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ABSTRACT. We prove the unique weak solvability of time-inhomogeneous stochastic differential
equations with additive noises and drifts in critical Lebesgue space L7([0,T];L?(R¢)) with d/p +
2/q = 1. The weak uniqueness is obtained by solving corresponding Kolmogorov’s backward equa-
tions in some second-order Sobolev spaces, which is analytically interesting in itself.

Keywords: Weak solutions, Ladyzhenskaya-Prodi-Serrin condition, Kolmogorov equations, De Giorgi’s
method
AMS 2010 Mathematics Subject Classification: 35K10, 60H10, 60J60

1. INTRODUCTION

The main aim of this paper is to investigate the well-posedness of the following stochastic differ-
ential equation (SDE):

dX, = b(t,X,)dr +V2dW,, Xo=xe R, (1.1)

where W is a d-dimensional standard Brownian motion and b : [0, T] x RY — R is a vector field in
some critical Lebesgue spaces L7([0, T]; LP (R?)) with d/p+2/q = 1.

The study of classical strong solutions to SDEs in multidimensional spaces with singular drifts at
least date back to [Ver80], where Veretennikov showed that (1.1) admits a unique strong solution,
provided that b is bounded measurable. Using Girsanov’s transformation and results from PDE:s,
Krylov and Rockner [KROS5] obtained the existence and uniqueness of strong solutions to (1.1),
when b satisfies the following subcritical Ladyzhenskaya-Prodi-Serrin (LPS) type condition:

. d 2
b e LE(T) = LI([0,T];LP(RY)) with p,q € (2,00), , + 7 < 1. (1.2)
After that, various works were devoted to generalize the well-posedness results and study the proper-
ties of solutions to SDEs with singular coefficients, among which we quote [FF11, LT17, MPMBN " 13,
MNP15, XXZZ720, Zha05, Zhall].

However, for the critical regime:

d 2
beL{(T) with p,q € [2,], —+ - =1, (1.3)
JZ}
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it has been a long-standing problem whether SDE (1.1) is well-posed or not in the strong sense
under the critical condition (1.3). Beck et al [BFGM19] showed that if b satisfies (1.3) with p > d or
p=dand ||b|| a7 is sufficiently small, (1.1) has at least one strong solution starting from a diffusive
random variable in a certain class. In [Nam20], Nam proved that (1.1) admits a unique strong solution
for each x € R? when the Lebesgue-type L? integrability in the time variable is replaced by a stronger
Lorentz-type L%! integrability condition:

b e LY ([0,T];LP(RY)) with p,q € (2,0), ;’—1-621 =
But the endpoint cases (p,q) = (d,°) and (p,q) = (0,2) are excluded in [Nam20]. Very recently,
Krylov made significant progress in his works [Kry20d], where the strong well-posedness is proved
in the case that b(t,x) = b(x) € LY(R?) with d > 3. His approach is based on his earlier work with
Veretennikov [ VK76] about the Wiener chaos expansion for strong solutions of (1.1), and also some
new estimates presented in [Kry20b, Kry20c].

Surprisingly, to the authors’ best knowledge, there is no complete answer even for the unique
weak solvability of (1.1) at the Lebesgue-critical regime (1.3). There are few works on this subject,
among them, we mention that Wei et al [WLW17] studied the weak well-posedness of (1.1) when
be Cg([(), T];LP(R)) with p,q < . Recently, Kinzebulatov and Seménov [KS19] not only proved
the weak existence of solutions to (1.1), but also constructed a corresponding Feller process when
b(t,x) = b(x) is form-bounded, which includes the case that b is in the weak L? space and ||b|| a- is
small enough (see also [KS20]). Almost simultaneously, Xia et al [XXZZ20] proved the weak well-
posedness of (1.1) when b € C([0, T]; LY (R?)). However, the borderline case b € L4 (T') is much more
delicate and cannot be solved by the arguments used in [KS19] or [XXZZ20]. In [ZZ20], Zhang and
the second named author of this paper studied (1.1) at the supercritical regime, and they proved that if
b, divb € LI(T) with p,q € [2,c0] and % + % < 2, then SDE (1.1) has at least one weak (martingale)
solution. We also mention that in a series of very recent works [Kry20a, Kry20b, Kry20e, Kry20f],
when b € LY (R4 or b € L4 (R?), Krylov not only constricted the strong Markov processes asso-
ciated with (1.1), but also studied many properties of these processes, such as Harnack’s inequality,
higher summability of Green’s functions, and so on.

Now let us state the main motivations of this paper. The significance of the LPS condition (1.2)
and (1.3) named after the authors who posed these conditions to prove global well-posedness of
3D Navier-Stokes equations and smoothness of solutions. For the regularity theory of Navier-Stokes
equations, the endpoint case (p,q) = (3,0), which triggered a lot of papers, is extremely difficult, and
was finally solved by Escauriaza, Seregin and Sverék in [ESE(B] (see also [DDO09] and [GKP13]).
As presented in [Zhal6] and [Zha19], by letting b in (1.1) be a solution to the Navier-Stokes equation
(which is a divergence free vector field), the stochastic equation (1.1) can be related with the Navier-
Stokes equation through Constantin and Iyer’s representation (see [CIO8] and [Zhal0]). This deep
connection between singular SDEs and Navier-Stokes equations is our first motivation to study (1.1)
under the critical condition (1.3), especially for the borderline case (p,q) = (d,). Our work is also
motivated by the following interesting example: Let

1.

b(x) = —Ax/|x|*, x€R>and A > 0.
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Obviously, b ¢ L; (R?) but b € L**(R?) (= weak L*(R?) space). It was discussed in [BFGM19]
and [Z720] that (1.1) has no weak solution if A is large. However, when A is sufficiently small, it
was shown by Kinzebulatov and Seménov in [KS19] (see also [KS20]) that (1.1) has at least one

weak solution. In this paper, we will also give the weak uniqueness for this example.

Denote the localized L4 (T) (weak L% (T')) space by L2 (T) (b (T')) (see Section 2 for the precise
definitions). Our main result is

Theorem 1.1. Assume d > 3 and that b satisfies one of the following two assumptions:

(a) b =bo+ by, where by € LY (T) with d/p1 +2/q1 = 1 and p\ € (d,e), and by € LE=(T) with
Hbon,m(T) < &, for some constant € > 0 only depending on d, pi,q1;

(b) beL&=(T) and divb € LE2(T) with p, € (d/2,0).

Then there is a unique weak solution to (1.1) such that the following Krylov type estimate is valid:

T
d 2
E </ f(t,X,)dt) < CHfH]E“(T)’ forany p3,q3 € (1,00) with — + — < 2. (1.4)
0 3 P33 g3

Here C is a constant, which does not depend on f.

Remark 1.2.

(1) Ifb € C([0,T]; L), then for any € > 0, there exist two functions by and by such that ||bo e () <
€ and by € LE(T)NL>([0,T] x RY). Therefore, any functions in C([0,T);L?) satisfies con-
dition (a) in Theorem 1.1 for arbitrary € > Q.

(2) As shown in [Zhal9, Theorem 5.1], for any p € (d/2,d), there exists a divergence free vector
field b € LP + L™ such that weak uniqueness of (1.1) fails. So our condition (b) is optimal
when b is divergence free.

(3) Our result also can be extended to SDEs driven by multiplicative noises:

dX, = b(t,X,)dr + o (1,X,)dW;, Xo=xe€ R,
provided that a := %GGt is uniformly elliptic and uniformly continuous in x with respect to

t, and b, ajaij meet the same conditions as b in Theorem 1.1.

(4) Letd =3, A € R,

b(x) ( Axi1x3 Axox3 —l) .
(e +a3)l (ot +x3) x| Ix]
We note that in this case b € L>*(R?) and divb = 0. So our result implies that equation
(1.1) has a unique weak solution for any A € R. This and the example before Theorem
1.1 (b(x) = —Ax/|x|?) show that the integrability (or singularity) of the drift is not the only
discrimination for the well-posedness of (1.1). The structure of the vector field also affects
it.

Now let us explain the approach used in this paper. Take T > 0, f € C°(R*!) and consider the
equation

du—Au—b-Vu= fin (0,T)xRY,  u(0)=0. (1.5)
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The existence of weak solutions to (1.1) follows from a standard tightness argument and a global
maximum principle for weak solutions to (1.5). For uniqueness, under the same conditions as in
Theorem 1.1, we shall find a uniformly bounded and sufficiently regular solution u to the above
parabolic equation so that a generalized It6 formula can be applied to any weak solution of (1.1) and
the function u(7 —t,x) to obtain

u(0,X7) —u(T,x) = —/OTf(t,Xt)dt—i- \/E/OT Vu(t,X;) - dW;.

Then by taking expectations of both sides, we obtain

T
E/o f(t,X)dt = u(T,x),

which is enough to guarantee the uniqueness of X in law. Under condition (a) in Theorem 1.1, the
solvability of (1.5) in some second-order Sobolev spaces are proved in Theorem 3.1 by a perturba-
tion argument, together with a parabolic type Sobolev inequality. Like the regularity theory for 3D
Navier-Stokes equations, the endpoint case b € L (7)) (without the smallness condition on ||b|| .4 ()
is more delicate and we have no answer to the full borderline case without an additional assumption

on b. However, when divb € IEO%QJFS (86 > 0), by means of De Giorgi’s method, we can show that any
bounded weak solution of (1.5) is indeed Holder continuous. After that, we use another interpola-
tion inequality of Nirenberg (2.2) involving Holder norms to show that - Vu € IEZ; (T) with some
P3,q3 € (1,00) and d/p3 +2/g3 < 2. This yields that the bounded weak solution u to (1.5) is indeed
in ]ﬁ[g;‘” *(T) (see Theorem 3.2), which is regular enough to apply the generalized It6’s formula. The
above mentioned analytic results seem also to be new, and are thus of independent interest.

We close this section by emphasizing again that whether (1.1) admits a unique strong solution
under critical LPS condition (1.3) is a challenging question. One of the obstacles is that Zvonkin’s
type of changing variables (cf. [Zvo74]), which works very well for the subcritical case seems very
hard to be applied under condition (1.3) and might be even not possible. A possible way to overcome
this is using similar arguments as in [Kry20d], but one needs to overcome many difficulties due to
the fact that we are in the time-inhomogeneous case. In our forthcoming work [RZ21], for the non-
endpoint case, based on a compact criterion for L? random fields in Wiener spaces and new estimates
for some functionals of the solutions to (1.1), we construct strong solutions directly without using
Yamada-Watanabe principle. Therefore, due to a fundamental result of Cherny [Che02], our weak
uniqueness results in this paper will also play a role of the strong well-posedness of (1.1) with critical
drift term.

2. PRELIMINARY

In this section, we introduce some notations and present some lemmas, which will be frequently
used in this paper.
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Let D be an open subset of RY. For any p € [1,], by LP**(D) we mean the weak L”(D) space
with finite quasi-norm given by

1
1flr=(p) = supA|{x € D | £(x)] > A} "7,
A>0
For any r > 0, we define

O,(t,x) = (t —r*,t) x B.(x), 0O, =0,(0,0).

Let I be an open interval in R and Q = I x D. For any p,q € [1,0], by LI(Q) and LY (Q) we mean
the space of functions on Q with finite norm given by

luller oy == Mlu, e @)llLoy and [lullpr=(g) = [llu(t, )| Lr=0)llL(r)-
We write u € V(Q) if
lullig) = Iz gy + Vel E3) < =
and u € VO(Q) if u € V(Q) and for any ¢ € I,
}1[1_1}1’(1)Hu(l‘+/’l, ) - M(ta ')HLZ(D) =0.
Given a constant 7 > 0, with a little abuse of notations, for each p,q € [1, 0|, we set
LO(T) .= L1([0,T];LP(RY)) and LP(T):= LI(T).
For p,q € (1,00),s € R, define
(1) = L(0.T:H (RY)),

where H*? is the Bessel potential space. The usual energy space is defined as the following way:

v(r):={f e L2M) N0 T | fllviry = 1 lair) + Ve iz <}

In this paper, we will also use the localized versions of the above functional spaces. Throughout this
paper we fix a cutoff function

X

x € CZ(R%[0,1]) with x|, = 1 and x[p; = 0. (2.1)
For r > 0 and x € R?, let %7 (x) := x (*2). For any p,q € [1,o], define

Lg(T) = {f e L([0, T}; L, (R7)) : 1A gy = sup £ 21 g ry < °°-}

yeR
and set LP(T) := L5(T). Similarly,

Ly=(T) = {f € LU0, T):Lye (R) < 1f lgpery == sup 11 llLe=r) < °°-}-
ye

The localized Bessel potential spaces and energy spaces are defined as following:

HyP (1) = {f & LU([0. T HL) |l ) = sup ||fxqug,p<T)},

yERY
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V()= {f e R2MNE (1) < Il = W Iz ey + IVef oy < 0

VOT) = {f € V(T):foranyy € R 1+ f(t)x)
is continuous from [0, T] to L2 (Rd)}.

The following Nirenberg’s interpolation inequality involving Holder norms and De Giorgi’s isoperi-
metric inequality are well-know (cf. [Nir59], [KW95, Theorem 2] and [CV10, Lemma 1.4]).

Lemma 2.1 (Nirenberg’s interpolation inequalities). Suppose d > 2, jjme N, 0 < j<m, and 1 <
p < q < oo such that

-1 g —
pm Pl o _Jammp e P
J Jj—1 q—p q
Then,
IV/ullg < CIV™u|l§ - [uly ®, VYue H™NC™. (2.2)

Lemma 2.2 (De Giorgi’s isoperimetric inequality). There exists a constant c; > 0 depending only
on d such that the following holds. For any function u: R? — R, set

A, = {u} 1/2}(731, B, = {uéO}ﬁBl, D, = {ME (0,1/2)}(73],

then o
R
The following conclusion is a variants of Theorem 1.1 in [KryO1].
Lemma 2.3. Let p,q € (1,), A > 0. For each u € LY(R; H>?(RY)) nH"4(R; LP (RY)), it holds that
"al”“L§+)L‘|V2”"L§ < C||du—Adul|yy, (2.3)
where C only depends on d, p,q.

The following lemma about the L9L”-maximal regularity estimates will be used several times later.

Lemma 2.4. Let p,q € (1,0), o € R. Assume that f € ]ﬁlg’p(T), then the following heat equation
admits a unique solution in Héﬂx’p (T):

du—Au=f in(0,T) xR’ u(0)=0 (2.4)
and
J0lges gy + Nellzeoir, < Cllf oo @5
where C = C(d,p,q,T). In particular, if f € Hg ¥ (T), then
1 Ghul[ gz oy + HV2“HH3‘=P(T) < Cill fller 7y (2.6)
where C, = Ci(d, p,q).
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Proof. The estimate (2.6) is a consequence of Theorem 1.1 in [KryO1]. For any y € R?, by (2.4), we
have

O (uxy) — Aluxy) = fxi —2Vu-Vy; —uly.
Thus, due to [KryO1, Theorem 1.2] and [ZZ20, Proposition 4.1], for each 7 € [0, T

|9l + gz ang

y y
<Cy§611]1£1 (Ilat(uxl Meser @y + lluxy ”Hé*“‘p(t))

<Csup <”fx%}HHf;‘”(t) + V- Vi lger ) + HMA%{HHQ‘-"@O
yeR

<CIIfllger () +C sup (HV(ux%) Vi ler o) + 1 () Axi HHg-ﬂ(t))

yeRd
<C (Il + Nullgacogy ) -
A basic interpolation inequality yields,
|l + lllgsasyy < Cr (H Fligarg, + \\uyyﬁqm,,(t)) , wrelo,T]. 2.7)

Since for any 7 € [0, T],

' t 1/q
Ju() 7 mer < / | Qu(r) x| er dr < Cr </ Hatu(r)x{H?,a)pdr) ,
0 0

together with (2.7), we obtain

t 1/q
0o < €l gy +€ ([ I, 00)

By Gronwall’s inequality, we obtain

sup |u(t) e < Cllf gy,
t€(0,T]

which together with (2.7) yields the desired estimate. g

Next we attempt to prove a parabolic version of Sobolev inequality, which will play a crucial role
in the proof of our main result. This goal can be achieved by using the Mixed Derivative Theorem,
which goes back to the work of Sobolevskii’s (cf. [Sob77]).

Let X be a Banach space and let A : D(A) — X be a closed, densely defined linear operator with
dense range. Then A is called sectorial, if

-1
(0,00) Cp(—A) and [[A(A+A) HL(X) <C, A>0,
where p(—A) is the resolvent set of —A. Set

Ly :={ze€ C\{0} : |argz| < ¢}.
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We call

Oa :—inf{q) €[0,m) : Lz C p(—A), sup Hz(z—kA)’lHﬁ(X) < oo}

ZGZn,tp

the spectral angle of A. For all 8 € (0, 1), the formulas

Ay — Sm:” / AT A +A)"AxdA, xcD(A) 2.8)
0
A0 = smne”/ A0(A+A)"xdA, xeX (2.9)
0

is valid (see [Sob77]).

Lemma 2.5 (Mixed Derivative Theorem). Let A and B are two sectorial operators in a Banach space
X with spectral angels ¢4 and @p, which are commutative and satisfy the parabolicity condition
@4 + ¢ < m. The coercivity estimate

|Ax||x + A ||Bx||x < M||Ax+ABx|x, VxeD(A)ND(B), A >0
implies the estimate
HA<1—9>B"XHX < Cl|Ax+Bx|x, VxeD(A)ND(B), 6 €[0,1].

The above result implies the following important parabolic type Sobolev inequality, which will
play a crucial role in our proofs.

Lemma 2.6. Let p,q € (1,20), r € (p,), s € (q,0). Assume du € LL(T), u € H?I’p(T) and u(0) =0.
Ifl<d/p+2/q=d/r+2/s+1, then

IVullugiry < G (Naullugr) + IVullugry) 2.10)
where Cy depends ond,p,q,r,s.

Proof. Let X = LI(R;LP(R?)), A = 0, and B = —A in Lemma 2.5. It is well-known that

(PA: ) (PB:O

S

Due to (2.3), we have
[Ghully + Al Aullp < Clldhu—Adully,
for all A > 0 and C only depends on d, p,q. Thanks to Lemma 2.5, we obtain

1910 (~A)ullg < Cllapu— Aulyy < € (aulg +V2uly ) @.11)
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forall u € H'(R,LP)NLY (R,H*P). By (2.9), we have

&I_H_Of(t,x) _SH1(17;9)7'C/ A{_H'e(l—f—a,)_lf(l,X) dA
0
. o oo !
O —o00

:F(G)sin(l—e)ﬂ: /t (t—s)_ef(s,x)ds =:cg(he* f)(t),

T —oo

where hg (1) 1= t‘el(oﬁo) (1). Set

Noting that hg € Lo (R), by a refined version of Young’s inequality (cf. [BCD11, Theorem 1.5]),

1975 Fllusmy < Cllbll oI fllay,  VF € LA(R),

which together with Sobolev’s inequality and the fact that % = % — e_dl 2 yield

_ 1 _
IVull; < €19} (=8)2ull, < €190 (=A)%ullyy.
Combing this and (2.11), we obtain

Valle; < € (1l + 1172wl ) (2.13)

where C only depends on d, p,q,r,s. If u € Hy" (T), du € L5 (T) and u(0,x) = 0, we extend u as

u(t,x) ift €[0,7]
_ —3u(2T —t,x)+4u (3 —L.x) ift € [T,27]
u(t,x) = 37 ¢t :
4u (3 —5,x) if 1 € [2T,3T]
0 othewise.

By the definition of i, one sees that
IV ullig iy = 1V¥allg, Gy = 19l

Therefore, our desired result follows from (2.13). ]

3. KOLMOGOROV’S EQUATION

Throughout this paper, Q always means a domain in R?*! and 7 > 0 is a time horizon. In this
section, we study the unique solvability of the Kolmogorov equation (1.5) corresponding to (1.1) in
some suitable ]HLZIQP *(T)-space where b satisfies the same assumptions as in Theorem 1.1.
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3.1. Case 1: b satisfies condition (a) of Theorem 1.1.
The main result in this subsection is

Theorem 3.1. Let d > 3, b = by +by. Assume by € LY (T) with i + l =1 and p; € (d,).
Then there for any p3 € (1,d), q3 € (1,q1) there is a constant € = e(d p3,g3) > 0 such that for
each f € IEg:( T), equation (1.5) has a unique solution u € H, ’m(T) provided that ||b0||~dw <e
Moreover,

Il iry+ llgzos gy <l iy G
where C only depends on d, p;,qi,€,T and b;.

Proof. To prove the desired result, it suffices to show (3.1) assuming that the solution already exists,
since the method of continuity is applicable. We first establish the corresponding estimate in the
usual space Hé_;m(T), for any p3 € (1,d), g3 € (1,q1) and some € = €(d, p3,q3) > 0.

Let b := bi1yp,|<ny- Rewrite (1.5) as

du—Au= f+bo-Vu+bY -Vu+ (by —bY)-Vu
Thanks to Theorem 1.2 of [KryO1], for any ¢ € [0, T], we have

Hat””]ng(;)‘i‘||V2“H]L§§(t)
‘ (3.2)
<G (IIfIIL;;;(,) 160 Vil + Nl Vil )+ 1 (b1 =) -WHLg;@) :

where C3 = C3(d, p3,q3) does not depend on ¢. By [Gra08, Exercise 1.4.19] and [Tar98, Remark 5],
we get

oo - Vs oy < Cllbollyae ) I Vil arssia-rsrios ) < Callbollyag, IV2ullyzs o), (3.3)

()

where L = LY(R; L7 (R?)) (LP"(R?) is the Lorentz space) and Cs = Cy(d, p3). Setting 1/r =
1/ps—1/piand 1/s=1/g3—1/q1, by (2.10), we have
161 =) - Vall 3y <1 =B 1yl

3.4)
<Coll(br =)y oy (190l gs o + 192l ) -

Let
e=¢(d,p3,q3) = (4C3C4) "' >0

Noting that ¢; < oo, we can choose N sufficiently large so that ||b; — b11V||]Lgl(T) < (4G,G3)7 1. By
1
(3.2)-(3.4) and the choice of € and N, if ||by|| < €, then for each ¢ € [0, T],

10) = 32 ) + 1925 <C5<Hf\Lm NVl ) (3.5)
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Noting that
ds

Jall, / s, ) s = / dulr
LPs (3.6)
< / 13 5 5 < C(T, ) / 1(s)ds,
0 Lo (s) 0

using an interpolation inequality, we obtain
2
IVullFos ,, <SNIV7ullf

+Callulfhy

L3 (1) ]Lm (t)
3.7)
+C5/ I ds, V5 > 0)
0
Combing (3.5) and (3.7), we get
t
1(0) SC5IN1(0) + €Iy o+ CoN™ [ 1051,
0
Letting 0 = 8(N) be small enough so that CsSN? < 1/2, we get
t
10 <CIfSy / I(s)ds, Vie[0,T].
Gronwall’s inequality yields I(T) < C|| f \|Lp3 , which together with (3.6) implies

|0ul

Lo3 (T) + H”HH%P,%(T) < CHf”[Lfg(T)a (3.8)

where C = C(d, pi,q;,T,€,b;1). Our desired estimate (3.1) is then obtained by (3.8) and an argument
similar to the one in the proof for Lemma 2.4. g

3.2. Case2: b€ L&™(T) and divb € L22(T) with p, > d /2.
In this subsection, we will give an analogue of Theorem 3.1, where b € L& (T) and divb € L2 (T).
The result is stated as follows:

Theorem 3.2. Let d > 3 and assume that b € L& (T) and divb € L22(T) for some py > d /2. Then
there are constants p3 € (d/2,d) and q3 € (2p3/(2p3 —d), ) such that for each f € LE™(T), equa-
tion (1.5) has a unique solution u € H%p*( ). Moreover,

vl o) + Wl < Nl (39
where C only depends on d, p2, p3,q3,T HbHii;‘”(T) and ||divb|\££2(T)

Unlike the previous case, if HbH]ﬁdm (r) 18 large, then |- V”H]ﬁ”% may not be controlled by
H&tuHH:pz + uf| 2 203 2 SO the perturbation argument does not Work any more. In order to overcome
this difﬁculty, in thls subsectlon, by means of De Giorgi’s method, we first show that any bounded
weak solution of (1.5) is indeed Holder continuous, provided that b is in some Morrey’s type space
and divh € L22(T). Then in the light of Nirenberg’s inequality (2.2), we show that Vu is indeed in
IL’ .(T') with some r > d, which implies b-Vu € ]Lgf( T) with some p3 > d /2 and g3 > 2p3/(2p3 —d).
Olir desired result then follows by Lemma 2.4.
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We first give the precise definition of weak solutions to the equation
du—Au—b-Vu=f inQ=IxD. (3.10)

Definition 3.3. Assume b € L?

loc

forany @ € C2(Q) with ¢ > 0,

(Q). We say u € Vj,.(Q) is a subsolution (supersolution) to (3.10) if

/Q[—ua,<p+vu Vo—b-Vugp| < /fq) (3.11)

u € Vi (Q) is a solution to (3.10) if u and —u are subsolutions to (3.10).

For any p,q € (1,0], here and below we define p*,¢* € [2,0) by the relations

1 2 1 2
A ) (3.12)
p p q9 49
The following two lemmas are crucial for proving Theorem 3.2, and their proofs are essentially
contained in [ZZ20] and [Zhal9]. We provide sketches of their proofs in the Appendix for the

reader’s convenience.

Lemma 3.4 (Energy inequality). Assume 0 < p <R<1, k>0, CRisanopeninterval, Q =1X Bg
and M is a cut off function in x, compactly supported in Bg, 1)(x) = 1 in B, and |Vn| < 2(R—p)~!

Let d > 2, pi,qi € (1,0) satisfying d/pi+2/q; <2, i =2,3. Suppose that b,divb € L}2(Q), f €
L2 (Q) and u € V(Q) is a bounded weak subsolution to (3.10), then

t
(fun)o-(/ kn) 6+ [ [t
S { +Zuu LN R G L
(R p) kllT2 (At (k k 6 ng(Q) AL(k) ]Lp;;a
93

where u, = (u—k)™, AL(k) = {u >k} N ([s,1] x BR) and Cg only depends on d, p;,q;, ||bH]Lp2 and
[divb gz o)

(ED

Lemma 3.5. Letd > 2 p;,q; € (1,) satisfying d/pi+2/q; <2, i =2,3. Suppose b,divb € L2 ()
and u € V(Q,) is a bounded weak subsolution to (3.10) in Q1. Then for any f € L5} (0y),

" |z (g, ) < (Huﬂ\y ) +ZHM+H

Here Cy only depends on d, p;, q;, Hb||Lg§(Ql) and ||divb|\L522(Q )

)+“f‘|L§§(Q1)) : (LM)

‘7

In order to prove the Holder estimate for the bounded weak solutions to (1.5), we also need some
technical Lemmas. One of them is a parabolic version of De Giorgi’s Lemma. Set Q0 := (—2,—1) x
Bj. Forany u: Q;UQ}| — R, define

Ay={f>1/2}n01, B,:={f<0}NQ}, D,:={0<f<1/2}n(Q1UQ)).
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Lemma 3.6. Let p;,q; € (1,0) satisfying d/pi+2/qi <2, i = 2,3. Assume b,divb € LJ2(0»),

|’fHLZ3(Q2) < 1 and that u is a weak subsolution to (3.10) in Q with u < 1. Suppose that § € (0,1)
3

and that

Ay > 8 and |B.| > 6.

Then
Dy = {0 <u<1/2}N(Q1UQ))| =B,
where 3 = B(d, pi,qi, ||bHILZZ(Q2)’ ||diVbHLZ2(Q2)’ 0) is a universal constant that does not depend on u.
2 2

Proof. By (EI), Holder’s inequality and our assumption u < 1, we have

</Bl(u+)2(t)—/31 (u+)2(s)) +/St [ V() Pdxdr

3
2 2 2 2 (3.13)
<C <||M+HL%([S7):}><BZ) +,-:Z§ ||M+HJLPZ([SJ]><32) + ||f|]Ls;(Qz)||1{[S7I]XBZ}||LV§)

q9; 7
<C‘I—S‘9,

where 6 = A (1— q‘—z) A(1— ;—3) > 0. Assume |D,| < B, where 8 > 0 is a small number, which will
be determined later. Let

a(t)=|{xe€By:u"(t,x) >1/2},

b(t) = |{x € By :u" (t,x) =0},

dit)=|{x€B1:0<ut(t,x) <1/2}|.
Set

) )
I :={te(=2,0):d(t) < \/B} and I := {tell :b(t) > |By| — 10041 orb(t) < lOOd'}'

By our assumption and Chebyshev’s inequality, |I;| >2—C \/B . Using (3.13) and Lemma 2.2, we
have

c> / / Vit (1) 2dx > et [ @@()p>F (1),

LJ/B I
Thus,

/ A (1)b> " (1)dt < C\/B — 0 as B — 0.

I

This together with the facts that inf,c, [a(t) +b(t)] > |B1| — /B > 1/d! and |I;| — 2 implies || — 2
as B — 0. Since the zero set of u™ has mass & in Q/, for small 3, there is some #; € (—2,—1)Nk
such that b(t;) > |Bi| — %. Using the first term in the energy estimate (3.13), we see that for
some universal small 7 > 0, there exists r, € I, with t, > #; + 7T such that for all 7 € [t;,,] N 1,

b(t) > |B|— %. Iterating, we obtain that for all 7 € [t;,0] N L, a(t) < %. That is a contradiction
to |A,| > 6 and completes the proof. O

The next diminish of oscillation lemma is crucial for the Holder estimate for the solutions to (1.5).
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Lemma 3.7. Let p;,q; € (1,) satisfying d/p;+2/q; <2, i=2,3. Assume b € Li;(Q,) and
divb € ILJ2(Q2). Then there exist universal positive constants | < 1 and & > 0 only depena’ing
ond p,,q,,HbHLpz ) and ||d1VbHLP2 0y) Such that for any f € L23(Q2) with \|f||L173 < &, and

any weak subsolutlon uof (3.10) in Qz satisfying u < 1 and |[{u <0} N Q| > |0} |/2 thefollowing
estimate is valid:

uspoinQyp.
Proof. We consider u; = 2% (u— (1 — 2*")), which fulfills for each k > 0,
u < 1, =m <0}NQ| > 1011/2
and
g — Luy =28 f =: f.
Let 0 € (0, 1) be sufficiently small such that 8C;8 < 1, where C; is the constant in ( LM ). Suppose
B = Bs > 0 is the same constant as in Lemma 3.6 and set

=[3|B1|/B]+1 and g :=27%K6.
By the definitions of K and &, one can see that for each k € {1,2,--- ,K},
1fellzs gy = 21F s gr) < 2¥E0 =8 < 1. (3.14)

We claim that

ekl 30, +Z 12 0 < 38. (3.15)

Assume (3.15) does not hold. Noting that u; is decreasmg, SO

(g H]Lz @) +2Hu+u2 (Q1)>35, (3.16)

qr

forall k € {1,2,--- ,K}. By (3.16) and the fact that u; < 1, we get

Hurk = 0}NQ0y| > (H” H]L2 (01) +Z||u+||2 (Q1)> =0
q?
Thus,

A | ={w—1 > 1/2}001| = {ux =2 0} N 01 > 6.
Recalling that uy_ < 1, |By,_,| > |Q}]/2 and || fr—1 ||L53(Q2) < 1, by virtue of Lemma 3.6, we have
3

|{l —2_k+1 <u< 1—2_k}ﬂ(Ql UQll)| = |Duk—1| > B
Hence,

21Bi| =[{0<u<1-2"%}n(0,UQ))
K
>Y [{1-2%"<u<1-27%}n(QuQ))

>KpB = ([31B:]/B]+ 1)B = 3|Bi],



SDEs WITH CRITICAL DRIFTS 15

which is a contradiction. So we complete the proof for (3.15). This together with ( LM ) yields

3
2 2
I 01 <C (nuzuw LIl + ||fK\L;;<QI)>
= q;‘ N

<4C6 =1/2,
which implies
sup u<1 — K-
x€Q1)2
Letting u = 1 —27%~!, we complete our proof. g

Lemma 3.8. Let p;,q; € (1,00) satisfy d/pi+2/q; <2, i=2,3. Assume b,divb € L7} (Q). Suppose
u is a weak solution to (3.10) in Qp with f € L3 (02). Then

gscu<quslcu+CHfHLs§(Q2), (3.17)

1/2
where W < 1 is the same constant as in Lemma 3.7 and C only depends on d, p;, qi,

||diVbHL;’§(Q2)-

bH]Lg%(Qz) and

Proof. Define
u

8+ lut (o) + & 1113 0

where & is the same constant as in Lemma 3.7. Then ug satisfies

dus — Lug = f5:= (8 +[|ut 120y + & ' Hf”{[‘fg(gz))il

<1, 6>0,

us:

in O, and Hf5HJL§§(Qz) < &. By Lemma 3.7, we have us < i in Q) /5, s0

4™ =, ) Splim inf (5 + || =0,y + & ! HfHLg;(Qz))
—1
<HH”+HL°°(Q2) +UE, HfHLfg(QZ)-
Similarly, [[u” ||1=(o, ,) < Bl[u”[[z=(0y) + pey ! \\f\ng’;(Qz)- So, we complete our proof. O
Now we are at the point to show the Holder regularity of the solutions to (1.5).

Lemma 3.9. Let p;,q; € (1,00) satisfying d/p;+2/q; <2, i=2,3. Suppose that b,divb € IES’ZZ(T)
and f € LY (T). If there is a constant K, < oo such that for all (t,x) € [0,T] x R? and r € (0,1),

1—4_2
ro o o ”bH]Lg%(er(hx)) < ICba

then there are constants o, € (0,1) and C > 1 such that for any bounded weak solution u € VO(T) to
(1.5), it holds that

el cao,ryxrey < CllA gz (7 (3.18)

where a,,C only depend on d, p;,q;, T, HbHEZZ(T) and Ky,
2
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Proof. For convenience, we extend u,b, f to be functions on (—oo,T) x R¢ by letting u(t,x) =
b(t,x) = f(t,x) =0, for all t <0 and x € R?. By Definition 3.3, u is still a bounded weak solu-
tion to (3.10) on (—eo, T) X Rd. For any r € (0,1), (to,x0) € (—o°,T) x R? and (¢,x) € Qy, define
ur(t,x) := u(r’t +to,rx +xq), by(t,x) := rb(r’t +to,rx+xo), f(t,x) := r>f(r’t +1t9,rx +x0). Then
u, satisfies

oty — Au, — b, -Vu, = f, in Q,.

By our assumption, we have

1—4_2
||er]LZ§ (QZ) =r n ® ||b||]LZ§ (Qz,.(to,xo)) < ]Cb’
<

||d1Ver]LZ§ (QZ) = rK2”lebHLfg(QZr(tnyO)) ||d1VbH]INJP§(T)7
HfrHLfg(Qz) = HfHLf;g (02r(t0.%0))°
where K, =2—d/p;—2/q; > 0,i=2,3. Using (3.17), we get
osc u<pu osc u+Cr® HfH]Lm (0 (t00)) M € (0,1). (3.19)

Qs (t0.X0) 0, (to,%0)

The desired estimate (3.18) follows by (3.19) and standard arguments (see [HL11, Lemma 3.4]). [J

Remark 3.10. We should also point out that the Harnack inequality for Lipschitz continuous solu-
tions to (3.10) with f = 0 was also obtained in [NU12] by Moser iteration method.

To prove our desired result, we also need the following simple lemma.

Lemma 3.11. Let 1 < p < r < oo and A be a Borel subset of R? with finite Lebesgue measure. Then,
there is a constant C = C(d, p,r) such that

1Az < C(d, p.r) [ f | e (3.20)
Proof. Let A be any Borel subset of RY. Set
pp(t) =[{x e A |f(x)] > 1}].

1) A oo
/Alflp :P/O t”‘luf(t)dtzp/o tp‘llA\dthpllfIIan(A)/l e

SAP|A[+ p(r=p) " fll ey A7
Letting 4 = (;£; )l/erHL)w \A]*I/’,weobtain

1/r
p Y
1f 1oy <2177 (r_p> fllermay AP

Then,

Thus,

1£1Iz> < sup ([ fller sy < C(d, po 1) || flI 7
yeR4

Now we are in the position of proving Theorem 3.2.
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Proof of Theorem 3.2. Since L? C LV (p > p'), we can assume p, € (d/2,d). Letting ¢, € (1,00)
such that d/p, +2/g2 < 2, by our assumptions on b, one sees that b,divb € LL?(T) and for any
€ (0,1), ) € [0,T] and x € RY,

L . 1/q2
S (/ B 5,0 dt)
fo—r

(320) 2 [ [Mo Va
L& ([ I ) <l
Io—r

Let p} € (d/2,d),q5 € (1,0) be some constants satisfying d/p} +2 /¢ < 2. Again by Lemma 3.11,
fe L’ /3( T). Thanks to Lemma 5.2 and Theorem 3.9, (1.5) admits a unique bounded weak solution
and there is a constant ¢ € (0,1) only depending on d, p2,q2, p5,¢5, T HbH]LPz and HlebH]LPz

such that

[l capo,rxray < CHf||E:,/3(T) < Clfllgae gy (321
3
Next we fix
d(4—-3a) 252—a)
2V——=d . 3.22
se( 420 ) B 30 —a)—dd—3a) (3-22)

Rewrite (1.5) as
du—Au = f+div(bu) — (divb)u.

It is easy to see that

_ 3.21)
10t < Cll sy IV Gl0: ) < OBl g il < €I ey
Noting that sd/(d +s) < d/2 < p and using Sobolev embedding, we see that

| (divb)u <ClI(divb)ullcea
3

“ﬂ;;“fm (1)

_ (3.21)
<Cldivbze il < €l e,
By Lemma 2.4,
sy < I+ v (o) = @ivb sy < €I s
Using this and noting the fact that 1 < s/2 < d/2, we get
- Vulzys gy < WBllamry lallgpscry < CllAles
Again by Lemma 2.4, we obtain
gy < CF 5 Vulpy ) < C s (323

In the light of Nirenberg’s inequality (2.2), we get

(3.21),(3.23)

(2.2) 2 16
||Vu||ﬂ53(T) < CHV u”]i;/; || Hcoc [OT XR“' < CHfH]Ei”(T)?
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where

r— e:ire(o,n. (3.24)

Now letting

1 1 1 4-3a
—=l4_= 3.25
P3 PR s2—a)’ (3-25)

by Hélder’s inequality,
I+ Vatllegs i) < CIblg, oIVl ) < Clblzae 1o -
Using Lemma 2.4 again, we obtain
9rallgzs 7y +letllgzos () < CllF Mgz
By (3.22), (3.24) and (3.25), we have
d 2 dé4-3a) 2

R L AP
3 ogq3  sQ-oa) g3

So we complete our poof. O

4. PROOF OF THE MAIN RESULT

In this section, we present the proof of our main probabilistic result. Firstly, we give the precise
definition of martingale solutions to (1.1).

Definition 4.1. For given x € R%, we call a probability measure P, € 2(C([0,T];R?)) a martingale
solution of SDE (1.1) with starting point x if

(i) Py(wy =x) =1, and for eacht € [0,T],

t
E, / Ib(s, @,)[ds < oo,
0

where { @ }c(o,r is the canonical processes.
(ii) For all f € C3(RY),

t
M/ (@) = (@) = 1)~ [ (8 +5-91) (@)
is a B;-martingale under Py, where B, :== o {@; : 0 < s <t}

Letp € CZ(RY) and [, p = 1. Set p,(x) :=n?p(nx) and by (t,x) = b(t,) * p,(x). For eachx € R?,
we then consider the following modified SDE:
dX(x) = b, (t, X" (x))dt +V2dW,, X} = x, 4.1)

where W is a d-dimensional standard Brownian motion on some complete filtered probability space
(Q,F,(Z1)iclo,r],P)- Itis well known that there is a unique strong solution X' (x) to the above SDE.
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Proof of Theorem 1.1. Existence: Assume b satisfies condition (a) or (b) in Theorem 1.1 and p3, g3 €
(1,00) such that d/p3 +2/g3 < 2. We first prove that there are constants 6 > 0 and C > 0 such that
forany f € C2(RT) and 0 <19 <t < T,

sup sup E ftX" C(t —10)° 17 Yl 23 -

n xeR4 fo

Let u,, be the smooth solution of the following backward PDE:
Oty + Auy + by - Vuy + f =0, uy(t1,-) = 0. 4.2)
By It6’s formula we have
1 1
un(t1,X])) = un(to, Xz, +/ (Oruty + Auy + by, - V) (2, X" )dt + \fZ/ Vu, (t,X")dW;.
o

fo

Using (4.2) and taking expectation, we obtain
n
B [ (X0 = By 10.X0)| < 10, )
1o

Since ;—3 + % < 2, we can choose ¢5 < g3 so that % + ql/ < 2. Thus, by Lemma 5.2, we obtain
3

A
/ f t Xn ||”n(t0a )”LN < C”fl[l‘() t.]”LP3 X C(tl _tO) 3 ||f1[t0,zl]‘|]]jg;- (4.3)

Now let T < T be any bounded stopping time. Note that

(T+0)AT

Xepapr =X = [ b X 0)+ VAW 07— We), € (0,1,

T

By (4.3) and Remark 1.2 in [ZZ20], we have
(1+6) .
n
B[ b0 < 8l

Thus,

T+0
E sup [X!,,(x) — X'(x)| <E / bl (1, X ()t +VIE sup Wy — Wil
0<u<d T o<u<é

<C8°||bullgp: + €87 < €57,

where 6’ > 0 and C is independent of n. So by [ZZ18, Lemma 2.7], we obtain
supsup B sup |X7L, (0 —X7(x)[V2 ) <8
n xeRd 1€[0,T];u€l0,6]

From this, by Chebyshev’s inequality, we derive that for any € > 0,

lim sup sup P sup X, (x) —X"(x)| >¢€ | =0.
620 n yerd  \1e[0,T]:uel0,8]
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Hence, by [SV07, Theorem 1.3.2], P* := Po X"(x)~! is tight in 22(C([0,T];R?)). Assume P, is an

accumulation point of (P?),cn, that is, for some subsequence rny,
P weakly converges to P, as k — oo.

Since (4.3) can be rewritten as

1
2 ([ rtroar) < -0 11 iz
o N

By taking weak limits and a standard monotone class argument, we obtain

13l
E, (/ f(t,w,)dt) < C(n _IO)BHfl[to,tl]HE{,’;’ foralld/ps+2/q3 < 2.
fo

4.4)

In order to prove that P, is a martingale solution to (1.1), it suffices to prove that for any 0 < 7y <

i <T and f € C2(RY),

(Mt{][)’,o P, —a.s.,

M
to ’
where

M = (@) fle) - [ (A b-V)£(s, 00)ds.

By a standard monotone class argument, it is enough to show that for any G € C,(C([0, T];R?)) being

B,,-measurable,
E.(M]-G) =E.(M}-G).

En( zrff G) En( s G)

Note that for eachn € N,

where .
M = F(o) — f (@) — /0 (Atby-V) (s, @)ds, 1€[0,7].

We want to take weak limits, where the key point is to show

lim E* (/Ot(b”k -Vf)(s,ws)ds~G(a))) =E, (/Ot(b-Vf)(s,ws)ds'G(w)> .

k—yo0

Assume that supp(f) C Bg. By (4.3), we have

t
sup E" /((bm—bn)-Vf)(s,a)s)ds-G(a))'
n=>m 0
<619 supE: ( / (b= b)) sws>d)
<ClGI I fll sup (5~ )28l — 0, m o=

where the cutoff function ¥ is defined by (2.1). Similarly, by (4.4),

Ey

IXCEORLLE a»)dr-G(w)\ < 11w — B8 ll s — 0. (m = <o)

4.5)

(4.6)

“.7)
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On the other hand, for fixed m € N,
t
@ [ (b V)07 G(0) € C{C(0.TIRY)
0

so we also have

t t
im = ([0 90)5.0056(@)) =B, ( [ G0-91)6.0005-G0) ).
oo 0 0
which together with (4.6) and (4.7) implies (4.5).

Uniqueness: Let IP’)(C’), i=1,2be two martingale solutions of SDE (1.1) and there is a constant
C > 0 such that for all x € R? and f € L{(T),

T
(i ~ o) with & 1 2
B ([ o) <l vmae@ewinteZaaay
Let (p3,g3) be the pair of constants in Theorems 3.1 and 3.2 with d/p3 +2/q3 < 2, respectlvely
For any f € C2((0,T) x R?), by Theorems 3.1 and 3.2, there is a unique solution u € ]HI 273 (T) with
d/p3+2/q3 < 2 to the following backward equation:
du+Lu+f=0, u(T)=0,

where L:=A+b-V. Let u,(t,x) := u(t,-) * p,(x) be the mollifying approximation of . Then we
have
sty + Lty +-gn = 0, u,(T) =0,
where
8n = [ Pu+ (Lu) * pp — L(u* py).
For R > 0, define
g :=1inf{t > 0: |ax| > R}.

By 1t6’s formula, we have

. . T AR
EDu, (T AT, @7 pgp) = 1t (0,x) —ED < / 2n(s, a)s)ds> ,i=1,2. (4.9)
0

From the proofs for Theorems 3.1 and 3.2, one can see that
|(b-Vu)—(b-Vu) *p"H]'ﬂg’;(T) —0, |[b-Vu—>b- Vu*an]ig;,(T) — 0.

Using estimate (4.8), we have
() TNtg
A%E (/0 ((Lu)*pn—L(u*pn)) (s,a)s)ds>

<Clim [ (b Vue) 5 pu = b+ (Vier )] [y s

<ChmeR b Vi) py—b-Vul [ py ) +C lim ||z [b-Vu—b- (Vatx po)] | s ) =0,

Lo3 (T

where the cutoff function y is defined by (2.1). Recalling that u € H”*(T), du € LL}(T) and
d/p3+2/q3 <2, due to Lemma 10.2 of [KRO5] u is a bounded Holder continuous function on
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[0,7] x RY. Letting n — oo for both sides of (4.9) and by the dominated convergence theorem, we
obtain

. . T/\TR
EDu(T A tg, 0rpg,) = u(0,x) —ED </ £(s, a)S)ds> L i=1,2,
0

which, by letting R — oo and noting that u(T') = 0, yields

_ g </Tf(s,a)s)ds> =12,
0

This in particular implies the uniqueness of martingale solutions (see [SV07, Corollary 6.2.6]). [

5. APPENDIX

In this section, we present sketches of proofs for Lemmas 3.4 and 3.5.

Proof of Lemma 3.4. As presented in the proof of [Zhal9, Lemma 3.2], for almost every s,z € I with

s <t,
% (/uinz) (1) —% (/uin2> () +/St/Wk'V(“k'72)

(5.1
t t t
—//(uk—i—k)b-V(uknz)—//divb(uk+k)ukn2+//fuknz.
Holder’s inequality yields
t
//Vuk V( ukn //|Vukn|2—|—2// Vuen) - (V1)
$ (5.2)

>3 [ = Sl

Integration by parts and Holder’s inequality yield

t
—//(uk+k)b-V(ukn2)
1S t ! t !
:—2//n%.V(u%)—2//u,%nb.vn—k//nzb-vuk—zk//uknb-vn
. N 1 . N tS s
:[//u,%nb-vwrz//divbugnz} —2//u,§nb-vn
: t ' t ’ t
+ [Zk//uknb~Vn+k//divb uknz] —Zk//uknb-Vn
t ’ 1 t ; 1 ’
——//u,%nb-anr2//divbu£n2+k//divbukn2.
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Therefore,
t t
—//(uk+k)b-V(ukn2)—//divb(uk+k)ukn2
‘St 1 . s
—//uznb-vn—//divbu,fnz
(5.3)
<//|bukn‘+ //\dlvb]ukn
b||; r Uy, 2 =+ ||divb||; » Uy 2. .
(R p)H ||]]_,2 H H :;(Av(k)) || H]LZ )H ||LZ§(AIV(1<))
By Holder’s inequality,
' 2
| [ fun sufHLg;(Q)HlAg(k)uLg;g Hukuw o
| 5.4)
— 2 t 2 —
< o Il + 5 ol ieno
‘13
Combing (5.1)-(5.4) and using Holder’s inequality, we obtain (EI). ]

Lemma 5.1. Suppose {y;} jen is a nonnegative nondecreasing real sequence,
Yjs1 S NCIyite

with € > 0 and C > 1. Assume
Yo ngl/scfl/ez.

Theny; — 0 as j— o.
Proof of Lemma 3.5. (i) For any k € N, set
te=—%3(1+27%), B,= Bi(1io+), Ok = (1,0) X By

The cut off functions 7y is supported in B}, and equals to 1 in B}, such that |[V'n;| < C2* (i=0,1,2).
Let M > 0, which will be determined later, and define

M Z:M(Z—Zik), Uy = (M—Mk)Jr, U, .= ”MkH]LZ Q) —I—ZHukH ot

Ey := sup /(ukﬂk //|V M) |
tE 0}

For any s, satisfying #, < s <341 <t <0, by Lemma 3.4, we have

/(uk+171k+1)2(1)+//\V(uk+mk+1)\2

< [ e 26)+ €1y g a0y P

‘13

L (Q)

and
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Huk-&-IHLZ Q) +Z||uk+1H p
L (@0

Using the range of s, and taking the mean value in s between #;. and #;, we get

/(Mk+177k+1)2(f)+/tk:]/|V(Mk+1nk+1)’2

Tt 1
<4. Zk/ /”k+177k+1 +CHf||1L"‘ (1) Hl{””‘>0}mQ"” L%

q3
U1 2 / + E U1

<Ck (H”k—i—l HH%%(Q;() + Zﬂ [ ttge+1 ||]ip;‘(Q,)> +C||f||]i!’3 ||1{uk+1>0}ﬂQk|| p;'
1=

q; <k ‘12

Choosing M > C||f H]LP3 )» the above inequalities yield,

0
Epp1 < sup /(Mk+17”lk+1)2(f)+/ /W(Mk+177k+1)’2
1€ [tr11,0] tiy1

3
<ck (HukH’i%(Q;‘)+iZé||uk+1HHZJPE(Q;)> CHfH]Lm ||1{uk+1>o}ka|| g (5.5)
= -

‘13
ngUk + MZH l{uk+1>0}ﬂQ;( H]ipﬁ :
7

The quantity Ej; controls uyi1Mk4+1 in IL&,(Q;c +1)» and thanks to Sobolev embedding, also in the
space LY(Q,) for y=2d/(d —2) if d > 3 and L}(Q;, ) for any y € [2,0) if d =2. So, by
interpolation, E; controls the L} (Q;C 4 )-norm of uy Mg+ for any

2
s > 2 with €+7>é 5.6)
ros 2

Noting that d/p; +2/q; < 2 (i = 2,3) and (3.12), we have
d 2 d
—~t=>3 , (1=2,3).
By Holder’s inequality and (5.5), one can see that there exists a constant € > 0 such that

Uk+1=HMk+1||]i§( +2H”k+1H o {01
k+1

SCEp1{wrr1 >0} N Qk+1‘2£
<CU{uesr > O}QQk‘zg+M2||1{uk+1>0}ﬂQAH oy e > 0} NQi[**.

’/3
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On the other hand,

k—
M M50yl rs2 <SMA(M27 N Tl oo lM}kaH

1’2
q';/ ]L

k+1
<27 M ||| g 1 {uk>z—k—1M}nQ;!!L,,3
q
k 2 k
<4-4 ||Mk||]Lp§(Ql) <C Uk,

g3 <k

hence,
k 1126 - ok k101 2
Uit1 SCUHuer1 > 0} NG 1™ < C'U [2 M ||Mk||L§(Q/k)}
<M_2£CI§U,€1+£.
Choosing
1/(2
M= Gillfllip )+ G (||u+||LzQI+Z|ru+||p(Ql)),
ql
we have
3 2
—1/¢2
Uo < <||”+HL§(Q1)+Z””+||Lp,*(Q ) MGy e
=2 q7 )
By Lemma 5.1,

(=201 |31, ) < lim Up =00

By the definition of M, we obtain

3
+ + +
I ||LN(Q1/2)<2M<C<||L¢ y|L%(Q1)+i:Z2||u ||L,,;(QI)+||fIILg;(QI)).

9

0

Lemma 5.2. Letd >3, p;,q; € (1,), i=1,2,3 and f € ﬂg;(T) with d/p3+2/q3 < 2. Assume b

satisfies one of the following two conditions:

(a) b=Dbo+by, ||bo||ge~ < €(d), for some €(d) > 0 only depending on d, and by € LA withd/py +
2/q1=1and p\ € (d,|,

(b) b,divb € L2 with py,qy € [2,00) and d/p>+2/q> < 2.

Then equation (1.5) admits a unique weak solution u € VO(T) NL>(T). Moreover, the following
estimate is valid:

el + oy < Coll Al oy (GM)

where the constant Cy only depends on d,p1,q1,p3,q3,€,T and by for the first case and d, p2,q>,
13,93, T, ||bllgr. and ||divb||zr, for the second case.
2 9?2
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Proof. Here we only give the proof for the first case, since the second case was essentially proved in
[Z720] and [Zha19].

For any x € R?, let € C(B;) such that 7 = 1 on B and 1M, := n(- —x). As presented in the
proof of [Zhal9, Lemma 3.2], for almost every ¢ € [0, T],

;(/u,%n)?) //Vuk V(un?) //b Vu (n?) //fuknf. (5.7)

As showed in (5.2) and (5.4), we have

t
1
2 2 2
/O/Vuk'V(uknx) > EHVukan]L%(I) _C”ukH]L%(Q(LX))’ (58)

and

t
2 ~ k k
f Fen? <0y Vsl smel s
’ ’ (5.9)

1 2 2
<5 Il + €I gy Ml

a3

where Q(t,x) = (0,¢) x By (x) and A(t,x;k) = {u > k} N Q(t,x). Let bY = (=N Vb;) AN. Then
=||b—bY ||1L”1 — 0, (N — oo). Furthermore,

//b Vu ukT]x //b() Vuknx MkT]x //b bl Vuknx)(uknx)

+ / / WY (Vaeny) (uets) =2 I + b+ I
0

For I, by [Gra08, Exercise 1.4.19] and [Tar98, Remark 5], we have

(5.10)

I <ol Vsl 3o H“kan (04:LE2?)

gC]]E (HVManH]]Z_‘%(I) + Hukvan]L%(t)) .

Here L7 is the Lorentz space and C;; = Cj;(d). Choosing € = £(d) > 0 small, then

1 5 )
I < 751 Vienallz ) + Clluelliz o) 5.11)

For I, we have

B < llo =8 lgy oy I Vsl el .
‘11

L —-1_ q%' Noting that d/p) +2/4| = d /2, by choosing N sufficiently large,
1

|—
D=

1 1
< Cdy (HWkﬂxHLg(t) Huknx”V(t)> < 15 IVaneligz g + 75 lwenellv. (5.12)

For I3, by Holder’s inequality, we also have

I <N‘|V”kanL2 H”knx”]Lz HV“anH]LZ +CNH”’<||]L2 X)) (5.13)
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Combing (5.7)-(5.13), we obtain

lurnellv @y < C | llukllLz o) + HfHH:g;(T)||1A(z,x;k)HLp§ 7 (5.14)

3
where C only depends on d, p;,q;, € and b. Now our desired results can be obtained in the same way
as in the proofs for Theorem 3.4 and Theorem 3.6 in [Zhal9]. ]
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