Well-Posedness for Singular McKean-Vlasov
Stochastic Differential Equations *

Xing Huang “, Feng-Yu Wang “"
a)Center for Applied Mathematics, Tianjin University, Tianjin 300072, China
xinghuang@tju.edu.cn
b)Department of Mathematics, Swansea University, Singleton Park, SA2 8PP, United Kingdom
wangfy@tju.edu.cn

December 18, 2020

Abstract

By using Zvonkin’s transform and the heat kernel parameter expansion with respect
to a frozen SDE, the well-posedness is proved for a McKean-Vlasov SDE with distribu-
tion dependent noise and singular drift, where the drift may be discontinuous in both
weak topology and total variation distance, and is bounded by a linear growth term in
distribution multiplying a locally integrable term in time-space. This extends existing
results derived in the literature for distribution independent noise or time-space locally
integrable drift.
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1 Introduction
Let 2 be the set of all probability measures on R%. For 6 > 1, let

Py={veZ: |yllo:=7(-1")7 < o0},
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which is a Polish space under the L?-Wasserstein distance Wy:

s
W@(’Ya,?) = inf (/ ’l‘ - y’%r(dx,dy)) ) 77’? € @97
R4 xR4

TEC(7,7)

where (7, 7) is the set of all couplings of v and 4. Moreover, % is a complete metric space
under the weighted variational norm

I —vllozy == sup |u(f) —v(f)], nvE P

|fI<14]|0

By [15, Theorem 6.15], there exists a constant £ > 0 such that

(1.1) [ = vlirv + Wolp, v) < &l —vlozv,

where || - ||rv := | - |lo,rv is the total variation norm.
Consider the following distribution dependent SDE on R

(12) dXt = bt(Xt,gxt)dt + O-t(Xtngt)tha te [O, T]

for some fixed time T' > 0, where W, is an m-dimensional Brownian motion on a complete
filtration probability space (2, {-Z:}i>0,P), Zx, is the law of X}, and

b:Ry xRIx Zy - RY o:Ry xRix Py - RIQR™

are measurable. This type equations, known as Mckean-Vlasov or mean field SDEs, have
been intensively investigated and applied, see for instance the monograph [3] and references
therein.

In this paper, we investigate the well-posedness of (1.2) with b,(x, ) singular in z and
Lipschitz continuous in y merely under || - g rv. To measure the time-space singularity of
by(x, ), we introduce the following class

H o= {(p,q):p,q>1,g+§<1}.

For any t > s > 0, we write f € Eg([s, t]) if f : [s,t] x R? — R is measurable with

¢ P
11| g s,y := sup {/ </ ]f(u,x)|pd1‘> du} < 00,
z€R s B(z,1)

where B(z,1) := {z € R?: |x — z| < 1} is the unit ball at point 2. When s = 0, we simply
denote

Ly(t) = Ly([0,¢])), [[fllz2y = 1 220,

We will adopt the following assumption.



(A) Leto>1.
(A}) There exists a constant K > 0 such that for any ¢ € [0,T], 2,y € R? and p,v € 2,

low(a, WI* V [ (ow0y) (@ ) < K,
low(z, 1) = ou(y, VIl < K (Jz = y| + Wo(u, v)),
{ow(@, 1) = ouly, W)} = {oe(w,v) — ouly, )} < Kl — y[Wo(p, v).

(A2) There exists nonnegative f € ig(T ) for some (p,q) € 2 such that

[u(; )| < (14 [l llo) fi(),
|bt(x,/,t> - bt(l’, V)| S ft<x>||l’b - V||9,TV7 te [O,T],[E € Rda:uay € 4@9'

Remark 1.1. (1) It is easy to see that the third inequality in (Ay) holds if oy(x, u) is differ-
entiable in x with

IVou(-, p)(x) — Vo, (-, v) ()| £ KWy(u,v), p,v € Py, x € R
Indeed, this implies
{ou(@, 1) — ouly, )} —{oulz,v) — ouly, v)} ]
/0 {Vaoyor(y + s(x —y), 1) = Vaoyou(y + s(z — y),v) fds

1
< / [ Vaeyor(y + s(x = ), 1) = Vaoyou(y + s(z — y),v)||ds < Kl — y|Wo(u, v).
0

(2) Let oo™ be uniformly positive definite. When the noise coefficient o(x, u) = o¢(x) does
not depend on p, the well-posedness of (1.2) has been presented in [14] for b.(-, u) € Eg(T)
for some (p,q) € # and by(x,-) being weakly continuous and Lipschitz continuous in ||-||o.1rv,
and in [9] for b = b+ b with b.(-, ) € Li(T) for some (p,q) € X, by(x, 1) having linear
growth in x, and by(x,-) being Lipschitz continuous in || - ||7v + We. In these conditions, the
continuity of by(x, 1) in p is stronger than that presented in (Ag) where by(x, i) is allowed to
be discontinuous in both || - |7y and the weak topology. When o = /21y (where I, is the d x d
identity matriz) and by(z, ) = [pu Ki(x — y)pu(dy) with K € ig(T), the well-posedness of
(1.2) is proved in [14] for (p,q) € &, while the weak existence is presented in [19] for some
p,q > 1 with %—i—% < 2. When o(z, ) has linear functional derivative in p which is Lipschitz
continuous in the space variable uniformly in u and t, the well-posedness is derived in [21] for
b.(-,p) € f)g(T) uniformly in p for some (p,q) € A, while in [5] for b,(x, n) being bounded
and Lipschitz continuous in p under || - ||pv. See also [1, 2, 4, 6, 8, 7, 12, 13, 16, 20] for
earlier results on the well-posedness under different type or stronger conditions. Comparing
with conditions in [5, 21], (Aa) allows by(z, ) to have linear growth in p and (Ay) does not
require oy(x, 1) having linear functional deriwative in u. To include drifts with linear growth
in the space variable, we hope that the first inequality in (As) could be weakened as

[0, )| < (1 [lpllo) (K || + fi())
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for some constant K >0 and f € ig(T). But with this condition there is essential difficulty
in the proof of Lemma 2.4 below on the heat kernel expansion.

Let 2 be a subspace of 2. We call (1.2) well-posed for initial distributions in P if for
any .#op-measurable random variable X, with Ly, € & and any ug € &, (1.2) has a unique
solution starting at X, as well as a unique weak solution starting at py.

Theorem 1.2. Assume (A). Then (1.2) is well-posed for initial distributions in Py, =
Nim>6Pm, and the solution satisfies Lx. € C([0,T]; Py), the space of continuous maps from
[0,T] to Py under the metric Wy. Moreover,

(1.3) IE[ sup |Xt|9] < 0.
te[0,7

Note that a Lipschitz function with respect to || - ||y may be discontinuous in the weak
topology and the total variation norm, for instance, F(u) := u(f) with f := h+|-|? for some
bounded and discontinuous measurable function i on R?. So, this result extends existing
well-posedness results derived in the above mentioned references.

To prove Theorem 1.2, besides Zvonkin’s transform, Krylov’s estimate and stochastic
Gronwall’s inequality used in [14], we will also apply the heat kernel parameter expansion
with respect to a frozen SDE. This expansion is useful in the study of heat kernel estimates
for distribution dependent SDEs and has been recently used in [10] to estimate the Lion’s
derivative of the solution to (1.2) with distribution dependent noise.

The remainder of the paper is organized as follows. Section 2 contains necessary prepa-
rations including some estimates on the map ®7 in (2.2) below induced by (2.1) with a fixed
distribution parameter p. replacing Zy. in the drift term of (1.2). To derive these estimates,
the heat kernel parameter expansion with respect to a frozen SDEs is used. With these
preparations we prove Theorem 1.2 in Section 3.

2 Preparations

For any 0 < s <t < T, let C([s,t]; P) be the set of all continuous map from [s,t] to Py
under the metric Wy. For p € C([s,T]; &) and v € Py, we consider the following SDE
with initial distribution Zx;» = 7 and fixed measure parameter g, in the drift:

(2.1) dXJ) = b(XJ pe)dt + on( X, Lxrp)dWs, € [5,T7.

According to Lemma 2.1 below, (A4;) and (As) imply the strong and weak well-posedness
of (2.1) for initial distributions in &%, and the solution satisfies Zxyn € C([s,T]; Z).
Consider the map

(2.2) @7 :C([s,T]; Po) — C([5,T]; Po); ®4(1) := Lxop, t€[s,T],n€ C([s,T]; Py).

S,

It is easy to see that if sy = v and p is a fixed point of ®7 (i.e. @], (1) = p,t € [s,T]),
then (X]}")e(s, is a solution of (1.2) with initial distribution v at time s.

S,
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To prove the existence and uniqueness of the fixed point for ®] , we investigate the
contraction of this map with respect to the complete metric

= Vllseorv = sup [l —villoav, pv€C(s ]y P), 0<s<t<T

réE(s,t]

in a subspace of C([s, t]; &) which contains all distributions of solutions to (2.1) up to time
t. To this end, in the following we first study the Wy ; g-estimate on @7 for

W io(p,v) = sup Wo(pr, 1), 0<s<t<T,u,veC(st]; P),

rE(s,t]
then present ®] -invariant subspaces of C([s,t]; @), and finally study the || - |[s:07v-
contraction of this map in such an invariant subspace which implies the well-posedness
of (1.2).
2.1 W,,y-estimate on @Z,.

Forany N >0and 0 < s <t <T, let

Pon ={7v€ Po:nls <N},
'@985\7 = {p e C([s,t]; Z) : lpello < N,r € [s,1]}.

Lemma 2.1. Assume (A).

(1) For any s € [0,T) and p € C([s,T]; Py), (2.1) is well-posed for initial distributions in
Py, and the unique solution satisfies Lxrn € C([s,T]; Pp).

(2) There exist a constant € € (0,1] and a function K : (0,00) — (0,00) such that for any
Y€ Pyn and 0 < s <t < T, the map ) : C([s,t]; Pp) — C([s,t]; Pp) satisfies

Wo00(P7 (1), @7 (v) < Kn(t — s)|pp = Vseorv, N >0,uv€ Py
Proof. (1) Simply denote
b (x) = b(x,1y), of(z) =o(x,1n), veC(s,T]; Py),tels,T).

Let X7, be F-measurable with Zy; = v, and let y,v € ﬂgﬁ for some N > 0. For
v, e C([s,T]; Py), consider the SDEs

(2.3) AXTF = V(XTI AE + of (X7 AW,, XTF = X7, t e [s,T),
(2.4) AX7P7 = b)(X])dt + o (X1P7)dW,, X707 =X, te s, T].

According to [19], both SDEs are well-posed under assumption (A). For any A > 0, consider
the following PDE for u : [0, 7] x RY — R¢:
8Ut 1

(2.5) v + §Tr(af’(af)*v2ut) + {Vu }b) + b = Ay, t€ s, T],ur =0.



According to [17, Theorem 3.1], for large enough A > 0 depending on N via u € ,@;’JE, (Aq)
and (Ay) imply that (2.5) has a unique solution uM*# satisfying

(2.6) sup V2N ooy < L
,ue@g:N
for some constant L > 0 depending on A and N, and

(2.7) sup ([t + [Vl ) <

s

58, T
HEPy N

o] —

Let O} () = & 4+ u}*"(z), (t,x) € [s,T] x R%. By [17, Lemma 4.1 (iii)], we have
AOM (XTI = M (XM dE + (VO Yol ) (X1 AW,
AOM(XT) = [t + (VO (b — b)) (X7 )dt

1 D/ Dk i _fiyk fi D iy v v,
+ 5 [Tr{o7(07)" = o(o7) YV (XIPT) + ((VOr Yoy ) (XJ1) AW
where by (2.7) and v € & the first equation implies E|sup,c(, 77 | X7/ 9] < oo, so that
(2.8) Lyymn € C([s,T); P), 1€ C([s,T); Pp).

Moreover, combining these two equations with (A), we find a constant ¢; > 1 depending on
N such that ny, := [ X" — X]""| satisfies

1 s < |®f’“’ﬁ(X;%%ﬁ) _ @tA,u,ﬂ(X;,tu,p)‘

t
(2.9) — Cl/s {nsr + e = vellorv (1 + £(XTP7))

Y

t
W, 5 [V |V + \ [ =aw,

where =, := ({VOM Yol ) (XTF) — ({VOMI}ol)(X]17) satisfies

(2.10) IZ 1l < eansr + xWo(fip, Br) + el Vup (X T) — Vup# (X))

r

Since 7,5 = 0, by (2.9), (2.10) and (A1), for 2m > 6, we find a constant ¢; > 0 depending
on N and a local martingale (M;)¢cs,r) such that

t t
772? S Co / T]Lz;'}dAT + C9 / W@ (/u_Lr, ﬂr)2md7’
(2.11) : s

2m

t
/ (L+ fo(XTP7)dr| 4+ M, te[s,T]

+ collp — VH?,TZQ,TV
holds for

t
A= [ g e o)
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+[( lWWﬂl)(XW) + (VP ) (x30)) b,

M g(x) := sup / y)dy, g€ L (R?

() r€[01]|BIT| (z,r) : ( )
B(x,r)={yeR: |z —y| <r}, veR%

By Krylov’s and Khasminskii’s estimates [17, (4.1),(4.2)] and (2.6), and applying the s-

tochastic Gronwall inequality [18, Lemma 3.8], we find constants ¢3 > 0 depending on N
such that (2.11) yields

(2.12) {Wo(Lxyp, L) ™ < (i) ¢

< ([ Wl I = By = )t [T
for some € € (0,1). Taking p = v gives
Ws,t,g(pzﬂx;f,%xxw,g) < {es(t — 8)}m W, 0, ), t € [s,T).
Letting typ = 5—, we conclude from this and (2.8) that the map
i > .ZX;M

is contractive in C([s, (s + to) AT]; Pp) under the complete metric Wy (51 4)a7,0. Therefore,
it has a unique fixed point i = Lyrun € C([s, (s +to) AT]; P), so that X7 is the unique
solution of (2.1) up to time (s + to) A T. Due to this and the well-posedness of (2.3), tthe
modified Yamada-Watanabe principle [9, Lemma 2.1] also implies the well-posedness of (2.1)
up to time (s + o) AT for initial distributions in &y. So, if s +ty > T then we have proved
the first assertion. Otherwise, by the same argument we may consider (2.1) from time s+ tg
to conclude that it is well-posed up to time (s + 2t5) A T'. Repeating finite many times we
prove the well-posedness of (2.1) up to time 7.

(2) By taking i = ®7 (u), 7 = ®] (v) in (2.12), and applying Gronwall’s inequality, we
find a constant C' > 0 depending on N such that

WS,t,O((I)Z,-(U)a ‘I’z,.(V))Qm S C(t )QmE”M - VHstGTV? te [S,T],IU,V S ‘@55\/'

This finishes the proof. n

2.2 Invariant subspaces of ¢

Lemma 2.2. Assume (A). There exists a constant Ny > 0 such that for any N > Ny and
0<s<t<T,~ve P, the class

Pitd = {1 € Clls.th Po) o =7, sup (14 s o)™~ <21+ |1y ]o)}

r€[s,t]

. N . . sty . ~ 85ty
is ®) -invariant, i.e. p € Py implies ® (n) € Py

7



Proof. Simply denote &, = X)#

ST‘7

t M, = [l o,(u, Z,)dW,,r € [s,T]. By (A), (2.1), and
pwe€ Py, we have

€le ™0 < Jgolem V) 4 &7 NO—) / (1 + [lptallo) ful€0)du + N~ Ag,|
< [&le™0 7+ 2(1+ [|v]lo) / e N £ (€u)du + e VUM, .

Let ¢’ € (1, q) such that (p,q") € £ . Combining this with Krylov’s estimate [17, (4.1),(4.2)],
the BDG inequality, and ||oc*|| < K, we find a constant ¢; > 0 such that

—N(r—s —N(r—s 1
e N0, (u)llo = e NI (ELE,|)
1

r O\ o 1
(213) SeN(Ts)’|7’|9+2<1+|’7|’9><E / e*N(Tfu)fu@-u)du ) +efN(rfs)(E|MT|0)9

Nl + e (14 Ilo) (1™l + NIV =5), 7€ [ 8]

Noting that Holder’s inequality yields

/
a—q

w) qq'/ aq’
o du 1| 29

wp e gy < s ([
s€[0,T),re[s,T] p AT s€[0,T),re[s,T) s

!
q

_9—q
qq/ qq’
<(¥2) T Wligen

lim sup (He*N(T*')ing/([S’TD +e N9 /r = s) = 0.

N—o0 s€[0,T),rels,T)

Combining this with (2.13), we find a constant Ny > 0 such that

we obtain

sup (1+ (|87, (1)llo)e™ ™ <21+ [lyllg), N > No,u € Z5y.

r€[s,t]
That is, ® (n) € Py for N > Ny and € 273 O
2.3 |- |[ss67v-contraction of ]
To prove the || - |s,0,7v-contraction of ®7 , for any u € C([s,T]; &), we make use of the

parameter expansion of pJf* with respect to the heat kernel of a frozen SDE whose solution
is a Gaussian Markov process, where plf‘(z,-) is the distribution density function of the
unique solution to the SDE

(2.14) AX " = by (XS7, pe)dt + o (XS, @5, (n)dWy, € [s,T), X7 = .

87



According to [19], (A) is enough to ensure the well-posedness of this SDE. By the standard
Markov property of solutions to (2.14), the solution to (2.1) satisfies

@15 EF) = [ 2@ [ 0wty > s f e AR € 2

R4

where %,(R?) is the class of bounded measurable functions on R¢.
For any z € R%,t € [s,T] and p € C([s,t]; P), let pl*(x,-) be the distribution density
function of the random variable

Xoorhs =+ /T ou(z, @1, (1)dW,, 1€ [s,t], 2 € RY
Let
(2.16) alt® = /T(O'uO'Z)(Z,CI)lu(,u))du, r € [s,t].
Then

eXp[—%<(aT’#’z)‘1(y - 93)> y— )]

(2.17)  pliA(ry) = , o,y €RYL 7€ (s,t].

Obviously, (A;) implies

a2t — aly?|| < K(r — s)We,0(P7. (1), D7.(v)),
(2.18) 1 ey < K
m_n( )" Hﬁma r € [s,1].
For any r € [s,t) and y, 2z € R?, let
HY (Y, 2) = (=b(y, 1), Vi (- 2) ()
+ %tr [{(0007) (2, @7, (1) — (0,07) (y, ®,. (1)) } V2P (-, 2) ()] -

By (A), we have the parameter expansion formula

(2.19)

00 t
(2.20) mmm:w%m+z/w/mW@mw@w%
m—=1"$ R4

where H}/*™ for m € N are defined by

HV;“ 1 Hvtu
(2.21) y
i 2) = [ [ A
R4
Note that (2.20) follows from the parabolic equations for the heat kernels p)’f and pJ’}**, see

for instance the paragraph after [11, Lemma 3.1] for an explanation.
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Let

i xp— gy — 2/’
(2:22) Phatany) = — e sy wy e e (sl

By multiplying the time parameter With T~ to make it stay in [0, 1], we deduce from [21,
(2.3), (2.4)] with = ' =1 and X\ = 5 that

t
~ _ 1 _ 1
/ / P (@) — ) 2.t — ) Py )y
(2.23) s Jra
_ 1,1 a ~
< et — sy DR 0 gl zagee, 0< s <t < T,g € E([5, 1)

holds for some constant ¢ > 0 depending on T, d,p,q and K. By (A;) and (2.17), there
exists a constant ¢; > 0 such that

(2.24) P, )(1 i |( _g)C)

< apfy(z,y), 2,y,z € RLOS s <t < T,y € Py, p € C([s,t]; Py).

Lemma 2.3. Assume (A;). There exists a constant ¢ > 0 such that for any 0 < s <t <
T,z,y,z € R,y € Py, and p,v € C([s, t]; Pp),

xr — 2 \Z v,z ~
(2.25) (1 n &) P ) — 20 )| < B () Wi (B2 (1), 97 (1)),

t—s
(2.26) Vit —s|Vpl (y) (@) + (= )Vl (L y) (@) < cpgy (2, y),
Vit = sVl (- y) () = Vi (L y) ()]
(2.:27) + (= 9)IVpL (L y) () — VPl (- y) ()|

< cfgy (2, Y)W 0(D] (1), ©7(v))-

Proof. (1) Let F(a,p) = ((aly)"'(y —x),y — ) and F(a,v) be defined with v in place of .
It is easy to see that

et (@, y) — piy (2, )]
exp[—3F(a,p)]  exp[-3F(a,v)]

(27)% (det{al})?  (2m)% (det{ali})?
 lexpldF(a )] — expl4F(a.v)]
- (27)% (det{a"7})?
exp[—3F(a,v)]
(2m)3
=L+ yeRyt>s.

(2.28)

(det{a7})"2 — (det{a’}) "2

10



Combining this with (A;) which implies (2.18), we find a constant ¢; > 0 such that
|[F(a, 1) = Fla,v)| = [({(aki) ™" = (ag) " Hy — @),y — 2}

= 00,91, 0)),

=~ C

which together with (2.24) yields that for some constant ¢y > 0,

x —yl? ~
(1 + | t i >[1 < ot (1, ) W0 (9] (1), ©7 ().

— S

Next, by (2.18) and (2.24), we find a constant ¢z > 0 such that

xr — 2 ~
(1 + | t Z| >[2 < 03p§t(x>y)WS,t,G(@Z,~(U>7(I)Z;(V))'

Combining these with (2.28), we arrive at

2
r—1Y \Z v,z ~
(1 B2 (o) = 2250 < (e o)) W02, 0. 9 0))

(2) By (2.17) we have

(2.29) Vi (y)(@) = (al7) " (y — 2)plf (2, y),

(2.30) VA (p)(@) = o) (@) - )} @ {(al) "y - @)} = (@) )
So, by (2.18) and (2.24) we find a constant ¢ > 0 such that (2.26) holds. Moreover, (2.29)
implies

Vi (-, y)( ) = Vi (y) (@)

< [{(ak))™" = (@)™ Hy — @) [p3f7 (2, ) + {037 (@) — L7 (2,9) }al0) v — ).
Combining this with (2.18), (2.24) and (2.25), we find a constant ¢ > 0 such that

Wy 0(P7 (1), @7 .(v)) K

VL () ) = Vil () (o) € e (o).

Similarly, combining (2.30) with (2.18), (2.24) and (2.25), we find a constant ¢ > 0 such that

Wi o(P7 (1), PL(V))

V22t (y) () = V2Pl () ()] < — Psi(,9)-
Therefore, (2.27) holds for some constant ¢ > 0. O
For 0 <s<t<T,y€ Pyand pu,v e C([s, t]; Py), let
(2.31) Asi(p,v) = Wi (@3 (1), ®7.(v)) + [l = Vllseorv-

11



Lemma 2.4. Assume (A). Let

5:1(1—é—2>>0,
2 P q

See = sup (1+ [[r[lo),

reEls,t]

S = SE VST, 0<s<t<T,ueC(0,T]; P).

Then there exists a constant C > 1 such that for any 0 < s <t < T, y,z € R, u,v €
C([0,T); Py), and m > 1,

(2.32) [HIE™ (g, 2)] < fuly)(CSE)™ (= 8) 2 D2 (2, ),

[HE" (y, 2) — HT™ (y, )|

<mf(y)(CS ) (= 5) 7V (@ y) Ay (1, v).

Proof. (1) By (2.19), (2.26) and (A1)-(A2), we find a constant ¢; > 0 such that for any
0<s<t<T ueC(0,T];P) and y, z € RY,

(2:34) [HE (. 2)] < et = )73 {(L+ sllo) fo ()} (v 2).

So, (2.32) holds for m = 1 and C = ¢;. Thanks to [21, (2.3), (24)] with S =" =1, A = 5
we have

(2.33)

t
g :Z/ / (t w72 (¢ =) VG (g, 2) fuly) (u— 8) 255, y)dydu
R4
(2.35) < calt = ) 2P (2 2) (1 = ) 2070 fl g (0 — )4
=c3(t—s)” 2ps’t K, 2)(t—5) 0<s<t<T k>1
where ¢ 1= ¢ f||zg(js.)- Let C =1V i V (4c3). If for some k > 1 we have

HIE™ (. 2)] < (CSE) ()i (9, 2)(t — 5) 73000
for all y,2 € R? and 0 < s <t < T, then by combining with (2.34) and (2.35), we arrive at

\H;#“l(y, |</ du/ ]H”k (2, 2)H] % (y, 2')|dz'
< CVO(SE)"™ fuly)
< CHFL(SE L (y) (t — 5) 2 TR 52K (y, 2),

Therefore, (2.32) holds for all m > 1.
(2) By (2.26), (2.27), (2.18) and (A1)-(A2), we find a constant ¢ > 0 such that for any
0<s<t<T, uveC(0,T];P) and y,z € RY,

[HJ¥ (y, 2) = HIY (y, 2))
< et — )20y (y, 2)SE foy) (Il = Vilswo v + Wi (D] (1), ®7.(v)))
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Let, for instance, L = 1 + 4C? + 4c¢?, where C is in (2.32). If for some k > 1 we have
[H (2, 2) = HIH (2 2)| < R(LSE) f(2)P2 (2, 2)(E = ) 2 DAL (),

for any 0 < s <t < T and z, 2’ € R then (2.32), (2.35) and (2.36) imply

1HI 5 (g, 2) = HL (. 2)|

< [ar [ {imesc o - Bt ol e, )

s R
LA )] I, ') — HI (. )] a2’

< (b + LS L WIBL (0 2)(t = 5)7F A ()

Therefore, (2.33) holds for some constant C' > 0. [

We are now ready to prove the following main result in this part, which ensures the
| - |ls,t,0.rv-contraction of ®7 for small ¢ — s.

Lemma 2.5. Assume (A). There ezist constants g,e € (0,1) and a function ¢ : (0,00) —
[0, 00) such that

||‘I)Z,~(M) - (I)Z,-(V)Hs,t,e,TV < O(N)(t —s)°[|u — V||s,t,9,TV7(1 + - |6)
holds for any N > 0,5 € [0,T),t € [s,(s +eoN"V)AT], p, v € @;f\, and vy € Py N.
Proof. By Lemma 2.1, for any N > 0, we find a constant ¢;(/N) > 0 such that

Wer0(7. (1), B2, (1))
< ON)(t = 5) |l — Vllsporv, 0<s<t<T,pve P,y e Pon.

Combining this with (2.24), Lemma 2.3-Lemma 2.4, (2.20), (2.23) and (A,), we find ¢o(N) >
0 such that for € := e A § and gq := (2C)~Y/9,

psit' (z,2) — psi (2, 2))

o t
< o2 Weral@2. (0. 8, 00) + Y [ dr [P () = B (2l )y
m=1"% R

o0 t
+> [ dr [ H )l (e y) — plE (2, y)|dy
m=1"9% R4
< Cﬁft(x7 Z)Ws,tﬂ(q)z;(“)? CI)’Y(V))

S,

+ 3 m A 1(CON)™ Ay (1) (= )30

m=1

X/s /Rd(t—T)_éﬁzf(y,z)ﬁn(y)(r—3)_§ﬁ§r(x’y)dydr
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< cPy(a, 2)Wo 0 (D] (1), ©2.(v))
+ (8= 8) Nrr (pt, V)P2E (,2) D (m )" (t — )’y
m=1
< Ga(N)(t = 8)° |l = vllsporviss (x,2), =,z €R?

holds for any N > 0,0 < s <t < (s+ &N V) AT, pv e Py, and vy € Pyn. So, by
(2.22) and the definitions of ®], and || - ||y, we find a constant ¢(IN) > 0 such that

13 (1) V)|lorv
= sup

/ / (x,z)dzy(dz) / / (z,z)dzy(dz)
lg|<1+[-|¢ /RS JRA Rd JRd

< Go(N)(t — )7t — Vlswozy / (1+ |27 (z, 2)d2r/(da)

R4 x R4
< ¢(N)7(1 +]- |9) (t —s)°|\w— Vseorv, tE][s (s+ 60N_1/5) AT].

Then the proof is finished. O

3 Proof of Theorem 1.2

To prove Theorem 1.2 using the contraction result Lemma 2.5, we need the following priori-
estimates on the solution of (1.2).

Lemma 3.1. Assume (A) and let m > 0. Then there exists a constant Ny > 0 such that for
any s € [0,T), X5 € L™(Q — R . Z,P), and T' € (0,7 , a solution (X4)ies) of (1.2)

with initial value at X from s up to T" satisfies

’ ms 2
E| sup (1+ \Xsﬁ)%] < eMT (B(1+ X, 2)%)", telsT).

tels,T7]

Proof. Without loss of generality, we may and do assume that s = 0 and denote X; = X ;.
By Ito’s formula, (As) and the boundedness of o, there exists a constant ¢ > 0 such that

(1 + X772

< 5 (1 X P) 2 (20X bi(Xe, L))t + [Jon(Xe, Zx,) | Hisdt)
m m

+ 5 (G~ D+ X E 20X L) Xt

+ m(l + |Xt|2)%_1<Xt, O't(Xt, Q%Xt)th>
<mK (14 X, )% f(X)dt + (14 || Lx, |lo)™ f(Xp)dt + cpdt
+ m(l + |Xt| )m 1<Xt7 O-t(Xtao%Xt)th>-
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Thanks to Krylov’s estimate and Khasminskii’s estimate [17, (4.1),(4.2)], (A1)-(A2) and the
stochastic Gronwall inequality [18, Lemma 3.8] yield

X
(E sup (1+\Xt\2)3> < MTE(1+[Xo|?)

te[0,77]
for some constant N; > 0 independent of Xy and 7" € [0, 7. O

Proof of Theorem 1.2. Since (1.3) is implied by Lemma 3.1, we only prove the well-posedness
of (1.2) for initial distributions in &7, for some m > 6. Since according to [17] the assumption
(A) implies the well-posedness of the SDE

dX7 = b/(XP) + ot (X{)dWe, - X = Xo

for p € C([0,T]; Py) and E|X|? < oo, by the modified Yamada-Watanabe principle [9,
Lemma 2.1] we only need to prove the strong well-posedness of (1.2) with an initial value
Xy such that F|X,|™ < oo.

(1) Let Ny and N; be in Lemmas 2.2 and 3.1 respectively. Take

(3.1) N = max { Ny, " DE(1 + |Xo|2)g}.
Since N > Ny, Lemma 2.2 implies

O Py = PN, 0<s<t<T.

S,

Moreover, by Lemma 2.5, there exists constant C' > 0 depending on N such that

|7 (1) — DL (W) |ls,0rv
< C(t—s)°|lp—v|srorv, pve Wg’f\ﬁ,’y € Pyn,tels(s —i—aoN_%) AT].

Taking ¢ € (0, EON_l) such that Ct, < 1, we conclude that ®] is contractive in & SHO)ATW
for any s € [0,7) and v € Pyn. Below we prove that this implies the ex1stence and
uniqueness of solution of (1 2).
(2) Let s = 0 and 7 = Zx,. By (1) and the fixed point theorem, there exists a unique
€ L@Q;WTV such that p, = ®7,(p) for t € [0,ty A T]. Combining this with the definition
of ®],(1), we conclude that X'Yt is a solution of (1.2) up to time ty A T". Moreover, it is
easy to see that the distribution of a solution to (1.2) is a fixed point of the map @], and
by Lemma 3.1 and (3.1) a solution of (1.2) up to time ty A 7" must in the space 907t°AT’7.
Therefore, (1.2) has a unique solution up to time ¢ty A T
(3) If to > T then the proof is done. Assume that for some integer k& > 1 the equation
(1.2) has a unique solution (X¢)icort) up to time ktg < T, we take s = kty and v =
Zxy,,- By Lemma 3.1 and (3.1), we have v € & v, so that @Zto,{(kﬂ)to}m is contractive in

@jﬁ%’{(’””to}”’”. Hence, as explained in (2) that the SDE (1.2) has a unique solution from
time s = kto up to {(k + 1)to} AT. This together with the assumption we conclude that
(1.2) has a unique solution up to time {(k + 1)to} A T. In conclusion, we have proved the
existence and uniqueness of solution to (1.2).

[]
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