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Abstract

The following type exponential convergence is proved for (non-degenerate or degener-
ate) McKean-Vlasov SDEs:

WQ(/LM :uOO)2 + Ent(ﬂt“'boo) < Ce_)\t min {WQ(/'L07MOO)27Ent(/'L0’MOO)}7 t>1,

where ¢, \ > 0 are constants, u; is the distribution of the solution at time ¢, o is
the unique invariant probability measure, Ent is the relative entropy and Wy is the L?-
Wasserstein distance. In particular, this type exponential convergence holds for some
(non-degenerate or degenerate) granular media type equations generalizing those studied
in [7, 11] on the exponential convergence in a mean field entropy.

AMS subject Classification: 60B05, 60B10.
Keywords: McKean-Vlasov SDE, exponential convergence, stochastic Hamiltonian system,
granular media equation.

1 Introduction

The convergence in entropy for stochastic systems is an important topic in both probability
theory and mathematical physics, and has been well studied for Markov processes by using
the log-Sobolev inequality, see for instance [5] and references therein. However, the existing
results derived in the literature do not apply to McKean-Vlasov SDEs due to the nonlinearity
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of the associated Fokker-Planck equations. In 2003, Carrillo, McCann and Villani [7] proved
the exponential convergence in a mean field entropy of the following granular media equation
for probability density functions (p;);>o on R%:

(1.1) 0ipr = Apy + div{pV(V + W % p,) },

where the internal potential V' € C?(R?) satisfies Hessy, > Al for a constant A > 0 and the

d x d-unit matrix I, and the interaction potential W € C?(R?) satisfies W (—z) = W (z) and

Hessy > —d1, for some constant § € [0, A/2). Recall that we write M > A\, for a constant A

and a d x d-matrix M, if (Mv,v) > Mv|? holds for any v € R%. To introduce the mean field
e~ V@) dy

entropy, let py(dz) == Too Vs recall the classical relative entropy
R

Ent(v|p) = { PP108 P 1Ly =pp
| 0, otherwise

for u, v € 2, the space of all probability measures on R?, and consider the free energy functional

1
E"W (1) = Ent(p|uv) + 5/ W(x —y)p(da)u(dy), pe 2,
R4 xR4

where we set EYV'W (1) = oo if either Ent(u|uy) = oo or the integral term is not well defined.
Then the associated mean field entropy Ent""" is defined by

(1.2) Ent"W (y) := EV'W () — in; EYW(v), pe 2.

VET
According to [7], for V and W satisfying the above mentioned conditions, EY"" has a unique
minimizer fio., and p(dx) := p;(x)dz for probability density p; solving (1.1) converges to fis
exponentially in the mean field entropy:

Ent""W (1) < e A" 2MEntYW (1), t > 0.

Recently, this result was generalized in [11] by establishing the uniform log-Sobolev inequality
for the associated mean field particle systems, such that Ent""" (u,) decays exponentially for
a class of non-convex V € C%(R?Y) and W € C?*(R?¢ x R?), where W(z,y) = W(y,z) and
wi(dz) := py(x)dx for p; solving the nonlinear PDE

(1.3) epr = Apy +diV{PtV(V+W®Pt)}a
where
(1.4) W®p = [ W(,y)p:(y)dy.

Rd

In this case, Ent""" is defined in (1.2) for the free energy functional

1
BV () = Ent(plpy) + 5/ W (z,y)p(dz)u(dy), pe 2.
R4 x R4
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To study (1.3) using probability methods, we consider the following McKean-Vlasov SDE with
initial distribution p:

(1.5) dX, = V2dB, — V{V + W ® Ly, }(X,)dt,

where B; is the d-dimensional Brownian motion, Z¥, is the distribution of X;, and

(1.6) (Wep)(z)= [ Wryudy), rcR, pe P

R4

(Zx,)(dz)

provided the integral exists. Let py(z) = —>—,

by parts formula, we have

d d

dt Rd(Ptf)(m)dx = EE[JC(XQ] = E[(A - VV — V{W ® Pt})f(Xt)}

_ /R (@) {Af — (VV + VW @ p,}, V) }a)dz

t > 0. By Ito’s formula and the integration

= f@){Ap + div[p,VV + p, V(W ® p)] }(z)dx, t >0, f € C(RY).
Rd

Therefore, p; solves (1.3). On the other hand, by this fact and the uniqueness of (1.1) and
(1.5), if p; solves (1.1) with po(dz) := po(x)dz, then p(z)dr = Lx,(dx) for X; solving (1.5)
with Zx, = po.

To extend the study of [7, 11], in this paper we investigate the exponential convergence in
entropy for the following McKean-Vlasov SDE on R%:

(17) dXt = O'(Xt)th + b(Xt, g_}g)dt,

where W, is the m-dimensional Brownian motion on a complete filtration probability space
(Q7 {ﬁt}tzm ]P)a
c: R 5 RI@R™, b:RYx Py, — R?

are measurable, and &2, is the class of probability measures on R? with p(| - [?) < oo.

Since the “mean field entropy” associated with the SDE (1.7) is Not Available, and it is less
explicit even exists as in (1.2) for the special model (1.5), we intend to study the exponential
convergence of Zx, in the classical relative entropy Ent and the Wasserstein distance Ws.
Recall that for any p > 1, the LP-Wasserstein distance is defined by

W (p1, po) == inf </ Iaf—y|p7r(dw,dy)) ;s p2 € P,
R4 xR4

TEE (p11,142)

where €' (11, o) is the set of all couplings of uy and ps.

Unlike in [7, 11] where the mean field particle systems are used to estimate the mean
field entropy, in this paper we use the log-Harnack inequality introduced in [21, 17] and the
Talagrand inequality developed in [19, 5, 15], see Theorem 2.1 below. Thus, the key point of
the present study is to establish these two type inequalities for McKean-Vlasov SDEs. Since
the log-Harnack inequality is not yet available when o depends on the distribution, in (1.7) we
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only consider distribution-free o. In particular, for a class of granular media type equations
generalizing the framework of [7, 11], we prove

W (pte, poo)® + Ent (| poo) < ce™ min {Wa (g, ptoo)?, Ent(piolpios) }, ¢ > 1

for pi(dz) := pi(x)da and some constants ¢, A > 0, see Theorem 2.2 below for details.

The remainder of the paper is organized as follows. In Section 2, we state our main results
for non-degenerate and degenerate models respectively, where the first case includes the gran-
ular media type equations (1.3) or the corresponding Mckean-Vlasov SDE (1.5) as a special
example, and the second case deals with the McKean-Vlasov stochastic Hamiltonian system
referring to the degenerate granular media equation. The main results are proved in Sections
3-5 respectively, where Section 4 establishes the log-Harnack inequality for McKean-Vlasov
stochastic Hamiltonian systems.

2 Main results and examples

We first present a criterion on the exponential convergence for McKean-Vlasov SDEs by using
the log-Harnack and Talagrand inequalities, and prove (2.15) for the granular media type
equations (2.10) below which generalizes the framework of [11]. Then we state our results for
solutions of SDE (1.7) with non-degenerate and degenerate noises respectively.

2.1 A criterion with application to Granular media type equations

In general, we consider the following McKean-Vlasov SDE:

(2.1) dX; = o(Xy, Zx,)dW, + b( Xy, Zx,)dt,

where W, is the m-dimensional Brownian motion and
oc:Rix Py 5 RIQR™, b:RY x 2, —» R?

are measurable. We assume that this SDE is strongly and weakly well-posed for square inte-
grable initial values. It is in particular the case if b is continuous on R% x &, and there exists
a constant K > 0 such that

(b, 1) = by, v),x = )" + oz, n) — oy, V)" < K{|z = y|* + Wa(u, )"},
00, )] < e(1+ Vil P)), @y R pve 2,
see for instance [26]. See also [13, 28] and references therein for the well-posedness of McKean-

Vlasov SDEs with singular coefficients. For any pu € &, let Pfu = £, for the solution X;
with initial distribution £y, = p. Let

(2.2)

Puf ) =B = [ fdPin o2 0.7 € B8
R
We have the following equivalence on the exponential convergence of P in Ent and Wi.
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Theorem 2.1. Assume that P has a unique invariant probability measure pi € P such that
for some constants ty, co, C > 0 we have the log-Harnack inequality

(2.3) Py (log f)(v) < log Py f (1) + coWo(p, v)*, p,v € Py,
and the Talagrand inequality
(2.4) W (11, proo)” < CEnt(plpin), 1 € Pof € By(RY).
(1) If there exist constants ¢y, A, t; > 0 such that
(2.5) W (P i, hoo)? < 16 MWo (i1, pog)?, t >t pp € P,
then

max { ¢ "Ent(F; il troo), Wa (P 1, p10o)* }

2.6
(2:6) < ¢re M) min {Wg(u,um)z, CEnt(,umoo)}, t>tg+t,u € Py

(2) If for some constants A, ce,ta >0
(2.7) Ent (P} pi|ptos) < coe™MEnt(plpine), t > ty, v € Py,

then

max {Ent(Pt*:u7 Mm)a CilW?(Pt*lu’a MOO)2}

2.8
(28) < coe M) min {cgWa (i, pioo)?, Ent(pil o)}, t > to + o, jt € P,

When oc* is invertible and does not depend on the distribution, the log-Harnack inequality
(2.3) has been established in [26]. The Talagrand inequality was first found in [19] for s being
the Gaussian measure, and extended in [5] to p satisfying the log-Sobolev inequality

(2.9) poo(f210g [%) < Css(IV ), [ € Ci(RY), e (f?) = 1,

see [15] for an earlier result under a curvature condition, and see [20] for further extensions.
To illustrate this result, we consider the granular media type equation for probability density
functions (p;);>0 on R%:

(2.10) Opr = div{aVp, + paV(V + W & py) },
where W ® p; is in (1.4), and the functions

a:RESRIQRY, V:RTPS R, W:R{xRY - R
satisfy the following assumptions.

(H1) a:= (ai)1<ij<a € C}(R? - R?®@ R?), and a > \,I; for some constant \, > 0.



(Hy) V € C*R?), W € C?(R? x R?) with W (z,y) = W(y, ), and there exist constants ro € R
and K1, kg, ki > 0 such that

(2.11) Hessy > koly, rolag > Hessy > kolag,

(2.12) (2, VV(2)) > K1|z)? — kg, € R

Moreover, for any A > 0,

(2.13) / e V@V W qzdy < oo.
RIxR4

(H3) There exists a function by € L},.([0,00)) with

loc

ro i= —”HeSZWHOO / et Jobo()dsqy <
0

such that for any z,y, z € R,
(y — 2, VV(2) = VV(y) + VW (-, 2)(x) = VW (,2)(y)) < [z — ylbo(|lz — y]).

For any N > 2, consider the Hamiltonian for the system of N particles:

N N
1
i=1

1<i<j<N

and the corresponding finite-dimensional Gibbs measure

1
M(N)(dxla e al‘N> - Z_e_HN(xh.“JN)dxl e de;
N

where Zy = [pan e Hn@dr < oo due to (2.13) in (H,). For any 1 < i < N, the conditional
marginal of u™) given 2 € R4V~ is given by
1

M(dz) = ———

eiHN(:Blz)d‘T, ZN(Z) ::/ efHN(:Jc\z)dx,

R4

Hy(z]z) == V(z) — log/ o SIHVE RS @AY L da
RA(N-1)

We have the following result.

Theorem 2.2. Assume (Hy)-(Hs). If there is a constant a > 0 such that the uniform log-
Sobolev inequality

z

(2.14) ugN><f2logf2>S%uwwm feCHRY, WM (f2) = 1N > 2,2 € RIVD

holds, then there exists a unique oo € P2 and a constant ¢ > 0 such that
(2.15)  Wa(p, o) + Ent (o) < ce™ 0 min {W, (1o, p1oc)” + Ent(plprec) }, ¢ > 1

holds for any probability density functions (p;)i>o solving (2.10), where p(dz) := py(x)dx,t > 0.
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This result allows V and W to be non-convex. For instance, let V = V; + V5, € C?*(RY)
such that ||[Vi]le A [[VVi|lee < 00, Hessy, > Ay for some A > 0, and W € C?(R¢ x RY)
with ||W]|e A [[VW]| < 00. Then the uniform log-Sobolev inequality (2.14) holds for some

constant 5 > 0. Indeed, by the Bakry-Emery criterion, ps(dz) := me*%(z)dx satisfies
R

the log-Sobolev inequality

pa(F10g %) < 2191, f € CURY, () = 1.

then (2.14) with some constant 8 > 0 follows by the stability of the log-Sobolev inequality
under bounded perturbations (see [9, 8]) as well as Lipschitz perturbations (see [1]) for the
potential V5. Moreover, assumptions (H;)-(H3) hold provided ||Hessy ||« is small enough such
that ro < 1. So, Theorem 2.2 applies. See [11] for more concrete examples satisfying (H;)-(Hs)
and (2.14).

2.2 The non-degenerate case

In this part, we make the following assumptions:

(A;) bis continuous on R? x &2, and there exists a constant K > 0 such (2.25) holds.

(Ay) oo* is invertible with A := [[(60*)7!|ec < oo, and there exist constants Ky > K; > 0
such that for any x,y € R? and p,v € Py,

lo(z) — o ()|Iig + 2(b(x, 1) — by, v), x — y) < KiWa(p,v)* — Koz — y|*.

According to [26, Theorem 2.1], if (A;) holds and b(x, 1) is continuous on R% x £, then for
any initial value Xy € L?(Q2 — R?, %, P), (1.7) has a unique solution which satisfies

IE[ sup |Xt|2} < oo, T € (0,00).
t€[0,T]
Let Pjp = £, for the solution with £y, = p1. We have the following result.

Theorem 2.3. Assume (Ay) and (As). Then P} has a unique invariant probability measure
lhoo Such that
(2.16)  max {W(F; p1, fioo)®, Ent(P} il 10o) } < ;\—116_‘]{2‘“”%’2(%%)2, t>0,p€ P

holds for some constant ¢; > 0. If moreover o € CZ(R? — R? @ R™), then there exists a
constant co > 0 such that for any p € Pyt > 1,

(2.17)  max {Wa( B/ 1, fioo)?, Ent (P} il o) } < coe™ M2 50 min {Wh (1, p1o0)?, Ent (41| o) }

To illustrate this result, we consider the granular media equation (1.3), for which we take
(2.18) o =2l bz, p) = —V{V+W®pu}(z), (z,n)€R?x P,.

The following example is not included by Theorem 2.2 since the function W may be non-
symmetric.



Example 2.1 (Granular media equation). Consider (1.1) with V € C?*(R%) and W €
C%(R? x RY) satisfying

(2.19) Hessy > Ay, Hessy > 0114, ||Hessw|| < 09

for some constants A, > 0 and 0; € R. If A+ &; — d, > 0, then there exists a unique
loo € P and a constant ¢ > 0 such that for any probability density functions (p;);>0 solving
(1.3), pe(dzx) := p(z)de satisfies

(2.20) max { Wy (4, fhoo), Ent (g pioo) } < ce™ M=% min {Wh (1o, 1o ), Ent(piol o) }, £ > 1.
Proof. Let o and b be in (2.18). Then (2.19) implies (A4;) and
(b(x, 1) = bly,v),x —y) < —(M + )|z = yl* + 2l — y|Wi (. v),
where we have used the formula
Wi, v) = sup{u(f) —v(f) : [IVFlleo <1}

So, by taking a = %2 and noting that W; < W, we obtain

52

(b, 1) = bly,v),x —y) < —(A+ 0 —a)lz =y + ZWi(p,v)?
) )

< —()\ + 61 — §2>|x —y|* + EZWQ(/,L, V), zy €RY pu v e Py

Therefore, if (2.19) holds for A4d; —J > 0, Theorem 2.3 implies that P, has a unique invariant
probability measure pio, € P, such that (2.20) holds for g € Py. When pg ¢ 5, we have
Wa(po, foo)? = 00 since fio, € P5. Combining this with the Talagrand inequality

Wi (p0, f100)* < CEnt(p10]100)

for some constant C' > 0, see the proof of Theorem 2.3, we have Ent(fo|pi00) = 00 for pg ¢ Hs,
so that (2.20) holds for all py € 2. O

2.3 The degenerate case

When R* with some k € N is considered, to emphasize the space we use 2(R*) (P, (RF))
to denote the class of probability measures (with finite second moment) on R*. Consider the
following McKean-Vlasov stochastic Hamiltonian system for (X;,Y;) € Ri+d ;= R4 x R ;

dX, = BY;dt,
(2.21)

dY; = vV2dW; — {B*VV(-,,Z(XM))(Xt) 4 BB*(BB*)X, + Y;}dt,
where 8 > 0 is a constant, B is a d; X dy-matrix such that BB* is invertible, and

ViR x Py (RUT) 5 RE
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is measurable. Let
Up((2,9).(7.9) == VIe = 2P+ [Bly = 9)P. (2,9).(7.9) € R,

2
W;ﬁB(My) = inf {/Rd I ¢32d7r} v € Py(RUTER),
1+dg wRd1+d2

TEE (p,v)

We assume

(C) V(z,p) is differentiable in « such that VV(-, u)(z) is Lipschitz continuous in (x,u) €
R% x 22, (R4+42) Moreover, there exist constants 6,0 € R with

(222) 01+ 6y < 6,
such that for any (z,y), (z/,y') € R4+% and p, i/ € Py(R4U+d2),

(BBHVV(,p)(@) = VV (i) (@)} o — 2"+ (14 B)Bly —¢/))

(2.23) > _Qle((l’, y)v (xla 3/))2 - 02W12p3 (/% ,U,)Q'

Obviously, (C) implies (A;) for d = m = d; + dy, 0 = diag{0,/214,}, and
b((,y), 1) = (By, =B*VV (-, u)(x) — BB*(BB*) "'z — y).

So, according to [26], (2.21) is well-posed for any initial value in L?(Q — R%F42 7 P). Let
P} = % x, v, for the solution with initial distribution i € Po(R%+42).

Theorem 2.4. Assume (C). Then P} has a unique invariant probability measure fi, such that
for any t >0 and p € Py(RU+d2),

Ce—2nt

(2.24) max { Wa (P, p1, ftoo)?, Ent (P il o) } < anDe min {Ent (1] tio ), Wa (11, fioo)? }

holds for some constant ¢ > 0 and

o 2AB—6—6))
L2428+ 824 /Bi+4

(2.25)

Example 2.2 (Degenerate granular media equation). Let m € N and W € C?(R™ x
R?™). Consider the following PDE for probability density functions (p;);>o on R*™:

(226) atpt<x7 y) = Aypt<l’, y) - <vxpt(*r7 y)v y) + <Vypt(]37 y)a VI(W @ pt)(x) + ﬂl’ + y>7

where 3 > 0 is a constant, A,, V,, V, stand for the Laplacian in y and the gradient operators
in x,y respectively, and

(W p)(x) := Wz, 2)pi(2)dz, =€ R™.

R2m



If there exists a constant 8 € (O ¢) such that

T 1434/2+28+8°
(2.27) VW (-, 2)(x) = VW (-, 2)(z)| < 0|z — Z| + |z — 2]), =, € R™, 2,z €R™,

then there exists a unique probability measure o, € P(R*™) and a constant ¢ > 0 such that
for any probability density functions (p;):>o solving (2.26), u(dx) := pi(z)dx satisfies

(2.28)  max {Wy(pu, fioo)?, Ent(puelpie) } < ce™ min {Wa (o, p1o0)?, Ent(piolpioo) }, > 1

holds for k = QB_H(HS Y 2+2B+’32) >0

2+26+62+4/ B +4

Proof. Let dy = dy = m and (X3,Y;) solve (2.21) for

(2.29) B:=1,, V(z,u) = W(z, z)pu(dz).

R2m

Let py(z) = (Xt+)(dz) By It0’s formula and integration by parts formula, for any f € C2(R*™)
we have

d d
& [ = SR

— [ e A @) + (T f@)e0) — (Vo (2,0), VoV (@, pu(2)d2) + Bz + ) pdody
= /.. @, {Ayp(x,y) = (Vapi(2,9), ) + (Vypi(2, ), Vopu(W(z,-)) + Bz + y) jdady.

Then p; solves (2.26). On the other hand, by the uniqueness of of (2.21) and (2.26), for any
solution p; to (2.26) with po(dz) := po(z)dz € Po(R*™) for d = 2m, py(z)dz = Zx, v;)(dz) for
the solution to (2.21) with initial distribution pg. So, as explained in the proof of Example 2.1,
by Theorem 2.4 we only need to verify (C) for B,V in (2.29) and

1 0
(2.30) 91=0<§+ 2+26+,62), 0 = 5V2+ 28+ P,
so that the desired assertion holds for

20861 —6)  28—0(1+3y/2+28+ 3%

2428482+ /BIH4 2428+ 32+ /B +4

By (2.27) and V (z, u) := u(W(x,-)), for any constants ay, as, g > 0 we have
= (VV(pu)(z) = VV(, @) (@), 2 -7+ (1+B)(y - 7))
= (VW (-, 2)(2) = VW (,2)(@),z =T + (1 + B)(y — §))n(d?)

+ (u(VaW (z, ")) — i(VeW (z, ))93—93+(1+5)(y y)
)} (o =zl + (1+B)|y — 3l)

> —0{|x — z| + Wi (p,
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> —0as + ) Wal, 1)* — 0 (14 + i) o — T2+ (1+ 5)2(i + i) y— o},

4oy 4oy 4ovg
Take
V2+260+5%2—-1 1 (1+ B)?
Q= , Qg = , Q3= .
2 2y/2+ 20+ B2 24/2+ 28 + 32
We have
1 1
IL+oag+—=-++/2+28+ 3%
4042 2
(1+8)( L1 )—1+ 2+ 28+ B2
40[1 4043 B 2 ’
1
a2+a3:§\/2+25—|—62.
Therefore,

0 1
I2 =52+ 28+ FWalu ) = 0(5 + V24 28+ ) |(2.y) - (@9
i.e. (C) holds for B and V in (2.29) where B = I,,, implies that ¢ 5 is the Euclidean distance
on R*" and for 0;,6, in (2.30). O
3 Proofs of Theorems 2.1 and 2.2
Proof of Theorem 2.1. (1) Since

Ent(Pov|Pop) = sup — Py(log f)(v),
120,(Pig (=1

(2.3) implies
Ent(Pv|Pip) < coWa(p,v)?.

This together with Py fioo = peo gives
(3.1) Ent( P pltios) < coWa(p, pios)?, 11 € Pa.
Combining (2.5) with (2.4) and (3.1), we obtain
Wy (P g1, fro)® < 16 Wa(pt, pino)® < cre™ min {Wa(, oo )?, CEnt(plpie) }, >t
and

Ent (P} il proo) = Ent(P Py politos) < coWa (Pt fioo)® < cocre M OWy (1, p1oc)
= {cocrete ™ min {Wo (1, p1oo)?, CEnt (plptos) b, ¢ > to + t.

Therefore, (2.6) holds.
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(2) Similarly, if (2.7) holds, then (2.4) and (3.1) imply

Ent (P} poljtoo) < 2671 min {Ent (B o100, Ent(p1]proc) }
< cpe M) ;min {COWQ(M, fhoo)?, Ent(umoo)}, t>ty+ty

and
CTIWo (P 1, proo)® < Ent(Pry Py aloc)
< comin {e MEnt(ppo0 ), e*A(t*tO)Ent(P;;umoo)}
< e M) min {Ent (4o ), coWalpt, pioo)? }, > to + to
Then (2.8) holds, and the proof is finished. O

Proof of Theorem 2.2. By [11, Theorem 10], there exits a unique o, € &5 such that
(3.2) Ent"" (1) = 0.

Let py = podx € 5. We first note that u, = Puo := Ly, for X; solving the distribution
dependent SDE (2.1) with

d
(3.3)  o(x,u) =+/2a(z), blx,pn) Zé?ja.d(:v) —aV{V+W®puz), 2R, puec P,

Obviously, for this choice of (o, b), assumptions (H;) and (Hs) imply condition (2.25) for some
constant K > 0, so that the McKean-Vlasov (2.1) SDE is weakly and strongly well-posed. For

any N > 2, let /,L,ﬁN) = £, v for the mean field particle system Xt(N) = (XM 1cicn:
d
(34)  dXMF = V20(XNM)ABE + {Z — a(XNF)V Hy (X )}dt t>0,

where Vj denotes the gradient in the k-th component, and { X"} <;<y are ii.d. with distri-
bution pg € 5. According to the propagation of chaos, see [18], (H;)-(H3) imply

(35) lim Wg(gXiV,l,Pt*,uo) = 0.

N—oo

Next, our conditions imply (25) and (26) in [11] for prs = B(1 — 7). So, by [11, Theorem
8(2)], we have the log-Sobolev inequality

(3.6) W(f*log ) < sH(VEP), fe CuR™), ™M (f?) =1

2
Bl —ro)
By [5], this implies the Talagrand inequality

2
— 79
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On the other hand, by It6’s formula we see that the generator of the diffusion process Xt(N) is

d
L(N)(x(N)) = Z {(IZJ(IN’]C)axivk&xj\Ik + ajaz'j<IN’k)axiv,k — Qg ($N’k) [8$£v,kHN<I(N))} 896516},
ij k=1
for t™) = (2N, ... 2NN) € RN where 2F is the i-th component of 2M* € R%. Using the

integration by parts formula, we see that this operator is symmetric in L?(p(™):

EM(f,9) :=/ (a MV f,Vg)du™) = —/ (LM g)du™,  f,g € C(R™),
RdN

RaN

where a™) (z)) := diag{a(z™), - -, a(aVV)}, 2™ = (M1 ... 2NNy € RV, So, the closure
of the pre-Dirichelt form (&™) Ce(R™)) in L?(u™)) is the Dieichlet form for the Markov
semigroup PV of X™. By (H,) we have a®™) > X\ I;v, so that (3.6) implies

2w 1 (N)( £2y _
S B/\Q(l_ro)ggjv(faf)a fECb(RdN)7/J’N(f)_1'

It is well known that this log-Sobolev inequality implies the exponential convergence

1M (flog f?)

Bnt(uf"]u ")) < 2070 B (g )

3.8
( ) _ e_AaB(l_r0)2tEnt([L®N|/J(N)), t Z 0’ N Z 2’

see for instance [3, Theorem 5.2.1]. Moreover, since Hessy and Hessy, are bounded from below,
(H,) implies that the Bakry-Emery curvature of the generator of Xt(N) is bounded by a constant.
Then according to [21], there exists a constant K > 0 such that the Markov semigroup Pt(N) of
Xt(N) satisfies the log-Harnack inequality

Kp™N(z,y)?

(39 RVlogf(x) <log A + S Sy

0<fe€BRM,t>0xycR?,

where p) is the intrinsic distance induced by the Dirichlet form &™), Since a™) > A\ Iy,
we have p™(z,9)2 < A7l|lz — y|2. So, (3.9) implies (2.3) for P replacing Py, and ¢y =
K

Ma(l_e—2KE) -

KW?(M? V)2
22X, (1 — e—2Kt)’

Thus, by Theorem 2.1, (3.8) implies

P (log f)(v) < log P £ () + 0<f€BRYN)t>0,pvePRY).

Cle_Aaﬁ(l_TO)2t
1At
for some constant ¢; > 0. Moreover, (3.7), (3.2) and [11, Lemma 17] yield

(3.10) W (™ |n)? < W (u®V, 1 ™M)2, ¢>0,N > 2

: 1 QN , (N)\2 : 2 QN |, (N)\2
— < -
i =W g™, 1) _h]rvnj;ip ﬁ(l_m)QNEnt(uoo )
(3.11) 5

= St () =0,

13



Combining this with (3.10) we derive

. 1 , |
lim sup ng(uﬁm, p&)? = limsup NWQ(MEN), pl)?

N—o00 N—o00
7)\aﬂ(17r0)2t 1
ci€ . N | (N)\2
12 < — "1 — Wy (ud,
(312) < Y msup - 2(pg s 1)
—XaB(1—70)2t 1 ~AaB(1-70)t
cie ) 1€
_ac T WL (BN o2 =98y 2L t>0.
oy imsup 2 (g™ 1Y) e 2 (110, floo)”

Now, let & = (&)i<i<y and 7 = (1;)1<i<y be random variables on R such that % =
' Ly = ue and

N

N
> “Elg — nil? = El¢ — nf? = Wa(u™, uSN)2.
=1

We have .Z;, = ,,%ng,l,fm = llo for any 1 <7 < N, so that

N
(3.13) Nwz(gxtjv,l,umy < ZEl& — il = W (™), N2,

i=1
Substituting this into (3.12), we arrive at

Clef)\aﬁ(lfro)Qt
lim sup Wg(thN,l o)} <

W (1, f1eo)? , > 0.
m st < Ths 2( s fhoo)

This and (3.5) imply
—)\aﬁ(l—ro)2t
c1e
3.14 Wo(Prp )2 < 28" 7
(3.14) 2(PY 1 p1o0)” < ——
By [26, Theorem 4.1], (Hy)-(H3) imply the log-Harnack inequality

W2(lu7,uoo>2 ) t>0.

C2

\W% 2 t
1AL 2(:“71/)7 M?VG‘@% >0

(3.15) Fi(log f)(v) < log P f (1) +

for some constant ¢ > 0. Similarly to the proof of (3.13) we have
NW, (//Joo’ M(N’l))Q < W, (Mng M(N))Qw

where N1 = N (- x RIN=D) is the first marginal distribution of x™). This together with
(3.11) implies

lim Wy (™ p)? = 0.

N—o00

Therefore, applying (3.6) to f(x) depending only on the firs component z;, and letting N — oo,
we derive the log-Sobolev inequality

poo(f*log f?) < oo (IVFP), f € Cp(RY), poo(f?) = 1.

2
5(1—7’0)
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By [5], this implies (2.4) for C' = W Combining this with the log-Harnack inequality and
(3.14), by Theorem 2.1 we prove (2.15) for some constant ¢ > 0 and p; = Lx, = P} o for
solutions to (2.1) with b,0 in (3.3).

Similarly to the link of (1.3) and (1.5) shown in Introduction, for any probability density
functions p; solving (2.10), we have p,dx = Pfuy for py = podz € 5. So, we have proved
(2.15) for p; solving (2.10) with py € Z?. As explained in the proof of Example 2.1 that
Ent(po, foo) = Wa(pu, pieo) = 00 for pg ¢ 5, so that the desired inequality (2.15) tribally true.
Then the proof is finished. n

4 Proof of Theorems 2.3

According to [26, Theorem 3.1], (A;) and (As) imply that P} has a unique invariant probability
measure fi, and

(41) WZ(Pt*Uyﬂoo) é e_%(KQ_Kl)tWQ(,Ua ,uoo)a 14 Z 0,,& € (@2,
while [26, Corollary 4.3] implies

Ent(P; plpoe) < 10 Walpt poc)’s £ 0.0 € 2

for some constant ¢o > 0. Then for any p > 1, combining these with P = Py, P} )., we
obtain

Ent (P} plpos) = Ent(Pl/\tP(tfl)'*'M“j’OO) < 1—/\tW2(P(t71)+M7 fioo)?
—(K2—K1)(t—=1)" Ky—K;
o€ 2 Co€ —(Ka—K1)t 2
< W o) = ——— 2RI (1, oo )”.
< oy 2 (11 oo Ty e 2 (45 poo)

This together with (4.1) implies (2.16) for some constant ¢; > 0.
Now, let 0 € CZ(R? — RI®@R™). To deduce (2.17) from (2.16), it remains to find a constant
¢ > 0 such that the following Talagrand inequality holds:

Wa (11, oo)® < cEnt(plpice), 1€ Po.

According to [5], this inequality follows from the log-Sobolev inequality

(4.2) poo(f210g f2) < cuso(IVfI?), f € Cy(RY), poo(f?) = 1.
To prove this inequality, we consider the diffusion process X; on R? generated by

d [o.¢]
1 *
L= 5 Z(JU )ij0:0; + sz‘(wﬂoo)&‘
ij=1 =l

which can be constructed by solving the SDE

15



Let P, be the associated Markov semigroup. Since P}lice = fiso, When Fx, = fise the SDE
(4.3) coincides with (1.7) so that by the uniqueness, we see that (1 is an invariant probability
measure of P,. Combining this with (A2) and It6’s formula, we obtain

(44) Wz(g)’(w /’LOO)Q S e_KQtWZ(D%XOﬂ /‘LOO)27 t>0.

To prove the log-Sobolev inequality (4.2), we first verify the hyperboundedness of P, i.e. for
large t > 0 we have

(4.5) 1 Pell 22 00— £ 1) < 00

It is easy to see that conditions (A;) and (As) in Theorem 2.3 imply that o and b(-, i) satisfy
conditions (A1)-(A43) in [22] for K = —(Ky — K1), \? = X and §; = ||0 s S0, by [22, Theorem
1.1(3)], we find a constant C' > 0 such that the following Harnack inequality holds:

_ _ C _ 2
(PS@) < PPl esp | o] 50

Then for any f with ps(f?) < 1, we have

(Ptf(x))Q/Rd exp [— %} fioo(dy)

S ,uoo(pth) = :uoo(f2) S L.

So,
_ 4 ]_
sup  |Ff(2)]" < T
el (fae 2 T g (dy))”
(4.6) .
< - < Cyexp [Cre B K0 2] ¢ > 1,0 € RY

( fB(O,l) e TR ,Uoo(dy))2

Next, by [|o]|e < 00, (A2) and 1t6’s formula, for any k € (0, K3) there exists a constant ¢ > 0
such that B B ) B
d|Xt|2 S 2<Xt7 U(Xt)th> + {Ck — k|Xt|2}dt

Then for any € > 0,
4.7)  defXP < 26X o (X)) AW, + eetX P Loy 2e]|o| 2| X2 — k| X2 )t

When € > 0 is small enough such that 2¢||o||2, < K3, there exist constants c;(¢), ca(¢) > 0 such
that . B B .
el {er + 2el|o| 21 Xe? — kI X:*} < er(e) - co(e)esXel”,

Combining this with (4.7) we obtain

e < e1(e) — o) dt 4 26V (X, (X, ) AW,
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Taking for instance X, = 0, we get

This together with (4.4) yields

t
Iuoo(ea(\'leN)) = lim 1 EeEOXSPAN)ds < 61(5)

, N >0.
t=oo b Jo c2(€)

By letting N — 0o we derive ji(eI") < 0o. Obviously, this and (4.6) imply (4.5) for large
t > 0. Moreover, since ||(00*) ™|l < 00, 0 € CZ(R? — R? ® R™) and noting that (A4,) gives

<U7vvb('7”oo)> < _K2|U|27 v e Rda

we find a constant Kj € R such that for any f € C*(R?),
1- _
Lalf) i= S LoV 12 = 0"V f,0"VLf) = Kolo™

i.e. the Bakry-Emery curvature of L is bounded below by a constant K;. According to [16,
Theorem 2.1], this and the hyperboundedness (4.5) imply the defective log-Sobolev inequality

fioo(f21og 7)) < Chptoo(|0"V 1) + Cy

4.8
(48) < Cullolpn (V) + Cay f € CHRY, i (£2) = 1

for some constants ci,c; > 0. Since L is elliptic, the invariant probability measure po is
equivalent to the Lebesgue measure, see for instance [6, Theorem 1.1(ii)], so that the Dirichlet
form

E(f.9) = n((Vf, V), f.geW(n)

is irreducible, i.e. f € W'%(u) and &(f, f) = 0 imply that f is constant. Therefore, by
[24, Corollary 1.3], see also [14], the defective log-Sobolev inequality (4.8) implies the desired
log-Sobolev inequality (4.2) for some constant ¢ > 0. Hence, the proof is finished.

5 Proof of Theorem 2.4

We first establish the log-Harnack inequality for a more general model, which extends existing
results derived in [12, 4] to the distribution dependent setting.

5.1 Log-Harnack inequality

Consider the following McKean-Vlasov stochastic Hamiltonian system for (X;,Y;) € R% x R

(5.1) dX; = (AX; + BY,)dt,
' dY, = Z((X0, Ya), Lixov)dt + odWs,
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where A is a d; X di-matrix, B is a dq X dy-matrix, o is a dy X do-matrix, W, is the do-dimensional
Brownian motion on a complete filtration probability space (2, {.%;}:>0, P), and

Z :RUFTR o Zp(RTFE) — R®
is measurable. We assume

(C) o is invertible, Z is Lipschitz continuous, and A, B satisfy the following Kalman’s rank
condition for some k > 1:

Rank[A°B,--- A" 'B] =d;, A°:=1,,.

Obviously, this assumption implies (A;), so that (5.1) has a unique solution (X;,Y;) for any
initial value (Xo,Yy) with = Zx, v, € Py(RNF42) Let P = Zix, v, and

(Pf) (1) = / FAP £ 0,f € By(RAH),

Ré1+d2
By [26, Theorem 3.1], the Lipschitz continuity of Z implies
(5.2) W (P, Pv) < e®'Wy(u,v), t>0,u,v € Py(RUTE2)
for some constant K > 0. We have the following result.

Proposition 5.1. Assume (C). Then there exists a constant ¢ > 0 such that

CecT
. T 108 V) =~ loglir H a1 ~ 5 W2l V), y My V 2 .
(5:3)  (Prlog f)(v) < log(Prf)(i) + =g Wali,v)®s T>0,p,v € Pp(RYTE)
Consequently,
* * CeCT 2 d1+d
(54) Ent(PTI/|PTM) < WWQ(M7 l/) s T > O,M,V S WQ(R ! 2).

Proof. According to [26, Corollary 4.3], (5.3) implies (5.4). Below we prove (5.3) by using the
coupling by change of measures summarized in [23, Section 1.1]. By the Kalman rank condition

in (C),
T
Qr = / t(T — t)eTDABRB T4 q¢
0
is invertible and there exists a constant ¢; > 0 such that

e’

(5.5) Q7| < AT

T >0,

see for instance [27, Theorem 4.2(1)].
Let (Xo,Yp), (Xo,Y0) € L*(Q2 — RUH%2 % P) such that Zx,vo) = 1> L x0.5) = V and

(5.6) E(|Xo — Xof* + Yo — Yo|?) = Wa(u, v)*.

18



Next, let (X;,Y;) solve (5.1). Then Z(x,y,) = F;u. Consider the the modified equation with
initial value (X, Yp):

(5.7) dy, = {Z((Xt, Y,), Prp) + YO%YO + LT — t)BreT=D4"y] }dt + odW,,

where
1) T4 - Tt—T (T—t)A 1> (7
(5.8) vi=Qr qe (X — Xo) + —7e B(Yy — Yp)dt ¢.
0

Then

— — t Y - Y d *

Yt_yt:YO—YO—i-/{ ° O—i——[T(T—T)B*e(T_T)AU}}dr
(59) 0 T dT‘

T—1t,. .
= (Yo~ Yo) + (T - t)B* e T4yt € [0,T).

Consequently, Y7 = Y, and combining with Duhamel’s formula, we obtain

t —
(5.10) X, — X, ="YXy — Xo) + / e<”>AB{T !

0

(Yo —Yo) +r(T — r)B*e(T”")A*U}dr
for t € [0,7]. This and (5.8) imply
% TA( v "T—r T—r)A /v
XT—XT:e (XO—X0)+/ Te( ) B(YE)—YE))dT‘i‘QTU:O,
0

which together with Y, = Y7 observed above yields
(5.11) (X7, Yr) = (X7, Y7).

On the other hand, let

£ — a1{%(}/’0—3/@)+i[t(T—t)B*e(Tt)A*v} +2((X,Y), P! )—Z((X’t,ﬁ),Pt*y)}, t € [0, 7).

dt
By (C), (5.2), (5.5), (5.8), (5.9), and (5.10), we find a constant ¢ > 0 such that

C2

e {|Xo — Xof? + [Yo — Yo|> + Wa(p,v)*}, t€10,T7.
So, the Girsanov theorem implies that
~ ¢
W, =W, +/ &ds, te0,T]
0

is a do-dimensional Brownian motion under the probability measure Q := RP, where

(5.13) R = o Jo (€dWe)—3 [ & dt.
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Reformulating (5.7) as

dY; = Z((X,, Y3), Pyv)dt + odW,, t € [0, 7],
by the weak uniqueness of (5.1) and that the distribution of (Xy,Yy) under @ coincides with

Z(%o7) = V, We obtain L%, v,yo = Pyv for t € [0,T]. Combining this with (5.11) and using
the Young inequality, for any f € %, (R™+%) we have

(Prlog f)(v) = E[Rlog f(Xr,Yr)] = E[Rlog f(Xr, Y7)]

(5.14) <logE[f(Xr,Yr)] + E[Rlog R] = log(Pr[)(1) + Eg[log R).

By (5.12), and (5.13), W, is a Brownian motion under Q, and noting that Q|z, = P|z, and
(5.6) imply ) )
Eq (| Xo — Xol* + [Yo — Yo[?) = Wa(u, v)?,

we find a constant ¢ > 0 such that

CecT

2
mwﬂl@ v)”.

1 T
Bollog F) = 5Eo [ I6dt <
0

Therefore, (5.3) follows from (5.14). O

5.2 Proof of Theorem 2.4

We first prove the exponential convergence of P} in W.

Lemma 5.2. Assume (C). Then there exists a constant ¢; > 0 such that
(5.15) W (P}, Prv)? < cre ™ Woy(u,v)?, t>0,p,v € Po(RMTE2),
Consequently, P} has a unique invariant probability measure jio, € Py(R4NT42),

Proof. As shown in the proof of [26, Theorem 3.1(2)] that the second assertion follows from
the first. So, it suffices to prove (5.15). For

(5.16) a:= (%) r::a—gz \/(1+ﬁ)(1+6+ﬁ2) e (0,1),
we define the distance

(5.17) Ue((2,y),(7,9) == Valz — 2 + [Bly — )] + 2ralz — 7, B(y — 9))
for (z,y), (Z,7) € R4*42 Then there exists a constant C' > 1 such that

(5.18) CH(z— 2,y — 9| < ¥s((2,9),(7,9) < Cl(x— 2,y —7)|.
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Moreover, we claim that

242646 ++/p1+4
2(1+p)

Indeed, by (5.16) and (5.17), for any € > 0 we have

(5.19) vs((@,y), (7,9)" < vs((z,y), (,9))"

1
(1+8)1+5+5%)

(5:200  Ypl(e.y).(7.9)" < * L+ o)l — 3+ (14 - 1By - 9
Obviously, by (5.16),

-+ @ P AR ) A AP

€.

202 21+ B+p5?)
tisfi
satisnes 21 B . _2+2ﬁ+ﬁ2+ ﬁ4+4
CUH )= A 5 ) 21+ B) |

Thus, (5.19) follows from (5.20).
Now, let (X;,Y;) and (X, Y;) solve (2.21) with Z(x,vy) = #, Z(%,,5,) = v such that

(5.21) Wa(p, v)? = E|(Xo — Xo, Yo — Yo)[*.
Simply denote py = ZLix,v,), e = ZL(x,v)- By (C) and It6’s formula, and noting that (5.16)
implies
2 - - = 07 1-— = = i7
a*—p —ra ra = raf 115
we obtain
1 . _ _ _ _ _
SHUs((X0, Y1), (X, Y))*} = (a*(X = Xi) + raB(Y; = ¥)), B(Y; = Yy))dt
+(B*B(Y; = Y;) + raB*(X; — X;), BB*(BB*) (X, — X;) + Y, — Y, )dt
+(B*B(Y; = ;) + raB* (X, — X;), B{VV(Xy, i) — VV (X, pe) } )t
<{ - 1 =ra) B = Y0 + (0 = B ra)(X, = Ko, BY: = V) = raBl X, — Xif?
+ (BB = V) + (14 8) B (X, = X), B{YV (X, fr) = VV (X, )}) bt
B -6
1+7

92 q/} —\2
< B —
< {25 o)

By (5.19) and the fact that

W;/)B (,Uta ,at)2 < E[wB((Xh Kf)? (Xl‘» }_/;‘/>>2]7

for k > 0 in (2.25), we obtain

V(X Y2, (X, Yt))?}dt.

SAELI5((X, V), (X, V)]~ Elds((X.,Ya), (K., V2))
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B—0,—0, [ S o
< —W i EWB((Xr,Yr),(Xer))Q]dT

< [ B0 V), (% VPl 12520

Therefore, Gronwall’s inequality implies
E[&B((Xta }/;5)7 (Xta }_/;5))2] S e—2HtE[fJ)B((XO’ }/E))? (X(b %))2]7 t Z 0.
Combining this with (5.18) and (5.21), we prove (5.15) for some constant ¢ > 0. O

Proof of Theorem 2.4. By Proposition 5.1 with k¥ = 1, Lemma 5.2 and Theorem 2.1, we only
need to verify the Talagrand inequality. As shown in the beginning of [10, Section 3| that pis
has the representation

_ _ 1
fioo(dz, dy) = Z7 V@V dzdy, Viz,y) == V(x, pos) + §|(BB*)5:L’|2 + §|y|2,
where 7 = fRd1+d2 e*‘_/(x’y)dxdy is the normalization constant. Since (2.23) implies

BB*Hessy(.u.) = —0h1a,,

we deduce from (2.22) that

—0
HGSSV > ’y[dﬁrdza Y= LA ﬁ :

= > 0.
1B1]”

So, by the Bakry-Emery criterion [2], we have the log-Sobolev inequality

poo(f*log f?) < %um(wﬂz), f € CRRMT®) e (f?) = 1.

According to [5], this implies the Talagrand inequality

2
W (p, i) < §Ent(:u|ﬂ<>0)-

Then the proof if finished. ]
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