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Abstract9

An investment decision involves different dimensions like, e.g., timing, size, and technology. Concern-10

ing the latter, this paper focuses on volume flexibility in the sense that the investing firm can choose11

between a dedicated technology, where the firm always has to produce up to capacity, and a volume12

flexible technology where the firm can also choose to produce below capacity. The present paper con-13

siders such investment decisions in a duopoly framework with demand uncertainty. Clearly, choosing14

for a flexible technology has the advantage that the firm can adjust its production amount to different15

demand realizations. On the other hand, choosing a dedicated technology implies that the firm is com-16

mitted to produce a certain amount, which is advantageous from a strategic point of view. Our main17

results are threefold. First, the equilibrium is sequential where under limited demand uncertainty the18

first investor chooses for a dedicated technology, and the second investor takes the flexible technology.19

Second, if demand is more uncertain, the first investor goes for the flexible technology, where the second20

investor reacts by choosing the dedicated one. Third, in case the first investor chooses for a dedicated21

technology, we show that the optimal time and size of the investment is not influenced by the follower’s22

choice regarding a dedicated or flexible technology.23

Keywords: Investment under Uncertainty, Duopoly, Volume Flexibility, Preemption24

25

1 Introduction26

The advancement in production technology has made production firms more efficient in coping with market27

demand uncertainty. A significant advancement is the volume flexibility, i.e., the ability to operate profitably28

at different output levels (Sethi and Sethi, 1990). There are different concepts regarding the volume flexibility.29

In static models, Goyal and Netessine (2011) takes the volume flexibility as to increase or decrease production30

above and below installed capacity at a cost; Stigler (1939) considers from economics perspective that volume31

flexibility depends on the divisibility of the production plant, and a firm is less flexible if the average cost curve32

is steeper around the minimum because it is more costly to deviate from the corresponding output level. In a33
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dynamic setting, the volume flexibility is more popular as the concept of adjusting output quantities within34

the constraint of installed maximal production capacity (Dangl, 1999; Hagspiel et al., 2016; Wen et al., 2017;35

Wen, 2017). It has also been established in literature that the volume flexibility is important and improves36

the firm’s performance (Beach et al., 2000). In a market with two products, Goyal and Netessine (2011)37

show that the volume flexibility combats the aggregate demand uncertainty. Hagspiel et al. (2016) and Wen38

et al. (2017) conclude that the volume flexibility increases the value of the investment.39

So far the discussion about adopting volume flexibility to combat the demand uncertainty restrains mainly40

to a monopoly firm. It makes sense that a monopoly firm chooses this production technology upon investment41

because it yields larger value. However, the strategic effect of volume flexibility is not very clear. Wen (2017)42

tries to gain insight about the influence of volume flexibility in a duopoly setting. He concludes that volume43

flexibility benefits not only the firm adopting it, but also the other firm without volume flexibility. The44

intuition is that volume flexibility has a buffer effect on the stochastic prices in the sense that the output45

is adjusted to a volatile market demand. So the the changes in the market price is less dramatic. Whereas46

this is based on the assumption that volume flexibility is assigned to the follower, i.e., the second investor.47

But it is not very clear whether the leader (first investor) being dedicated (without volume flexibility) and48

the follower being flexible (with volume flexibility) is an equilibrium outcome, if they have the choice to be49

volume flexible. A main reason the investigation is insufficient in the direction is stated by Huisman and50

Kort (2015) as,51

“We impose that the firm always produces up to capacity. Relaxing this constraint is doable in a monopoly52

framework (Dangl, 1999), but complicates the analysis considerably in the model with two firms.”53

Within this research work, we take on the challenge and answer the question that, if the volume flexibility54

is an endogenous decision, i.e., firms can choose whether to be volume flexible or not upon their investments,55

what is the equilibrium outcome under demand uncertainty in the dynamic setting. In particular, we consider56

the firm having irreversible capital investment projects to obtain a production plant, and the market demand57

for the potential product is stochastic. The firm has to decide when to invest, and in case it does invest,58

whether to be volume flexible and its maximal production capacity. A larger capacity is associated with59

larger sunk investment costs. This is a real option problem because the firm constantly forecasts the future60

demand and compares the decisions of investing now and delaying investment. So this paper has connection61

to the following streams of literature.62

Dynamic investment under demand uncertainty. The traditional real option models considers investment63

timing as in Dixit and Pindyck (1994). Later on the capacity choices are incorporated into firm’s investment64

decisions, which can be found in the research by Dixit (1993), Bar-Ilan and Strange (1999) and Décamps et al.65

(2006). The general conclusion is that market uncertainty induces the firm to invest later and with a larger66

investment capacity. Huisman and Kort (2015) extend the firm’s investment decision of timing and capacity67

to a duopoly setting, which has motivated flourishing literature studying firm’s strategy interactions. These68

interactions focus mainly on investment decisions to deter or accommodate the competitor’s market entry,69

especially under some specific market conditions such as capacity expansion (Huberts et al., 2019), and the70

potential competition from a third firm (Lavrutich et al., 2016). An overview on this stream of literature71

has been conducted by Huberts et al. (2015), Trigeorgis et al. (1996) and Trigeorgis and Tsekrekos (2018).72

The underlying assumption of these literature is that the firm utilizes all the invested capacity during its73

production, i.e., without volume flexibility. Whereas the main contribution of this paper is to consider also74

the choice of volume flexibility apart from the investment timing and capacity. Besides, given the complexity75

of the analysis, the interaction between the duopolistic firms focuses mainly on the preemption/deterrence76

investment decisions.77

The value of commitment in competition. Commitment has been considered valuable because the inability78
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to back down poses a credible threat during competition and confrontation (Cong and Zhou, 2019; Schelling,79

1980; Fudenberg and Tirole, 1991). For instance, the incumbent with excessive capacity can commit to80

an expanded output so as to deter the entry of its competitor (Spence, 1977). So far the literature about81

commitment finds itself mainly in the setting without uncertainty. When there is market uncertainty, the82

investigation about commitment have been conducted by (Anand and Girotra, 2007) and (Anupindi and83

Jiang, 2008), and they support that as long as there is competition the commitment is valuable. Their84

analysis bases mainly on a static setting. A common approach is to carry out analysis for the stages both85

before and after the uncertainty is resolved. Cong and Zhou (2019) consider duopoly competition on a86

Hotelling line with uncertainty about the customer distribution. Before the uncertainty realization, both87

firms decide on their rigidity or flexibility, simultaneously or sequentially. After the uncertainty about88

customer distribution is realized, the flexible firm can reposition itself on the Hotelling line and the rigid89

firm cannot, and the two firms compete on prices. In their model, both firms choosing flexibility can arise in90

the equilibrium if it yields larger payoff than rigidity for both firms. They find that under larger uncertainty,91

rigidity softens competition and generates commitment value, and flexibility generates option value. Both92

values can spill over to competitors. There are several differences between the present paper and (Cong93

and Zhou, 2019). The present paper studies a dynamic and continuous time model, which allows richer94

observations about the interactions between two firms, i.e., the timing decisions and preemption analysis.95

We show that both firms choosing flexibility is not an equilibrium in dynamic setting.96

Follower

Dedicated Flexible

L
e
a
d

e
r

Dedicated Huisman and Kort (2015) Wen (2017)

Flexible This paper This paper

Table 1: Extension to previous research work.

The main contribution for this paper is to analyze duopoly firms’ volume flexibility decision in dynamic97

investment under uncertainty. So it naturally extends the research work featuring dynamic investment98

without volume flexibility by Huisman and Kort (2015). Specifically, in addition to their model where both99

the leader and the follower are dedicated (symmetric firm rols), we conduct analysis for other different firm100

role combinations, see Table 1. 1 Another difference is that to answer our research question it is sufficient to101

anlyze only the non-simultaneous investment, i.e., the deterrence strategy as in Huisman and Kort (2015).102

In particular, we derive the investment decisions of both the leader and the follower for the corresponding103

exogenous firm roles. The dedicated and flexible firms’s value are then compared between different settings.104

This allows us to rule out both firms choosing volume flexibility as an equilibrium output. The preemption105

analysis is conducted for different demand uncertainty levels between a flexible and a dedicated firm. Our106

result shows that when the demand uncertainty is low, the firm choosing dedicated production invests first107

and the second investor chooses volume flexibility. When the demand uncertainty is high, it is the other108

way around. Both the dedicated and the flexible firms need balance the effects of investing earlier or later109

than its rival. Investing earlier brings monopoly profits, which is good. On the other hand, when investing110

earlier than the flexible rival the dedicated firm has to invest a relatively small capacity, which constrains111

its market share and benefits its rival. When investing later than its flexible rival the dedicated firm can112

1 Part of the analysis for dedicated leader and flexible follower can also be found in Wen (2017).
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benefit from the buffer effect of its rival’s volume flexibility.113

The structure of the paper is as follows: Section 2 introduces the model. Section 3 derived the investment114

decisions under three different exogenous firm roles. Section 4 applies numerical examples and shows that115

when uncertainty is low the equilibrium outcome is dedicated leader and flexible follower, and vice versa116

when uncertainty is large. Section 5 concludes.117

2 Model Setup118

Two firms need to make investment decisions to enter a market with volatile market demand. The investment119

decisions not only include the timing and the size of the investment, but also the volume flexibility, i.e., the120

capability to produce below its investment capacity after investment in case the realized market demand is121

low. The volume flexibility decision at the moment of investment is irreversible, and once the firm chooses122

to be non-flexible (dedicated), the firm utilizes all its production capacity and produces always a constant123

output. Denote by KL ≥ 0 and KF ≥ 0 the capacity of the first investor (leader) and the second investor124

(follower) respectively. For both firms, the unit cost for capacity investment is δ > 0 and the unit cost for125

production is c > 0. The price at time t ≥ 0 is p (t), and in an inverse demand structure when both firms126

are active the price equals to127

p(t) = X(t)
(

1− η (QL(t) +QF (t))
)
,

where η > 0 is a constant, Qs (t) ≤ Ks denotes the production output for firm s ∈ {L,F} at time t if firm128

s is flexible, Qs (t) = Ks if firm s is dedicated. The stochastic process {X(t)|t ≥ 0} follows a geometric129

Brownian Motion (GBM), i.e.,130

dX(t) = µX(t)dt+ σX(t)dWt,

in which X(0) > 0, µ is the trend parameter, σ > 0 is the volatility parameter, and dWt is the increment of131

a Wiener process. This inverse linear demand function has among others been adopted by Pindyck (1988)132

and Huisman and Kort (2015). Both firms are risk neutral and discount against rate r that is assumed to be133

larger than µ. This is to prevent that it is optimal for the firms to always delay the investment (see Dixit and134

Pindyck, 1994). From now on the argument of time is dropped whenever there can be no misunderstanding.135

3 Investment Decisions under Exogenous Firm Roles136

This section analyzes three models where the volume flexibility is designated exogenously to the leader or the137

follower or both. In particular, they are an extension to the model proposed in Huisman and Kort (2015),138

where both firms are dedicated. In the following analysis, we use superscript “fd” to denote the model of a139

flexible leader and a dedicated follower, and “df” the other way around. The subscript of “f” and “d” then140

represent the flexible and the dedicated firm in these two models. Furthermore, we use superscript “ff” to141

denote the model of a flexible leader and a flexible follower, and subscript “L” and “F” to represent the142

corresponding leader and the follower. For each model, we analyze the firms’ optimal investment decisions,143

i.e., the investment capacity Kij
s and the investment threshold Xij

s with i, j ∈ {d, f} and s ∈ {d, f, L, F}.144

Note that the investment happens when X(t) reaches Xi,j
s for the first time from below, and we assume145

X(t = 0) < Xi,j
s holds, i.e., neither firm invests at time t = 0.146

3.1 Dedicated Leader and Flexible Follower147

In this model, the leader always produces up to capacity after investment, i.e., Qdfd = Kdf
d , and the follower148

can produce below capacity, i.e., Qdff ≤ K
df
f .149
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3.1.1 Flexible Follower’s Investment Decision150

Given that X(t) = X and the leader has installed a capacity size Kdf
d , denote πdff (Kdf

d , X,K
df
f ) as the profit

for the flexible follower after investing a capacity Kdf
f . The follower’s output maximizes its profit flow that

is equal to

πdff (Kdf
d , X,K

df
f ) = max

0≤Qdff ≤K
df
f

(
X
(
1− η

(
Kdf
d +Qdff

) )
− c
)
Qdff .

Because 0 ≤ Kdf
d < 1/η, the optimal output level for the follower is151

Qdff
∗
(Kdf

d , X,K
df
f ) =


0 0 < X < Xdf

f1,

X−c
2ηX −

Kdf
d

2 Xdf
f1 ≤ X < Xdf

f2,

Kdf
f X ≥ Xdf

f2,

(1)

where the two boundaries are 2
152

Xdf
f1 =

c

1− ηKdf
d

and Xdf
f2 =

c

1− ηKdf
d − 2ηKdf

f

.

The follower’s corresponding profit flow is given by153

πdff
∗
(Kdf

d , X,K
df
f ) =


0 0 < X < Xdf

f1,

(X−c−ηXKdf
d )

2

4ηX Xdf
f1 ≤ X < Xdf

f2,

X
(

1− ηKdf
d − ηK

df
f

)
Kdf
f − cK

df
f X ≥ Xdf

f2.

(2)

The flexible follower’s investment decision is solved as an optimal stopping problem and can be formalized154

as155

sup
T≥0,Kdf

f ≥0
E

[∫ ∞
T

πf (Kdf
d , X(t),Kdf

f ) exp(−rt)dt− δKdf
f exp(−rT )

∣∣∣∣X(0)

]
, (3)

conditional on the available information at time 0, and T is the time of the investment, i.e, the first time that

x(t) reaches its investment threshold, and Kdf
f is the acquired capacity at time T . Denote by Vf (X,Kdf

d ,K
df
f )

the value of the flexible follower, and it satisfies the Bellman equation

rV dff = πdff +
1

dt
E[dV dff ]. (4)

Applying Ito’s Lemma, substituting and rewriting lead to the following differential equation (see also, e.g.,156

Dixit and Pindyck (1994))157

1

2
σ2X2

∂2V dff (Kdf
d , X,K

df
f )

∂X2
+ µX

∂V dff (Kdf
d , X,K

df
f )

∂X
− rV dff (Kdf

d , X,K
df
f ) + πdff (Kdf

d , X,K
df
f ) = 0. (5)

Substituting (2) into (5) and employing the value matching and smooth pasting conditions at Xdf
f1 and Xdf

f2158

yield the follower’s value after investment as given by159

V dff (Kdf
d , X,K

df
f )

=


Ldf (Kdf

d ,K
df
f )Xβ1 0 < X < Xdf

f1,

Mdf
1 (Kdf

d ,K
df
f )Xβ1 +Mdf

2 (Kdf
d )Xβ2 +

(1−ηKdf
d )

2
X

4η(r−µ) − c(1−ηKdf
d )

2ηr + c2

4ηX(r+µ−σ2) Xdf
f1 ≤ X < Xdf

f2,

Ndf (Kdf
d ,K

df
f )Xβ2 − cKdf

f

r +
XKdf

f (1−ηKdf
d −ηK

df
f )

r−µ X ≥ Xdf
f2,

(6)

2 Xdf
f1 is a function of Kdf

d and Xdf
f2 is a function of Kdf

d and Kdf
f . We drop the arguments for the boundaries when there

can be no mistandanding.
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in which β1 and β2 are the positive and negative root for the quadratic equation β(β− 1)σ2/2 +µβ− r = 0,160

and the expressions of L(Kdf
d ,K

df
f ), M1(Kdf

d ,K
df
f ), M2(Kdf

d ), N(Kdf
d ,K

df
f ) can be found in the Appendix161

A. If Kd = 0, then the model reduces to a monopolist with volume flexibility as in Wen et al. (2017) .162

The follower does not produce right after the investment if X < Xdf
f1. Thus, L(Kdf

d ,K
df
f )Xβ1 is positive163

and represents the option value to start producing in the future as soon asX(t) reachesXdf
f1. M1(Kdf

d ,K
df
f )Xβ1

164

is negative and corrects for the fact that if X(t) reaches Xdf
f2, the follower’s output will be constrained by165

the installed capacity level. M2(Kdf
d )Xβ2 has both a negative and a positive effect. The negative effect166

corrects for the positive quadratic form of cash flows even when X(t) drops below Xdf
f1 in (2). The positive167

effect comes from the option that the follower would temporarily suspend production for a too small market168

demand. When σ2 < r + µ, the negative effect dominates the positive effect, and if σ2 > r + µ the positive169

effect dominates3. N(Kdf
d ,K

df
f )Xβ2 is positive and describes the option value that if the demand decreases,170

i.e., X(t) drops below Xdf
f2, the flexible follower produces below full capacity. The optimal investment de-171

cision is found in two steps. First, given Kdf
d and the level of X(t) = X, the optimal value of Kf is found172

by maximizing V dff (X,Kdf
d ,K

df
f ) − δKf , which yields Kdf

f (Kdf
d , X). Second, for a given capacity size K,173

the optimal investment threshold Xdf
f (Kdf

d ,K) for the follower can be derived. Combining Kdf
f (Kdf

d , X) and174

Xdf
f (Kdf

d ,K) yields the optimal investment decision that is summarized in the following proposition.175

Proposition 1 Let176

σ̄2 =
−2
(
Λ− µ2

)
(2r − µ)− 4

√
rΛ (Λ− µ2) (r − µ)

Λ− (2r − µ)
2 with Λ =

(
2δr(r − µ)− µc

c

)2

, (7)

and given that the dedicated firm has already invested capacity Kd ∈ [0, 1/η), there are two possibilities for177

the follower’s investment decisions:178

i. Suppose µ > δr2/(c+ δr), or both r − c/δ < µ ≤ δr2/(c+ δr) and σ > σ̄, then the follower produces179

below capacity right after investment. For any X ≥ Xdf
f1, the optimal capacity Kdf

f (X,Kdf
d ) that180

maximizes V dff (X,Kdf
d ,K

df
f )− δKdf

f is given by181

Kdf
f (Kdf

d , X) = max

{
0,

1

2η

(
1− ηKdf

d −
c

X

[
2δ (β1 − β2)

c (1 + β1)F (β2)

] 1
β1

)}
, (8)

and the optimal investment threshold Xdf
f

∗
(Kdf

d ) satisfies182

c
(

1− ηKdf
d

)
F (β1)

4ηβ1

X
(

1− ηKdf
d

)
c

β2

− δKdf
f (Kdf

d , X)

+
1

4η

β1 − 1

β1

X
(

1− ηKdf
d

)2
r − µ

−
2c
(

1− ηKdf
d

)
r

+
β1 + 1

β1

c2

X (r + µ− σ2)

 = 0,

(9)

where183

F (β) =
2β

r
− β − 1

r − µ
− β + 1

r + µ− σ2
. (10)

3 Compared to Hagspiel et al. (2016), the dominance of positive and negative effect can be determined in this paper. This

is probably due to the fact that I adopt a multiplicative inverse demand structure, and they study an additive inverse

demand function.
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ii. Suppose µ ≤ r − c/δ, or both r − c/δ < µ ≤ δr2/(c+ δr) and σ ≤ σ̄, then the follower produces up to184

capacity right after investment. For any X ≥ Xdf
f1, the optimal capacity Kdf

f (Kdf
d , X) = max {0, kf}185

with kf satisfies186

c (1 + β2)F (β1)

2 (β1 − β2)

X
(

1− 2ηkf − ηKdf
d

)
c

β2

+
X
(

1− 2ηkf − ηKdf
d

)
r − µ

− c

r
− δ = 0, (11)

and the optimal investment threshold Xdf
f

∗
(Kdf

d ) satisfies187

cF (β1)

4ηβ1

(
X

c

)β2
((

1− ηKdf
d

)1+β2

−
(

1− 2ηKdf
f (Kdf

d , X)− ηKdf
d

)1+β2
)

+
(β1 − 1)X

β1
×
Kdf
f (Kdf

d , X)
(

1− ηKdf
d − ηK

df
f (Kdf

d , X)
)

r − µ
−
( c
r

+ δ
)
Kdf
f (Kdf

d , X) = 0.

(12)

3.1.2 Dedicated Leader’s Investment Decision188

The leader takes the follower’s decisions into consideration when deciding on the market entry, and the

leader’s maximization problem is given by

sup
τ≥0,Kdf

d ≥0
E

[ T∫
τ

(
Kdf
d

(
1− ηKdf

d

)
X(t)− cKdf

d

)
exp (−rt)dt− δKdf

d exp (−rτ)

+

∞∫
T

(
Kdf
d

(
1− ηKdf

d − ηQ
df
f (Kdf

d , X
df
f ,K

df
f )
)
X(t)− cKdf

d

)
exp (−rt)dt

∣∣∣∣∣∣X(0) = X

]
,

where τ is the leader’s investment timing, and T is the moment that the flexible follower invests. Note that189

T > τ for the non-simultaneous investment between the leader and the follower.190

The leader’s investment value is generated by the leader’s profit flow. Before the follower’s entry, the

leader is a monopolist in the market. After the follower’s entry, both firms are active in the market, putting

an end to the leader’s monopoly privilege. The follower might not produce, produce below, and produces up

to capacity after its investment. Thus there are three cases for the leader’s profit flow. For the given GBM

level X and the leader’s capacity size Kdf
d , the leader’s profit flow πdfd (X,Kdf

d ) is given by

πdfd (X,Kdf
d ) =


Kdf
d

(
1− ηKdf

d

)
X − cKdf

d 0 < X < Xdf
f1,

Kdf
d

2

(
X − ηXKdf

d − c
)

Xdf
f1 ≤ X < Xdf

f2,

XKdf
d

(
1− η

(
Kdf
d +Kdf

f

∗
(Kdf

d )
))
− cKdf

d X ≥ Xdf
f2.

Then the value function of the leader after the follower’s investment can be derived as being equal to191

V dfd (X,Kdf
d ) =


Ldf (Kdf

d )Xβ1 +
Kdf
d (1−ηKdf

d )
r−µ X − cKdf

d

r 0 < X < Xdf
f1,

Mdf
1 (Kdf

d )Xβ1 +Mdf
2 (Kdf

d )Xβ2 +
XKdf

d (1−ηKdf
d )

2(r−µ) − cKdf
d

2r Xdf
f1 ≤ X < Xdf

f2,

N df (Kdf
d )Xβ2 +

XKdf
d (1−ηKdf

d −ηK
df
f

∗
(Kdf

d ))
r−µ − cKdf

d

r X ≥ Xdf
f2.

(13)

The expressions of Ldf (Kdf
d ), Mdf

1 (Kdf
d ), Mdf

2 (Kdf
d ), N df (Kdf

d ), and their signs can be found in Appendix192

A. For X < Xdf
f1, the demand is so low that the follower’s production is temporarily suspended. However,193

the dedicated leader still produces at full capacity. In the leader’s value function, Ldf (Kdf
d )Xβ1 corrects194
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for the decrease in the leader’s value when the follower resumes production in the future. This happens as195

soon as X(t) becomes larger than Xdf
f1. For Xdf

f1 ≤ X < Xdf
f2, the follower produces below capacity right196

after investment. Mdf
1 (Kdf

d )Xβ1 corrects for the fact that if X(t) reaches Xdf
f2(Kdf

d ,K
df
f

∗
(Kdf

d )), then the197

production of the follower is constrained by its installed capacity, hence the value of the leader increases.198

The term Mdf
2 (Kdf

d )Xβ2 corrects for fact that when X(t) falls below Xdf
f1, a negative Qdf∗f enlarges the199

leader’s profit. Whereas this cannot happen in reality, which requires a negative Mdf
2 (Kdf

d ) to correct this.200

For X ≥ Xdf
f2, the follower produces up to capacity right after investment. The term N df (Kdf

d )Xβ2 corrects201

for the fact that when X(t) drops below Xdf
f2, the follower produces below capacity, and the value of the202

leader would increase.203

Before the follower invests, the leader’s value function consists of two parts: One part represents the net204

present value of the monopolistic profit flow, and the other part corrects for the decrease in leader’s value205

when the follower invests and ends its monopoly privilege. Assume the leader invests at X, let the leader’s206

value before the follower’s entry be207

V dfd (X,Kdf
d ) = Bdf (Kdf

d )Xβ1 +
Kdf
d

(
1− ηKdf

d

)
r − µ

X −
cKdf

d

r
,

where Bdf (Kdf
d ) has different expressions for the two cases, i.e., the follower produces below and up to ca-208

pacity right after investment. 4
209

210

In case that µ > δr2/(c+ δr), or both r−c/δ < µ ≤ δr2/(c+ δr) and σ > σ̄, the flexible follower produces211

below capacity right after investment. The value function of the leader before and after the follower’s entry212

equals to213

V dfd (X,Kdf
d ) =

 Bdf1 (Kdf
d )Xβ1 +

Kdf
d (1−ηKdf

d )
r−µ X − c

rK
df
d X < Xdf

f

∗
(Kdf

d ),

Mdf
1 (Kdf

d )Xβ1 +Mdf
2 (Kdf

d )Xβ2 +
Kdf
d (1−ηKd)
2(r−µ) X − cKdf

d

2r X ≥ Xdf
f

∗
(Kdf

d ),
(14)

with214

Bdf1 (Kdf
d ) =M1(Kdf

d ) +M2(Kdf
d )
(
Xdf
f

∗
(Kd)

)β2−β1

+
cKdf

d

2r

(
Xdf
f

∗
(Kdf

d )
)−β1

−
Kdf
d

(
1− ηKdf

d

)
2(r − µ)

(
Xdf
f

∗
(Kdf

d )
)1−β1

,

(15)

according to value matching condition at Xdf
f

∗
(Kdf

d ) that satisfies (9).215

In case that µ ≤ r− c/δ, or both r− c/δ < µ ≤ δr2/(c+ δr) and σ ≤ σ̄, the flexible follower produces up216

to capacity right after the investment. Given that the leader invests at X, the leader’s value function before217

and after the follower’s entry can be written as218

V dfd (X,Kdf
d ) =

B
df
2 (Kdf

d )Xβ1 +
Kdf
d (1−ηKdf

d )
r−µ X − c

rK
df
d X < Xdf

f

∗
(Kdf

d ),

N df (Kdf
d )Xβ2 +

Kdf
d (1−ηKdf

d −ηK
df
f

∗
(Kdf

d ))
r−µ X − c

rK
df
d X ≥ Xdf

f

∗
(Kdf

d ),
(16)

4 B(Kdf
d ) and L(Kdf

d ) are different. According to Dixit and Pindyck (1994), the fundamental component in the leader’s

value function, i.e.,
(
Kdf
d

(
1− ηKdf

d

)
X −Kdf

d

)
/r, is generated by the profit flows. L(Kdf

d )Xβ1 describes the deviation

of V dfd (X,Kdf
d ) from the fundamental component due to the possibility that X will move across the boundary Xdf

f1(Kdf
d ).

B(Kdf
d )Xβ1 describes the deviation of V dfd (X,Kdf

d ) from the fundamental component due to the possibility that X will

move across the follower’s optimal investment threshold Xdf
f

∗
.
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with

Bdf2 (Kdf
d ) = N (Kdf

d )Xdf
f

∗β2−β1
(Kdf

d )−
ηKdf

d K
df
f

∗
(Kdf

d )

r − µ
Xdf
f

∗1−β1
(Kdf

d ), (17)

according to the value matching condition at the flexible follower’s investment threshold Xdf
f

∗
(Kdf

d ) that219

satisfies equation (12). The leader’s investment decisions are described in the following proposition (see220

Appendix A for the proof).221

Proposition 2 The dedicated leader’s optimal investment threshold Xdf
d

∗
and investment capacity Kdf

d

∗
are222

Xdf
d

∗
=

(β1 + 1)(r − µ)

β1 − 1

( c
r

+ δ
)
,

Kdf
d

∗
=

1

(β1 + 1)η
.

When compared to the leader’s entry deterrence strategy by Huisman and Kort (2015), Proposition 2223

suggests that the follower’s volume flexibility does not influence the leader’s investment decisions. The224

intuition is as follows. The capacity decision is from a long-run perspective. Because the leader commits225

to a certain output, the flexible follower has to adapt to this fixed output level. In this sense, the long-run226

perspective is the same for the dedicated leader regardless of the follower’s flexibility. The timing decision is227

from a short-run perspective, i.e., to find a sufficiently large enough market demand for a given investment228

size. In the non-simultaneous investment, the dedicated leader finds the same demand level for the same229

size of investment regardless of the follower’s volume flexibility.230

3.2 Flexible Leader and Dedicated Follower231

This section analyzes the model where the leader can produce below capacity right after investment, Qfdf ≤232

Kfd
f and the follower produces up to capacity after investment, Qfdd = Kfd

d .233

3.2.1 Dedicated Follower’s Investment Decision234

Given that the leader is already in the market and producing Qfdf when the follower enters the market at

X, the follower’s instantaneous profit equals to

πfdd (Qfdf ,K
fd
d , X) =

(
X
(

1− η(Qfdf +Kfd
d )
)
− c
)
Kfd
d , 0 ≤ Qfdf ≤ K

fd
f

In fact, the leader adjusts its output immediately from the moment of the follower’s investment on to235

maximize its instantaneous profit such that236

Qfdf (Kfd
d , X) =

X
(

1− ηKfd
d

)
− c

2ηX
.

There are three cases/regions for the leader’s output: no production (Qfdf = 0), producing below capacity237

(0 < Qfdf < Kfd
f ), and producing up to capacity (Qfdf = Kfd

f ). These three regions are characterized by the238

GBM level X, and the follower’s instantaneous profit in each region is given by239

πfdd (Kfd
f , X,Kfd

d ) =


Kfd
d

(
X
(

1− ηKfd
d

)
− c
)

X ≤ Xfd
d1 ,

Kfd
d

2

(
X
(

1− ηKfd
d

)
− c
)

Xfd
d1 < X ≤ Xfd

d2 ,

Kfd
d

(
X
(

1− ηKfd
f − ηK

fd
d

)
− c
)

X > Xfd
d2 ,

9



where

Xfd
d1 =

c

1− ηKfd
d

and Xfd
d2 =

c

1− ηKfd
d − 2ηKfd

f

are the boundaries for the three regions.5 By comparing the dedicated follower in this model with the240

dedicated leader in subsection 3.1, the instantaneous profit functions are the same. This is because once241

both firms are active the market, the economic condition becomes similar for both models in the sense that,242

the dedicated firm produces a constant output and the flexible firm adjusts its output according to the243

demand fluctuations. As shown in the follower’s profit function, the dedicated follower could influence the244

boundaries of regions, but not in a direct way as the dedicated leader influencing the boundaries of the245

flexible follower in subsection 3.1. When the flexible leader makes investment decisions, the leader knows246

that the dedicated firm will enter the market later. The more the follower invests, the more installed capacity247

of the leader would remain idle once the realized market demand is small. So the follower can influence the248

leader’s capacity choice and thus the boundaries of the regions, implying the follower’s value function is249

differentiable at Xfd
d1 and Xfd

d2 , and takes the form as250

V fdd (Kfd
f , X,Kfd

d ) =


Lfd(Kfd

f ,Kfd
d )Xβ1 +Kfd

d

(
X(1−ηKfd

d )
r−µ − c

r

)
X ≤ Xfd

d1 ,

Mfd
1 (Kfd

f ,Kfd
d )Xβ1 +Mfd

2 (Kfd
d )Xβ2 +Kfd

d

(
X(1−ηKfd

d )
2(r−µ) − c

2r

)
Xfd
d1 < X ≤ Xfd

d2 ,

N fd(Kfd
f ,Kfd

d )Xβ2 +
(1−ηKfd

f −ηK
fd
d )XKfd

d

r−µ − c
rK

fd
d X > Xfd

d2 ,

where Lfd(·) = Ldf (·), Mfd
1 (·) = Mdf

1 (·), Mfd
2 (·) = Mdf

2 (·) and N fd(·) = N df (·). This is because these251

coefficients correct for the changes in the dedicated firm’s value function that are caused by the flexible firm252

adjusting its output. They are identical regardless of whether the dedicated firm is the leader or the follower.253

The dedicated follower’s investment decisions are presented in the following proposition.254

Proposition 3 Given that the flexible firm has already invested with a capacity size Kfd
f , there are two255

possibilities for the dedicated follower’s investment decisions:256

i. The flexible leader produces below capacity right after the follower’s investment, i.e., Xfd
d1 (Kfd

d (Kfd
f , X)) <257

X ≤ Xfd
d2 (Kfd

f ,Kfd
d (Kfd

f , X)), where Kfd
d (Kfd

f , X) is the follower’s investment capacity for a given258

X, and equals to259

Kfd
d (Kfd

f , X) =


X−c
ηX if kfdd (Kfd

f , X) ≥ X−c
ηX ,

kfdd (Kfd
f , X) if

X(1−2ηKfd
f )−c

ηX ≤ kfdd (Kfd
f , X) < X−c

ηX ,
X(1−2ηKfd

f )−c
ηX otherwise ,

(18)

and kfdd (Kfd
f , X) satisfies the implicit equation that260

1− 2ηKfd
f − (β1 + 1)ηk

k
(

1− 2ηKfd
f − ηk

) Mfd
1 (Kfd

f , k)Xβ1 +
1− (β2 + 1)ηk

k (1− ηk)
Mfd

2 (k)Xβ2 +
X (1− 2ηk)

2(r − µ)
− c

2r
− δ = 0 .

For a given K, the investment threshold Xfd
d (Kfd

f ,K) makes it hold that261

2(β1 − β2)Mfd
2 (K)Xβ2 +

XK(β1 − 1) (1− ηK)

r − µ
− cβ1K

r
− 2β1δK = 0 . (19)

5 The boundary Xfd
d1 is a function of Kfd

d , and Xfd
d2 is a function of Kfd

f and Kfd
d . We drop the argument for the boundaries

when there can be no misunderstanding.
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ii. The flexible leader produces up to capacity right after the follower’s investment, i.e., X > Xfd
d2 (Kfd

f ,Kfd
d (Kfd

f , X)),262

where Kfd
d (Kfd

f , X) is the follower’s investment capacity for a given X, and equals to263

Kfd
d (Kfd

f , X) =


X(1−2ηKfd

f )−c
ηX if kfdd (Kfd

f , X) ≥ X(1−2ηKfd
f )−c

ηX ,

kfdd (Kfd
f , X) if 0 < kfdd (Kfd

f , X) <
X(1−2ηKfd

f )−c
ηX ,

0 otherwise ,

(20)

and kfdd (Kfd
f , X) satisfies the implicit equation that

∂N fd(Kfd
f , k)

∂k
Xβ2 +

X(1− ηKfd
f − 2ηk)

r − µ
− c

r
− δ = 0 .

For a given K, the dedicated follower invests at a threshold level Xfd
d (Kfd

f ,K) that satisfies264

(β1 − β2)N fd(Kfd
f ,K)Xβ2 +

(β1 − 1)XK
(

1− ηKfd
f − ηK

)
r − µ

− β1K(c+ rδ)

r
= 0 . (21)

Combining Kfd
d (Kfd

f , X) and Xfd
d (Kfd

f ,K) yields the optimal investment decision Kfd
d

∗
(Kfd

f ) and Xfd
d

∗
(Kfd

f )265

for the dedicated follower.266

Note that even though the dedicated follower’s value function takes similar expressions as the dedicated267

leader’s value function (13) in subsection 3.1, it generates different investment decisions for the dedicated268

follower. This is because in subsection 3.1 the dedicated leader’s investment capacity Kdf
d influences the269

flexible follower’s decision Kdf
f and Xdf

f , which has to be taken into account by the leader. However, the270

analysis of the dedicated follower here takes the flexible leader’s capacity Kfd
f as given.271

3.2.2 Flexible Leader’s Investment Decision272

As a designated leader, the flexible firm invests before the dedicated firm. After its investment, the flexible273

leader becomes a monopolist. This monopoly period ends at the dedicated follower’s time of investment,274

assumed to be τd. The follower’s investment naturally decreases the leader’s profit flow. If the leader were275

dedicated, the decrease would be due to the shrink of market share. However, for a flexible leader, the276

decrease could also be because of its output adjustment.277

There are in total three possibilities for the leader’s instant profit change at time τd. Denote by τ−d the278

moment right before the follower invests and τ+d right after the follower invests. Then the possibilities are279

demonstrated in Figure 1. For the flexible leader, given that it produces below capacity (“LB”) at τ+d , the280

leader might have been producing below (“LB”) or up to capacity (“LU”) at τ−d . Given that the leader281

produces up to capacity (“LU”) at time τ+d , the leader must also be producing up to capacity (“LU”) at τ−d .282

This is because X(τ−d ) = X(τ+d ) = X(τd), if the leader produces up to capacity right after the follower’s283

investment, the market demand must be sufficiently high such that it also produces up to capacity before284

the follower’s investment.285
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t

LBτ+d

LB LUτ−d

LU

LU

τd

Figure 1: Possibilities for the leader’s instant profit changes at the follower’s investment timing τd.

So we can derived the leader’s output Qfdf as given by286

τ+d : Qfdf =


(1−ηKfd

d

∗
(Kfd

f ))X(τ+
d )−c

2ηX(τ+
d )

LB,

Kfd
f LU,

and τ−d : Qfdf =


X(τ−

d )−c
2ηX(τ−

d )
LB,

Kfd
f LU.

(22)

The corresponding leader’s profits after and before the follower’s investment are equal to287

τ+d : πfdf (Qfdf , X(τ+d ),Kfd
d

∗
(Kfd

f )) =


((1−ηKfd

d

∗
(Kfd

f ))X(τ+
d )−c)

2

4ηX(τ+
d )

LB,

Kfd
f

((
1− ηKfd

f − ηK
fd
d

∗
(Kfd

f )
)
X(τ+d )− c

)
LU,

(23)

and288

τ−d : πfdf (Qfdf , X(τ−d )) =


(X(τ−

d )−c)
2

4ηX(τ−
d )

LB,

Kfd
f

((
1− ηKfd

f

)
− c
)

LU.
(24)

To derive the flexible leader’s value function, we first need to calculate the Expected Change in the leader’s289

Profit flow (ECP) caused by the follower’s market entry. For a given GBM level X, ECP is denoted by290

ECPfd(X,Kfd
f ) =

(
X

Xfd
d

∗
(Kfd

f )

)β1

Eτd
[∫ ∞

0

(
πfdf
(
Qfdf , X(t)

)
− πfdf

(
Qfdf , X(t),Kfd

d

∗
(Kfd

f )
))

exp (−rt)dt
]
,

(25)

where Eτd calculates the expected changes in the flexible leader’s profit flow from time τd on.6 In particular,

τd is the dedicated follower’s investment moment, i.e., the first time that X(t) reaches Xfd
d

∗
(Kfd

f ). The

stochastic discount factor
(
X
/
Xfd
d

∗
(Kfd

f )
)β1

discounts this expected change back to a point in time after

the flexible leader’s investment and is characterized by X.7 In ECPfd(X,Kfd
f ), it holds that

Eτd
[∫ ∞

0

(
πfdf
(
Qfdf , X(t)

)
− πfdf

(
Qfdf , X(t),Kfd

d

∗
(Kfd

f )
))

exp (−rt)dt
]

=



Kfd
d

∗
(Kfd

f )

4

(
Xfdd

∗
(Kfd

f )

r−µ

(
2− ηKfd

d

∗
(Kfd

f )
)
− 2c

r

)
if τ−d : LB; τ+d : LB,

Kfd
f (1−ηKfd

f )
r−µ Xfd

d

∗
(Kfd

f )− cKfd
f

r

− 1
4η

(
(1−ηKfd

d

∗
(Kfd

f ))
2
Xfdd

∗
(Kfd

f )

r−µ + c2

(r+µ−σ2)Xfdd
∗
(Kfd

f )
− 2c(1−ηKfd

d

∗
(Kfd

f ))
r

) if τ−d : LU; τ+d : LB,

ηXfdd
∗
(Kfd

f )

r−µ Kfd
f Kfd

d

∗
(Kfd

f ) if τ−d : LU; τ+d : LU.

We use the following lemma to summarize how the expected profit changes depend on the flexible leader’s291

investment size Kfd
f .292

6 The calculator Et denotes the expectation operator conditional on the available information at time t.
7 Please find detailed explanation by Huisman and Kort (2015).
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Lemma 1 At the dedicated follower’s investment threshold Xfd
d

∗
(Kfd

f ), it holds that for the leader’s expected293

change of profits, i.e., ECPfd(X,Kfd
f ), such that294

• If the leader produces below capacity both at τ−d and at τ+d , then295

dECPfd(X,Kfd
f

∣∣τ−d : LB; τ+d : LB)

dKfd
f

=

(
X

Xfd
d

∗
(Kfd

f )

)β1
×


(

1 − ηKfd
d

∗
(Kfd

f )
)
Xfd
d

∗
(Kfd

f )

2(r − µ)
− c

2r

×
dKfd

d

∗
(Kfd

f )

dKfd
f

−
Kfd
d

∗
(Kfd

f )

Xfd
d

∗
(Kfd

f )

 (β1 − 1)
(

2 − ηKfd
d

∗
(Kfd

f )
)
Xfd
d

∗
(Kfd

f )

4(r − µ)
− cβ1

2r

×
dXfd

d

∗
(Kfd

f )

dKfd
f

 .
• If the leader produces below capacity at τ−d and up to capacity at τ+d , then296

dECPfd(X,Kfd
f

∣∣τ−d : LU; τ+d : LB)

dKfd
f

=

(
X

Xfd
d

∗
(Kfd

f )

)β1
×

[
− c

2r
×

(
2 +

dKfd
d

∗
(Kfd

f )

dKfd
f

)

+
Xfd
d

∗
(Kfd

f )

2(r − µ)
×

(
2 − 4ηKfd

f +
(

1 − ηKfd
d

∗
(Kfd

f )
) dKfd

d

∗
(Kfd

f )

dKfd
f

)

+
dXfd

d

∗
(Kfd

f )

dKfd
f

× β1 − 1

4η(r − µ)
×
((

1 − 2ηKfd
f

)2
− η

(
2 − ηKfd

d

∗
(Kfd

f )
)
Kfd
d

∗
(Kfd

f )

)

+
dXfd

d

∗
(Kfd

f )

dKfd
f

× 1

4η
×

(
c2(β1 + 1)

(r + µ− σ2)Xfd
d

∗2
(Kfd

f )
− 2cβ1

rXfd
d

∗
(Kfd

f )

(
1 − 2ηKfd

f − ηKfd
d

∗
(Kfd

f )
))]

.

• If the leader produces up to capacity both at τ−d and at τ+d , then297

dECPfd(X,Kfd
f

∣∣τ−d : LU; τ+d : LU)

dKfd
f

=

(
X

Xfd
d

∗
(Kfd

f )

)β1
×
ηKfd

f Xfd
d

∗
(Kfd

f )

r − µ
×

[
dKfd

d

∗
(Kfd

f )

dKfd
f

+
Kfd
d

∗
(Kfd

f )

Kfd
f

− (β1 − 1) ×
Kfd
d

∗
(Kfd

f )

Xfd
d

∗
(Kfd

f )
×

dXfd
d

∗
(Kfd

f )

dKfd
f

]
.

Right after investment, the leader adjusts the output according to the market demand. There are three298

regions characterizing the leader’s output levels, i.e., no production, producing below, and up to capacity.299

We denote the boundaries for the these three regions as XD
1 = c and XD

2 = c
/(

1 − 2ηKfd
f

)
. For the non-300

simultaneous investment, the boundaries are the same as that of a monopolistic flexible firm in Wen et al.301

(2017). This is because the flexible leader remains a monopolist until the follower’s entry. In this sense, the302

flexible leader’s value function is to some extent also similar to that in Wen et al. (2017). The difference303

is due to the entry of a dedicated follower that decreases the leader’s value at the moment of the follower’s304

investment.305

If the leader invests at a GBM level X and X ≤ XD
1 , the leader does not produce right after investment.306

In the monopoly model by Wen et al. (2017), the flexible firm’s value function at the moment of investment307

consist of two terms: a positive option value correting for that the flexible firm resumes production once308

X(t) reaches XD
1 from below, and a negative term that represents the investment cost. According to Wen309

et al. (2017), the flexible firm already does not invest in this region. In our model, there is an additional310

negative third term that corrects for the decrease in the flexible leader’s value due to the follower’s entry.311

So the flexible firm does not invest in this region in our model either.312
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If the flexible leader invests at a GBM level X and XD
1 < X ≤ XD

2 , the leader produces below capacity313

right after its own investment. Then there are two possibilities for the leader’s output at the follower’s314

investment threshold Xfd
d , i.e., at time τ+d : if Xfd

d1 < Xfd
d ≤ Xfd

d2 , then the leader produces below capacity315

at τ+d ; if Xfd
d > Xfd

d2 , then the leader produces up to capacity at τ+d . Note that the dedicated follower does316

not invest when the leader suspends production, i.e., X < Xfd
d ≤ X

fd
d1 , as shown in the proof of Proposition317

3. In the following analysis we leave out this possibility.318

If the flexible leader invests at a GBM level X and X > XD
2 , the leader produces up to capacity right319

after its own investment. Then the two possibilities for the leader’s output at time τd are the same as above.320

We analyze the leader’s investment decisions based on cases of whether the leader produces below or up321

to capacity right after its investment. Within each case, we distinguish right after the follower enters the322

market, whether the leader produces below or up to capacity.323

324

Case 1: flexible leader produces below capacity right after investment, i.e., XD
1 < X ≤ XD

2325

326

The flexible leader’s value right after its own investment is327

V fdf (X,Kfd
f ) = Mfd

1 (Kfd
f )Xβ1 +Mfd

2 Xβ2 +
1

4η

(
X

r − µ
− 2c

r
+

c2

X(r + µ− σ2)

)
− ECPfd(X,Kfd

f ), (26)

where the first three terms represent the value for the flexible firm producing below capacity right after328

investment according to Wen et al. (2017), and Mfd
1 (Kfd

f ) and Mfd
2 have the expressions as Mdf

1 and Mdf
2 in329

the analysis of the dedicated follower in Appendix A with XD
1 and XD

2 substituting Xdf
f1 and Xdf

f2. The last330

term in the value function denotes the decrease in the leader’s value function due to the follower investment331

at Xfd
d

∗
(Kfd

f ).332

Given the flexible leader’s profit change at Xfd
d

∗
(Kfd

f ), we can derive the leader’s investment decisions as333

in Proposition 4. The expression of the flexible leader’s value functions and the proof of the proposition can334

be found in the appendix.335

Proposition 4 When the flexible leader produces below capacity right after investment, there are two pos-336

sibilities depending on whether the leader will be producing below or up to capacity right after the follower337

invests.338

i. The leader will be producing below capacity right after the follower invests. For a given X > c, the flex-339

ible leader’s corresponding investment capacity Kfd
f (X) is such that Kfd

f (X) = max
{
kfdf (X), X−c

2ηX

}
,340

where kfdf (X) is such that:341

• If the leader produces below capacity right before the follower invests, kfdf (X) satisfies342

c(β1 + 1)F (β2)

2(β1 − β2)

(
X(1− 2ηk)

c

)β1

− δ −
dECPfd(X, k

∣∣τ−d : LB; τ+d : LB)

dk
= 0 , (27)

• If the leader produces up to capacity right before the follower invests, kfdf (X) satisfies343

c(β1 + 1)F (β2)

2(β1 − β2)

(
X(1− 2ηk)

c

)β1

− δ −
dECPfd(X, k

∣∣τ−d : LU; τ+d : LB)

dk
= 0. (28)

For a given capacity size K, the corresponding investment threshold Xfd
f (K) satisfies the equation of344 (

X

c

)β2

cF (β1) +
X(β1 − 1)

r − µ
− 2cβ1

r
+

c2(β1 + 1)

X(r + µ− σ2)
− 4δβ1ηK = 0 . (29)
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ii. The leader will be producing up to capacity right after the follower invests. For a given X > c, the345

flexible leader’s corresponding investment capacity Kfd
f (X) euqals to Kfd

f (X) = max
{
kfdf (X), X−c

2ηX

}
,346

where kfdf (X) satisfies the implicit equation as347

c(1 + β1)F (β2)

2(β1 − β2)

(
X(1− 2ηk)

c

)β1

− δ −−
dECPfd(X, k

∣∣τ−d : LU; τ+d : LU)

dk
= 0 . (30)

For a given K, the flexible leader’s corresponding investment threshold Xfd
f (K) also satisfies equation348

(29).349

Combining Kfd
f (X) and Xfd

f (K) yields the flexible leader’s optimal investment decision Kfd
f

∗
and Xfd

f

∗
.350

In Proposition 4, the flexible firm’s investment threshold Xfd
f (K) for a given K, i.e., equation (29), is the351

same as that in the monopolistic model with volume flexibility in Wen et al. (2017). This implies that if352

the flexible leader invests with the same capacity, i.e., dECPfd(·)/dk = 0, then the investment timing is the353

same regardless of a follower or not. The intuition is that for the given capacity size, the leader’s investment354

timing has no effect on the optimal reaction by the dedicated follower (see Huisman and Kort (2015)), and355

it depends only on the leader’s investment capacity. In other words, timing decision is from the short-run356

perspective, and the negative correction in the leader’s value due to the follower’s entry does not influence the357

flexible leader’s timing decision.However, because the follower’s market entry decreases the flexible leader’s358

expected profit flow, i.e., ECPfd > 0, the duopoly flexible leader invests with a capacity that is smaller than359

the monopolist.360

361

Case 2: flexible leader produces up to capacity right after investment, i.e., X > XD
2362

363

The value of the flexible firm right after investment equals to364

V fdf (X,Kfd
f ) =Nfd(Kfd

f )Xβ2 +
X
(

1− ηKfd
f

)
Kfd
f

r − µ
−
cKfd

f

r
− ECPfd(X,Kfd

f ),

where the expression for Nfd(Kfd
f ) is similar to Ndf as in the analysis for the flexible follower in Appendix365

A with XD
1 and XD

2 substituting Xdf
f1 and Xdf

f2. Similar as in Case 1, the first three terms represent the366

leader’s value if there would be no potential follower, and the last term corrects for the fact that, the flexible367

leader’s value decreases when the follower invests at threshold Xfd
d

∗
(Kfd

f ). The flexible leader’s optimal368

investment decision can be found in the following proposition.369

Proposition 5 When the flexible leader produces up to capacity right after investment, there are two pos-370

sibilities depending on whether the leader will be producing below or up to capacity right after the follower371

invests.372

i. The leader will be producing below capacity right after the dedicated follower invests. For a given373

X > c, the flexible leader’s corresponding investment capacity Kfd
f (X) equals to min

{
kfdf (X), X−c2ηX

}
374

where kfdf (X) is such that375

• If the leader produces below capacity right before the follower invests, kfdf (X) satisfies that376

c(1 + β2)F (β1)

2(β1 − β2)

(
X (1− 2ηk)

c

)β2

+
X (1− 2ηk)

r − µ
− c

r
− δ −

dECPfd(X, k
∣∣τ−d : LB; τ+d : LB)

dk
= 0. (31)
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• If the leader produces up to capacity right before the follower invests, kfdf (X) satisfies that377

c(1 + β2)F (β1)

2(β1 − β2)

(
X (1− 2ηk)

c

)β2

+
X (1− 2ηk)

r − µ
− c

r
− δ −

dECPfd(X, k
∣∣τ−d : LU; τ+d : LB)

dk
= 0. (32)

For a given K, the corresponding investment threshold Xfd
f (K) makes it hold that378

c2F (β1)

4ηX

((
X

c

)β2+1

−
(
X (1− 2ηK)

c

)β2+1
)

+
(β1 − 1)(1− ηK)XK

r − µ
− β1(c+ rδ)K

r
= 0. (33)

ii. The leader will be producing up to capacity right after the dedicated follower invests. For a given X,379

the flexible leader’s corresponding investment capacity Kfd
f (X) equals to min

{
kfdf (X), X−c2ηX

}
where380

kfdf (X) makes it hold that381

c(β2 + 1)F (β1)

2(β1 − β2)

(
X(1− 2ηk)

c

)β2

+
X(1− 2ηk)

r − µ
− c

r
− δ −

dECPfd(X, k
∣∣τ−d : LU; τ+d : LU)

dk
= 0. (34)

For a given K, the flexible leader’s corresponding investment threshold Xfd
f (K) also makes equation382

(33) hold.383

Combining Kfd
f (X) and Xfd

f (K) yields the flexible leader’s optimal investment decision Kfd
f

∗
and Xfd

f

∗
.384

Similar as in Proposition 4, for a given capacity size K, the flexible firm’s investment threshold is the385

same as that of a flexible monopolist.386

3.3 Flexible Leader and Flexible follower387

In this subsection we consider both the follower and the leader can adjust their output according to the388

market demand. Then there are three regions for each firm concerning their output right after investment,389

i.e., production suspension, below-capacity production, and up-to-capacity production. These three regions390

are characterized by two boundaries for each firm given the current market demand. Because of the symmetric391

unit production cost, these four boundaries are reduced to three. In the following analysis we first analyze392

the flexible follower and then the flexible leader. Because there are multiple combination possibilities for the393

two firms’ output, especially the leader’s output right before and after the follower invests, we would like to394

only specify firms’ value functions. Interested readers can refer to the Appendix C for the derivation of the395

firms’ optimal investment decisions.396

3.3.1 Flexible follower397

Suppose the flexible follower invests at time τF . From time τF on, both firms are active in the market398

and can adjust their output within the constraint of installed capacity sizes. A smaller capacity implies it399

is relatively easy to reach the constraint, and vice versa. There are in total two cases depending on the400

comparison between the leader and the follower’s investment sizes.401

402

Case 1: Kff
F ≥ K

ff
L403

404

This case is when the follower’s invests a capacity that is no smaller than the leader’s capacity. Denote405

the three boundaries in this case as406

Xff
F1 = c, Xff

F2 =
c

1− 3ηKff
L

, and Xff
F3 =

c

1− ηKff
L − 2ηKff

F

.
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It holds that when X < Xff
F1, both firms suspend their production. When X ∈

[
Xff
F1, X

ff
F2

)
, both firms407

produce below capacity. When X ∈
[
Xff
F2, X

ff
F3

)
, the leader produces up to capacity but the follower408

produces below capacity. When X ≥ Xff
F3, both firms produce at full capacity. According to the analysis409

in the Appendix C, the flexible follower’s value function after investment for a given GBM level X and the410

leader’s capacity size Kff
L is equal to411

V ffF (Kff
L , X,Kff

F )

=



L1F (Kff
L ,Kff

F )Xβ1 X < Xff
F1,

M1F1(Kff
L ,Kff

F )Xβ1 +M1F2X
β2 + 1

9η

(
X
r−µ + c2

X(r+µ−σ2) −
2c
r

)
Xff
F1 ≤ X < Xff

F2,

M1F1(Kff
L ,Kff

F )Xβ1 +M1F2X
β2 + 1

4η

(
X(1−ηKff

L )
2

r−µ + c2

X(r+µ−σ2) −
2c(1−ηKff

L )
r

)
Xff
F2 ≤ X < Xff

F3,

N1F (Kff
L ,Kff

F )Xβ2 +
XKff

F (1−ηKff
L −ηK

ff
F )

r−µ − cKff
F

r X ≥ Xff
F3.

The expressions of the coefficients L1F (Kff
L ,Kff

F ), M1F1(Kff
L ,Kff

F ), M1F2, and N1F (Kff
L ,Kff

F ) can also412

be found in Appendix C. The option values in each region corrects for changes in the value, i.e., when X(t)413

hits the boundaries the follower’s production suspends or becomes constrained by capacity. Note that at the414

boundary of Xff
F2, the leader produces at full capacity, which does not generate extra option value for the415

follower, and the follower’s value function is continuous at the boundary but not differentiable.416

417

Case 2: Kff
L > Kff

F418

In this case the leader installs a larger capacity than the follower. The corresponding three boundaries419

characterizing the follower’s producing below or up to capacity after its investment time τF are420

Xff
L1 = c, Xff

L2 =
c

1− 3ηKff
F

, and Xff
L3 =

c

1− ηKff
F − 2ηKff

L

.

If X < Xff
L1 , both firms suspend their production. If X ∈

[
Xff
L1 , X

ff
L2

)
, both produce below capacity. For421

X ∈
[
Xff
L2 , X

ff
L3

)
, the follower produces up to capacity while the leader produces below capacity. If X ≥ Xff

L3 ,422

both produce up to capacity. The follower’s instantaneous profit lead to the follower’s value function in the423

stopping region as given by424

V ffF (Kff
L , X,Kff

F ) =



L2F (Kff
F )Xβ1 X < Xff

L1 ,

M2F1(Kff
F )Xβ1 +M2F2X

β2 + 1
9η

(
X
r−µ −

2c
r + c2

X(r+µ−σ2)

)
Xff
L1 ≤ X < Xff

L2 ,

N2F (Kff
F )Xβ2 +

Kff
F

2

(
X(1−ηKff

F )

r−µ − c
r

)
Xff
L2 ≤ X < Xff

L3 ,

N2F (Kff
F )Xβ2 +

XKff
F (1−ηKff

L −ηK
ff
F )

r−µ − cKff
F

r X ≥ Xff
L3 .

The expressions for coefficients L4F (Kff
F ), M2F1(Kff

F ), M2F2 and N2F (Kff
F ) are given in the Appendix425

C. Different from Case 1, the coefficients for the option values here are independent of the leader’s capacity426

size Kff
L . This is due to the fact that the leader has a larger capacity than the follower and thus requires a427

larger market demand to produce at full capacity, i.e., the follower will be already producing at full capacity428

then. From the follower’s value function, we could derive the follower’s investment decisions, which are429

summarized in the corresponding proposition in Appendix C.430

3.3.2 Flexible Leader431

The flexible leader has monopoly profits before the follower enters the market. Its instantaneous profits432

right after investment are not affected by the potential market entry of the follower. Same as in subsection433
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τ+F LB,FB LU,FB LB,FU LU,FU

τF

τ−F LB LU

τ+L LB LU

Figure 2: Possibilities for the leader’s instant profit changes at the flexible follower’s investment timing τF .

3.2, the flexible leader’s value takes a similar functional expression as that of a monopolistic flexible firm434

in Wen et al. (2017). The follower’s entry only generates a negative correction term in the flexible leader’s435

value function. In particular, there are in total 9 possibilities for the leader’s expected change of profit flows436

(ECP) at the flexible follower’s time of investment, denoted by τF . These possibilities are illustrated in437

Figure 2, where τ+i with i ∈ {L,F} denotes the point in time right after the leader’s (L) or the follower’s (F)438

investment, and τ−F denotes the point in time right before the follower’s investment. “LB” and “LU” imply439

the flexible leader produces below capacity and up to capacity. “FB” and “FU” denote that the flexible440

follower produces below and up to capacity. The possibilities of the value functions are indicated by three441

time points τ+L → τ−F → τ+F . The blue (red) lines connect the combination that the leader produces below442

(up to) capacity right after its own investment at time τ+L . For instance, “τ+L : LB; τ−F : LU, τ+F : LB,FB”443

is a possibility that, the leader produces below capacity right after its own investment, and produces up to444

capacity right before the follower’s investment. Right after the follower’s investment both the leader and the445

follower produce below capacity.446

To derive the leader’s value function, we first need to calculate the Expected Change in the flexible leader’s447

Profit flow (ECP) due to the follower’s market entry after the leader’s investment. Similar as in subsection448

3.2, denote this ECP for a given X as449

ECPff (X,Kff
L ) =

(
X

Xff
F

∗
(Kff

L )

)β1

EτF
[∫ ∞

0

(
πffL

(
QffL , X(t)

)
− πffL

(
QffL , X(t),Kff

F

∗
(Kff

L )
))

exp (−rt)dt
]
,

(35)

where πffL
(
QffL , X(t)

)
represents the instant profit at time τ−F , and πffL

(
QffL , X(t),Kff

F

∗
(Kff

L )
)

represents450

the instant profit at time τ+F . The calculated expression for the expected term in (35) can be found in451

Appendix C. In order to navigate these 9 value functions for the flexible leader, we group them based on452

whether the leader produces below or up to capacity right after its own investment. So we distinguish the453

following two groups.454

• The leader produces below capacity right after its own investment, i.e., τ+L : LB, then the leader’s value455
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is given by456

V ffL (X,Kff
L ) = Mff

1 (Kff
L )Xβ1 +Mff

2 Xβ2 +
1

4η

(
X

r − µ
− 2c

r
+

c2

X(r + µ− σ2)

)
− δKff

L − ECPff (X,Kff
L ).

In the value function, Mff
1 (Kff

L ) and Mff
2 have similar expressions as Mdf

1 and Mdf
2 in Appendix A,457

with XD
1 and XD

2 replacing Xdf
f1 and Xdf

f2. The expression of ECPff (X,Kff
L ) is conditional upon the458

leader and the follower’s output at time τ−F and τ+F . The conditions are listed in the following Table 2.459

Table 2: Output possibilities for the leader and follower at time τ−F and τ+F

τ+L : LB

τ−F : LB; τ+F : LB,FB τ−F : LU; τ+F : LB,FB τ−F : LU; τ+F : LU,FB

According to Proposition 6 in Appendix C, τ+F : LB,FU and τ+F : LU,FU are not possible.460

• The leader produces up to capacity right after its own investment, i.e., τ+L : LU, then the leader’s value461

function equals to462

V ffL (X,Kff
L ) = N(Kff

L )Xβ2 +
X
(

1− ηKff
L

)
Kff
L

r − µ
−
cKff

L

r
− δKff

L − ECPff (X,Kff
L ),

where N(Kff
L ) has the similar expression as Ndf in Appendix A with XD

1 and XD
2 substituting Xdf

f1463

and Xdf
f2. There are six possibilities for the expression of ECPff (X,Kff

L ), conditional on the leader464

and the follower’s output at time τ−F and τ+F . These conditions are summarized in Table 3.465

Table 3: Output possibilities for the leader and follower at time τ−F and τ+F

τ+L : LU

τ−F : LB; τ+F : LB,FB τ−F : LU; τ+F : LB,FB τ−F : LU; τ+F : LU,FB

τ−F : LB; τ+F : LB,FU τ−F : LU; τ+F : LB,FU τ−F : LU; τ+F : LU,FU

4 Equilibria under Endogenous Firm Roles466

In this section, we analyze the equilibrium outcome when two firms in the duopoly setting can choose their467

volume flexibility at the moment of investment. Given the complexity of the analysis, we have to resort to468

numerical examples.469

4.1 Asymmetric production technologies470

We explore for a given exogenous leader, either flexible or dedicated, which production technology the471

corresponding follower chooses, i.e., which technology yields a larger value for the follower. Because our472

ultimate purpose is to analyze the preemption game in the duopoly setting, we consider only the non-473

simultaneous investment between a leader and a follower in this subsection. For a given leader’s production474

technology, we observe the following figure.475
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Figure 3: Parameter values are r = 0.1, µ = 0.03, η = 0.05, c = 2, δ = 10 and X0 = 3.

The analysis of a dedicated leader and a dedicated follower is carried out by Huisman and Kort (2015),476

and Wen (2017). The investment decisions for the dedicated leader and the flexible follower can be found477

in subsection 3.1. We compare the two different followers’ values in the Figure 3a, which shows that given478

a dedicated leader, the flexible follower’s value is larger than the dedicated follower’s value, i.e., it is better479

for the follower to choose the volume flexibility if the leader chooses to be dedicated.480

In order to conduct the analysis of a dedicated follower dominating a flexible follower, we can compare481

the value of a dedicated and a flexible follower at the moment of their corresponding investment for a given482

KL, i.e., assume the same size of investment by the leader regardless of whether the follower is flexible.483

However, the follower’s production technology inevitably affects the leader’s capacity choice. So it is difficult484

to assume a representative size of capacity for the leader in both models. In our analysis we compute also485

the flexible leader’s investment decision. In particular, we consider that the leader’s optimal investment486

should be such that the corresponding output generates the largest net present value. Then we compare487

the dedicated and flexible follower’s investment value under their corresponding leaders’ optimal investment488

decisions. If the follower’s value in model “flexible leader and dedicated follower” (FD) is larger than that in489

the model “flexible leader and flexible follower” (FF), then we can conclude that for a given flexible leader,490

a dedicated follower dominates a flexible follower. For the FD model, both the leader and the follower491

investment decisions can be found in Appendix B. For the FF model, the firms’ investment decision can be492

found in Appendix C.493

We distinguish two cases in FF model, based on the difference between Kff
F and Kff

L . Figure 3b depicts494

for the case of Kff
F ≥ Kff

L , and shows the dominance of a dedicated follower for a given exogenous flexible495

leader 8. The dedicated follower corresponds to the flexible leader in FD model and the leader produces up496

to capacity right after its own investment. The flexible follower corresponds to the flexible leader in the FF497

model and the leader produces up to capacity before the follower’s investment.498

Subfigure 3c compares for the case of Kff
F < Kff

L in FF model. It is shown that the dedicated follower499

dominates the flexible follower when the leader is flexible. Note that there are jumps in the follower’s values.500

This is because for each σ, the leader compares which scenario (up-to or below-capacity productions at τ+f ,501

τ−d and τ+d , see the appendix D.1) generates the largest value. When the flexible leader’s production changes502

at σ = 0.049 from τ+d : LB to τ+d : LU, the dedicated follower’s value jumps upwards, which seems counter-503

intuitive. Apparently, the flexible leader has different investment capacities between these two scenarios.504

8 Note that 3b is under the condition that the flexible follower produces below capacity right after investment in FF model,

i.e., τ+F : FB, because the flexible follower does not produce up to capacity right after investment, as proved in Appendix

C.
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Between these two scenarios, the flexible leader invests less when it produces up to capacity both before and505

after the follower’s investment. From the dedicated follower’s perspective, this is better because the follower506

only needs the leader to provide the buffer effect.507

4.2 Preemption analysis between a dedicated and a flexible firm508

In this subsection, we analyze the preemption game between a flexible and a dedicated firm. For the flexible509

firm, the calculation of the preemption point is where the firm is indifferent from being a leader and being a510

follower. When the flexible firm is the follower, the parameter values define whether it produces below or up511

to capacity right after its investment. However, when the flexible firm is the leader, we have no knowledge512

if the parameter values still define its output quantity right after investment, and the leader’s investment513

depends on which case yields larger value. So we first conduct the preemption analysis for the scenario of a514

consistent flexible firm, that is if the flexible firm as a follower produces below capacity right after investment,515

as a leader it also produces below capacity right after investment. Then we analyze for the scenario where516

the flexible firm is inconsistent, i.e., as a follower it produces below capacity right after investment, but as517

a leader it produces up to capacity right after investment.518

According to the analysis in subsection 3.2, there are three cases for the flexible leader’s output right before519

and after the follower’s investment, i.e. at time τ−d and τ+d . “LB” indicates the flexible leader produces below520

capacity and “LU” indicates up to capacity. These three cases are listed in the following Table 4.521

Table 4: Flexible leader’s output possibilities at the dedicated follower’s investment time τd

τ−d : LB; τ+d : LB τ−d : LU; τ+d : LB τ−d : LU; τ+d : LU

When we take into account the flexible leader can produce below and up to capacity right after its own522

investment, we have to distinguish 6 cases in order to calculate the consistent flexible firm’s preemption523

points, and 6 cases to calculate the inconsistent flexible firm’s preemption points. In all the cases, the524

flexible firm’s preemption point XP
f makes it hold that525

V fdf (XP
f ,K

fd
f (XP

f )) =
(
XP
f /X

df
f (Kdf

d (XP
f ))
)β1

V dff (Kdf
d (XP

f ), Xdf
f (Kdf

d (XP
f )),Kdf

f (Kdf
d (XP

f ))) ,

and the dedicated firm’s preemption point XP
d satisfies the equation that526

V dfd (XP
d ,K

df
d (XP

d )) =
(
XP
d /X

fd
d (Kfd

f (XP
d ))
)β1

V fdd (Kfd
f (XP

d ), Xfd
d (Kfd

f (XP
d )),Kfd

d (Kfd
f (XP

d ))).

The value functions V fdf , V dff , V dfd , and V fdd can be found in the subsections 3.1 and 3.2.527

4.2.1 Consistent Flexible Firm528

The consistent flexible firm produces below capacity right after its own investment.529

The firms’ preemption points are illustrated in Figure 4. The three subfigures correspond to the three530

cases in Table 4. As shown in the subfigures, the dedicated firm has smaller preemption points when the531

market uncertainty is relatively low, i.e., σ < σj∈{1,2,3}. For relatively larger σ, i.e., σ > σj∈{1,2,3}, the532

flexible firm has smaller preemption points. The jump in the flexible firm’s preemption points at σ2 in533

Subfigure 4b is due to that the boundary solutions are encountered for the dedicated follower’s investment.534

Given that the firms are asymmetric in our model, the preemption, especially by the dedicated firm is more535

about the strategic interaction and taking advantage of the other firm’s volume flexibility. Our intuition is536
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that the dedicated firm has to balance two effects: If it invests earlier than the flexible firm, it can benefit537

from a monopoly profit until the flexible firm invests, but it has to invest a smaller size that limits its market538

share in the future; If it invests later than the flexible firm, it can invest with a larger capacity and the539

flexible firm’s volume flexibility provides a “buffer effect” against the demand fluctuations. The flexible firm540

also needs to balance the trade-off effects between investing earlier and later than the dedicated firm. If it541

invests earlier, the flexible firm can have some monopoly profits. If the firm invests later than the dedicated542

firm, then it can invest a larger size, which is good for the flexible firm given that the dedicated firm has to543

invest earlier and less to become a leader.544
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Figure 4: The preemption points for the flexible and the dedicated firms when the flexible firm produces

below capacity right after its own investment. Parameter values are r = 0.1, µ = 0.03, σ = 0.1, η = 0.05,

c = 2, and δ = 10.

With Figure 5, we show the dedicated and flexible firms’ value as functions of σ in the preemption games545

for the three cases described in Table4, where the leader invests at the follower’s preemption points. 9
546

Subfigure 5a shows that the dedicated firm prefers to be a leader if σ < σ1. However, by comparing σ1, σ2547

and σ3, it is obvious that when σ > σ3, it is possible for the flexible firm to preempt the dedicated firm. For548

flexible firm depicted in subfigure 5b, being in the case of τ−d : LU; τ+d : LU always generates larger values,549

and it prefers to be a follower when σ < σ3, and to be a leader when σ > σ3. Subfigure 5c compares the550

preemption points for both firms given that σ > σ3. It shows that the flexible firm has smaller preemption551

points. Overall, if the consistent flexible firm produces below capacity right after investment, an equilibrium552

outcome where firms choose their production technology upon investment is: When 0.147 < σ < σ3, the firm553

choosing dedicated production becomes the leader;10 When σ > σ3, the firm choosing flexible production554

becomes the leader, and the flexible leader produces up to capacity both before and after the dedicated555

follower’s entry.556

9 Note the jumps in the flexible firm’s value functions at σ1 and σ2 are because of the boundary solutions when calculating

the optimal investment decisions. Especially when the boundary solutions are encountered in the calculation of one firm’s

preemption, but not in that of its opponent’s preemption, then the equations in the analysis of the firm being the leader

and being the followers are different.
10 Please check the appendix for the analysis of how the dedicated leader switches among different preemption points in the

three cases.
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Figure 5: The dedicated and flexible firm’s values in the preemption games for cases in Table 4. Parameter

values are r = 0.1, µ = 0.03, σ = 0.1, η = 0.05, c = 2, δ = 10 and X0 = 3.

The consistent flexible firm produces up to capacity right after its own investment.557

The flexible firm producing up to capacity right after investment implies that, the market uncertainty is558

small such that the firm can utilize all its production capacity then. Recall from the previous case, i.e., the559

flexible firm produces below capacity right after investment, that the dedicated firm preempts the flexible560

firm if the market uncertainty is small. This holds for all the three cases listed in Table 4, as shown in Figure561

6. So when the firms choose the production technology upon investment for σ < 0.147, we conclude that the562

firm choosing dedicated production becomes the leader, and the other firm chooses volume flexibility and563

becomes the follower.564

0.04 0.06 0.08 0.10 0.12 0.14

3.0
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4.0

4.5

5.0

σ

Figure 6: Preemption points comparison for cases in Table 4: flexible firm (dashed line), dedicated firm (real

line). Parameter values are r = 0.1, µ = 0.03, σ = 0.1, η = 0.05, c = 2, and δ = 10.

4.2.2 Inconsistent Flexible Firm565

In this subsection we consider that the flexible firm is not consistent with its production right after investment,566

i.e., if as a follower it produces below capacity right after investment, then as a leader it produces up to567

capacity right after investment, and vice versa. With Figure 7, we show that the the dedicated firm always568

preempts the inconsistent flexible firm in the equilibrium, i.e., it has a smaller preemption points for a given569

σ. This is different than that for a consistent flexible firm, where the flexible firm preempts the dedicated570

firm under larger market uncertainty. The reason is that the inconsistent flexible firm has larger preemption571

points than a consistent flexible firm, especially when there is more volatility in the market. Note that when572

Xt is below the preemption point, firms prefer to be the follower. Otherwise, they prefer to be leader. When573
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the flexible firm is inconsistent, i.e., as follower it produces below capacity right after investment, but as574

leader it produces up to capacity right after investment, the inconsistent flexible firm needs a larger market575

demand to become the leader because it produces up to capacity right after investment in a more volatile576

market.577
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(a) Flexible follower below capacity right after in-

vestment
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(b) Flexible follower up to capacity right after in-

vestment

Figure 7: Comparison of the flexible and dedicated firm’s preemption points for an inconsistent flexible firm:

flexible firm (dashed line), dedicated firm (real line). Parameter values are r = 0.1, µ = 0.03, σ = 0.1,

η = 0.05, c = 2, and δ = 10.

In Figure 8 the value of the flexible firm is compared for being consistent and inconsistent. The jumps in the578

flexible firm’s value functions are due to the dedicated firm’s investment as a leader switches among different579

preemption points. This switch is further explained in the appendix. For a given σ, if being consistent580

generates a larger value for the flexible firm, then the flexible firm chooses to be consistent. Otherwise, the581

flexible firm chooses to be inconsistent. When the flexible firm as a follower produces below capacity, as582

depicted in subfigure 8b, the flexible firm switches between consistent and inconsistent for different σs, but583

the dedicated firm always preempts the flexible firm. When the flexible firm as a follower produces up to584

capacity, as displayed in subfigure 8a, the flexible firm chooses to be consistent when σ > 0.207. Note that585

the consistent flexible firm preempts the dedicated firm when σ > 0.2556. So the choice for the flexible firm586

to be consistent does not influence our preemption conclusion, i.e., when the market uncertainty is small,587

a dedicated firm preempts a flexible firm; when the market uncertainty is large, a flexible firm preempts a588

dedicated firm.589
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Figure 8: Value comparison between an inconsistent flexible firm and a consistent flexible firm. Parameter

values are r = 0.1, µ = 0.03, σ = 0.1, η = 0.05, c = 2, δ = 10 and X(0) = 3.

5 Conclusion590

Volume flexibility is a technological advancement that allows firms to adjust output levels optimally according591

to the market demand change. This research considers firms’ investment decisions under demand uncertainty592

consist not only the timing and capacity, as suggested by (Huisman and Kort, 2015), but also whether to be593

a flexible firm with volume flexibility, or a dedicated firm without volume flexibility.594

This paper analyzes investment decisions for duopoly firms in exogenous firm roles where the volume595

flexibility is assigned upon investment, i.e., dedicated leader and flexible follower, flexible leader and dedicated596

follower, and flexible leader and flexible follower. For a flexible firm, the analysis distinguishes whether the597

firm produces below or up to capacity right after its own investment. In particular, if the flexible firm is the598

first investor in the market, the analysis takes into account different situations of the leader’s output based599

on whether it produces below or up to capacity right before and after the corresponding follower’s market600

entry.601

The result of the analysis supports that both firms being flexible is not an equilibrium outcome. This is602

because given that the leader is flexible, a dedicated follower dominates a flexible follower. The intuition is603

that one firm being flexible is enough in generating the buffer effect for the firms in the market. Given a604

flexible firm and a dedicated firm, preemption analysis is carried out and this research concludes that when605

the market uncertainty is low, in the market equilibrium the leader is dedicated and the follower is flexible,606

and vice versa when the market uncertainty is large. This outcome is due to the buffer effect generated by607

the flexible firm. When uncertainty is low, the value of the commitment by the dedicated firm outweighs the608

buffer effect on market price under uncertainty. When uncertainty is large, the buffer effect become more609

attractive for the dedicated firm.610

One limitation of this work is the assumption of the symmetric unit cost for investment. One would611

expect volume flexibility is more expensive to adopt. However, by assuming the symmetric cost allows us612

a clear picture about the influence of volume flexibility. Besides, our final conclusion is still robust given613

that the volume flexibility costs more, i.e., the dedicated firm would still preempt the flexible firm under low614

uncertainty, and probably a larger uncertainty is necessary for the flexible firm to preempt the dedicated615

firm.616
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Another limitation is that firms only invest once. In fact, multiple investment options or capacity ex-617

pansions can also be considered as an operational flexibility. It would be interesting to explore how the618

operations flexibility influences the preemption between firms under demand uncertainty.619
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Appendix670

A Dedicated leader and flexible follower671

Expressions of Ldf , Mdf
1 , Mdf

2 and Ndf : The coefficients for the option values in the value function672

V dff (Kdf
d , X,K

df
f ) are equal to673

Ldf (Kdf
d ,K

df
f ) =

c2F (β2)

4η (β1 − β2)

((
Xdf
f1(Kdf

d )
)−β1−1

−
(
Xdf
f2(Kdf

d ,K
df
f )
)−β1−1

)
,

Ndf (Kdf
d ,K

df
f ) =

c2F (β1)

4η (β1 − β2)

((
Xdf
f1(Kdf

d )
)−β2−1

−
(
Xdf
f2(Kdf

d ,K
df
f )
)−β2−1

)
.

Mdf
1 (Kdf

d ,K
df
f ) = − c2F (β2)

4η (β1 − β2)

(
Xdf
f2(Kdf

d ,K
df
f )
)−β1−1

,

Mdf
2 (Kdf

d ) =
c2F (β1)

4η (β1 − β2)

(
Xdf
f1(Kdf

d )
)−β2−1

.

Proof of Proposition 1: The optimal investment capacity of the follower for a given X maximizes the674

value at the moment of investment. Taking the first order partial derivative of V dff (Kdf
d , X,K

df
f ) with respect675

to Kdf
f yields the equations of (8) and (11) for the follower produces below and up to capacity right after676

investment respectively. Assuming the value before investment has the expression of AXdf
f

β1
(Kdf

d ,K), the677

optimal investment threshold Xdf
f (Kdf

d ,K) for a given capacity size K and the leader’s investment capacity678

Kdf
d satisfy the following value matching and smooth pasting conditions:679 AXβ1 = V dff (Kdf

d , X,K),

β1AX
β1−1 = ∂V dff (Kdf

d , X,K
df
f )
/
∂X.

Thus, Xdf
f (Kdf

d ,K) satisfies the following implicit equation680

V dff (Kdf
d , X,K) =

X

β1
∂V dff (Kdf

d , X,K
df
f )
/
∂X. (36)

The implicit equation (36) leads to equation (9) and (12). For the region where 0 < X < c/(1 − ηKD),681

equation (36) implies that δKdf
f = 0, so the flexible follower does not invest in this region.682

Note that in the monopoly case by Wen et al. (2017), whether the flexible firm producing up to capacity

depends on the parameter values. Similarly as for the follower in the duopoly situation, if the firm produces

below capacity right after investment, then Qdff
∗
(Kfd

d , X) < Kdf
f

∗
(Kfd

d , X), i.e.,

1

2η

(
1− ηKfd

d −
c

X

(
2δ (β1 − β2)

cF (β2) (1 + β1)

) 1
β1

)
>
X(1− ηKfd

d )− c
2ηX

.

It is equivalent to

2δ(β1 − β2) < cF (β2)(1 + β1), (37)

which is the same as in the monopoly case. Furthermore, it can be deduced that

2δ(β1 − β2) ≥ cF (β2)(1 + β1) (38)

defines Region 3, where the firm produces up to capacity right after investment. The definitions of Re-683

gion 2 where X ≥ c

1−ηKdf
d

and Kdf
f > X−c

2ηX −
Kdf
d

2 , equation (37), and Region 3 where X ≥ c

1−ηKdf
d

and684
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Kdf
f ≤

X−c
2ηX −

Kdf
d

2 , equation (38), for the flexible follower firm are the same as that for the flexible monopoly685

firm in Wen et al. (2017).686

687

Expressions of Ldf (Kdf
d ), Mdf

1 (Kdf
d ), Mdf

2 (Kdf
d ), N df (Kdf

d ): Employing value matching and smooth688

pasting at X = c/(1 − ηKdf
d ) and X = c/

(
1− ηKdf

d − 2ηKdf
f

∗
(Kdf

d )
)

, it can be derived for a given Kdf
d ∈689

[0, 1/η) that690

Mdf
2 (Kdf

d ) =
cKdf

d

2(β1 − β2)

(
β1 − 1

r − µ
− β1

r

)(
c

1− ηKdf
d

)−β2

,

Mdf
1 (Kdf

d ) = −
cKdf

d

2(β1 − β2)

(
β2 − 1

r − µ
− β2

r

)(
c

1− ηKdf
d − 2ηKdf

f

∗
(Kdf

d )

)−β1

,

Ldf (Kdf
d ) =

cKdf
d

2(β1 − β2)

(
β2 − 1

r − µ
− β2

r

)( c

1− ηKdf
d

)−β1

−

(
c

1− ηKdf
d − 2ηKdf

f

∗
(Kdf

d )

)−β1
 ,

N df (Kdf
d ) =

cKdf
d

2(β1 − β2)

(
β1 − 1

r − µ
− β1

r

)( c

1− ηKdf
d

)−β2

−

(
c

1− ηKdf
d − 2ηKdf

f

∗
(Kdf

d )

)−β2
 .

In order to check the signs for Ldf (Kdf
d ), Mdf

1 (Kdf
d ), Mdf

2 (Kdf
d ), and N df (Kdf

d ), first analyze the signs of691

(β − 1)/(r − µ)− β/r = µβ−r
r(r−µ) for β = β1 and β = β2.692

If µ ≥ 0, then µβ2−r < 0 because β2 < 0. If µ < 0, then µβ2−r = µ

(
1
2 −

µ
σ2 − r

µ −
√(

1
2 −

µ
σ2

)2
+ 2r

σ2

)
,693

with 1
2 −

µ
σ2 − r

µ > 0. From
(

1
2 −

µ
σ2 − r

µ

)2
−
(
1
2 −

µ
σ2

)2 − 2r
σ2 = − r

µ + r2

µ2 > 0, we get µβ2 − r < 0. So,694

β2−1
r−µ −

β2

r < 0.695

If µ ≤ 0, then µβ1 − r < 0. If µ > 0, then µβ1 − r = µ

(
1
2 −

µ
σ2 − r

µ +

√(
1
2 −

µ
σ2

)2
+ 2r

σ2

)
, with696

1
2 −

µ
σ2 − r

µ < 0, because r > µ. From
(
r
µ + µ

σ2 − 1
2

)2
−
(
1
2 −

µ
σ2

)2 − 2r
σ2 = r2

µ2 − r
µ > 0, it holds that697

µβ1 − r < 0. So, β1−1
r−µ −

β1

r < 0.698

Thus, it can be concluded that when 0 ≤ Kdf
d < 1/η, then Ldf (Kdf

d ) < 0,Mdf
1 (Kdf

d ) > 0,Mdf
2 (Kdf

d ) < 0,699

N df (Kdf
d ) > 0.700

To derive the optimal investment decision, we first note that701

dB1(Kdf
d )

dKdf
d

=
1− ηKdf

d − β1ηK
df
d

Kdf
d

(
1− ηKdf

d

) B1(Kdf
d ).

Next, we analyze the entry deterrence (non-simultaneous) and accommodation (simultaneous) strategies for702

the dedicated leader, which include the optimal investment capacities and optimal investment thresholds.703

704

Proof of Proposition 2: We derive the leader’s investment decisions based on whether the flexible follower705

produces below or up to capacity right after its investment.706

Case1: The flexible follower produces below capacity right after investment, i.e., µ > δr2/(c+ δr), or both707

r − c/δ < µ ≤ δr2/(c+ δr) and σ > σ̄.708

The investment capacity Kdf
d (X) for a given level of X maximizes V dfd (X,Kdf

d ) and satisfies the following709

equation (39).710

1− ηKdf
d − β1ηK

df
d

Kdf
d (1− ηKdf

d )
B1(Kdf

d )Xβ1 +
1− 2ηKdf

d

r − µ
X − c

r
− δ = 0. (39)
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Suppose the investment threshold of the dedicated leader is Xdf
d

∗
. The leader’s value function before and711

after the investment is as follows712

V dfd (X,Kdf
d ) =



A(Kdf
d )Xβ1 X < Xdf

d

∗
,

B1(Kdf
d )Xβ1 +

Kdf
d (1−ηKdf

d )

r−µ X − cKdf
d

r Xdf
d

∗
≤ X < Xdf

f

∗
(Kdf

d ),

Mdf
1 (Kdf

d )Xβ1 +Mdf
2 (Kdf

d )Xβ2

+
Kdf
d (1−ηKdf

d )

2(r−µ) X − cKdf
d

2r − δK
df
d

X ≥ Xdf
f

∗
(Kdf

d ).

(40)

The value matching and smooth pasting conditions at the investment threshold Xdf
d (K) for a given capacity

size K lead to

Xdf
d (K) =

β1
β1 − 1

× r − µ
1− ηK

( c
r

+ δ
)
. (41)

Substituting Xdf
d (K) into (39), the optimal investment capacity Kdf

d

∗
and investment threshold Xdf

d

∗
can713

be derived as714

Kdf
d

∗
=

1

(β1 + 1)η
, Xdf

d

∗
=

(β1 + 1)(r − µ)

β1 − 1

( c
r

+ δ
)
.

Case 2:The flexible follower produces up to capacity right after the investment, i.e., µ ≤ r − c/δ, or both715

r − c/δ < µ ≤ δr2/(c+ δr) and σ ≤ σ̄.716

To derive the optimal investment for the dedicated leader in this case, we first derive that717

dB2(Kdf
d )

dKdf
d

=
1− ηKdf

d − β1ηK
df
d

Kdf
d

(
1− ηKdf

d

) B2(Kdf
d ).

If the leader applies the entry deterrence strategy and invests at Xdf
d

∗
, then the value function before and718

after investment is719

V dfd (X,Kdf
d ) =


A(Kdf

d )Xβ1 X < Xdf
d

∗
,

B2(Kdf
d )Xβ1 +

Kdf
d (1−ηKdf

d )

r−µ X − cKdf
d

r − δKdf
d Xdf

d

∗
≤ X < Xdf

f

∗
(Kdf

d ),

N df (Kdf
d )Xβ2 +

Kdf
d (1−ηKdf

d −ηK
df
f

∗
(Kdf

d ))

r−µ X − cKdf
d

r X ≥ Xdf
f

∗
(Kdf

d ).

(42)

The optimal capacity by the dedicated leader for a given X, Kdf
d (X), can be derived by taking the first order

condition with respect to Kdf
d , which satisfies equation(

1− ηKdf
d − β1ηK

df
d

)
Xβ1

Kdf
d

(
1− ηKdf

d

) B2(Kdf
d ) +

1− 2ηKdf
d

r − µ
X − c

r
− δ = 0. (43)

For a given capacity level K, from value matching and smooth pasting at the investment threshold Xdf
d (K),720

which reads721

Xdf
d (K) =

β1(r − µ)

(β1 − 1)(1− ηK)

( c
r

+ δ
)
. (44)

Combing (43) and (44) yields the optimal investment decision under the non-simultaneous investment as722

Kdf
d

∗
=

1

(β1 + 1)η
, Xdf

d

∗
=

(β1 + 1)(r − µ)

β1 − 1

( c
r

+ δ
)
.
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B Flexible leader and dedicated follower723

Proof of Proposition 3: In order to analyze the dedicate follower’s investment decision for a given flexible724

leader’s investment capacity Kfd
f , we assume the follower’s value before investment is denoted as Afdd X

β1 .725

Then for the three regions, i.e., the leader is not producing, producing below capacity and producing up to726

capacity when the follower enters the market, we can derive the follower’s optimal investment decision: the727

capacity decision Kfd
d

∗
(Kfd

f ) and the threshold decision Xfd
d

∗
(Kfd

f ) for each region separately.728

729

Region 1: Kfd
d ≥

X−c
ηX . Given a capacity size for the dedicated follower Kfd

d , the value matching and smooth730

pasting conditions imply an equation that β1K
fd
d

(
c
r + δ

)
= 0, i.e., Kfd

d = 0. So the dedicated follower does731

not investment in this case.732

733

Region 2:
X(1−2ηKfd

f )−c
ηX ≤ Kfd

d < X−c
ηX . Note that734

dMfd
1

dKfd
d

=
1− 2ηKfd

f − (β1 + 1)ηKfd
d

Kfd
d

(
1− 2ηKfd

f − ηK
fd
d

)Mfd
1 ,

dMfd
2

dKfd
d

=
1− (β2 + 1)ηKfd

d

Kfd
d

(
1− ηKfd

d

)Mfd
2 .

Maximizing V fdd (Kfd
f , X,Kfd

d ) with respect to Kfd
d by taking in the boundary solutions yield the invest-735

ment capacity Kfd
d (Kfd

f , X) for a given X as in equation (18). For a given K, the investment threshold736

Xfd
d (Kfd

f ,K) as in equation (19) can be derived.737

738

Region 3: Kfd
d <

X(1−2ηKfd
f )−c

ηX . In this region it holds that739

∂N fd

∂Kfd
d

=
1

2(β1 − β2)

(
β1 − 1

r − µ
− β1

r

)(1− (β2 + 1)ηKfd
d

)( c

1− ηKfd
d

)1−β2

−
(

1− 2ηKfd
f − (β2 + 1)ηKfd

d

)( c

1− ηKfd
d − 2ηKfd

f

)1−β2
 .

Similar as in Region 2, the follower’s capacity Kfd
d (Kfd

f , X), i.e., equation (20), for a given X is calculated by740

maximizing V fdd (Kfd
f , X,Kfd

d ) with respect to Kfd
d wile taking into account of the boundary. The investment741

threshold Xfd
d (Kfd

f ,K) as in equation (21) is from the value matching and smoothing pasting conditions.742

743

Proof of Lemma 1: The influence of the flexible leader’s investment capacity Kfd
f on the expected change744

in profit ECPfd(Kfd
f ) can be derived by taking the derivative of ECPfd(Kfd

f ) with respect to Kfd
f , where745

the follower’s investment decision Xfd
d

∗
(Kfd

f ) and Kfd
d

∗
(Kfd

f ) are as in Proposition 3.746

747

Proof of Proposition 4: Assume the flexible leader’s value before investment is given by AfX
β1 . Given748

that the flexible leader produces below capacity right after its own investment, its value function at the749

moment of investment is equal to750

V fdf (X,Kfd
f ) = Mfd

1 (Kfd
f )Xβ1 +Mfd

2 Xβ2 +
1

4η

(
X

r − µ
− 2c

r
+

c2

X(r + µ− σ2)

)
− δKfd

f − ECPfd(X,Kfd
f ).

This value depends on whether it will be producing up to or below capacity right before and right after the751

dedicated follower enters the market, i.e., at time τ−d and τ−d .752
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i. When the flexible leader produces below capacity at at time τ+d , i.e., τ+d : LB, ECPfd(X,Kfd
f ) =753

ECPfd(X,Kfd
f

∣∣τ−d : LB; τ+d : LB) if it also produces below capacity at time τ−d ; and ECPfd(X,Kfd
f ) =754

ECPfd(X,Kfd
f

∣∣τ−d : LU; τ+d : LB) if it also produces up to capacity at time τ−d .755

ii. When the flexible leader will be producing up to capacity at at time τ+d , i.e., τ+d : LU, then in the756

leader’s value function ECPfd(X,Kfd
f ) = ECPfd(X,Kfd

f

∣∣τ−d : LU; τ+d : LU).757

In the value functions, the coefficients for the option values are758

Mfd
1 (Kfd

f ) = − c2F (β2)

4η(β1 − β2)

(
c

1− 2ηKfd
f

)−1−β1

and Mfd
2 =

c1−β2F (β1)

4η(β1 − β2)
.

For a given X, the flexible leader’s investment capacity Kfd
f (X) maximizes the value at the moment of in-759

vestment. Taking the first order condition of V fdf (X,Kfd
f ) with respect to Kfd

f yields the equations of (27),760

(28) and (30). For a given capacity size K, the corresponding investment threshold Xfd
f (K) can be derived761

by the value matching and smooth pasting conditions and Xfd
f (K) satisfies (29) regardless of whether the762

flexible leader will be producing below or up to capacity when the dedicated follower enters the market.763

764

Proof of Proposition 5: Suppose the flexible leader’s value before investment is AfX
β1 . Given that the765

flexible leader produces below capacity right after its own investment, its value function at the moment of766

investment is equal to767

V fdf (X,Kfd
f ) = N(Kfd

f )Xβ2 +
X
(

1− ηKfd
f

)
Kfd
f

r − µ
−
cKfd

f

r
− δKfd

f − ECPfd(X,Kfd
f ).

Same as in the proof of Proposition 4. In the leader’s value function ECPfd(X,Kfd
f ) also depends on its768

output at time τ−d and at time τ+d , implying three possibilities the same as in Proposition 4. In the leader’s769

value function, the coefficient for the option values is770

N(Kfd
f ) =

c2F (β1)

4η(β1 − β2)

c−1−β2 −

(
c

1− 2ηKfd
f

)−1−β2
 .

For a given X, the flexible leader’s investment capacity Kfd
f (X) maximizes the value at the moment of in-771

vestment. Taking the first order condition of V fdf (X,Kfd
f ) with respect to Kfd

f yields the equations of (31),772

(32) and (34). For a given capacity size K, the corresponding investment threshold Xfd
f (K) can be derived773

by the value matching and smooth pasting conditions and Xfd
f (K) satisfies (33) regardless of whether the774

flexible leader will be producing below or up to capacity when the dedicated follower enters the market.775

776

C Flexible leader and flexible follower777

C.1 Flexible follower778

Case 1: The follower invests a larger capacity that the leader, i.e., Kff
F ≥ K

ff
L .779

Right after the follower’s investment at time τF , the flexible follower’s profit for a given X and Kff
L is equal780
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to781

πffF (Kff
L , X,QffF ) =


0 if X < Xff

F1,(
X(1− ηQffL − ηQ

ff
F )− c

)
QffF if Xff

F1 ≤ X < Xff
F2,(

X(1− ηKff
L − ηQ

ff
F )− c

)
QffF if Xff

F2 ≤ X < Xff
F3,(

X(1− ηKff
L − ηK

ff
F )− c

)
Kff
F if X ≥ Xff

F3.

From the follower’s profit we can calculate the follower’s optimal output quantities in each case, and they782

are given by783

QffF (Kff
L , X) =


0 if X < Xff

F1,

X−c
3ηX if Xff

F1 ≤ X < Xff
F2,

X−XηKff
L −c

2ηX if Xff
F2 ≤ X < Xff

F3,

Kff
F if X ≥ Xff

F3.

From the follower’s optimal output, we can characterize the boundaries for the follower as784

Xff
F1 = c and Xff

F3 =
c

1− ηKff
L − 2ηKff

F

.

In order to characterize the other two boundaries, we also need to get the expressions of the leader’s optimal785

output quantity and it is equal to786

QffL (X,Kff
F ) =


0 if X < Xff

F1,

X−c
3ηX if Xff

F1 ≤ X < Xff
F2,

Kff
L if X ≥ Xff

F2.

Thus, it can be derived that787

Xff
F2 =

c

1− 3ηKff
L

.

Expressions of L1F , M1F1, M1F1, and N1F : To derive the coefficients of the option values, we apply788

the value matching and smooth pasting conditions at the boundary Xff
F1 for regions X < Xff

F1 and Xff
F1 ≤789

X < Xff
F2, and at the boundary Xff

F3 for regions Xff
F2 ≤ X < Xff

F3 and X ≥ Xff
F3. Then we can derive the790

following expressions.791

M1F2 =
c2F (β1)

9(β1 − β2)η

(
Xff
F1

)−β1−1
,

M1F1(Kff
L ,Kff

F ) = − c2F (β2)

4(β1 − β2)η

(
Xff
F3

)−β1−1
,

N1F (Kff
L ,Kff

F ) =
c2F (β1)

36(β1 − β2)η

(
4
(
Xff
F1

)−β2−1
− 9

(
Xff
F3

)−β2−1
)
,

L1F (Kff
L ,Kff

F ) =
c2F (β2)

36(β1 − β2)η

(
4
(
Xff
F1

)−β1−1
− 9

(
Xff
F3

)−β1−1
)
.

For the calculated coefficients the option values, we can further derive the follower’s investment decisions792

based on both firm’s output quantities right after the follower’s investment.793

794
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Proposition 6 The flexible follower enters the market and produces below capacity right after investment795

when µ > δr2/(c+ δr), or both r − c/δ < µ ≤ δr2/(c+ δr) and σ > σ̄. Given that the flexible leader is796

already active in the market and has invested a capacity size Kff
L , the flexible follower’s investment decisions797

are as follows.798

i. The leader is producing below capacity when the follower invests: For a given GBM level X, the799

follower’s investment capacity Kff
F (Kff

L , X) is given by800

max

{
Kff
L ,

1

2η

(
1− ηKff

L −
c

X

(
(β1 + 1)c

2(β1 − β2)δ

(
2β2
r
− β2 − 1

r − µ
− β2 + 1

r + µ− σ2

))−1/β1
)}

. (45)

For a given K ≥ Kff
L , the follower’s investment threshold is Xff

F (Kff
L ,K), which satisfies equation801

(β1 − β2)M1F2X
β2 − 1

9η

(
2β1c

r
− (β1 − 1)X

r − µ
− (β1 + 1)c2

X(r + µ− σ2)

)
− β1δK = 0 . (46)

ii. The leader is producing up to capacity when the follower invests: For a given GBM level X, the802

follower’s investment capacity Kff
F (Kff

L , X) maximizes the value at the moment of investment and has803

the same expression as equation (45). For a given capacity size K ≥ Kff
L , the follower’s investment804

threshold Xff
F (Kff

L ,K), according to the value matching and smooth pasting conditions, satisfies the805

implicit equation,806

(β1 − β2)M1F2X
β2 − 1

4η

2β1c
(

1− ηKff
L

)
r

−
(β1 − 1)X

(
1− ηKff

L

)2
r − µ

− (β1 + 1)c2

X(r + µ− σ2)


−β1δK = 0 .

(47)

Combining Kff
F (Kff

L , X) and Xff
F (Kff

L ,K) yield the follower’s optimal investment decision Kff
F

∗
(Kff

L ) and807

Xff
F

∗
(Kff

L ).808

Note that the follower’s investment decision should make it hold that Xff
F

∗
(Kff

L ) ∈
[
Xff
F1, < Xff

F2

)
when809

the leader is producing below capacity and Xff
F

∗
(Kff

L ) ∈
(
Xff
F2, X

ff
F3

)
when the leader is producing up to810

capacity. If the derived Xff
F

∗
(Kff

L ) is larger than the upper bound of the corresponding interval, then the811

follower does not invest in the corresponding scenario. Furthermore, Proposition 6 shows that for a given812

GBM level X, the flexible follower’s investment capacity is the same. The intuition is that when the flexible813

follower firm produces below capacity right after investment, the firm’s instantaneous profit is only influenced814

by the instantaneous demand, rather than the firm’s capacity size. This implies that the decision about the815

capacity is from the long-term perspective, which is the same regardless of whether the leader is producing816

below or up to capacity when the follower invests.817

818

Proof of Proposition 6:819

Flexible follower does not produce right after investment: X < Xff
F1820

821

For a given Kff
L , the follower’s value function before and after investment is given by822

V ffF (Kff
L , X,Kff

F ) =

AXβ1 if X < Xff
F

∗
(Kff

L ) ,

L1F (Kff
L ,Kff

F )Xβ1 − δKff
F if X ≥ Xff

F

∗
(Kff

L ) .
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The follower does not invest in this region because the value matching and smooth pasting conditions do823

not hold unless Kff
F = 0.824

825

Flexible follower producing below capacity right after investment: Xff
F1 ≤ X < Xff

F2826

827

For a given Kff
L > X−c

3ηX , suppose the follower’s value before and after investment takes the following form828

V ffF (Kff
L , X,Kff

F ) =


AXβ1 if X < Xff

F

∗
(Kff

L ) ,

M1F1(Kff
L ,Kff

F )Xβ1 +M1F2X
β2

+ 1
9η

(
X
r−µ + c2

X(r+µ−σ2) −
2c
r

)
− δKff

F

if X ≥ Xff
F

∗
(Kff

L ) .

For a given X, taking the first order condition of V ffF (Kff
L , X,Kff

F ) with respect to Kff
F and the boundary829

condition that Kff
F ≥ Kff

L yield equation (45). For a given K ≥ Kff
L , the follower’s investment threshold830

Xff
F (K) is derived by the value matching and smooth pasting conditions at the threshold, which leads to831

equation (46). Moreover, becaus the leader is producing below capacity when the follower invests, when832

Kff
F (Kff

L ) > Kff
L it holds that833

Kff
L >

X − c
3ηX

=⇒ Kff
F (X) <

1

6ηX

(
2X + c− 3c

(
(β1 + 1)c

2(β1 − β2)δ

(
2β2
r
− β2 − 1

r − µ
− β2 + 1

r + µ− σ2

))−1/β1
)
.

Because Kff
F (Kff

L , X) > X−c
3ηX , it can be derive that834

1

6ηX

(
2X + c− 3c

(
(β1 + 1)c

2(β1 − β2)δ

(
2β2
r
− β2 − 1

r − µ
− β2 + 1

r + µ− σ2

))−1/β1
)
>
X − c
3ηX

=⇒ (β1 + 1)c

2(β1 − β2)δ

(
2β2
r
− β2 − 1

r − µ
− β2 + 1

r + µ− σ2

)
> 1 .

This condition is the same as the definition for which the flexible firm produces below capacity right after835

investment as in the monopoly setting.836

837

Flexible follower producing below capacity right after investment and flexible leader is producing up to capac-838

ity: Xff
F2 ≤ X < c/Xff

F3.839

840

For a given capacity size by the leader Kff
L , the follower’s value before and after investment is assumed841

to take the functional form as842

V ffF (Kff
L , X,Kff

F ) =


AXβ1 if X < Xff

F

∗
(Kff

L ) ,

M1F1(Kff
L ,Kff

F )Xβ1 +M1F2X
β2

+ 1
4η

(
X(1−ηKff

L )
2

r−µ + c2

X(r+µ−σ2) −
2c(1−ηKff

L )
r

)
− δKff

F

if X ≥ Xff
F

∗
(Kff

L ) .

At a given GBM level X, the follower’s investment capacity Kff
F (Kff

L , X) maximizes the value at the843

moment of investment. Taking the first order condition of V ffF (Kff
L , X,Kff

F ) with respect to Kff )K and844

the boundary condition that Kff
F ≥ Kff

L lead to equation (45). For a given capacity size K ≥ Kff
L ,845

the follower’s investment threshold Xff
F (Kff

L ,K), according to the value matching and smooth pasting846

conditions, satisfies the following implicit equation (47). Note that when the leader’ is producing up to847
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capacity and the follower produces below capacity right after investment, given that Kff
F > Kff

L , we have848

the following inequality,849

Kff
F (Kff

L , X) >
X(1− ηKff

L )− c
2ηX

=⇒ (β1 + 1)c

2(β1 − β2)δ

(
2β2
r
− β2 − 1

r − µ
− β2 + 1

r + µ− σ2

)
> 1 .

This is the same definition for the region that the flexible firm produces below capacity right after investment850

in the monopoly setting.851

852

Flexible follower producing up to capacity right after investment and the flexible leader is also producing up853

to capacity: X ≥ Xff
F3854

855

For a given Kff
L , the follower’s value function before and after investment is supposed to be equal to856

V ffF (Kff
L , X,Kff

F ) =

AXβ1 if X < Xff
F

∗
(Kff

L ) ,

N1F (Kff
L ,Kff

F )Xβ2 +
XKff

F (1−ηKff
L −ηK

ff
F )

r−µ − cKff
F

r − δKff
F if X ≥ Xff

F

∗
(Kff

L ) .

The second order derivative of V ffF with respect to Kff
F in this region is857

∂2V ffF

∂Kff
F

2 = −β2(β2 + 1)η

β1 − β2

(
c

1− ηKff
L − 2ηKff

F

)1−β2

F (β1)β2(β2 − 1)Xβ2−2 > 0 .

Given that in this region Kff
L < Kff

F <
(

1− ηKff
L

)
/(2η), the flexible follower would invest for a given858

X with capacity size
(

1− ηKff
L

)
/(2η), because this capacity generates the highest value of +∞. But the859

corresponding investment would be delayed infinitely. So the follower does not invest in this case.860

861

Case 2: The follower invests larger capacity that the leader, i.e., Kff
F < Kff

L .862

Right after the follower’s investment at time τF , the flexible follower’s profit for a given X and Kff
L is equal863

to864

πffF (Kff
L , X,QffF ) =



0 if X < Xff
L1 ,(

X
(

1− ηQffL − ηQ
ff
F

)
− c
)
QffF if Xff

L1 ≤ X < Xff
L2 ,(

X
(

1− ηQffL − ηK
ff
F

)
− c
)
Kff
F if Xff

L2 ≤ X < Xff
L3 ,(

X
(

1− ηKff
L − ηK

ff
F

)
− c
)
Kff
F if X ≥ Xff

L3 .

The corresponding optimal output maximized the follower’s profits in each region and is as follows:865

QffF
∗
(Kff

L , X) =


0 if X < Xff

L1 ,

X−c
3ηX if Xff

L1 ≤ X < Xff
L2 ,

Kff
F if X ≥ Xff

L2 .

So we can get the boundaries for the follower to suspend production, producing below capacity and to866

produce up to capacity, and they equal to867

Xff
L1 = c and Xff

L2 =
c

1− 3ηKff
F

.
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The leader’s profit in different regions is given by868

πffL (X,Kff
L ) =



0 if X < Xff
L1 ,(

X
(

1− ηQffL − ηQ
ff
F

)
− c
)
QffL if Xff

L1 ≤ X < Xff
L2 ,(

X
(

1− ηQffL − ηK
ff
F

)
− c
)
QffL if Xff

L2 ≤ X < Xff
L3 ,(

X
(

1− ηKff
L − ηK

ff
F

)
− c
)
Kff
L if X ≥ Xff

L3 .

The leader’s optimal output is denoted as869

QffL
∗
(X) =


0 if X < Xff

L1 ,

X−c
3ηX if Xff

L1 ≤ X < Xff
L2 ,

X−XηKff
F −c

2ηX if Xff
L2 ≤ X < Xff

L3 ,

Kff
L if X ≥ Xff

L3 .

This implies that870

Xff
L3 =

c

1− ηKff
F − 2ηKff

L

.

Expressions of L2F , M2F1, M2F2 and N2F : In this case by the value matching and smooth pasting871

conditions at the follower’s boundaries Xff
L1 and Xff

L2 , we can get the expressions of the coefficients for the872

option values.873

M2F2 =
c2F (β1)

9(β1 − β2)η

(
Xff
L1

)−1−β2

,

M2F1(Kff
F ) = − c2F (β2)

9η(β1 − β2)

(
Xff
L2

)−1−β1

−
cKff

F

6(β1 − β2)

(
β2
r
− β2 − 1

r − µ

)(
Xff
L2

)−β1

,

N2F (Kff
F ) =

c2F (β1)

9η(β1 − β2)

((
Xff
L1

)−1−β2

−
(
Xff
L2

)−1−β2
)
−

cKff
F

6(β1 − β2)

(
β1
r
− β1 − 1

r − µ

)(
Xff
L2

)−β2

,

L2F (Kff
F ) = M2F1 +

c2F (β2)

9η(β1 − β2)

(
Xff
F1

)−1−β1

.

For the calculated coefficients the option values, we can further derive the follower’s investment decisions874

based on both firm’s output quantities right after the follower’s investment.875

Proposition 7 The follower’s investment decision depends on the leader’s output quantity and can be char-876

acterized by the following situations.877

i. Both the leader and the follower produce below capacity right after the follower’s investment. For a878

given GBM level X, the follower firm’s corresponding investment capacity maximizes the value at the879

moment of investment and equals to880

Kff
F (X) =


Kff
L if k1(X) > Kff

L ,

k1(X) if 0 < k1(X) ≤ Kff
L ,

0 otherwise,

(48)

where k1(X) satisfies the following equation881

− c

6(β1 − β2)

1− (β1 + 1)3ηk1
1− 3ηk1

(
c

X (1− 3ηk1)

)−β1
(
β2
r
− β2 − 1

r − µ

)
(β1 + 1)F (β2)

3(β1 − β2)

(
c

X (1− 3ηk1)

)−β1

− δ = 0 .
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Given a capacity level K, the follower’s investment threshold Xff
F (K) solves the following equation882

M2F2 × (β1 − β2)Xβ2 +
1

9η

(
(β1 − 1)X

r − µ
+

(β1 + 1)c2

X(r + µ− σ2)
− 2β1c

r

)
− β1δK = 0 . (49)

ii. The leader produces below capacity and the follower produces up to capacity right after the follower’s883

investment. For a given X, the follower’s corresponding investment capacity is given by884

Kff
F (X) =


Kff
L if k2(X) > Kff

L ,

k2(X) if 0 < k2(X) ≤ Kff
L ,

0 otherwise,

(50)

where k2(X) satisfies the equation885

(β2 + 1)cF (β1)

3(β1 − β2)

(
c

X(1− 3ηk2)

)−β2

+
1

2

(
X(1− 2ηk2)

r − µ
− c

r

)
− δ

− c

6(β1 − β2)

1− (β2 + 1)3ηk2
1− 3ηk2

(
c

X(1− 3ηk2)

)−β2
(
β1
r
− β1 − 1

r − µ

)
= 0 .

Given a capacity size K, the corresponding investment threshold Xff
F (K) satisfies the following implicit886

equation887

N2F (Kff
F )× (β1 − β2)Xβ2 −

(
β1(c+ 2rδ)K

2r
− (β1 − 1)X(1− ηK)K

2(r − µ)

)
= 0 . (51)

iii. Both the leader and the follower produce up to capacity right after the follower’s investment. Given a888

GBM level X, the follower’s investment capacity is equal to889

Kff
F (Kff

L , X) =


Kff
L if k3(Kff

L , X) > Kff
L ,

k3(Kff
L , X) if 0 < k3(Kff

L , X) ≤ Kff
L ,

0 otherwise,

(52)

where k3(Kff
L , X) satisfies the equation of890

(β2 + 1)cF (β1)

3(β1 − β2)

(
c

X(1− 3ηk3)

)−β2

+
X
(

1− ηKff
L − 2ηk3

)
r − µ

− c

r
− δ

− c

6(β1 − β2)

1− (β2 + 1)3ηk3
1− 3ηk3

(
c

X(1− 3ηk3)

)−β2
(
β1
r
− β1 − 1

r − µ

)
= 0 .

For a given capacity size K, the follower’s investment threshold Xff
F (Kff

L ,K) is such that the following891

equation holds,892

(β1 − β2)N2F (K)Xβ2 +
(β1 − 1)XK

(
1− ηKff

L − ηK
)

r − µ
− β1K(c+ rδ)

r
= 0 . (53)

Combining Kff
F (Kff

L , X) and Xff
F (Kff

L ,K) yield the follower’s optimal investment decision Kff
F

∗
(Kff

L ) and893

Xff
F

∗
(Kff

L ).894
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Proof of Proposition 7:895

Flexible follower not producing right after investment: X < c896

897

Suppose the follower’s value before and after investment is denoted as898

V ffF (Kff
L , X,Kff

F ) =

AXβ1 if X < Xff
F

∗
(Kff

L ) ,

L2F (Kff
F )Xβ1 − δKff

F if X ≥ Xff
F

∗
(Kff

L ) .

The value matching and smoothing pasting at the moment of the follower’s investment threshold requires899

that Kff
F = 0, implying the follower does not invest in this region.900

901

Flexible follower producing below capacity right after investment when the leader producing below capacity:902

c ≤ X < c/
(

1− 3ηKff
L

)
903

For a given leader’s investment capacity size Kff
L , assume the follower’s value before and after investment904

is given by905

V ffF (Kff
L , X,Kff

F ) =


AXβ1 if X < Xff

F

∗
(Kff

L ) ,

M2F1(Kff
F )Xβ1 +M2F2X

β2

+ 1
9η

(
X
r−µ −

2c
r + c2

X(r+µ−σ2)

)
− δKff

F

if X ≥ Xff
F

∗
(Kff

L ) .

For a given GBM level X, taking the first order derivative of the follower firm’s value right after investment906

with respect to Kff
F and combining with the boundary condition that Kff

L ≥ K
ff
F leads to (48). For a given907

a capacity level K, the follower’s investment threshold Xff
F (K) satisfies the value matching and smooth908

pasting conditions at the threshold, which leads to (49). The solution to the two equations characterizing909

Kff
F (X) and Xff

F (K) is not influenced by Kff
L .910

911

Flexible follower producing up to capacity right after investment when the leader producing below capacity:912

c/
(

1− 3ηKff
L

)
≤ X < c/

(
1− ηKff

L − 2ηKff
F

)
913

914

With the leader’s investment capacity Kff
L the follower’s value before and after investment is given by915

V ffF (Kff
L , X,Kff

F ) =


AXβ1 if X < Xff

F

∗
(Kff

L ) ,

N2F (Kff
F )Xβ2 +

Kff
F

2

(
X(1−ηKff

F )
r−µ − c

r

)
− δKff

F if X ≥ Xff
F

∗
(Kff

L ) .

For a given X, maximizing the value at the moment of investment with respect to Kff
F and taking into916

the boundary condition lead to (50). Given a capacity size K, the corresponding investment threshold, i.e.,917

equation (51). The solution to the two equations characterizing Kff
F (X) and Xff

F (K) is also not influenced918

by Kff
L because the leader is producing below capacity when the follower enters.919

920

Flexible follower producing up to capacity right after investment when the leader producing up to capacity:921

X ≥ c/
(

1− ηKff
L − 2ηKff

F

)
922

923

The follower’s value before and after investment in this situation is given by924

V ffF (Kff
L , X,Kff

F ) =

AXβ1 if X < Xff
F

∗
(Kff

L ) ,

N2F (Kff
F )Xβ2 +

XKff
F (1−ηKff

L −ηK
ff
F )

r−µ − cKff
F

r − δKff
F if X ≥ Xff

F

∗
(Kff

L ) .
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Given a GBM level X, taking the first order derivative of the value at the moment of investment with respect925

to Kff
F and combining with the boundary condition of Kff

L ≥ Kff
F yield the equation (52). For a given926

capacity size K, the follower’s investment threshold Xff
F (Kff

L ,K) can be derived from the value matching927

and smooth pasting conditions, which leads to (53).928

C.2 Flexible leader929

For the flexible leader, it is possible that the leader adjusts its output at time τF , i.e., the follower’s investment930

timing. This adjustment could cause a decrease in the leader’s profit flow, and then leads to a decrease in931

the project value. Denote the leader’s output as QffL , then at time τ−F and time τ+F , the leader’s output932

equals to933

τ−F : QffL =


X(τ−

F )−c
2ηX(τ−

F )
LB,

Kff
L LU,

and τ+F : QffL =



X(τ+
F )−c

3ηX(τ+
F )

LB,FB,

Kff
L LU,FB,

(1−ηKff
F

∗
(Kff

L ))X(τ+
F )−c

2ηX(τ+
F )

LB,FU,

Kff
L LU,FU.

The corresponding leader’s profit at time τ−F and time τ+F is given by934

τ−F : πffL (QffL , X(τ−F )) =


(X(τ−

F )−c)
2

4ηX(τ−
F )

LB,

Kff
L

((
1− ηKff

L

)
X(τ−F )− c

)
LU,

and935

τ+F : πffL (QffL , X(τ+F ),Kff
F

∗
(Kff

L )) =



(X(τ+
F )−c)

2

9ηX(τ+
F )

LB,FB,

Kff
L

2

((
1− ηKff

L

)
X(τ+F )− c

)
LU,FB,

((1−ηKff
F

∗
(Kff

L ))X(τ+
F )−c)

2

4ηX(τ+
F )

LB,FU,

Kff
L

((
1− ηKff

L − ηK
ff
F

∗
(Kff

L )
)
X(τ+F )− c

)
LU,FU.

In order to derive the leader’s value function, we have to get the expressions for ECPff (X,Kff
L ) as936

equation (35). To achieve this, we rewrite as follows937

EτF
[∫ ∞

0

(
πffL

(
QffL , X(t)

)
− πffL

(
QffL , X(t),Kff

F

∗))
exp (−rt)dt

]
=

5
36η

(
XffF

∗

r−µ + c2

(r+µ−σ2)XffF
∗ − c

r

)
if τ−F : LB; τ+F : LB,FB

Kff
L (1−ηKff

L )XffF
∗

r−µ − cKff
L

r − 1
9η

(
XffF

∗

r−µ + c2

(r+µ−σ2)XffF
∗ − c

r

)
if τ−F : LU; τ+F : LB,FB

Kff
F

∗

4

(
(2−ηKff

F

∗
)XffF

∗

r−µ − 2c
r

)
if τ−F : LB; τ+F : LB,FU

Kff
L (1−ηKff

L )XffF
∗

r−µ − cKff
L

r − 1
4η

(
(1−ηKff

F

∗
)
2
XffF

∗

r−µ + c2

(r+µ−σ2)XffF
∗ −

2c(1−ηKff
F

∗
)

r

)
if τ−F : LU; τ+F : LB,FU

ηKff
L XffF

∗

r−µ Kff
F

∗
if τ−F : LU; τ+F : LU,FU

ηKff
L XffF

∗

r−µ × (1−ηKff
L )XffF

∗−c
2ηXffF

∗ if τ−F : LU; τ+F : LU,FB

(54)

Expression (54) combined with the leader’s output levels right after its own investment at time τ+L yields938

9 value functions for the leader. We don’t give the explicit investment decisions for the leader, but rather939

the idea to calculate the leader’s optimal investment:940
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a. Given a GBM level X, taking the first order derivative of the leader’s value at the moment of investment941

V ffL (X,Kff
L )− δKff

L with respect to Kff
L yields the leader’s investment size Kff

L (X).942

b. Denote the leader’s option value to invest as ALX
β1 , then for a given capacity size K, the leader’s943

investment threshold Xff
L (K) can be derived by the value matching and smooth pasting conditions.944

c. Combining Kff
L (X) and Xff

L (K) leads to the leader’s optimal investment decision Kff
L

∗
and Xff

L

∗
,945

based on which, we can calculate the corresponding follower’s investment decision Kff
F

∗
and Xff

F

∗
.946

d. Note that these decisions have to be checked against the corresponding boundaries for Xff
L

∗
and Xff

F

∗
.947

So check whether it is just one firm’s solution lies beyond the boundary of both firms’ solutions lie948

beyond the boundaries.949

e. If it is just one firm’s solution is out of the boundary, then take the boundary solution for this firm950

and go to c.951

f. If both firms’ solutions are out of the boundary, then substitute the corresponding Kff
F (X) from the952

boundary expression and go to c.953

D Extra explanation for the equilibrium analysis954

D.1 Asymmetric production technology955

In sub-section 4.1, we present the dominance of the dedicated follower in figure 3b and 3c given that the956

leader is flexible. In particular, the numerical analysis includes the optimal investment size by the leader,957

rather than a representative investment size. In the following analysis, we show how the flexible leader’s958

decides on its investment in both FD model and FF model.959

FD Model960

We first analyze the FD model and check which output possibility, i.e., characterized at the dedicated961

follower’s investment timing τd, generates the largest value for the flexible leader.962
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(a) Flexible leader’s value if τ+f : LB
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(c) Flexible leader’s NPV comparison

Figure 9: FD model flexible leader’s value of investment. Parameter values are r = 0.1, µ = 0.03, η = 0.05,

c = 2, δ = 10 and X0 = 3.

Figure 9 shows the flexible leader’s value as functions of σ in FD model. Recall that “τ+i ” with i ∈ {f, d}963

denotes the point in time right after the flexible firm’s (i = f) or the dedicated firm’s (i = d) investment,964

and “LB” (“LU”) denotes the flexible leader produces below (up to) capacity. Subfigure 9a depicts that, if965

the flexible leader produces below capacity right after its own investment, it has larger value if it produces966
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up to capacity before the follower’s entry.11 This is because if the flexible leader invests in a way such that967

it is producinng up to capacity right before the follower’s entry, then the leader’s expected profit change968

(decrease) is smaller, which is good for the flexible leader’s. Similar reasoning also applies when the flexible969

leader produces up to capacity right after its own investment. As shown in subfigure 9b, where the flexible970

leader has the largest value for almost all σs if it produces up to capacity both before and after the follower’s971

investment. In fact, the flexible leader behaves like a dedicated firm in the sense that it produces up to972

capacity at all the three time points τ+f , τ−d and τ+d , i.e., though the flexible leader cannot commit to a973

certain output, it can choose its investment so as to imitate a dedicated firm. Subfigure 9c compares the974

flexible leader’s values for producing below and up to capacity right after its own investment, and shows975

that the latter generates a larger value for the leader.976

977

FF Model978

Because there are two cases in model FF, depending on the size of the flexible leader and follower’s capacity,979

so we show in the following that in both cases, the dedicated follower has a larger value than the flexible980

follower.981

982

Case 1. Flexible follower installs a capacity non-smaller than the flexible leader in FF model983

984
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(a) FF model flexible leader’s value if τ+F : FB

Figure 10: Flexible leader’s value in FF model and the dominance of the dedicated follower in Case 1.

Parameter values are r = 0.1, µ = 0.03, η = 0.05, c = 2, δ = 10 and X0 = 3.

Figure 10 illustrates the flexible leader’s value as functions of σ in FF model in figure 10a, and compares985

the dedicated follower and flexible follower’s value in subfigure 3b. Note that 10a is under the condition986

that the flexible follower produces below capacity right after investment, i.e., τ+F : FB, because the flexible987

follower does not produce up to capacity right after investment, as proved in Appendix C. Subfigure 10a988

reveals that the flexible leader also has the largest value when it produces up to capacity both before and989

after the follower’s entry. The reason is similar as that for the flexible leader in FD model, i.e., the high990

utilization rate around time τF makes the follower invest much later and thus prolongs the leader’s monopoly991

period. Subfigure 3b suggests the dominance of a dedicated follower for a given exogenous flexible leader.992

The dedicated follower corresponds to the flexible leader in FD model and the leader produces up to capacity993

right after its own investment. The flexible follower corresponds to the flexible leader in the FF model and994

11 Note that for τ−d : LU, τ+d : LU, our numerical solution implies the dedicated follower invests in a monopolistic way, and

the leader does not invest.
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the leader produces up to capacity before the follower’s investment.995

996

Case 2. Flexible follower installs a smaller capacity than the flexible leader in FF model997
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Figure 11: Flexible leader’s value of investment in Case 2. Parameter values are r = 0.1, µ = 0.03, η = 0.05,

c = 2, δ = 10 and X0 = 3.

Figure 11 demonstrates the flexible leader’s value in Case 2 and supports that the dedicated follower999

dominates a flexible follower.121000

As displayed in subfigures 11a and 11b, the flexible leader has larger value if it produces up to capacity1001

than below capacity right before the follower’s investment, i.e., the three τ−F : LU lines are always higher1002

than the two τ−F : LB lines. This is due to the smaller expected profit change for the leader. We compare1003

the three lines characterized by τ−F : LU. Given that the leader produces up to capacity before the follower’s1004

entry and below capacity after the follower’s entry, i.e., τ−F : LU and τ+F : LB, the leader has larger value1005

if the flexible follower produces below capacity right after investment. This is because the leader’s instant1006

profit decreases less, i.e., the line τ−F : LU; τ+F : LB,FB is higher than the line τ−F : LU; τ+F : LB,FU.1007

Between the line τ−F : LU; τ+F : LB,LB and the line τ−F : LU; τF : LU,LU: when σ is relatively small, the1008

leader has the larger value when both firms produce below capacity right after the follower’s entry; when σ is1009

relatively large, the leader has the larger value if both firms produce up to capacity right after the follower’s1010

investment. This is also due to the difference in the EPC, the expected profit change. Without this term, the1011

leader’s value just consists of the profit and the option value yielded by the output adjustment, the same as1012

that for the monopolist, and the difference is small between these two cases. Whereas the difference in EPC is1013

more significant and dominant. When σ is relatively small, EPC is larger in the case of τ−F : LU; τF : LU,LU,1014

and vice versa when σ is relatively large.1015

Subfigure 11c compares the flexible leader’s value between producing below capacity and up to capacity1016

right after its own investment. It reveals that producing below capacity yields a larger value for the flexible1017

leader when σ ≤ 0.135. For σ > 0.135, the flexible leader has slightly larger values when it produces up to1018

capacity right after investment. However, this difference is too small to be visible in figure 11c.1019

D.2 Understanding the jumps in Figure 81020

In order to understand the jumps in the flexible firm’s value function as the follower, we need to understand1021

how the dedicated firm invests as a leader in this asymmetric preemption game. We take the game depicted1022

12 Note that it is possible that the leader’s value is the same in subfigures 11a and 11b. This happens when the leader’s

investment decision is a boundary solution.
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in Figure 5 as an example, where the dedicated firm preempts the flexible firm when σ < σ3, and the flexible1023

firm is consistent, i.e., if it produces below capacity right after investment as a follower, it also produces1024

below capacity right after investment as a leader.1025
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(a) Dedicated firm’s value as leader
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(b) Consistent flexible firm’s value as follower

(dashed lines), and as leader (real lines)

Figure 12: Consistent flexible firm produces up to capacity right after investment. Parameter values are

r = 0.1, µ = 0.03, σ = 0.1, η = 0.05, c = 2, δ = 10 and X(0) = 3.

Subfigure 12a is cropped from subfigure 5a and the three lines represent the dedicated firm’s value as1026

the leader in the preemption game for the three cases described in Table 4. As a leader, the dedicated firm1027

would like to invest at the flexible firm’s preemption point in case τ−d : LU; τ+d : LB, represented by the blue1028

line in subfigure 12a, because it generates the largest value. The flexible firm would allow this to happen if1029

σ < σf1 because being a follower leads to larger values than being the leader for all three cases. Note that1030

the orange real line is the largest value for the flexible firm to be a leader in the three cases. When σ > σf1,1031

the dedicated firm cannot get the blue line as the leader value, because the flexible firm has incentives to1032

become a leader. Instead, the dedicated firm invests at the flexible firm’s preemption points in the case1033

τ−d : LB; τ+d : LB and gets the leader value represented by the red line in subfigure 12a. The flexible firm1034

allows this if σ < σf2 because being a follower generates larger value than being a leader, i.e., the red dashed1035

line is above the orange real line. When σ > σf2, the dedicated firm cannot get the value represented by1036

the red line in subfigure 12a anymore, because the flexible firm again has incentives to be a leader, i.e.,1037

the orange real line is above the red dashed line in subfigure 12b. Thus, the dedicated firm chooses the1038

preemption point in the case τ−d : LU; τ+d : LU and get the leader value represented by the orange line in1039

subfigure 12a. Then the flexible firm gets the value represented by the orange dashed line in subfigure 12b.1040

Overall, the dedicated firm has to switch among the preemption points for the three different cases. This1041

results in the jumps not only in its own value function as a leader (which we do not show), but also the1042

flexible follower’s value function.1043
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