HOLDER REGULARITY AND GRADIENT ESTIMATES FOR
SDES DRIVEN BY CYLINDRICAL o-STABLE PROCESSES
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ABSTRACT. We establish Holder regularity and gradient estimates for the tran-
sition semigroup of the solutions to the following SDE:
dX; = o(t, X¢)dZs + b(t, X¢)dt, Xo =z € R?,

where (Zt)¢>0 is a d-dimensional cylindrical a-stable process with o € (0,2),
o(t,z) : Ry x R4 — R4 ®@R? is bounded measurable, uniformly nondegenerate
and Lipschitz continuous in x uniformly in ¢, and b(t,z) : Ry x R4 — R4
is bounded B-Holder continuous in z uniformly in ¢ with 8 € [0,1] satisfy-
ing a + B > 1. Moreover, we also show the existence and regularity of the
distributional density of X (¢,z). Our proof is based on Littlewood-Paley’s
theory.

1. Introduction
Consider the following stochastic differential equation (SDE) in R%:
AdX, ¢ = o(t, Xg)AW; + b(t, Xg)dt, t>s with X, =z € R% (1.1)

where W is a d-dimensional standard Brownian motion, b(t,z) : Ry x R? — R is
a bounded measurable function, and o(¢,z) : Ry x R — R?®@R? is a d x d matrix-
valued measurable function. Suppose that o satisfies the following uniformly elliptic
condition: there is some ¢y > 1 so that

o €] < Jo(t,z)€| < colé|  for every t = 0 and z, ¢ € RY (H)

Under (H?) and lim,_y|oSup;>g |0 (¢, z) — o(t,y)| = 0, it is well known that for
each starting point (s,z) € Ry x R? SDE (1.1) admits a unique weak solution
Xst(z) (cf. [14]). If, in addition, o(t,z) is Holder continuous in z uniformly in ¢,
then (cf. [19]) for each p € CZ(RY),

Ps () == E[p(Xs,1(2))]

is C? in x, and uniquely solves the following backward Kolmogorov equation:
(85 + %Uik(s, a*(s,)0;0; + b (s, ')5i>Ps,t<P =0, s<t.

Here and below we use the usual Einstein convention: if an index appears twice in
a product, then it will be summed automatically.

A natural question is what kind regularity does P ;¢ have for solutions X ; to
SDEs driven by cylindrical stable processes, that is, for SDE (1.1) with Brow-
nian motion W replaced by a d-dimensional cylindrical a-stable process Z =
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(ZL, -, Z)=0? Here a € (0,2) and Z%,---,Z% are independent 1-dimensional
a-stable process with Lévy measure dz/|z|**®. In this paper we shall consider the
following SDE driven by cylindrical a-stable process Z:

dX.; = o(t, Xe;)dZ; +b(t, Xs4)dt, t>s with X,, =2 € R% (1.2)
Notice that the (time-dependent) generator for the solution X, of this SDE is

dZi

d
U’bu xX) = V. u\xr O'.i X)zZ;) — Ul i X ;U\ X .
27 u(w) =3 /R(< 07t 0)z) () ) s (6 0)dhul), (13)

where p.v. stands for the Cauchy principle value. It is well known that if ¢ and
b are Lipschtiz continuous in z and uniformly in ¢, then there is a unique strong
solution X ;(z) to SDE (1.2). When b = 0, Bass and Chen [2] established the weak
well-posedness for SDE (1.2) under the assumption that o(¢,x) = o(z) is bounded,
continuous and non-degenerate for each = € R?. When ¢ is Lipschtiz continuous in
z uniformly in ¢ and satisfies (H?), b is S-order Holder continuous with a+ 5 > 1,
Chen, Zhang and Zhao [9] recently showed the strong well-posedness for SDE (1.2)
(see also [7]). Very recently, assuming that « € (0,1), b = 0 and o(t,z) = o(x) is
Lipschitz continuous satisfying (H?), Kulczycki, Ryznar and Sztonyk [13] showed
the following Hélder estimate for the semigroup P; associated with SDE (1.2): for
any v € (0,«) and T > 0, there is a positive constant C = C(d, a, co, ||V |0, 7, T)
so that for all ¢ € (0,77,

I1Pepller < Ct7 710,

where Pyp(x) := E[p(X¢(x))] and C7 is the space of bounded ~-Hélder continu-
ous functions on R%. It was not known untill now if the above Holder estimate
holds when « € [1,2), nor was gradient estimate for P, for any a € (0,2). These
properties will be addressed in this paper under a more general setting. When Z
is the rotationally invariant a-stable process and b, o are Lipschitz continuous, the
gradient estimate for P; was obtained in [16] using subordination technique.

The aim of this paper is to establish the following regularity estimates for the
transition semigroup {Ps.;t > s} of the unique solution {X;,(x);t > s} to SDE
(1.2):

Psrp(x) := E[p(Xs . (2))] -
Note that {P;¢;t > s} is the time-inhomogenous semigroup generated by the non-
local operator .27 of (1.3).

Theorem 1.1. Let o € (0,2) and g € [0,1] with o + 5 > 1. Assume (H?),
IVO|loo < 1 for some ¢ > 0, and one of the following conditions holds:

(i) b=0and B=1; (i) a € (1/2,2) and sup;>q [|b(t,")|[cs < ca.

Lety e [0,a+aAB) andn € (—((a+—1)A1),v]. For any T > 0, there exists
a constant C' = C(d, cg, c1, 2,0, 8,7,1n,T) > 0 such that for all0 < s <t < T,

IPsspllBr. . <Ct=8)""¢lgr (1.4)
where B]  is the usual Besov space. In particular, we have the following assertions:

(A) Let ¢ € Upc(arp-namBls- Forany 0 < s <t, Pyp € Ny<a+ans Bl oo
and the following backward Kolmogorov equation is satisfied: for all x € RY,

t1
Py, rp(x) = Py, 10(z) —|—/ Df;”bp&ttp(x)ds, 0<ty <t <t. (1.5)
to
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(B) For a € (1/2,2), the following gradient estimate holds: for 0 < s <t < T,
[VP:elloo < C(t = 5)" | p]loc (1.6)
(C) For each s < t, the random variable X, +(x) admits a density ps+(x,-) with

ps7t(l',') € ﬂn<(a+,6’—1)/\1B;’[]71' (17)

We would like to emphasize that for SDE (1.2) driven by cylindrical a-stable
process Z, since the support of the Lévy measure of Z is concentrated along the
coordinate axes, it seems to be quite difficult to obtain quantitative regularity
results as stated in Theorem 1.1 by using methods from [13] and [16]. A new
approach is needed to study regularity theory for SDEs driven by cylindrical stable
processes. A key ingredient in our approach is the use of Littlewood-Paley’s theory.

Remark 1.2. (i) The precise definition of the Besov space B , is given in
Definition 2.3 below. It is known that for non-integer s > 0, || f[lBs, =
| fllcs. Hence (1.4) in particular yields that, under condition either (i)
or (ii) of Theorem 1.1, for every « € (0,2), T > 0, and non-integer vy €
(0, + a A B), there is a constant C = C(d, ¢, ¢1, 2, @, 8,7, T) so that for
all0<s<t T,

[Pssollcr < Ct—5)""0]l -

This significantly extends the main results of [13] where « is restricted to
be in (0,1), o(t,x) = o(x), b(t,x) =0 and v € (0, @).

(ii) Note that Z%u(z) is pointwisely well defined for any u € CY with v >
max{a, 1}. Under either condition (i) or (ii) of Theorem 1.1, a+aA S > 1.
Thus £ P; ;0 in (1.5) is pointwisely well defined once it is established
that Ps7t§0 € m»y<a+a/\ngo’oo.

(iii) In the condition (ii) of Theorem 1.1, due to some moment estimate, « is
required to be greater than 1/2 (see Remark 4.7 below). This restriction
also appears in the Schauder estimate of nonlocal PDEs in [4]. For variable
coefficient o, since we can only improve the regularity to a + o A 1 even
without drift b, we have to require a > 1/2 for gradient estimate also. An
open problem is to drop the restriction o > 1/2.

(iv) We note that when b and o are time-independent, by a purely probabilis-
tic method, Debussche and Fournier [10] obtained the existence and low
regularity of the densities for SDE (1.2) under some Holder assumptions
on o and b. Compared with their results, for a € [1,2), in the time inde-
pendent case, the property (1.7) is covered by [10, Theorem 1.1]. However,
for @ € (1/2,1), the regularity (1.7) is better than [10, Theorem 1.1]. The
method in [10] does not seem to be applicable to the time-dependent case
and more general SDEs driven by Poisson random measures. Our method
is mostly analytic combined by some probabilistic argument and has more
flexibility.

(v) We point out that resolvent Holder regularity can be established under a
much weaker assumption on o, at least in the time-independent and driftless
situation. Suppose that o(x) is continuous and satisfies condition (H?).
Then by [2] for each x € R?, there is a unique weak solution to dX; =
o(X¢-)dZ; with Xo = x, where Z is a cylindrical stable process on R4,
Denote the law of X with Xy = = by P, and its mathematical expectation
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by E.. It follows from [3, Proposition 2.1] and a scaling argument, that
there are constants c3 > ¢4 > 0 so that for every xy € R% and 7 > 0,

E, [TB(%’T)] < cgr®  for x € B(xg,T) (1.8)

and

By [TB(we,r)] = car®  for @ € B(zg,r/2), (1.9)
where B(zg,r) := {z : | — 20| < r} and Tp(,,,) = inf{t > 0: X; ¢
B(z,7)}. Assume further that o(z) is uniformly continuous on R?, we
know from [3, Theorem, 2.9] that there is a constant v € (0, 1) that depends
on the modulo of continuity of o(x), the constant ¢g in (H?), d and «
so that every bounded function that is harmonic in B(zg,r) is 7-Holder
continuous on B(xg,r/2). This together with (1.8)-(1.9) and the proof of
[5, Proposition 2.4] yields that there is some constant 1 € (0,1) depending
on the modulo of continuity of o(z), the constant ¢y in (H?), d and a so
that for every bounded function ¢ on R% and A > 0,

[Raxp(z) — Rap(y)| < Clo —y[M el for |z —y| < 1.
Here Ryp(z) :=E, [~ e *p(X;)dt is the A-resolvent of ¢.

This paper is organized as follows: In Section 2, we introduce some basic esti-
mates for later use. In Section 3, we present the estimates of Littlewood-Paley’s
type for the heat kernel of nonlocal operators with constant coefficients. In Section
4, we show the regularity estimates for general nonlocal equations by freezing coef-
ficients. In Section 5, we apply the a priori estimate obtained in Section 4 to show
our main results. We use := as a way of definition. Throughout this paper we shall
use the following conventions and notations:

The letter C' denotes a constant, whose value may change in different places.
We use A < B to denote A < CB for some unimportant constant C' > 0.
Ny :=NU{0}, Ry :=[0,00), a Vb := max(a,b), a A b:= min(a,b).

Vi i=0z:= Oy, ,0n,), 0i := 0y, := 0/0x;.

For x € R? and r > 0, we denote B(zo,7) := {z € R? : [z — x| < 7} and
B, := B(0,r).

For p € [1,00], we use || - ||, to denote the usual norm in LP(R?, dx).

2. Prelimiaries

Let ¢ : R? — R be a bounded Lipschtiz function with

IVi0]loo <k <1/2, £=0,1. (2.1)

We shall use the following definitions: for a C'-function f : R? — R,

{ To(z) :=a+¢(x), Z5f(x):= flz+¢(x) - fa+6(0)), (2.9)
DL (@) = [z + 6(x)) — f(@+6(0)) — (d(x) — ¢(0)) - Vf(2).
The following lemma is elementary (cf. [18, Lemma 2.1]).
Lemma 2.1. Under (2.1), it holds that for any x,y € R?,
sl =yl < Ty (@) — To(y)] < 2z —yl. (2.3)

Moreover, there is a constant C = C(d) > 0 such that for all x € RY,

|det(VI () — 1 — dive(x)| < C|| V|2, < Cr*. (2.4)
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For 8 > 0, let C? be the space of S-order Holder continuous functions on R¢
with norm

Ifllcs = lIflloo + -+ + IV flloe + [V flgs—is) < o0,

where [3] denotes the largest integer not exceeding 3, and V7 stands for the j-order
gradient, and for « € [0, 1],

[flor = sup 1FC4h) = FO)lloo/ IR

We use the following convention: By C° we denote the space of bounded measurable
functions. For two functions f,g: R? — R, let

= [ f@gte)a

whenever it is well defined. The following lemma will play a crucial role in the
proof of Theorem 1.1.

Lemma 2.2. Assume that ¢ : R? — RY satisfies (2.1). For any 6 € [0,1], there
ezists a constant C = C(d,0) > 0 such that for any f € L=(R?Y) and g € L'(R?)
with Vg € L'(RY),

(25 1,9)] < CR%[[ flloo (no(lg]) + 1a(IVa]) 1a(1g)*~7) , (2.5)
and for any f € L®(RY) and g € L*(R?) with Vg,V?g € L'(R?),
(921,01 < Ox L oo (3 970D + sV o (9517), (26)
§=0
where pg(dz) := (2| A1)?de and po(f) = [ga f(x)po(dz).
Proof. We first assume that
#(0) = 0. (2.7)
Step 1. Under (2.7), by a change of variable, we have

(1.0 = | [ (AT - 1(@))atoas

[ i@ (g(r;1<x>> det(VT'; (@) = g(x) ) de

”f”oo(/ g(T5* ()] [det(VI;* (x)) — 1]da
-1 —g(z)|dz |. .
- / oy @) - of >yd> (28)
Since
det(VI,*(2)) = (det VI4) "' o T (), (2.9)
by (2.4) and (2.1) we have
/\g [ det(VT (2)) — 1]dz

9@)| | det(VLo(a)) ~ 1o S & [ lg(e)lde = mpollgl).  (2:10)
Rd Rd
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On the other hand, noting that
l9(To(@) — 9(2)] < 16()] / Vol(z + sla 2) / V4/(Tag(a

and since ¢(0) =0,

[¢(x)] = [¢(x) — ¢(0)] < (IVSllo|]) Al|dlloc < K|z AT),
we have by the change of variable again, for any 6 € [0, 1],

[ a3 @) —gta)lds = [ lo(e) = g(Tola))| det(VT ()

’gw — g(Ty(z) mgx — (F¢(x))‘1_9det(VF¢(x))dx

(23/ (1o | 901t ) (loCate] +lgta)l) " ar
< [ ([ ol ) (lo(Tota)| + lo(@)) " 1el A 1Pz
<’ (/0 “H(WQ\ OFs¢)d8> (ue(lg\ oly + Igl))H,

where the last step is due to Holder’s inequality with respect to pug. Moreover,
0 (2.3)
j _ j (-t -1 < j
o (IV7g] 0 T / V(@) - (105 @) A1) det(VIL) (@)de £ o (IV7gl),
where j = 0,1 and s € [0, 1]. Hence,
/Rd |95 (@) = g(x)|dz < K pe(1Vg]) a9~ (2.11)
which together with (2.8) and (2.10) yields the desired estimate (2.5).
Step 2. Under (2.7), as above, we have
@t1.9)= [ (#Tol)) = 1(0) = 6(a) - V1) )ala)do = (1. 7).

where

Pg(x) = g(T; ())det(VF H(2)) = g(@) + (g - dive) () + (¢ - Vg) (@)

= 9T (@) (det (VI (@) (1 + (div) (I (2)) — 1)
(g dive)(I;' (2)) det (VI (2)) + (g - div) ()
+9(I;' (2) — 9(2) + 6(a) - Vg(a)
=: %yg(x) +“%g(z) + Gag(x).

In particular,
(DY 1.9) = (1.%9) + (f.%29) + (f, %39).
Notice that by (2.9) and (2.4),
| det(VI5 " (2))(1 + (dive) (L5 (2))) — 1]
[ det(Vly) =1 —divg| o Tt ()

— < Ok,
det VI'y o I' 7 ()




HOLDER REGULARITY AND GRADIENT ESTIMATES 7

Hence,

(1919) S RSl [ lgoT5 @lde S Sl [ oo, @212)

Moreover, by the change of variable again, we have

U, )] = ] [, 960 - dvote) - (F(Paa)) — )i

< ldiveloollg ]2 l.fllco /Rd l9(2)ldz < K7 fllcopo(lg).  (213)

For ¥39(x), due to I‘;l(x) =z —¢o I‘;l(x), we have
Ysg(x) = d(x) - Vg(z) — po F;l(m) . /0 Vyg(x — spo F;l(x))ds
1
- ((b(x) _ ¢or;1(x)) /O V(e — 6o T3 (x))ds

+o(@)- [ (Voa) = Voo = s00T; @) )as
= %319(1’) -+ %r,gg(x)
For 431 g(x), since
() = ¢ o T ()] < [[Volloo|d o Tyt (2)] < #2(J2] A ),

we have

1
(Il 210 [ [ (lal A1)Vl = 590 T @)dods
Sl [ [ (0ol ADIVOITy(e) = si(w)ards

1
SR flle [ [ (ol AT spo(e))dads 62 i (V).
0Jre
For %35g(x), it is similar to (2.11) that for any 0 € [0, 1],
[(f, Gs29)| S 60N flloc o (1V291) 1o (Vg7 (2.14)
Combining (2.12)-(2.14), we obtain (2.6) under (2.7).
Step 3. In the general case, without assuming (2.7), if we define
f@) = f(z+ ¢(0), ¢(x) = d(x) - $(0),

then o - ) )

D 1(w) = 75 F (@), DY f(0) = P F(2) + 6(a) - V(= f)(w).
For (2.5), it follows by (i). For (2.6), by (ii),

estimate:

(& V(f =), 9)] =

it remains to make the following

[ (@ivd()g(@) + 6(a) - Vo()) (F = f)(w)dr

S /Rd (ng(x)l + k(x| A 1)|vg(m)\)|¢(o) 0. [f]goda

< w4 (ollgl) + (VD)) F)eo

The proof is complete. O



8 ZHEN-QING CHEN, ZIMO HAO AND XICHENG ZHANG

Let .7(R%) be the Schwartz space of all rapidly decreasing functions on R¢, and
" (R4) the dual space of .7 (R?) called Schwartz generalized function (or tempered
distribution) space. Given f € .7 (R%), its Fourier transform f and inverse Fourier
transform f are defined by

fle) = m [
R

Let ¢g be a radial C*°-function on R? with
po(€) =1 for €] <1 and ¢o(§) =0 for |¢| > 2.

Define for j € N,

e % f(z)dz, f(z):= (ZW)_d/Q/ e’ f(€)de.

Rd

$; () == ¢o(277€) — (21 77€).
It is easy to see that for j € N, ¢;(£) = ¢1(2'79¢) > 0 and
k

Supp¢j C B2j+1 \B2j*15 ZQSJ({) = ¢0(27k€) — 15 k — oo.
7=0

Definition 2.3. For given j € Ny, the block operator R; is defined on .#'(R%) by

Ry (@) 1= (6f) (@) = by @) = 2970 [ @ ) pe =y, (219)

For any s € R and p, q € [1,0], the Besov space Bj , is defined by

1/q
B = f e ®RY | flsy, = | X 2RI |  <oo
Jj€Ng
Remark 2.4. It is well known that for 0 < s ¢ N (cf. [15]):
1fllBs, .. = [[fllce- (2.16)

Moreover, let R;j := Rj—1 + Rj + Rj41 with convention R_1 = 0. Since ¢;—1 +
¢j + dj41 =1 on Bgj+1 \ Bgi-1, we have

(¢j-1+ &5 + ¢j11)0; = &5
Consequently,
R;jR; =R;R; =R, (2.17)
The following commutator estimate is proven in [9] (see also [1]).
Lemma 2.5. Let p,p1,p2 € [1,00] with % = p% + p%' For any 8 € (0,1) and
v € (—=,0], there is a constant C = C(d, 8,v) > 0 such that for all j € N,
IR, flgllp, < 02—f<3+”)||fHngIIQHB~ » J € No, (2.18)

P1,00
where [Rj, flg :==R;(fg) — fR;g.
We also need the following Gronwall inequality of Volterra type (cf. [17, Lemma
2.2]).

Lemma 2.6. Let f € L}, (Ry;R}) and T > 0. Suppose that for some v, 3 € [0,1)
and Cp,Cy > 0,

ft) <Ot + Oy /t(t —s) 7 f(s)ds, te(0,T).

0
Then there is a constant C3 = C5(Ca,T,~, ) > 0 such that

f(t) < CsCit™P, te(0,T).
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3. Gradient estimates for heat kernel of nonlocal operator with
constant coefficient

Fix a € (0,2). Let (Z;)1>0 be an a-stable process with Lévy measure

V(A) = /Ooo % /S La(rw)m(dw), A € BRI\ {0}), (3.1)

where 7 is a finite measure over the unit sphere S¢~!. Note that the a-stable
process Z has the scaling property

_ d
AV Zy)is0 @ (Z)i=0, YA >0, (3.2)
and for any v > a > 8 > 0.
/ |2|"v(dz) —|—/ 12)Pv(dz) < 0. (3.3)
|z|<1 |z[>1

Let N(dt,dz) be the associated Poisson random measure, that is,

N[0, x A):= Y 14(AZ), A€ BR\{0}),t>0,
s€(0,t]

where AZ, := Z,— Z,_ is the jump size of Z at time s. Let ¢(t, 2) : Ry x RY — R¢
be a measurable function with

[6(t,2)] < Clel, (t,2) € Ry x R

We consider the following time-inhomogenous Lévy process: for 0 < s < t < o0,

t
/ ¢(r, z)N(dr,dz), a€(0,1),

s JR4

t t
¢ . \7 _

xt=1 [ /|Z|<1<z><r, N (drde) + /|Z|>1¢<r, ON(r,dz),  a=1,
/t o(r, Z)N(dr, dz), a € (1,2),

s JR4

where N (dr,dz) := N(dr,dz) — drv(dz) is the compensated Poisson random mea-
sure. Define

PLf(w) =Ef(x+ X)), feCHRY. (34)

By Itd’s formula, one has
P f =2\ Py S, (3.5)

where ¢;(z) := ¢(t, z) and

201w = [

R

(Fla+0(t.2)) = f(2) = ) (t,2) - V() )u(d2),
and
¢(0¢) (t, z) = (1a€(1,2) + 1a:11|z|<1)¢(t7 Z) (36)

Lemma 3.1. (Duhamel’s formula) Let o € C° and f € L° (R, ;C°). Define

loc

t
u(t,x) := ngtga(a:) +/O Pj?tf(s,:c)ds.
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Then u € L (R ; C°) uniquely solves Oyu = .,%Sta)u%—f in the distributional sense,

loc
that is, for any 1 € C2(R%) and t > 0,
t (a) t
(w(t), ¥) = (9, ) + /0 (u(s), 2 ¥)ds + /0 (F(s), ¥)ds. (3.7)

Proof. Recall that C stands for the space of bounded measurable functions. Clearly,
u € LS (Ry;CO). Let (pe)ee(o,1) be a family of mollifiers in R? with support in
B.. Define

Us(t) = u(t) * Pey Pe = Pk Pe, fe(t) = f(t) * Pe-
Clearly,

t
ue(t,x) = P&@E(m) + / Pj?tfg(&x)ds.
0
By (3.5) and the integration by parts, one sees that
¢ t
u:(t, ) = e () —|—/ féi)ug(s,x)ds%—/ fe(s,x)ds. (3.8)
0 0

Hence, for any 1 € C2(R?),

(e (£), ) = (9, ) + / (e(s), 2% p)ds + / (fo(s), ¥)ds.

Taking ¢ — 0, we obtain (3.7). On the other hand, if we take () = pc(z — ) in
(3.7), then we get (3.8) and the uniqueness follows. O

Below we always make the following assumptions:

(H?") ¢ satisfies the following nondegeneracy conditions

- (t, Aw)|? t
0<cl:= inf inf / Mﬂ(dw), sup [6(t, 2)] = ¢ < o0,
woESI=1 £ A>0 Jga—1 A2 tz 7]
and

Lacr / 6(t, 2)p(dz) =0, 0< Ry < Ry. (3.9)

Ri1<|z|<R2

Notice that for all 0 < s < t < 00,
b = cgs‘t and ¢ = cf“"t, (3.10)

and by (3.2) and (3.9),

x?, D ¢ - s) VX, (3.11)

where
Gst(r,2) == (t — 8)Y (s +r(t — s), (t — s)"Vez).
The following lemma can be proved as in [8] (see also [4]). For the readers’
convenience, we provide a detailed proof here.

Lemma 3.2. Under (H*"), for each 0 < s < t < 0o, X5 admits a C*-smooth
density pf’t(x) which satisfies that for any B € [0,a) and n € Ny,

[ el 19 )l < e =) 5, (3.12)

where C' = C(cg,c(f,n, d,a, ) > 0. Moreover, for each 0 < s <t < oo and x € R?,

P2 y(x) = (¢ — 8)~Yopgat((t — )"V ). (3.13)
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Proof. First of all, by (3.11) one sees that (3.13) holds. Thus by (3.10), it suffices

to prove (3.12) for s =0 and ¢ = 1. We only consider the case a € (0,1) and write
X0+ X§1-

1—// (r,z)N(dr,dz) + // o(r,z)N(dr,dz) =
|z<1 |z[>1

Note that the characteristic function of XO,1 is given by
Eeié Xin — ¢¥1(),

where for ¢ € (0, 0]
1
= / / el€o(tz) _ 1) v(dz)dt.
|z]<8
We claim that there is a constant ¢ > 0 such that for all £ € R4
Reys1 () < —ea (1€ A1) (3.14)

Indeed, by a change of variable, we have

Retpo (€) = /O 1 /0 h Tlia /S (cos(e- 6t ) — 1) m(dw)drdr
i [ (cos@ o(t,reolE) — 1) m(dw)drds

< ¢ / / s cos (€-o(t,rw/|€])) — )W(dW)drdt,
Note that
y 1%25(7“) - % (3.15)

clr we can choose ¢ small enough so that

By (H?), since [€ - ¢(t, rw/|€])| <
Rewoo < |£|a // 7"1+a

|§ |
< 3 0 T1+a dr’
and therefore, there are constants ¢ > 0 and M > 0 such that for all |{| > M

= Reto (§) + I%o( ) = ¥1(8)]

|€|a/ /
< - dr +2 v(dz) < —cs|€|*.
[ IRCEER

On the other hand, by (3.15) and (H?"), for § small enough, we also have for

/ € (¢, rw/|E])Pr(dw)

Rey (€)

€] < M,
Reyr(§) <

1
— . 21/
< e / /| e ot

=t [ [ e [, 1€ ot r)r(dwira

_C4CO|€|2 / rlta d?“,

< /1/|z|<5 (cos(g - H(t,2)) — 1)zx(dz)dt
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where ¢ := ¢/|¢|. This proves the claim (3.14).

By (3.14), it is easy to see that e¥1(&) € .#(R?) is a Schwartz function. Thus
the random variable X(‘)z”l has a C*-smooth density p € .(R?). Noting that for
B <a,

E|X§1|ﬁ < C(cf”B, a,d) < oo, pgyl(x) = ]Ep(x + X(?,l)’

we have
P95 @ide < B [ 1ol?1970l (o + X8, da
S [l 9 l@s + BSEI [ 197ol@)de < o.
The desired estimate (3.12) for s = 0 and ¢ = 1 follows. O

The following is a key lemma, which is similar to [11, Lemma 3.1].

Lemma 3.3. Assume (H®") and let ps(x) := pf,t(x) be as in Lemma 3.2.
(i) For any n € Ny, there is a constant C > 0 such that for all 0 < s < t < 0,
V" Rops,ill1 < C. (3.16)

(i1) For anyn € Ng, ¥ 2 0 and § € [0, ), there is a constant C > 0 such that for
all0 < s<t<ooandj€eN,

ma (IV" Rypoal) < C2 03 (1 = )70/ (¢ = )P/ + 2797), (3.17)
where mg(dz) := |z|?de and mg(p) == [ga p(x)mp(dz).
(iii) For any n € Ny, 8,7 € [0,a), there is a constant C > 0 such that for all
nonnegative measurable f :Ry - R, 0<s<t< o0, jEN,
t
/ ms(|V"R;ps.
0
Proof. (i) Let n € Ny. By the definition of Ry, we have
IV Rops i S IIRops,ellt < dollalIps,elh = lIdollr < oo

(ii) Since the support of ¢; is contained in the annulus, for any & € Ny,

ARGy = (167 ¢1(8)) € L (RY).

Fix j € N. For simplicity of notation, we write

Poa(x) == pyy'(z), h:=(t—s)"V/o27d,
Thus by (3.13) and the change of variable, for any k € Ny, we have

Rjpsa(x) = (t— )" /Rd Poa((t—s)"H*279y)dy (272 — y)dy

= ﬁd+k2jd/ (A*Fo,1) (hy) (A" 1) (2x — y)dy.
Rd
Therefore, for any k € Ny,

mo(IV"Rpel) = [ Jal? 19" Ryps(a)do

)£(s)ds < C2n=7-B)i /O (t — 5)=F f(5)ds. (3.18)

:hd+k2j(n_ﬂ)/Rdxlﬂ’/Rd(AkﬁOJ)(hy)(VnA_kél)(x - y)dy dx

i / 2] A%po.1 (hy)ldy / VAT 1 (x)|de
Rd Re
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4 nt2i0 8 [Nk (gdy [ ol VAT (o) da
R4 R4

(312)

< Rr9i(n—B) (hfﬁ + 1)7

which in turn gives (3.17) by simple interpolation.

(iii) Let .# be the left hand side of (3.18). Without loss of generality, we assume
t > 27, We make the following decomposition:

t (t—2729)v0
I = (/ —l—/ ) ,u5<|V"ijs,t|)f(s)ds = I + Ss.
(t—2—29)VO0 0
For .71, by (3.17) with ¥ = ~, we have
- 5 ; 1\ 58
gy < 20 / (t—s) = (w + (t— s)z) f(s)ds

(t—2—23)V0

t

t
< 2= =A)i / (t —s)~ = f(s)ds.
0
For %, by (3.17) with ¥ = v + 8, we have

~ pt=27%)v0 s 4 B
Ty < 2= / (t—s)~ % (z-ﬂ ot s)a) F(s)ds
0
t
< 2n=7-5)j / (t— )% f(s)ds.
0
Combining the above two estimates, we obtain (3.18) for j € N. |

4. Regularity estimate for nonlocal equations

In this section we fix « € (0,2) and consider the following time-dependent non-
local operator:

fq&f‘)u(x) = /]Rd (u(x + ¢(t, x,2)) —u(z) — ¢ (t, z, 2) - Vu(x))y(dz)’

where v takes the form (3.1), ¢(¢,z,2) : Ry x RY x R? — R? is a measurable
function, and

gb(a) (t,l’, Z) = (1a€(1,2) + 1a:11|z|<1)¢(t7x7 Z)

Recall that 7 is the finite measure on S¢~! associated with the Lévy measure v in
(3.1). We assume for some ¢, 1 > 0,

lo(t, 2, 2)| < colz|,  |Vao(t,z,2)| < erl2], (4.1)
and
. . . ‘MO : ¢(t,x,Aw)|2 —.
wolelég_l wlél]lgd t,l§1>f0 Ad—l A2 Tr(dW) = 07 (42)
and
1{a:1}/ ¢(t,x,z)v(dz) =0 for any 0 < Ry < Ra. (4.3)
R <|z|<R2

Clearly, quta)u(:y) is well defined pointwisely if w € C7 for some v > a. Let
b: R, x R? = R be a measurable function and satisfy that for some 3 € [0, 1],

[b(t, 2)| < e3, [b(t,2) = b(t, )| < esla —yl”. (4.4)
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The following parameter set will be used for stating the dependence of a constant.
0 := (d, a, cg, ¢1, 2, ¢3, B).
Fix s > 0. Consider the following nonlocal equation:
Orus = féf‘)us + 1gas1/23b - Vus fort > s with ug(s,z) = o(z). (4.5)
In order to introduce the classical solution of (4.5), we define
C'™ =Ny, CY

Definition 4.1. Fiz s > 0 and v > aV 1. For ¢ € C'~, we call a function
us € C([s,00); CY7) a classical solution of nonlocal-PDE (4.5) with initial value ¢
at time s if for all t > s and x € R?,

t
us(t, ) = p(x) +/ (f{;?) + 1as1/23b- V) ug(r, x)dr.

By the proof of [6, Theorem 6.1], maximum principle holds for classical solutions
of (4.5) and so classical solution to (4.5) is unique. Fix v > « V 1 and suppose
us(t, z) is the classical solution to (4.5). To explicitly reflect its dependence on its
initial value ¢ at time s, we write

Qs 1p(2) = us(t, ).

It follows from the uniqueness of classical solution to (4.5) that for any s < r <,
Qs,t@ = QT,th,T@' (46)
We first establish the following a priori regularity estimate.

Theorem 4.2. Let o € (0,2), B € [0,1]] witha+ 8 >1 and v € [0,a+a A f).
Under conditions (4.1)-(4.4), for any T >0 and n € (—((a+ 5 — 1) A1), 7], there
is a constant C = C(T,©,v,n) > 0 such that for any 0 < s <t < T, p € C? and
any classical solution Qs +p(x) = us(t, z) of the nonlocal-PDE (4.5),

1Qs¢llBx .. <Ot —5)"% llelBy, .- (4.7)

To show (4.7), we use the freezing coefficient argument. Without loss of gener-
ality, we assume s = 0 and write u(t, z) = Qo (). Fix y € R? and let .Y be the
set of all solutions 6Y of the following ODE:

6v(t) = —b(t,6%(1), 6*(0)=y.
It is well known that for any ¢ > 0 (e.g. [11, Lemma 6.5]),
Uyert Ugvesw {6%(t)} = R%. (4.8)

Define

u(t,z) = u(t,z +6Y(t), &Y(t,x,z2):=¢Y(t,x,z2) = P(t,x + 60Y(t), 2)
and

bY(t,x) == b(t,z + 6Y(t)) — b(t,0%(t)).

It is easy to see that

O + f;?)uy + 1ias1/23bY - V¥ =0, u¥(0,2) = ¢¥(z) := p(z +y).

In the following, for notional simplicity we drop the superscript y from u, ¢, b. With
this notation, u satisfies

Oy + fdgf‘)u + 1ias1/23b - Vu =0, u(0) = ¢,
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and b satisfies
b(t, )| < 2¢e3(|z|® AT). (4.9)
Next we freeze ¢ at point 0. Define ¥(t, z) := ¢(t,0, z) and
du=L M~ L.
Then we have
@u—k.ﬁfj}?)u—i-&fu—i— lias1/230- Vu =0, u(0) = ¢. (4.10)

Let P;{’ ; be defined by (3.4) in terms of ¢ = ¢ and pit the corresponding heat
kernel, that is,

PY,f(x) = / P% o — ) f(y)dy.
Rd

Since u is a classical solution of (4.10), by Lemma 3.1,

t t
u(t,z) = P(;{’tcpy(x) —l—/o P;/jt(ﬂu)(s,x)ds + 1{a>1/2}/0 P;{’t(b - Vu)(s, z)ds.

For j € Ny, acting on both sides of the above equation by R;, we obtain

t
R;u(t,0) = RjPéljtgoy(O) +/ Rijjt(.du)(&O)ds
0 (4.11)

t
+ 1{a>1/2}/0 R PLy(b- Vu)(s,0)ds.

Lemma 4.3. For any T > 0 and n < 7, there is a constant C = C(T,~,n,0) >0
such that for all j € Ng, t € (0,T] and y € R?,

279 |R; Py,0¥ (0)] < O™ ||l

Bl oo
where ©¥(x) := p(x + y).
Proof. By definition and Hoélder’s inequality, we have for any n < 7,

Ry O =| [ Ranb-reronas] 27| [ Rt (-o)Re )i

) v =T
< IRphlh IR lloe 277767 ol o
where the last step is due to Lemma 3.3 and the definition of BY, . g

(2.17)

Lemma 4.4. For any T > 0, v € [0,«0) and € € (0, — ), there is a constant
C=0C(T,e,7,0) > 0 such that for all j € Ny and t € (0,T],

t t
273’/ |RjP;{’t,5afu(s7 0)]ds < / (t—s)~
0 0

Proof. We only prove the estimate for a € (1,2). The case o € (0,1] is similar
and easier. Since the time variable does not play any essential role in the following
calculations, if there is no confusions, we shall drop the time variable for simplicity
of notation. Let § > 0 be a fixed small number, which will be determined below.
Since a € (1,2), by definition we can make the following decomposition:

~

= [[u(8) g gz voreds.

du(x) = @{b("z)u(x)u(dz) + Qf)("z)u(x)l/(dz) =: dsu(z) + Hsu(z),

[2]<o |z|>d
where @f("z)u(x) is defined by (see (2.2))
_@f("z)u(x) = u(z + ¢(z, 2)) —ulx + ¢(0, 2)) — (¢(z,2) — #(0,2)) - Vu(z).
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We first treat @Zsu. Notice that by definition and Fubini’s theorem,

Rijt%u(s,O):/ ijf’t(—x)%u(s,x)dx

/<5 /Rd ijs t @‘15( 12) u(s, z)dzv(dz).

By the assumption (4.1), one can choose d small enough so that
IV (s, 2)lloo < Clz| < 3, 2] <8, £=0,1.

In particular, the assumption (2.1) is satisfied. Let 6 € (o — 1,1). By (2.6) and
Holder’s inequality, we have for any j € N,

t t
| mopttusoas< [ f
0 ’ 0 Jlz|<s

t
0 1-60
S [ 1 ler [T Roptel) o (VRp0)

+ p0 (IRgpL) + i (IVRpY) | ds
(4

v(dz)ds

ij;p,t(—x)@f("z)u(s, x)dz
Rd

t
< ( / m+e<|v2ij;€t|>||u<s>ceds)

t
‘ ( / ul+e<vnjp;€t|)u<s>||ceds)

t
+ [ [rolRspZal) + (VR o)l cras
= Il(t) -+ IQ(t)
Let 8 € (0,«). Since 8 < @ <146 and v + ¢ < «, and recalling
p1s0(dw) = (Jo] A1) *0dz < [alPde = mp(da),
for j € N, by (3.18) and (2.16), we have

1-0

0 1-0

</o mﬂ(Vijﬁtl)u<s>||ceds)

0

( | ma(IV°Rypel) luts >||ced8)

t

(22 s [ (t—s)l“ms)nceds)

. 1-6
(207790 [0 ute) v

t
< o(I+0-F—y— 6)1/ (t—s)"
0

and also,

N
= us) e, ds,

O£ [ (- F sl s
For j =0, by (3.16), we clearly hav(:e
/t |R0Pft%u(s’0)|ds < /t [u(s)|lBe, _ds.
Thus, we obtain tha: for any j € No, i

t t
| RiPctuts,0)as < 2050757 [

yte
~ lu(s)llme, _ds.
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In particular, if we choose 6 close to a — 1 from above and S close to a from below
so that

1+460—-08<e 0—(a—1)<e¢,
then we get for any j € Ny,

t t
9 / (R PY,cdyu(s,0)|ds < / (= )7 u(s) | s+ ds. (4.12)
0 0 e

Recall mg(dz) = |z|°dz. For su, letting é(z, 2) := ¢(z,z) — ¢(0,2), by Fubini’s
theorem and the integration by parts, we have

RoPlsln0)| = | | Riplapatuaiiz| <2uloe | [ Rt odevta)
R z|>0 JR

+ /z>5 /R ) (ij;",t(x)divmé(x,z)+<B(x,z).vnjp;{t(x))u(x)dxu(dz)

 Jloomo([R;pl ) + s (I9Rapl) [ Flvta),
z|>

where we have used that |div,¢(w, 2)| < |2| and |¢(z, 2)| < || - |2|. Thus by (3.18),
we get for any v € (0, «),

¢ ¢
/ IR, P, (s, 0)|ds < cz—w'/ (t = )% u(s) oodls,
0 0
which together with (4.12) yields the desired estimate. O

In order to obtain the gradient estimate, we need the following lemma to improve
the regularity to higher order.

Lemma 4.5. For anyT >0, v € [0, +a A1) and 0 € («,2), there is a constant
C =C(T,0,v,0) > 0 such that for all j € Ng and t € (0,T],

t t ,
21 / (R, PV, u(s,0)|ds < C / (t— )% Ju(s)|pe._ds.
0 0 e

where 7' := T1 <o + (v — 1)1452 < a.

Proof. Still we only consider a € (1,2). Let 0 € («,2). Noting that
lu(z + ¢(x, 2)) — u(z + ¢(0, 2)) — (¢(x, 2) — ¢(0, 2)) - Vu(z)]|

< oz, 2) — ¢(0, 2)] /1 IVu(z + sp(z, 2) + (1 = 5)$(0, 2)) — Vu(x)|ds
4.1 ’
< |x\|z|((|z|9—1||vu||cg,1) A ||VU||oo> S lal (21 A2 llull o,
by (2.16), we have
| u(@)| < Jel - [Jullco /]Rd(|2|‘9 AlzDv(dz) S fal - flullsg, . -
Hence,

¢ ¢
/|RjP;{’tﬂu(s,0)\ds<// |ijit(—x);ziu(s,x)|dxds
0 0 JRe

t
< / ma(1Ryp% Dlu(s)llse_ds,
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which implies by (3.18) that for any ¥ € [0, «),
t t .
2W+W>J‘/ (R PYystu(s,0)|ds < c/ (t— ) % [lu(s)]me.__ds.
0 0 "

Here mq(dz) := |z|dz. The proof is completed by the change of y =5 +3A 1. O
Next comes to treat the drift term.

Lemma 4.6. Let o € (1/2,2), S € [0,aAl) with a+ § > 1. Under (4.4), for any
T>0,v€[0,a) and € € (0, (a—v) A B), there is a constant C = C(T,0,v,¢) > 0
such that for all j € Ng and t € (0,71,

91 /t IR, P, (b- V) (s, 0)]ds < C/t(ts)T||u(s)||Bé;§O+sds, (4.13)
and for anoy v € [0,a+ f), O

o /Ot IR, P, (b Vu)(s,0)|ds < C/Ot(t — 8"
Proof. For j € Ny, by definition and (2.17), we have

R; Pst (b Vu)( /ijst )(b- Vu)(z)de /R]pst z)R;(b- Vu)(x)dx

(v=B)VO
@

IVu(s)|lcods. (4.14)

= [ Rapucao- VR e+ [ Ripl(o)lR;.b- Vluta)da
By (4.9) and (2.18), we have for any 0 € (1 — 3,1),
R PLy(b- Vu)(0)] S VR ullsems(IRpk]) + [I[Rj, b Vulloo | Ryp2 1
S 2077 Juflcomp (IR pY ) + 2070 flull oo | Ryl
where mg(dz) = |z|’dz. Since v + ¢ < «, by (3.18) and (2.16), we obtain that for
any b€ (1 - 63 1),

t t
/O IR PYy(b- Vu)(s,0)|ds < 0201 ~0=F=71=€)i /O (t—s)~

which implies (4.13) by choosing § = 1 — 8 + ¢. Moreover, we also have

/ IR, Pst(b Vu)(s,0)|ds < // |ij8t )(b- Vu)(s, z)|dzds

yte
*lu(s)llse, _ds,

(318) gt .
< / ma(Rp ) IVa(s)oeds < 278 / (t— ) %] Vu(s)]loods,
0 0
where ¥ € [0, ). Thus we obtain (4.14) by letting v = 5 + 3. O

Remark 4.7. The reason of requiring o € (1/2,2) in Lemma 4.6 is due to 8 < aAl
and a + 8 > 1. Here we require 8 < « because of the moment estimate in (3.12).
It is an open problem whether this restrict o > 1/2 can be dropped.

Now we are in a position to give
Proof of Theorem 4.2. We divide the proof into two steps.
Step 1. In this step we prove (4.7) for v € [0, «). Let
d:=(a=1)V(1-=28), ne(d—an].
By (4.11) and Lemmas 4.3, 4.4 and (4.13), for any € € (0, (o — ) A ), we have

[u(®)l|B2, .. = sup27|[Rju(t)]o D sup2v Sup|73 u?(t,0)]
720 j=0
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t
n=2 _ate
St lelsz .. +/ (t—s)" " [lu(s)lgsse_ds. (4.15)
0 )

Since § < aw and 1 > d — «, one can choose € € (0, (o — ) A ) small enough and
7’ so that

d+2<a, ne(d+e—a,(6+¢e)An).
Thus by (4.15) with v = § + & and n = )/, we have

_ 0+42¢

n —5—¢
2 Ju(s) s ds,

t
gz, S 6% Nellgy _+ [ (¢=9)

which implies by Gronwall’s inequality (see Lemma 2.6) that for all ¢ € (0,77,

4 e n'—§—¢
@

n—=d-¢ n —é—¢
[u)lpese. S 5 olgy S5 ol (4.16)

Now substituting (4.16) into (4.15), we obtain that for all t € (0,71,

t
n—o _ate n'—é—e
L P e
0
St lells . = 1Qesellpy . < Ct—3)" llollpy, ... (4.17)
Thus we obtain (4.7) for any v € [0, «) since §d —a = —((a+ 8 — 1) A 1).

Step 2. In this step we improve the spatial regularity of Q¢ to order v € [0, +
a A ). We consider the case of a > 1/2. The case of o € (0,1/2] and b = 0 is
easier. Let

vyeE(aVia+aApf), n<v, 0€(aVl,?2).

By Lemma 4.5 and (4.14), for 4/ being as in Lemma 4.5, we have

lu®lpy, . St

co,00 N

t ’
2
ol [ (=) ¥ u(s) g, ds
0

. ) (4.18)
+/ (t — 5) % |Vu(s) | ods.
0
In particular, for 4" :=~' V (y — 8) < «, we have
n—y ¢ oad
[u®)lBy . St llelBL . +/ (t =) [lu(s)lBz, .. ds,
0
which implies by Gronwall’s inequality that for any n € (v — a, 7],
n=vy n=x
lu®)lBy . St llellBr . = 1@sepllBy . S E—3)" |ollB - (4.19)
For n € (0 — a, @), by (4.6) and the estimate obtained in Step 1, we have
(4.19) 0 —~
1Quetln . = Qe @ eppllmy . S (=9 T 1@y 2pe el _
(4.17)

1=y
S (=9 elsr .

where 17 € (v — o, ) C (v — @, 7). The proof is completed by interpolation. a



20 ZHEN-QING CHEN, ZIMO HAO AND XICHENG ZHANG

5. PROOF OF THEOREM 1.1

Now we give the proof of Theorem 1.1 under condition (ii). Case (i) is easier.
Thus we assume « € (1/2,2). We divide the proof into three steps.

Step 1. Fix T > 0and v € (aV 1,a+aAl). For any p € C'~, we first show
the existence of a classical solution u? € C([0,T]; C?~) for the following backward
nonlocal-PDE

douT + 27T =0, W (T) = o, (5.1)
where £ is defined by (1.3). For n € N, define
on (@) := @k pu(x), bn(t,x) :=b(t,-) * pn(), on(t,x) = 0(t,-) * pn(2),
where (py,)nen is a family of mollifiers in R?. It is easy to see that
¥n € C?(Rd)’ On, by € LOO(R%CE?O(RCI))-

It is well known that under these assumptions, for any s > 0 and = € R?, the
following SDE admits a unique strong solution X, (z):

dX¢, =bu(t, XS )dt + o, (t, X, )dZy, X =2,
Moreover, { X (x),z € R?,t > s > 0} forms a C*°-stochastic flow, and
up (5,7) 1= Epn (X7 7 ()) € C([0, T]; C5 (RY))
uniquely solves the following equation:
asuz + o?ff"’b"UE =0, UZ(T) = ¥n- (5.2)

Below we let
d
On(t,z,2) =0, (t,2)z, v(dz):= Z |2:| 7160 (d2y) - - - d2g - - - Gp(dza).
i=1

Under (H?) and ||Vo|leo < 00, it is easy to see that (4.1)-(4.4) hold uniformly for
the above by, ¢, and v. Thus for any v € (a V 1,7), one can use (4.7) to derive
the following uniform estimate:

sup [[ug, oo, .00y < Clleller -
n

By (5.2) and the above uniform estimate, one sees that for all 0 < tp < t; < T,

t1
sy (t1) = g (to) [loo < / L7 m g ()|l oods < Cltr — tol,
to

where C' > 0 is independent of n. Now by Ascolli-Arzela’s lemma, there are function
u € C([0,T]; C7) and subsequence still denoted by n such that for any T, R > 0,

nh_{?glo ||VJU3; — vjuTHC’([O,T]xBR) =0, j=0,1.

Taking n — oo in (5.2), one finds that u is a classical solution of nonlocal-PDE
(5.1) in the sense of Definition 4.1.

Step 2. Let uT € C([0,T]; C”~) be the classical solution of nonlocal equation (5.1).
Let X, (x) be the unique solution of SDE (1.2). By applying Ité’s formula to
(t,z) — uT (t, ), we obtain

T
u (T, Xs (7)) = u’ (s,2) + / (O™ + LT (t, Xo4(x))dt + a martingale.

Hence, by (5.1),
Py ro(w) = Bp(Xs r(2)) = Eu” (T, X7 (2)) = u” (5,2).
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The desired estimate (1.4) now follows by Theorem 4.2.

Step 3. For (A), let p € B, for some n < (a+ 3 — 1) Al and let . := ¢ * p.
be the mollifying approximation. Clearly, by (5.1) we have

05 Py,1pe(x) + L7 Py oo (x) = 0.
In particular, for any 0 < ¢y < t; < t and = € R,

t1
Pryipe(®) = Prspela) + [ Z00Papula)ds.
to
By (1.4) and taking limits ¢ — 0, we obtain (1.5).
For (B), since @ > 1/2 and oo+ 8 > 1, one can choose v > 1 and n = 0 in (1.4)
so that

IPsipllcr < C(t—9)"*|lellBy, . < Ct—5)"%[¢]oo-
On the other hand, it is clear that

1Ps 1 lloo < [|]]oo-

The desired gradient estimate now follows by interpolation theorem (see [12, p35,
Theorem 3.2.1]).
For (C), let n € (§ — «,0). By (1.4), we have

[1Pslloc < Coillellnr, .-
From this, by Sobolev’s embedding, one sees that

Ps () = /Rd o(Y)ps,t(x,y)dy, pse(z,-) €BIY.
Thus, we obtain the desired regularity.
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