EULER SCHEME FOR DENSITY DEPENDENT STOCHASTIC
DIFFERENTIAL EQUATIONS
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ABSTRACT. In this paper we show the existence and uniqueness for a class of
density dependent SDEs with bounded measurable drift, where the existence
part is based on Euler’s approximation for density dependent SDEs and the
uniqueness is based on the associated nonlinear Fokker-Planck equation. As
an application, we obtain the well-posedness of a nonlinear Fokker-Planck
equation.

1. INTRODUCTION

In this paper we consider the following density dependent stochastic differential
equation (abbreviated as DDSDE):

AX; = b(t, Xo, po(X2)dt +V2dW,, Xo 2w, (1.1)

where W; is a standard d-dimensional Brownian motion on some probability space
(Q,Z,P),b: R, xRYxR — R? is a bounded Borel measurable vector field and for
t >0, ps(z) = PoX; !(dz)/dz is the distributional density of X; with respect to the
Lebesgue measure dz on R%, 1y is a probability measure over R?. By Ité’s formula,
one sees that p; solves the following nonlinear Fokker-Planck equation (FPE) in the
distributional sense:

Orpr — Dpy + div(b(t, -, pe)pt) = 0, 1&61 pr = vy weakly. (1.2)

More precisely, for any ¢ € C5°(R?),
t

<pt,</>>:<1/o,s0>+/0 <ps,A<p>d8+/0 (ps,b(s,,ps) - Vep)ds, (1.3)

where (pr, ) = fa p(@)p1(€)de = Eo(X,).

Since the coefficients of SDE (1.1) depend on the distributional density of the
solution X; evaluated at X;, the dependence of b on the measure p;(z)dz, is called
“Nemytskii-type” dependence (cf. [1], [2]). Thus (1.1) can be also called McKean-
Vlasov SDE of Nemytskii-type. Let us first recall the definition of a weak solution
to DDSDE (1.1):

Definition 1.1. Let vy be a probability measure on R?. We call a filtered probability
space (0, F,P; (Fi)i=0) together with a pair of processes (X, W) defined on it a
weak solution of SDE (1.1) with initial distribution vg, if

(i) PoXy' = vy, W is a d-dimensional F;-Brownian motion.
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(ii) for eacht >0, P o X, '(dz)/dz = p;(x) and
t
X, =X, +/ b(s, X, ps(Xs))ds + V2W,, P —a.s.
0

To show the existence of a weak solution, we consider the following Euler scheme
to DDSDE (1.1): Let T > 0, N € Nand h:=T/N. For t € [0, h], define

XtN = XO + \/§Wt,

and for t € [kh, (k + 1)h] with k =1,--- , N, we inductively define X}V by

t

XN .=xN +/ b(s, XN pN (XN ))ds + V2(W, — W), (1.4)
kh

where pp, (z) is the distributional density of X}V, whose existence is easily seen
from the construction. We have the following existence and uniqueness result.

Theorem 1.2. Assume that b is bounded measurable and for any t > 0,

lim sup |b(¢,x,u) —b(t,z,u0)| =0, VR >DO0. (1.5)

U—uUQ ‘33|<R

(Existence) For any T > 0 and initial distribution vy, there are a subsequence Ny
and a weak solution (X, W) to DDSDE (1.1) in the sense of Definition 1.1 so that
for any bounded measurable f and t € (0,T],

Jim Ef(X{") = Ef(X,).

Moreover, for each t € (0,T], X; admits a density p; satisfying the estimate

€T —1y 2
ply) < Ct= 2 / o= 55 1 (dz), y € RY,
Rd

where C,\ > 1, and the following L'-convergence holds:

lim | o () = pi(y)|dy = 0. (1.6)

k—o0

(Uniqueness) Suppose that vo(dz) = po(z)dz with po € (L' N L9)(RY) for some
q € (d, 0], and there is a C > 0 such that for all t,xz,u,u’,

|b(t, z,u) — b(t,z,u")| < Clu — /. (1.7)
Then weak and strong uniqueness hold for SDE (1.1).
Remark 1.3. If the uniqueness holds, then limit (1.6) holds for the whole sequence.

As a consequence of Theorem 1.2, we have the following well-posedness of the
nonlinear FPE (1.2).

Corollary 1.4. Let vy be a probability measure over R?.

(i) Assume b is bounded and Borel measurable such that (1.5) holds. Then there
is a weak solution p; to PDE (1.2) in the sense (1.3) with [ p, =1 and
|z —y|?

0 < pi() < Ct*d/2/ e” xt yy(dy), 2 € R t € (0,T). (1.8)
Rd

(i) Assume that (1.7) holds and that vo(dz) = po(z)dx with py € (L' N L9)(R?)
for some q € (d,o0]. Then the solution in assertion (i) is the unique weak
solution to (1.2)
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Proof. (i) The existence of a weak solution follows from the existence part of The-
orem 1.2 and It6’s formula.

(ii) The uniqueness follows from the uniqueness part of Theorem 1.2 by Section 2
in [2]. O

McKean-Vlasov SDE of Nemytskii-type (density dependent SDE), i.e.

A, = b(t, X, 2 (X)) dt + o (1, X, 225 () )dWs, Xo @,

were first introduced in [1, Section 2]. In [1], [2], for a large class of time inde-
pendent coefficients b, o, Barbu together with the second named author obtained
the existence of weak solutions for such (possibly degenerate) density dependent
SDEs (see Section 2). The strategy in [1] or [2] is to solve the associated nonlin-
ear Fokker-Planck equation and then by the well-known superposition principle (cf.
[11], generalizing [9] and [7]) to establish the existence of a weak solution to DDSDE
(1.1). Later, in [3], the same authors prove the uniqueness of the weak solution to
DDSDE (1.1), which is a consequence of the uniqueness of the corresponding non-
linear Fokker-Planck equation. Recently, in [4], they also consider the existence
of solutions to a class of nonlinear Fokker-Planck equations with measure-valued
initial data. The strategy of this paper is completely different from that in [1-4].
We start directly from DDSDE (1.1) and prove weak existence of solutions through
Euler’s approximation for DDSDE (1.1) and using simple heat kernel estimates. In
other words, we do not use the superposition principle. Moreover, our assumptions
on the drift are weaker. Especially, there is no regularity assumption of b in z. On
the other hand we only consider the case ¢ = identity.

As explained above we obtain weak (i.e. in the sense of Schwartz distributions)
solutions to FPE (1.2). Let us mention here that Chen and Perthame in [6] studied
the Cauchy problem for a general nonlinear degenerate parabolic-hyperbolic equa-
tion of second order in the framework of kinetic and entropy solutions, in the case
the coefficient do not depend explicitly on z and ¢.

However, all the above results do not cover Theorem 1.2 above. In particular,
we use a purely probabilistic method to show the existence of weak solutions for
the nonlinear FPE (1.2). This is the main contribution of the present paper. Here,
for simplicity, we only consider the additive noise case. For the case of uniformly
elliptic diffusion coefficients, it would also work by the corresponding heat kernel
estimates (see [5] and [10]).

This paper is organized as follows: In Section 2, we give some necessary prelim-
inaries about heat kernel estimates for the Euler scheme with bounded measurable
drifts. In Section 3, we prove our main Theorem 1.2 by Euler’s type approximation
(cf. [13]). Note that the usual Picard iteration does not seem to work for DDSDE
(1.1), since x — b(t, z, ps(z)) is too singular.

Throughout this paper, we use the following conventions: The letter C' denotes a
constant, whose value may change in different places. We also use A < B to denote
A < CB for some unimportant constant C' > 0.

2. HEAT KERNEL OF EULER SCHEME

In this section we show heat kernel estimates for Euler’s scheme of usual SDEs.
First of all, we recall some basic properties about the Gaussian heat kernel. Let

2
|z

g(t,z) := (47rt)_%e_ w,t>0,x€RY (2.1)
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which is the fundamental solution of A, i.e.,
deg(t, ) = Ag(t, z).

Moreover, we have the following Chapman-Kolmogorov equations:

(00 a(s)@) = [ ot = 2)gls 2z = glt+s.0), s >0, (22
and the following easy facts,
w2 a/2
g(t,z+y) <28 g(2t)e T, |Vgl(t,z) < Lg(2t, 7). (2.3)

The following lemma is straightforward and elementary. For the readers’ conve-
nience, we provide a detail proof.

Lemma 2.1. For any T > 0, 8 € (0,1) and j = 0,1, there is a constant C =
C(T,3,j,d) > 0 such that for any 0 <t < T and x1, 79 € R,
VIg(t,1) — Vig(t,as)| < Clay — 22t 377 3" g, 2y), (2.4)
i=1,2

and for any 0 < t; < to < T and x € RY,
s

(Vig(ty,z) — Vig(ts,x)| < Clta — t1]7 > 77 g(2t:, ). (2.5)

1=1,2

Proof. (i) By definition (2.1), it is easy to see that for k = 1,2, 3, there is a constant
C > 0 only depending on k, d such that

k

VEg(t, 2)] < Cdmt)~Fthe 50 = C2% b g(2t, ).
Thus, for j = 0,1 and 8 € (0,1), if |z1 — x2| > V/Z, then
Vgt a1) — Vgt )| St 2 (g(2t, 1) + (21, 22))
S Jar — Pt E B (g(2t, 1) + (2t ));

if |z1 — z2| < V/, then by the mean-value formula,

1
[V2g(t,x1) = Vg(t,x2)| < |21 — $2|/ [Vt g(t, z1 + 0y — 21))|dO
0

. 1
<oy =zt T / 9(2t, 21 + 0(zo — 1))d0
0

_Jt+1 _i/o_
<oy — @t~ 2 g(at, 1) < |y — ao|Pt 2 Pg(at, xy).

Combining the above calculations, we get (2.4).
(ii) If to — t; < t1, then by the mean-value formula,

1
|ng(t1,$) - ng(t2,1‘>| < |t1 - tg‘/ |V38tg|(t1 + e(tz - tl),x)de
0
1
= ‘tl - t2|/ |VJAg|(t1 + 0(t2 - tl),x)dﬂ

2(ty +0(t2 — 1)), x)
< _
f t2|/ (ty + 6(ts — tl))1+1/2 do

_1-1 B B
Sty —talty  2g(2t2,2) S [t — t2] 7ty 2 g(2t2,2);
if tg —t1 > t1, then ty < 2(t2 — tl) and

[Vig(ts, @) = VVg(ta,2)] St1 *9(2t,2) + 1, " g(2ta, 7)
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B [ —itB _itB
Sl —tal (57 g2t 0) +1,7 7 g(2ta,0)).
The proof is complete. U
Let b: Ry x R? — R be a bound measurable function. Fix 7' > 0 and 2 € R%.
Let X = XV (x) be defined by the following Euler scheme:
t
x)N = x+/0 b(s, X ) ()ds + V2W,, t€[0,T], (2.6)
where ¢n(s) := kT /N for s € [kT/N, (k+1)T/N). We have the following Duhamel
formula.

Lemma 2.2. For each t € (0,T] and z € R, XN (z) admits a density pY (t,y)
which satisfies the following Duhamel formula:

P =gtz =)+ [ B X)) Vot —sy- XD @)

Proof. Fix t € (0,T] and f € C>°(R%). For s € [0,], let u(s,x) := g(t — s, ) x f(z).
Since (95 + A)u = 0 and u(t,x) = f(z), by Itd’s formula, we have

Ef(XN) =Eu(t, X)) = u(0,z) + /tE[b(s, X)) vu(s,X;V)] ds.
0

From this, we derive the desired Duhamel formula. O

Remark 2.3. For a general initial value X' = Xy € %, and each t € (0, 7], since
for each z € R, XN(z) is independent of X, the Euler scheme XY defined by
(2.6) with initial value Xy also has a density pé\(f0 (t,y) given by

o (ty) = / P (t,y)P o X} (dx). (2.8)
Rd

The following Gaussian type estimate for p2 (t,y) was proved by Lemaire and
Menozzi [8]. Since it is not difficult, for the readers’ convenience, we provide a
detailed proof here.

Theorem 2.4. For any T > 0, there is a constant C = C(d,T,||b||s) such that
forall N €N, t € (0,T] and z,y € R?,

pe (t.y) < Cgldt,z —y). (2.9)

Proof. Let € > 0 be small enough so that

0, = 20+1 [e[bl eIl < 1/2.
Fix T > 0. Without loss of generality, we assume

N = (|[bl5.T/(410g2)) V (T /e). (2.10)
For simplicity we shall write

h:=T/N, M :=[g/h] €N.

Step 1: In this step we use induction to show that for all k =1,--- /M AN,

P (kh, ) < 24 g(akh,z — ). (2.11)

First of all, for k = 1, since X} =z + W), + foh b(s,x)ds, by (2.3) and (2.10) we
have

h
pY (h,y) = g(h,y — / b(s, x)ds — x) < 2Y/2elVIh/Ag(2h, & — y)
0
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< 24ePIRT/EN) (4 & — ) < 29 g(4h, 2z — y).

Suppose now that (2.11) holds for j = 1,2,..,k — 1. By Duhamel’s formula (2.7),
we have

kh
vy (khyy) — g(kh,z —y) = / E[b(s, X}, ) - Vglhkh = 5,y = X)) ds
0

k=1 (i+1)h
= / E[b(s,X%) . Vg(kh—s,y—XéV)]ds. (2.12)
j

0
Note that for s € (jh, (j + 1)h),
X = X VW = W) + [ o Xar
J
Since v2(W, — W) is independent of Xﬁl and has density g(s — jh,y), by the
C-K equations (2.2) we have

F5(s) = Eb(s, X}}) - Vg(kh — 5, XN — )]
—E|b(s, X\ - Vg(kh — s) % (s — jh) (X} + /h o(r, X)dr —y) |
J
- E[b(s, XN)- Vg (k;h —jh, XD+ / b(r, X2} )dr — y)}
ih

<ol [ 96l(kn—nz+ [ ot z)ar ) (i )
Rd ih
By (2.3) and induction hypothesis, we further have for s € (jh, (j + 1)h),

[bllos22 et [ N
I5i(8) € = 2(kh — jh), b(r, z)dr — 2 (Gh, 2)d
)< gy [, 9 (20 bzt [ birz)dr =)ol (i, 2)ds

11b]| o0 24 k=D RIBIZ /4
<

= VER — jh Rd

9(4(kh - ]h)v z = y) ' 2d+1g(4jhv$ - Z)dZ

bl| o 224+1 ellb||2, /4 200
— S — S

where we have used kh < Mh < e. Substituting this into (2.12), we obtain

N ( ) — g ) 24¢ ( )ki G+Dh 4
pY (kh,y) — g(kh,z — y)| < —=g(dkh,x —y b s
Ve =0 Jin VEh —s
24y kh 1
< —=g(4kh,z — - 4
Ve e =) | =
240,
= \/Eg g(dkh,x —y)2Vkh < 297 g (dkh, @ —y),

which implies, since g(¢,z) < 2%g(4t,z) and 2. < 1, that
py (kh,y) < 29(1 4 20.)g(4kh, © — y) < 294 g(4kh, z — y).

Step 2: Next we assume M < N and consider k = M +1--- ,2M. Note that

t+Mh
XN ovin = X0t + Wegntn — Warn + /1v " b(s, XJ, (4))ds
t
= Xﬁh + Wisnrn — Wy + ; b(S + Mh,XéVN(s)+Mh)dS,
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where we have used that ¢n(s + Mh) = ¢n(s) + Mh. In particular, if we let
thv = Xt]YFMh’ Wt = Wt+Mh - WMh)

then for ¢t € [0, MA],
t
XN = XN, + W + / b(s + Mh, X]' (,))ds.
0

Let pY (kh,y) be the density of X}V with X} = 2. By Step 1, we have
N (kh,y) < 2 g(dkh,x —y), k=1,--- , M.
Thus, for k =1,---, M, by (2.8) we have

P (e Mhg) = [ o )p (0, 2)d2
R

< 4dtt / g(4kh, z — y)g(dMh,x — z)dz
Rd
= 4" g(4(k + M)h,x — y).

Repeating the above procedure [%] + 1-times, we obtain that for some C > 0
independent of N,
piv(kh,y) < Cg(kh,x —vy), k=1,---,N.

Step 3: Note that for t € (kh, (k+ 1)h),
t
XN = XN + W, — Wiy, +/ b(s, X7y, )ds,
kh

where W; — Wy, is independent of X ,Jc\,’l Hence,

t
P (t,y) = / gt —khyz+ | b(s,2)ds — y)pl (kh, 2)d=
Rd kh

< C’e(tfkh)”b”go/zl/ g(4(t — kh),y — z)g(dkh,z — 2)dz

R4
< C’eTl‘b‘lio/4g(4t, x—y).

This completes the proof. (Il

The following corollary is a combination of Theorem 2.4 and Lemma 2.1.

Corollary 2.5. Let vo(dy) = Po Xy (dy) be the distribution of Xo.

(i) For any T > 0, there is a constant C = C(d,T,||bl|co) such that for all
NeN,te(0,T) and y € R?

PR, (ty) < C/
R

(ii) For any T > 0 and B € (0,1), there is a constant C = C(d, T, ||b]|co, )
such that for all N € N, t € (0,T) and y;,y> € R?,

_B
\p%o(t,yﬂ _p])\([o(t7:‘/2)| < C‘yl - y2|6t 2 Z /d g(4t,$L’ - yj)VO(dx>‘
j=1,27R

(iii) For any T > 0 and B € (0,1), there is a constant C = C(d, T, ||b||co, B)
such that for all N € N, t1,ty € (0,T) and y € RY,

—B/2
P, (t1,y) — DX, (t2,9)| < Clty — 12772 >t 7 /d 9(2tj, x — y)vo(dx).
j=1,2 R

, g(4t, x — y)vp(da). (2.13)
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Proof. (i) is a direct consequence of (2.8) and Theorem 2.4. We only show (iii)
since (ii) is similar by (2.4). Suppose t; < t2. By (2.7), we have

,009) = p, (2] < [ lgftr,a =) = glta, — ) luo(do)
R
ty
+ Hb||oo/ /d [Vg(ty — s,y —2) — Vg(ta — s,y — z)|p)]¥0 (s,2)dzds
o Jr

ta
+ Hb||oo/ /d IVg(ti — s,y — 2)|pX, (s, 2)dzds =: [ + I, + I.
t1 JR
For I, by (2.5), we have

B _B
LSh—tlf S 6 /Rdg(2tj,x—y)1/0(dx).

j=1,2
For I, by (i), (2.5) and the C-K equations (2.2), we have

psin-uf Y [ [/ (t; - ) F g4ty - 5). 2~ y)

j=1,2

X /Rd g(ds,x — z)l/o(dx)dz] ds

148
=|t1 -1 5 (t; —s)" = 4t x — dz)d
it 3 [Nt [ gtatyr - tanas

j=1,2

< [ty — ta]? Z/ (45,2 — y)vo(d).

j=1,2
For I5, by (i), (2.5) and the C-K equations, we have

I3 < / / (t1 —s) % (4(t1 — 8),2 —v) / g(4s,x — 2)vp(da)dzds
t1 JRA Rd
to 1
/ / (t1 —s) 2g (4t1,x — )V()(dx)ds§|t2—t1|§/dg(4t1,;v—y)1/0(dx).
R,

Combining the above calculations, we obtain the desired estimate. O

3. PROOF OF THEOREM 1.2

Let (9, #, (#1)t>0, P) be a complete filtered probability space, W; a d-dimensional
standard .%;-Brownian motion, and X, an .%p-measurable random variable with
distribution v. Let T > 0, N € N and h := T/N. Let X}V be the Euler approx-
imation of DDSDE (1.1) constructed in the introduction. From the construction
(1.4), it is easy to see that X}V solves the following SDE:

t
XN = X+ / DY (s, X2 )ds + VAW, (3.1)
0
where
b (s5,2) = gazmyb(s,2, o3 (o () (3.2)
and
PN (s) = Zjhl[jh,(jﬂ)h)(s). (3.3)

Jj=0
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The following lemma is easy by (3.1) and since [0V ||oo < [|6]|oo-
Lemma 3.1. For anyT > 0, there is a constant C' > 0 such that for all s,t € [0, T,
supE| XY — XNt < C|s —t]2.
N

Let pY(t,y) be the distributional density of the Euler scheme XY (z) of SDE
(3.1) starting from z at time 0. Since for each x € RY, XN (z) is independent of
Xo, the distributional density p (y) of X}V with initial distribution vy is given by

P = [ ¥ (). (3.4)
The following lemma is crucial for the existence of a solution to DDSDE (1.1).

Lemma 3.2. For fixed T > 0, there are a subsequence (Ni)ren and a continuous
function p € C((0,T) x R?) such that for any M € N,

lim sup sup |pl*(y) — pe(y)| = 0. (3.5)
k=00 |y |<M 1/M<tLT

Proof. First of all, by the upper-bound estimate (2.9) for pl (¢, y), we have

sup  sup |pN(y)|<C [ sup  sup |g(4t,z —y)|wo(dr) < Cur,
Y| <M 1/M<t<T RY y|<M 1/M<t<T

where C} is independent of N. Moreover, by Corollary 2.5, we have for any 5 < 1,
t17t2 € [1/M7T] and Y1,Y2 € Rd7

oY (1) — piy (y2)| < |pfY (1) — pi (y2)| + |y (y1) — piy (y2)]

Ste=tlF Y [ o2t —olldo)

1=1,2
=l 3 [ lotata,s — 2)oc)
1=1,2
S Mﬁ(d+1+ﬂ)/2<|t2 — 1|2 + |ys — y2|5>7 (3.6)

where the implicit constants in the above < are independent of N. Thus, by Ascolli-
Arzela’s theorem, we conclude the proof and have (3.5). O

Now we are in a position to give the

Proof of Theorem 1.2. (Existence) Fix T > 0. Let W be the space of all contin-
uous functions from [0,7] to R%. Let Qy be the law of (XN, W.) in W x W.
By Lemma 3.1 and Kolmogorov’s criterion, {Qn}nen is tight. Therefore, by
Prokhorov’s theorem, there are a subsequence (Ng)gen and a probability measure
Q on W x W so that

Qn, = Q weakly.
Without loss of generality, we assume that the subsequence is the same as that

in Lemma 3.2. Below, we still denote the above subsequence by Qn, N € N
for simplicity. Now, by Skorokhod’s representation theorem, there are probability

space (€, F ,IP’) and random variables (X2, wn ) and (X, W) thereon such that
(XN WYY 5 (X, W), Pas. (3.7)

and

Po(XN WM =Qn =Po (XN, W)™, Po(X,W) '=0Q. (3.8)
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In particular, the distributional density of 3(\,5]/\’ is pI¥. Moreover, by Lemma 3.2 and
(3.7), for any ¢ € (0,T) and ¢ € C°(RY),

Ep(Xy) = lim Ep(X[Y)= lim [ o(y)p (y)dy = / P()pe(y)dy.
—00 N—oo Rd Rd

In other words, p; is the density of X;. Define %N = o (XV, Wh:s < t). We note
that
PW, — Wy € -|F] = P{W, — W, € -},
hence,
PW — WY e |7 =P{W) - W] e},
which means that WtN is an %N—BM. Thus, by (3.1) and (3.8) we have
t
XN XN / bV (s, X, )ds + VWA, (3.9)
0
Let us now show that
¢ ¢
/0 1s>hb(87XéVN@,pQN(S)(XéVN(S)))dS - /o b(& XsapS(XS)>d5a (3.10)
in probability as N — co. Let €y C © be a measurable set so that P(€) = 1 and
for each w € Q,
lim (X2, (@), WY (@) = (X (@), W. (). (3.11)

N —oo

In particular, for each fixed w € Qy and s € (0,7), by (3.5), (3.6) and (3.11), we
have

. N N N
A}gnoo |P¢N(s)(X¢N(s)(W)) - Ps(X¢N(s) (W) =0, as. (3.12)

On the other hand, for any s > 0, by (1.5) we have

lim sup sup |b(s,z,u+3d)—b(s,z,u)| =0, VR >O0.
101=0 |y |<R |z|<R

Thus, by (3.11) and (3.12), we have for each s > 0 and w € g,
Jim (b5, X80 (), 28 (0 (K25 (0 (@))) = b5, KB, (@), oK (@) = 0,

which, by the dominated convergence theorem, implies that

t
. ™ v N N v N v N v N
lim E/O |15>hb(8,X¢N(S),p¢N(S)(X¢N(S)))—b(SanﬁN(s)aps(qu(s)))‘dS

N —oc0

t
= E/o A}gﬂw \1s>hb(57XéVN(s)anN(s)(Xé)VN(s))) - b(s’Xq]SVN(s)va(Xé)VN(s))”ds =0.

For proving (3.10), it remains to show

t
lim IEJ/h 16(5, X2 (s Ps (X (6))) — b5, X, ps(X,))|ds = 0.

N—oc0
Let K. be a family of mollifiers in R?. Define
B.(t,x) = b(t,-, p:(+)) * K ().
Clearly, for fixed € > 0, by (3.11) we have

N —oc0

t
lim E/ |B-(s, X\, () — Be(s, Xs)|ds = 0.
h
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Below for notational convenience, we write )?t‘x’ = X, and $oo(s) :=s. For N €
NU {0}, we have

t
w v N v N v N
E/h ‘BE(S7X¢N(S)) _b(s’X¢N(s)’pS(X¢N(S))|dS
t
w v N v N v N
<E/h Ly ven| Belo K ) = s X . pa (X0, )| s

t
+ 2|\b||oo/h P(\X;VN(S)| > R)ds = IN(e) + JX.

For I¥ (¢), by (3.4), (2.9) and Holder’s inequality with p > 2d and ¢ = z%’ we
have

IN(e) = / /B 1Be(5, ) — b(5, 9> s (1) 02, 1 () lyds

S [ 1Bt = o )] [ 000 (60,7~ wpo(dn)dds

s/ ( IR b(svy,ps@))ﬁdy);’
X (/BR qdy>;ds

< /h t ( / IB-(sy) - b(&y,ps(y)wdy);’m(s)5ds

/]Rd g(4on(s), z — y)vp(da)

2

< ( / t (f () - b)) ds>; (f t <z>N<s>—iflds>é
< (/ (f 15t —b(s,y,ps@))wciy)ids); ([ d)

where the implicit constant in the above < is independent of N, R and ¢. Hence,
for each R > 0, by the dominated convergence theorem, we obtain

lim sup IN(e)=0.
£=0 NeNU{o} i (€)

For JJ, by Chebyshev’s inequality and (3.1) and since ||b"|ls < ||b]|oc, We have

t
N = 2|Jbllso /h P(XY, ) > R)ds
t
< 2Ybllne / B(Xo| + 8blloe + VW] > R)ds

< 2\|b||00(/0 P Xo| + 5[[bl| o > R/Q)ds+/0 mds),

which converges to zero uniformly in N, as R — co. Combining the above calcula-

tions, we obtain

t
lim sup IE BE Sa)sz s _bsy—ij s)s Ms XN s ds = 0.
€20 NeNU{co} h |Be( o )) ( on(s) P ( on( ))|

Thus, (3.10) is proven and the existence of a solution to DDSDE (1.1) is obtained.
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(Uniqueness) Let X; and X; be two solutions of DDSDE (1.1) defined on the same
probability space and with the same initial value Xy, where X has the distribu-
tional density py € L4(R?) with ¢ € (d, oc]. Let p;(y) and p;(y) be the distributional
density of X; and X, respectively. Clearly, these are two solutions of the nonlinear
Fokker-Planck equation (1.2) with the same initial value pg. Consider the following
linearized SDE:

dX, = B(t, X;)dt + v2dW;, X, = =,
where B(t, z) := b(t, x, pt(x)). It is well known that X;(x) admits a density p,(¢,y)
with Gaussian type estimate: For some A, C' > 0, it holds that for all ¢t € (0,7 and
z,y € RY,

pa(t,y) < Cg(At,z —y).

Note that by (2.9) and Hélder’s inequality,

p) = [ et 5 [ o0ta - pm(a)da

< Nlg, Mlasa—nlloolly S ¢~V pollg- (3.13)
Let
Ly = pe — pe, Be:=b(L, -, pe)pr = b(t, -, i) pe
and
i (z) :=Ty x K.(x),
where {K.(z),e € (0,1)} is a family of mollifiers. By definition, it is easy to see
that

t t
I = Al"ids +/ div(B;s x K. )ds.
0

Let Bs(r) := V72 +0 — /0. For simplicity, we write [ f for [p, f(z)dz. By the
chain rule and integration by parts, we have

Oy /55(F§) = /Bg(Fi)(AI‘f + div(B; * K.))
= [ B (= IVriP - (Bex k) VE)
< [ (- VTiP + 218« K.P),
where we have used that 8% (r) = 6/(r? 4+ 6)%/2 > 0. Hence, by Fatou’s lemma,

/|Ft hm lim [ B5(TF) <2lim hm/ /ﬁ (TS)(|Bs| * K.)%. (3.14)

§—0e—0 §—0e—0

For fixed § > 0, since 87 (r) < §~/2 and by (3.13),

|&un<mmwmm+mu»<af“w+n,
the dominated convergence theorem implies

1im///3 )| (1Bs| * K.)? — |By|*| <6 / hm/\IBI*K — B’ =0
e—0

and also,

;gA/W | 1B, J? = //mma Y] B =
Therefore,
gg//BWUﬂM' //B B[,
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and by (3.14), thanks to 3§ (r) < 1/r,
t 2
Bs|
Iy <2 hm/ /6 )| Bs|? < / |Bs .
J o< [
Moreover, noting that by (1.7) and (3.13),

_d
|Bi(2)| < CITe(@)|([lpelloc + 1) < O[T ()| (¢ 20 + 1),
we further have for v € (1, %),

—1
~ 0

Jiris [ten fing< ([ +1)st)$ [ ] es)

Thus by Gronwall’s inequality, we get

/|I‘t\ =0,

which implies p; = p;. Now the pathwise uniqueness of SDE (1.1) follows by
the well-known pathwise uniqueness for SDE (1.1) with bounded measurable drift
b(t, 2, pr() (et [12]). 0
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