Angular values of nonautonomous and random linear dynamical systems
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Abstract. In this contribution we introduce the notion of angular values for nonautonomous linear differ-
ence equations and random linear cocycles. We measure the principal angles between successive
subspaces of fixed dimension under the nonautonomous or random linear dynamics. An ergodic
average is formed and two types of angular values result for each dimension, either by first taking
the supremum over all initial subspaces and then letting time tend to infinity or by reversing
these processes. The relations between the various types of angular values are analyzed and
their existence is proven for random dynamical systems. We treat the autonomous case in detail
and show how angular values can be obtained from generalized eigenspaces. This leads to a nu-
merical algorithm for computing angular values via Schur decompositions and one-dimensional
optimization. For one-dimensional subspaces in two-dimensional systems our approach agrees

with the classical theory of rotation numbers for orientation-preserving circle homeomorphisms

™

if the matrix has positive determinant and does not rotate vectors by more than 7. Because

our notion of angular values ignores orientation by looking at subspaces rather than vectors, our
results apply to dynamical systems of any dimension and to subspaces of arbitrary dimension.
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age, principal angles of subspaces, numerical approximation.
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1. Introduction. In this paper we propose and analyze suitable notions of angular
values for linear nonautonomous discrete time dynamical systems. The systems are of the
form

(1.1) Upt1 = Apty, ug € Rd, n € Ny

with A, € GL(Rd), i.e. with real invertible d x d matrices A,,n € Ny. Our goal is to study
the average rotation of s-dimensional subspaces Vy C R¢ for s = 1,. .., d when iterated as
in (1.1), i.e. we consider the sequence of subspaces generated by

(1'2) Vn+1 - AnVna n € No,

so that Vj,11 = Vi 41 (Vo) depends on Vj via Vi1 = Ap Ay -+ - A1 AgVp. Since the matrices
A, are invertible the subspaces V,, have the same dimension s for all n € INg. Their rotation
is measured by the well-established notion of principal angles between subspaces which
originates with C. Jordan in 1876. By £(V, W) we denote the maximum principal angle of
two subspaces V, W and we recall that 0 < £(V, W) < 7 holds. Some basics of the theory
of principal angles and of their numerical computation may be found in [18], [12, Ch.6.4].
Generalizations to complex vector spaces and the triangle inequality appear in the papers
[10], [16], [29]. In Section 2 we derive some specific results, tailored to our needs, such as
estimates of principal angles in terms of norms and an angle bound for linear maps. Using
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principal angles between the spaces V;(Vp) generated by (1.2) we form the n-step average
(1.3) L in(Ve), wh Vo) =S 4V 51
: —a1n(V0),  where a1,n(Vo) Z -1, Vi), n>

and two types of limiting values

_ 1 1
(1.4) fs = limsup sup —al 2(Vo), 6 = sup limsup —a,(Vo),
n—00 VpeG(s,d) T Vo€G(s,d) mn—oo T

where G(s,d) denotes the Grassmann manifold of s-dimensional subspaces of R¢. We call
0, the s-inner and 6 the s-outer angular value of the system (1.1). In sections 3-4 we
will discuss systems for which the limsups in (1.4) are actually limits. More variations of
these notions will be defined in Section 3.1, and some key examples will be presented in
Section 3.2 which show that all types of angular values differ in general.

Perhaps the simplest example is a 2 x 2 orthogonal matrix, where d = 2, s = 1 and

cosp —siny
sing  cosgp

ol N

(1.5) AnEA:T¢:< >, 0<p<

All summands in (1.3) are ¢ and a;,(Vp) = ne for all one-dimensional V5 C R2. Hence
we find 0 = él = ¢ in this case.

A first motivating example is the following randomized version. Let (£2,1P) be a prob-
ability space, 7 : 2 — € be an ergodic transformation preserving P and ¢ : Q — [0, 5]
be a random variable. Setting A(w) = Ty and A, = A(m"wp) for some wy € O we see
that a1, (Vo) = Z?_ol cp(Tj wp) for every Vj. By Birkhoff ’s ergodic theorem, for P-almost
every wy, one has lim,, 00 + say (Vo) = f o(w . The above general formula holds for
driving systems 7 modelhng any stationary determlmsmc or stochastic process. In Section
4 we generalize the various notions of angular values to the general setting of random
dynamical systems (cf. [1]). We establish their existence via ergodic theorems and prove
inequalities between the various types; see Theorem 4.2.

A second motivating example is to abandon orthogonality and change (1.5) by a skew-
ing factor 0 < p <1 to

1

_ _ (cos(p)  —p sin(yp) -
=209 = (50 i) <<

This matrix turns out to be a kind of normal form with regard to measuring angles between
a one-dimensional subspace and its image (see Proposition 5.2). The angular values 6,
and 0, agree in this case, but they differ from ¢ in general and depend critically on the
value of p (see Proposition 5.2 and Theorem 6.1).

As a physical motivation of angular values consider an object, such as a stick or a
sheet, carried along by a fluid flow, for which one wants to measure its maximum average
rotation. In mathematical terms we think of a continuous time dynamical system o = F'(u)
determining the trajectory of the object, and we assume that the system (1.1) describes
its linearization about the trajectory when sampled at discrete time instances. Then the
first and second angular value measure the maximum average angle of rotation exerted
by the flow on a line (s = 1) or on a plane (s = 2). In view of such an application it
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is natural to extend the quantities (1.4) to continuous time systems, but this has not yet
been pursued.

There is a weak analogy of first angular values to Lyapunov exponents which measure
the maximum average exponential growth of a linear nonautonomous system (1.1); see e.g.
[1, Ch.3.2], [5], [17, Suppl.2]). For the latter purpose it is enough to compare the norm
of the last iterate with the first one and average the logarithm. However, in the angular
direction one expects only linear growth, and periodicity requires to add up the angles of
every single step and then average.

For certain systems, the above definition of angular values is related to existing con-
cepts of measuring rotations in dynamical systems, which we now discuss.

Let us first mention the classical theory of rotation numbers for orientation-preserving
homeomorphisms of the circle, cf. [7], [17, Ch.11], [20]. If the system (1.1) is two-
dimensional and autonomous (i.e. A, = A € GL(IR?)), then it generates a homeomor-
phism of the unit circle, which is orientation-preserving for det(A) > 0. If, in addition,
no vector rotates by an angle greater than 7, then the rotation number agrees (up to a
factor of 27) with the first angular value; see Section 5.1, Remark 5.3 and Proposition 5.2
for more details. However, such a comparison is no longer possible for a reflection or for
matrices which generate rotations of vectors with angles larger than 7. By contrast to
rotation numbers, our definition (1.4) avoids to assume or specify any orientation, even
when one observes the motion of one-dimensional subspaces (rather than vectors) in a
two-dimensional space. Including orientation typically leads to complications in discrete
time systems. For example, close to reflections one needs extra analytic information from
the system (such as det(A,)) which we consider as inaccessible to observation. When
rotations of vectors larger than § occur, our definition takes the smaller of both possible
angles. Figure 1.1 illustrates this for a sequence of subspaces which occurs for the lin-
earization along an orbit in the Hénon attractor; see Section 6.3.4 for details. Note that
the arrows do not mean orientation but just indicate the succession of measured angles

with time progressing outwards.

Figure 1.1: Angles between successive subspaces in the Hénon system.

The theory of rotation numbers for homeomorphisms of the circle has been general-
ized to so-called rotation sets of toral automorphisms in [19], and a numerical approach
appears in [22]. However, there seems to be no connection to the definition (1.4) in higher

3



dimensions.

Another far-reaching extension of rotation numbers to nonautonomous continuous time
systems of arbitrary dimension has been proposed and investigated in [2], [1, Ch.6.5].
The average rotation of vectors is measured within all two-dimensional subspaces (more
generally within tangent planes of a manifold) mapped by the system. Orientation is taken
into account where counterclockwise refers to positive values. In essence one studies the
flow induced by the given system on the Grassmannian G(2,d). The concept generalizes to
nonlinear random dynamical systems and even leads to a multiplicative ergodic theorem,
see [1, Th.6.5.14]. However, the conceptual difference to angular values remains the same
as for the classical rotation numbers.

Let us also mention the notion of antieigenvalues and antieigenvectors developed in
[13]. They are determined by the maximum angle £ (v, Av) by which a given matrix A
can turn a vector v € R This corresponds to maximizing the first summand in (1.3),
but ergodic averages seem not to have been considered in this theory.

In the following we summarize some further results of this paper. In Section 3.1
we collect elementary properties of angular values, such as inequalities among them and
invariance under special kinematic similarities, see [11] for this notion. Section 5 presents
an in-depth study of the autonomous case A, = A which turns out to be nontrivial.
The conclusions summarized in Theorem 5.7 build on a spectral decomposition (Blocking
Lemma 5.5), a special treatment of multiple real eigenvalues (Proposition 5.4), and a
detailed analysis of the two-dimensional case (Proposition 5.2). In the two-dimensional
case we show that all types of first angular values coincide and provide a rather explicit
formula (Proposition 5.2, Theorem 6.1). While real eigenvalues of the matrix lead to a
vanishing angular value, complex conjugate ones lead to interesting resonances depending
on a skewness parameter; see Figures 6.1, 6.2. In the latter case we use ergodic theory to
derive an integral expression for the first angular value when rotation occurs with irrational
multiples of 7, and we reduce the computation to maximizing a finite sum in the rational
case. In Section 6 we present a numerical algorithm for the autonomous case based on
eigenvalue computations and one-dimensional optimization which avoids failure caused by
simple forward iteration. We apply the algorithm to study various systems up to dimension
10%, and we confirm numerically the rather subtle behavior in the two-dimensional complex
conjugate case.

The method is considerably extended in a forthcoming publication [6] to cope with
general nonautonomous systems (1.1) in dimension d > 2 and with angular values of types
s = 1,2. The algorithm in [6] builds on generalizations of reduction theorems from this
paper and on a detailed study which relates angular values to the well-known dichotomy
spectrum (also called the Sacker-Sell spectrum, see [25], [3], [23]).

2. Angles of subspaces. In this section we collect some useful results about principal
angles between subspaces. In the following, let ||v|| = VuTv denote the Euclidean norm
for v € R% and let R(A), N(A) and o(A) denote the range, the kernel and the spectrum of
a matrix A. Recall the definition of principal angles and principal vectors of two subspaces
V,W of R? of equal dimension from [12, Ch.6.4.3].

Definition 2.1. Let V, W be subspaces of R% of dimension s. Then the principal angles
0<6 <...<0s <5 and associated principal vectors v; € V,w; € W are defined
4



recursively for j=1,...,5 by

(2.1) cos(b;) = max max vlw = vawj.
veV|vl|=1 we W, |lwl| =1
vlo,=0,0=1,...,5—1 w' wy=0/0=1,...,5—1

The right-hand side of (2.1) lies in [0, 1], so that 6; € [0, 5] is uniquely defined by (2.1).
While principal angles are unique, principal vectors are not, in general. Let us note that
principal angles and principal vectors are also defined for subspaces of different dimension
(see [12, Ch.6.4.3]), but this feature will not be used due to our assumption of invertibility.
We further write §; = 6;(V, W) to indicate the dependence on the subspaces, and for the
largest angle we introduce the notation

0,(V,W) = £L(V,W).
If the subspaces V' and W are one-dimensional we may write
£(v,w) = £(span(v),span(w)), v,w € R v,w # 0.

Let us also note that the usage of the angle between subspaces varies in the literature. For
example, in [1, p.216] this notion is used for sin(#;) where 6; is the smallest angle. Then
(2.1) turns into a min-min characterization, and the angle becomes zero if both subspaces
share a common direction.

Principal values and vectors can be computed from a singular value decomposition
(SVD) as follows.

Proposition 2.2. ([12, Algorithm 6.4.3]) Let P,Q € R%* be two matrices with or-
thonormal columns and consider the SVD

(2.2) P'Q=YxZ", Y, Z¥=diag(ol,...,05) eR**, Y'Y =I,=2"2Z

Then the principal angles 0; of V = R(P) and W = R(Q) satisfy

oj=cos(b;),j=1,...,s,
and principal vectors are given by
(2.3) PY =(v1 - wg), QZ= (w1 - ws).

Since the singular values of PT@Q and Q' P agree, principal angles are symmetric with
respect to V and W. In particular, the maximum angle satisfies

L(V,W) = L(W, V).

In Definition 2.1 the angles between two subspaces of equal dimension are defined recur-
sively. For the computation of the j-th principal angle, the max-max characterization
(2.1) requires knowledge of the principal vectors from index 1 to j — 1. In the following
proposition we state a complementary min-max characterization. It begins with 6, and
computes 0; via the known principal vectors for indices s to j 4 1. The result is motivated
by the Hausdorff semi-distance between unit balls and proves to be better suited for the
key estimates below. The proof will be given in Appendix A.1.
5
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(i)

Proposition 2.3. Let V,W C R% be two s-dimensional subspaces. Then the principal

angles and principal vectors satisfy for j =s,...,1
(2.4) cos(b;) = min max vlw = vawj.
veV =1 we W, flwl =1

vy =00=34+1,...,s wlw=0,0=j+1,...,s
In particular, the following relation holds

(2.5) £(V,W) = 0,(V,W) = max min £(v,w) = arccos ( min max va).
0 ko o1 a1

Remark 2.4. A related variational characterization appears in [24, Theorem 3]

cos(8;) = min max |{(z,y)].
Ucv zeUrNV,|z|=1
dimU =j —1 y W, iyl =1

If j = s then dimU = s — 1 and * € U NV runs through V with ||z|| = 1. Therefore, the
formula implies (2.4) in case j = s, but for j < s the formulas differ.

Next we recall some well-known properties of the Grassmannian,

G(s,d) = {V C R%is a subspace of dimension s},
which may be found in [12, Ch.6.4.3], [16], for example.

Proposition 2.5. The Grassmannian G(s,d) is a compact smooth manifold of dimension
s(d — s) and a metric space with respect to

d(V,W) =[Py — Pw|,
where Py, Py are the orthogonal projections onto V- and W, respectively, and the formula
d(V, W) =sin(L(V,W)), V,W € G(s,d)
holds. Furthermore, £(V,W) defines an equivalent metric on G(s,d) satisfying

2LV, W) < d(V, W) < 4V, W),

Some useful geometric estimates for angles of vectors and subspaces follow:

Lemma 2.6. (Angle estimate)
For any two vectors v,w € Re with ||v| < ||w| the following holds
2
tan? £ (v + w,w) < o]

— 2 _ 27
26 wll2 =Tl

2 lwl — o]l
cos® L(v+ w,w) > —————
lw]]?
Let V € G(s,d) and P € R%? be such that for some 0 < g < 1
(2.7) |(I —P)v| <q||Pv]] YveV
Then dim(V') = dim(PV') and the following estimate holds
q
< 1t
(2.8) AVPV) £ s
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Proof. The first inequality in (2.6) follows from the second via the relation tan?a =

L — 1. The second inequality in (2.6) can be rewritten as

cos? a

(0 +w)Tw)* = [[o+ wl*(Jw]]® = [|o]*) > 0.

A short computation shows that the left-hand side agrees with (v w + Hv||2)2 which
proves our assertion. The estimate (2.7) shows that Pv = 0,v € V implies v = 0, hence
dim(V') = dim(PV). Inequality (2.8) follows from (2.6) and the characterization (2.5)

£(V,PV) =max min £(v,w) < max £(v, Pv) < max |tan £(v, Pv)|
veV wePV veV veV
v#£0  w#0 v#£0 v#£0

I = Prol(y W= Pylye
T weVp£o || Pl | Pv||2 = (1= )/

Remark 2.7. The proof shows that the inequalities in (2.6) are strict for v # 0.
Our final auxiliary result provides an angle-bound for an invertible matrix.

Lemma 2.8. Let S € GL(RY) and x = ||S~|||S|| be its condition number. Then the
following estimate holds

(2.9) L(SV,SW) < m(1+ k)L(V,W) Y V,W €G(s,d), 1<s<d.

Proof. Let us first prove (2.9) for s = 1. Then we can assume V = span(v), W =
span(w) with [|v]| = |Jw|| = 1 and v"w > 0. From Proposition 2.5 we have

1 1 1 1
(2.10) —L(v,w) < Sd(V, W) = §|!va —ww' || = = w)o! +w—w)"|

< o = wl|| = (2(1 = cos(£ (v, w))))/? = 2sin($4 (v, w)) < L(v, w).

We apply the first inequality in (2.10) to the image spaces and obtain
£(Sv, Sw) = £(||Sv]| 7' Sv, [|Sw]| T Sw) < x| (|[Sv]"ro — || Sw|| T w) |
< 7SI (Soll™" = [Swl ™ + [1Sw]| ™o — w]))
< 7| S|ISwl| =t (1Svl =M 1S (w = v)| + [lv — wl]) -
Now || Swl|| =L, ||Sv]|~! < ||S~!|| and the last inequality from (2.10) lead to
L(Sv,Sw) < (14 K)||lv —w|| < 7K(1 + k)L (v, w).

For the general case s > 1 we use (2.9) for all vectors v € Vv # 0, w € W,w # 0 and
then apply the max-min characterization (2.5) from Proposition 2.3. u

3. Basic theory of angular values. For an invertible nonautonomous linear system
(1.1) we define the solution operator ®4 by

Ap1-...- Ay, for n > m,
Dp(n,m) =<1, for n =m,
A;l-...-A;il, for n < m.

Usually we suppress the dependence on the matrix sequence A,,n € Ng and simply write
® = & 4. However, in Section 4 we consider matrix families generated by a linear random
dynamical system for which the dependence on the family is essential.
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3.1. Definitions and elementary properties. In the following we consider various
ways of defining the average angular rotation that the system (1.1) exerts on subspaces of
a fixed dimension. For this we use the notion of angles of subspaces from Section 2.

We reconsider a rigid rotation (1.5) as a simple motivating example, but now we allow
0< ¢ <7 ForveR?v+#0and j € N one obtains with Proposition 2.2 that

L(v, Tyv) = A(Tg_lv,Tév) = arccos(| cos(p)|) = min(p, ™ — ).
Hence we obtain for n € N the arithmetic mean

1o - : :
sup — Zi(Té 11},T$v) = sup ZA{ (j—L0)V,®(5,0)V) = min(p, 7 — ¢)
veR2 1T Veg(1,2)
and the same value for both types of limits SUPyeg(1,2) lim,, oo and lim,, o SUPyeg(1,2)-
For general systems however, it turns out that the limit does not necessarily commute
with the supremum, and sometimes the limit does not even exist. Therefore, we introduce

several different types of angular values.

Definition 3.1. Let the invertible nonautonomous system (1.1) be given. For every
s € {l,...,d} define the quantities

k+n
apsr (V)= Y L(@(j = 1,0)V,2(j,00V) neN, keNo, VeG(s,d).
j=k+1

The upper resp. lower s-th inner angular value is defined by

1 1
(3.1) 0s =limsup — sup a1 ,(V), 6Os=Iliminf— sup a1,(V).
n—oo 1 veg(s,d) o0 My eg(s,d)

The upper resp. lower s-th outer angular value is defined by

N 1 1
(3.2) 0s = sup limsup—ai,(V), 6s= sup liminf —a;,(V).
Veg(s,d) n—oo T Veg(s,d) T N

The upper resp. lower s-th uniform inner angular value is defined by

_ 1
0jg =limsup — sup sup agi1kn(V),
(3.3) n—oo T yveg(s,d) k€ENg

1
O =1i f— f \%
[s] 1nH—1>loré n VES;(IS) d) klenlNo @ht1, k+n( )

The upper resp. lower s-th uniform outer angular value is defined by

A 1
Og= sup lim — sup aprpin(V),
(3.4) VeG(s,d) " T keNg

1
O = lim — inf 1%
%0 =, 300 % o nf areren (V).

Remark 3.2. In case s = d, all angular values are zero since the invertible system keeps
the space V. =TR? fived and since £(R%,R%) = 0.
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Our guiding principle in forming these quantities is to seek the subspace V' which max-
imizes an angular value. The notions of "upper’ and ’'lower’ are motivated by the possible
gap between lim sup and lim inf while 'outer’ and 'inner’ result from the noncommuting lim
and sup. Finally, the corresponding uniform angular values (and their lower’ and "upper’
variants) become relevant when passing from autonomous to nonautonomous systems; see
Sections 3.2 and 5.

Clearly, the limsup and liminf in (3.1), (3.2), (3.3) are finite due to the boundedness of
the angles. In Section 4 we prove that the lim sup and lim inf in (3.1) actually become limits
in the setting of random dynamical systems. Let us further mention that the supremum for
both quantities in (3.1) can be replaced by a maximum since a1 ,,(V') depends continuously
on V in the compact space G(s,d).

In the following lemma we show that the limits in (3.4) always exist and that the
limsup in the definition (3.3) of 5[5} is in fact a limit. Further, we collect some easy
relations between the various angular values.

Lemma 3.3. The limits in the definition (3.4) of the uniform outer angular values exist

in [0, 5] and the limsup in the definition of 0|5 is a limit. Moreover, the following relations

hold for all s=1,...,d:

Q[s] < Qs < 6 < é[s]

(3.5) IA IN IA IA
Q[s] < 0 < 0s < ‘9[3]

For the smallest and the largest value in this diagram we have the estimate

(3.6) sup inf £(P(k,0)V, Ax®(k,0)V) < gy < 5[8} < sup sup L(V,A;pV).
VeG(s,d) k€No VEG(s,d) k€N

Proof. For every V' € G(s,d), the sequence a, (V) = supen, k+1,k+n(V) lies in [0, &F]
and is subadditive

antm(V) = sup (ak+1,k+n(v) + ak+n+1,k+n+m(v))

keNo
< sup ak+1,k+n(v) + sup am+1,/~c+m(v) < an(V) + am(V)
keNg K>n

By Fekete’s subadditive lemma [9, Lemma 4.2.7] this ensures

1 1
lim —a,(V) = inf —a,(V) € [0, z

n—oo n neN N 2]

In a similar way, the sequence a,, = supy¢g(s,a) @n(V) turns out to be subadditive, which
shows that limsup = lim for the first quantity in (3.3). Further, the sequence a, (V) =
infren, akt1 k40 (V) turns out to be superadditive, i.e. appm(V) > an(V) + am(V) for
n,m € N, and thus

.1 1 T
Jim —a, (V) = sup —an(V) €0, 5.

Next we prove the inequalities §; < 65 < 05 < 0],

1 1 .
0s = sup liminf—a;,(V)< sup limsup—ai,(V) =0,
VeG(s,d) " N Veg(s,d) n—oo T

1 ~ 1 ~
<limsup~ sup a1n(V)=0s <limsup— sup sup agr1kn(V) =0
n—oo T yeg(s,d) n—oo TN yveg(s,d) keNg
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The remaining assertions in (3.5) follow in a similar way. Finally, note that Fekete’s lemma
leads to the representations

1 . - . 1
sup sup — inf ap1pn(V) =0 <O = inf — sup  sup app1pn(V).
Veg(s,d)neN T k€No n€EN T v eG(s,d) k€N

The inequalities (3.6) then follow by setting n = 1 in sup,, and inf,,. [ |

We extend the motivating example (1.5) and analyze in detail the outer angular values
of the 3-dimensional system defined by

cos(p) —sin(p) 0 -
(3.7) A, =A=[sin(p) cos(p) 0], neNgy 0<ep<—.
0 0 2 2

Denote by e; the j-th unit vector in R3. For v € span(ey,ez), we get, cf. (1.5), that
L(A™ 1y, Aly) = ¢ for all i € N. For v € span(es) one has £(A" v, Alv) = 0, i € N.
Next, we take a vector with components in both relevant subspaces. This vector is pushed
under iteration with A towards the most unstable direction es. Thus, we expect that the
angle between two subsequent iterates converges to 0. The following estimate proves that
this convergence is indeed geometric. Consider v = (§) with 0 # z € R2 From the
triangle inequality and the estimate (2.6) in Lemma 2.6 we find a constant C' > 0 such
that for all © € N

o=« ((F).(5)) <(C7F) )
() () <))
< tan & ((21_?512) 7 G)) + tan £ <<2_21T ;z> ’ <(1)>>

<(C-27°%

Thus . -
1 ; ; 1 . 2C
=3 LA Ay <=3 C 2T =50 — 0.
P ( v, A'v) < P - as n — oo

As a consequence, all first outer angular values from Definition 3.1 coincide and have the
value ¢, see Figure 3.1 and Theorem 5.7 for the inner angular values.

For analyzing the second outer angular values, we first note that for all V' € G(2,3)
there exists a u € span(ej, ez) such that V = span(u,v) with v € R3. Without loss of
generality, we assume that u = e;. We observe for v € span(ey, e2) that a1 ,,(V') = 0 and for
v € span(eg), we obtain a; (V') = ¢. Next, we consider the mixed case v = (z1 29 1)T,
with 0 # 2z € R%. Let W = span(ey, e3) then we get for i € N

L(ATW, AWV) < L(ATW, ATIW) 4+ L(ATIW, ATW) 4+ L(ATW, ATV).

The second term is equal to ¢ for all © € N. We conclude that all second outer angular
values coincide with ¢ by showing that the first and third term converge to zero with a
10



geometric rate. Note that for ¢ € Ng we have

AV = span(Aiel, Ales + A’ (z1 29 O)T)
= span(Aiel, es + 27l A (21 29 O)T),
AW = span(Aley, e3).

0 0 z1
With P, =1+ Q;, Q; =27"A° |0 0 2z | it follows that A’V = P;A'W. Furthermore,
00 O

we find an i-independent constant C' > 0 such that ||(I — P;)v|| = ||Qsv|| < 27C|| Pv|| for
all v € R3. Thus, Lemma 2.6, (ii) applies for sufficiently large i € N and provides the
estimate

¢
(1—2-iC)2

LAV, AW) <27

which completes the proof.

€3
¥
r N
el Aey
first angular value second angular value

Figure 3.1: First and second angular values for the motivating three-dimensional system
(3.7).

In general, equality does not hold in (3.5). This phenomenon is illustrated in Section
3.2 by Examples 3.9 and 3.10. However, angular values do agree when the angles of
iterates or their averages occurring in Definition 3.1 have some uniformity properties. For
this purpose let us introduce for n € IN the functions

b : G(s,d) = R, bp(V) = £(B(n —1,0)V,B(n,0)V),

and recall a1,(V) = >°7_; bj(V) from Definition 3.1. Let us also recall the notion of

uniform almost periodicity for a sequence of functions.

Definition 3.4. Given a set V and a Banach space WV, || - ||). A sequence of mappings
bn : V= W, n €N is called uniformly almost periodic if

Ve>03PeN:VWeVVWeNIpell,. .. (+P}:
¥ € N [|bp(V) = bnap(V)]| < e.

11



(a)
(b)

Remark 3.5. Qur definition is slightly weaker than the standard notion ([21, Ch.4.1])
which requires for each € > 0 the existence of a relatively dense set P C N such that

VneNVpeP YV €V : [[by(V) = bnip(V)| <.

This is more restrictive, since the choice of p € {{,..., ¢+ P} NP is uniform in V.

The following proposition will be used repeatedly when determining angular values for the
two-dimensional case; see Proposition 5.2.

Proposition 3.6. The following statements hold for all s € {1,...,d}.
If the functions %almz G(s,d) — R converge uniformly to the constant function ¢ € [0, 5]
as n — 00, then all nonuniform angular values coincide, i.e. 0, = és =05 =05 =.
If the functions b,, n € N are uniformly almost periodic, then all angular values coincide,

O1s) = 95 = 0s = b1y = b5 = 05 = 05 = Oy

Proof. The claim in (a) is clear since limsup and liminf in (3.2) are limits and the
supremum is continuous w.r.t. uniform convergence.

Lemma 3.3 shows that it suffices for (b) to prove 6}, < . By the definition (3.3) we
find for every ¢ > 0 a number N; € N and for all n > Nj elements V,, € G(s,d), k, € N

such that
\«9[51 - Z bjithn (Vs
From Lemma A.1 we obtain N = N(e) € N, N > Nj such that for all n > N, h € Ny
1< 1 1 1 £
‘ﬁ > (V) - N ijwN(VN)’ + ‘ﬁ > (V) - - > th(VN)‘ <3
j=1 j=1 j=1 j=1
Combining these results yields for all h € Ny, n > N:

9[5] < — Zbﬁ‘h (Vn) + ‘*Zb (Vn) — Zb3+h (VN) ‘

Jl j=1

N n
1 1
+ ‘N D bjpn (V) — - ij(VN)‘ +
j=1 j=1

< £
=g

O — % Z bjtky (VN)‘
j=1

R
§§+*+Ezbj+h(VN)-

J=1

\)

Taking the infimum over A and the limit n — oo (see Lemma 3.3 for its existence)
shows that there exists V(g) := Viy(.) € G(s,d) satisfying

0[]—53 lim inf be]Hl

n—o0 heNg N

Thus we deduce

Og—c< sup lim inf — Zbﬁh = %) < 01

VeG(s,d n*>00 helNg N

12



(i)
(i)

Next, we apply a kinematic similarity, induced by a transformation u, = Q,u, with
Qn € GL(RY) to (1.1), i.e. we consider

(38) an—&—l = Anﬂnp An = Qn—&-lAnQ;ly
and ask when angular values or the whole spectrum remains unchanged.

Proposition 3.7. (Invariance of angular values)
Assume that the transformation matrices are of the form Q, = r,Q, n € N with r, € R,
r # 0 and Q € R orthogonal. Then the angular values of (1.1) and (3.8) agree.
Assume constant transformation matrices @, = Q,n € Ny with Q invertible. If any of
the values 05 in Definition 3.1 vanishes for the system (1.1) then the same angular value
vanishes for the transformed system (3.8).

Proof. In case (i) one readily verifies that the solution operators ® and @ of (3.8) and
(1.1) are related by

=, Ty . .
The result then follows from the invariance of angles under scalings and orthogonal trans-
formations (cf. Proposition 2.2)

(B~ 1,00QV, $(5,00QV) = £(LLQ2(j ~ L,OV, LQa(j,0)V)

For case (ii) the relation is ®(j,0)Q = Q®(j,0) and the assertion follows from the angle-
boundedness (2.9) of the matrix S = Q. [ |

In general, we do not expect more general transformations which guarantee invariance of
all angular values. For example, if a kinematic similarity preserves the angular values for
all systems of type (1.1), this requires £ (un, Aptn) = L(Qntn, Qni1Anuy,), for all n € Ny.
If one desires a condition that does not depend on the particular choice of A,, one is led
to the property £(Qnu, Qni1v) = £(u,v) for all u,v € R? n € Ny. The latter condition
implies that all matrices @, n € Ny are multiples of a common orthogonal matrix.

Finally, we discuss an invariance property of maximizers which occur with the outer
angular values. Starting with the difference equation (1.1), we define for n,n € Ny the
matrices Apn(n) := Apty. Denote by ®F the solution operator of the shifted difference
equation

(3.9) Unt1 = Anqnn, n €Ny
and observe that for all n,m,n € Ny
+ _
@, (n,m) = ®(n+mn,m+n).

Let 05(n) be the s-th upper outer angular value for (3.9). The corresponding maximizers
that occur with the outer values are given by

Datn) = {V € G(s, ) 6,(n) = Timsup - > £(@7 (G~ L,OV, 5 (5,0)V)}.

Note that this set may be empty. We obtain the following invariance.
13



Proposition 3.8. Let A, € R%? n € Ny be invertible matrices. Then the following
relation holds for all n € N,

(3.10) AgVs(n) = Vi(n +1).

Proof. Fix n € N and let V € G(s,d). Then we get

1< , ,
n Z A((I)TTJrl( 1,0)4,V, (I);+1(]7 0)A4,V)
j=1

1
= S L@G + 0+ 1D)AV, 8+ 0+ L+ 1)A,V)

1 n
gzi G+mmV, @G +n+1,n)V)

n+1

_ntl Zﬁf (= LOV, @5 (. 0)V) — £(V, @ (1,0)V)

n n+1

Taking lim sup as n — co we have

lim sup — Z,g FaG = 1,004V, 97 (7,004, V)

n—oo

= lim sup — ZK (1 —1,0)V, (I)+(],0)V)

n—oo TN

In case Vs(n) = 0 then Vy(n+ 1) = 0 and (3.10) is trivial. Otherwise, the invertibility of
A, yields
VeVin) e AV e Vs(n+1)

which proves (3.10). [ ]

A corresponding result also holds for lower outer angular values as well as for uniform
outer angular values.

3.2. Some nonautonomous key examples. Upper, lower, uniform respectively non-
uniform outer and inner angular values do not coincide in general. The following examples
illustrate this fact.

First, we construct an example which possesses different upper, lower and uniform
angular values. A related example in continuous time can be found in [8, Example 2.2].
There, the authors illustrate that the Lyapunov spectrum may be a proper subset of the
Sacker-Sell spectrum and that generally both spectra do not consist of isolated points only.

cosp —singp

9 . < < T =
Example 3.9. Fiz 0 < o < @1 < 5 and let T, <sin<p Cos ¢

define

>. For n € Ny, we

4 Typo, form=0vVnelJp2, 221,22 — 1NN,
" Ty, otherwise.
14



n|0O 1 2 3 4 5 6 7 8 .. 15 16
A | Too Tor Too Too T Tpy Tpy Tpy Typy oo Ty T

Table 3.1: Construction of (Ap)neny,-

Table 3.1 illustrates this construction.
Inner and outer angular values coincide for the nonautonomous difference equation

Up+1 = Apuy, n € N,

since all one-dimensional subspaces rotate through the same angle.
Denote by p; the number of occurrences of Ty, in (An)o<n<e. One observes forn € N
that

1
pozn-1_1 = 5 (4" = 1) = poen_4

3

and

lim Don—1_1 = . ! Pom 1 = 1-

noc 2201 — ] 30 22— 3
Thus, we obtain

bh =01 =00+ 1<P1, 0, =6, = 1<P0 + g901-
" 3 3 3 3

For each n € N, we find infinitely many indices v € N such that A,y = Ty, (resp.
Apie =Ty ) forall =0,...,n—1. As a consequence, the diagram (3.5) from Lemma

3.3 reads

Yo = Q[l] < %900 +3p1= th < %900 + %@1 = él < é[l] = 1
I I I B o
wo=10p < %wo + %tpl =0 < %goo + %Lpl =01 < O =1

Although inner and outer angular values coincide for Example 3.9, this coincidence is
in general not true. We discuss the following example.

Example 3.10. Let
10 -1 0
c._(o Q, R._(O 1).

In case of the reflection R, we observe for v = <z?§g>, 0 € [0, 3] that

20, for0<0<
m—20, for}<O0<7F

£(v, Rv) = {

and the mazimal angle is achieved at v € span {(1)}.
For n € Ny, we define

C, otherwise.
15
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n|0 1 2 3 4 5 6 7 8 9 10 11 12 ... 19 20
A,]JR R C C R RRRCCOC C R ... R C

Table 3.2: Construction of (Ap)nen,-

Table 3.2 illustrates this construction.
We prove that inner and outer angular values of the nonautonomous difference equa-
tion
Un+1 = Anun; ne NO
do not coincide. First we show that 91 =0. Let

Vp := span (2?1?3) , bi(0) = L(®(j —1,0)Vp, ®(5,0)Vp).

For § € {0,5} we get bj(0) = 0 for all j € N. In the case 6 € (0,5) we observe that
®(5,0)Vy — Vo as j — oo. Thus for each € > 0 there exists an N € N such that b;(0) < e
for all j > N. As a consequence we get for n sufficiently large

1 & 1 7r
l ) . < = —_ 12 _ <
anj(e) Zb +Zb(9) _n((N D3+ (41 N)s)_Qs
Jj=1 j=N
and this shows

0; = sup limsup— Zi (j—1,0)V,2(5,0)V) = 0.
Veg(l 2) n—o00

Similarly, all outer angular values are zero.

Next, we determine an estimate for the upper inner angular value. We claim that
61> =%

For ¢ € N let py := 3-2°—5. Note that the matriz C appears 2°—2 times in (An)o<n<p,
and R appears 2° times in (An)p,_,<n<p,-

Let V(£) := span{C 22 (1)}. We obtain

0, = limsup sup ZA{ (j—1,0)V,®(5,0)V)

n—oo veg(1,2) 1

pz+1
> lim sup L(P 0O)V(£),®(,0)V (¢
e_>oopz+lz (£), 2(5,0)V(0))
14
> lim sup L 2€z:1im27~ﬁzz.
Voo Pr+17 2 i5003-20—-4 2 6

We obtain estimates for 01 by analyzing the subsequence n = pg—2¢+1 for £ € N. These
indices detect the end of each block of Cs. In particular, we observe that {5 < 61 < %.
Similarly, we compute all angular values and the diagram (3.5) from Lemma 3.3 reads

m =

>
D>
|

Q =

o

1 = Oy=0
A
Oy = 3

0

|/\> II
IA > I

0=

>

0 <
16

<

Rl
ol
S
A



4. Angular values of random linear cocycles. Following [1, Ch.3.3.1] we consider
a probability space (2, F,P) and let 7' : © O be a measurable, P-preserving, ergodic
transformation. Let A : Q — GL(R?) and set A = AT w) -+ A(Tw)A(w). Note
that AS}”) corresponds to a random solution operator ®(n,0,w) in the setting of Section 3;
cf. [1, (3.3.2)]. In analogy to the right-hand side of (1.3), for n > 1, define for s € {1,...,d}
and V € G(s,d)

n—1
an(w, V) =Y L(ADV, AV,
j=0

Define a skew product 7 : QxG(s,d) O by 7(w,V) = (Tw, A(w)V) and f: QxG(s,d) - R
by f(w,V) = £(V,A(w)V). One has the Birkhoff sum representation:

n—1
an(wv V) = Z f(Tj(wa V))
j=0

The following result provides general conditions for the angular value limits to be inde-
pendent of the initial condition w and reference subspace V.

Theorem 4.1. Suppose T preserves an ergodic probability measure p on Q x G(s,d),
where p has marginal P on Q; that is, u(-,G(s,d)) = P. Then there is a 05 € [0,7/2]
satisfying

n—oo N

1
0s = lim —ap(w,V) :/ LV, A(w)V) du(w, V),
OxG(s,d)

for p-almost every (w,V) € Q x G(s,d).
Proof. This follows immediately from Birkhoff’s ergodic theorem and ergodicity of 7.1

On the one hand, lim,_ .o %an(w, V) does not depend on w and on V for p-almost
every (w,V) € Q x G(s,d) under the assumptions of Theorem 4.1. On the other hand, our
motivating example (3.7) shows that angular values are generally achieved for a nongeneric
set of subspaces for which any reasonable measure in G(s,d) vanishes. Therefore, in
analogy to Section 3.1, we consider angular values of a random linear cocycle w.r.t. w € )
and ask for extreme values w.r.t. V € G(s,d).

Theorem 4.2. Let T : Q2 O be a measurable, P-preserving, ergodic transformation and
let A:Q — GL(R®). Then the following assertions hold.
1. For P-a.e. w, the limit

5 n(w,V) . o1
(4.1) fs:= lim max (. V) exists and equals inf — max an(w,V) dP(w).
n—oo VeG(s,d) n neN N Jo VeG(s,d)
In particular, one has
0y < max £L(V,A(w)V) dP(w).

— Jao VeG(s,d)

2. There is a number 05 such that for P-a.e. w,
. an(w,V
fs = sup limsup M
VeG(s,d) n—oo n
17



Furthermore, if for P-a.e. w the supremum over V is achieved by at most K < o0
subspaces Vi(w), ..., Vik(w), then one may create K measurable equivariant collections
{Vik (W) h<k<kwea, satisfying Vi,(Tw) = A(w)Vi(w), k=1,..., K.

. There is a number @5 such that for P-a.e. w

(w,V)

a
fs = sup liminf -2
VeG(s,d) " n

Furthermore, if for P-a.e. w the supremum over V is achieved by at most K < oo
subspaces V1(w), ..., Vik(w), then one may create K measurable equivariant collections
{Ve(w) h<k<kwea, satisfying Vi(Tw) = A(w)Vi(w), k=1,..., K.

. There is a number 0}y such that

_ . an(w, V) . an(w’ V)
0y = lim sup esssup———— = inf esssup max ————.
N0V EG(s,d) we n n—=oo e VEG(s,d) n
In particular, one has
O < esssup max L(V,Aw)V).
g < esSSUp max (V,A(w)V)
. There is a number 05 such that
Vv v
0= sup lim ess infM = sup sup ess infm.
VeG(s,d) M0 weh n VeG(s,d)yn>1 weQ n
In particular, one has
sup essinf £(V, A(w)V) < fq-
VeG(s,d) wEeQ
. There is a number é[s] such that
. vV . V
0= sup lim esssup M = sup inf esssup M.
VEG(s,d) VTP we n VeG(s,d) "2 weq n

In particular, one has

é[s} < sup esssupL(V,A(w)V).

VEG(s,d) we
Remark 4.3. In Part 1 of Theorem 4.2, let Q be a metric space, w — A(w) be continu-
ous, and T : Q O be uniquely ergodic. Then due to the fact that w — maxy £L(V, A(w)V) is
continuous, by Theorem 1.5 [27] we have that the limit in (/.1) converges in the following
semi-uniform way (the limit exists for all w € Q and converges uniformly in w): given

€ > 0, there exists ng such that for all n > ny,

_ an(w, V)

f, < max 1< P, +e for all w € Q.
VeG(s,d) n

A simple example of such a system is an irrational rotation on the unit circle Q = S* and
Tw = w + ¢, where ¢ ¢ Q. Lebesgue measure on S' is the unique invariant probability
measure. One may choose any continuous matriz-valued function A. More generally, one
may consider rationally independent translations on higher-dimensional tori.

18



Proof.
1. We note that the invertibility of the matrices A(w) implies A(w)G(s,d) = G(s,d) for P
a.e. w. As in the proof of Lemma 3.3 one can easily show that

vg(}?ifd) Aptm(w, V) < Vg(ljf?id) an(w, V) + nglgé(%;fd) am (T"w, V')
for every n,m > 0, and therefore g,(w) := maxy¢g(s ) an(w, V) is a subadditive sequence
of functions. Recall that 0 < a,(w, V) < § for all w, V, implying 0 < g, < 5. The results
are now immediate by the subadditive ergodic theorem applied to g,, using ergodicity of
P.
2. By direct computation, one verifies that

an(Tw, A(W)V) = an(w,V) = L(V, A()V) + L(APV, ALTVV).

Thus, because values of angles are bounded, one has

1 1
(4.2) limsup —a, (Tw, A(w)V) = limsup —ay(w, V) =: g(w, V),

n—oo N n—oo TN

where ¢ is measurable in w and V. By the invertibility of A(w) for a.e. w, we see that

h(w):= sup g¢g(w,V)= sup limsuplan(Tw,A(w)V)
Veg(s,d) VeG(s,d) n—00

1
= sup limsup—a,(Tw,V) = h(Tw).
Veg(s,d) n—oo T

By ergodicity, the T-invariant function h is constant a.e. The expression (4.2) demonstrates
equivariance of a particular maximizing V' (if it exists), and due to the invertibility of A(w)
P-a.e., one can arrange K maximizing subspaces Vi (w),..., Vi(w) (if they exist), which
are given pointwise in w, into K measurable families {V;(w) }1<k<kweq-

3. This proof is analogous to Part 2.

4. Since V %an(w, V') is continuous for each n € N and P-a.e. w, and G(s,d) is compact,
we may replace the maxyeg(sq) with supyeg(s ) in all statements of Part 4. One may
now interchange the operations esssup,, and supy gy 4)- Similarly to the proof of Part 1,
one shows that supy cgs q) €sssup,, an(w, V) is a subadditive sequence. Then the results
follow immediately from Fekete’s subadditive lemma.

5. We note that for fixed V' we obtain a superadditive sequence of numbers g, (V) :=
essinf, a,(w,V). By Fekete’s superadditive lemma one has lim, ,~ g,(V) exists and
equals sup,,cn gn (V). This proves all statements concerning ).

6. The results for é[s] follow similarly, replacing superadditivity with subadditivity. |

Similar to Lemma 3.3 one can show the following relations for the angular values deter-
mined by Theorem 4.2:

O < 0 < 0, <y

= b4 =

IA IA IA IA
Q[s] < 0, = 6, < 6[5]

Note the equality in the last row due to( Part 1 of Theorem 4.2, and the new quantity

O = liminf;, o0 SUPy g (s,d) €SS inf,co a"+’v) for which Theorem 4.2 has no information.
19



In the special case where ) consists of a single point, we are in the autonomous setting
with a single matrix A. We may apply the results of Theorem 4.2 Parts 1-3 to obtain the
following corollary.

Corollary 4.4. In case a,(V) = Y.0—5 £(AIV, A7V with A € GL(RY), V € G(s,d)
the following holds:
. The limit

1
05 := lim max —a,(V) exists and equals inf — max ay(V).
n—oo Veg(s,d) N neN N VeG(s,d)

In particular, one has

1D

s < max <L(V,AV).
Veg(s,d)

. There is a number és such that

s = sup limsupan(v).

Veg(s,d) n—oo

Furthermore, if the supremum over V is achieved by a subspace V' then the supremum is
also achieved by AV for all j € 7.
. There is a number 05 such that

0s = sup liminfan(v).
VeG(s,d) "X n

Furthermore, if the supremum over V is achieved by a subspace V then the supremum is
also achieved by A’V for all j € 7.

Let us reexamine Example 3.9 where upper and lower inner angular values turned out
to be different. In view of Theorem 4.2, this means that the 0,1 sequence underlying the
choice of matrices in Table 3.1 cannot be realized by an ergodic measure preserving map.

5. Angular values for the autonomous case. Even in the case of a single matrix
A € GL(RY), Definition 3.1 leads to a nontrivial notion of angular values. Recall from
Definition 3.1 that upper values read for s =1,....d

n

05(A) = lim sup S sup L(ATTIWV, ATV,
n—oo N yveG(s,d) =

. 1< ) .
0s(A) = sup limsup—ZA{(AJ_lv,AJV).

Veg(s,d) n—oo nj:l

Replacing lim sup,,_,, by liminf,_, results in the corresponding lower angular values.
The following Proposition provides two equalities in the diagram of (3.5) for autono-
mous systems.

Proposition 5.1. For an invertible autonomous system the following equality holds

20



Proof. The first equality follows from Part 1 of Corollary 4.4, or may be derived directly
from Fekete’s lemma. The second equality follows from the definitions via the identity

k+n n
Uit pin(V) = D LAV, AV) =Y LA TTAV, AV AMY) = a1, (APV). W
j=k+1 v=1

In the following we determine some explicit formulas for angular values in the auton-
omous case. Proposition 3.7(i) shows that we can assume A to be in real Schur form (cf.
[15, Theorem 2.3.4]), i.e. A is quasi-upper triangular

Ay A oo Ay
0 Ay - A

(52) A= . . ’ . 2k ) A'L S Rdiydia A’L] € Rdi,djv
0 -~ 0 A

where either d; = 1 and A; = \; € R is a real eigenvalue or d; = 2 and

A = ( Re(A;)  —-Im(\)

(5.3) pilm(\;) Re(\;)

)7 0<pl§1>

for a complex eigenvalue \; € C \ R.

5.1. The two-dimensional case. Later on we use (5.2) to reduce the computation of
angular values to those of diagonal blocks. Therefore, we look at 2 x 2-matrices first and
compute 61 (A) in terms of the spectrum o (A). This is already a nontrivial task. Consider
A € R?? with complex conjugate eigenvalues A, A, Im()\) > 0 and set ¢ = arg(\) where
A = |Aexp(ip),0 < ¢ < . By orthogonal similarity transformations and a scaling with
|A|~! one can put A into the normal form (see (5.3))

(5.4) Alp, ) = <:§ISD(E2) _pcos?ig?)(@)

1
>, 0<p<l, O<p<m.

According to Proposition 3.7(i) these are the transformations which leave all angular values
invariant. Further, the matrix A(p, ) leaves the ellipse 22 + p~2y? = 1 invariant, so that
p <1 can be achieved by a permutation.

Finally, we introduce the skewness of a matrix A € GL(IR?) by

1

skew(A) = () I

A— AT, r(A) =max{|\: )€ a(A)}

and note that this quantity is also invariant under scalings and orthogonal similarity
transformations. For the matrix (5.4) we have skew(A(p, ¢)) = £(p+ p~')|sin(¢)|.

Proposition 5.2. For a matriz A € GL(R?) all first angular values 61(A) with 1 €
1901501, 61,01, 01, 01, 01,01} coincide. Moreover, the following holds:
(a) If A has only real eigenvalues then

0(A) =42 ifo(A) ={-\A} CR,A >0,
0, otherwise.
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(b) If o(A) = {\, A}, Im(A) # 0 then

(5.5) 01(A) < min(jarg(A)|, m — [arg(A)]).
If additionally, skew(A) <1 then we have equality, i.e.
(5.6) 01(A) = min(jarg(A)|, m — arg(A)]).

Proof. By Proposition 3.7(i) we can assume A to be in Schur form and scale A such
that the largest eigenvalue has (absolute) value 1. Further we mention that 6;(A) = 0
causes all other angular values to vanish by Proposition 5.1 and Lemma 3.3.

For A = I the result is trivial and we are left with the cases

A=1,n1>0, case (ii
A=-1,n>0, case (iii)
Alp,p), 0<p<1l,0<p<m, case (iv).

. 0< AN <L,AeR,p>0, case(i
n
A= (0 )\>

(5.7)

cos(fp)
Sil’l(@o)

It suffices to consider spaces V = span(vp) where vy = < > and |6y < 5. We write

the iterates in polar coordinates

Y . (cos(8))
(5.8) vj = Ay, vj=r; <sin(9j) ,

where 7; = |lvj|| and the angles §; € R will be determined appropriately. If [0; —6;_1| < 7
one finds that the angle between successive spaces is

(5.9) £(span(vj—1),span(v;)) = x(0; —0j-1),  x(z) := min([z|, 7 — [z]).

In the following we study the matrices from (5.7) case by case.

Since |A| < 1 the Blocking Lemma 5.5 below applies and reduces the formula to the
one-dimensional case, i.e. f;(A) = max(0;(1),0,(\)) = 0 and similarly for 6;,6,60;. Nev-
ertheless, for later use and for the purpose of illustration we discuss the simple subcase
n = 0 < A explicitly. In this case we obtain [0;| < § for all j € N and the following
formula

arctan(Atan(f)), (0] < 3,

(510) 9]' = \I]/\(ejfl)v \IIA(G) = {0 |0| _ T
) -2

cf. Figure 5.1. For A > 0 we have W (#) > 0 for all |§] < F,0 < U,(0) < 6 for 6 € (0, %),
and 0 > Wy(#) > 0 for 6 € (—5,0). The values 6; are monotone decreasing resp. increasing
if 8y > 0 resp. 6y < 0, and therefore

13

(5.11) aln—ZKspanv] 1), span(v;) _|Z —1—0;)|=160—06 |<§

The assertion then follows from Proposition 3.6 (a) with ¢ = 0.
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(i)

(iii)

Figure 5.1: Graphs of ¥, for A = 0.2 and of ') for n = 1.

For the matrix in (5.7) (ii) we obtain

arccot(n + cot(6)), 0<6<m,
(5.12) 0; =Ty(0;-1), T,(0) =< arccot_1(n+ cot(d)), —m<6<0,
9, 0= -, 0,7,

where arccot_; is the first negative branch of arccot, see Figure 5.1. The function I',
is strictly monotone increasing and satisfies I';)(#) < 6 for 0 < || < 7. Therefore, the
sequence ¢; is monotone decreasing and converges to 0 if 0 < 6y < 7 and to —m if 6y < 0.
Thus the minimum in (5.9) is achieved at |#; — 6;_1| and we obtain as in (5.11)

a1 =Y L(span(vj_1),span(v;)) < | > (0;-1 — 0;)| = 00 — 0| < .
Jj=1 j=1
The third case describes a reflection which satisfies A?> = I. Moreover, we find
vg Avg = cos(26g) — 1sin(26p)

which vanishes for 6y = 7 if = 0, and otherwise for

Oy = %arctan(nfl) € (0, %)
Then we have £ (vo, Avg) = § = £(AJvg, A7~ ) for all j > 1. Since J is the maximum
possible angular value our assertion is proved. A reflection turns out to have the same
angular value as a rotation by 7.
In (5.7) we can assume ¢ < 7 since A(p, ¢) is orthogonally similar to —A(p, 7 — ¢). For
this rotational case we use ergodic theory and employ almost periodicity; see [21, Ch.4.1,
Remarks 1.3-1.7]. We extend the function ¥, defined in (5.10) from [-F, 5] to R by
setting

(5.13) U, (0 +nm) = U,(0) +nm, 0] < gn € 7\ {0}.
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For this extended function there exists a constant C,, > 0 such that
(5.14) W, (x) — ], [, (2)], |[¥,(2z)] < C, forall zeR.
The factorization
cos(¢p) —ptsin(p)\ (1 0\ [cos(p) —sin(p)) (1 0
psin(p)  cos(p) ) \0 p) \sin(p) cos(p) J\O p!
shows that the angles 6; € R in (5.8) are accumulated according to
(5.15) 0; = pr(gj—l)aj e N, Fp,w(‘g) = ‘I’p(@ + \Pp_l(e))'
The new variables p; = ¢ + W ,-1(6;) then satisfy the recursion
i =0+ VY, 1 (V(p+¥,-1(0;-1)) = 0+ @j1,
hence ¢; = @o +jo = (j + 1)@ + ¥ ,-1(6p) and
(5.16) 0; = W, (jop + U, (0).
In particular, the values #; are monotone increasing. From (5.16) and (5.14) we infer

pin = ;X(ej—l —0;) < o 2(99‘ —0j-1) = ﬁ(an — o)

Jj=1

(5.17) =p+ %(\I/p(QOn — @) = (Pn—p) + \1’971(00) B 90)

Cp + Cpfl
—

<p+
This will lead to the estimate (5.5) as n — oo provided we have shown the equality of all
angular values. For this purpose we apply Proposition 3.6(b) where we identify V' € G(1,2)

with 6 4 27Z € S*™ = R/(27Z) via V = span <ZOS(0)> The function V¥, is a lift of the

in(0)
circle map v, : S*™ — 5?7 defined by 1,(0 + 27Z) = V() + 2wZ. Further, the iteration
(5.15) may be written by means of a circle map 7}, , : S*™ — S?7 as follows

(5.18) 0; +27% =Ty (0,1 + 27Z), Tppo=1pp0T1,00,",

where the shift 7, : S*™ — S*7 is defined by 7,(0 + 27%) = 0 + ¢ + 27%. The map F,,
in (5.15) is then a lift of 7}, ,. It is well known (see [4, Example 2.5]) that 7, is an ergodic
isometry of S?™ with respect to Lebesgue measure j; and the standard metric

dy(01 + 27Z, 09 + 27Z) = Ini%l |61 — 02 + 22|
ze

if and only if £ ¢ Q. In this case the conjugacy (5.18) implies that T}, is an ergodic

isometry of S?™ with respect to the image measure fp = i1 © ¢;1 and the image metric

dy(-,) =di (wp_l', 1/11)_1‘). We conclude from [21, Remark 1.3] that the map 7}, , is uniformly

almost periodic, i.e. for every € > 0 there exists a relatively dense set P C Ny such that

dy(z, Thex) < eforallz e 527 p € P. Moreover, for any continuous function g : S — R
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the sequence of functions b, (z) = g(T}, 1),z € $?™, n € N is uniformly almost periodic
in the sense of Definition 3.4. To see this, let g > 0 be given and take € > 0 such that
lg(z1) — g(z2)| < €0 whenever d,(z1,22) < €, 1,22 € S?™. For the relatively dense set
P C N belonging to ¢ we then find

Ibulie) = bup(@)] = lg(T35 ) — g(TL (T3, )| < €0, VneN,peP,uxe s

In case £ € Q we have the same result since then every point z € S 2™ has the same period

q where £ = 2,

Let us apply this to the continuous function
(5.19) g(z) = min(dy (z, Ty p1), d1 (7o, Tp 1)), =€ S
Setting x = 0y + 27Z we obtain
T e =0, 1+277, jeN.
Using 0;_1 < 0; < 6;_1 + 7 and (5.9) for j € N then leads to

bj(x)

(5 20) g(Tg;lx) = min(Qj — 9]'_1, 9]‘_1 + 7 — Hj)
' = X(0; — 0j-1) = £(span(vj—1),span(v;)).

Therefore, all angular values agree by Proposition 3.6 (b).

Next we show that the assumption skew(A4) = 3(p+p~1)|sin(p)| < 1 implies §;—0;_1 < Z.

Then the minimum in (5.9) is always achieved with the first term and the first inequality

in (5.17) becomes an equality. Thus we find

1 Cp‘i‘Cpfl

|—a1n — o] < ——F—,
n n

and Proposition 3.6(a) implies the assertion. It remains to analyze the inequality
(5.21) Fpp(8) = W,(p+ W, 1(0) <0+ g 0cR.

For later purposes we perform a rather explicit calculation. First note that it is enough
to consider 0 < |0] < § since F), ,(0 +nm) = F, ,(0) +nm holds by (5.13) and since (5.21)
is obvious for § = 0,+7. By the monotonicity of ¥,-1 and the sum formula' for arctan
we obtain that F), () < 6 + 7 holds for 0 < |#| < 7 if and only if

SOS\I’p_1(0+E)_\IJp_I(9): T’(Q,p), O<9<§,
2 7T+T‘(9,p)7 *%<0<0,
tan(@)—i—m

T p ) = arcten ((p,l = p2> sin<2e>)'

r(0, p) := arctan (

In case 6 < 0 this inequality always holds since ¢ < 7, while for 6 > 0 it is equivalent to

(5.22) sin(20) < 2

= tan(p)(p T —p) Ble. )

tarctan(zx) + arctan(y) = sgn(z)m — arctan(zzytyl) for z # 0,zy > 1.
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_ 2skew(A)

—Tio leads to

Expressing tan(y) in terms of sin(¢p)

4(1 - skeW(A)2)>1/2
(p=t = p)? '

Hence condition (5.22) holds for all § € R if skew(A) < 1. [ |

(5.23) Blpe) = (1+

Remark 5.3. Let us relate the result of Proposition 5.2 to the theory of rotation num-
bers; see [17, Ch.11]. First, note that this theory uses [0,1) instead of [0,27) as the
interval of periodicity. Every matriz A € GL(R?) induces a homeomorphism f : St — S*
of S = R/Z via the relation (one step of the iteration (5.8))

520 o= bl (Gar)) o> v = 4ol (GerfE)) e st

The homeomorphism is orientation-preserving if and only if det(A) > 0. For such a
homeomorphism the rotation number 7(f) € [0,1) is well defined. Iterating (5.24) and
comparing with (5.8) then shows the equality 2n7(f) = 61(A), provided no vector rotates
by more than 5. For the matrices in (5.7) these conditions hold in case (i) if A > 0,
in case (ii), and in case(iwv) if skew(A) < 1 (see (5.15)). The corresponding f-maps are
2nf(x) = VU (27x) (see case (i), A >0, n =0, equation (5.10)), 2n f(x) = I'y(27z) (case
(ii), equation (5.12)), and 2nf(x) = V,(¢ + ¥, ,-1(27x)) (case (iw)). Determining the
exact first angular value 01(A) in case skew(A) > 1 of (a) is more involved. In Theorem
6.1 we will show that the inequality (5.5) is generally strict except for some resonant values

of ¢ = arg(\).
5.2. Systems of higher dimension. As a first step we consider a matrix with a single
eigenvalue which generalizes the second case in (5.7).

Proposition 5.4. Assume that the spectrum of A € R%¢ consists of one eigenvalue
A€ R, A\#0. Then all first angular values vanish, i.e.

01(14) =0 fOT’ 01 € {Q[I]a(?17élvé[l}ag[lbglvélaé[l]}'

Proof. By Lemma 3.3 and Proposition 5.1 it suffices to show that 61(A) = 0. Further,
by Proposition 3.7 we can assume A = 1 and A to be in (real) Jordan normal form

A:diag<A17"'7Ak)a Ay :Idé + Fy € Rdé’de,

(5.25) o
(Ep)ij = 0it1,5,1 <i,j <dg, 0 =1,... k.

Consider first the case & = 1 and drop the index ¢. For a vector v € R4 v # 0 let
de +1=max{j € {1,...,d} : v; # 0} and assume w.l.o.g. v4,41 = 1. Further, we define
vectors v/, j € Ny and polynomials g; of degree d, +1 —i for i =1,...,d, +1 by

(5.26) FRPT (’ ) Bo, ali) = (= 3 (f ) s,

v=0 v=0

If d, = 0 then we have v/ = v for all j € N, hence all angles £(v7,v/*!) = 0 vanish
and do not contribute to the supremum in (3.1). Therefore, we can assume d, > 1. Let
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zy, € C, v =1,...,d, denote the roots of q; (repeated according to multiplicity) and set
z, = Re(z,). Our goal is to show that there exists a constant C, > 0 independent of v
such that for all 7 € Ny

(5.27) L]0ty < — L , if min |j -, > 1.
min,—1,_ 4, |7 — 2| v=1,....d,

Suppose this has been shown, then the set M =J,_,
2d, natural numbers and (5.27) leads to the estimate

-----

n—1

1 C dymr 1 C
— J ity <« 20 4 x
g LT < " + E

n 4 n min,, — | — X
=0 Ge{0 1 P\M VT bl 17— v

<d7r " d 1
LD DD Doy

§€{0,..n—1}\M v=1

d
<y %2d(log(n) +1).
n o n

In the last step we used the standard estimate of the harmonic sum. The right-hand side
is independent of v, taking the supremum over v and letting n — co shows f;(A) = 0.

For the proof of (5.27) let us first notice the relation v/*! — v/ = (A — I;)v/ = Ev’.
By (5.26) this leads to the recursion (setting gq, 12 = 0)

(5.28) ¢i(7+1) —ai(§) =qn1(j), jE€No,i=1,...,di+1

and to the expression

(5.29) [ =P = i ()7 = 1V = @ () < (1712
i=1

If g1(j) # 0 then Lemma (2.6) (i) applies and yields

o o 2= qi(j)21?
L, 7T <tan L(v7, 07T < [HUHCHJ]
(5.30) ( )< ( )< q1(7)*

:r*z“qig)zr” VT e 4O

ax -
5 1(J) i=2,det1 Q1 (7))

In view of the recursion (5.28) and (5.30) it is sufficient to prove for some constant Cs,
independent of v, and for all 7 =0, ..., d, the estimate

q@(j +7)
a1(j)

C
< — 2 - , if min |j—uz,]>1.
ming—1 4, |7 — 2| v=1,sds
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From ¢;(j) = Hg*:l(j — z,) and (5.28) we obtain by expanding products

dy

H|a—zu| I\Hj—zu+7+1> [1G -2 +7)

v=1

:fl’j—%l’l\ > H(J'—zu)[(ﬂrl)d**'"'—Td**lﬂ}’
v=1
IJI \JI H‘]

JC{1,...,dx} veJ

%J+T

IN
(]

Because of |j — z,| > |j — x| and |J| > 1 we have

1
H|‘]fz,,] < : , if min [j—=z,|>1,
s ming—1 4, |7 — 2| v=1,....dx

which proves (5.31).
The proof is easily adapted to the general Jordan form (5.25). Assertion (5.27) remains
the same, but now we have block vectors v/ = (v],... ,vi)T and polynomials ¢; ¢,i =
., dg, ¢ =1,... k. The formula (5.29) turns into

k k
[t =2 = 7112 = > are()* = D (W7 11P = q1.e(5)),
=1 =1
and the estimate (5.30) is modified by using
17117 — iy 47,0 i |Ue||2—Q1e i)’
ZZ:l q1,£( 7) =1 q1,e(J '
The subsequent arguments remain unchanged. |

To proceed further, we require the following lemma.
Lemma 5.5. (Blocking lemma) Let RY = X, @ X, be a decomposition into invariant
subspaces of A € R4 such that Ay, = Aix, and Ay, = Ax, satisfy

(5.32) |0 (As) <o (Au)].
Then the following holds for all types of angular values 6, € {01,601, él,(?l}
(5.33) 01(A) = max(01(As), 01(Ay))-

Remark 5.6. By Proposition 5.1 it is clear that formula (5.33) also holds for the uni-
form first angular value 5[1] (A). We did not succeed in proving this for the remaining three
uniform first angular values. However, we will be able to treat these three values in the
subsequent main Theorem 5.7 under a special assumption.

Proof. By scaling A and (5.32) we can arrange that |o(4s)|,|0(A4,1)] < ¢ < 1. Then
there exists a constant C, such that
(5.34) 1A vull < Caglloull, (| AZvs]l < Cud’[lvsll; ¥ vy € X, vs € X
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Let us first consider outer angular values and decompose v € R as v = vy + vy, vs €
Xs, vy € Xy.

The cases vs = 0 resp. v, = 0 immediately show that 6;(A) > max(61(As), 61(Ay))
holds for 6; € {él, 01}. To prove the converse, we assume v, # 0 and obtain from the
triangle inequality

(5.35) FE}HV%Aﬂ Z% A o )| < 23 4(A0, Al
j=1 7=0

We show that the right-hand side converges to zero as n — oo for every v. Then the
liminf and the limsup of the first two sums in (5.35) agree and our assertion follows by
taking the supremum over v. With Cy, ¢ from (5.34) there exist an index j, = j«(v) such
that

(5.36) 2 2J||US|| < \f||vu|| for all j > j,.

The estimate (2.6) in Lemma 2.6 then shows for j > j,

£(Alv, Alv,) < tan £(AVv, Alv,) < [ Az || -
(5.37) (I14dwal2 ~ JAdv,)?)
< Co? ||vs] 2 2 llesll
(G 2 - C2% o 2) T ol

Since the right-hand side is summable our conclusion follows.

Next we analyze the inner angular values. By Proposition 5.1 it suffices to consider
61 = 01. As above, Definition 3.1 implies the estimate 61(A) > max(0;(As),01(Ay)), and
it remains to prove the converse. From (5.36) and (5.37) we infer that for each v = vs+ v,
with v, # 0 the following index exists

ke = ky(v) = min{j € N : HAjvsH < HAjqu}.

Further choose j, such that 202¢** < /3. Then (5.36) holds for A*+v,, AF<v, instead of
vs, Uy, and the estimate (5.37) yields

L(Av, Alvy) < 2C2°0F) for j — ke > j.

We use || Ak, || < || A%Log||, (5.34) and Lemma 2.6 to derive a corresponding estimate
of angles to the stable part for j < ky, — jx — 1:

L(AMv, Aluy) < tan £(AMv, Alw,)
AL (AR,
(HAgfk*ﬂAl;*—lUng _ HA{;k*Jrl(Aﬁ*—lvu)Hz)1/2
Cug™ 71| AR Loy |
(C2g-2bemimn a2 - ngzm—j—nHAI;HUSHQ)1/2
- C220 =31 || ARy, | < 2022 kemi)

T (- C§q4(k*—j—1))1/2 | ARy | —
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With these preparations the triangle inequality leads to (recall > = 0 if m > n)

1 o o _
SOILACL 1U,Aﬂu)gﬁ[( PORED DI PAEE 1U,AJU)+(2J*+1)5
Jj=1 Jj=1 J=ks 14754
ky—1— J*
[202 Z g2k Z ¢UF) 4 (G + D
J=ks+1474
min(k,n)
v Z L(AT Yy, Au,) + Z A(Agjlvu,A{;vu)]
j:k*+1

For any given € > 0, there exists ng € N such that for all k& > ng, vs € X;, vs # 0,
Uy € Xy, vy # 0 the following holds

k
> L(A] g, Alg) < B(01(AS) + ), Y L(AL oy, Alvy) < K(61(Ay) + ).

7=1
Thus we have for n > ng
min(k,,n) . )
Z K s v& Agﬂg) < mln(k*, 71)(91(143) + 5)’ k. > no,
nogv k* < ny.

With a similar estimate for >0, ., £L(AL v, Alv,) we obtain for n > ng and some
constant C' independent of v and n

n , A 1 _
> LA e, Alv) < [+ ngg + min(ky, n) (61 (Ay) + ¢)
j=1

1
n
+ nog + (n — min(k,, n))(él(A ) +¢)]
< max(01(As),01(AL)) + e+ — (C + nom).
Now take the supremum over v € R%, v, # 0 and then n large so that the last summand
is less than . This finishes the proof of (5.33). [ |
The following Theorem combines the results of Propositions 5.2, 5.4 and Lemma 5.5

Theorem 5.7. Let the spectrum of A € GL(RY) satisfy
(5.38) A€ o(A), ¢ R = \is simple and |n| # |A\| Vn € o(A)\ {\ A}

Then all 8 types of angular values 61(A) with 61 € {01y, 01, 61, 9[1],6[1],61, 0_1,9_[1]} coincide.
Let R? = 691 LR(Q:), Qi € RYi QI Q; = 14, be a decomposition of R? into invariant
subspaces of A corresponding to eigenvalues of equal modulus, i.e.

(5.39) AQi = Q; 4, A; e R4 |o(A))l,...,|o(Ap)| pairwise different.

Then the following equality holds

(5.40) 91(A) = 'Pllaxk 91(.42)
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If there exist two real eigenvalues of opposite sign in o(A) then 01(A) = 5. Otherwise, the
following estimate holds
(5.41) 01(A) < max min(jarg(\)|, 7 — |arg(N)]).

A€o (A)

Equality holds if the mazimum on the right-hand side of (5.41) is zero or if it is achieved
for an eigenvalue \;, € o(Ai,), io € {1,...,k} with Im(\;)) # 0 and skew(4;,) <1; i.e

(5.42) 01(A) = min(larg(Aig )|, 7 — larg(Xig)])-

Remark 5.8. For the formulas (5.40) and (5.42) it is essential to choose orthonormal
bases for the invariant subspaces. Other bases will preserve the spectra of the matrices
A; but neither the values skew(A;) nor the angular values 01(A;), see Proposition 5.2 (b).
Except for the first block A1, the angular values of A; in the Schur form (5.2) generally do
not agree with 01(A;), see Algorithm 6.2 and the example in Section 6.5.2.

Proof. Let us first prove (5.40) for all 4 nonuniform types of angular value. Note that a
decomposition R¢ = @le R(Q;) of the desired type always exists since we can decompose
o(A) into subsets of equal modulus and then select an orthogonal basis for each of the
corresponding invariant subspaces. In this way we transform A into block-diagonal form
in a specific way (see (5.39)),

If one does not insist on orthonormal bases for the subspaces then one can keep the
diagonal blocks A; from the Schur form; see [12, Thm 7.1.6]. From QzTQl = I4, we obtain
for every v; € R%,v; #0,i=1,...,k, j €N,

L(ATIQuui, A Qi) = £(Qi AT vy, QiAlv) = £(AT My, Alvy),

so that all first angular values of A; and of the restriction Az (q,) coincide. Hence Lemma
5.5 shows (5.40). Note that (5.40) also holds for the };)-values by Proposition 5.1.

Now assume that there exist two real eigenvalues A, =\ € o(A4) and w.l.o.g. assume
A, —\ € 0(A1). Then there exists an orthogonal S € R%41 and some 1 € R such that

- (M1 Mo (A 7
ws—sw - (M) (3 1),

The first two columns of S form an orthonormal basis of the span of eigenvectors which
belong to A and —\. Choosing initial vectors v; = (vg,0,...,0)" € R% vy € R? we find
forall j € N

LA S0y, AT Suy) = £(SMI ™ oy, SMPvy) = £(MP ™Yoy, MPvy) = £(MI]  wg, M vg).

The proof of Proposition 5.2(a) (see case (iii) in (5.7)) shows that there exists vy € R2,
vp # 0 such that for all j € N

g = L(MI; v, M vg) = £(A]7 Sy, A)Svy) = L(AT71Q1Sv1, ATQy Svy).
Since 7§ is the maximum of all angular values, Definition 3.1 implies that all 8 types of

™
angular values are equal to 7.
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If such a pair of real eigenvalues does not exist then assumption (5.38) shows that the
matrices A; are either two-dimensional as in Proposition 5.2 (see case (iv) in (5.7)) or have
a single real eigenvalue as in Proposition 5.4. In both cases the propositions guarantee
all first angular values of the matrices A; to coincide. Thus the four nonuniform angular
values of the given matrix A are equal by (5.40). For fj;j(A) the result then follows from
Proposition 5.1. Moreover, Lemma 3.3 yields formula (5.40) and the coincidence of the
é[l]—values:

01(B) = 61(B) < 0)(B) <0 (B) = 01(B), Be{AA(i=1,....k)}

Next we show 0};)(A) = ¢1(A4). From (5.40) we find an index ¢ € {1,...,k} for which
01(A) = 61(Ay) holds. Then we use Lemma 3.3 and the equality of angular values from
Propositions 5.2 and 5.4,

k+n

1 . .
01(A) = 0j(Ar) = sup liminf — inf L(QeA) ™'V, QALY
VeeG(1,dy) MO M kENg s
j=k+1
1 k+n 4 4
= sup liminf — inf L(ATIQVy, ATQ,Vy)
VoeG(1,dy) n—oo 1 k€Ng ik
1 k+n . A
< sup liminf — inf LAV, AV) = 0y)(A) < 01(A).
veg(ld) "o MkeNo TR,

Using Lemma 3.3 we obtain the result for the last angular value 8};)(A):
01(B) = 0p)(B) < 0)(B) < 61(B) = 01(B), Be{A Ai(i=1,...,k)}.

Finally, the estimate (5.41) follows from (5.5) and Proposition 5.4. If the maximum
value on the right of (5.41) is zero then the assertion (5.42) is obvious. Otherwise, it
follows from (5.40) and (5.6) in Proposition 5.2 when applied to the 2 x 2 matrix A;,. M

Note that condition (5.38) excludes a complex eigenvalue of multiplicity > 2 and another
eigenvalue of the same modulus. Let us consider such an exceptional case, namely a block
diagonal matrix with two rotations

T 0 s
.44 A= #1 < < —.
(5 ) ( 0 T<p2> ; 0 S Q1,92 > 9

We claim that every type of angular value is given by

01(A) = max(p1, p2).
Let v = (v1 ’UQ)T, v1,v9 € R? and |v1]? + |v2|? = 1. Since A is orthogonal we obtain
cos(£(Av,v)) = |(Av,v)| = [(Typ,v1, v1) + (Tp,v1,01)]
= cos(p1)[v1]* + cos(p2)[va|* = |v1|*(cos(1) — cos(2)) + cos(p2).
By the orthogonal invariance of the angle (see Proposition 3.7) this leads to

R - .
(5.45) T}l_}rgo - z; £L(AT v, Av) = arccos (Jv1]?*(cos(¢1) — cos(2)) + cos(p2)).
]:
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Suppose w.l.o.g. that p2 > ¢ so that cos(¢1) — cos(p2) > 0. Then the maximum w.r.t.
v in (5.45) occurs for |vi| = 0, hence 6;(A) = ¢3. The same argument applies to a
block diagonal matrix with & blocks Ty,,,7 = 1,...,k on the diagonal, leading to 6;(A) =
max;—1,. @i However, we did not find a formula for #;(A) in cases which violate (5.38)
but which are more general than (5.44).

6. Numerical algorithms and results. In this section, our main goal is to discuss
algorithms for the computation of the first outer angular value 0, (A) of an autonomous
system generated by a matrix A € R%¢, see (5.1). First we investigate the two-dimensional
case where our focus is on matrices with skew(A) > 1. We extend the theory underlying
Proposition 5.2 and compare with numerical computations.

Then we use the results from Lemma 5.5 and Theorem 5.7 to develop an algorithm for
matrices of arbitrary dimension. Let us emphasize that the whole calculation aims at first
outer angular values. In the autonomous case we know the coincidence with inner angular
values by Theorem 5.7. However, for general nonautonomous systems the computation of
inner angular values turns out to be quite involved since one has to solve an optimization
problem in every time step.

Let us also note that simple algorithms based on subspace iterations tend to fail. The
forward iteration of a generic one-dimensional subspace converges to the most unstable
direction. However, we must consider also non-generic directions, i.e. all invariant sub-
spaces, in order to compute 0, (A). We conclude the section with the computation of the
first outer angular value for a nonautonomous linear system obtained by linearizing about
a trajectory of the Hénon system. This serves to illustrate the requirements and results
of a more general algorithm, see the forthcoming work [6].

6.1. Two dimensional autonomous examples. Consider the two-dimensional models
from Proposition 5.2 with increasing skewness. Recall from (5.4) the normal form

60 A= ([0 i) 0<rS1 0<es

1 s
5

In the following Table 6.1 we compare for three cases the value of ¢ from its normal
form with the numerical value 01 num obtained by solving the optimization problem

A~

N
1 , .
6.2 O pum = m 75 L(AT7 1y, ATv), N =1000
(6.2) hou ve]R2,2|i|1);(||:1N] - (A7 0, A7)

with the MATLAB-routine fminbnd. Note that in this case computations using forward
iteration are not spoilt by a dominating direction since A has two eigenvalues of equal
modulus.

The first and second example in Table 6.1 have skewness < 1. Then the numerical an-
gular value 61 pum agrees with min(| arg(\)|, 7—|arg(\)|) to machine accuracy, as predicted

by Proposition 5.2. However, the third example belongs to the values ¢ = arctan( %),
p = WL@ VAGL % and skew(A) ~ 3.37, so that Proposition 5.2 provides no explicit

expression for the first angular value. The solution of (6.2) yields a substantially smaller

value 01 num < ¢ in this case. Indeed, the first angular value exhibits a rather subtle

dependence on the matrix entries for skew(A) > 1. Figure 6.1 (left panel) shows the result
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A skew(A) | eigenvalues ) 01num | © = 01 .oum
(23) | H<1| 3+ | actan(®?) | 033347 | 6-10°7
(WD) || H<t| 1+ x 0.78540 | 1-10716
(Z03) f/% >1| 3+ @z arctan(y/32) | 0.52709 |  0.6999

Table 6.1: First angular values for autonomous examples with increasing skewness.

of an extensive computation of the angular value for the matrix (6.1) with p = % and for
25210 equidistant points ¢ € [0, 5]. The vertical red line on the left marks the critical
value @, = arcsin(#) below which we have skew(A(p,¢)) < 1 and Proposition 5.2
guarantees ¢ as the first angular value. The value ¢, seems to be sharp, and for values
© > . We observe resonances occurring at rational multiples of 7.

The following theorem gives an explicit formula for irrational multiples of © and reduces
the computation of the angular value to a finite optimization problem for rational multiples
of w. For comparison we show in Figure 6.1(right panel) the diagram of angular values
when evaluated directly from the result of Theorem 6.1.

Figure 6.1: Angular value 6, for (6.1) with p = % Left panel: For 25210 equidistant

points ¢ € [0, 5] the minimal and maximal first angular value are computed by solving
an optimization problem; minima and maxima are connected with lines. Right panel:
Computation of first angular value via formula (6.3) in Theorem 6.1. Results for case 1
(orange), case 2 (green), case 3 (big points on the diagonal), case 4 (small points above
the green curve). In case 4 minima are also shown (small points below the green curve)

and connected with corresponding maxima.

Theorem 6.1. For 0 < p <1 and0 < ¢ < 7 the first angular value 61 = 61(p, ) of the
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Figure 6.2: Angular value 6, for (6.1) with ¢ € [0, 5] and p =0.05,0.1,...,1.

matriz A = A(p, p) from (6.1) is given by

#, skew(A) <1,
+1 5(6)de, kew(4) > 1,2 ¢ Q,
(6.3) 01(p.) = { w Ji5<0p00) skew(A4) > 1,7 ¢(?
®s skew(A) > 1,2 = $4>2
%maxogegg Z?:l gj(0), skew(A4)>1, % = %7 q ¢ pN

Here the functions g;,6 : [0,7] = R, j € N are defined as follows:

8(0) =2V,(0) —2V,(0+¢)+m, with ¥, from (5.10),

g9j(0) =min(0; —6;_1,60; 1 + 7 —0;), ;-1 ="U,((j — 1)+ ¥,-1(0)).

If 5 <@ < then 01(p, ) = b1(p, 7 — ).

Proof. By Proposition 5.2 it suffices to consider skew(A(p, ¢)) = 3(p+p~ 1) sin(yp) > 1.
In the nonresonant case £ ¢ Q we return to the proof of Proposition 5.2, case (iv). Let us
apply Birkhoff’s ergodic theorem to the ergodic isometry T, , of (5?7, d,, u,) (see (5.18))
and to the continuous map ¢ from (5.19),

64 0(p) = Jim ST = o0 [ o) = oo [ atvule)dme)
=

The second equality is due to the transformation formula. Also note that the convergence
is uniform in & € S?7, see [21, Ch.4.1, Remark 1.5]. We evaluate the integrand for
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r=0+277Z,0 € |0,2n),

g(d}p(l‘)) = min(dl(wp(in)an,ap o @ij(x)) di(7x 0 Ql)p( ), T, pyp © @Z)p( )
= min(di (Y (z), ¥ 0 7p(2)), d1 (Y 0 T (), Y 0 T(T)))
= min(W,(0 + ) — U, (0), U, (0 + 1) — T, (0 + ),

where the last equality follows from W,(0) < V,(0 + ¢) < V,(0 + 1) = V,(0) + 7.
Combining this with (6.4) and using (5.13) leads to

27
01(p,9) = —— | min(W,(0+ ) — W,(0), W, (0 + ) — (0 + )0

/mln o0+ 0) =T, (0),V,(0 +7) — W,(0 + ¢))do.

We investigate the minimum by looking at the sign of the difference

W0 +m) = Wy(0 + ) = (V) (0 + ¢) = p(6)) = 6(0).

Let us note in passing that skew(A) < 1 implies § > 0 in [0,7] by (5.22), (5.23), and
therefore the angular value 6, (p, ¢) in this case is given by

o, o= wions = {77 Mo

_ 1/%,,(9) U, (0)d0 = ¢

™

(6.5)

In case skew(A) > 1 the equivalence of (5.21) and (5.22) yields
5(0) > 0,0 €[0,7] <0 <[0,0_]U[04,n],

where the values 01 are given as follows
0+ = 0,1 (0L),
2

1 ™ ™ T T
/ = — 1 — / :*—9, — ., ).
0" QarCSHl(tan(@)(p1—p))€(0’4)’0+ 5 _6(4,2)

Using the integral from (6.5), this finally proves the second case in (6.3)

ou( /9 /9+ S0+ ¢) — (9)d@+/9+ W0+ 7) 0,0+ )0}
:i{/o SO0+ p) - d9+/ 5(0
_g0+711_/6+ 5(9>d0_¢+71r/{6<0}5(9)d9.

Next we consider £ = £ for some natural numbers 0 < p < g. From the definition (5.18)
of T, , we obtain

-1 -1
quo:l/JpOTf;O% =¢pOTpnO¢p = Tpm,
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where we used 1, 0 Tpr = Tpr 09, due to (5.13). Moreover, translation invariance of the
metric d; yields that the function g in (5.19) is m-periodic:

9(Tr) = min(dy (7r, Tpp(Tr)), di(Tar i, Tp o (Tri)))
(d1(Tr, T (Tp o)), di (@, o (Tp o))

= min(di(z, T ox), di (Trx, Tor (T) o))

= min(di(z, Ty px), di(7rx, Ty ox)) = g(x).

= min

Therefore, decomposing n = kq+ r with £ > 0,1 < r < ¢q leads to

k-1 ¢q r
1 _ _
= (32D o (T ) + 3 9 (e (Th')) )
V=0 =1 =1
Eo ¢ 1 ¢ ¢ : ¢
T kqtr Zg( p,:olx) T Zg(Tp:pl“T) - - Zg(Tp’;la;)
- = =1

Maximizing over z = 6y + 27’Z and using (5.20) then proves the last formula in (6.3). It
remains to show that the maximum in case p =1 is given by ¢ = %. In this case we have

T4, = 7 and thus equation (5.20) yields for all 6y € [0, 5]

L)
Q2
—_

(6= 651) = HOR DR

PQ
T Ma
3

R S RS DINUEUSIEE

We set 0y = 0_ and recall that 6_ has been chosen such that 61 —60y = % Since 0;—6;_1 > 0
sum up to 7 there is no index j > 1 with §; — 0;_1 > 7, hence equality holds in (6.6). M

6.2. An algorithm for computing first angular values. Based on Theorem 6.1 and
on the results from Section 5, we propose the following numerical scheme for autonomous
systems. In case A € R%? is invertible and satisfies the assumption (5.38) our numerical
approach is justified by Theorem 5.7.
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Algorithm 6.2 Computation of §;(A)
(1) Compute a real Schur decomposition of A

A1 *
A=QSQ", S= . Q e R* orthogonal, cf. (5.2),
0 Ay
such that the diagonal blocks A1,..., Ay are two-dimensional and Agyq,... Ay are

reals (such a Schur decomposition always exists, see [15, Theorem 2.3.4]). Let
Ai, \; be the eigenvalues of A;, i =1,...¢andlet A; = \;=A; fori=0+1,...,k.
(2) Compute 61 (A) as follows
ifJi#je{l+1,...,k}: \; = =)\, then

01(4) =3
else
fori=1,...,¢do
if i =1 then
A=A\
else

Compute a reordered Schur decomposition of A using ordschur,
such that the upper left 2 x 2-block has the eigenvalue A;.
Denote this upper left 2 x 2-block by A;.
end if
Determine ;, p; such that A; = |\;|A(pi, ¢i)-
Compute 6;(A;) = 01(A(p;, ¢;)) using Theorem 6.1.
end for
01(A) = max{0,0,(A;),i=1,...,0}.
end if

As explained in Remark 5.8, the Schur decomposition of A is reordered several times
to obtain the diagonal blocks A;, i = 2,...,¢. We apply the MATLAB command ordschur
for this task.? The value 61 (A(p;, ¢;)) is calculated for i = 1,. .., ¢ with Theorem 6.1. Note
that the fourth case in (6.3) results in a one-dimensional optimization problem which we
solve with a derivative-free method implemented in the MATLAB-routine fminbnd.

6.3. Numerical experiments. Let us apply Algorithm 6.2 to autonomous models with
increasing complexity and dimension. The example in Section 6.3.2 particularly illustrates
the need for reordering the Schur decomposition in Algorithm 6.2. Finally, we give an
outlook regarding numerical techniques for angular values in nonautonomous systems.
We refer to the forthcoming publication [6] for details of the algorithm and its analysis.

6.3.1. Block-diagonal examples. We begin with autonomous examples which have a
block-diagonal structure. Due to the invariance of corresponding coordinate spaces, one
can read off first angular values without the need for reordering Schur decompositions.
Furthermore, the numerical calculation can be done with high accuracy and even exactly
when these expressions are evaluated symbolically. Therefore, approximation errors are

*We are not aware of a MATLAB procedure that computes the block decomposition (5.43) directly.
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not discussed in Table 6.2.

A Ay | 01(A) || Ag | 61(A) || 61(4)
(39) 2 0 3 0 0
3% [ 2 | o [-=2[ o | 3
(¢2) 1 0 -1] 0 z
c—s 0 s _
Gso)leaf ¢ |-2| o ?

Table 6.2: Angular values of block-diagonal examples. We abbreviate ¢ = cos(y), s =
sin(p), 0 < ¢ < 3.

6.3.2. An illustrative four-dimensional example. Using the normal form (6.1) we
consider a 4 x 4-matrix which has already Schur form

A= (A(lo’%) nA(f,lA)) - (%1 1{22)

with = 1.2. For this matrix we have 61 (A1) = 3 and 61(A2) = 1.128. The algorithm
sets A1 = Ay and reorders the Schur form so that the eigenvalues of Ao appear in the first
2 x 2-block:

nA(0.7493,1.4) *
QTAQ = ( ,  whereby Ao = nA(0.7493,1.4).
0 A(0.6142, 1) 2 = nA( )

From Theorem 6.1 the algorithm then finds 6;(A2) = 1.355 and thus we have
max(01 (Al), 91([\2)) =1.128 < 1.355 = max(@l(Al), 91(142)) = 01(14)

This example illustrates that first angular values can generally not be computed from the
diagonal blocks of a single Schur decomposition.

6.3.3. High dimensional examples. We illustrate the performance of our algorithm
for three matrices of dimension 102, 10% and 10%. Their entries are uniformly distributed
in (0,1) and generated by the MATLAB random number generator initialized with rng(1).
Table 6.3 documents our numerical results. We measure the time for the initial Schur
decomposition and the maximal time for one reordering with ordschur. It turns out
that the computing time for one reordering step grows linearly with the position 7 of the
block A; in the Schur form. The numerical experiments are carried out on an Intel Xeon
W-2140B CPU with MATLAB 2020A.

Applying Algorithm 6.2 to the 10*-dimensional random matrix yields ¢ = 4958 two-
dimensional blocks for which we calculate the first angular value, using Theorem 6.1.
Then there are 84 real eigenvalues of different modulus leading to a vanishing angular
value. Summing up we obtain k = 5042 one- resp. two-dimensional blocks A;. For the
presentation in Figure 6.3, these blocks are rearranged, such that

(67) 91(141) S QI(AH—I) for all i = 1, . .,]{7 —1.
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dim(A) || 6;(4) || number of 2 x 2 blocks || initial Schur | max reordering
102 1.5370 45 0.0045 sec 0.0001 sec
10° 1.5643 488 0.43 sec 0.013 sec
10% 1.5705 4958 105 sec 1.18 sec

Table 6.3: First angular values of three random matrices: number of 2 x 2 blocks, analyzed
by Algorithm 6.2; computing time for initial Schur decomposition; maximal time for one
reordering Schur step.

The left panel shows a plot of the pairs (4,01(A;))i=1,. k. Except for an initial ramp due
to the 84 real eigenvalues, the plot suggests an almost uniform distribution of angular
values. This is also confirmed by the corresponding histogram shown in the right panel.
As expected, further experiments show no correlation between the modulus |A;| of the
eigenvalue and the angular value 6;(A;) of the corresponding 2 x 2 matrix A;.

Figure 6.3: Left: sorted angular values 0;(4;), see (6.7), of a 10*-dimensional random
matrix; right: histogram of angular values.

6.3.4. An experiment with a nonlinear system. Let F : R — R? be a nonlinear
mapping with a hyperbolic fixed point ¢ € R?. Linearizing the system x,11 = F(z,)
about the fixed point one obtains the autonomous variational equation

(6.8) Unt1 = DF(&)u,, n € Ny,

to which Algorithm 6.2 applies and provides an approximation of 6; (DF()).
Rather than fixed points, our interest is in a bounded trajectory (£,)neNy,

fni1 = F(&,), n €Ny with initial point & € R?
lying, for example, on an attractor. In this setup, the variational equation
(6.9) Unpt1 = DF(&,)un, n € Ny

is nonautonomous and Algorithm 6.2 does not apply. The development of an algorithm for
angular values in nonautonomous systems and its rigorous justification is quite involved
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and is the topic of the forthcoming paper [6]. Nevertheless, we indicate here the problems
of such a generalization and provide a numerical result for a specific example. It is well-
known that eigenvalues of the single matrices DF(&,), n € Ny are generally irrelevant for
describing nonautonomous dynamics, cf. [28]. Instead, exponential dichotomies provide
adequate spectral information. Roughly speaking, one replaces the eigenvalue spectrum
by the dichotomy (or Sacker-Sell) spectrum and the eigenspaces by corresponding spectral
bundles. Then the aim is to show that angular values are achieved in certain directions
resp. subspaces within the spectral bundles and to use this fact for setting up an algorithm
for the general nonautonomous case. Results of this type and further applications to higher
angular values for systems of dimension d > 3 will be presented in detail in [6].

Here we use for illustration the two-dimensional Hénon map, see [14]

T\ 1+x2—1.4x%
610 p() = (s ),

The map (6.10) possesses the hyperbolic fixed point & ~ (0.63 0.19)T and the Jacobian
DF(&) has two real eigenvalues A\; ~ 0.16, Ao &~ —1.92. Proposition 5.2 as well as Algo-
rithm 6.2 apply to the linear autonomous system (6.8) and both yield 6;(DF(&)) = 0 for
all types 0, of angular values. Geometrically, the two eigenspaces are tangent spaces to
the stable and unstable manifolds of £, cf. 26, Chapter 5]. From 6;(DF(£)) = 0 we infer
that these one-dimensional tangent spaces do not rotate in time, see Figure 6.4.

Figure 6.4: Stable (green) and unstable (red) manifold of the fixed point £ of (6.10). In
addition, the corresponding tangent spaces are shown.

Next, we consider the nonautonomous variational equation (6.9) for the trajectory

(&n)nen, with initial point & = (—0.4363 0.2873)T. This bounded trajectory is close to
the Hénon attractor. The algorithm proposed in [6] yields for this model the approximate
first outer angular value 6; = 0.7525. This value results from the stable tangent bundle
to the invariant fibers of the bounded trajectory (&,)nen, which turns out to rotate faster
than the unstable tangent bundle. Both tangent spaces are shown in green and red in
Figure 6.5. We also refer to Figure 1.1 in the Introduction where the stable tangent spaces
are shifted to the origin to visualize their successive rotations.
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Figure 6.5: Tangent spaces (stable in green and unstable in red) to the invariant fibers of
a bounded trajectory (&,)nen-
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Appendix A. Auxiliary results.
A.1l. Variational characterization of maximum principal angle.

Proof. (Proposition 2.3)
We use the following elementary fact

(A.1) max v'y=|v| VoveRv#0,
YER, [lyl=1
with the maximum achieved at y = ﬁv for v # 0. Consider w € W with |lw| = 1 and

wlwy=0,0=j+1,...,s. By Proposition 2.2 there exists b € R® such that
(A.2) w=Qb=QZZ'b= (w1 - ws)Z b

Since ||w|| =1 and w'w; = 0 for £ = j 4+ 1,...,s we obtain the partitioning

I . .
s (bo) WERL =1, 2= (2" 2),z" e R

By (A.1) this implies for all v € R%, v # 0

(A.3) max viw=max v'QZW =||Z1TQ v|.
w e W, |wl| =1 bTERT,[b![|=1
wlwg=0L=3j+1,...,s

In a similar way, for v € R? with |[v|| =1 and vTvy = for £ = j + 1,...,d we find vectors
a € R4, a! € RJ such that

I
v=Pa=PYY a= (v - v)Ya, YTa,:G)), la’| = 1.
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Using this and (2.2) in (A.3) and setting ¥ = diag(o7,...,0;) leads to

min max vw
veV =1 w€W7||w||=1
viv=00=j4+1,....s wlw,=0,L=j+1,.

I
_ HZ“QTPY< )u —  min |27z ( ) ||
aIE]RJ ||af|| 1 al€RI,|lal ||=1 0

=  min |1z T zIxtal || = min |=fal].
 GleRd,|al =1 al€R4,||al || =1
Since o1 > ... > o0; the last minimum is o; and it is achieved at the j-th unit vector
al = eJI- € R7. With Proposition 2.2 this yields the minimizer v = PYe; = vj, where
egl' d : : o I 1 A ITAHT
g =\¢g)€ R®. Returning to (A.3) we obtain the maximizer b' = 57 Q' v; where
oj = |Z1TQvj|| is the maximum value. By (A.2) and (2.3) this leads to the maximizer

of the original problem

w ZLQZ <ZITQT,Uj> _ iQZ <ZITQTPY6J'>
9j

0 O'j 0
1 IT A ol
_ Loz (77 :7QZ 7L —,
gj 0
Finally, note that taking arccos reverses min and max in (2.5). [ |

A.2. Uniform almost periodicity. We use the following result in the proof of Propo-
sition 3.6.

Lemma A.l. Let b, : V — W, n € N be a sequence of uniformly almost periodic and
uniformly bounded functions. Then for all € > 0 there exists N € N such that for all
n>m>N,keN,Vey

Proof. Let ¢ > 0. By the uniform almost periodicity there exists a P € IN such that
for every V. € V we find a p € {1,..., P+ 1} (which may depend on V) such that

(A4) 180(V) = busp(V)| < S Wn e N.

=1 ™

Let bos = sup,, v [|bn(V)||, N = [18(P + 1)bs] and decompose n > m > N modulo p, i.c.

m:gmp+rmaoérm<pa nzgnp+7°n70§7“n<]9-
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For ¢, (V) :== f 1 bj (V) we obtain from (A.4) for each k € Ny the estimates

o) = et <25

ln p
HZb ~ V)| = D2 Do b (V) = V)
i=1 j=1
€
<En R
S P4
Ly b Cnrm — bt lnp
-n _m — < e
|=ev) = )| T ey (V) < 2Ly (V)
1 P+1 €
< —|le,(V)|| € ——bs < —.
< ep(V)ll € b <
Combining these estimates, we find for every k € Ny
1« 1 «—
LS 0 - L3 )|
an V)= 5 2 binalV)
pfn-H”n pém+rm
S SR SN K LI o TLURE S Sy
J* Jj=pln+1 ] =plm+1
pfn
<|F b0 - L)) v) -t (V)H
-l = I n ? m "’
) 1 Pln+Tn m+Tm
+Hﬁ%<v>—a2%+k 12 S w0 - 275 )
J=1 Jj=pln+1 j=plm+1
lhpe € Ulyppe 2(P+1)
< -,z — <e.
S atitmat T N s "
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