/ allows a density p} (y) with

1/q ¢ J
(/ Ip?(y)lqdy> <o en 1y, p=—91_ 52
R g—1 «

where C = C(d, p, ko, k1) > 0, see also [9] for two-sides estimates of p} (). From this, it
is easy to derive that for any p > d/«,

T
E / FXE )AL < O\l oy
0

The above discretized Krylov estimate plays a key role in [4] for showing (1.11) when
b is only bounded measurable. However, by (1.6), the above estimate holds for any
p > d without any continuity assumption on ¢. In other words, using (1.6) we can drop
the continuity assumption on ¢ in Theorem 2.8 of [4]. It should be noticed that in the
remarkable paper [4], under very broad assumptions, Gyongy and Krylov used Euler’s
polygonal approximation to construct the strong solution for SDE (1.7). We mention
that if b satisfies some monotonicity condition and ¢ is Lipschitz continuous, Gyongy
[3] showed the rate of almost surely convergence for Euler’s scheme. Up to now, there
are many works devoted to the study of Euler’s approximation for SDEs with irregular
coefficients under various assumptions, for examples, see [5, 10, 13, 1] and references
therein.

1.2 Euler’s scheme for DDSDEs

Another goal of this paper is to use Theorem 1.1 to derive the same results as in [4]
for mean-field (also called McKean-Vlasov or distribution-dependent in literature) SDEs
with measurable discontinuous coefficients b and o. For 3 > 0, let Ps(R?) be the space
of all probability measures on R? with finite 3-order moment, which is endowed with the
weak convergence topology. Let 8 > 1. Consider the following distribution-dependent
SDE (abbreviated as DDSDE):

dX; = be( Xy, px,)dt + o1 ( Xy, px,)dW;, Law of Xy = v € Ps(R?), (1.12)
where px, stands for the law of random variable X; and
b:R, x R x Ps(RY) — RY, o : Ry x RY x Pg(RY) — RY @ R?

are Borel measurable functions. Below we make the following assumptions:
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(Hp) Foreachuz, u, t — b,(z, 1) and o,(z, p) are continuous, and for each ¢, z, pu — by(x, )
and o(z, ) are weakly continuous. Moreover, for some § > 1, there is a constant
co > 0 such that for all ¢ > 0, € R? and p € Ps(R9),

(b (s )] + llow (e, )| < co(L+ || + u(] - |))/P),
and the following nondegenerate condition holds: there is a constant ¢; > 0 such

that for all ¢ > 0,z € R? and u € Ps(RY),

det(co™)(t,x, 1) = c1. (1.13)

(H);) Let b and & be two Borel measurable functions on R, x R? x R? with values in R?
and R? ® R?, respectively. Assume that for each z,y € R%, t +— by(z,y),5¢(, y) are
continuous, and for some ¢g >0andallt >0, z,y € R4,

[be (@, )] + [15e (2, )| < co(L + || + [y])-

Moreover, for any u € Ps(R?), define

) = [ B, o= [ o).

and we also assume the nondegenerate condition (1.13) holds.

The difference between (Hg) and (H%) lies in that in the later case,

M= bt(l’,ﬂ)aat(%ﬂ)

may be not continuous with respect to the weak convergence. Notice that we do not
make any continuity assumptions on b,5 in z,y. We now consider the following Euler
approximation of DDSDE (1.12):

X} = by, (X3, pxp, )dE + 00, (X7, pxep JAW,, Law of X = . (1.14)

The following theorem extends [4, Theorem 2.8] to DDSDEs.
Theorem 1.2. Let 3 > 2, v € Ps(R?) and one of (Hz) and (H};) holds.

(i) Suppose that weak uniqueness holds for DDSDE (1.12). Then there is a unique
weak solution X to DDSDE (1.12) with initial law IP oXO_1 = v so that X" converges
to X in distribution. Moreover, for any bounded measurable f,

Jim I (/0 f(X[;y)dt) =E (/0 f(Xt)dt> . (1.15)

(ii) Suppose that pathwise uniqueness holds for DDSDE (1.12). Then there is a unique
strong solution X to DDSDE (1.12) with initial law IP o XO_1 = v so that

lim B | sup |[X! - X,*] =0. (1.16)
h—0 te[0,T)

About the weak and strong uniqueness of DDSDE (1.12), by Girsanov’s theorem,
Li and Min [11] obtained the existence and uniqueness of weak solutions when b is
bounded measurable and ¢ is nondegenerate and Lipschitz continuous. While under
(Hpg) or (H;g), when ¢ does not depend on i and is Lipschitz continuous in = and b is
Lipschitz continuous with respect to u in case (Hg), Mishura and Veretennikov [12]
showed the strong uniqueness. In a recent work of the present author with Rockner [14],
we established the well-posedness of DDSDEs (1.12) with singular drifts (see also [6]).
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1.3 Propagation of chaos for Euler’s scheme

Below we fix h € (0,1) and let {{;,j € IN} be a sequence of i.i.d. random variables
in R? with common distribution v, and {WJ j € N} a sequence of independent d-
dimensional standard Brownian motions. For numerical reason, we also consider the
following interacting particle approximation for Euler’s scheme: for fixed N € N, we
define for j =1,--- , N,

AXP = by, (X )t + o, (X0, i )aW, X =g )

where ¥ is the empirical measure of {X,fv’j,j =1,---,N} defined by

1 N
N ._ E
/’Lt = N 6XtNYi7
=1

where §, stands for the Dirac measure concentrated at point z. In the following, for
simplicity we only consider the case (H}a), and in this case we have

N

: 1 - . i

b (X307, 0) = 23 (X0, X0
=1

and
N

O—thr(Xt]Z’J7/’LtNh) :Nzﬁth(Xg’j,Xg7).
i=1

For j € IN, let X/ be the unique solution of the following Euler scheme:
AX! = b, (Xg’h,uxj )dt+ath (Xg’h,uxj )dwg', Xi=¢. (1.18)
th th
Clearly, {X7,j € N} is a family of i.i.d. stochastic processes with common distribution as
X",
Theorem 1.3. Let 3 > 2 amd v € Ps(R?). Suppose that (H}g) holds and the initial law v
has a density ¢ € L. _(R?) for some q > 1. Then it holds that for any T > 0,

loc

lim sup E| sup [XV7 —X/]?)=0. (1.19)
N=ooj=1,...N  \te[0.1]

For fixed h € (0,1) and N € IN, we use &), and #y to denote the operators of Euler’s
scheme and the interacting particle approximation to DDSDE (1.12), respectively:

En: X = XM Py X (X)L

) )

N -
From the construction, it is easy to see that
EnPN = PNEp.

Under (H%), suppose that the pathwise uniqueness holds for DDSDE (1.12). Then by
Theorems 1.2 and 1.3, we have

lim lim Bl ZnéX — X3 0.7y = 0-

h—0 N—o0

Here an open question is to show that

N—o00 h—0
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and
Jim B2y éyn X = X[Eo,m) = 0-

Obviously, the obstacle is to show the following propagation of chaos under (H;;):
lim E|2yX — X2 =0. 1.21
A (B2 1E0,17) (1.21)

When b and o are Lipschitz continuous in z and pu, the above propagation of chaos (1.21)
was proven by Sznitman [17]. Recently, Bao and Huang [2] proved (1.20) by Zvonkin’s
transformation when b and ¢ are Holder continuous in = and Lipschitz continuous in u
with respect to the Wasserstein distance. However, under (H’ﬁ), proving (1.21) seems to
be a challenge problem.

1.4 Plan and notations

This paper is organized as follows: In Section 2, we prove Theorem 1.1. In Section 3,
we prove Theorem 1.2. In Section 4, we prove Theorem 1.3. Throughout this paper we
use the following conventions:

 For a matrix o, we use ||o|| to denote the Hilbert-Schmidt norm of o.

» For R > 0, we use By to denote the ball in R? with radius R and center 0.

* We use A < B (resp. =) to denote A < CB (resp. C~1B < A < CB) for some
unimportant constant C' > 1, whose dependence on the parameters can be traced
from the context.

2 Proof of Theorem 1.1

To prove (1.5), we shall use the classical Krylov estimate (1.2). For this we need to
embed &/ into a continuous Itd process. For k € Ny and t € [k/N, (k + 1)/N), we define

lNJiV = by, 5tN = oy
and
XN =&Y +0) - (t—k/N)+6Y - (W — Wyn).
In this way, it is easy to see that X,i\;N = ¢ and

t ot
XN :géVJr/ bfds+/ gNaw,, t>0.
0 0
Similarly, let (fi)rew be a family of nonnegative measurable functions in R¢. If we define
fn(tz) = Zfk+1(1')1te[k/N,(k+1)/N)a t>0,2€RY,
k=0

then we can write N
1 N bz N
i ,élEfk(gk )= /0 EfN(t,th)dt,

where t} := ([tN] 4 1)/N. Moreover, by (1.2) we have for any p > d + 1 and y € R,

1/p
1 _ - 1 N
| (A x +y>)dt<cfNuLp([o#uXM=0<N2|fk||g .@
0 k=1

EJP 24 (2019), paper 131. http://www.imstat.org/ejp/
Page 6/17


https://doi.org/10.1214/19-EJP390
http://www.imstat.org/ejp/

A discretized version of Krylov’s estimate and its applications

At~this moment, we can rlot immediately conclude (1.5) because we need to treat
Efy (t, X)) rather than Efy (¢, X}V). Notice that for ¢ € [(k —1)/N,k/N),
+
& = X b 4 + o1 - (Wiyn — W),

where
o =k/N —t.
Since Wy,/n — W, is independent with XN and bj,_1, 01, by the change of variable we

have

k/N
CEBAEY) = / O bt (Wi = W)

k/N
/ / Efi (XtN + b_10F + kaly)@ef (y)dydt
—1)/NJR4

k/N
= [ B[RO e lort (v - boath)] detor et
( /N JR4

k—1)
2
where ¢, (y) = (2rt)~% 2% is the distributional density of Brownian motion W;.
Noting that

|deto; ', | = 1/|det 01| < 1/\/k1,

and

ot (= b D) = coly — b1 b7 > = 2 (Jy? — 2|be—1|* |6/ %),
we have for A = \/co/2 and t € [(k — 1)/N, k/N),

ot (o4 (y - bk_w’:» < el 20 (M) < 08/ M) ) (Ay).

Hence, for v = ;25 + and ¢ = 15, by Holder’s inequality we further have

1

k/N
%mek(gk / (Z/ Efk (xy er)cpgk(/\y)dt) dy
1

N

</}Rd<z

k=1

v 5 1/N 3
:/}Rd (E/O fN(t,XtJV-i-y)’Ydt) <N/O <Pt()\y)|’1dt> dy.

By Krylov’s estimate (2.1), we obtain

1
q

k/N k/N
/ Efr (XY +y) dt) (Z/ | Ay)lth> dy

(k—1)/N

N 1/N 7

1 ~

5 2 BAE) S Il o | (N / |¢t<xy>|th> Q@2
k=1 0

Note that by the change of variable and the scaling property of ¢ (y),

/}Rd (N/Ol/N sﬁt(Ay)th> % dy = /Rd (/01 @t/N(Ay)thydy
v [ ([ aowmra) s [ ([ awra) a
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The desired estimate (1.5) now follows by (2.2) and showing that the last integral is
finite. In fact, by the change of variable, for some ¢ = ¢(d, q) > 0,

1 i o0 i
/ (/ sot(y)th) dy:c/ lyl 5 / t7 " 2tdt | dy
R \JO R4 ly|2
oo % ) %
5/ lyl (/ tdzqzetdt) dy+/ lyl a4 / 192 tdt | dy < oo.
B 0 Bf lyl2

As for (1.6) it follows by using (1.3) in the above proof.

Remark 2.1. When b; and o; are nonrandom, the estimate (1.5) is trivial because f}g’,
k =1,---,N are Gaussian random variables. However, in the general case, we only
know that §,J€V is a nondegenerate semimartingale with respect to .7/ y. Here it is quite
interesting to give a purely probabilistic proof for Theorem 1.1. It should be noticed that
(1.2) can be derived from (1.5) by discretized approximation.

3 Proof of Theorem 1.2

The following lemma is standard by Burkholder and Gronwall’s inequalities.

Lemma 3.1. Let 5 > 2. Under (Hp) or (H’B), for any T' > 0, there is a constant C' > 0
such that for all h € (0,1),

E ( sup |Xthﬁ> <O+ E[Xo)%), (3.1)
t€[0,T]
and for any s,t € [0,T],
E|X! — XM < C|s —t]P/2. (3.2)
Proof. Note that
h ' h ! h
X, :X0+/0 bs, (Xslh’“X-i’h,)ds—F/o ash(XSh,quh)dWS. (3.3)

For simplicity, we let | X}|, := SUP,eo,4 | X !|. By Burkholder’s inequality and the linear
growth of b and o, we have

t
EIXP S B + [ (1 BIXG 1+, (1) s
t
S ElXol” + / (1 + ]E|X£‘|f)ds,
0

which implies (3.1) by Gronwall’s inequality. As for (3.2), it follows by (3.3) and (3.1). O

Let Q;, be the law of (X", W.) in product space C x C, where C is the continuous
functions space. By (3.2), since 3 > 2, (Qx)ne(0,1) is tight. Therefore, by Prokhorov’s
theorem, there are a subsequence h,, - 0 as n — co and Q € P(C x C) so that

Q, = Qn,, — Q weakly.

Now, by Skorokhod'’s representation theorem, there are a probability space (Q, F , 113)
and random variables (X", W™) and (X, W) defined on it such that

(X", W) = (X, W), P—a.s. (3.4)
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and
Po(X" W' '=Q,=Po (X" W)™!, Po(X,W)'=Q. (3.5)
Define .Z)* := o(W!, X7; s < t). Notice that
P(W, — W, €-|.Z)=P(W, - W, €-)=PW-W" e |21 =P(W" - W e ).
In other words, Wt” is an jt"-Brownian motion. Thus, by (3.3) and (3.5) we have

t t
X=X [ b (R s+ [ o (R gy )aive, (3.6)
0 o 0 on

where s, := sp,, = [$/hn]hn.
To take the limits, we recall a result of Skorokhod [15, p.32].

Lemma 3.2. Let {f,(t),t > 0,n € N} be a sequence of measurable .%}'-adapted pro-
cesses. Suppose that

(i) For everyT,e > 0, there is an M. > 0 such that for all n,
1?{ sup | fn(£)] > Ms} <e.
te[0,T]

(ii) For eacht, f,(t) — f(t) in probability as n — oo, and for every T, e > 0,

lim lim sup  P(|fult) = fu(s)| > ) =0,

d=0n—00 1 41<5,5,t€[0,T]

or forevery T, e > 0,

lim IF’{ sup |fn(t) = f(¥)] >5} =0.

n—oo tE[O,T]

Then it holds that for every T > 0,

T T
/ Fu(t)dW "2 / f(t)dW,, in probability.
0 0

Using the above lemma we can show the following limits by the discretized Krylov
estimate.

Lemma 3.3. Under (Hpg) or (H’ﬁ), for each t > 0, the following limits hold

t N t 5
bs, | X2 s pn Jds — / b(s, Xs,us )ds, (3.7)
b (Reomss Y as = [0 (5 %oons)
t 5 N t _ 5
/ oy (X;;,u;(n )dwg %/ o (s,Xs,u;( )dWs (3.8)
0 n 0 °
in probability as n — 0,

Proof. We only prove (3.8) in case (H%). The others are similar and easier. Below for
simplicity we shall drop the tilde. In case (H}), define

(@) = ) < 0cey). oilen) = [ sileputay)
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where (o:)-¢(0,1) is a family of mollifiers in R? x R? with support in B, x B.. For fixed
€ € (0,1), since 7. is continuous and linear growth in x,y, by (3.4) and Lemma 3.2 (see
also [4, Lemma 3.1]), it is easy to see that for fixed ¢ € (0,1),

t t
[ on (noms ) aws = [ ot (oo @,
0 0
in probability as n — oo. Indeed, it suffices to prove the following two limits:
t t
/ Ugn (Xgna ,U/an> dWsn — / Ug (X;LHU’X;") dWsna (39)
0 0
t t
/ o (X;L,;LX;L) dWr — / o5 (Xs, px,) dWy (3.10)
0 0

in probability as n — co. Limit (3.9) follows by (3.2) and the continuity of ¢t — o§(z,y),
and limit (3.10) follows by (3.4) and Lemma 3.2. Therefore, it remains to prove that

t t
/ ot (X2, ) aw = / 0o (X2 pxy, ) AW (3.11)
o n 0 on
in probability uniformly in n as ¢ — 0, and

¢ ¢
/ ot (Xs,px,)dW, — / os (Xs, tx,) AWy in probability as € — 0. (3.12)
0 0

We only show (3.11). By It0’s isometric formula, we have

t
o (amss, ) = o, (X2, )| @
t 2
:/ E’G’in (X;’n,,uxgﬂ> — 05, (XSMMX&)H ds

t
< /O E|o; (XI,X!) -0, (X;?n,X;?n)Hst = J(1),

2
E

where X" is an independent copy of X". More precisely, (X", X") solves the following
equation (the Euler scheme):

{dth = btn (XtT:n/’LXZln)dt—"_Utn (Xt’;,uxtnn)th,

_ _ X ! (3.13)
AX{ = by, (X7, pgp At + 00, (X sy, ) AW,

where (W, X7) and (W, X}) are independent and have the same distributions. In order
to use the discretized Krylov estimate to show

lim sup J7(t) = 0, (3.14)

e—=0 o

we use a standard stopping time technique. For R > 0, we define a stopping time
o =inf{t > 0: |X}'| vV |X]| > R},
and make the following decomposition:

t
IO = [ B (Lo, (X2, X2 - 05, (0, X)) s
0

t
[ B(Laglon, (0, = 05, (00, X0 I)ds = Tk + T30
i |
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For Jg:i(t), by Holder’s inequality, (3.1) and Chebyshev’s inequality we have

— t _ —
T <Pt > 1) ( [ Bl xn) -, <X;,7X§;>||ﬁds)
0

3—

_ B-2 2
E(sup XrvIXpe)® & t _ 5
5( (snpectom PV I )> (/ (1+E|X:n|ﬁ+E|X;l|ﬁ>ds)
0

RB
< C/RP~% = 0 uniformly in n,e as R — . (3.15)
For Jg:i(t), we can not directly use the discretized Krylov estimate to conclude
lim sup Jw2(t) =0, Vt,R >0, (3.16)
e— n ’
because the Euler scheme (3.13) has unbounded coefficients. We need to cutoff the
coefficients. Let yg(z) be a nonnegative smooth cutoff function with xg(z) = 1 for
|z| < R and xgr(z) =0 for |x| > R+ 1. Define
bt () = be(z, pxp )xr(2), o (x) = or(zxr(@), pxp ).
Let (X™® X" R) solve the following equation in R?¢ (no coupling):

Axp R = o R (xR de + J?’R(X,ZfR)th, Xt =Xy,
dXP = o (XAt + o (X AW, Xt = X

where (W, X7') and (W, X}) are the same as in (3.13). From the construction, one sees
that

(X1, X0 = (xR X, < (3.17)

Moreover, it is easy to see that (X™ X™%) is a discretized R?%-valued Itd process with
coefficients satisfying the assumptions in Theorem 1.1 uniformly in n. Thus, for fixed
R > 0and any p > 2d + 1, by (3.17) and (1.5) we have

t
T2 = [ B(Lucrglon, (XD X0 - o, (X" X)) ds

0
t

< / B(1 gy s T (X X2R) — 52 (X2R, X120 |2 ds
hn

— n yn — n yn\(2

= [ B (g nllan (53 X5) = 7505 X317 s
t

[ B (1 sy el (X X0 = 5, (X0 X)) ds

t 1/p
St ([ 190, =75 N )

¢ 1/p
S by + (/ 0s(s+) —a5(, )HLZP(BRXBR)d >

1/p
(/ HO—S KN _an( )”Lzl’ BR+1><BR+1)ds>

=: hy + IF(t) + K1),
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where h,, | 0 as n — oo, and the constants contained in the above < may depend on R.
By the dominated convergence theorem and the continuity of ¢ — o;(x,y), we have

lim I2(t) =0, lim K%(t) =0,

E— 00 n—oQ

which in turn implies the limit (3.16), and so (3.14). Thus we complete the proof. O

Proof of (i) of Ti heoren3 1.~2. Using the above lemma and taking limits for both sides of
(3.6), one finds that (X, W) solves the following SDE:

XtXH/OtbS (Xs,uj(s)der/OtUs (Xoonz, ) aws. (3.18)

Since the weak uniqueness holds for DDSDE (1.12), any weak solutions have the same
distribution. Hence, the whole Euler approximation X" weakly converges to the unique
weak solution X in distribution. As for (1.15), it follows by Krylov’s estimate (1.5). O

In order to show (ii) of Theorem 1.2, we need the following important observation
due to [4, Lemma 1.1], which has the root of Yamada-Watanabe’s theorem.

Lemma 3.4. Let (Z)ne(0,1) be a family of random elements in a Polish space (E, p).
Then Z, converges in probability to an E-valued random element as h — 0 if and
only if for every pair of subsequences (Zy,,,Zs, )nen, there exists a subsubsequence
(Zh,ay» Zt, ) ) een that converges in distribution to a random element in E x E, which
supports on the diagonal {(z,y) € E x E : z = y}.

Proof. We use a contradiction method. Suppose that Z; does not converge in probability.
Then there is an € > 0 such that for any § > 0, there are hs and /5 less than § such that

P{p(Zn;. Zes) > €} > e.
Thus we can choose two subsequences Z;,, and Z,, such that

i = €. .
érellfl‘VIP{p(Zh'“ZZ”) >ep>e (3.19)

By the assumption, there is a subsubsequence (Zhn<k>7 Zy . Jken such that

n(k)

lim E (p(Z),

k—o0

n(k)) an(k)) A 1) =0.

Clearly, this is contradict with (3.19). By the completeness of (E, p), we complete the
proof. O

Now we are in a position to give

Proof of (ii) of Theorem 1.2. Let X" and X‘* be two subsequences of X". Clearly, by
Lemma 3.1, the law of (X"~ X% W),cn in C x € x C is tight. As above, by Skorokhod’s

embedding theorem, there exist subsequences n(lc),~ a probability space (Q, #,P), carry-
ing stochastic processes (X"~ , X® W*) and (X, X, W) such that

(;sz<k>7;w<k>,v~vk) h2po (XXW) P—as.
and for each k € NN,

. ~ N ~ -1 —
Po (th(k,) , X k) , Wk> —Po (th(k) , X (k) , W) ! .
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As in showing (3.18), one sees that (X, W) and (X, W) are two solutions of DDSDE (1.12)
defined on the same probability space with the same initial values Xy = Xg. The latter
point is due to
P(Xy = Xo) > Jim P (X" = X7™) = 1im P (X" = X3"*) =1
= k—oc0 0 0 k—oc0 0 0 ’
By the pathwise uniqueness, we obtain X = X. Thus by Lemma 3.4, we conclude that
X" converges in probability to a random elelment X in C as 4 | 0. Using Lemma 3.3,

one sees that X is a solution of DDSDE (1.12). Moreover, the convergence (1.16) follows
by (3.1) and the dominated convergence theorem. O

4 Propagation of chaos: Proof of Theorem 1.3

In this section we use induction to prove Theorem 1.3. First of all, we prepare several
lemmas. The following lemma is the same as in Lemma 3.1. We omit the details.

Lemma 4.1. Let § > 2. Under (H’B), for any T > 0, there is a constant C' > 0 such that
foral NeNandj=1,---,N,

E( sup |X§W|B> < C(1+Elg9). (4.1)
te[0,T]

Lemma 4.2. Let § > 2. Under (HZB), for any T > 0, there is a constant C' > 0 such that
foral NeNandj=1,---,N,

< C/N. (4.2)

Proof. Notice that

For simplicity, if we define

be(2,y) = be(@, px1) — be(2,y),

then the left hand side of (4.2) denoted by .# can be written as

For i # j # k, since X/, X/, X¥ are independent, we have
E(b(X], X7), bi(X], XF)) = 0.

Therefore, by Lemma 4.1 and the linear growth of b, we get
2 o N | |
I S ﬁ ZE‘bt(XtJ,XZ)F < ﬁ Z (1 =+ E‘Xﬂz + EIXZIQ) < C/N
i=1 i=1

The proof is complete. O

Lemma 4.3. Letm € N and f : Ry x RY x RY — R™ be a locally bounded measurable
function with
[fe(z,y)| < (1 + |z + [y]).
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Let f¢(x,y) := f:(-) * 0-(x,y) be the mollifying approximation. Define
sz]{,’s(t) = sup E/ | fs, — Xﬁ”,ui\;)ds, (4.3)
)= s B / o = 5, P gy )ds. (a.0)

Let3>2andv € Pg(IRd). Suppose that (H’ﬁ) holds and the initial law v has a density
¢ € L (R?) for some q > 1. Then we have

loc

lim lim ,QKNE()—O lim lim %Na():O.

e—=+0 N—oo e—=+0 N—oo

Proof. We only prove the first limit. For simplicity, we write

Fy (2,y) = |felz,y) = f£ (@,y)]?

Without loss of generality we assume ¢ > h. Notice that

t t
e j /v N,j . , 1 2
E/ FE (XN, 0N Vds = hEF (X ”,uév)+E/h Fe (XN, yds = 10 + 18,

For Iz(\})g by the assumption we have

1) 7
I](VE_ ZEFO (X0, X0 =
=1
h(N —1)
N R2d

§ [, Fiwapo(aar

F (2, y)$(2)d(y)dady =: 1GD + 12,

For IJ(\},?, we clearly have

N—oco ¢ N—oc0

lim supI](v < lim %/ (1 + |z*)¢p(x)dz = 0.
R4

For 1(12) if we define B := {(r,y) € R x R? : |z| < R, |y| < R} for R > 0, then by
Holder s inequality and ¢ € LZOC(]Rd),

c

1% < /B Fi (2.9)0(0)o(u)dady + [ Fi(e.)ola)o(u)dsdy

a

< () imsteaany) ( ittt

< £ = ! q !
S </BR |FG (z,9)] dxdy) </|I|<R|¢(l’)| dx)
1 / B 1,8
g [, (0 el )o()o(w)dedy,

where the constant C contained in < is independent of N, R,e. By the dominated
convergence theorem and first letting € — 0 and then R — oo, we get

lim sup 1(12) =0.
N

e—0
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Next we treat I ](\?)5 and write
17 = / Fe (XN XN ds + — ZE/ F5 (XN XN ds = 1GY + 157,
For IJ(\?}E), by (4.1) we have

— 00

I ¢ N1 _
]\}lm supI \A}gnoo NIE/h (14 ]X;, 7 [7)ds = 0.

For Iﬁ?, using the discretized Krylov estimate and the same argument as in showing
(3.7), we also have (22)

li Iy =0.

lim sup v =0

Combining the above limits, we complete the proof. O

Now we can give

Proof of Theorem 1.3. By equations (1.17), (1.18) and Burkholder’s inequality we have
t

E<$mlﬁ”Xy>5E/

s€[0,t] 0

t

+E /

0
t

sE [

0

_ . 2
+EA Osy, (Xﬁd’/ish) - O—ih (ngu)f(gh)’ ds
+ ﬂ]l\)f,a(t) + ‘Q{N,e(t) + ‘Q{]g,a(t) + ‘Q{_ﬁ,zs(t%

where for f = band o, ff(z,y) := fi*0-(x,y) is the mollifying approximation, and .Q%](,’E(t)

and ,537]5’5(75) are defined by (4.3) and (4.4), respectively. Now let xr(z,y) be a smooth
function with

2
by, (X7 a2)) = by (X2, 1y, )| s

, _ 2
Osy, (XQ{J,/AQZ) —Osy, (Xgh’MX?;,L )’ ds

. _ . 2
b, (XNl ) = 05, (X1, gy )| ds

xr(z,y) =1, [z| V]y| < R, xr(z,y) =0, |z|V|y| >R+ 1.

For f = b or o, by definition, we make the following decomposition:
t

B J 1 CR2) = £ (R [ as
—E/ !N (00 X0 — g5 (%3, X)) [
N
<yLE /|f, (e X = g5, (32, X, )|
B
<yLE /\ERX;%J,XNf)—fsﬁ( X[ s

+—Z]E/ £ BI2(xD XN ds

/ |f9h - SEhR Q(Xgh th)d
1 N_ . . .
= <2 (i + b+ i)

i=1
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where
S y) = 5, (@, y)xr(2,y)-
Since f is linear growth, we have

e &, R

Sh Sh

(7,y) < C(Ljgsr + Ly >r) (L + |2| + [y]).

Thus, by Hoélder’s inequality and (4.1), we have

t
2] N,j |2 N, |2
Jlngg]E/O (1‘X.§Nh,j|>R+1‘X%iI>R) (1+ X912 4 | X N72)ds

t . . B2
S [ x> B+ PO > 1) T as
0

1

< C
N Ri—2

t B—2
N,j N,i
| @IxP EX) T s < g

where C'is independent of NV, 4, j. Similarly, we also have

C

i,
sup S5 < ek

ij

For .7}, since (z,y) — <R (z,y) is Lipschitz continuous, we have
) Nj _ %i (2 Ni _ i o2
jR,l < CE,RE/O (|Xshj - Xgh| + |‘Xsh,z - X;h )ds'

Combining the above calculations we obtain that for all ¢ € [0, 77,

t
sup B ( sup | X7 — X§|2> <C.r sup / E|XNJ — X7 |2ds
j=1,--,N s€[0,t] j=1,--,NJo

T OJRP2 4l (1) + Ty () + G (0) + TG (1) (4.5)

Here we can not use Gronwall’s inequality to derive the result. We shall use the induction
method to show (1.19). First of all, we clearly have

E|X)" — X{|> = 0.

Suppose that we have shown that for some k£ € INg,

lim sup E| sup |[XN - XI2|=0.
N=00j=1,-.N  \s€[0,kh]

Then for ¢t = (k + 1)h, by (4.5) we have

k
sup ]E(sup |X§V’J'_Xg2> < C.ph sup ZE|XnJX}3—X,j,m|2
j=1,--,N s€(0,t] j=1,,N

m=0

+ ORI 4 ol () + o () + o () + o (2).

Firstly letting N — oo and then R — oo and ¢ — 0, by Lemma 4.3 and the induction
hypothesis, we obtain (1.19) for ¢t = (k + 1)h. The proof is complete. O
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