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1. INTRODUCTION

Let us consider the following stochastic differential equation (SDE):
¢ ¢
Xe=z+ /b(s,Xs)ds + /O'(S,Xs)dWS, te0,T7],
0 0

where 2 € R?, b, 0 are measurable functions from [0, 7] x R? to R?, respectively
R¥>™ and W is an m-dimensional standard Wiener process.

There are many papers which investigate the problem of existence or uniqueness of
solutions for this kind of equation. In addition to the well known result for Lipschitz
coefficients by K. It6, [4], let us mention some of these results here. Strong existence
and uniqueness have been obtained for example under local weak monotonicity and
weak coercivity conditions on the coefficients. A proof can be found in Chapter
3 of the monograph by W.Liu and M. Ro6ckner [6]. Furthermore, in their work
[1], S. Fang and T.Zhang relaxed the Lipschitz conditions by a logarithmic factor.
Moreover, A. Yu. Veretennikov proved strong existence and uniqueness for bounded
measurable coefficients if the diffusion matrix is nondegenerated, continuous and
Lipschitz continuous in the spacial variable, see [§]. In [3] I. Gyongy and T. Martinez

relaxed this to locally unbounded drifts, namely b € LQ(dH)(RJr x R?) and b almost

loc
everywhere bounded by a constant plus some nonnegative function in L* (R, x
R%).
In [5] N.Krylov and M. Rockner proved the existence of a unique strong solution
up to some explosion time in the case where the diffusion coefficient ¢ is the unit
matrix and the drift coefficient b is in LY (Ry; LY (R%)) for some p,q > 1 fulfilling

loc loc

d 2

(1) -+-<1
P q
1



2 KATHARINA VON DER LUHE

If the diffusion is not constant and nondegenerate it is also possible to get strong
existence and uniqueness results under similar conditions on the drift. The most
general result can be found in the work of X. Zhang [T1], respectively for the case p =
g see [10]. There, the drift is again in L{, (R, L (R%)) for p, ¢ > 1 fulfilling (). The
diffusion coefficient is uniformly continuous in space, locally uniformly with respect
to time, nondegenerated, bounded and the gradient is also in L] (R, LP(R?)). The
idea of the proof is to remove the drift by the so-called Zvonkin transformation, see
[12], and use known results for SDEs with zero drift. This transformation is based

on the solution u to the equation

d d d
; 1
8tu + E bzﬁmlu + 5 E E (O—J*)ijag,;mju = 0, u(T,x) = x.
i=1

i=1 j=1

Then one gets a one-to-one correspondence between solutions X; for the original
SDE and solutions (¢, X;) for the transformed equation without drift term.

In the case of constant o there is a much simpler proof for the pathwise uniqueness
which is due to E. Fedrizzi and F.Flandoli (see [2]) under similar conditions as in
[5]. They gave an elementary and short proof by developing another transformation
of the SDE. The aim of this work is to extend their method to include the case of b
and ¢ under the conditions as in [I1]. The nonconstant diffusion leads to additional
terms when performing the transformation of [2] which have to be controlled. One
of the main tools to overcome these difficulties are Krylov Estimates but the price
to pay is that we have to assume that holds with 1/2 replacing 1 on its right
hand side.

For simplicity we will state our result under global assumptions, but there are no
difficulties to extend it by localization techniques, e.g.in the same way as in [I1].

2. PRELIMINARIES AND MAIN RESULT

Definition 2.1. For p,q € (1,00) we define

q 1
T P a

1 lsery = / / ftopde| dr|
]Rd

0

where | - | denotes the Hilbert—Schmidt norm.
We define LI(T) to be the space of measurable functions f : [0,7] x R* — R?

(respectively R?*™) such that I fllza(ry < oo.
Furthermore, we set

a,p

WL2(T) .= {f 0,T] x R — R | £,0,f,0,f,02f € Lg(T)},

where 0y, 9., 02 denote the weak derivatives with respect to time, respectively
space. The associated norm is given by

||f||wq1;§(T) = ||f||Lg(T) + HatfHLg(T) + HafoLg(T) + ||33f|\Lg(T)~
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We consider the SDE

t t
(2) X = m—i—/b(s,Xs) ds + /O’(S,Xs)dWS, t € 0,17,

0 0
where W is an m-dimensional standard Wiener process on a filtered probability
space (Q, (F)t, P), with (F;); fulfilling the usual conditions, € R? and b : [0, T x
R? — RY o 1 [0,T] x RY — RY™ are measurable functions with the following
properties:

Assumption 2.2. For some p,q > 1 with
d 2 1

p g 2
we have
(c1) be LY(T),
(¢2) o is uniformly continuous in x, uniformly with respect to ¢, i.e. for alle > 0
exists a § > 0 such that

sup |o(t,x) —o(t,y)| <e forall z,y € R? with |z —y| < 4.
t€[0,T)

(¢3) o is nondegenerated, i.e. there exists a constant ¢, > 0 such that
(00" (t,2)€,€) > co(1€,6) VY EER? ¥ (t,x) € [0,T] x RY,

where o* denotes the transposed matrix of o,
(c4) o is bounded by a constant ¢é,,
(c5) Oyo € LI(T).

Definition 2.3. (weak/strong solution) A weak solution for equation (2)) is a pair
(X, W) on a filtered probability space (€2, (F;):, P) such that X is continuous, (F¢)¢-
adapted, fulfills

T
(3) P /|b(s,Xs)|ds <o | =1,
0
T
(4) P /|O’(S,Xs)|2d5 <oo| =1,
0

W; is an F;-Brownian motion and (X, W) satisfies equation almost surely.
Given a Brownian motion W on a probability space, a strong solution for equation
is a continuous process X which is adapted to the filtration generated by W,
fulfills , and satisfies equation almost surely.

Definition 2.4. (Pathwise Uniqueness) We say that pathwise uniqueness holds
for equation if for two weak solutions (X, W), ~(X ,W), defined on the same
probability space, we have that Xg = Xy and W = W imply

P(Xt:f(t Vte[o,T]) -1

Theorem 2.5. Under Assumption[2.3, we have pathwise uniqueness for equation

2)-



4 KATHARINA VON DER LUHE

Remark 1. One obtains the same result for p, ¢ > 2(d+1) if instead of Assumption
(c2) o is assumed to be continuous and such that for all f € L{(T') there exists
a solution to the equation

d d
1 *
Opu + 5 ZZ(O’O’ )ijaiwju =f on[0,7T], u(T,z)=0,

i=1 j=1
such that
lullLacry < Cllfllzacry,

where C' is independent of f and increasing in T'. For details see [9].

In the following, whenever we speak of two solutions, we mean two weak solutions
defined on the same probability space with the same Brownian motion.
Furthermore by C' > 0 we always denote various finite constants, where we often
indicate the dependence of parameters by writing them in brackets.

3. TRANSFORMATION OF THE SDE

The following transformation works analogously to the transformation of [2]
despite the appearance of additional terms in the partial differential equations and
the stochastic integrals.

Assume that b and o fulfill Assumption [2.2] Then by Theorem 10.3 and Remarks
10.4 and 10.5 in [3] for every f € LI(T) there exists a solution u € W -2(T) to the
equation

d d
1
(5) 6tu+§ZZUU ZJ:“Euff on [0,7T], u(T,z)=0
such that
(6) ||“HW;;5(T) < Cllfllezer),

where C' does not depend on f and is increasing in T'. Then by the Holder continuity
of O,u, see [5] Lemma 10.2, we have

(7) sup |0z u(t, x)
(t,z)€[0,T] xR

< C(pa q,&, T)T% ||f||L;1,(T)
for every € € (0, 1), which fulfills
d 2
e+—-+-<1,
p g

with C(p, ¢,e,T) increasing in T. We can therefore assume the constant in front
of || fllza(ry to be as small as we want by choosing 7" appropriate which will be of
importance in Lemma [3.1] Now, let U, a solution to the equation

d d
(8) Opu + %ZZ(UU*)ijBinu =-b on[0,7], u(T,z)=0.

i=1 j=1
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Using Ito’s formula for functions in W,:2(T) (Proposition |A.1) and that Up is a
solution to PDE , we get
Up(t, Xt) = Up(0,2) + /ansX)b(sX ds+/8UbsX)(sX)dW
¢

/b

0
That implies

t
/bthk—%wx)(Mt& (/amsxwu&xm
0

+/mm@&w@&mm.

Now, we define
T(b):=0.Up-b

and transform SDE by replacing the drift term:

t
Xt:l‘—l—Ub(O,iE) Utht -i-/T
0

(9) + /azUb(S,XS)U(S,XS) + o(s, Xs) dWs.

Note, that 7(b) € L{(T) since 9,Us is bounded and b € LI(T). Next, let Ur,) be
a solution to the equation

5tu +

N |~

d d
> (00%)i0%, ,u=~T(b) on[0,T], u(T,z)=0.
i=1 j=1

Using again It6’s formula (Proposition [A.1)) and that Ur ) solves the equation
above, we get

Ure(t, Xi) = Ur@)(0,2) + /awUT(b)(Sst)b(57Xs)d3
0

t

t
+/%%m@&M@&MM—/T@@&M&
0

0
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and therefore

t t
/ T(B)(s, Xa) ds = Ur 3y (0,2) — Uspoy (£ X0) + / 0aUr (s (5, Xo)b(s, X,) ds
0 0

t
+ / azUvT(b) (57 Xs)0($7 Xs) dWs.
0

As before, we define
T2(b) := 0, Urp) - b
and replace the drift term in the transformed SDE @D:

t
X, = 2 4 Uy(0,2) + Ur ) (0,2) — Up(t, X2) — Urquy (£, X2) + / T2(b)(s, X,) ds
0

¢
+ /&CUb(s, Xs)o(s, Xs) + 00Uy (s, Xs)o(s, Xs) + o(s, Xs) dW.
0

Iteration yields after n + 1 steps

n n t
Xt =+ Z UTk(b)(O,l‘) - Z UTk(b)(tth) + /Tn+1(b)(S,Xs) ds
0

k=0 k=0
t n
(10) +/Z@mUTk(b)(s,Xs)a(s,Xs)+a(5,Xs)dWs
o k=0

with the convention
T°b)=b and T*(b) = 0,Urrgy - b.
We define .
UM (t,x) =Y Upy(t, )
k=0

and therefore, SDE becomes
t

X, =+ UM (0,2) - UM (t, X,) + /T”“(b)(s,Xs) ds

0
t

(11) —i—/(@wU(”)(s,Xs) +1) (s, Xs) dW,.
0

For two solutions Xt(l)7 Xt(z) we define
v = x4+ o™, xV), i=1,2, and
b (t, x) = THH(b)(¢, ),
o™ (t,z) = (amz:ﬂn) (t,2) + 1) o(t, ).
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Then equation reads

t t
(12) v =y 4 / b (s, X)) ds + / o™ (s, X)) dW,.
0 0

The following Lemma summarizes some properties of the transformed equation
which are necessary in the proof of pathwise uniqueness. It is similar to Lemma 7
in [2] and so is the proof.

Lemma 3.1. Let (cl) — (c4) of Assumption be fulfilled and Xt(l), Xt(Q) be two
solutions to (2). Then there exists 0 < Ty < T such that for all T' € (0,Tp] we
have

i 1
(i) b€ )HL;?,(T/) < WH()HLg(T/),

(ii) sup |0 Uqgr ) (8, 2)| <
’;O(t,m)E[O,T/]x]R’i ©)

111 iy < or some constant C' > 0, independent of n, an

iii) [|020")|pgrn < C f C > 0, independent of d
o) [ -y, < 3 - x
‘Xt(l) _ Xt(Q)‘ S 2 ‘}/t(lvn) _ }/t(Qvn)

)

DN =

<

)

for all t € (0,T"].

4. PATHWISE UNIQUENESS

We now prove Theorem It works analogously to [2], based on Lemma
and three results, namely Lemmas and Proposition which are similar
to [2] but with different proofs. This is due to the fact that in our framework the
solution is in general not a Brownian motion. For reasons of readability we defer
the proofs to the next section.

Proof. (Proof of Theorem for small T') In the following, we denote by z° the
i-th entry of a vector z € R%. Let Assumption be fulfilled and Xt(l)7 Xt(Q) be

two solutions to . Furthermore, let T' := Ty from Lemma and Yt(i’") given by
. By It6’s formula and an application of the inequality of Cauchy and Schwarz
we then have

d ’}/;(11”) _ Y;(Q’n)

2
< 2|y v [ x ) - o 8, X)) e

+2(V =y, (o0, X(7) = o (1, X)) aw)

2
(13) +‘a(”)(t,Xt(l))fa(")(t,Xt(Q))’ dt.
Moreover, with
2
o (s, X) = 0 (s, x12)|
Al = 1 ds
£ 2 (Y #yBmy e

0 }/s(l’n) _ 1/3(2’”)
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(n)
d <6At

. . e .. (n)
since the quadratic covariation is zero due to the monotonicity of e=4¢ . Now, we
use inequality to conclude that

—AM |y, 2,n) |?
d<e A ‘Yt( " _y(2m )

—AM |51, 2,
SQS A ’Y;( ")7&( n)

we have

2
1,n 2,n
j/t( ) j/t( )

2 n
) _ A ‘Yt(l’") _yem

2 n
_ )}/t(lan) _ }/t(zan) e—Ai )dA§n)7

b (1, X1y — p) (¢, Xf”)’ dt

+ Qe—Agn) <Y;(1,ﬂ) _ Y;(Q’”)7 (U(n)(t,Xt(l)) _ 0-(") (t7Xt(2))) th>

]

and thus,

_Am 1, 2,
E[e A ’Yt( m _y 2
]

Y;(l»n) - Y;(QJI)

<E “Yo(l’”) — Y™

t

+ 2E /67‘4-(9”)

0
t

+2E /e*AE’” <Y(1’") —yem, (a<”>(s,X§1>) - cr(”)(s,Xg?))) dWs>

B (s, X) = b (s, X2 ds

S S
Lo
With the help of Lemma [3.1] we get
E [EA@ y ) _ yl2m 1

9 2
<3 ‘xu) _x(2>‘

t
(14)  +3E /‘Xs(l) —X5<2)‘ ‘b(")(s,Xs(l)) —b<">(s,X§2>)’ ds

0
t

+ 2R / A (Y0 ¥ 2 (o0)(5, XD) = 00(5, X2)) aW,)

[}

Summarizing, for two solutions with the same initial values, we have for all t < T

}
}

1,n 2,n
)/t( ) )/t( )
1,n 2,n

E HXt(l) _ Xt(z)H <E [2 ‘Y—t(l,n) B Yt(z,n)

= QE |:6%A§n) 6_%‘45")

< 2E {eAEn)} 2 E |:e_‘4§")

1
2:|2
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With inequality we obtain

o[- x7)
(15)

T
1
<2m [e4"]" (3B / X = X[ (s, X () = b0 (5, X2))| ds
0

t

+9E / A (v o

0

—yem), (0<n>(s, X)) = o) (s, ng) dWs>

Note that the second expectation term vanishes due to the martingale property of

the stochastic integral which is well defined as o™ is bounded and |Yt(1’n
is integrable by the following Lemma.

)_Yt(2,n)|2

Lemma 4.1. Let (c1) — (c4) of Assumption[2.9 be fulfilled. If X, is a solution to

SDE , we have

E

sup | X|
tef0.7]

Therefore, by we have

o3

N|=

<CE [eAin)} E

Nl

<[] R

Nl

< CE [eAi")} E

for all n € N, where the last inequality follows from Lemma [4.1

/
J

X - X§2)‘2 ds

LO

T

[ x0) — 400, x2)
LO

1<oo and

te[0,T)

XM - X§2>‘ ‘b(”)(s, XMy — 5™ (s, XP)]| ds

1
1

4

2
‘ds

sup E [|Xy[*] < oc.

Nl

T
2
E /‘bW)(s,XS(l))—b(”)(s,XS(?)) ds
0

The proof of

pathwise uniqueness is complete if we show that the first term is uniformly bounded
in n and that the second term converges to zero. These assertions are given by the
next two statements which we also prove in the next section.

Lemma 4.2. Let (c1) — (c4) of Assumption be fulfilled and Xt(l), Xt(g) be two
solutions of , Then we have

lim E

n— oo

T

0

Proposition 4.3. Let Assumption be fulfilled and Xt(l), Xt(z) be two solutions
to . Then there exists a constant C > 0 such that

E [eA

(n)
T

|<c

2
/‘bm)(t,xt(”)—b<")(t,X§2))( dt| = 0.

uniformly for all n € N.

1
1
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Hence, we proved
xM=x® Pas Vtelo,T)
Thus,
P(xV=xvicanioT) =1
and by continuity of the solutions we obtain
P (Xf” —x®Pvie [O,T]) —1.
O

Remark 2. The interval of pathwise uniqueness can easily be extended to arbitrarily
large T' by means of a time-shift argument.

5. PROOFS OF AUXILIARIES
Proof. (Proof of Lemma We have

t

T
E| sup |X¢|| < |z|+E /|b(s,Xs)\ds +E | sup /O’(S,Xs)de
te[0,T] 0 te[0,T]

Then applications of a Krylov estimate, namely Theorem 2.2 in [I1] to the first
expectation term and of the inequality of Burkholder, Davis and Gundy (see e.g.
[7] Corollary IV.4.2) to the second yield

T 2
E | sup XtI] < |z + Cl|bllLg(r) + CE /o(aXs)st
t€[0,T]

0

Since o is bounded and b € L{(T), this is finite. Furthermore,

. 2
sup E[|X|*] <2Jz[*+4 sup E /b(s,Xs)ds

te[0,T) te[0,T) )

2

t€[0,T]

t
+4 sup E /O'(S,Xs)dWS
0

We apply Hélder’s inequality to the first expectation and the multidimensional 1t6
Isometry to the second one to receive

T ¢
sup E[|Xt|2] < 2|z|* + 4TE /|b(s,Xs)|2ds +4 sup E /|O’(S,XS)|2dS
te[0,T] 0 te[0,T] 5

Again, we use Theorem 2.2 of [I1I] and Assumption (c1), (c4) to obtain that
this is finite. O

The following proof of the convergence of the drift term becomes simple with
the help of the Krylov estimate Theorem 2.2 of [I1]. The price to pay is the factor
two in the assumptions on p and q.
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Proof. (Proof of Lemma Theorem 2.2 of [I1] for §, 4 and an application of
Lemma [3.1] yields

T

0

T T
2 2
<9E / b x )| at | + 28 / b x| at

<C(d,p,q,T,cs,Co, HbHLg(T))Hb(n)H%g(T)

< C(d7pa q, T7 Co, &O'v ||b||Lg(T))

n—00
—0

2
e 1Ly )

Proof. (Proof of Proposition |4.3) Considering ¢(™ we find that:
y,0™) = (&MawU(”)) o+ 8,U™8,. 0+ ,,0.

We use that o is bounded and 0,0 € L{(T), that 9,U (") is uniformly bounded by
1 and 92U™ is equibounded in L(T) (see Lemma to deduce that

||8wo(")\|Lg(T) < C uniformly in n.
Additionally, o(™) is continuous, since 9,U™ is Hélder continuous. Then there ex-
ists a sequence of continuous functions (t,,)m, which are differentiable with respect
to = in the ordinary sense, such that u,, — o(™ uniformly on [0,7] x R? and

|0z um |l La(ry < ||awa(n)HLZ(T) V'meN.

The existence of such a function can be obtained by mollification. Define X} :=
)\Xt(l) +(1- )\)Xt(z). Then we have with Lemma (iv) and uniform convergence

2o, %) — o001, x|
e / [y —y e’ Lot ey &
) ) (¢, xV) <n>(t,x§2>)f
e 4/ ‘X ) ;2)‘2 Lixwxey dt

dt

2
‘um (t, X(l) — U (8, X(Q))‘
= lim E |exp 4/

1
m—roo {xV£xP}

X<1> X<2>‘
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m—r oo

T
< lim E |exp 4/ |00t (£, X70) |2 dX dt
0

m—r oo

< lim /E exp | 4 [ |0ptm(t, X)) |?dt | | dA.

1
0/
| /T
0
Now, choose p > 0 so small that (d/p+2/q)(1+ p) < 1/2 holds. Then we have for
B > 0 with Young’s and Holder’s inequality

2
T o™ x0) = o 1, X))
E [exp /

1 ,n ,n dt
Y(l m oy A
t
) " 14u
. 1
(16) gmlgnoo E [exp m B/‘awum(tht)\”Zdt
0

1tp

poo(AN
= (= d\
+1+u<6)

T

I+p

- lim [ E [exp /B T | Oy, (£, X)W dt | | d.
0

Furthermore, we have with Theorem 2.2 from [II] for all 0 < to < T

T
1+p .
E /6 T D (1, X))t

f
1+p fo

to
1+p

_ B
<C(d,p,q, 11T, ¢, 0, Ibll L3 (1))

Tt Dyt |2 M)
T 0y P

q
2(1
( ;ru) (T)
2(1+p)

< C(d,p, g, 1T, o G 1Bl g (ry) B 00 ™ |75 5.

Since [|9,0™ | za(y is equibounded, we can choose 8 so small that this is less than
some 0 < a < 1 for all n € N. Then we have by Lemma and inequality

that
A
(n) I Iz
E{AT]< = (2 —
‘ —eXp<1+u</3> )1—a

<C,

where C' does not depend on n. [
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APPENDIX A.

Proposition A.1. (1té’s formula) Let (c1) — (c4) of Assumption 2.9 be fulfilled,
X, a solution to and u € W;ﬁ(T). Then for 0 < s <t <T we have

t t
u(t, Xy) = u(s, Xs) + /&u(r, X, )dr + /(%u(r, X, )b(r, X,)dr
t
+ / Dpu(r, X, )o(r, X,) AW,

td d
1 . )
+ 2 /ZZ(UU (r, X))ij 0z, u(r, X;) dr P-almost surely.

i=1 j=1

This result can be obtained by approximation with smooth functions as in [5]
Theorem 3.7] with the help of [I1, Theorem 2.2].

Lemma A.2. Let f:[0,T] x R — R be a nonnegative measurable function and
an arbitrary stopping time. Assume that X; is an adapted process such there exists
a constant a < 1 with

TNy
1{t0§7}E / f(?f, Xt) dt .7:150 S (&% P-a.s. VO S to S T.
to
Then we have
TNy
1
E |exp / f&,X)dt || <
l—«a
0

This is a slightly more general version of Khasminski’s Lemma which can be
obtained by rewriting the exponential series and using properties of the conditional
expectation.
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