NUMERICAL APPROXIMATION OF SINGULAR-DEGENERATE
PARABOLIC STOCHASTIC PDES

LUBOMIR BANAS, BENJAMIN GESS, AND CHRISTIAN VIETH

AssTrACT. We study a general class of singular degenerate parabolic stochastic partial
differential equations (SPDEs) which include, in particular, the stochastic porous medium
equations and the stochastic fast diffusion equation. We propose a fully discrete numerical
approximation of the considered SPDEs based on the very weak formulation. By exploit-
ing the monotonicity properties of the proposed formulation we prove the convergence of
the numerical approximation towards the unique solution. Furthermore, we construct an
implementable finite element scheme for the spatial discretization of the very weak formu-
lation and provide numerical simulations to demonstrate the practicability of the proposed
discretization.

1. INTRODUCTION

In this paper we study the numerical approximation of a class of singular-degenerate para-
bolic stochastic partial differential equations

(1) du = [A(|u[P~2u) + f]dt + o(u)dW  in (0,T) x D,

where D C RY, d > 1 is a bounded, open domain and o(u)W is a multiplicative noise term
which may also depend on the derivative of the solution and which will be specified below.

The above equation for p > 2 is the stochastic porous medium equation and for p € (1,2)
the equation corresponds to the stochastic fast diffusion equation; the case p = 2 yields the
stochastic heat equation.

Stochastic quasilinear diffusion equations of the type (1) appear in several contexts, in-
cluding, interacting branching diffusion processes [14], self-organized criticality [2, 35|, and
non-equilibrium fluctuations in non-equilibrium statistical mechanics [32, 24]. We present
three of such instances in more detail below.

As a first example, consider the H—! gradient flow structure of the porous medium equation

o=, (o (w)) = A 2)

with Onsager operator K,, = —A and energy E(u) = % [ |ulP dz. The corresponding fluctuat-
ing system, in accordance with the GENERIC framework of non-equilibrium thermodynamics

(see [58]), then reads

(2) du = —-K, (‘;f(u)) + B, dW |
(3) = A(JulP~u) + V25 div(dW),
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with B, B = 2kpK,, kp the Boltzmann constant and W a vector-valued space-time white
noise. Notably, the stochastic PDE (3) is super-critical and, thus, lacks a well-posedness
theory. The results of the present paper are applicable to approximate versions of (3), that
is, to

(4) du = A([u|P~2u) + v2kp div(dW),

where W is a trace-class Wiener process in L?; in this case, in one spatial dimension, the
stochastic perturbation div(W) still is less-regular than space-time white noise.
The second class of examples arises from fluctuations in non-equilibrium statistical mechan-

ics. This leads to stochastic PDE of the general type

(5) du = Aa(u) dt + 2V - (g(u)dWy),

where dW denotes space-time white noise, with the Dean-Kawasaki stochastic PDE
du= Ay dt +£3V - (VudWy),

as a model example, see for example |20, 48, 26]. Stochastic PDE of this type serve as con-
tinuum models for interacting particle systems, including stochastic corrections reproducing
the correct fluctuation behavior on the central limit and large deviations scale, see [25, 32].

Since for large particle number the fluctuations decay, we see the small factor €2 in front of
the noise. For example, a concrete example of an interacting particle process is given by the
zero range process, see [32, 31|, leading to nonlinear, non-degenerate diffusion « in (5) and

noise coefficients corresponding to g(u) = a%(u). We note that with this choice (5) is in line
with the GENERIC framework (2) when considering

(6) dru = Aar(u)

as a gradient flow on the space of measures with energy given by the Boltzmann entropy.
The corresponding stochastic PDE (5) is super-critical and, therefore, lacks a well-posedness
theory. Instead, one considers joint scaling limits € — 0, N — oo of

(7) du = Aa(u) dt + 2V - (g(u)dW™),

where W is a regularized noise, see [31, 32]. In the case o/ > ¢ > 0 and g Lipschitz
continuous, this class of stochastic PDE is included in the results of the present work.

The third class of equations covered by the present work arises in the continuum scaling
limit of the empirical mass of interacting branching diffusions with localized interaction, which,
informally, converges to the solution of a stochastic PDE

(8) du = Au? dt + (uc(w))? dW,

where dW denotes space-time white noise, see [13, 54]. The results of the present work apply
to the particular case of ¢(u) = v and W being a trace class Wiener process in H*5.

It is common to these stochastic PDE that, due to the irregularity of the random pertur-
bation, solutions are expected to be of low regularity. In fact, in many cases solution take
values in spaces of distributions only, causing severe difficulties in even giving meaning to the
nonlinear terms appearing in the stochastic PDE.

The lack of regularity of solutions is one of the decisive differences distinguishing the nu-
merical analysis of stochastic PDE from deterministic PDE. While, if the noise and thus the
solutions are regular enough, the numerical analysis can proceed similarly to the determin-
istic case, this ceases to be true in more rough situations. Indeed, if one considers (1) with
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regular enough noise, the solutions will take values in spaces of functions (LP spaces), and,
therefore, standard finite element basis can be used, such as piecewise constant or piecewise
linear functions. The proof of their convergence still requires adaptation from the determinis-
tic arguments, e.g. replacing compactness arguments by a combination of tightness arguments
and Skorohod’s representation theorem (cf. e.g. [43], [57]), but the numerical method is close
to the deterministic case. In contrast, when the noise is not as regular, one cannot expect
to close LP-based estimates, but one has to work in spaces of distributions. Concretely, this
means to move from LP-based estimates for (1) to H!-based estimates.

While the modification of finite element methods from L2-based to H'-based thus is
necessary and natural in the context of stochastic PDE, this causes obstacles in their numerical
realization: Precisely, while in an L?-based approach, the choice of piecewise constant (or
piecewise linear) finite elements ¢; leads to a sparse mass matrix

(Mp)ij = (bis dj)L2s

this is not true in the H'-based approach which leads to a mass matrix

9) (Mn)ij = (¢i, ¢j)m-1= (V(=A) " i, V(=A) " ¢))p2.

Note that (9) is not a sparse matrix, since (—A)~1¢; has global support. Consequently, the
resulting numerical scheme is inefficient.

Interestingly, in one spatial dimension this difficulty was addressed in the contribution [29],
where an H~! -based finite element scheme was suggested in the context of a deterministic
porous medium equation, motivated by the aim to treat irregular initial data and forcing. In
[29] it was noticed, that in one spatial dimension a modified finite element basis ¢; can be
constructed, leading to a sparse mass-matrix (9). In view of (9) this requires to choose a
basis so that (—A)_lgéj has small support. While, in one spatial dimension, this can relatively
easily be enforced by choosing ¢; of the form

i1z, )+ il 0) = Gt bz a)

for d > 2 this construction becomes less obvious. In addition, in higher dimension, the proof
of the LP-density of the resulting finite element spaces proves much more challenging.

In the light of this exposition, the contribution of the present work is two-fold: Firstly,
motivated by the intrinsic irregularity of stochastic PDE, we provide an H ! based analysis of a
fully discrete finite element scheme for (1) and prove its convergence. Secondly, we construct
a finite element basis in dimension d > 2, which allows for an efficient implementation of
the proposed numerical approximation in the H!-setting, and analyze its approximation
properties in LP. More precisely, motivated by the deterministic numerical approximation
[29] we propose a fully discrete finite element based numerical approximation of (1) based on
its very weak formulation. We show that the proposed numerical approximation converges
for p € (1,00). Furthermore, we generalize the finite element spatial discretization of the
very weak formulation, which was restricted to d = 1 and its convergence was shown for
p > 2d/(d + 2) in [29], to higher dimensions and 1 < p < 2d/(d + 2). Moreover, we present
numerical simulations to demonstrate the efficiency and convergence behavior of the proposed
numerical scheme, including the case of (discrete) space-time white noise.

The paper is organized as follows. In Section 2 we state the notation and assumptions
along with the definition and basic properties of very weak solutions of (1). We introduce
the fully discrete numerical approximation of (1) in Section 3 and show well-posedness of the
proposed discrete approximation along with a priori estimates for the numerical solution. The
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convergence of the numerical approximation towards the very weak solution of (1) is shown in
Section 4. In Section 5 we propose and analyze a non-standard finite element scheme for the
spatial discretization of the very weak solution which enables an efficient implementation of the
resulting fully discrete numerical approximation. Numerical simulations which demonstrate
the practicability of the proposed numerical scheme are presented in Section 6. Finally, we
discuss the extension of the convergence proofs to a discrete approximation of the space-time
white noise in Appendix A.

Comments on the literature. There exists a rich literature on the numerical approximation
of deterministic degenerate parabolic equations, i.e. (1) with o(u) = 0, where the earlier
results include [53], [46]. For more recent results we refer to [28], [29], [23], [27] and the
references therein. Regarding numerical approximation of nonlinear SPDEs in the standard
finite element setting we refer the reader to the recent paper [57] and the references therein.
The particular case of monotone SPDEs is relatively well covered by the existing literature,
we mention for instance [45], [30]. In contrast to the deterministic setting there exist much
fewer results on the numerical approximation of singular-degenerate SPDEs of the type (1).
As far as we are aware, the only result on the numerical approximation of (1) so far is
[43], where the convergence of the proposed numerical approximation towards a martingale
solution has been shown in dimension d = 1 for regular noise and a limited range of the
exponent p € (2,3), not including the case of the stochastic fast diffusion equation p < 2. We
note that, in contrast to the present work, [43] employs standard H!-conforming finite element
spatial discretization which excludes the applicability of their analysis to the case of space-time
white noise. We also mention the recent paper [9] which employs the H!l-setting to study
convergence of an explicit finite difference approximation of a singular-degenerate stochastic
differential inclusion. As far as we are aware [9] and the present paper are the only ones to
employ the H~'-setting in the numerical context; whereas in the present work we also employ
a practical H '-conforming finite element discretization. Finally, we mention the following
papers which deal with discrete approximations of the space-time white noise: [1] considers
the (linear) stochastic heat equation, [7], [55] deal with the nonlinear stochastic Schrédinger
equation and [10] considers the stochastic Landau-Lifshitz-Gilbert equation. We note that the
present work appears to be the first one to show convergence of the fully discrete numerical
approximation of nonlinear SPDEs which includes discrete (piecewise constant) approximation
of the space-time white noise in the variational framework, see Appendix A below.

In the deterministic setting, the analysis of the equation (1) is well understood, see, e.g. [64].
In the stochastic setting, the well-posedness of (1) in the variational framework goes back to
[49, 59] with many details given in [51]; for a generalization of the variational approach to
the case of the stochastic fast diffusion equation we refer to [60]. Generalizations to maximal
monotone nonlinearities and Cauchy problems can be found in [4], based on monotonicity
techniques. Martingale solutions for diffusion coefficients given as Nemytskii operators have
been constructed in [42]. In [47] the well-posedness for (1) with additive noise was shown
based on a weak convergence approach. An L'-based alternative approach to well-posedness
has been developed based on entropy solutions in [8, 13, 16] and based on kinetic solutions
in [40, 22, 39, 33, 31]. Solutions to (1) with multiplicative space-time white noise have been
constructed in [14].

Besides well-posedness, also the long-time behavior of solutions has been analyzed, see, for
example, [33| for the existence of random dynamical systems, [11, 38| for the existence of
random attractors, and [4, 17, 18, 65| for ergodicity. For regularity of solutions we refer to
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[36, 21, 15, 5] and the references therein. Results on finite speed of propagation and waiting
times were derived in [37, 4, 34]. Extensions to parabolic-hyperbolic SPDEs may be found in
[6, 8], and to doubly nonlinear SPDEs in [61] and the references therein.

2. NOTATION AND PRELIMINARIES

Let D C R? be a bounded open domain with Cl'-smooth boundary 9D or a rectangular

domain. For 1 < p < oo, we denote the conjugate exponent as p’ = I%. We use the notation
(L?,|| - ||w») for the standard Lebesgue spaces of p-th order integrable functions on D and
(WEP || - ||yyr.») for the standard Sobolev spaces on D, where (W’g’p, | - ng,p) stands for the

WEP space with zero trace on 9D; for p = 2 we denote the corresponding Sobolev spaces as
(H*, || - ||ggx) and (H3, || - l2). We note that the dual space of H}, denoted by (H™L, || - [|gz-1),
is a Hilbert space with the scalar product (v,w)g-1 := (V(=A)" v, V(—=A)"lw)r2 where
(—=A)~!:H~! — H} is the inverse Dirichlet Laplace operator, see (10) below.

Throughout the paper we denote V := (LP NH~!), and H := H~! and note that V « H =
H' < V’ constitutes a Gelfand triple for the considered range of the exponent p in d > 1 ( for
p > 2d/(d+2) one may take V = P since in this case L? C H™1), cf., [50, Chapter 2, Section

For v € H™! we define the inverse Laplace operator & =: (—A)~!v as the unique weak
solution of the problem
. —Av=wv in D,
(10) v=0 ondD.

We consider W to be a cylindrical Wiener process on a real separable Hilbert space K,
that is, for an orthonormal basis {é;}ien of K, we (formally) have W (t) = >,y €:5i(t) with
{Bi(t) }ien independent Brownian motions on a filtered probability space (2, F, {F;}+,P). Let
Ly(K, H) denote the space of real Hilbert-Schmidt linear operators from K to H. We note that

(Lo(K,H), || - |2y m), (5 - )o,m)) is a real separable Hilbert space with inner product
o0
(01,02) Ly = O (0161, 028:)H
i=1

and the corresponding norm HO’H%2(K’H) =32 |loéi|l%
We consider a slight generalization of the equation (1):

(11a) du = [Aa(u) + f]ldt + o(u)dW in (0,T) x D,
(11b) afu) =g on (0,7) x 0D,
(11c) u(0) = wo, in D,

where a : R — R, and 0 : V — Lo(K, H); the initial condition ug € L?(Q2, H) is assumed to be
JFo-measurable.

We assume that the function a : R — R is continuous, monotonically increasing, and
satisfies a coercivity and growth condition, i.e.,

(12) alz)z > plzlP =X and |a(z)| <c(z] + 1P, VzeR,

for some p > 1 and ¢, u > 0, A > 0, respectively. These properties of the nonlinearity «
(along with a suitable choice of o) guarantee the validity of Assumption 1 below.
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The choice a(z) = |z[P~2z yields the stochastic porous medium /fast diffusion equation (1)
and satisfies the above assumptions for p > 1.

The concept of the very weak solution in the deterministic setting, i.e., for (11) with o(u) =
0, has been considered for instance in [50], [29]. The formal calculations below motivate the
definition of the very weak solutions for the stochastic equation (11) (see Definition 2.2 below).
We consider the integral form of (11) as

ult) = uo + /O Aa(u(s)) + f(s)]ds + /0 o(u(s)) AW (s).

We multiply the above equation by © = (—A)~ v, integrate over D, integrate twice by parts
in the second order term and use the boundary condition to obtain

(ut), (~A) o)z = (o, (—A) " Lo)ge — /0 (a(u(s)), v)p2 ds
- / (9(5), 0 (— )" 10) 2oy ds + / ((), (—A) o) ds
0 0
+/0 (U(U(S))dW(S),(—A)_lv>L2.

Note that by the definition of the inverse Laplace operator it follows that (v, (—A) lw)p2 =
(V(=2)"10, V(~A) " w)yz = (v, w).
We employ the following notation

<AU(S), v)V’XV = (Oé(U(S)), v)]L2 )
and we set
(13) (B(3), V)i = (f(8), (=) "M 0)L2 = (9(5), 3 (=A) ) L2 (0p) »
for sufficiently regular f and g, cf. Remark 2.1 below.

We assume throughout the paper that the following conditions are satisfied, cf. Assumptions
(K), (H1)-(H4) in [60]:

Assumption 1. i) Hemi-continuity of A: the function
€= (A(w + €2),0)yryy : [0,1] = R

is continuous for all v,w,z € V.
ii) Monotonicity of A: there exists A\p > 0, such that for all v,w € LP

(14) 2 (Av — Aw,v = w)y ey + Apllv = wi > o () = o (W), ) -
i11) Coercivity of A: for p >0 and X\, 4, ke > 0 it holds
1
(15) (Av, V)yrey + Aallvlli 2 pllolly = AIPL+ S lo@IE, g ) — o
iv) Boundedness of A: there exists a constant C > 0 such that
|Av|lyr < C(||vllv + 1P~ VYo e V.

v) Regularity of the data: b€ LV (Q x (0,T); V') is progressively measurable and there exists
a constant C' > 0 such that ||b]| 1,/ 0,19 < C-

We note that properties iii), iv) in Assumption 1 imply the following boundedness property
(16) lo ()17, ey < O+ [0l + [[0lI5) -
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Remark 2.1. We note that (—A) "o € W2P N WP with ||(—A) |lwer < Cllv|lLe for
v €V CILP by standard elliptic reqularity theory, cf. [41, Ch. 9|, [44, Ch. 4] and (—A) v €
H} since v € V.C H™t. Furthermore, since (—A) v € WP for v € V the normal trace
of (—A)~tv satisfies 07 ((—A)v) € WP (D) for domains with C*'-smooth boundary or
rectangular domains, cf. [56, Thm. 5.4-5.5 p. 97-99]. In the particular case g = 0 the considered
framework generalizes to convex domains with piecewise smooth boundary.

Assumption 1 v) holds for b defined in (13) for f € LY (Q x (0,T) x D), g € LV (Q x
(0,T) x dD). Due to the above regularity properties of (—A)~ v, Assumption 1 v) remains
valid for more general data, e.g., for f € LV (Q x (0,T);W=4 + H™Y), g € LP(Q x
(0,7); (WYP'2(AD)Y) (with an appropriate modification of (13)), cf. [50, proof of Théoréme
3.1]; for further details and generalizations see also [29, p. 1060].

The above formal construction motivates the following definition of very weak solutions of
the stochastic problem (11).

Definition 2.2. Let ug € L*(Q, Fo,P;H). Then an F;-adapted processu € LP(Q, {F;}+,P; LP((0,T); V)N
L3(Q,{F:}+,P; C([0,T); H)) is a very weak solution of (11) if it satisfies P-a.s. for allv € V
and all t € [0,T:

(u(t),v)m = (uo,v)m — /0 (Au(s), v)yr,y ds

(17) —i—/o (b(s),v)yryy ds—l—/o (o(u(s))dW(s),v)m.

Remark 2.3. Owing to Assumption 1 we may interpret the very weak formulation of (11)
from Definition 2.2 as a monotone stochastic evolution equation posed on the Gelfand triple
Ve H=H < V), ¢f |50, Théoreme 3.1|, [29]. Hence, the ezistence and uniqueness of
the very weak solution in Definition 2.2 follows by the standard theory of monotone stochastic
evolution equations [49], [60].

Below we provide examples of SPDEs covered by the framework of Assumption 1. In partic-
ular, these include all of the problems mentioned in the introduction. We let {ex ;}rezd j=1,. 4
be an orthonormal basis of L2(D;R?) consisting of eigenvectors of the Laplacian —A with
Dirichlet boundary conditions , acting componentwise on functions with values in R?, and
with corresponding eigenvalues {A;}1cza.  Following [63] and [19], we recall that

- lengllie S A and | Ver e < A

In the following examples, we let K = ¢2(Z¢; R%) with orthonormal basis €kj, k € ANNEE
1,...,d, and f3 ; i.i.d. Brownian motions.

Example 2.1 (GENERIC framework for the H™!-gradient flow). We consider (4) with p > 1.
We set V.=T1LPNH !, H=H" and A(u) = —A(|u|P~2u) extended to V — V'. Fur-
thermore, let (Mkj)rezd j=1...d4 SOLSFY D ez Z;.lzl 77,37]- < oo and define o(u)w = ow =
V2EB D hezd Z;l:l N jAiv((€r,j, w)p2ey ;). Then, Assumption 1 can be verified analogously to
[51, Exercise 4.1.2 and Example 4.1.11] and (11) corresponds to (4) with W = D hezd Z?Zl M, i€k, Bk,j -

Example 2.2 (Fluctuations in non-equilibrium systems). Let o € C1(R) satisfy ¢* < o/ < C*
for some ¢*,C* > 0, g be a Lipschitz continuous function, W = ZIkISN 2?21 er,;Bk; be a
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Wiener process, and {ek j}rezd j=1,..q as in (18). We consider (7) in the form
du = Aa(u)dt + eV - (g(u) dW),

for e < ﬁ&v), where C(N) = (Z\k\SN Z;lzl ||ek’j||ﬂ%m). We choose V.= 1.2, H = H™!,

A(v) = —Aa(v) extended to V. — V', and

d
o(u)w = ez Z ZV‘ (9(uw)er,j(w, &k j)rn).

k|<N j=1
We then have

-2 <A’U — Aw, v — w>V/><V + ||U(U) - U(w)H%z(K,H)

d
= —2(Av— Aw, v = Whyy + > D o0)ér; — o(w)érll
[k|<N j=1

d
= —(a(v) —a(w),v — w2+ Y Y V- (gw)er,) = V- (g(w)er) F-1

|k|<N j=1

d
< —cHlo—wlfa e | YD llengllit | (@) —g(w)l

|k|<N j=1
< —F o — a2 C(N ey — a2 < _f 2
< =clo —wllgz + C(N)ellgllzipllv — wliiz < =7 flv - wllg..

The remaining assumptions can be verified similarly. We note that the scaling relation € <

ﬁ(*z\/) implicitly depends on the dimension d, since the number of frequency modes < N depends

on the dimension, cf. [25].

Example 2.3 (Branching interacting particle systems). Let n,; > 0, k € Z¢ 5 =1,...,d

d+2 -
satisfy Y ez Z?Zl 72,%73)\,62 < oo, and W := 3", 44 Z;lzl N j€k,jBk,;- We consider (8) with
c(u) =u, and W =W, that is,

du = AulPdt + udW,

with ul? = |u|lu and non-negative initial condition ug. In order to fit this example in the
abstract setup of Assumption 1 we choose V = L3, H = H™!, A(u) = —Aul? extended to
V-V, and

d
o(uwi=u Y D enim(w, o)

kezd j=1
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We then have, by (18),

—2(Av — Aw,v — w>V,XV + |lo(v) — U(“’)H%Q(K,H)

2
H-1

d
= — (P —wPlv —w)e + YN o (v)ér; — o(w)érl

kezd j=1

d d
o> M —w)ergmp)liia< | D Y mkjllenlliye | v —wlf-

kezd j=1 kezd j=1

d
2 2. <C 2
Do migh” | v = wlfs < Cllo = wl.
kezd j=1

IN

IN

The remaining assumptions can be verified similarly.

In one spatial dimension, assuming a relation between the order of the diffusion and the
noise coefficient, the results of the present work can also be applied to space-time white noise,
as demonstrated by the following example.

Example 2.4 (Branching interacting particle systems 2). For d = 1, we consider

m

du = Au™at + sul™5 1 dw,

where W is space-time white noise, ul™ = |u|™'u. For m = 2 this includes (8) with
c(u) = u?.

For 6 > 0 small enough Assumption 1 has been verified in [14, Section 2] with V = L™ +1,
H=H"!, A(u) = —Aul™ eztended to V- V', and o(u)w := sul™s .

3. FULLY DISCRETE NUMERICAL APPROXIMATION

We introduce a uniform partition of the time interval [0, 7] with a constant time step size
7 = T/N, where N € N, as 0 = tg < t; < ... < ty = T with ¢, := n7. For a mesh
size h € (0,1] we consider a family of finite dimensional subspaces (Vj)p~o C V with the
approximation property
(19) inf [[v—wp|lv—=>0 forh—0, VveV,
v EVY
and let J = J), = dim(Vp,) for any h > 0. We define a family of mappings Qp : V — V}, via

the best approximation property, i.e., Qpv = arg min||v — vp||v for v € V. Furthermore, we
vp €V
denote by P, : H — V}, the family of projection operators which satisfy

lim Hw — Ph’LUHH =0 YweH.
h—0

An explicit construction of the discrete finite element spaces V; and the operators Q) and
Py, will be provided in Section 5 below (see Lemma 5.3, Corollary 5.4 and Remarks 5.5, 5.6).
We define the discrete Brownian increments for ¢ = 1,2,... as

0 ifn=1,
(20) Anf 1= {ﬁi(tn) — Biltw) ifn=2,....N,
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and for r € N we define the truncated Hilbert-Schmidt operator o” : V — Lo(K, H) as
T
o (u)w = Za(u)éi(w, €K for w € K,
i=1
where {€;};cn is the orthonormal basis of K and u € V.
The time-discrete approximation of the right-hand side b (given in Definition 2.2) is obtained
as L
b m / b(t) dt ~ b(t.)
T tn—1
Given N e N, 7 = %, h > 0 and r > 1, the fully discrete approximation of (11) is obtained
as follows: set u% = Ppup € Vp, and for n = 1,..., N determine uj € V}, as the solution of
the problem

(21) (upy — uz_l,vh)H + 7 (AU, vy = T (" Up)yry + (07 ()AL W, Un )y -

for all v, € V. We note that the above scheme can be equivalently rewritten as

(22) (up,vp)g + 7 Z <Auz, Uh>V’><V = (u%, vh)HT Z <bk’ Uh>V’><V
k=1

k=1
+ Z <ar(u§_1)AkVV, Uh)H
k=1

Remark 3.1. We note that the choice A15; =0, i € N in (20) is not strictly required but is
convenient since it slightly simplifies the notation and convergence analysis in Section 4 for
ug € H. In particular, this choice enables to restate the numerical scheme (22) in the form (29)
with the “shifted” interpolant u_ defined in (28) which satisfies the estimate in Corollary 4.1.

An alternative is to show the convergence by a density argument. For ug € H one can
consider a sufficiently reqular sequence uf — ug, k — oo, set A1; = Bi(t1) — Bi(to) and define

— (Y — ok L o) : oF ()
Ur(t) = ug fort € [0,7). Then the stochastic integral [ in (29) is replaced by [, and
Corollary 4.1 holds for each k < oo.

The measurability of the fully discrete solution is a consequence of the following lemma,
c.f., |30, Lemma 3.2|, [45, Lemma 3.8].

Lemma 3.2. Let (S,%) be a measure space. Let £ : S x Vi, — Vy be a function that is
Y -measurable in its first argument for every (fized) X € Vy, and is continuous in its second
argument for every (fized) o € S. If for every a € S the equation f(a, X)) = Oy, has a unique
solution X = g(a) then g : S — V), is ¥-measurable.

The next lemma guarantees the existence, uniqueness and measurability of the fully discrete
numerical approximation (21).

Lemma 3.3. For any h > 0, u% € L?(Q, Fo,P;H), and 7 < min{ﬁ,%} there exists a
unique solution {uZ}le of the numerical scheme (21). Furthermore, the Vy-valued random
variables up are Fy, -measurable, n =1,..., N.

Proof. We assume that for u% € L*(Q,Fo,P;H) there exist Vj-valued random variables
{ugz};:ll that satisfy (21) and that u] are F; -measurable for j = 1,...,n — 1. We show
the existence of Vj-valued u}, that satisfies (21) and is F;,-measurable.
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For each w € Q the scheme (21) defines a canonical mapping h,, : V;, — V), for which it
holds hy,(uj(w)) = 0. Consequently for U € V), we write

(o (U), U, = (U — 0~ (@), D) + {AW), U)oy

7 TN A”W w
- @Dy~ ()20
H
We note that
U —up M w),U)u = Ui — Cllup (@) |ullU]lv -

Hence, using the coercivity Assumption 1 iii) along with the embedding V — H we obtain

- ||bn|V’>
H

ol () 2

1 O
(by,(U), U)v, > HU\Iv<uHUll§ - — Il @)l = €

1 1
# (200 11 + Sl @), s = € O Do)

We choose R, > C(\, D, ky) > 0 such that

o(u " ()

Since (1/7 — Aa) > 0, we get for |U||ly = R that
(b (U), Uy, = 0.

Consequently, for each w € ) the existence of u}(w) € V), that satisfies (21) follows by the
Brouwer’s fixed point theorem [62, Ch. II, Lemma 1.4].

To show uniqueness we consider U, U € Vy,, such that h,,(U) = h,(U) = 0 and obtain by
the monotonicity Assumption 1 ii) that

—[[6"]lv = 1.

AW (w)
T H

o O
PR = Zup @)l — ©

0 = 7B (U) ~ Bo(0),U = Oy, = U = Ul + 7 {A©) - A0\ U - T),

ABT
2
which yields the uniqueness of the discrete solution for TAp < 2.

Finally, the F; -measurability of the u} follows by Lemma 3.2

> (1= =9)|U-Uli =0,

Under a slightly stronger assumption on 7 we obtain the following stability Lemma.

Lemma 3.4. For 7 < ﬁ there exist constants p > 0, C' > 0 such that forn=1,...,N it
holds

n
B \Juplid+pr 3l | < C,
=1

and
n

E | rllAd 5| <C.
j=1
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Proof. 1) We set v, = uiL € Vp, in (21) with n = j, use the identity 2(a — b,a)g = |al|f —

614 + ||a — b|% and by summing up the resulting equations for j = 1,...,n we get, that
n n
. - o
g+ N, — I+ 20 Y <Aui,ui>v,w
j=1 j=1
n ' .
(23) = llaf & +2r > (V) +22( HaW)
j=1

Using the Cauchy-Schwarz and Young’s inequalities we estimate the stochastic term as
(24)

(O‘T(ui—l)A]’VV, uz)H < <UT(U{L_1)AJ'W, u{;1>H + =
Next, we deduce by the Holder and Young inequalities that

M .
(25) AT I P A

We substitute (24), (25) into (23) and obtain using Assumption 1 i), v) that

. 2
-1
o AW+ Sl —

n n
i+ 7 > (sl + oI ey ) < C + b+ 2247 > e I
j=1 J=1

(26) + 22 ( YAW, ™ ) a’”(7,L{L‘1)AJWH;I ,

where the constant C' now also depends on the constant from Assumption 1 7).
By the independence of Jr(u{fl) and A;W we deduce that E [(UT(uffl)AjVV, u{fl)H} =0.

Furthremore, we estimate

- 2 s .
E[ o (], 1>AjW\?H] = 7E [lo” (Wi < 7E [lo @l I |

for j > 2 and HUT(U(;)L)AleEI = 0 since that AW = 0.
Hence, we obtain after taking the expectation in (26) that

n
I + 17 Y Il |1
j=1

n
02 j 12
< CHE [[lupllia] +20a7E Z KA
j=1
The first statement of the Lemma then follows after an application of the discrete Gronwall
lemma for, .e.g, TA4 < %.
ii) For the second estimate we use the boundedness Assumption 1 iv), p’ = 1% and obtain
that

P
[Auf 5" < Collluf Iy + 1)
Hence the second estimate follows by part i) of the proof. O
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4. CONVERGENCE OF THE NUMERICAL APPROXIMATION

Given the temporal partition {t,})_, with associated discrete random variables {ul}._,
we define the piecewise constant time-interpolants for ¢ € [0, 7] as follows:

(27) U (0) = up, TUo(t) = ul for t € (ty_1,tn]

and

(28) u (t)=0 forte[0,t1)=1[0,7), w (t)=u)"' forté€ [th_1,t),
. (T) = ul .

We note that the interpolant . is (F)¢cpo,r) adapted by Lemma 3.3.
On recalling (22) we note that the numerical scheme can be restated in terms of the above
interpolants, i.e., it holds P-a.s. that

0F (t)
(mume+A (AT21() — br(3), Uy s

07 (t)
(20) = (uon), + / (0" (@ (s) AW (s),u),  forall t € (0,T), Yo € Vy,

where b,(t) =" for t € (tp—1,t,] and
01 (0):=0, 61 (t):=t, fort € (tn_1,tn), n=1,...,N.

As a consequence of Lemma 3.4 by Assumption 1 and (16) the time interpolants from (27)
and (28) satisfy the following a priori estimates.

Corollary 4.1. For any h > 0 and (sufficiently small) 7 > 0 it holds that

i) sup E[lm; ()2 < C, i) sup E[Jm (1)) < C,
te[0,T] te[0,T]
T T
umﬂ/nwmwmsc, wE| [ ol <c.
0 0
T / i T /
U)E/ AT ()|E, dt| < ¢, vi) E / |z, ()2, dt| < ¢,
0 0
and
[ T
vii) B | [ ol ()1, e ] < €,
- T
viit) B | [ 0@ )] e | <€,

where C' > 0 s a constant that only depends on the data of the problem.

From the a priori bounds in Corollary 4.1 we can directly deduce the following sub-
convergence result.

Lemma 4.2. Let Assumption 1 hold and let ug € L*(Q, Fo,P;H). Then there ewists a
subsequence h, 7,7 (not relabeled) such that for h,T — 0, r — oo the following holds:
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i) there is a progressively measurable w € LP(2 x (0,T);V) such that
u, —=uand ur =~ u in LP(Q2 x (0,7);V).
There is a ur € L*(Q;H) such that
. (T) =, (T) = up in L*(Q,H).
ii) There exists a progressively measurable a € L (Q x (0,T); V') such that Au, — a in
LY (2% (0,T); V'). There is a progressively measurable @ € L*(Q x (0,T); Lo(K, H)) such

that o" (W), 0" (U,) and o(u,) weakly converge to @ in L*(Q x (0,T); Lo(K, H)).
iii) for (dP x dt)-almost all (w,t) € Q x (0,T) the following equation holds in V'’

(30) u(t) = g —I—/O b(s) —a(s)ds + /0 a(s)dW(s),

i) there is an H-valued continuous version of u (sill denoted by u) which satisfies (30) and

B O = ol + [ (2009~ 06w + 176 e ) s

+2/0 (u(s),a(s)dW(s))m.

v) ur = u(T), i.e. Uy (T) — u(T) in L*(Q;H).

Proof. 1) We deduce from Corollary 4.1 iii), iv) that u; — v~ and w; — win LP(Qx (0,T"); V).
The limit are the same according to [30, Lemma 4.2] see also [45, proof of Prop. 3.3].

Item i) of the Lemma follows from Corollary 4.1 vii) and wviii), the limits again coincide
in LP(Q x (0,7);V) by the arguments from 7).

To show part éii) we consider v = ¥¢ € L>®(Qx (0,T);V) for ¢ € L®(Q2x (0,T);R), ¢ € V.
We set v, = Yoy, € V), with ¢ = Qne € Vy, in (29), integrate w.r.t. ¢ over [0,7] and take the
expectation to get

5| [ (1) (1)) + g AT (s) ds,v<t>>w ]

@ -z . w(t))s + ([ b (s) ds’”“>>w

t
+ </ o"(u; (s))dW(s), v(t)) dt]
0 H
+ Rl,’r,h + 7?'2,7',11 - RS,T,h - R4,T,h - RS,T,h + RG,T,h =+ R?,T,h + RS,T,h )
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[T 0F (t)
Rirpn:=E / / br(s) — At (s) ds, vi(t) dt|,
0 t V/xV

Reos | [ ([[or@oave.me) a,

[ T 07 (t)
Rosp = E /O ( / a’"(u;(s))dW(s),vh(t)> dt],
t H

where

Rarn = (Ur, Vn — V) L2(Qx (0,7):H)>

Rsrh = </ At (s)ds, vy — v> ,
LP' (2% (0,T); V') x LP(Q2x (0,T);V)

Rern = (up,v — V) L2(Qx (0,T);H)
Rirp = < s)ds, vy — v> ;
LP' (2% (0,T);V")x LP (2% (0,T);V)

Rsrh = </ o’ (u; (s))dW(s), v, — v) )
0 L2(Qx(0,T);H)

By the boundedness of b, and A%, in L (Q x (0,7); V') (Assumption 1 v) and Corol-
lary 4.1 vi)) it follows that R; ,p, — 0 for 7,h — 0 and similarly the boundedness of o(u;)
in L2(Q x (0,T); Ly(K,H,)) (Corollary 4.1 vii)) implies after an application of It6’s isometry
that Ro rn, R3rn — 0 for 7,h — 0. For instance

[ | et N
\Rs,T,hrgE/O / o (@ () AW (s)|| dt|  fonllex oy
t
H
0+(t '1/2
—E / / o @ (D) 2aaery dst|  lonll 2 (@omy

1/2
<[ [ 1o <>>uLz<KH>dt] o2 o170

Analogously, using Corollary 4.1 and u in L?(Q; H) yields that Ry . »| < Cllv=vnl L2 (x 0,7):v)
for k =4,6,8 and Ry +n| < Cllv — vl pr(x(0,1);v) for k= 5,7. For instance

1/2
[Rarp| < T2 ( sup E [HUT(t)H%I]) v — vl L2(@x (0,7):m)
t€[0,T]

1/2

< C( sup [E [Hur(tﬂ%ﬂ]) v — vl 2 (x (0,7):v) -
t€[0,T]

On recalling v = ¥¢ and v, = Yoy, € Vi, ¢p = Qro € Vi, we deduce by (19) that

v = vl Lo ax0,m)v) < CllYllLe@@x01) ) |¢ = dnllv =0 for h — 0.

Hence, we conclude that Ry, — 0, k =4,...,8 for h — 0.
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Next, the weak convergence Au, — a, o(u,;) — @ implies for h,7 — 0, r — oo

e[ ([ i) a e[ {[uoann) a]
E UOT (/Ot UT(uT(s))dW(s),v(t)>H dt} S E UOT (/Ota(s) dW(s),v(t))H dt] .

From the weak convergence of @, — u in L?(€2 x (0,T);H) and the strong convergence of
u) — ug in L?($; H) we deduce that

E [ / T<u7<t>,v<t>>Hdt} SE [ / T<u<t>,v<t>>Hdt: ,

and

E [/OT(ug,U(t))Hdt} —E [/OT(uo,v(t))Hdt: .

Finally, since b, — b in L (Q x (0,T); V') it follows that

E [/OT </Ot ba () ds,v(t)>V/XV dt} SE [/OT </Ot b(s) ds, v(f,)>wV dt] |

From the above convergence results we conclude, by taking h,7 — 0, r — oo in (32) that

E [/OT(u(t),v(t))H - </0ta(s) ds’v(t)>wv dt]
=E [/OT(UO,U(t))H + </Ot b(s) ds,v(t)>VlXV + (/Ot a(s) dW(s),v(t))H dt] :

for all v = 9¢, ¢ € V, which implies (30).

By the standard theory of monotone SPDEs, see for instance |52, Theorem 4.2.5] or [60,
Theorem A.2]|, part v) follows from i) by the It6 formula for the square of the H-norm,
which also implies that v has an H-valued continuous modification (which we again denote by
u) that satisfies (30).

Finally, to show v) we note that @, (T') — up by part i) which together with 7ii) implies

ur + /OT a(s)ds = ug + /OT b(s)ds + /OTO'(S) dW(s) inL” .

Since the continuous H-valued modification of u (cf. iv)) satisfies (30) we may conclude that
up = u(T). O

The following variant of the Gronwall lemma, cf. [30, Lemma 5.1], will be useful for the
proof of the subsequent theorem.

Lemma 4.3. Let a and b be real-valued integrable functions such that for all t € [0,T]
t

(33) a(t) < a(0) +/ b(s)ds,
0

then for all A\p > 0 and for all t € [0,T)

e Blg te*’\Bsas s<a te*/\BS s)ds.
(34) <t>+AB/O (s)ds < <o>+/0 b(s)d
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Moreover, if equality holds in (33), then equality holds in (34).

In the next theorem we conclude that the weak limit of the numerical approximation from
Lemma 4.2 is the very weak solution of the equation (11).

Theorem 4.4 (Convergence of the numerical approximation). Let Assumption 1 hold and let
ug € L2(Q, Fo,P;H). Then, for b, — 0, r — oo the fully discrete solution of scheme (29)
converges to the unique very weak solution u € LP(Q x (0,T); V)N L2(; C([0,T]; H)) of (11)
in the sense of Definition 2.2.

Proof. We have shown in Lemma 4.2 that every weak limit u of the numerical approximation
satisfies for ¢t € [0, 7]

u(t) = ug —i—/o b(s) —a(s)ds —i—/o a(s)dW (s).

Hence, it remains to show that a = Au, @ = o(u).
Throughout the proof we use the shorthand notation ¢ := (h,7,7) and £ — oo stands for
h,7— 0, r — oco. We define

o [IE OB ifte ©.T)
Ey(t) := .
||uh||L2(Q;H) ift=0.

Analogously to the proof of Lemma 3.4 we deduce from (23) on noting the definition of the
time interpolants (29) that for any ¢ € (0,77 it holds

Ee(t) < E(0)

+E[/O 2 (br(s) — Atir (), T (5))y e + 107 (@ ()17, ) dS] +Re(t)

with Ry(t) = E [ 1o — AT (5),787 (8))yr ey + 107 (@ (S)I2, ez ds]
We use Lemma 4.3 and obtaln from the above inequality that

T
e 8Tz = — e B5T,(s) ds
o(T) < Z4(0) AB/O o(s)d
T
(35) +E [ /O e (2by(5) — ATty (5), 1 () + 107 (1 (D)3 ) ds]

T
+ AB / e B5|Ry(s)] ds.
0

Note that by the monotonicity property (14) it holds for arbitrary w € LP(€2 x (0,7);V) that
T
—2E {/ e S (AT, (8), T (8))yyr oy ds
0

<E

T
/0 (Yo (@ () = o (w($) |3y + AplE(s) = w(s) ) ds]

—2E

/ e ((Aw(), 17 (5) — Wiy + (AT (), 0y ) ds] -
0
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We substitute the above inequality into (35) and obtain
ApT ||+ 2
e P ()72 0um)

T
< oy + 2E [ [ e 01 ds}

T
+E /0 e_)‘BS( — o (wS)IT, ) + 2 (0@ (5)), o (w(s))) iy
(36) + gl (s)lIE — 225 (@ (5), w(s))g ) ds
T
—2E /0 e~ BS ( (Aw(s), Ur(s) — w(s))yry + (At (s), w(8)>V’><V) ds]

T
+ )\B/ e B%|Ry(s)| ds .
0

Next, we observe that, by Corollary 4.1,

T
AB / e_’\B|R4(t)| dt
0

< TAB (2 (HbTHLP/(QX(O’T);V/) + HAUT||LP’(Q><(07T);V/)) @ |l e x(0,7):v)

+ HU(ET)||%2(Qx(o,T);L2(K,H))>
<Cr—=0 forl— .

Hence, using the weak convergence of Lemma 4.2 i), ii) we deduce from (36) by the lower-
semicontinuity of norms that

e T u(T) |32 gy < liminf =7 [ (7)1 22 o)
T
< ol 20 + 2E [ /0 €% (b(s), u(8))y ey dS]

T
(37) <B| [ e (= lotwls) ym +2000) o)

+ Agllw(s)lIE — 225 (u(s), w(s)a) ds

—2E

T
e (). uls) = 0y + @) w6 e ds] -
After taking the expectation in (31) we get for all ¢ € [0, T

t
la(®) 22 qp) = luol2azny + E [ /O 2 (b(s) — a(s), u(s)yrey + 17() 30 ds] -
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Using Lemma 4.3 we obtain from the above equality that

T
T () sy = 0 Esrse) — ABE [ [ el ds}

(38) +E [ /O C e (24b(5) = al5), 1))y + 1703, 5 ds] -

Next, we subtract (38) from (37) and get

(39) O0<E

T
e (= o) = o)1 e + Aslhots) — u(s) ) dSI

—2E

T
| e (uts),uls) = ws))y = falo),uls) = w5y ds] -
0
On taking w = u in (39) we get that
T
0 S —E [/O €_>\BS||O'(’LL($)) - E(S)H%Q(KJH[) dS] S O,

which implies that o(u(s)) = &(s) in L?(2 x (0,T); La(K, H)).
Next, we choose w = u — ez for z € LP(Q x (0,7);V), e € (0,1) in (39) and get

E [/OT e (A(u(s) — 2(5)), 2(8) sy dS]

<E

/OT e (SAnl2(5) [ + {a(s), =) ds] |

Using Assumption 1 i, iv) we deduce by the Lebesgue dominated convergence theorem for
e — 0 that

E [ /0 "o (Au(s), 2(5)) gy ds] <E

T
/0 €5 (a(s), 2(5) )y ds] -

This implies that a = Au, since z € LP(Q x (0,7'); V) is arbitrary.
Finally, we conclude by the uniqueness of the very weak solution, that the whole sequence
converges to the same limit u.

0

Remark 4.5. We note that, opposed to 29|, the present convergence analysis does not re-
quire any restriction of the time step with respect to the mesh size for initial data with low
reqularity ug € H™!, cf. [29, Remark 5.1]. The time step restriction, which is due to condi-
tion [29, (3.6)], is required to obtain boundedness of the piecewise linear time-interpolant of
the numerical solution in LP(0,T;V). The above convergence analysis (which also covers the
deterministic case) only employs the piecewise constant time-interpolants (27), (28) of the nu-
merical solution; this makes the condition [29, (3.6)] redundant in the present setting. Despite
the fact the the proposed numerical scheme works well with rough initial data, such as the delta
function in d = 1, our experience shows that the regqularity of the initial condition influences
the convergence order of the proposed numerical approximation.
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5. PRACTICAL FINITE ELEMENT APPROXIMATION OF V C LLP

A natural approach is to construct the numerical solution uj € V,, CLP, n =0,..., N using
a finite element space V}, consisting of piecewise constant functions on a given partition of the
domain D with a given mesh size h. However, the piecewise constant finite element approx-
imation of the very weak formulation is impractical since the resulting finite element matrix
associated with the H-scalar product (-, )g = (-, (—A) )2 = (V(=A)"L V(=A)"1)2 in
the discrete very weak formulation (21) will be dense. Furthermore, the evaluation of the
H-inner product requires the evaluation of the inverse Laplace operator (—A)~!, which does
not have an explicit formula in general. This is a consequence of the fact that the inverse
Laplacian of the characteristic function x7 for some subset 7 C D does not have compact
support in D, i.e., in general supp{(—A)~!x7} = D. A further complication lies in the fact
that there is no explicit formula available for (—A)~!y7, in general.

Below, we discuss the construction of a finite element basis {¢;}7_; of V, for d > 1 on
rectangular domains with the property that v; := (—A)~!¢; can be computed explicitly and
has local support in D for i =1,..., J.

5.1. Finite-element basis in d = 1. We summarize the finite element method proposed in
[29] for D € R!. For the domain D = (—L, L), where L > 0 we introduce a partition into
disjoint open intervals {(Xi—1,Xi)}iJ:1, xg = —L, x5 = L such that D = U;le[xi_l,xi] and
denote x7 to be the characteristic function of the interval I. We then set V; = span{¢;, i =
1,...,J} C LP where ¢; : [-L, L] — R are defined as

3 1
(40) o1 (l’) = EX[xo,xﬂ($) - EX(xl,xz} (m) )
1 1
(4]‘) qb’t(x) = *§X(xi_2,xi_1](‘r) + X(xi_l,xi](x) - §X(X¢,Xi+1](l‘) bl
1 3
(42) (ZSJ(*T) = _§X(XJ727XJ71](:B) + §X(XJ717XJ] (x) :

for any z € (=L, L).

Note that the proposed approximation is equivalent to a piecewise constant approximation,
i.e., Vi, = span{¢;} = span{x(x,_, x> 4 = 1,...,J}. The proposed basis has the useful prop-
erty that 1; :== (—A)~!¢; (with (—A)~! defined on (—L, L)) admits an explicit representation

for all ¢ = 1,...,J which has a small support in D. It can be verified by direct calculation
that

—%(m—xo)2+h(a§—x0) ) if z € [xg,x1],
(43) P1(x) = i(az—xl)Q—%(x—xl)—{—hj if z € (x1, %],

0 otherwise,
further

1(z — xi_9)? if z € (x-2,%;-1],

2,

(44) Yi(x) = 3@ —xio1 = 52+ 3 ifw e (xim1,xi),

%(Xi—&-l — :E)2 if x € (Xi, Xi+1]
0 otherwise,
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fori=2,...,J —1, and

i(XJ_l—x)Q—%(XJ_l—.%)—I-hTZ if r e (XJ_Q,XJ_l]
(45) vy(x) = —%(xj—x)Qth(XJf:U) if z € (x5-1,%/]
0 otherwise,

We note that both basis have a small support in D, i.e., supp(¢;) = supp(¥;), j =1,...,J
with
[XQ,XQ] lezl,
supp(¢;) = § [Xj—2,xj41] forj=2,...,J—1,
so2xs]  itj=J.

Consequently, the "mass” matrix

My, = {mi;} o0 = {(6, (=A) o2} o1 = {(d5, )2} o

which corresponds to the H-inner product in the numerical scheme (21) will be sparse.

5.2. Spatial discretization in higher dimensions. We consider D = (—L, L)¢ for some

L>0,d=1,2,..., and denote x = (x1,...,24)7 € D. Given m € N we set J := 2™ and
consider a uniform partition of D with mesh size h = % into J := J¢ rectangular subdomains
D; = (Xiy—1,Xi;] X (Kig—1,Xip) X -+ X (X4,-1,%;,| for a multiindex i € {1,...,J}% where
0= (i1,...,0q), ig = 1,...,J for k =1,...,d, and x;, := —L + iph. We denote the above
partition of the domain D as Tj, = {D;, i € {1,...,J}%}.

We consider ¢, , i, = (—A) ¢, , ix = 1,...,J to be the one dimensional basis functions
defined in the previous section and construct the basis functions {¢;}, i € {1,...,J}¢ of V},
in R as follows: for i € {1,...,J}¢ we set

3 1\ a
(16) 6:0) = (o) oo [Lntan
= =
d d 3 1
k=1 =1
I#k

On noting ¢;, = (—A)71¢;, it can be deduced from (46) by a direct calculation that tp; =
(—A)~1¢; can be expressed explicitly as

3 1\
(47) 4@ = (gremge) 1Lt

A Ny

k=1

Equivalently the basis functions 4;(), i € {1,..., J}¢ are the solutions of the Poisson problem
~Ay;=¢; inD=(-L L)
P; =0 on 9D.

An example of a basis function for 2 <4 < J — 1 for d = 2 is given in Figure 1.
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FIGURE 1. ¢(i17i2) and ’llb(’il,l'z) for d =2

Clearly 1; € C1(D) since 1;, € C*([-L, L]) forall k = 1,...,d. In addition, since ;, , ¢;, C
R have a small local support in [—L, L], also supp(#;) = X Z:l supp(¢;, ) and supp(¢;)

d :
UZ:1 supp(¢;, ) X < X ﬁ}c supp(wil)> C R? remain "small”.

ford>1

My, = {mi ¥y = (5, (=) " pi)ia} 1 = {(ds, i)z}

is sparse; more precisely, there are only 5% non-zero elements in each row of Mj,.

By construction, the finite element space Vj, consists of (discontinuous) piecewise poly-
nomial functions on the rectangular partition 75 of the domain D. In order to analyze the
approximation properties of Vj in ILP it is convenient to consider the space of piecewise con-

Consequently, the "mass" matrix

Xiz+1

stant functions on 7j, which is denoted as V;, = span{x;} where x; := Lp, are indicator
functions of the elements D;.
We define the restriction operator Ry, : LP — V}, as

(48)

1
where vi:/ v(y) dy.
= o,

Rpv(z) :=

Y. wixile),

ic{l,....,J}4

Next, we analyze the properties of the operator Rj,.

Lemma 5.1. For any p > 1 the operator Ry, is LP-stable, i.e., |Rpv|lLr < ||v||Le for all

v € LP, and for all v € WP it holds that
H’U — EhUH]Lp < Ch“V’U”]Lp .
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Proof. The LP-stability follows from the definition of R, by the Hélder inequality as

p—1
— 1
b p - — p
Rl < 35 124 / [o(y \dy(/p | Di‘p/(p_l)dy> = [[ol,

ze{l, o

Next, we assume that v is smooth, the result for v € WP follows by density. By the
fundamental theorem of calculus and the Hélder inequality we get that

v — Ruvl, < |D|/ / v(@) — vy dy da

ie{l,....,J}d
crwy > / O 0@ dz = Clp, APVl
k=1ie{1,...,.J

O
Lemma 5.2. {V},},~0 is a Galerkin scheme for LP, p > 1. Le., for every v € LP it holds that

inf ||v—"opllLr — 0 for h — 0.
vpEV)

Proof. By density of W' < IL? we deduce from Lemma 5.1 that
(49) |lv — RpvllLe — 0 for h — 0 Vo € LP.

Since Rpv € Vj, we get from the above that

inf |lv— |l < |Jv — RpollLr — 0 for b — 0.
vREV),

O

For the (piecewise polynomial) basis functions ¢; defined in (46) we denote ¢, := Rp¢; € V},
and observe that Vj, = span{x;} = span{¢,}.

In order to show the approximation property of the finite element space V}, := span{¢;} C
L? we define the restriction operator Ry : LP — V;, as

(50) Ryv(x) = Y wvigi(x),

26{1,...71]}(1

8 1 »
where v; = 32 D] /Di(—A) v(y) dy.

For simplicity we restrict the proof of the convergence of the above restriction operator to
d = 2 and assume that D is a rectangle; we expect an analogous proof to hold for d > 3
and more general domains as well. For n € N we denote by V,, := span{ex, £k = 0,...,n}
the finite-dimensional space spanned by the the first n eigenfunctions of the homogeneous
Dirichlet Laplace operator on the rectangular domain D = (—L, L) x (=L, L)

L) (2 k”zL), keN.

By the density of U,enVy, in LP it suffices to show the convergence of the restriction operator
(50) for v € V,,.

(51) er(x1,2) = sin <27rkx1
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Lemma 5.3. Let n € N be fived. For any p > 1 and v € V,, it holds that
|lv — RpvllLy —> 0 for h — 0.

Proof. Tt is enough to show that the statement holds for v = ey, k € N.
For x = (x1,x2) € D we consider the following discrete Laplace operator

1 1
(—Ah) (1, x2) := u(xzy,x2) — gu(m +h,zo+h) — §U($1,$2 +h)

3h2
1 1
— gu(:cl —h,xo+ h) — gu(xl + h,x2)
1 1
(52) — —u(z1 — h,x2) — —u(x1 + h,29 — h)

8 8
1

1
—gu(xl,:rg —h) — gu(xl — h,x9 —h)

The discrete Laplace operator —A% corresponds to the 9-point finite difference approximation
of the Laplace operator, cf. [12, p. 190, Example 4]; see also Figure 2. We note that for

)

©, ©

@

FiguRrE 2. Finite difference stencil related to the Discrete Laplace operator —A%.

u € C*(D) the discrete Laplace operator (52) satisfies the consistency property
(53) (—=A)u(z) + Au(z) = O(h?)  Vx €D.

With each element D; € T}, we associate the corresponding basis functions ¢;, ;. To deal
with the complication that the basis functions associated with the elements of the partition
Tr, along the boundary of the domain D have a different shape (c.f., (46) for i1,io = 1,J and

(40), (42)), we introduce a layer of 4(J + 1) "ghost” cells Dloiny Piyirin) Plivoy Dal J+1)’
i1,i2 = 0,...,J 4+ 1 (the dimensions of the cells will be specified below) along the outer side
of the boundary of D. We then denote the resulting extended partition with (J + 2)? cells as

=ThU {D(l i2) }, i.e., T;* includes the elements of 7; and the "ghost” cells.

Recall the following trivial symmetry properties of the eigenfunctions ey from (51) (as well
as for (—Ap')ey, since (—Ap')er = Arer) which hold along the boundary of D: ej(—L —
x1,x9) = —ep(—L + x1,x2), ex(L + x1,22) = —ex(L — x1,22), and ex(—L — 21, —L — x9) =
ex(—L +x1,— L+ x9), ex(L + z1,—L — x3) = ex(L — x1,—L + z2). We note that (for ghost
cells D} with dimensions given implicitly via the definition (55)) the symmetry also transfers
to the piecewise constant approximation of e; over 7%, i.e., for Rpey, naturally extended on
7. We will use this fact to construct an "extension" of Ry, from (50) on T,* (see (57) below).
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We consider a (modified) finite element basis associated with the elements of the extended
partition 7;* with (J + 2)? basis functions which are defined as (46) with the exception that
we only use the (suitably shifted) "interior" basis functions (41), (44). Namely, we use (46)

where for i1 =14, io =it weset fort=0,...,J+1
1 1
(54) ¢; () = _QX(XFQ,XFl](m) + X(xi-1,%] () — §X(Xi,xi+1](x) )
where we define x_1 = —L — (x1 — X¢), Xj+1 = L + (x5 —x5-1) (i-e., we replace the basis

functions (40), (42) and (43), (45) by their "interior" counterparts); we proceed analogously
for the basis functions 11, 17, i.e., replace (43), (45) by a suitably shifted analogues v}, 9%
of (44).

We note that the "boundary” basis functions satisfy ¢1(z)|(x,x;) = (#7(7) — ¢§(%))|(x0,x1)5
()| (x,y_1x,) = (@7(2) = 95,1 (%) (x,_, x,) (and similarly for 1, 17). We deduce from (46)
that analogous relations also hold for ¢; and ¢; (as well as for 4 and ;) for instance it

holds at the bottom boundary (analogically for the top, left and right boundaries)
(55) D)D) = (D11 = Dli0) 1Py 0y 0

and similarly for ¢(i171)‘D(11+1,1)7 ¢(i171)‘p(i1_1’1). Slightly modified relations hold for the basis
functions associated with the corner elements D(y 1y, D11y, D(1)s D7) of Tp; for instance
for D(y,1) we deduce

(56) ¢(171)’D<1,1> = (qbzkl,l) - ¢>(k1,0) - ‘7-"9(‘0,1) + ¢>(k1,1))‘D(1,1> J
¢(171)’D(2,1) = (qbzkl,l) - ¢>(k1,0))‘17(2,1) )
¢(171)’D(1,2) = (qbzkl,l) - ¢>(|<0,1))‘D(1,2) )
and similarly for basis functions at Dy 5y, D1, D(,5)-
On noting the aforementioned symmetry properties of eigenfunctions e; and the relations
(55), (56) (along with their counterparts covering the remaining situations) we observe that
(50) for v = ey, is equivalent to

(57) Rpw@lo= Y ueil),

16{07177J7J+1}d .
where {@]} is the previously constructed extended basis of "interior" basis functions associated
with elements of 7;".

The equivalent representation (57) of the restriction operator (50) simplifies the subsequent
considerations, since it only involves one type of (interior) basis functions. For the rest of the
proof we will work with the basis functions ¢; but drop the superscript ”*” to simplify the
notation (also note qbz‘im.z)) = @iy iy for 1 <ig,iz < J, ie., the modification is only required
at the boundary).

We consider an element D; C D. By a direct calculation of the elementwise mean of the

basis functions (46) for d = 2 (i.e., evaluating aj = Ehd)i), we note that for z € D;, fixed
i = (iy,1p) it holds that ¢;(z) = 1 and ¢;(z) = —3 for j € N(i) :== {j € {1,,...,J}*% D;N
D; # 0} = {j = (i1 + k1, iz + k2); k1, ke = —1,0,1}, j # 4, cf. Figure 2; below we denote
k = (k1,k2) € {—1,0,1}? the local index of j with respect to i and write j = glob, (k).
Consequently, we observe that the coefficients in the definition of the discrete Laplace operator
(52) for x € D; correspond to the values @,|p,, j € N (i), scaled by the factor 3%.
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Hence, from the above observation, noting the definitions (50), (48) and recalling (52) we
deduce for x € D; that

8 1 _ —
ARG Z ~ 352 D, (—A)u(y) l(a:)dy
JEN (D) jeNG) L D
= — (y)$ lob, (k) (%) Ay
\Dglob |/ Dyion, (k) glob, (k)
(58) = / S (8) o+ b + b))y
7' k1,ko=—1

=57 L AN (=8)0w)) .

where we employed the integral transformation D; — D; for j # i (i.e., y = (y1,42) € D; —
(y1 + krh, y2 + kah) € D;) along with the fact that |Dj| = [Dy].
By the consistency property (53) we get from (58) for « € D; that

y) dy + O(h?)

2
Ru[Ruv)(x |z>|/ —A(=A)u(y) dy + O(R2) =

= th( )+ O(h2) .

ID!

Consequently, on recalling Lemma 5.1 we conclude for h — 0 that
(59) HU — Rh th H]LP § ||U — EhUH]Lp + O(h2) =0

Next, we estimate the difference Eh[RhU] — Rpv. Due to the local support of the basis
functions for x € D; we may express

(60)  (RnlRyv] ~ Ruv) (x) = (—8) " o(y) dy (6(2) - b5() ) -

NG Dj| Jo,

As in (58) we employ the transformation D; — D; for j # i and rewrite the above expression
as

(Eh[th} — Ryv) (z)

3h2 2 / Z v(y1 + k1h, y2 + k2h) (aglobi(ﬁ) (@) = Dglob, (k) (93)) ) dy.

Zk:k*l
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Hence, after expressing the basis functions (46) explicitly (recall i = (i1,42), * = (x1,22) €
D; = (xi,—-1,Xi;) X (Xiy—1,Xi,)), for each y = (y1,y2) we restate
1

Z (=A) Yu(yr + kih, y2 + kah) (aglobi(k) () = Pglob, (k) (35))
k1 ko——1

= A ) (- janaten) = jae) + )
+(=A) " u(y,) (-;%,2(9?1) + a1 (22) + é)

1 1 1

+ (=A) M o(y11) (—2%'1,3(161) - 5611'2,1(:162) + 8)

2 8
(61) + (=2) 0 (o) (air2(@1) + @iz 2(w2) — 1)

+(=A) " (y1,0) <a1;1,3($1) - %%,2(962) + ;)

(A () (<x> L ae) + 1)

1 1 1

+ (*A)_lv(y(l,—n) <2ai1,1(931) - 5%’2,3(962) + 8)

_ 1 1
+ (=A) " (y,-1)) (—2az‘1,2(flfl) + aiy 3(72) + 8)

_ 1 1 1
+(=4) 17}(2/(—1,—1)) —*ail,?,(xl) - *az'2,3(962) + 5 )
2 2 8
where we employ a shorthand notation y(g, r,) = (y1 + k1h,y2 + kah) and for n = 1,2 we
denote (cf. (46))

3 31

ain,l(xn) = w¢ln+1(l‘n) = WZ (J?n — Xin,l)Q for x,, € (Xinfl,xin),

3 3 1 h\?  3h2
a;, 2(xn) = szn($n> = o2 [—2 (xn — Xj,—1 — 2) + g for z,, € (xi,-1,Xi, ),

31
- 2h24
The following property, which follows from (44) by direct calculation, will be essential in the
sequel

3
Gin3(@n) = W%"’l(x”) (X — n)? for z,, € (xi,-1,%i,)-

3
(62) @i, 1(2) + i, 2(2) + @i, 3(2) = 7,
for i, =2,...,J —1, and z € (x;,-1, Xi,)-
Next, we expand the terms 0(y, ,)) = (=A)Yo(ys + k1h, y2 + koh) in (61) at y = Y(0,0)
using Taylor series as

1

Z 6(y(k1,k2)) <$glob£(k) (‘T) - ¢g10bi(@ (.’L‘)) =I+---+1V,
k1,ko=—1



28 TUBOMIR BANAS, BENJAMIN GESS, AND CHRISTIAN VIETH

where
=[50+ @ra00) + 00st) (502,50 + 0 00s3(0) + 5,500 ) 12
+ O(hg)] (—;an,l(xl) - %aiz,l(l?) + ;)

+ o)+ 0iv(n + 502,508 + O] (=g aten) + aalaa) + )

~
~
Il

| ——

(31
—~
s
+

|
SZQD

(31
s
+
S
V]

(4!
<
=

>

+

Y
N | —
Q

o
2
—~
53@

N
N

[~
—~
N~—
+

Q

o
2
N———
>
o

+ O(hg)] (—1%,3(%1) - 1611‘2,1(562) + 1)

T {ﬁ(y)—i—a B)h+ 532, (>h2+0<h3)] (ail’l(ml)_;ai2’2(x2)+é>

+ 0(y) (@i, 2(x1) + aiz,g(xg) -1),

1 =|i0) = 0n, i)+ 502, 00082 + O] (asa(0) = Jaaen) + 5 )

600+ 0 20) — ) o+ 52,500) — 0090, 000) + 502,000) ) 12

00| (= Janaen) = jaisalon) +5)

1V =[o6) = Bns ) + 52,500+ 00| (~ganalon) + aipalien) + 5 )

[0 = 0 2) + 905 ot ( 52,5000 + 0190s000) + 502,700) ) 12

+ O(h?’)} <—;ai1,3(x1) — S a(e) + é) |

We rearrange the above terms I — IV, use the identity (62) and obtain

1

> 50k k) (Beton,)(®) — Batony 1))

k1,ko=—1
(63) =0+ [3(y) + (90,5(y) + DugD()) h + 00 Dy ()1
1 B 3
+ 583 [ iy 1(22) — @iy 2(22) — @iy 3(z2) + 4] h?
1 2 ~ 3 2 3
+ 5390 —ai 1(x1) — aip 2(x1) — @iy 3(x1) + 1 h* + O(h”)

= O(h?).
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Hence, we substitute (63) into (60) to conclude that
— 8 1 _ -

00 Balfi) - Ruvl =[5z X p [ A1) (8500 - 940) dy

3h* D] Jo,

Jje{1,..,Jyd - = El
=Ch.
Finally, by the triangle inequality we estimate

(65) |lv = RpvllLe < |Jv — Eh[RhU]HLp + HE}L[R}LU] — RpvllLe ,
and the statement follows by (59) and (64). O

The above lemma allows us to deduce the density of {Vj,},~¢ in L.

Corollary 5.4 (Approximation property of Vy). For every v € LP, p > 1 it holds that

inf [[v—wp|lLe =0 for h — 0.
v €V,

Proof. Consider v, € V,, and note that limy_,o ||v: — Rpve|lLr = 0 by Lemma 5.3. Since
Rpv. € V;, we get

inf |Jv—wp|lLe < v — RpvellLe < ||v — vellLe + [|ve — Rpve||Le-
v EVY

The statement then follows by the density of U,enV, in LP. ]

The restriction operator (50) is not implementable since it requires the evaluation of the
function (—A)~!v, which is not available in general. For practical purposes (e.g., to compute
the discrete approximation of the initial condition) it is convenient to consider the discrete
H~!-projection Py : H~! — V;, which is defined for v € H™! as follows

(66) (th,wh)H_1 = (v,wh)H_1 Ywp, € Vp,.

Remark 5.5. The H~'-stability of the orthogonal projection, i.e., ||Pyv|g—1 < C|lv|lg-1 fol-
lows on taking w, = Ppv in (66) and using the Cauchy-Schwarz and Young’s inequalities.
Furthermore, we note that (66) is equivalent to Pyv = argming,cv, v — wp||Z-, which in
particular implies that Py(Rpv) = Rpv for v € V=LPNH™!.

Consequently, using the continuous embedding ILP — H~', for p > 2d/(d + 2) we get for
velLP, v €V,

v = Ppollg-1 < [Jv — Rpvellg-1 < |lv — vellg-1 + [[ve — Rpvelm—
< v — ve||g-1 + C|lve — Rpve||Lr -

Hence, by Lemma 5.3, the density of LP, p > 2d/(d+ 2) in H™! and the density of UpenViy,
in LP we conclude the approzimation property of the H™'-orthogonal projection:

lim [|v — Ppollg-r =0 Yo eH L.
h—0

Remark 5.6 (Case p < 2d/(d +2)). For v € V = LP N"H~! we recall that the operator
Qn 'V = Vy in Section 3 is defined as

Qpv = arg min|lv — vy .
v, EV)

Forp > 2d/(d+2) it holds that V = LP and we may choose the operator Qpv = arg min|lv—

vhevh,
vp|lLe for v € LP =V and obtain (19) directly from Corollary 5.4.
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Forp < 2d/(d+2) < 2 the embedding LP — H~! does not hold, nevertheless one can show
(19) by a density argument. We consider v. € V,, and estimate

(67) lv = Qnollv < flv = Qnvellv = [lv — vellv + [lve — Qnvellv.
We estimate the second term on the right-hand side above as
Hve - QhUsHV < ”7}6 - ths”V = H'Ua - Rh'UeHILP + H'Ua - RhUsHH*1 =1+1I,

where I — 0 for h — 0 by Lemma 5.3. Note that the definition of the H™' inner product
implies |[v]|Z-, = (v, (=A™ )v)p2. Hence, we estimate the second term by the Cauchy-Schwarz
inequality and the L?-stability of the inverse Laplacian as

IT? < vz — Rpve|2 (=A™ (ve — Rpve) |2 < Cllve — Rpve||22 — 0 for h — 0,
by Lemma 5.3. Then (19) follows from (67) by the density of {Vy}nen in V.

6. NUMERICAL EXPERIMENTS

6.1. Convergence of the projection in d = 2. We study the experimental LP-convergence
( for p = 3) of the H™!-projection operator (66) as well as of an implementable counterpart

Ry, : LP — V), of the restriction operator (50) defined as

Ehv(:c) = Z 2@(,2%(.%) s

ie{lw"%]}d

] _
where ¥; = — [(—A}) " Rp,v];. Le., the coefficients are the solutions of finite difference scheme

3h2
3h? _ —
(%) = Trln

forie{1,..., J}Q; we note that it holds by construction that Ehﬁhv = Rpv and fihﬁhv =
Rpv.

In Figure 3 we display the convergence plot of the H™!-projection of the Barenblatt solution
Prup(t,-) at t = 0.1 (see (68) below) along with the convergence plot of Pyx(_¢.50.5)2 of the
(non-smooth) indicator function of the (—0.5,0.5)?-square; in both cases D = (—1.5,1.5)2.
The convergence plot implies convergence of the projection in LP (p=3) of order h for the
smooth Barenblatt function and of order of h?/3 in the non-smooth case. _

In addition we display in Figure 3 the convergence plot of the restriction operator Ry, for
the indicator function x(_q 5052 which is also of order h2/3.

6.2. Barenblatt solution of the deterministic PME. We consider (1) with a(u) =
|ulP~2u, f =0, g =0, 0 = 0 which corresponds to the deterministic porous medium equation
O = A(|u|P~?u).

The exact solution of the porous medium equation with initial condition ug = ¢y (i.e., the

o-distribution centered at 0) the so-called Barenblatt solution
1/(p—2)

(68) up(t,z) =t “max {O, C - k|x]2t*2b} ,

where a, b, k, C are suitable constants that depend on p, d, c.f. [64, Ch. 17.5].
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Lo? Convergence of the Projection P, Convergence of the Restriction R

10°

5 =
I 1072 e (U
g 5
w03 Smooth function| |
LP function
------------- O(h)
- O<h2/’%)

I | 102 I
1073 1072 107! 10° 1072 1071 10°

h h

FIGURE 3. Convergence of the H™!-projection (left) and of the restriction
operator Ry (right).

In the experiments below we choose D = (—1.5, 1.5)‘1,61 =1,2and T =0.1,p =3 We
consider a regularized initial condition ug = dg =~ Uy € Vj, with

S iteeD;, je{d d+1}°
o (207 )0 else

and set up,o = Py(tp) € V.

We study the convergence of the numerical approximation with respect to 7, h in the LP-
norm, i.e., we compute the error ||up — %r||pr(jt,7)xp) Over time-interval [t,T] = [0.01,0.1]
where we choose ¢ > 0 to reduce the effect of the approximation of the initial condition.

In Table 1 we display the LP-error for 7 = 1/N, h = 2L/J in d = 1. The corresponding con-
vergence plots in Figure 4 indicate that the convergence order of the numerical approximation
with respect to 7 is slightly less than one and around % with respect to h.

N\ J 8 16 32 64 128 256
8 0.083032 0.02221  0.020881  0.024805  0.025878 0.025931
16 0.07524 0.016254 0.015419 0.015481  0.015893 0.016162

32 0.075711 0.017544 0.0070398 0.0088919 0.0094508  0.0094772

64 0.077172 0.021771 0.0054151 0.0051293 0.0056912  0.0059705

128 0.077702 0.022649 0.0060452 0.0028429 0.0033319  0.0035322

256 0.077591 0.022801 0.006569  0.002342  0.0017761  0.0019579

512 0.077532 0.022934 0.0069462 0.002467 0.0011016  0.0010656

1024  0.077593 0.023061 0.007187 0.0025917 0.00099377 0.00060724
TABLE 1. LP((0.01,0.1) x D)-error of the solution, d = 1.

To highlight the finite speed of propagation property on the discrete level we display the
evolution of the support of the numerical approximation in Figure 5.

Next we examine the convergence behaviour in d = 2, we note that in this case ug ¢ H~ 1.
In Table 2 we display the LP-error computed for 7 =1/N, h =2L/J.
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FIGURE 4. Convergence of the LP((0.01,0.1) x D)-error of the numerical ap-
proximation of the deterministic Barenblatt solution in 1d. Left: convergence
with respect to h for fixed 7, right: convergence with respect to 7 for fixed h.

The corresponding convergence plots in Figure 6 indicate that the convergence order of the
numerical approximation with respect to 7 and h are both close to one. As expected, (due to
the lower regularity of the initial condition in d = 2) the observed convergence order of the
spatial discretization is slightly worse than the corresponding convergence order for d = 1. We
display the time evolution of the numerical solution in Figure 7 and a detail of the numerical
solution at T'= 0.1, d = 2 is displayed in Figure 8.

N\ J 8 16 32 64 128 256

8 0.092154 0.050998 0.045512 0.04534  0.04531  0.045288
16 0.094038 0.047956 0.032504 0.028832 0.027894  0.027644
32 0.095218 0.048104 0.026604 0.019108 0.016976  0.016402
64 0.098787 0.050731 0.026017 0.015466 0.011883  0.010852
128 0.10062 0.052414 0.026237 0.013883 0.0087862 0.0070965
256 0.10077 0.052773 0.026229 0.013247 0.0072316 0.0048007
512 0.10086  0.052981 0.026295 0.013092 0.0067107 0.0037732
1024 0.10109  0.05325 0.026433 0.013108 0.0065808 0.0034176

TABLE 2. LP((0.01,0.1) x D)-error of the solution, d = 2.

6.3. Barenblatt solution for the stochastic PME. We consider the stochastic porous
medium equation (1) with a scalar-valued Wiener process W (t) and linear multiplicative
noise o(u) = u and f,g = 0. In this case, for d =1, D = R and p = 3 the analytic solution

can be expressed as
¢
g ( / VO s, ) V-5
0

N+
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FIGURE 5. (top) Time evolution of the numerical solution for J = 64, N = 128
in d = 1; (bottom) the corresponding support of the numerical solution, in
yellow, and the support of the analytic solution, in red.

where up is the deterministic Barenblatt solution (68), cf. [3, p. 87,88] and the references
cited therein. The support at time ¢ € (0,7] are all x € R, such that

_ t . a/d t .
(69) |$| < CM / eW(S)—§ ds =120 ¢ / eW(S)_E ds,
a(p - 2) 0 0

with C = C(d,p) as above.  Hence, we perform the simulations on a finite the domain
D = (—L, L) that contains the support of the solution in (0, 7] for each considered realization
of the Wiener process W (t); in the present simulations we set L = 1.5. The finite speed of
propagation is preserved in the preformed the simulations.

In Table 3 and Figure 9 we observe the convergence with respect to (7, h) of the numerical
approximation of the stochastic Barenblatt solution. We display the expectation of the
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FIGURE 6. Convergence of the LP((0.01,0.1) x D)-error of the numerical ap-
proximation of the deterministic Barenblatt solution in 2d. Left: convergence
with respect to h for fixed 7, right: convergence with respect to 7 for fixed h.

error of the numerical approximation of the stochastic Barenblatt solution in the LP (p = 3)
norm, where we use Monte-Carlo method with 10° realizations of the noise to approximate
the expectation.

N\ J
8

16

32

64

128
256
512
1024

8
0.045434
0.06444
0.069643
0.074465
0.076666
0.077362
0.077722
0.077983

16
0.022878
0.01176
0.012408
0.016884
0.020286
0.02164
0.022367
0.022812

32
0.036722
0.021544
0.011412

0.0065525
0.0057942
0.0063097
0.0067772
0.0070991

64
0.040406
0.025007
0.014496
0.0087332
0.00491
0.0029489
0.0025539
0.002603

128
0.041319
0.025851
0.015296

0.0095565
0.0056214
0.0031048
0.0017667
0.0012162

256
0.041538
0.026057
0.01549
0.0097648
0.0058322
0.0032878
0.0018573
0.0010803

TABLE 3. LP(2 x (0.01,0.1) x D)-error of the approximation of the stochastic

Barenblatt solution.
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FiquRrE 7. Snapshots of the numerical solution computed with J = N = 256
at time ¢ = 0,0.025,0.05,0.075,0.1.
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FiGURE 8. Numerical approximation of the Barenblatt solution at time ¢t =T
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Fiaure 9. Convergence of the LP(Q x (0.01,0.1) x D)-error of the numerical
approximation of the stochastic Barenblatt solution. Left: convergence with
respect to h for fixed 7, right: convergence with respect to 7 for fixed h.

Figure 10 shows one sample path, the analytic support (for this path) is plotted in red and
the support of the approximation in yellow. We observe that the finite speed of propagation
is preserved P-a.s.
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(B) Support of the numerical solution, J = 64, N = 128; red line indicates the analytic support (69).

Ficurke 10. Numerical approximation of the stochastic Barenblatt solution in 1d.

6.4. Numerical experiments with space-time white noise. We study the stochastic
porous medium equation with space-time white noise on D = [-L, L], L = 1.5, where no
analytic solution is available. We consider a uniform partition of D into sub-intervals D; =
(=L + (¢ = 1)h,—L +th), i = 1,...,J with mesh size h = % We consider the stochastic
porous medium equation (1) with linear multiplicative space-time white noise o(u)dW =
ooudW}, where o is a constant. The term dWj,(¢t,z) = oou Z;le )f:'l(/xz) dpi(t), where x;
are the indicator functions of D; and B; are independent Brownian motions, is a Vj-valued
approximation of the space-time white noise, cf., for instance, [1], [7], [55].

In Figure 11 we display the numerical solution for one realization of the discrete space-time
white noise with o¢ = %, p = 3 along with the corresponding support. We observe that the
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evolution of the support for the space-time white noise does not deviate significantly from the
deterministic case. In particular the numerical approximation preserves the finite speed of
propagation of the support, see Figure 12.

1.5 1.5
1.
1
0.5
0 0.5

1 = 7777{(7)7.62737; 667{6655 0.04 0.0250.01 Mo
z t

(A) Time evolution of the numerical solution, J = 64, N = 128.

()-ES menman——

() mmmmmn

_ 1 . 5 .IIIIIIIIIIIIIIIIIIIIIIIII....................

0.1 0.09 0.08 0.00r 006 0.05 0.04 0.03 0.02
t

(B) Support of the numerical solution, J = 64, N = 128.

FicUrEe 11. Numerical solution of the stochastic problem with discrete space-
time white noise in 1d.

Next, we examine the convergence of the numerical approximation with the approximate
space-time white noise ogu dW},. We choose 0y = 1 and consider a sequence of nested meshes
h=3/J,J=200x2 fori=1,2,34and set 7 = 52720+) = O(h?). Since no explicit
solution is known for the case of space-time white noise we consider the numerical solution uj,
with h =1 / J, J = 6400 as a reference solution. To construct realizations of the noise which
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0.1 0.09 0.08 0.07r 006 0.05 0.04 0.03 0.02
t

FicUurReE 12. Evolution of the the support of the numerical approximation,
J =64, N = 128: green - support of the numerical solution of the determin-
istic problem, yellow - support of the stochastic numerical solution with the
discrete space-time white noise; red line indicates the analytic support of the
deterministic solution.

are consistent across all discretization levels we construct the realizations of the space-time
noise on the coarse level by suitable averaging of the noise on the finest level J = 6400 with
h = 3/6400, 7 = %4_6 as in [9, Section 4.1]. For technical reasons we compute the LP, p = 3
error of the numerical approximation at the final time level which corresponds to the final
time T' = 0.1, the expectation was computed as an average of 100 realizations of the discrete
space-time white noise. The plot of the error in Figure 13 indicates convergence order of order
1/2 with respect to the mesh size h or 1/4 with respect to the time step 7 = O(h?). We
note that the presented convergence result goes beyond the existing theory of Example 2.4
which does not cover linear multiplicative noise. The convergence of the considered discrete
space-time white noise approximation dW}, in the additive noise case is given in Appendix A.
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APPENDIX A. APPROXIMATION OF THE SPACE-TIME WHITE NOISE

We discuss the convergence of the numerical approximation of (11) with additive space-
time white noise in dimension d = 1 for the piecewise constant approximation of the noise
introduced in Section 6.4, instead of the truncated noise expansion analyzed before. For
simplicity below we consider D = (0,1) and a uniform partition with |D;| =h =1/J.
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FIGURE 13. Convergence of the error E [Huh —uy || ] of the numerical ap-

proximation u,]ZV for h =3/J, J = 400, 800, 1600, 3200 to the reference solution
u;]LV at the final time level ty =t5 =

We note that the approximation of the space-time white noise introduced in Section 6.4 can
be interpreted as a projection of the space-time white noise W onto Vy, (cf. [1], [7], [55]):

J
AWy (t, z) = Ry, AW (t, z) :Z 1/2 dﬁl

where Ry, is the restriction defined in (48).
For v € H = H~! we observe that

<

(dWi(8), v} /D AW (t, 2)(— A “ A Yyo(z) de

N~ 48 (1 B o
_;|D1|W (w /Di(—A )v(:v)dx> —/DRh((—A Yo(x)) dW (¢, 2) da.

Hence, using the Cauchy-Schwarz inequality and Lemma 5.1 we deduce for v € L2(€; H™1)
independent of fst dW that

1/2

B [ (W (©). 0 — (aWie), ] < [( [ awie.-ae- Rh<—A1>v>L2)2]

(70) =K [/ (=AY — Rp(—A 1|22 dg] v
1/2

<ne| / IV (—A~Y0) I dé]l/z —e| [ t E)lde]

where we also used that (—A™')v € Hj and ||V (=A™ 1v) |2 = ||v||u for v e H™L.
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In the case of (11) with additive space-time white noise we may consider the following
numerical scheme as an alternative to (21)

(71) (upp — up™! JOR) g T T (AUL, Oy oy = T (07, 0n)yr oy + (An Wi, vp)y -

To obtain the counterpart of the a priori estimate in Lemma 3.4 for the solution of (71) we

estimate the noise term in analogously to (24) using the independence of A;W, u{fl as

E[(85Whoul)y| <E (AW )| + B [(8Wh ], =] )]
< E[HA Willa] + E[Huh—uh iz -

We take {ey, }ren to be the eigenbasis of the Dirichlet Laplacian on D, express x; = > _pcn(Xi» €x)12€k
and note that

AWy = rh\W sz )A;Bi = Wg Z (D0t endreen(@)) A6
i=1 keN
Hence, using the independence of {3;}7_, and E[|A;3;]?] = T we estimate

J J

1
E |:HA]'WhH§Hi| = EE Z (Z(Xiaek)]lﬂek)Ajﬁia Z (Z(Xi,ek)wek) AjB;
i=1  keN i=1  keN H
= Z H > (xisex LN%H 7 Z D (s ere (=A™ Yer, (xis ee)r2ee) o
=1 keN i=1 kleN
Xzaek IL2 T
ZZ T2k2 H k”]L2 6
i=1 keN =1 kGN

where we used that (—A~1)e, = —%5, (er,er)r2 = Ore and (X4, ex)r2 < h. The remainder of
the proof of Lemma 3.4 follows with minor modifications.

The proof of Lemma 4.2 can also be adapted for the approximation (71) in a straightforward
way. The noise term in (71) is rewritten as (A, Wh, vp) g = (AW, vp) g+ (An Wi, — AW, vp) g
and the expectation of second term vanishes for h — 0 thanks to (70). The remainder of the
convergence proof of (71) follows as for the original approximation.
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