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ABSTRACT. This article studies large N limits of a coupled system of N interacting ®* equations
posed over T?¢ for d = 1,2, known as the O(N) linear sigma model. Uniform in N bounds on
the dynamics are established, allowing us to show convergence to a mean-field singular SPDE, also
proved to be globally well-posed. Moreover, we show tightness of the invariant measures in the
large N limit. For large enough mass, they converge to the (massive) Gaussian free field, the
unique invariant measure of the mean-field dynamics, at a rate of order 1/ /N with respect to the
Wasserstein distance. We also consider fluctuations and obtain tightness results for certain O(N)
invariant observables, along with an exact description of the limiting correlations in d = 1.
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1. INTRODUCTION

In this paper, we consider the following system of equations on the d-dimensional torus T¢ for
d=1,2

N
1
L=+ Z‘I’?‘bi +&, ®(0) = ¢y, (1.1)
j=1

where ¥ = 0; — A+ m with m > 0, N € N, and i € {1,---,N}. The collection (£;), consists
of N independent space-time white noises on a stochastic basis (2, F,P), and (¢;)}¥; are random
initial datum independent of (£;,) ;. In d = 2, the system (1.1) requires renormalization, and the
formal product <I>§(I>¢ will be interpreted as the Wick product :<I>§<I>¢: whose definition is postponed
to Section 3.
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This system arises as the stochastic quantization of the following N-component generalization of
the ®4 model, given by the (formal) measure

N N N
1 1 2
Ny def 2 2 2
dv™ (@) = O exp < - /Td ;:1 IV®,|*+ m;:l 5 + SN <].E_1 q)j) dx)DCI) (1.2)

over RV valued fields ® = (®1,®,,...,®x) and Cy is a normalization constant. In d = 2, the
interaction should be Wick renormalized (Z;\f:l @?)2: for the measure to make sense. This is also
referred to as the O(N) linear sigma model, since this formal measure is invariant under a rotation of
the N components of ®. ' This symmetry will play an important role throughout the paper.

Our focus in this article is on the asymptotic behavior as N — oo of the system (1.1) and its
invariant measures (1.2) as well as observables which preserve the O(NN) symmetry. Note that a factor
1/N has been introduced in front of the nonlinearity (resp. the quartic term in the measure), and
heuristically, this compensates the sum of N terms so that one could hope to obtain an interesting
limit as N — oo. The study of physically meaningful quantities associated with a quantum field theory
model such as (1.2) as N — oo is generally referred to as a large N problem; see Section 1.1 where we
introduce more background, references in physics and mathematics, and different approaches to this
problem. To the best of our knowledge, the present article provides the first rigorous results on large
N problems in the formulation of stochastic quantization.

In Theorem 1.1 below, we study the N — oo limit of each component in the Wick renormalized
version of (1.1) in d = 2, c.f. (3.1) below, and show that a suitable mean-field singular SPDE governs
the limiting dynamics. Before giving the statement, let us first comment on the notion of solution
used. Recall that the well-posedness of (1.1) in the case N = 1 and d = 2 (i.e. the dynamical
®3 model) is now well developed: two classical works being [AR91] where martingale solutions are
constructed and [DPDO03] where strong solutions are addressed, as well as the more recent approach
to global well-posedness in [MW17b]. These results can be generalized to the vector case (with fixed
N > 1) without much extra effort. As in [DPD03] and [MW17b] the solutions are defined by the
decomposition ®; = Z; + Y;, where

LZ; =&, (1.3)
1N
LYi=—=> VY + Y} 2 +2Y;Y, 2+ 2Y; : 2, Zj: + :Z3: Vit 2, 23 (1.4)
j=1
and :Z;7Z;: :Zl-ZJZ: are Wick renormalized products (see Section 3). For the uninitiated reader,

note that (1.4) arises by inserting the decomposition of ®; into (1.1) and re-interpreting the ill-defined
products Z;Z; and ZZ'ZJ2 that appear.

The mean-field SPDE formally associated to (1.1) takes the form
LV = B[], + &,  ¥(0) = o (1.5)
On the formal level this equation arises naturally: assuming the initial conditions {¢;}¥, are ex-
changeable, the components {®;}~ ; will have identical laws, so that replacing the empirical average
+ Z;\;l @? in (1.1) by its mean and re-labelling ® as ¥ leads us to (1.5). In two space dimension-
s, (1.5) is a singular SPDE where the ill-defined non-linearity depends on the law of the solution

and similar to (1.1) it also requires a renormalization. Postponing for the moment a more complete
discussion of this point, we now state our first main result.

Theorem 1.1 (Large N limit of the dynamics for d = 2). Let (¢, v;)., be random initial datum
with components in C™* for some small kK > 0 and all moments uniformly finite. Assume that for

LThe word “linear” here only means that the target space RY is a linear space. “Nonlinear” sigma models on the
other hand refers to similar models where the target space is subject to certain nonlinear constraints, e.g. ® takes value
in a sphere in RV or more generally in a manifold.
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each i € N, ¢ converges to 1; in LP(Q;C™%) for allp > 1, + Zil loN — i ||%_. —=F 0 and (v);
are iid. Here =¥ means the convergence in probability.

Then for each component i and all T > 0, the solution ®N defined by (1.3)-(1.4) with initial datum
N converges in probability to U; in C([0,T],C~1(T?)) as N — oo, where VU, is the unique solution
to the mean-field SPDE formally described by

LU, = —E[02 - 22|10, + &, U;(0) = oy, (1.6)
and Z; is the stationary solution to (1.3). Furthermore, under the additional hypothesis that (¢, ;)Y
are exchangeable, for each t > 0 it holds that

J\}EHOOEH‘I)fV(t) — Ui(t)l[72(2) = 0- (1.7)

In Section 5 we actually prove this convergence result under more general conditions for initial data
(see Assumption 5.1). Along the way to Theorem 1.1, we prove new uniform in N bounds through
suitable energy estimates on the remainder equation (1.4). We are inspired in part by the approach in
[MW17b], but subtleties arise as we track carefully the dependence of the bounds on N. Indeed, the
natural approach (e.g. [MW17b] for dynamical ®3 model) to obtain global in time bounds for fixed
N is to exploit the damping effect from szYi. However, the extra factor 1/N before the nonlinear
terms makes this effect weaker as IV becomes large. In fact, the moral is that we cannot exploit the
strong damping effect at the level of a fixed component Y;, rather we're forced to consider aggregate
quantities, and ultimately we focus on the empirical average of the L2-norm (squared) instead of the
LP-norm, p > 2, c.f. Lemma 3.3 and Remark 3.6. This is natural on one hand due to the coupling
of the components, but also for the slightly more subtle point that we ought to respect the structure
of the mean-field SPDE (1.6), for which the damping effect seems to hold only in the mean square
sense, not at the path-by-path level.

In this direction, we now discuss a bit more the solution theory for the mean-field SPDE (1.6).
While the notion of solution we use is again via the Da-Prato/Debussche trick, the well-posedness
theory for (1.5) requires more care than for ®3 since we cannot proceed by pathwise arguments alone.
In fact, similar to (1.3)-(1.4), we understand (1.6) via the decomposition ¥; = Z; + X; with X,
satisfying

LX; = —(E[ij]Xi + E[X]?]ZZ- +2E[X;Z;1X; + 2E[X; Z;|Z;). (1.8)

Here we actually introduce an independent copy (Xj, Z;) of (X;, Z;), which turns out to be useful for
both the local and global well-posedness of (1.6). Indeed, one point is that the term E[X;Z;]Z; in
(1.8) cannot be understood in a classical sense; however we can view it as a conditional expectation
E[X,Z;Z;|Z;] and use properties of the Wick product Z;Z; to give a meaning to this, c.f. Lemma 4.1.
Furthermore, to obtain global bounds, using this independent copy allows us to approach the a priori
estimates for (1.8) much like the uniform in N bounds for (1.4). Indeed, after taking expectation,
E[XJZ]XZ- in (1.8) also plays the role of the damping mechanism, which helps us to obtain uniform
bounds on the mean-squared L2-norm of X; c.f. Lemma 4.3.

Theorem 1.1 can be viewed as a mean field limit result in the context of singular SPDE systems.
Our proof is indeed inspired by certain mean field limit techniques, and we combine them with a priori
estimates that are specific to our model - see the discussion above Theorem 5.1 for a more detailed
discussion on this strategy. We will provide more background discussion on mean field limits below
in Section 1.2. By a classical coupling argument, this result also yields a propagation of chaos type
statement: if the initial condition is asymptotically chaotic (i.e. independent components as N — o)
then, although the ®-system is interacting, as N — oo the limiting system becomes decoupled ([Jab14,
Def.3,Def.5]).

The second part of this paper (Section 6) is concerned with equilibrium theories, namely stationary
solutions, invariant measures, and large IV convergence. For N = 1, the long-time behavior of the
solutions was investigated in [RZZ17] and [TW18]. In the vector valued setting, by lattice approx-
imation (see [HM18a, ZZ18, GH18]), strong Feller property in [HM18b] and irreducibility in [HS19]



4 HAO SHEN, SCOTT SMITH, RONGCHAN ZHU, AND XIANGCHAN ZHU

it can be shown that v"V is the unique invariant measure to (1.1) and the law of ®;(t) converges to
v as t — oco. Our goal then is to study the large N limit of the O(N) linear sigma model v"V. Our
second main result yields the convergence of the unique invariant measure v of (1.1) to the invariant
measure of (1.6), provided the mass is sufficiently large.
To state the result, consider the projection onto the i*” component,
def

IL - S'(THN — S'(T9),  11,(®) = ®,. (1.9)

N,i def

Noting that vV is a measure on S’(T%)V, we define the marginal law v vN o H;l. Furthermore,

consider
o §(THY - ST, TO@) = (@)1cie (1.10)
and define the marginal law of the first & components by l/]iv LN (H(k))*l.

Theorem 1.2 (Large N limit of the invariant measures). There exists mg > 0 such that the following

results hold:

The Gaussian free field v dzef./\f((), (m — A)~1) is an invariant measure for (1.6).

The sequence of probability measures (V") x>y are tight on C™% for k > 0.

For m > my, the Gaussian free field N'(0, (m — A)™1) is the unique invariant measure to equation

(1.6).

e Form = my,
Wo(uNi ) S N-3.

vt converges to v and V,JCV converges to v X --- x v, as N — oo. Furthermore,

These statements will follow from Theorem 6.9, Theorem 6.4 and Theorem 6.11. Here Wo(vy, 19) is
the C~"-Wasserstein distance defined before Theorem 6.11. The Gaussian free field limit is expected
(at a heuristic level) by physicists e.g. [Wil73] and also in mathematical physics [Kup80b].  Our result
Theorem 1.2 provides a precise justification provided m > my, with the convergence rate N —3 (which
is expected to be optimal, see for instance [JW18, Remark 4]) in terms of Wasserstein distance. The
large m assumption could also be formulated as a small nonlinearity assumption - see Remark 6.12.

Note that the study of ergodicity properties of the dynamic (1.6) is nontrivial. In fact, the dynamic
for U depends on the law of W itself, so the associated semigroup is generally nonlinear (see Section 6.1).
As aresult, the general ergodic theory for Markov process (see e.g. [DPZ96], [HMS11], [HM18b]) could
not be directly applied here. Instead, we prove the solutions to (1.6) converge to the limit directly as
time goes to infinity, which requires m > my.

We now comment on our approach to the fourth part of Theorem 1.2. It would be natural to
try and use Theorem 1.1 together with the tightness result from the second part of Theorem 1.2 to
derive the convergence of vV to v directly (see e.g. [HM18a]). However, it is not clear to the authors
how to implement this strategy in the present setting. Indeed, to apply Theorem 1.1, it is important
that each component ; of the initial data is independent of each other. However, we are not able
to deduce that an arbitrary limit point v* has this property. If we use P;v* to denote the marginal
distribution of the solution to (1.6) starting from the initial distribution v*, we cannot write P;v* as
J(P;éy)v*(de) due to the lack of linearity, which makes it difficult to overcome the assumption of
independence. Alternatively, we follow the idea in [GH18] and construct a jointly stationary process
(®, ¥) whose components satisfy (1.1) and (1.6), respectively. In this case ¥ = Z, since the Gaussian
free field gives the unique invariant measure to (1.6). We then establish the convergence of v™'¢ to v
by deriving suitable uniform estimates on the stationary process.

Our next result is concerned with observables, in the stationary setting. In QFT models with
continuous symmetries, physically interesting quantities involve more than just a component of the
field itself but also quantities composed by the fields which preserve the symmetries, called invariant

’In [Wil73] it was written that “If one now looks at vacuum expectation values of individual ® fields, all diagrams
vanish like 1/N (at least), except for the free-field terms.” In the Introduction of [Kup80b] it was mentioned that “the
1/N expansion predicts that the theory is close to Gaussian as N becomes large enough”, but this reference did not
intend to prove this statement (see Section 1.1 below).
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observables. These acquire the same interest in SPDE (a natural example being the gauge invariant
observables, e.g. [Shel8, Section 2.4]). In the present setting of (1.1), a natural quantity that is
invariant under O (N )-rotation is the “length” of ®; another being the quartic interaction in (1.2). We
thus consider the following two O(N) invariant observables: for ® = vV

\/Nizl.l', N.Z_le . .

Here the precise definition is given in Section 6.3. One could consider more general renormalized
polynomials of ), ®? but we choose to focus on the above two in this article. We establish the large
N tightness of these observables as random fields in suitable Besov spaces by using iteration to derive
improved uniform estimates in the stationary case.

Theorem 1.3. Suppose that ® = vN. For m large enough, the following result holds for any k > 0:
ﬁ SN @2 s tight in By3".
+ (Ziil ®2)2: s tight in Bi‘;’“.

Note that the physics literature usually considers integrated quantities, i.e. partition function of
correlations of these observables. Our SPDE approach allows us to study these observables as random
fields with precise regularity as N — oo which is new. The above result can also be shown in dimension
one, and in fact we can obtain more refined information about the limit in this case. This is the focus
of the final part of our paper. In d = 1 the equations are less singular and uniform estimates are
simpler; we provide in Section 7 and Appendix B the arguments in d = 1 that simplify in comparison
to d = 2 (while skipping details that follow essentially the same way as d = 2). A reader might also
use Section 7 with the proof in Appendix B to grasp the main ideas of our analysis before embarking
on the more challenging case of d = 2.

Moreover, in d = 1, we investigate the nontrivial statistics of the large N limit of the O(N)
invariant observables. To this end, we suitably recenter the system (1.1), that is, the Wick ordered
system defined by subtracting the finite variance of the stationary solution Z; (see (7.9) for the precise
definition), and also Wick order the observables (see (7.10)). We show that although for large enough
m the invariant measure of ®; converges as N — oo to the invariant measure of Z; i.e. Gaussian free
field, the limits of the observables (1.11) have different laws than those if ®; in (1.11) were replaced
by Zii

1 ﬁ:.zl 1 .(iv:z2>2. (1 12)
\/Ni=1.z., N.i=1l - .

Theorem 1.4 (Large N limit in d = 1). Under the same distributional assumption on the initial
conditions as in Theorem 1.1 together with the additional hypothesis that for some ¢ > 1, E[||¢fv||iqg +
ill 72 + [¢il|2] S 1, and El|¢Y —4;]|2, — 0 as N — oo, for every i € N, t > 0, the solution O} (t)
to (1.1) starting from ¢ converge in L*(Q; C([0,T); L3(T))) to the solution of

LV; = —E[V7)¥; + &, (1.13)
with ;(0) = 1;, where & are the space-time white noises as in (1.1).

Moreover, there is a unique constant pr > 0 such that the Gaussian free field v def./\/( 0, (m—A+pu)~1)
is an invariant measure to (1.13). The sequence of measures (VN’i)N21 are tight, and for large enough
m, the above Gaussian free field is the unique invariant measure to equation (1.13), v™N>' converges to
v and v converges to v X -+- x v, as N — .

Finally, when the system (1.1) is Wick ordered (see (7.9)), for m large enough, the stationary
solution ®; converges to the stationary solution Z; as N — oo; the observables (1.11) are tight in
L? and L' respectively. However, the limiting laws of the observables (1.11) are different from those
of (1.12); in fact, we have an explicit formula for the Foumer transform of the two pomt correlation

function of \ﬁZz L :®? as N — oo given by 202/(1 + C’Q), where C = (m — A)~! and C is the
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Fourier transform, and the formula for E+ :( vazl @f)Q: as N — oo given by =237, ., 6\'2(14:)2/(1 +
C2()).

These results are proved in Theorems 7.1- 7.5. The last statement on correlation formulas of
the observables are known — first heuristically by physicists who expressed these formulas in terms
of the sum of “bubble” diagrams, and then derived in [Kup80b, Eq. (15)] using constructive field
theory techniques such as “chessboard estimates”. Our new proofs of these correlation formulas using
PDE methods are quite simple and straightforward once all the a priori estimates are available. We
expect that these methods can be applied to study more O(N) invariant observables and higher order
correlations; we will pursue these in future work.

Let’s also mention the three dimensional construction of local solutions [Hail4, GIP15, CC18],
global solutions [MW17a, GH19, AK17, MW18], as well as a priori bounds in fractional dimension
d < 4 by [CMW19], though we only focus on d = 1,2 in this paper. It would also be interesting to see
if our methodology could be used to study limits of other singular SPDE systems as dimensionality
of the target space tends to infinity, such as coupled dynamical ®3, 3 coupled KPZ systems [FH17],
random loops in N dimensional manifolds [BGHZ19, Hail6, RWZZ20, CWZZ18] and Yang-Mills model
[CCHS20] with N dimensional Lie groups (or abelian case [Shel8] with Higgs field generalized to value
in CV). These are of course left to further work.

1.1. Large N problem in QFT: background and motivation. Large N methods (or “1/N expan-
sions”) in theoretical physics are ubiquitous and are generally applied to models where dimensionality
of the target space is large. It was first used in [Sta68] for spin models, and then developed in quan-
tum field theories (QFT) which was pioneered by [Wil73] (®* type and Fermionic models), [GN74]
(Fermionic models), [t’'H74] (Yang-Mills model), and the idea was soon popularized and extended to
many other systems - see [BW93] for an edited comprehensive collection of articles on large N as
applied to a wide spectrum of problems in quantum field theory and statistical mechanics; see also
the review articles [Wit80], [Col88, Chapter 8] and [MZJ03] for summaries of the progress. Loosely
speaking, in terms of our model (1.2), the ordinary QFT perturbative calculation of for instance a two-
point correlation of ®; is given by sum of Feynman graphs with two external legs and degree-4 internal
vertices, each vertex carrying two distinct summation variables and a factor 1/N that represents the
interaction 4 D ®7®2, such as (a) (b) below

J Eo

i i 1
Heuristically, graph (a) is of order + >-; ~ O(1) and graph (b) is of order = DI O(%). The
philosophy of [Wil73] is that graphs with “self-loops” such as (a) get cancelled by Wick renormalization,
and all other graphs with internal vertices including (b) are at least of order O(1/N) and thus vanish, so
the theory would be asymptotically Gaussian free field - which is what we prove in Theorem 1.2. Two-
point correlation of observables such as ﬁ Zi\;l :®%: on the other hand may have O(1) contributions

as shown in graph (c), * which is the heuristic behind the existence of a nontrivial correlation structure
for such observables as in Theorem 1.4. The “1/N expansion” is a re-organization of the series in
the parameter 1/N, with each term typically being a (formal) sum of infinitely many orders of the
ordinary perturbation theory. Besides directly examining the perturbation theory, alternative (and
more systematic) methodologies of analyzing such expansion were discovered in physics, for instance
a method via “dual” field [CJP74], [MZJ03, Section 2], via Schwinger-Dyson equations [Sym77], or
via stochastic quantization (with references below).

3In fact, we have obtained some partial results for coupled dynamical <I>‘317 such as convergence of invariant measures
to the Gaussian free field.

4but there are infinitely many O(1) graphs.
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Rigorous study of large N in mathematical physics was initiated by Kupiainen [Kup80c, Kup80b,
Kup80a]. The literature most related to the present article is [Kup80b], which studied the QFT in
continuum in d = 2 given by (1.2), and proved that the 1/N expansion of the pressure (i.e. vacuum
energy, or log of partition per area) is asymptotic, and each order in this expansion can be described
by sums of infinitely many Feynman diagrams of certain types. Borel summability of 1/N expansion
of Schwinger functions for this model was discussed in [BR82].

In [Kup80c] Kupiainen also proved that on the lattice with fixed lattice spacing, the large N
expansion of correlation functions of the N-component nonlinear sigma model (which simplifies to
“spherical model” as N — co0) is asymptotic above the spherical model criticality; asymptoticity was
later extended to Borel summability by [FMR82]. Large N limit and expansion for Yang-Mills model
has also been rigorously studied: see [Lév11] (also [AS12]) for convergence of Wilson loop observables
to master field in the continuum plane, and [Chal9] (resp. [CJ16]) for computation of correlations of
the Wilson loops in the large N limit (resp. 1/N expansion) which relates to string theory.

Large N problems in the stochastic quantization formalism have also been discussed in the physics
literature, for instance [Alf83, AS83], [DH87, Section 8]. [MZJ03, Section 5.1] is close to our setting;
it makes an “ansatz” that % Z;\f:l (IDE in (1.1) would self-average in the large N limit to a constant;
our present paper justifies this ansatz and in the non-equilibrium setting generalizes it.

In summary, the study of large N problems in QFT is motivated by the following properties
(among others). The first property is simplification or solvability as N — oo. This is the motivation
ever since the earliest literature [Sta68] as aforementioned: the model studied therein becomes a
simplified, solvable model as N — oo known as the Berlin-Kac spherical model. In our setting this
simplification or solvability heuristics are reflected by the Gaussian free field asymptotic as well as the
rigorous derivation of exact formula (which would not be possible for finite N) for certain correlation
of observables in Theorem 1.2 and Theorem 1.4. Another property is that when N is large, 1/N serves
as a natural perturbation parameter in QFT models, as already discussed above. Of course this went
much farther than just simplifying things later when applied to more sophisticated models like gauge
theory, for which 1/N expansions led to the discovery of so called gauge-string duality as mentioned
above.

1.2. Mean field limits. As mentioned above the proof of our main theorems borrows some ingre-
dients from mean field limit theory (MFT). To the best of our knowledge, the study of mean field
problems originated from McKean [McK67]. Typically, a mean field problem is concerned with a
system of N particles interacting with each other, which is often modeled by a system of stochastic
ordinary differential equations, for instance, driven by independent Brownian motions. A prototype of
such systems has the form dX; = % > j f(Xi, X,;)dt + dB;, sce for instance the classical reference by
Sznitman [Szn91, Sec I(1)], and in the N — oo limit one could obtain decoupled SDEs each interacting
with the law of itself: dY; = [ f(V;, y)u(dy)dt + dB; where p(dy) is the law of Y;. So just as in QFT
the motivation of MFT is also a simplification of an N-body system to a one-body equation which
interacts with itself, i.e. the system is factorized.

In simple situations the interaction f is assumed to be “nice”, for instance globally Lipschitz
([McK67]); much of the literature aims to prove such limits under more general assumptions on the
interaction, see [Szn91] for a survey. ® Our Theorem 1.1 can be viewed as a result of this flavor, in an
SPDE setting, and in fact the starting point of our proof is indeed close in spirit to [Szn91, Sec I(1)]
where one subtracts X; from Y; to cancel the noise and then bound a suitable norm of the difference.

We note that mean field limits are studied under much broader frameworks or scopes of applications,
such as mean field limit in the context of rough paths (e.g. [CL15, BCD18, CDFM18]), mean field
games (e.g. survey [LL07]), quantum dynamics (e.g. [ESY10] and references therein). We do not

5In the context of SDE systems, one also considers the empirical measures of the particle configurations, and aims
to show their convergence as N — oo to the McKean-Vlasov PDEs, which are typically deterministic. Note that in this
paper we do not consider the “analogue” of McKean-Vlasov PDE (which would be infinite dimensional) in the context
of our model.
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intend to have a comprehensive list, but rather refer to survey articles [Gol16, Jab14] and the book
[Spo91, Chapter 8] besides [Szn91].

The study of mean field limit for SPDE systems also has precursors, see for instance the book
[KX95, Chapter 9] or [ES13]. However these results make strong assumptions on the interactions of
the SPDE systems such as linear growth and globally Lipschitz drift, and certainly do not cover the
singular regime where renormalization is required as in our case.

1.3. Structure of the paper. This paper is organized as follows. In Section 2, we collect the
notations and useful lemmas used throughout the paper. Sections 3-5 are devoted to proof of Theorem
1.1. First in Section 3.1 we recall the definition of the renormalization for Z;, which satisfies the linear
equation (1.3). Then a uniform in N estimate for the average of the L?-norm of Y;, the solutions to
equation (1.4), is derived in Section 3.2. Local well-posedness to equation (1.6) is proved in Section
4.1. Global well-posedness to equation (1.6) is proved in Section 4.2 by combining a uniform LP-
estimate with Schauder theory. The difference estimate for ®; — ¥; is given in Section 5, which gives
the proof of Theorem 1.1.

Section 6 is concerned with the proof of Theorem 1.2 and Theorem 1.3. In Section 6.1, uniqueness
of invariant measures to (1.6) for large m is proved. The convergence of invariant measures from !
to the Gaussian free field v is shown in Section 6.2 by comparing the stationary solutions (®;, Z;).
Section 6.3 is devoted to the study of the observables and the proof of Theorem 1.3.

Finally in Section 7 all the results have been stated in the one dimensional case. In Section 7.1 the
convergence of the dynamics is stated. Section 7.2 is the corresponding part of the uniqueness of the
invariant measure and the convergence of the invariant measures. Section 7.3 mainly concentrates on
the proof of the nontriviality of the statistics of the observables. In Appendix A we give the proof
of global well-posedness of equation (1.4). In Appendix B we give the proof of the result in Sections
7.1-7.2. In Appendix C the application of Dyson-Schwinger equations has been derived, which is useful
in studying the limiting law of the observables.
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2. PRELIMINARY

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0 such that a < ¢b,
and we write a ~ b if a < b and b < a. Given a Banach space E with a norm || - ||z and T > 0, we
write CrE = C([0,T]; E) for the space of continuous functions from [0,7] to F, equipped with the
supremum norm | fllcpz = supyepo 7y I/ (1)||5. For p € [1,00] we write L. E = LP([0,T]; E) for the
space of LP-integrable functions from [0,7] to E, equipped with the usual LP-norm. Let &’ be the
space of distributions on T¢. We use (A;);>—1 to denote the Littlewood-Paley blocks for a dyadic
partition of unity. Besov spaces on the torus with general indices o € R, p,q € [1, 00] are defined as
the completion of C*° with respect to the norm

lullzg, = (D (2*1Aullf.) e,
jz-1
and the Holder-Besov space C* is given by C* = By, . We will often write || - [[ce instead of

. (e .
I lBs,
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Set A= (1—A)z. For s >0, p € [1,+00] we use H, to denote the subspace of L, consisting of all
J which can be written in the form f = A7%g,g € L? and the Hy norm of f is defined to be the L?
norm of g, i.e. [|f|ms := [|[A®f[[r. For s <0, p € (1,00), Hy is the dual space of H, * with %4—% =1.
Set H® := Hj.

The following embedding results will be frequently used (e.g. [Tri78]).
Lemma 2.1. (i) Let 1 < p1 < po < o0 and 1 < ¢1 < ¢2 < o0, and let « € R. Then Bgl,‘]l C
B,(,’;(;iz(l/m_l/m). (cf. [GIP15, Lemma A.2])

(i) Let s € R, 1 <p < o0, € >0. Then H5 = B3 ,, and B, ; C Hy C By . C By . (cf. [Tri78,
Theorem 4.6.1])

(i4i) Let 1 < p1 < pa < oo and let « € R. Then H, C Hﬁz_d(l/m_l/M),

Here C means continuous and dense embedding.

We recall the following interpolation inequality and multiplicative inequality for the elements in
Hp:
Lemma 2.2. (i) Suppose that s € (0,1) and p € (1,00). Then for f € H;

1122y S Az 15 s -
(cf. [Tri78, Theorem 4.3.1])
(i) Suppose that s > 0 and p € [1,00). It holds that
IA*(f@)le S 1 f1lLe (A%l Lez + l|gllLes [|[A° I ra, (2.1)
with p; € (1,00],i =1, ...,4 such that

(cf. see [GO14, Theorem 1])
(#11) (Gagliardo-Nirenberg inequality) For s € [0,1), a € (0,1), r > 1,
lullzr S Mol el 77 (2.2)

with + = %+ a(3 — ) + 52

Lemma 2.3. (i) Let a, 8 € R and p,p1,p2,q € [1,00] be such that % = p% + p%' The bilinear map
(u,v) = uv estends to a continuous map from By . x Bgz,q to B;’,@B ifa+ B >0. (cf [MWI1Tb,
Corollary 2])

(ii) (Duality.) Let o € (0,1), p,q € [1,00], p' and ¢’ be their conjugate exponents, respectively.
Then the mapping (u,v) — (u,v) = [uvdx extends to a continuous bilinear form on By, x B;?;,,
and one has [{(u,v)| < ||u||ngq||vHB;aq/ (cf. [MW17b, Proposition 7]).

We recall the following smoothing effect of the heat flow S; = /A=) m > 0 (e.g. [CIP15,
Lemma A.7], [MW17b, Proposition 5]).
Lemma 2.4. Let u € By, for some a € R,p,q € [1,00]. Then for every d >0
ISetll s S /2 ullzg,
where the proportionality constant is independent of t.
Lemma 2.5. For s € (0,1)
(9.) £ (IVgllz: gl + gl ) If e

Proof. This follows from Lemma 2.3 which states that (g, f) is a continuous bilinear form on Bf ; x
C~*, together with [MW17b, Proposition 8] which states that ||g||p: . < [[Vall5:llgll}7® + lgllz:. O

1,1 ~
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We also recall the following comparison test result, which has been proved in [TW18, Lemma 3.8].
Lemma 2.6. Let f:[0,T] — [0,00) differentiable such that for every t € [0,T]
df

2
— +4+c < ¢o.
at 1f 2

Then fort >0
F(t) < (t_lz) v (23)%

C1 C1
Finally, recall that for mean-zero independent random variables Uy,...,Uy taking values in a
Hilbert space H, we have
N 9 N
E|Y v =EY Uil (2:3)
i=1 i=1

This simple fact is important for us since the square of the sum on the L.h.s. of (2.3) appears to have
“N? terms” but under expectation it’s only a sum of N terms, in certain sense giving us a “factor of
1/N”.

3. UNIFORM IN N BOUNDS ON THE DYNAMICAL LINEAR SIGMA MODEL

In this section, we obtain new estimates on the Wick renormalized version of (1.1), given by
1N
L, = N Z 3@?(1)1‘1 +&, D,(0) = ¢;. (3.1)
j=1

The notion of solution to (3.1) is the same as in [DPDO03] and [MW17b], where the case N =1 is
treated. For a fixed N, these well-posedness results are easy to generalize to the present setting, so
we only give the statement here and refer the reader to Appendix A for the proof. Our primary goal
in this section is rather to obtain bounds which are stable with respect to the number of components
N, which we will send to infinity in Section 5.

As is well known, it’s natural to consider initial datum to (3.1) belonging to a negative Holder
space with exponent just below zero. We will be slightly more general and consider random initial
datum of the form ¢; = z; + y; satisfying E||z[|g—. < 1 for £ > 0 small enough and every p > 1, and
E|ly;||?. < 1, where the implicit constants are independent of i, N.

The notion of solution to (3.1) is based on the now classical trick of Da-Prato and Debussche, c.f.
[DPDO03]. Namely, we say that ®; is a solution to (3.1) provided the decomposition ®; = Z; +V;
holds, where Z; is a solution to the linear SPDE

LZi =&, Zi(0) =z, (3.2)
and Y; is a weak solution to the remainder equation

N
1
LY =~ D VYt Y2+ 2Y;YiZy + 2Y; :ZiZy: + 12 Yk 22,250 ),
j=1

(3.3)
Yi(0) = yi.

The notation :7;7;: , :ZJZ: and :ZiZJZ: denotes a renormalized product of Wick type which will be
defined in Section 3.1 below.
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3.1. Renormalization. To define the renormalized products appearing in (3.3), it is convenient to
make a further splitting of Z; relative to the corresponding stationary solution to (3.2), which we
will denote by Z;. For Z;, these products have a canonical definition that we now recall. Namely,
let & . be a space-time mollification of &; defined on R x T? and let Zi,g be the stationary solution
to £ Z-_ys = &; . For convenience, we assume that all the noises are mollified with a common bump
function. In particular, ZLE are i.i.d. mean zero Gaussian. For k > 1 and i1,...,ip € {1,--- , N} we
then write 3Zi1 e Zik: as the limit of :Zihg e Zik,sz as € — 0. Here 3Zz'1,s S Zik,gt is the canonical
Wick product, which in particular is mean zero. More precisely,

lim(Z2, —a.) (i =)
e=0" 77
;l_r% Zi,EZj,e (7’ 7é .7)

gli%(z?,a - 3a62i,8) (i=37)
gi_%(zi,ezyz,e - aEZi,E) (i #J)

ZiZy = Z; ~J2: = (3.4)

where a. = E[Z?_(0,0)] is a diverging constant independent of i and the limits are understood in
CrC—" for k > 0. (see [MW17b] for more details).

We now define the Wick products for Z; by combining the above with the smoothing properties of
the heat semi-group S; associated with .Z. Defining Z; e i — Z—(O), we have the decomposition

Z; = Z; + S5
We then overload notation and define the Wick products of Z; by the binomial formula ¢ namely
23 = ZJQ +28:%;Z; + (8:%;)?,
Z3: = ng + 35,2 ZJQ +3(8:2)2Z; + (i),
and for i # j
AVAES :ZiZj: + StéiZj + SthZi + 5:2:5:%5,
223 =03 4 Sz 20 428,51 ZiZy + 280585 25 + (Si25)2 Zi + Si7:(Se25).

We caution the reader that this definition is non-canonical, in the sense that these renormalized
products are not necessarily mean zero. By the calculation in [MW17b, Corollary 3] (see also [RZZ17,
Lemma 3.5]) we have the following estimate:

Lemma 3.1. For each k' > k > 0 and all p > 1, we have the following bounds

EIZI2, ¢ +EIZID, g S 1

E| - Z:Z; Gpo-r + BI:ZiZ3 1 o-n S 1.

E( sup t*|:ZiZ;: ||c-=)? + E( sup ¢** || :ZiZ?: lc-+)P < 1.
te[0,T] te[0,T]

Furthermore, the proportional constants in the inequalities are independent of i,j, N.

By Lemma 3.1, there exists a measurable Q¢ C Q with P(Qg) = 1 such that for w € Qg and every
i,
1 Zillopo—r + sup t*]|:Z;Zj: |g-n + sup 3| :Z;Z2: | g-n < co.
te[0,T] tel0,T
In the following we always consider w € ). With the above choice of renormalization, classical
arguments from [DPDO03] can be used to obtain local existence and uniqueness to equation (3.3) by a
pathwise fixed point argument. This solution can also be shown to be global, as a simple consequence
of a much stronger result, Lemma 3.3, which will be established in detail below. Since the well-
posedness arguments for solving equation (3.3) with a fixed number of components is essentially
known, we relegate the proof to Appendix A and only state the result here.

6This definition is in line with [MW17b, (5.42)], which first considers a linear solution with 0 initial condition rather
than a stationary solution as here.
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Lemma 3.2. For each N, there exist unique global solutions (Y;) to equation (3.3) such that for
1<i<N,Y, e CrL*NL}L*NL3H'.

3.2. Uniform in N estimate. We now turn to our uniform in N bounds on equation (3.3) and note
that Y; itself depends on NN, but we omit this throughout. In the following lemma, we show that
the empirical averages of the L? norms of Y; can be controlled pathwise in terms of averages of the
CrC~" norms of Z;, :Z;Z;: and :Z2Z;: discussed in Lemma 3.1 .

Lemma 3.3. Let s € [2x,3). There exists a universal constant C' such that

N
/0 Rydt + Z lys2s, (35)

N

= sup ZHYHLz ZWYMLQTLHHNZY?
=1

N telo, T]

_ L2, L2
where
4

2—s

PR | X
( §:|4a4%ﬁ> +(N2§:Wﬁz4@ﬁ>

=1 i,j=1

N 2 L&
_ 2 .72,
Ry = (N E_ |ZjCS) + (N E | :25 ”C—S)
N

Proof. The proof is based on an energy estimate. In Step 1 we establish the energy identity (3.7) which
identifies the coercive quantities and involves three types of terms on the RHS. These are labelled I},
I%, and I3, which are respectively linear, quadratic, and cubic in Y. In Steps 2-4, we estimate each
of these quantities, proceeding in order of difficulty, in terms of the coercive terms and the quantities
RY for i = 1,2,3 defined below. The main ingredient is Lemma 2.5, restated here: for s € (0,1)

(9. 1) S (IVgllzallgl ™ + llgll o) 1 fll - (3.6)
The final output of Steps 1-4 is that for some universal constant C' it holds

N Z SIVillZ + Z 9%l + < ZY2 -2 Z %311

R} 1
coB s oo )L i
i=1
Noting that by Holder’s inequality

1 1
2
¥ 2l =

the estimate (3.5) follows from Young’s inequality with exponents (2,2) and an integration over [0, T'.
The condition s € [2k, %) ensures that Ry is integrable near the origin, c.f. Lemma 3.1.

N

2 Y7

)

STEP 1 (Energy balance)

In this step, we justify the energy identity
N

1en d N N )
320 Wil + Y IVVis +m S Wi + | v?

2
=IN+IN+ 13, (3.7)
2

where the quantities I%, for i = 1,2, 3 are defined by

N
1
1 def 227
7 __NE:MW@&»
ij=1
o def 1 N . . 2 .72,
B 2V, i ZiZe )+ (VP 25

N

&
I
—
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JE 3 3(Y2Y;, Z;)
- N [ R

i,j=1
Notice that I}, I3, and I3 are linear, quadratic, and cubic in Y, respectively. Formally, the identity
(3.7) follows from testing (3 3) by Y;, integrating by parts, summing over ¢ = 1,..., N, and using
symmetry with respect ¢ and j. Since Y; is not sufficiently smooth in the time Varlable, some care is

required to make this fully rigorous, and we direct the reader to [MW17b, Proposition 6.8] for more
details.

STEP 2 (Estimates for I})
In this step, we show there is a universal constant C such that

N N
1
b <3 219Nl + IVl + CRY, (33)

i=1 i=1

where
2

N
S Z
=1 j=1

To establish (3.8), we apply (3.6) with Y; playing the role of g and + Zjvzl :Z?Zi: playing the role
of f to find

N
I S (Vo IV Yl + (1Yl oo

=1

(3.9)

1N
72
) ‘N > 47
.: C—s
22 9) for the first term and (2,2) for the second
term and the embedding of L? into L' to obtain (3.8), considering separately the cases m = 0 and
m > 0.

We now use Young’s inequality with exponents (2

STEP 3 (Estimates for I3 )
In this step, we show there is a universal constant C such that

4Z||VY||L2+C (1+ R%) (Z||Y||L2) (3.10)

where

2
2= def (T57\ =5 —
(7)™ + ()
C-—s

N
def 1
e (S ) HN Sz

i,j=1

Applying (3.6) with Y;Y; playing the role of g and :Z;Z;: playing the role of f followed by Hélder’s
inequality in L2, the product rule and symmetry with respect to i, j we find

N N
1 1
N > (Y5, 22 S Z YY1 IV (YY) e + 1YYl 252 -

ij=1

N
1 —s s
S O (Il 1Yl 2219 Yill e + Yill 2 1Y 1 22) 1] 252 o

> i) (ZY”“I ”IIVnni%)%( )"+ (ZnYan)( 2)'
5(i“YjH%z)l_;(é“vﬁﬂi);( )% (ZHYHB)( )%, (3.11)

=

A
VR
Z

j=1
j=1
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where we used Holder’s inequality for the summation in ¢, j with exponents (2, 2) followed by Holder’s

inequality for the summation in ¢ with exponents (ﬁ, %) Finally, applying (3.6) with Y;? playing

the role of g and + Zjvzl :Z3: playing the role of f we find

N N N
1 S —S S
SRz ) £ (VAN + V)T S 30 (VI I Yile + 1Vi3) B
ij=1 i=1 i=1
N 1-3
s[(Zmuiz) (Dwnp) +Z||YL2]R%V, (3.12)
=1 =1

where we used Holder’s inequality for the summation in 4 with exponents (5 The inequality

2).
(3.10) now follows from (3.11)-(3.12) by Young’s inequality with exponents (3 ( %

STEP 4 (Estimates for I3;: cubic terms in Y')
In this step, we show there exists a universal constant C' such that

3 <i<§;”VKH2L2+HfZYQ )+01+R3 (ZIIYHm) (3.13)

where
1 & = \
3 def J def
R} (NZIIZjI%-s> = (F 2075 with 2y fZIIZjHé-s (3.14)
j=1
Appealing again to (3.6), we find
N
S
EE (HZYQYH HV(ZW ) 12y, )1z0e- (3.15)
i=1
Y2y, Y2Y, byt LSSy )
(ZHZ (Z ) e (S vew) =
i= j=1 i=1
By Holder’s inequality, it holds that
N N
I>vev| s || >o v e (3.16)
i=1 i=1
Furthermore, we find that
N N N
2 2
[v(ven)|, < [ wev, + [ v,
i=1 i=1 i=1
N ) N , \1/2 N o1/
sIov2| L iwvile + (o nvvig) | ovavy| (3.17)
i=1 i=1 i=1

Hence, we find that

ZHZW

2(1-s)

(ZHYHL 9Y;1%)

IVl

vl s |l
i=1
N 2(1—s)
+H2Yf (o)’ (ZHZWW
2 N - 1—s N - s
(S WlE:) (S 19vii:)
j= =

N
S|
=1
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N 2(1—s) N s, X N s, 1-s
2 2 2v2 2
S () (S e, ) ()
=1 =1 j=1 =1 Jj=1
N 2 N 1—s N s
v (i) (Ivyilz.)
=1 j=1 Jj=1

Inserting this into (3.15), taking the square root, and using (3.16) we find

1 N
s || o v
=1

Applying Young’s inequality with exponent (2, 1%37

1—

N 1-s N . N
() TSI 2+ [ S0
j=1 j=1 i=1

) we arrive at (3.13). O

N 1 )
(i) 2z 3
j=1

NN

Corollary 3.4. Let ¢ > 1, s € 2k, -2=). There exists a universal constant C such that

q+1
L) s (e m) T [ S [ E e
sup ( mnm) - ( ||Yj|L2) [ ||wj||L2+H Y, ]dt
t€[0,T] Nj:l 0 Nj:l Nj:l Ni:l L2
T g1 1 N q
<o [ rf e (5 ) |
0

j=1

with Ry introduced in Lemma 3.35.

2
Proof. Set V = %Zf\il |Yi|[2, and G = %Z;\Ll IVY;l2. + || & POR V2||,,- By Lemma 3.3 we
deduce for ¢ > 1

d a1 ]
7 GVI' <CRNVT P < ORy + 5vqﬂ.
Note that G > V2 since || 2N, Y2| 10 = SN, [|Yi]|2., which implies the result. O

Lemma 3.5. Let s € [2k,1/4). There exists a universal constant C' such that

N
>
=1

2

N N

1
sup Y [Yjll7e + ) IVYillZa e +
tem]; T ; ilEs e+ -

N T
< CUIRY oy + 3 Il eso{ [ 1+ Ry + Bae}, (319)
j=1

where R%;, R given in the proof of Lemma 3.8 and

. AT A 5
RN:WZHZA S(:Z?Zi:)‘

L2
=1 =1

Proof. The proof is almost the same as Lemma 3.3. We appeal to Steps 1,3, and 4 of Lemma 3.3 and
only modify Step 2. To estimate I} we write

N N
1 S —S
Iy < 5 D IAYillee | YA (2320 )|
i=1 j=1
1 N 1 N C N N 9
<Y IWilE+ g IVl + 55 D | oA 27z )|
i=1 =1 j

L2
i=1  g=1

: (3.20)
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where, in the last step, we applied Young’s inequality for products, and then interpolation. Combining

(3.10), and (3.13) (3.12) with (3.20) and inserting these inequalities into the energy identity (3.7), we
obtain

Y d
Z Z1YillZ: + Z IVYillZ: +

N
+mZ hellv®
L2 j=1

Jj=1
N
< CRY 4+ |IVill2C(1+ Ry + RY). (3.21)
=1
The estimate (3.19) now follows from Gronwall’s inequality. O

Remark 3.6. For the estimate of + vazl 1Y;]|22 in Lemma 3.3, the dissipation term ||+ Zfil Yf”;

could be used to avoid Gronwall’s Lemma. However, for Zf\il 1Y;2, or + sz\i1 |Yill7, forp > 21t
is less clear how to exploit the corresponding dissipation term and we need to use Gronwall’s inequality
to derive a uniform estimate. Since the R3;, R, appear in the exponential, this makes it unclear how
to obtain moment estimates directly.

4. GLOBAL SOLVABILITY OF THE MEAN-FIELD SPDE

In this section, we develop a solution theory for the mean-field SPDE (1.6), the renormalized version
of the formal equation (1.5). In two dimensions this is a singular SPDE where the ill-defined non-
linearity depends on the law of the solution. As a result, we cannot proceed via path-wise arguments
alone as in [DPD03] and [MW17b] and we need to develop a few new tricks for both the local and
global well-posedness.

We begin by explaining our assumptions on the initial data and our notion of solution to (1.6).
The initial datum v; decompose as ¥; = z; 4 1;, where E||z|g,_.. <1 for £ > 0 and every p > 1, and
E||n;||74 < oo (except for Lemma 4.4 which is an L? estimate). We define ¥; to be a solution to the
renormalized, mean-field SPDE (1.6) starting from t; provided that ¥; = Z; + X; holds, where Z; is
the solution to (3.2) with Z;(0) = z; as in Section 3 and X is a random process satisfying

Here, p depends on the law of X; and is defined as

def

E[X?] + 2E[X,Z;] + E[:Z2% ].

We now comment on the meaning of the non-linearity in equation (4.1). Recall from Section 3.1
that Z; € C™* (Lemma 3.1), while B[ :Z2 | = E[(S;2)?] with % = 2z; — Z;(0), so by Schauder theory
we expect that X; is Holder continuous. Hence, we anticipate that E[X?] is a well-defined function,
while E[X;Z;] is a distribution satisfying for ¢ > 0 and 8 > &

IEX:Zi](D)llc-~ < EllXi(®)lce 1 Zi (1)l c-+]-

We immediately find that all terms in u(X; + Z;) are classically defined in the sense of distributions
except for E[X;Z;]Z;, which requires more care and a suitable probabilistic argument. The idea used
to overcome this difficulty, which is repeated in different ways throughout the section, is to view the
expectation p as coming from a suitable independent copy of (X;, Z;). To avoid notational confusion,
we now comment further on our convention throughout this section. We consider equation (1.6) for
a fized i and when we write (7, 2;) for j # i we mean an independent copy of (7, z;), and we then
write (Z;,X;) for the solution driven by white noise ¢;, which is independent of ;, from initial data

(25,m5)-
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4.1. Local well-posedness.
Lemma 4.1. Forp € [1,00] and 0 < k < s it holds
1 1
|ZE(ZX 5 S (BIX, ) (Bl ZiZs: [on | Z2)* (4.2)
Here the conditional expectation is on the o-algebra generated by the stochastic process Z;.
Proof. Letting (X, Z;) be an independent copy of (X;, Z;) we have

We then use Jensen’s inequality to find

1ZEZ; X))l pon, <E[:ZiZj Xjllpon | Zi] < B :Z:Z;: |o-~11X;l; . | Zi],
where we used Lemma 2.3 in the last line. The claim now follows from conditional Holder’s inequality
and the independence of X; from Z;. O

We now apply the above result to obtain a local well-posedness result for (4.1), which yields in turn
a local well-posedness result for (1.6).

Lemma 4.2. There exists T* > 0 small enough such that (4.1) has a unique mild solution X; €
L2(Q; Cp- LA N C((0,T*]; CP)) and for 8 > 3k small enough, v = B + %, one has

E[ sup 17]|X;[[&s] < 1.
te[0,7]

Proof. For T > 0 define the ball
{Xi € LX(Q,0((0,T1;C%) | E[ sup ]| Xil[gs] <1, Xi(0) = mi}.
t

)

def

Br =

Here we endow the space C((0,7]; C) with norm (sup;ego 7y 87| (£)[|Z5) /2.
For X; € By, define M7 X, : (0,T] — CP via

M Xi(t / S, E[X? +2X,Z;+ :Z% (X, + Z;)ds + Sim;.
Using Lemma 2.4 and Lemma 2.3 noting S > &, we find that

t
_ Btk
IMeX.(t) — Similles < / (t — 5)~ % |BIX, 2 Zi]| o—nds
0

~

/ (IBX2 |l + B 22 s + (t = 5) 5 [B[XiZi]l|c— ) | X s ds

+/Ot(ts)

We start by applying Lemma 4.1 to obtain the pathwise bound

Jl(t>s/0 (t—s)

Ji(t)

M £

Btk
> ([EX? s + |E :Z7: [|ce) | Zillo-nds

i=1

m\»a

(B X120) 7 (Bl 2250 |30 | Z2])7d

t
’ 1 _ B4k ~+2k!
< (Blsup ([ 225 (Mlo-)? | Z:)* / (t—s)~ s~ s,
0

rel0,t]

for ¥’ > k > 0, which is integrable provided 8 < 2 — k and 7 < 2 — 2x’. We may now apply Lemma
3.1 to find that

E|lJi (1) S E[ Sl[lpt] N :ZiZgs ()| gon )20 BT G g2 (B,
rel0
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Before estimating J5(t) and J3(t), we make three observations. First note that by Jensen’s inequality
and Lemma 2.3 it holds

IBXE(lcr < BlIXillgs] < 577
Furthermore, using again Lemma 2.4 we find

IE 2% |lcs < E|(5:2)%||gs < E||Sizi] s S 5~ 0.

Finally, note that by Lemma 2.3
1 1 5
IEXiZlc-~ S EllXillcs | Zille—<] < (ElIX:lI&s]) " (Bl Zille--])* <577

Inserting these three bounds, we find the inequalities

t
Ia(t) < / (577 + 575 1 (8 — 5)~ "+ 5 F) | X, gads.
0

B+~

t
B0) S [ (69 (5 s ) | Zi o,
0

Squaring and taking expectation, we find
E|J2(t)|2 <t77 (t2—2’y 4 $27208+R) t2_(3+"+7)).
E|J3(t)|2 < (t2*(5+ﬁ+2'y) + t2,3(ﬁ+n)).

Under our assumption on 3 these are all bounded by t~7. Finally, note that by Lemma 2.4 and the
embedding L* C C’%, we obtain

1428
[Smllcs St [Inlls- (4.3)
Combining the above estimates we can find 7™ small enough to have
E[ sup t7[|Mr-X(t)]gs] <1,
te[O,T*]

which implies that for 7% small enough My« maps By« into itself. The contraction property follows
similarly. Now the local existence and uniqueness in L?(Q2; C((0,T], C?)) follows. Furthermore, we
know fot S;_sp(X (s) + Z(s))ds is continuous in C? and Syn; € CrL*. The result follows. O

4.2. Global well-posedness. We now extend our local solution to a global solution through a series
of a priori bounds, starting with a uniform in time on the L?(£2; L?) norm of X; together with an
L3(Q; LZH') bound.

Lemma 4.3. There exists a universal constant C' such that

T
sup BIXGl: + BIVX g2+ [BXZIL o+ mBIXil 10 < € | Rat+ Bz, @)
te|o, 0

where, for i # j we define
def = 2 4
R=E1+ (E|Zilg-.) " +E|:Z;Zs: & + C(El :Z;Z;: ||§--) + C(El| :27: | c-) "
Proof. The proof is similar in spirit to the proof of Lemma 3.3, proceeding by energy estimates.
STEP 1 (Expected energy balance)
In this step, we establish the following identity
1d
5 7 EIXillZe + EIVXil[Z: + [EXP| 72 + mEIX|7 = I' + I + I, (4.5)
where

I"EE(X,, 722, PEEX? ZE)+2E(XX;,Z2;), P ESE(XPX;, Z)).
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Formally, testing (4.1) with X, integrating by parts and using that X;, X;Z;, and :Z2: are respec-
tively equal in law to X, X;Z;, and :Z3: we find

1d
§§||Xz'||%z +IVXi |22 +m| X 22 + [|IXPEX? o

= —(Xi, ZE(:Z}:)) — (X2 E(:Z}:)) — 2(X;, ZE(X; Z;)) — 2(X7  E(X; Z;)) — (XiE(X}), Zs).
Taking expectation on both sides, using independence, and the fact that X?X;Z; has the same law
as X7 X;Z; we obtain (4.5).

STEP 2 (Estimates for I')
In this step, we show there is a universal constant C such that
1
I'' < 1(||EXZ»2H%2 +E|VXi[|7:) + CA+E| :Z7: Zil|g-.). (4.6)
To prove the claim, we apply (3.6) to have
' SE[(IXI 5 IVXllz + 1Xlle)ll 27 Zi: lle-]

Hence, (4.6) follows from the inequality E||X;|?, < ||[EX?||;> and Young’s inequality with exponents
(+2-,2,2) and (2,2).

1-s?s?

STEP 3 (Estimates for 12 )
In this step, we show that there is a universal constant C' such that

1 2 4
I? < Z(EHVXZ»H%Q +|EX?|3:) + C+ C(El :Z;Z:: |&-2)" + C(El :Z}: [g-) - (4.7)

Using again (3.6), Young’s inequality, Hélder’s inequality and the independence of X; and X, we
obtain

E(X:X;, :Z;Zz ) SE(| XXl + IVX X0 + XV X[l | :Z5 Zix || o
SE(IXill 21Xz + IV Xill L2 X 22) || :25Zi: |-
1/2 1/2
S (BIXlI2-EI X022 + E|VXl2-EIX;]122) (Bl :Z;Zi: |lg-)
1/2 1/2
S (IBXZ(7: + BV (|7 [BXF () (Bl :2;Z: &) 7 (4.8)
Similarly, using this time independence of X? and :ZJZ: we obtain
E(X7, :Z7: ) SE(|IX? 0 + IVXill 2| Xill2) || 1 252 [ o+
= ([EX? (| + E[VX,[| 2| Xill 22) El -2 [o-
1/2 1/2
S (IBX2 o0 + (BIVX7:) PIBXZL) Bl 23 oo (4.9)
To obtain (4.7) we use Young’s inequality with exponents (2,2) and (2,4, 4) for both (4.8) (4.9).
STEP 4 (Estimates for I3)
In this step, we show there is a universal constant C such that
1 2
I < S (BIVXil[Z: + [BXF(72) + C((BIZ|E-.) ™ +1). (4.10)

To this end, we write
P SE(IX2X]5 IV X 20+ 1X7 X5 0) 1125l -
< (BIXEX 1 Z)llc-) ' T (BIV(XZX) 11 Z o) + BIXZX 21125l e
By independence and Holder’s inequality, it holds that
E|X? X[l Zillo-s S |[EXPEIX]1Z)]lc-]

S IEX? |2 || (BEX) V2B Z5l16-) "2 1.

Ll ~

i 1/2
SIEX? |2 (BIIX;l72) * (B Z5lE-2) (4.11)
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1 1
where we used that ||(EX]2)1/2||L2 = |[EX?| 2, = (E||X;3.)?. Furthermore,

E|X?VXjlll1Z5]c-- = [EXPE(IVX;] Zi]c--)
1 1
< B2 [[B(VX 1 Zjllc-) | - < IBX? 22| (BIVX; )2 (B Z;]E-.) 2

=

SIEX2|| 2 (BIVX|2) (B2 )5-) . (4.12)
Similarly, note that
E||X. X, VX1 Zillo S BIXX e (1Y X212 llo--)
< (BIXX,)3) 2 (BIVXLEIZ %)
SIEX? (L (BIVX32) 2 (BIZ 1) 2. (4.13)

Combining the above estimate we arrive at

s 1-—s 1 1 1
s IIEX»QHLz(EIIVX‘IFm)Q(EIIXiHiz) > (BlIZlIe--) % + IBXT L2 (Bl X;1172) * (Bl Z;]lE--) ®

s 1 3 1
< IBX2E (BIVX2)E (BIZ15)* + IBX?) L (Bl 2,15 )¢ (414)
Applying Young’s inequality with exponents (3%, 2, 12-) we arrive at (4.10). O

In Section 5 we will study the large N limit of (3.1) by comparing the dynamics of each component
to the corresponding mean-field evolution. To control the equation for the difference, we will need a
stronger control on X; than the L? type bound obtained above. In the following lemma, we show that
LP bounds can be propagated in time, which will turn out to be a necessary ingredient in Section 5.

Lemma 4.4. Let p > 2 and assume that E||177Hp < 1. Then, we have

Lpr ~

sup E| X%, +E[||X;| T VX, 722 + |BIXGIPEXZ 10 S L,
t€[0,T]

where the implicit constant is independent of i.

Proof. Given p > 2, we fix s > 0 sufficiently small such that sp < % and % + s < 1. We will perform
an LP estimate: integrating (4.1) against | X;[P~2X; we get

1d -
G EIXL + (0 = DB VX0 + B PXF o+ mE[ XL,

_ 2E<E[ijj], |Xi|p> . E<E[X§}|Xi|P—2Xi, Zi> - 2E<E[ijj]zi, |Xi|p‘2Xi>
5
+E(B[:22 ],1X:7) + B(E[:22 )X X2, Z0) = > Iy (4.15)
Set DL | XP73VX,|2[,: and A L |1 X7X?||L1. We claim that there is some R so that

~

1 1 T
I < {BA+ ED + (B{IX?] + )R, with / R<1. (4.16)
0
STEP 1 (Estimate of I7)
Using Lemma 2.5, we have
—5 s 1 2
L S B[IX X1 IV X 150 Zlle- | + B[IXGX P Z5llo-] = 10 + 1.

Using
1 XP | S AM2||XP|| (4.17)
and independence, one has

1
1Y <E [ X022l ] < T5BA+ CEIXT | EZ)3-..
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Regarding I 1( 2

, using Holder inequality and then Gagliardo-Nirenberg with (s, ¢, 7, &) = (0,4, 2, 2)
IV (X5 Xl e < IV Xl 2 11Xl 174 + 201Xl 2 Xl 2 [ V| X2 )| 2
S Xl 2 [ 115612 ([ 22 (| X5 | e + VAD

Since ||| X;| 2] < D2 + ||| Xi| % || 12, together with (4.17) one has
o5 (p

TOEAJr ED+CE||X”HL1 (EHX 13012513 + B

where in the last inequality we used independence and Young’s inequality for products with exponents
(1257 , s) for the first and third term, and exponents (1257 1Jrs) for the second term. Therefore
invoking Lemma 4.3 we have obtained a bound of the form (4.16).

M <E|A>

XI5+ X251 +A2D2)HZ o]

s 2/(1—s
ZIE" +EIZ1E0),

STEP 2 (Estimates for I5)
For the second term on the right hand side of (4.15) we use Lemma 2.2 to have

= E(\ (X7 X;|X|P7%), A% Z;)
SE[IA XD IXP 7, o 1A Zill e | + B[ X 220 1A (Kl X2 e, 1A Zill
=: Iz(l) + .72(2).
Using independence, ||A*(X?)| e < ||[ASX] 120 || X;]| 220 by (2.1), and Lemma 2.1(iii) with sp < 1,
J J J
1) S BIXl3 A Zill e | E[IA* (X210 ] S BIIXil] + DELIX 1]

Regarding Iéz), by the interpolation Lemma 2.2 followed by Holder’s inequality,

IA* (Xl X P2 ey S IIV(XiIXiI””)IISL I\prll\li X, 2y

(1— S) 4 2=2) -1

S D*2IXT | XL (4.18)

By (2.2) with (g, s, a,r) = (2p,0, 8,2) with S ey - , and then Hoélder inequality
EI|X2| S B[ 1301075 } S (BIX;1%:) (Bl X 32, (4.19)

Recall from Lemma 4.3 that E[||X; ||L2] 1. With (4.18)-(4.19), using again independence, and
Hélder’s inequality with exponents (7 QL) together with Lemma 3.1, we obtain

2 B s P R
1 S (BIX;130)" (ED) E[IXPULIATZIEE |7+ BlIX, 15 @I XTI BIX 32 + 1)

where n %' (1- % — %)QL_6 and clearly n < 1. The first term on the RHS can be bounded by, using
Young’s inequality with exponents ( , 22 ) and then with exponents ( . 177)

2 =
E[D] + CE || X? |7 A~ Z I | B[1X;13: ]
1
S 10
Using Lemma 3.1, and Lemma 4.3 noting that 28/(2 — s) < 1 by our smallness assumption on s > 0,
we obtain a bound of the form (4.16) for I.

10
28

E[D] + C(BIX? |0 + BIA—Z] 2277 ) B[ )3

STEP 3 (Estimate of I5-T5)
Using Lemma 2.2 we obtain

Iy = E(NS(X; X XGP2), A5 (2,250 ))
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SBIA 220 )= XX, | X7,E
+ B[IA (2.2 = IXG | I QG e | = 180 + 12,
For I?El) we use Sobolev embedding H' C H; and Young’s inequality and independence to have
1) S B (:ZiZ;: )] + BIIXG 1 TBIIXE 2]
For I§2) we plug in (4.18):

1(2) <EKDS/2||XP||(2P 2—sp)/(2p) +HXP||L1 )HX Lo |A5( :2Z Z;: )HLOO}

Using Young’s inequality with ( , ﬁ, p) and ( P-,p), and Sobolev embedding,
2 P sp P .
1P < BD + CEIX? | BIXG I + BIXG | BIXP o + CBIA (22 )l
For s > 0 small enough + s < 1 so that ST 2 5 < 2, so Lemma 4.3 applies.
By (4.18) we have for e > 0 small enough

I+ Is
SIEL:Z: N o~El XallLe] + B[ :Z5: 1[lge+ BIA (X | X [P~2) | 1 [[A ™ Zi | o]

(1-s) 242022
AT Z | L]

S IBLZ3 W El1Xl70] + B[ 25 [llow BID* 2| X7,

p—1
+ B[ :Z]: ]Hc-s+eE[||va||Lf IA™*Zi][ ]
< ELDPR{| X7 A Zi] 23] B 'Zz'cherllE[ 127 oo (BIIXl170] + 1)

1 S
< GBI+ CE[|XT|11] + Cl[B[ :Z]: ]Ilés+eE[||A Z75) + CIBL: 125 e re (BIIXG170] + 1),
for ¢ =1/(1 —n). Combining all the above estimates and using Gronwall’s inequality, we obtain the
claimed bound. 0

We now conclude this section by combining our energy estimates with Schauder theory to obtain
a global Holder bound on X;.

Lemma 4.5. Assume that E||n;||7. S 1. For 8 > k sufficiently small, v = 8 + 5, we have

E[ sup 7] X;[|%:] S 1.
t€[0,T)

Proof. Recall that X; satisfies the mild formulation of (4.1), which we write using our independent
copy (X, Z;) as

t
X;(t) = Sim; + / Si—sE[X? +2X,;Z;+ :Z3: |(X; + Z;)ds.
0

We start by applying the Schauder estimate, Lemma 2.4, with § playing the role 8 + 1, § + &, and
B+ K+ % respectively to bound

t
1X:(8) — Simllos < / (t— 5)" F |BX2X ]| o ds

¢ ﬁ+/+

+/0 (t—s)_7||E[ ](X + Zi)|lc- Nds+/ (t—s)" \E[X;Z;]Z; ||C ~—2ds

¢ _B+2/34k e
+ / (t— )5 (IR 2K g + [BIXAZ g )ds 30
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To estimate Jp, first recall Lemma 4.4 implies that

sup ||EX2||L2: sup ||[EXZ|2. <

~

t€[0,T] t€[0,T] t€[0,T]

sup E|| X1, <1, (4.20)

~

which can be combined with the Sobolev embedding L? — C~! in d = 2 corresponding to Lemma
2.1 with @« =0, p;1 = ¢1 = 2 and ps = g2 = oo to find
t

t
_ B+1 _B+1
5s / (t— ) BIX2)| 12 X | oeds < / (t— ) | X gsds.
0 0

We now turn to Jo and apply Lemma 2.3 to find for 8 > k and ' > &

5z [

t
_Btr _ K
§/ (t—=s)" 2 s 7| Xillceds + [ Zill oro»-
0

B+r
TIBLZE e Xilles + B[ Z: Jllc2- [ Zillc-~ds

We now turn to J3 and Jy and use the Besov embedding By 5 — C™%~ iind=2in Lemma 2.1.
Let’s begin with J3 which is simpler. Using Lemma 4.4 and Lemma 2.1 and Lemma 2.2 we have

T
/0 IBLX7] % ds < / B X2 52 _J2ds S / BIATE) s S [ (BIACE) |gaels

T T
S [ Il Xl S [ B{IX B s S 1 (4.21)
0 0
where we used (2.1) in the fourth inequality and Hélder inequality in the fifth inequality. Note that

by Hélder’s inequality in time which exponents (2,3) and taking into account that 2(8+ 2 + k) < 1
for B small enough and using Lemma 2.3 we find

T T
3 3
s [ IRGZIZI s S [ @I I D@22 . | Z])as

T
<1 +/ (E[|| :ZiZj: |g5=x | Zi])°ds. (4.22)
0
Here we used Lemma 4.1 and (4.21). Finally, we turn to J;. By Lemma 2.3 and Lemma 2.2 we deduce
IXillsze, S IXillg2, S IXllE; 1 Xll™ S 11 1 Xl
T+2r

which implies that
T T T
| Bz ds s [ BN 12021 5 [ BIGIS IX12 )
T T T
< / E[1X 2] + / E[|X; 4] + / B[ Zi5 -] < 1, (1.23)

for some { > 1. This combined with (4.21) and Lemma 2.3 implies that

t _ B+2/34k
55 [ 6= (B 2y 1Xslos + IBLG g, | 2o ) ds

t
B+2/ +r
s/ (= )" "5 B, 2]l e |Xillcods + [ Zilloron
0

For Syn; we use (4.3) to have the desired bound. Combining the above estimates, using (4.23), Holder’s
inequality and Gronwall’s inequality, the result follows. O

Combining the local well-posedness result and the uniform estimate Lemma 4.5 we conclude the
following result:
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Theorem 4.6. For given Z; as the solution to (3.2) and E||n;||7. S 1, there exists a unique solution
X; € L2(;C((0,T);CPY N CrL*) to (4.1) such that

E[ sup ¢7]X;]gs] + sup E[Xil|74 + B[ X172 g0 S 1.

t€[0,T t€[0,T
In particular, for every 1p; € C™* with Bl ||%_. < 1, p > 1, there exists a unique solution ¥; €
L?(Q; CrC~ %) to (1.6) such that
E[ sup ¢7]|W; — Zi|gs] S 1,
t€[0,T]

for B> 3k > 0 small enough and v = % + B.

5. LARGE N LIMIT OF THE DYNAMICS

In this section we study the large N behavior of a fixed component ® satisfying (3.1) with initial
condition ¢ = yN + 2. Namely, under suitable assumptions on the initial conditions, we show that
as N — oo, the component converges to the corresponding solution ¥; to (1.6) with initial condition
¥; = m; + z;. Recall that by definition, ® = YN + ZN, where Y;V satisfies (3.3) and Z}¥ satisfies
(3.2) with initial conditions y¥ and z¥ respectively. Similarly, ¥; = X; + Z;, where X; satisfies (4.1)
and Z; satisfies (3.2) with initial conditions y; and n; respectively. We now define

oN Ly N X,

For future reference, we note that in light of the decomposition, c.f. Section 3.1 for the definition of
Zi)

ZY = Zi+ 51z — Z:(0)),  Zi = Zi + Si(zi — Zi(0)),
it follows that

N v, =VN - X4+ zN — Z; = ol 4PN — ).
Hence, our main task is to study v and this will occupy the bulk of the proof. We now give our
assumptions on the initial conditions.

Assumption 5.1. Suppose the following assumptions:

o The random variables (z;,m;)Y., are i.i.d.
o For every p > 1, and every i,

ElllzY - zillg-w] = 0, B[y —nill7:] =0, as N = cc.

N N
1 1
N Z 2 — 2% . =F 0, ¥ Z lyN —nil2. =¥ 0, as N = oo,

where —F means the convergence in probability.
e For some g > 1, pg > 4/(1 —4k), and every p > 1
N

1
Bll5" G- + l2illg--] S 1 Blmillfs $1, Elg Yol i) S
=1

where the implicit constant is independent of i, N.

The following theorem is our main convergence result - which in particular implies Theorem 1.1.
The proof is inspired by mean field theory for SDE systems such as Sznitman’s article [Szn91], which
as the general philosophy starts by directly subtracting the two dynamics and thereby cancelling the
white noises, and then controls the difference. To this end we establish energy estimates for the
difference v below, c.f. (5.3) from Step 1. The key to the proof is that for the terms collected in I3V,
IY below we interpolate with C~* and B | spaces and leverage various a-priori estimates obtained in
the previous sections; but for terms collected in I3 which are suitably centered, we interpolate with
Hilbert spaces and invoke the fact (2.3), which in certain sense gives us a crucial “factor of 1/N”.
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Theorem 5.1. If the initial datum (2N, yN,z;,m:)i satisfy Assumption 5.1, then for every i and
every T > 0, |[vN|lcpn2 converges to zero in probability, as N — oo. Moreover, under the additional
hypothesis that (2N, yN, z;,n:)., are exchangeable, for all t > 0 it holds

: Ny w12, —
Jim B{| 25 (8) — Wi(t)[|z2 = 0. (5.1)

Proof. The proof has a similar flavor to the Lemma 3.3, and in fact we will continue to use the notation
RY; for i = 1,2, 3 for the same quantities. One additional ingredient required is the following instance
of the Gagliardo-Nirenberg inequality (a special case of Lemma 2.2),

1/2 1/2
lgllze < Cllgllifllall s (5.2)

In the proof we omit the superscript N and simply write v; for v¥ throughout. Furthermore, in Steps
1-5 we work under the simplifying assumption that z¥ = z;, so that also ZY = Z;. In Step 7, we
sketch the argument in the more general case.

STEP 1 (Energy balance)
In this step, we justify the following energy identity

N
x Z Joill22 + Z 702 +m§j ol + 5 S I¥5eils +

i,j:l

Zlk (5.3)

where

N
o 1
LY -3 Qo 222 )+ (07, 25 )+ 200Y;,Z)))

N
o 1
BV = 3 (v (XY 4+ (3 +Y))20))

a1
P E— — <[ 2% —E:Z% + X;(X; +2Z;) — BX;(X; +22)](X; + Zi) vi> . (5.4)

J

=

ij=1
In the definition of IV, to have a compact formula, we slightly abuse notation for the contribution of
the diagonal part i = j, where we understand Z;Z; to be :Z?: and :Z3: Z; to be :Z}: .

We now turn the justification of this identity, and for the convenience of the reader, we write the
equations for Y; and X; side by side as

N
1
LY, = - Z (szYi + Y7 Z + 2V, Z;Y; + 2Y; : Z Zy: + Y LG+ 2, ) (5.5)
j=1
1 N
LX; = - Z <E(Xj2)XZ- +E(X2)Z; + 2B(X; Z;)X; + 2B(X,; Z;) Z; + X;E : Z}:

1

J

+ ZE 75 ) (5.6)
where we used that X; and X; are equal in law. We now compare each of the first 4 terms in (5.5) to
the corresponding terms in (5.6). Note first that

YV, —E(X))X; =YY - X2X; + (X7 - E(X)) X;
=Y/ v +v;(Y; + X)X, + (X7 - E(X])) X,
Similarly, we find
(V) —B(X])) Zi = v;(Y; + X;) Z; + (X} — B(X})) Z:.
2Y}ZJY; — 2]‘3()(]2]))(2 = 2(’[)1}/] + 'Uin)Zj + 2(XJZ] — E(XJZ])))Q
2}/] ZZiZjZ - QE(XJZJ)ZZ = 2’Uj ZZZ'Z]‘Z + 2(X] ZZiZ]'Z - E(XJZ])ZZ)
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Y; :ZJZ: = :Z;: + X; :Z;: .

Taking the difference of (5.5) and (5.6), using the identities above, multiplying by v;, integrating by
parts, and summing over 7 leads to (5.3). Indeed, notice that each equality gives a sum of two pieces,
one with a factor of v and one without any factor of v, but with a re-centering. The terms which
have a factor of v lead to I and IV, except for vai and v;X; X;, which lead to the two coercive

quantities on the LHS of (5.3). The terms which have been re-centered lead to 2.
STEP 2 (Estimates for I}V )
In this step, we show there is a universal constant C' such that

N
(annw Z||m|L2)+C<1+R R RS e (57)

i,j=1 i=1

where R%; and R%, are defined in terms of Z in the same way as in Lemma 3.3 and

3, (quwum) (% annc )

with 1 > s > 2k and s small enough. Indeed, (5.7) follows from arguments identical to the ones
leading to (3.10) and (3.13) in Lemma 3.3, but with a different labelling of the integrands which
we now explain. There are three contributions to /¥ and each can be treated separately. For the
contribution of vzvj :Z;Z;: we argue exactly as for (3.11) but with v;v; in place of Y;Y;. For the
contribution of v? Z2 , we argue exactly as in (3.12), but with v? in place of Y;2. This leads to the
inequality

N
S O by, 2 )+ 07 22E) < 116(Z||WL2)+0<1+32 Sl 69

i,j=1 i=1

Finally, for the contribution of v?Y;Z; the argument is similar as for (3.13). This leads to the estimate

Tz s 5 3 (|5l e (),
SISl e ()l

N
. vaHLI)HZﬂm (5.9)

1/2 1
2
)

>”2 * (zuzm

where %y & Zjvzl 1 Z;||&-. as in (3.14). By Hélder’s inequality, it holds that

N N 5\ /2 N 5 \1/2
IS0y s (D heivalza) (D leiliz) (5.10)
=1 =1 =1

Furthermore, we find that

N N N
[o(35 )l < e, | S v,

N ) N , \1/2 N L, \1/2
S S il Yllze + (S I9wile) (D heivil:)
=1 =1 =1
N

< (Slie) (Sl 1951 + (19l (S hovili)
=1

i=1 i=1 i=1
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2s

where we used (5.2) in the last step. Hence, we find that
v(zm),

N S

3( b3t :

< ( 3 ||vz«Yj|%2)1_S(Z||w||%p)s(i||vz«||%2)(i||v19||%2)s
=1 =1 Jj=1

(ﬁ:lv”%”m) (inwiz) (Z_ los¥;132).

Inserting this into (5.9), taking the square root, and using (5.10) and Young’s inequality with exponent

(1%, 2,2) we arrive at
s’ s

N N
— Z (202Y;, Z;) 16<Zj||wz||m + ¥ > |Yjvilliz> +C(L+ Ry + R [vill32. (5.11)

3,j=1 i,j=1 i=1

Combining (5.8) and (5.11) and recalling the definition of IV we obtain (5.7).
SteEP 3 (Estimates for I3V )
In this step, we show there is a universal constant C such that

Ly RS 1 Y 2
2 2
< (X Ivuls + 5 30 Woabillte + [ o= v ,)
i=1 7,7=1 i=1

N N
1 2
+O(1+ By + Bl + By + By + (5 Yo IXil34) ) (2 il ). (5.12)
i=1 =1

where R3; is defined as in Lemma 3.3 and Ry and RS, are defined by

Ry (1+ Nixny) (% annc) (5 guvxnm) (}Vimés)-
R (5 inym)

We break I3 into the separate contributions where v;v; multiplies X;Y;, X;Z;, and Y;Z; respec-
tively. For the first contribution, Cauchy’s inequality yields

= Z/vlv]Xde Z/ VY de + C— Z/ v?X2da.

1,5=1 wl 1,5=1

1 1 N 2% -2 2 1 al 2
w2 [, dx+0(z||vz«||L4)(NZ||Xi||L4),
N 1/2 , 1 N
Z|W||L2+0(Z||vzum) (Zuvznw) (% Il ).
1 i=1

i,j=1 i=
where we used (5.2). Using Young’s inequality with exponents (2,2) leads to the last contribution to
(5.12). The remaining contributions to I3’ are more involved to estimate. Our next claim is that

N N N N

1 1 2 -
Z@z 02y < S (Il + | Do) + 00+ R + R D il
i=1 i=1 j=1 i=1

= (5.13)
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The basic setup is the same as the bound leading to (3.15) via the inequality (3.6) with v; Zf;l v; X

playing the role of g and Z; playing the role of f, followed by an application of the Cauchy-Schwartz
inequality for the summation in i. The Lh.s. of (5.13) is then bounded by

(e )

Using Holder’s inequality in the form Hm va ||L1 lvill L2 || Zjvzl vajHL2 together with

N 1 N 1
HV(szvg )., < lI19wllze Zvj Ll Il (D 19ws132) " (D 1124)
2 2
12, 11/2 al /4, & 2 \ /2
22 Ili2:) (ZHUJHHI) (D Ivx18:)
=1 j=1

Jj=

2(1-s")

) ( %\/)%. (5.14)

s'e {50}

where we used (5.2), and inserting this into (5.14) and applying Holder’s inequality for the summation
in ¢ together with

2—s N s

(1—5) 1 5 1

Z o175 ”vZHLZHUZ”Hl Z lvillZ Dl )
=1

we obtain a majorization by

(Zlevmz) (ﬁ_vjmnip);( #)"
(szny)“(imng)?( an 2) ()
o ()’ S o) (& vax ) (1)

) for the first term, (1357 zfs’ 34—5) for

=

2
Wl

Finally, we apply Young’s inequality with exponents (2, -2 T
the second term, and (%, 2, %) for the third term which leads to (5.13).

Similar to (5.13), we now claim that

Jbi<§:vivj}/j’zi> (Z IVoillz: + — Z [0;Y; IILz) + C(l + Y R ) Z Jvil|2. (5.15)
i=1  j=1

i,j=1 ke{3,5,6} ~ i=1

The basic setup is again similar to the bound leading to (3.15) via the inequality (3.6) with
Z;V:l v;v;Y; playing the role of g and Z; playing the role of f, followed by an application of the
Cauchy-Schwartz inequality for the summation in ¢. The Lh.s. of (5.15) is then bounded by

(ZHZW}JYH ’ZV 0;0;Y 5/)%(%0%)% (5.16)

By Holder’s inequality and the Cauchy-Schwartz inequality we find

N N , \1/2 N , \1/2
[ vy < (X ovilize) ™ (X Isliz)
j=1 j=1 j=1

2(1—s")

’6{ O}
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together with (5.2) to have

12, N , \1/2
sz v ¥y, (anup) (X Ivuili:)
j=1
/ / al /2 & /
; ||wi||p(z o 13:)’ Q(Zmn@)l ol (X leliz) (v
j=1 j=1 Jj=1 J=1

Inserting this into (5.16) and applying Holder’s inequality for the summation in ¢ with exponents
(1= 1) leads to a majorization by

S e 501 \12

(% vazynp) (X lhaliz) = (X Ivwilli)* (5 2w)

J=1 i=1 i=1

1] al e X f e 51 & 571 3
(S ) T () T (annm) (Do Ivwila)” (5 2o Ivilke)™ (2v)

i,j=1 Jj=1 i=1 J=1

1 < e K $ 11 $/1 \U2
(5 2 oailize) T (X leilid) (vajn%z) (%2 0vvil) " (52v)

i,j= i=1 j=1 1

j=
Note that for the third term, we also took advantage of (5.2). We now apply Young’s inequality with
exponents (2, ﬁ, %) for the first term, (%, 123, s, g) for the second term, and ( =, ,2) for the

third term, which leads to (5.15). Finally, combining (5.13) and (5.15) we obtain (5. 12)
STEP 4 (Law of large numbers type bounds: estimates for I2V)

For I we obtain a bound in expectation in the spirit of the law of large numbers in a Hilbert
space to generate cancellations. To this end, we define

G; (X2 ~EX?) +2X,;Z; ~EX;Z;) + (2% —~E:2%) ¥ ¢V + 6P + 6.

We show there is a universal constant C such that

¥ < C(Ry + RY) NHZXZ v;

1 N
+ 32 ol (517)
i=1

O(i loilis ) [ 75 +1+ %Z (Il + 1A x4
=1 =1

with

=
Z
=

def 1

ST M meE > LSS et

J=1 ke{2,3} ke{2,3} i=1 j=1
def s
R (5 ZHA z13)"

We write I = Zizl(lgk + J3Y,) with

Nt LS /N o)y Nodst LS /NS ),
I3}, = N <2Gj Xz7vz>, I3 N <ZG]- Zz,vl>.

=1 j=1 i=1  j=1

We consider each term separately: For I. 37\,71 we have the following

eyl x5
PN NIl =

;+~H2m

L2
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For J3 1 we use (2.1), the interpolation Lemma 2.2 and Young’s inequality to obtain

2 (e () A2
oS Y e e e
i=1 i=1
¢ 3 1 i
<xlz el Z ol +€ 3 (Z Il ) (57 Do 1A~ Zill2- )
J=1 s’€{0,s} i=1 i=1

For I:;’,YQ we have

Ié\’IQ - ]ifi< ZG@) AS Xiv; > = H Z (Q)HH s (i ||AS(XiUi)HL2)2
=1 i=1
< f@Hj 1 | 2OZ||ULHH1+0(Z||m|Lz)(— S DAL ).

i=1
where we used (2.1), (5.2) to have

N

(Z I8 Xawlze)” S 5 (D0 IAXullallolln + A%l el Xl

i=1
1/2 1 2 +s f—s 2
s N(Zn il ol 1A° X||L4+Z||vz||2 il "1 X le )

followed by Holder inequality with exponents (4,4, 2), (ﬁ, 17423’2% Young’s inequality and finally

Jensen’s inequalities for the terms with X; in the last inequality. For Jz% we have

J32NNQZHZG Zi\%- 1+QOZHU1”H1

i=1 j=1

(5.18)

For I3'; we have

N« L= @] RN 2
15 5| 26?5 (1A Xwlee)
j=1 i=1
N N N N
S LIS+ LS iz (3 2 ) (& STUXE 4 ),
N H-s 20 N
j=1 i=1 i=1

i=1
where we used (5.18) in the last inequality. For the last term we have
3
J33NN22||ZG Zi]1- 1+QOZ\\UZ||H1
=1 j=1

Combining all the estimates for I3, and J3), we arrive at (5.17). In the following we calculate
E||RNHL1 +E|| R}y 1. To this end, we recall the general fact (2.3) for centered independent Hilbert
space- valued random Variables. Applying (2.3) we obtain

5 1 2 3
BByl S BIGU s e + EBIGT 2 o + BIGT (32 -
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It is obvious that E||G 3)HL2 —- S 1. By Lemma 4.4 we know

T
1
BIG I3y £ [ BOXGVXal: + Xl 0d 1
@) T T
BIGT Gy S [ ENZIG- ol Xl S [ ©INIG + X0+ DA St (6519)

where we used Lemma 2.2 and Lemma 2.3. Therefore EHRNHLlT < 1. For R we have

N N N
1 (2) 1 (2) (2)
B MDY Gzl = ~ > E(G2,GZ) -

i=1 j=1 i,5,0=1
NZ[ S 2>+ > | SEIXGZE .+ EllX 3212 |-
i=j=" i=jAL  A=jF#i

where we used independence to have ", 2ize =0. Similarly, we have

N N
1 3
Bz > 11> GPZilly S Bl :Z: |- + Bl Z{ 2 [}

i=1 j=1
Combining the above two estimates and using Lemma 3.1 and the same argument as in (5.19) with
7y replaced by :Z1Z5: and :Z%: | we obtain E||RN||L1 <1

STEP 5 (Convergence of v; to zero in L%(Q))

We now combine our estimates and conclude the proof of (5.1). Namely, we insert the estimates
(5.7) and (5.12) into (5.3) and also appeal to our bounds from Step 4 to obtain

N 7 N
d — — i 4/(1-2s) s
5 2l < C(Ry + Ry) + C(1+ Y Ry + Z I+ 1A X)) 3 il
i=1 =2 i=1
(5.20)

where Ry + R} is uniformly bounded in Ll(Q x [0,7T7). Furthermore, by Lemma 3.1, Lemma 3.3,
Lemma 4.4 and (5.2) we deduce also that R%; is uniformly bounded in L'(Q x [0,T]) for each i =
,7. By the Gagliardo—Nirenberg inequality in Lemma 2.2 we have for s > 2k, r > 4, i =3 1=s

HASX 174 SNXall 5 11X HL , which combined with Lemma 4.4 implies that

T q . T q N ) 4
1— 25 S 1—2s
el 5 } (I + Aot < B | 3 2 (Il + T, + e <o

We now divide (5.20) by N and use the above observations together with Gronwall’s inequality. Note
that in light of Assumption 5.1, it holds that

N
1
~ 2 w0l =F 0. (5.21)

It now follows that

sup — Z HUZHL? + Z ||UZ||L2 mt s N2 Z ||YUZHL2 2t 53 NQ [ ZX UJHLZ L2 (5.22)

tefo,r) N = Pyt

converges to zero in probability by Lemma 5.2 below. We now upgrade this from convergence in
probability to convergence in L'(£) by bounding higher moments and applying Vitali’s convergence
theorem. Only in this part we use the condition that the initial conditions (2N, yX,z;,m)X, are
exchangeable, which implies that the law of v;(t) and v;(¢), ¢ # j are the same.
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Indeed, first note that sup,¢(o 1 + Zil |Y:]|2, is uniformly bounded in L4(€2) for ¢ in Assumption
5.1 by Lemma 3.3. Additionally, by Lemma 4.4 , Jensen’s inequality, and the fact that X; and X; are
identically distributed (which follows from the i.i.d. hypothesis in Assumption 5.1 ) it holds

2
sup sup E( Z 1 X (¢ ||L2) < sup E| X (t)]|72 < oo
N2>1t€[0,T) te[0,T
Notice that at this stage we are appealing to the assumption E|[n;|[7%, < 1 in order to meet the
hypotheses of Lemma 4.4 and deduce the final step above. Hence, by the triangle inequality we find
that
N

1 q
wp sup B( 1Y [0l ) <o,

N2=1t€[0,T) i—1

which implies the following convergence upgrade: & S°N [jv;(t)[|2. converges to zero in L'(Q) for
each t € [0,7]. Finally, we appeal once more to the first bullet point in Assumption 5.1 which
is designed to ensure that v; and v; have the same law. As a consequence we can now pass from
empirical averages to components in light of

Ellv(®)ll7: = + ZEIIM ®lz> = 0. (5.23)

STEP 6 (Convergence as a stochastic process)

The proof is largely the same as above, except that we do not estimate v; by an average over i as
n (5.23), since a supremum over time would not commute with a sum over 4. Instead we deduce the
following bound

d, o 1. Ry =, A 1 2
il + gl < O(FF + Ay) + 5 Xl + g7z 32 %50
= J

L (5.24)

+O(1+ RE+ Y Rk + Y Rh+ Z 10+ (I + 1A Xl ) Yol
ke{3,5} ke{3,4,7}

e mn s 1
+ O+ B + By + By + B + 11X ) Z o122, (5.25)
=1

where all the “tilde R-terms” are defined analogously to their “un-tilde” counterparts with slight
tweaks:

sl Sseial, + o]

def 1 2/(2—s det 1
Ry = ZH 22 |4, RR ZII 225 %,

H-—s

s

def 2/(1—s def 1—
By )z, R (14 Zuwjniz)

2:

54 def S - 1 2
R (14 ZIE2 + 1) + ( %) Xl + (5 2) 1R,

ix I3) ™

s

N
N
def 1—s
B (5 Z 1%;12.)

t def —s 2/(1-s
Ry €Az, 7,
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where 2y is as in (3.14). In fact all the terms are similar as above except the following two terms:

N
2
/Xin’UjUidJ) — N ;<X,U]’U“ > = J1 + Jg

The term J; is treated differently than above, since without the sum over ¢ we could not move it to
the Lh.s. as a coercive quantity. We have

1 & 1 &

2: 2v2 E: 2vyv2

<oz E:mmwwxmﬂ+mmm4 ENXHM

1 2 12,1 2 1/2 2 1 2 2 1 Al 2 2
qN;NwW)(N;Nmm)&M+QmHﬁcmm4N;Nmmy

which by Young’s inequality deduce one contribution to (5.25). For the second term we have

<Y (A v ) (L) (5.26)

5e{oé} j=1

Using Hélder’s inequality in the form |lv;v;X;| 11 < ||vil|p2||vj X || L2 together with the bound for the
first term in .J; we obtain the estimate for s’ = 0 in J, which corresponds to the last term in Rj‘v.
Moreover, we have

1/2 1/2

IV (w50 Xl o1 < IV 0ill 2o Xall 22 + il 222 v | 112 19705 ]2 1 Xl 4
1/2 1/2 1/2 1/2
sl a2 s | o 157 o5 e 119 X 2

and inserting this into the term s’ = s in (5.26) and applying Holder’s inequality for the summation
in j leads to the following

N
1 . 1 1/2
(Ngwﬂﬁg|w|mm4ﬁﬁ)
2(1—s s 1-s/2)  15/2 1 1/2
(5 ZJMXH( Mgl ) ol o372 1K (-2

2(1—s 1-5 1 1/2
+(5 2]uxn< Mol lloslze) Il 52 el s (5 26)

Finally, we apply Young’s inequality and obtain the contribution of Rj‘v in the estimate (5.25).

Using the fact that (5.22) converges to zero in probability, we deduce the L'(0,T) norm of (5.25)
and the right hand side of (5.24) converges to zero in probability. Then by Gronwall’s inequality and
Lemma 5.2 imply sup, (o, 7y [[vi()[|7. = 0 in probability, as N — oo. In this step we see that we don’t
use the condition that the initial conditions (¥, 4, z;, 1) | are exchangeable.

STEP 7 (General initial datum)

In this final and independent step, we sketch how to modify the arguments above to treat the case
that 2N # z;. Since the proof follows a similar hne of argument as in Steps 2-3, we place the details

in a supplementary file. To this end, define u; &t S;(zN — 2;) and note that we have the following
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extra terms:

N
= 1
M= Nz > {(Yfﬂh‘uﬁ + 20V Yug,0i) + 2(Yyvi, i ZN 20— Zi 2y )
ij=1

.7 N2, .72, 7N 7N,2, . 2,
+ <Y;;’U7;7 'Zj L= Zj > + <Ui, Zz Zj L= Zle >

These terms could also be estimated similarly as that for IV and I3 by using |Ju;(t)||cs < t~CT%)/2|| 2N -
Zi Hc—n .

We recall from classical probability theory which can be deduced with elementary arguments.

Lemma 5.2. Let {Un}F_; be a non-negative sequence of 1d random variables converging to zero in
probability. Let {VN}3_; be a non-negative sequence of random variables with tight laws. Then the
sequence {UNVN}IR_, converges to zero in probability.

6. INVARIANT MEASURE AND OBSERVABLES

We now study the invariant measure for the equation
LV = —E[V? - 72|V + ¢, (6.1)

with E[U? — Z2] = E[X?] + 2E[X Z] for X = ¥ — Z and ¢ space-time white noise. Here, since we
are only interested in the stationary setting in this section, we overload the notation in the previous
sections and simply write Z for the stationary solution to the linear equation

L7 =¢, (6.2)

and we consider the decomposition (slightly different from Section 4) X Ly _z , so that

ZX = -E[X?>+2XZ|(X +Z), X(0)=¥(0)— Z(0). (6.3)
For the case that m = 0 we restrict the solutions ¥ and Z satisfying (¥, 1) = (Z,1) = 0.
By Theorem 4.6 for every initial data
TU(0)=¢ypeC™"

with E|[1)[|G-. < 1 there exists a unique global solution ¥ to (6.1). We immediately find that Z is
a stationary solution to (6.1). This follows since the unique solution to (6.3) starting from zero is
identically zero. Furthermore, we define a semigroup P;'v to denote the law of ¥(¢) with the initial
condition distributed according to a measure v. By uniqueness of the solutions to (6.1), we have
P =P Py fort>s > 0. By direct probabilistic calculation we easily obtain the following result,
which implies that the implicit constant in Lemma 3.1 is independent of m.

Lemma 6.1. For k' > x>0 and p > 1, it holds that
sup E[HZiHIéTC—n] + sup E[|| :Z,Z;: ||chc—~] + sup E[|| :ZiZJZ: ||%ch~] <1,
m2=0 m=0 m2=0

where the proportional constants are independent of i,j, N.

Proof. By a standard technique (c.f. [GP17]), it is sufficient to calculate

t
BA,ZOPS Y / B2 k)2 |20 (Mm) g5 < 3 gon

kez? kez?

1
kI~ ([k[? +m)’

where A, is a Littlewood-Paley block and 6 is the Fourier multiplier associated with A,. From here
we see the bound is independent of m. Other terms can be bounded in a similar way. ]

For R} defined in Lemma 3.5 with Z; stationary, we have the following result.
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Lemma 6.2. For every q > 1 it holds that
E[(RY)1] S 1. (6.4)

Proof. Since we will have several similar calculations in the sequel, we first demonstrate such calcula-
tion in the case ¢ = 1. We have

;NN o ) 1 N o o
EFZHZA (:Zsz‘:)‘H:m Z E<A 25 Zis A :Zj2ZZ-:>.

=1 j=1 4,J1,J2=1

We have 3 summation indices and a factor 1/N2. The contribution to the sum from the cases j; =i
or jo = i or j; = jo is bounded by a constant in light of Lemma 6.1. If ¢, j1, jo are all different, by
independence and the fact that Wick products are mean zero, the terms are zero.

For general ¢ > 1, by Gaussian hypercontractivity and the fact that R}; is a random variable with
finite Wiener chaos decomposition, we have

E[(R}y)") < E[(R})*]7*.
For the case that ¢ = 2 we write it as

N
1 _ _ _ _
~ 3 E<A 72 2y N0 Z2 Ty ><A 72 Doy (N2 Ty >
1,02,k =1
=1.4
We have 6 indices i1, ia, jx, k = 1, ..., 4 summing from 1 to N and an overall factor 1/N*. Using again
Lemma, 6.1, we reduce the problem to the cases where five or six of the indices are different. However,

in these two cases, by independence the expectation is zero, so (6.4) follows. (]

6.1. Uniqueness the of invariant measure. We now turn to the question of uniqueness for the
invariant measure of (6.1). Since the non-linearity in the SPDE (6.1) involves the law of the solution,
the associated semigroup P;* is generally nonlinear i.e.

Prv # / (Py oy ) (di),

for a non-trivial distribution v (see e.g. [Wan18]). As a result, its unclear if the general ergodic theory
for Markov processes (see e.g. [DPZ96], [HMS11]) can be applied directly in our setting. Fortunately,
(6.3) has a strong damping property in the mean-square sense, which comes to our rescue and allows
us to proceed directly by a priori estimates.

Lemma 6.3. There exists Cy > 0 such that for all
m > 2Co(B| :Z2Z1: & + (B Z1]E-.) ™ +1) := mo,
there exists a universal C with the following property: for every solution ¥ to (6.1) with ¥(0) € C™*,
supe T E|U(t) — Z(1)]%. < C. (6.5)
=1

Proof. The proof relies heavily on several computations performed in Lemma 4.3 where we used
slightly different notation, so we will write X; instead of X and Z; instead of Z for the remainder of
this proof. Revisiting the first step of Lemma 4.3 where we established (4.5), we find that I; and the
first contribution to I vanishes in light of E( :Z3: ) = 0. It follows that

ld

2dt

= —2E(X;X;, Z: Z;) — 3B(X; X}, Z;).
Furthermore, in light of (4.8) and (4.14), we obtain

E||Xi|[7> + E|VXi|i + mE[|X;|[Z> + | EX?[|7

=

1/2
E(X:X;, Z:Z;) S (1EX? |72 + EI|VXi|7:|EXF || L2) " (Bl :Z;Zs || &--)



36 HAO SHEN, SCOTT SMITH, RONGCHAN ZHU, AND XIANGCHAN ZHU

1—s

S 1

E(XiX}, Z)) S |EX? |2 (B[VXilZ2)® (Bl X:l72) * (ElZillg-.)?
1 1
+IEX? | 22 (Bl X;12:2)* (B Zill&-) >

We will use these estimates in two different ways. On one hand, using Young’s inequality with
respective exponents (2,2) and (2, %, &) followed by Lemma 6.1, we find that
1d

1
iaEHXi”%z + 5Euwalliz +mE|| X,]|2. + |[EX?]2. <1 (6.6)

As a consequence, noting that |[EXZ||%, > (E||Xi||2L2)2, applying Lemma 2.6 it holds

sup(t A )E{| (1) 3] S 1. (6.7)

where the implicit constant is independent of the initial data. On the other hand, Young’s inequality
also yields

d 1
&EHXiH%? +mE||Xi||7: < Co(El| :Z221: |G- + (Bl Z1[&-) ™= + DE[ X[ (6.8)

Applying Gronwall’s inequality over [1,¢] leads to
e E|X (1)1 S BIX(D)]7,

so choosing m > myg, using (6.7), and taking the supremum over ¢ > 1, we arrive at (6.5). O

‘We now apply the above result to show that for sufficiently large mass, the unique invariant measure
to (6.1) is Gaussian. To this end, define the C~!-Wasserstein distance

1/p

Wy = _int ( [llo-vlig mas,an))
TEE (v1,v2)

where € (v1,v2) denotes the collection of all couplings of vy, v, satisfying [ [|4||5_,vi(dp) < oo for

i=1,2.

Theorem 6.4. For myg as in Lemma 6.3 and m > my the unique invariant measure to (6.1) supported
on C™* is N(0,(—=A +m)~1), the law of the Gaussian free field.

Proof. Recall that Z is a stationary solution to (6.1). Indeed, by definition, ¥ = X + Z, where X
solves (6.3). However, since X(0) = 0, the identically zero process is the unique solution to (6.3).
Hence, the law of Z, which we now denote by v, is invariant under P;". We now claim that for m > my,
this is the only invariant measure supported on C~". Indeed, let v; be another such measure, then
modifying the stochastic basis if needed, we may assume there exists 1 € C™" on it such that ¢ ~ v;.
By similar arguments as in Theorem 4.6 we may construct a solution ¥ to (6.1) with ¥(0) = ). By
invariance of v; and v and the embedding L? < C~!, c.f. Lemma 2.1, it follows that

mt

Wh(v,11)? = Wh(Pv, i) < BIU(t) — Z(1)][%r S e,

~

for t > 1 by Lemma 6.3. Letting ¢t — co we obtain v = ;. O

Remark 6.5. Note that for the limiting equation LV = —pW¥ + £, if we assume that p is simply a
constant, it has a Gaussian invariant measure N'(0,(—=A +m + p)~1). Assuming ¥ ~ N (0, (=A +
m~+p)~1) and Z ~ N(0, (=A +m)~1Y), the self-consistent requirement E[V? — Z2] = 1 then yields

1 1 )
_ =u
k§2 <|k|2+m+u |k]2 +m

and for p+ m = 0 we only have one solution u = 0, since the LHS is monotonically decreasing in p.
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Remark 6.6. Changing the renormalization constant in (6.1) will alter the mass of the Gaussian
invariant measure. For instance, if we replace Z in (6.1) by the stationary solution to (0y—(A—a))Z; =

& with a > 0, one invariant measure is Gaussian v Cl:ef./\/(O, (—A +m + po)™t) with po satisfying

1 1 )
- = Ho-
3 (i s

Moreover by the same proof of Lemma 6.3 and Theorem 6.4, for m+ o large enough, v is the unique
invariant measure. Indeed, let W = X + Z with Z the stationary solution to £Z = —poZ + §, then
X satisfies the following equation:

LX = —poX —E[X? +2X7Z]|(X + 2),
which is the same case as (4.1) with m replaced by m + po.

6.2. Convergence of the invariant measures. As a consequence of Lemma 3.2, the solutions
(®:)1<i<n to (3.1) form a Markov process on (C~*)Y which, by strong Feller property in [HM18b]
and irreducibility in [HS19], will turn out to admit a unique invariant measure, henceforth denoted
by vV. Our goal in this section is to study the large N behavior of vV and show that for sufficiently
large mass, as N — oo, it’s marginals are simply products of the Gaussian invariant measure for
U identified in Theorem 6.4. For this we rely heavily on the computations from Section 3.2 for the
remainder Y, but we leverage these estimates with consequences of stationarity. To this end, it will
be convenient to have a stationary coupling of the linear and non-linear dynamics (3.2) and (3.1)
respectively, which is the focus of the following lemma.

Lemma 6.7. There exists a unique invariant measure v on (C7%)N to (3.1). Furthermore, there
exists a stationary process (®N, Z;)1<i<n such that the components ®N Z; are stationary solutions
0 (3.1) and (3.2), respectively. Moreover, E||®N (0) — Z;(0)||%, <1 and for every q¢ > 1

~

N q
B( 5 X190 - z0)1%) <1 (©9)

Proof. In the proof we fix N. Let ®; and Z; be solutions to (3.1) and (3.2), respectively. By the
general results of [HM18b], it follows that (®;,Z;)1<i<n is a Markov process on (C~*)2V  and we
denote by (P/N);>¢ the associated Markov semigroup. To derive the desired structural properties
about the limiting measure, we will follow the Krylov-Bogoliubov construction with a specific choice
of initial condition that allows to exploit Lemma 3.3. Namely, we denote by ®; the solution to (3.1)
starting from the stationary solution Z(O), so that the process Y; = ®; — Z; starts from the origin.
Using Lemma 3.3 and Corollary 3.4 with y; = 0 together with Lemma 6.1 to obtain a uniform bound
on ERy, we find for every T' > 1
N

/ TE(}VZ VOl )ae S T, (6.10)

N

s (x > ) s (6.11)

where the implicit constant is independent of T and for m = 0 we used the Poincaré inequality. By
(6.10) we obtain

el Z”‘P (O-e) + /TE(]lvilzimnéwz)ST.
0 i=1

Defining RY := 1 [ PNdr, the above estimates and the compactness of the embedding C~*/2 < C~*
imply the induced laws of { R };>0 started from (Z(0), Z(0)) are tight on (C~*)2N. Furthermore, by
the continuity with respect to initial data, it is easy to check that (P );>¢ is Feller on (C~%)?V. By
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the Krylov-Bogoliubov existence theorem (see [DPZ96, Corollary 3.1.2]) , these laws converge weakly
in (C_")2N along a subsequence t; — oo to an invariant measure 7y for (PtN )t>0. The desired
stationary process (®2, Z;)1<i<n is defined to be the unique solution to (3.1) and (3.2) obtained by
sampling the initial datum (¢, 2;); from 7. By (6.10) we deduce

E™|[®;(0) — Zi(0)[[7 = E™ St;p@i(o) ~ Zi(0), ¢)?

e ? 1 (7 >
=E li = Yi(t dt| < lim — E||Y;(t dt <1,
sup fim_ | [ o plae| < tim 1 [ BV <
where sup,, is over smooth functions ¢ with [|¢||z-1 < 1. Similarly using (6.11), (6.9) follows. Finally,
we project onto the first component and consider the map II; : 8'(T?)?N — §'(T?)V defined through
I, (®,Z) = ®. Letting v = my o II;! yields an invariant measure to (3.1), and uniqueness follows
from the general results of strong Feller property in [HM18b] and irreducibility in [HS19]. |

Remark 6.8. Using a lattice approximation (see e.g. [GH18|, [HM18a, ZZ18]) one can show that the
measure v (d®) indeed has the form (1.2) (with Wick renormalization,).

The next step is to study tightness of the marginal laws of v~ over S’(T?)". To this end, consider
the projection II; : &'(T2)N — &'(T?) defined by IL(®) = ®; and let Vi & N o IT; ' be the
marginal law of the i**. Furthermore, for k¥ < N, define the map II*) : S/(T2)N — S/(T?)* via
) (@) = (®:)1<i<k and the let 1Y LN o ()1 be the marginal law of the first k& components.
We have the following result:

Theorem 6.9. {v™V''} N~ form a tight set of probability measures on C™* for k > 0.

Proof. Let (9, Z;)1<i<n be the jointly stationary solutions to (3.1) and (3.2) constructed in Lemma
6.7. To prove the result, in light of the compact embedding of C~*/2 — C~* and the stationarity of
®N | it suffices to show that the second moment of ||®(0)| g-«/2 is bounded uniformly in N. To this
end, let Y,V = ®N — Z, which is also stationary and note that

2 T
BIOY O o= [ BIOY GG s

4 T 2 4 T N 2
gf E||Zi(8)||cfm/2d8+f E[Y;" (s)[[znds.
T/2 T/2

The first term is controlled by Lemma 6.1. For the second term, symmetry yields ¥;¥ and Y}V are
identical in law, which combined with Lemma 3.3 implies that

2/T E| YN (s)|? ds—z/T if:EHYN(s)H2 ds<CE[/TR dt] < C
T Jrse ! HEP T [y N ‘ ST MR
/ / =1 0

where we used that by stationarity S~ | B[V, (T)|2. = SN, B[V, (T/2)||2,, with both being finite
in view of Lemma 6.7. For m = 0 we also used the Poincaré inequality. O

Remark 6.10. [t is reasonable to expect that any limiting measure obtained in Theorem 6.9 is an
invariant measure for (1.6) assuming only m > 0. However, this cannot be directly deduced from our
main result in Section 5 because we do not know a-priori that any limiting measure of v is a product
measure. This is problematic because the initial conditions for each component of ¥; are assumed to
be independent in Section 5. Nevertheless, we can prove below that this is indeed true if m is large.

In the following we prove the convergence of the measure to the unique invariant measure by using
the estimate in Lemma 3.5, which requires m large enough.
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Define the C~"-Wasserstein distance

1/2
Wa(o,v) = inf (/ ||¢—wé~7r<d¢,dw>> ,

TEL (V1,v2
where €'(v1,12) denotes the set of all couplings of vy, v, satisfying [ [|¢]|Z,_.vi(d¢) < oo for i =1,2.
Theorem 6.11. Let v = N (0, (m — A)_ ). There exist Co > 0 such that for all m > my where

def

ma fco(E||Zl|| ° +E| :z% || L+ E| 227y |5 + 1)
one has
Wy (N, v) < ON™3, (6.12)

Furthermore, V]]gv converges to v X ... X v, as N — o0.

Proof. By Lemma 6.7 we may construct a stationary coupling (®, Z;) of vy and v whose components
satisfy (1.1) and (3.2), respectively. The stationarity of the joint law of (®V, Z;) implies that also
YN = &) — Z, is stationary. In the following we freely omit the time argument of expectations of
stationary quantities. We now claim that

E[YN|[;n <ONTY, (6.13)

which implies (6.12) by definition of the Wasserstein metric and the embedding H! < C~" in d = 2,
c.f. Lemma 2.1. To ease notation, we write ¥; = Y,V in the following. By (3.21) combined with the
stationarity of (Y;); and (Z;);, we find

N 2
1
S E|vY, ||Lz+mZE||Y||L2+NE >
j=1 j=1 =1
< CERY, + E(Z 1Y 22(D + D}V>),
j=1

where RY; is defined in Lemma 3.5 and

1 N 2 1 N 2
c( SIZIE + 5 12 157 +1).
=1

Jj=1

1 N
c( S 22,2 ||és)~

i,j=1

def

Setting AL EDN and 4; = E| :Z271: ||c . we may re-center Dy and D} above and divide by N
to obtain

—ZEHVY N2z +(m—A—A))— ZEHY ||L2+

N

1 1
<OFBRY + 7B( LIV OI(Dx - Al + Dk - A1|>)
j=1
L &0 2 1 2
< CGERY + §mE ZHYHLZ +E|DN—A| +E[Dy — Ay*.

For m > A+ A; + 1, using that Y] and Y; are equal in law, we obtain

1
E||Yil7n < & ZEIIVY Mzz + (m— A=A~ ZEIIYjHiz
N =
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1
< CNER?V +E|Dy — A? + E|DY — A (6.14)

Using independence, we find

1 2 52 C
E[Dy(t) - AP’ < NVar<||Zl||éi + |23 |c2:) Sy (6.15)

To estimate D}, we write M; ; = || :Z;Z;: ||QC, — Ay fori# jand M;; = || :Z% |4_. — A; and have

1 & 2 1 1 & 2
55 D M) <352 M 5 D0
i.j=1 i=1 ji i=1
2 2 1 2 1
S NI Z E(M; ;M ;) + WE(MIQ,I) S N WE(MIQJ) S N
117£J1,47#]
where we used that for the case that (4, j,41,j1) are different, E(M; ;M;, ;,) = EM, ;EM;, ;, =0.
Then we have
1

2

E|Dy — 4" < ¥ (6.16)
Inserting the estimates (6.15), and (6.16) into (6.14) and using (6.4), we obtain (6.13), completing the
proof. O

Remark 6.12. Instead of assuming m large, one could alternatively consider arbitrary m > 0 and
assume small nonlinearity. Namely, we could consider a nonlinearity —% Zjvzl :<I>§<I>i: instead of that
of (3.1), and —\E[V? — Z2|V instead of that of (6.1), for A > 0. By tracing the proofs of Lemma 6.3
and Theorem 6.11, we can easily see that given any m > 0, there exists a constant Ay > 0, so that the
statements of Lemma 6.3 and Theorem 6.11 hold for any X € (0, \g).

Remark 6.13. Following Remark 6.6, with a change of renormalization constant therein, we can
write ®; =Y; + Z; with Z; the stationary solution to £ Z; = —uoZ; + &;. Then Y satisfies
1N
LYy = —poYi — 55 D (VYo k Y2y + 2V 2y 4 2Y; 22y + -

Jj=1

2.y L7 72, % 7
Y225 ) — ——(Yi + Zy),

which is the same case as (3.3) with m replaced by m + uo and an extra term 2—1*\‘,0(571 + Z;). Here the
Wick product of Z; is defined similarly as in section 3.1. By the same proof of Theorem 6.11 we know
for m + o large enough, v™N'* (renormalized as in Remark 6.6) converges to v and the other results
in Theorem 6.11 also hold in this case.

6.3. Observables. In quantum field theories with symmetries, quantities that are invariant under
action of the symmetry group are of particular interest; examples of such quantities in the SPDE
setting include gauge invariant observables e.g. [Shel8, Section 2.4]. The model we study here exhibits
O(N) rotation symmetry and formally, functions of the squared “norm” _, ®7 are quantities that are
O(N) invariant. Of course, such observables need to be suitably renormalized to be well-defined and
suitably scaled by factors of N to have nontrivial limit as N — oo.

In this section we study the following two observables:

1 X, 1 /a2
W;@i: , N:(;q)i) . (6.17)

with ® = (®;)1<;<n ~ ™. In this section we omit the superscript N for simplicity. These are defined
as follows. By Lemma 6.7 we decompose ®; = Y; + Z; with (Y}, Z;) stationary. With this we define

N N
1 def 1
— § D% = § (Y2 +2ViZi+ 2%, (6.18)
VN = VN

i=1
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1 N 2 . 1 N
= ;(Zcpf) ;= (3@2132+4132szj+21§2 .22 (6.19)
i=1 i,j=1
+: 2075 +AY L, L5 +AYSY; 2 2 ) (6.20)

Here the Wick products are canonically defined as in (3.4) with a. = E[Z?_(0,0)], in particular

lim(Z}. — 6a.Z7. 4 3a2) (i =)

7272 = {0 o (6.21)
! g%(ZzS_GE)(ZJZ,s_GE) (Z#J)

Remark 6.14. One could also define (6.17) in LP(vN) directly without using the decomposition
O, =Y, + Z;. In fact, by similar argument as in [GJI87, Section 8.6] or [Sim74], one can show that
v is absolutely continuous with respect to the corresponding Gaussian free field U with a density in
LP (D) for p € (1,00). Since (6.17) with each ®; replaced by Z; can be defined via LP(D) limit of
mollification, using argument along the line of [RZZ17, Lemma 3.6] we know that (6.17) can be also
defined as LP(v™N) limit of mollification (essentially Hélder inequality), and they have the same law

as the right hand side of (6.18) and (6.19)4(6.20).

In this section we also consider Y;, Z; as stationary process with Z; as the stationary solution of
(6.2) and Y; as the solution of (3.3).

Lemma 6.15. There exists an mqg such that for m > mg and ¢ > 1

E[(innn%z)q] +E[(inmz +1)q(§jnvmniz)] <1, (6.22)
’L;l , . =1 =1

B|( Wi +1) | L v2
=1 i=1

where the implicit constant is independent of N.

2
} <1, (6.23)
L2

Proof. First we observe that (6.23) may be quickly deduced from (6.22) with the help of the inequality

N N N
Y| < (Zmn%p) (Zmn%z). (6.24)
=1 =1 =1

To obtain (6.24), note first that

2
L2

2 N
= > |IVY;l3..
L2 =1

N
S
i=1

Furthermore, by Hélder’s inequality, (5.2), and Young’s inequality
1Y:YilZ2: < Yl ZallY5ll7s S WYill o (Y50 22015 1 o (1Yl 2
SIYillZ Y5122 + 1Yl Y5117

Summing both sides over i,j and using symmetry with respect to the roles of i and j, we obtain
(6.24). The remainder of the proof is devoted to (6.22).

To shorten the expressions that follow, we introduce the quantities F' & Zfil IVYill7- +% | sz\il Y217

and U & Zfil [Y:||2,. Note that F and U are stationary, so we will freely omit the time argument
below. Our starting point is the key inequality (3.21), which may be recast in terms of U and F' as

d
U HF+mU< CR% + C(Dy + Dy)U.
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Muliplying the above by U?~! we find that for ¢ > 1 it holds

1d
a&Uq + U 'F+mU? < CRJYU " + C(Dn + Dy)U“.
def

As in the proof of Theorem 6.11, we now define A < E(Dy) and A; & E|| :2, Zy: |2,.. Subtract the
mean from Dy + Djlv and take expectation on both sides to find

E[UT'F] + (m— A - A)E[UY]
< CE[RJU '] + CE[(Dy + Dy — A— A;)UY].

< CHR]OV”L'J(Q) (EUq)q% +C|| Dy — A+ Djl\f — AlHLq+1(Q) (EquLl)qiil
< C(BUY)T + ON-H (BUTH) T

where we used EUY(t) = EUY(0) in the first inequality and we used a Gaussian hypercontractivity
upgrade of (6.15) and (6.16) in the last line. Using Young’s inequality, we may absorb the first term
to the left and obtain

E[U"F] + (m— A — Ay — DE[UY] < C+ CN~3 (U7, (6.25)
The strategy now is to first use the dissipative quantity on the LHS of (6.25) to obtain E(U?) <

CN%l, and then use the massive term on the LHS of (6.25) to iteratively decrease the power of N
and eventually arrive at E(U?) < C. Once this is established, plugging the bound back into (6.25)
completes the proof.

Indeed, first observe that F' > N~1U? so that E(U?"1F) > N='E(U%*!). Hence, Young’s inequal-
ity with exponents (¢ + 1, %) leads to E(U?) < CN“z . Defining Aq 4 EUY and discarding the
dissipative term, (6.25) implies

Ay SAZINTY2 41 (6.26)

We have A, SN “T" which gives
2
A S N2<3+1)_% +1.
Substituting into (6.26) and use induction we have for m > 1
Ay SNOma 41, (6.27)

with ap, g = % — et %) — 3- Here S0 _, = 0. In fact, we could check (6.27) by

Ay S (NOmat ) THTIN—2 41 < NOmtta 4 1,

For fixed ¢ > 1 we could always find m large enough such that a,, ; < 0, which implies that 4, <1
and the result follows. (]

Theorem 6.16. Let ® = (D;)1<icn ~ vN and m be given as in Lemma 6.15, then the laws of

2
ﬁ SN @2 are tight on ngg", and the laws of + (Zf\;l @3) . are tight on Bii}"‘.

Proof. Note that the first term \/iﬁ vazl Y;? on RHS of (6.18) converges to zero in L?(Q; L?) as an
immediate consequence of (6.23); so we can actually prove a stronger result than stated, namely the
subseqential limits can be identified with those of the last two terms in (6.18). We will now show that
the other two quantities induce tight laws on B, g“, which implies the first part of the theorem. The
second sum in (6.18) can be estimated using Lemma 2.3 and Lemma 2.1 to find for s € (k, 2k)

1 1 Y
— ) Y.z S — > |Yils;.
|7 2w ., = v ot

| Zillc—»
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N

N 1 N 1 N
SOk, + Z 1Zil& < DIV YA ZE ™ + 5 D 1Zill—
z]:Vl N =1 =1

SO IYill3n +Z||Y||L2 anz-néw

i=1 = i:l

which is bounded by a constant using Lemma 6.15 for ¢ = 1 and Lemma 6.1. For the third sum in
(6.18) we use independence to find for s € (k, 2k)

N N
1
2. —s L2, pA—s 2. 2.
H\/»ZZ i —EN<A5i_Zl.ZZ-.,A Z;Z> E| :z% ||B§N
. . . . —k N
By the triangle inequality and the embedding L? — By 5 we find that ﬁ >ict 0
LY(Q; By 5). In light of the compact embedding B, 5 C By 3" 5", the tightness claim follows.

For the second observable, we will also show a stronger result: the subseqgential limits can be
identified with those of the last three terms in (6.20). We start with the first 3 terms in (6.19), which
will be shown to converge to zero in L(£); Bl_fs) for s > k. For the first term of (6.19) we use Lemma
6.15 to obtain

is bounded in

Tl

—E
» N’

EHN Z Y2Y2

i,5=1

ZW

so this term converges to zero in L'(Q; L'). For the second term of (6.19), using (3.18) of Lemma 3.3
with ¢Z; in place of Z; we obtain

N

1
N Z <Y7-,'2Y}Zj7 50>’

4,5=1

N N s N s, N 1/2
17 (anz) (Zuvma) (szn%s)
i=1 L2\ j=1 =1 i=1
N L, N 1/2
(Zmn%z) (Z%—né-s) .
L2 j=1

j=1

sup
H‘PHCQS <1

Hence, using Young’s inequality we find for § > 0 small enough

1 N N
e >, 2 (S wi)
i,j=1 j:l
N =
+N-5(Z |Y||L2)( ZHZ % 5+1)

j=1

—2s
Bl,l

Both terms above converge to zero in L(£2) as a consequence of (6.22), (6.23) and Lemma 6.1. For
the third term in (6.19), a calculation similar to (3.12) using Lemma 2.3 with Y; replaced by ¢Y; with
¢ € C?* yields

N N N
|5 30 ,so>‘ < IR e | A2
lellgze <t V 52 s e L
N 1 N
S <Z||VEII1L§SIKII1LZS+ IIYfIILz> ‘NZAS( 7)) B
=1 —
N e N ey jN
< (ZIIYilfp) (ZH}QH%z) ~ ST Az " (6.28)
i=1 i=1 j=1
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where we used (2.1) and Lemma 2.2 to have
IA°(YP) |22 S IA°YillallYilloe S UVYllEEIYill 2 + Y31 Zs.

The first part of the product in (6.28) is bounded in L'(Q) by (6.22). For the second part of the
product, we use independence to obtain

EH;]ZA( 2%

j=1

2 1 < 1
<S> E[AT(:Z2)3. £ -,
R EN IS

so together we find E[|+ 3", j Y2 :ZJZ: HB;fs converges to 0.

We now turn to terms in (6.20) and derive suitable moment bounds. For the first of these terms
we have
2

N N
1 —K 72 72, —K L7272,
:EN2<A N ZZi NN 27

ij=1 ij=1

1 N
L7272,
EHN N 2272

4,j=1

Bz_;
1
SEBI 225, + Bl ZE I S 1

—. S
By s

For the next term, using (3.20) with ¢Y; in place of ¥; we find

LSy ‘

|I¢\|S:£g1 N i;1<Y; 'ZZZJ, ’90>

N 1/2 1 N ) s
S(Z|ASW%2> (N?Z STAT (227 ) )

i=1 & .

N s/2 , N (-9)/2, 1 NN s
<(Smi) (Smi) (e oz )
- =t i=1"j5=1

Using (6.4) and Lemma 6.15 we deduce for some p satisfying sp < 2

p
<1

—2s
Bl,l

1 N
L7 72,
EHN N Y, ZiZ%:

i,j=1

For the last term, we argue similarly to (3.10) but :Z;Z;: replace by ¢ :Z;Z;: for ¢ € C*® to deduce
boundedness in L' (€; By 1°).

Combining the above observations with the triangle inequality, we find that the second observable is

uniformly bounded in probability as a By fs valued random variable. By compactness of the embedding

of ijs into Bif‘q*‘s for 6 > 0, we obtain the result. O

7. ONE SPACE DIMENSION

In this section we turn to one space dimension d = 1 and state the analogous results obtained
in the previous sections. Moreover we prove a result (Theorem 7.5) which states that in the large
N limit, certain O(N) invariant observables have nontrivial law and we derive explicit formulae for
certain correlations of them. We will put the proofs which follow the same way as (or much simpler
than) the 2D case in the appendix.

7.1. Convergence of the dynamics. Consider the following equation on R x T:

N
1
L =% > 0+ &, Di(0) = i, (7.1)
Jj=1
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with 2 =8, — A+m form > 0,1 <i < N. We assume E|¢;]|2, < 1 uniformly in 4, N. Now we
decompose (7.1) to the following two equatlons
LZ; =&, (7.2)

where Z; is the stationary solution to (7.2), and

def

1
LYi =~ NZ_)Y+Z)<Y+Z> Yi(0) =5 = ¢ = Zi(0)- (73)

For d =1 it is well-known that
E||Z|” S, 74
sup 1Zill,, qy-n S (7.4)

for k > 0,p > 1 and, of course, no renormalization is required to define products of Z;, Z;. By similar
arguments as the two dimensional case (see Lemma 3.2), we can show existence and uniqueness of
solutions Y; € CpL? N LY.L* N L2.H' to (7.3) P-a.s.. We give uniform in N a-priori estimates in
Appendix B.

In d =1, we will show that the limiting equation as N — oo is given by

LU= —p¥i+ &, with  p(tr) = E[¥i(t,2)°) (7.5)

where (&;)ieny are the same collection of noises as in (7.1). We assume that the initial conditions
W;(0) = 9; are such that E||¢;]|% ~ is bounded. Set ¥; = Z; + X; so that

LXi=—(Xi + Zy), X;(0) =i — Z(0). (7.6)

Existence and uniqueness of solutions to (7.6) could be obtained by similar arguments as in the two
dimensional case and one has X; € L*(Q; Cr LN L2 H'), but we skip the details and put the a-priori
estimates in Appendix B.

We now state the convergence of the dynamics. Recall that ® is the solution to (7.1) with initial
condition ¢. W, is the solution to (1.6) with initial condition ;. We set v)¥ = &N — ¥, and have

= 1N<1>2q>~ v, 1N<1>2 U 1N\1/2 v 7.7
——ﬁ; 3 (®i— z)—ﬁj;(j— j)i_(ﬁj; ;Y (7.7)
Here we write ®; = ®N, v; = v for notation’s simplicity.
Assumption 7.1. Suppose the following assumptions:
o The random variables {(¢Y 1)}, are exchangeable and (v;); are independent.
e For every i,
E[l¢f —vill7.] +0,  as N — oo
e For some q > 1,
Ellvillz2] S 1, ElleM 78] S 1, (7.8)

<
where the implicit constant is independent of N. For 1 <i < N, E||ti[|2 < oo .

Theorem 7.1. Under Assumption 7.1, for every i and every T > 0, E‘|U£VH%TL2 converges to zero
as N — oo.

We give the proof in Appendix B.
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7.2. Invariant measure. Now we study the invariant measure to (7.5). We first note that (7.5) has
a Gaussian invariant measure with mean zero and covariance (—A+m+p)~! with y being a constant.
Indeed if p is constant, the stationary solution is given by fjoo elt=9)(A=m=p) qW, with W being an
L?(T)-cylindrical Wiener process, and by definition of p it should satisfy the following self-consistent
equation

>

= E2+m+u

By monotonicity, there is a unique solution ;& > 0. Define the L2-Wasserstein distance

o 1/2
Wolvr,vs) = inf (/ 6 — wan(T)w(dqs,dw)) ,

TEE (v1,v2)

where € (11, v2) is the set of all couplings for vy,vs € Py with Py ={v: [ ||¢||%2(T)du < 0o}. Similar
as 2d case, we define a semigroup P;v to denote the law of ¥(¢) with initial condition distributed by
v which satisfies [ [|1]|7 dv < co. By uniqueness of the solutions to (7.5), we have P} = P}  PZ, for
t > s > 0. We have the following result, whose proof is given in Appendix B.

Theorem 7.2. There exists mg > 0 such that for m > myg, there exist a unique invariant measure v
satisfying [ |¢||3dv < o to (7.5).

Now we turn to the question of convergence of invariant measures. Consider the measure vV in

(1.2) with d = 1 defined on S’(T)", and recall the notation II;, »™** and TI*)| ¥ from (1.9) and
(1.10).

One can show that vV is the unique invariant measure to (7.1), by similar argument as the two
dimensional case, and for any m > 0, v™¥** are tight (as in Theorem 6.9 for d = 2 case). Here we do
not repeat these details.

The proof for the following result on convergence of measures as N — oo is given in Appendix B.

Theorem 7.3. There exist mg > 0 such that for m > mq, v converges to the law v of the unique

invariant measure to (7.5). Furthermore, u,jcv converges to v X ... X V.

7.3. Observables. In this section we study O(N) invariant observables of our SPDE system. We
consider the following model, where m is a sufficiently large constant

0,; = (A —m) ]lvz_: B + 6, (7.9)

O0Zi=(A-m)Z;i+&,  Cy L EZ(E2)?)

where Z is the stationary solution. Here, C, is finite, and we incorporate this constant for convenience
(namely it will be easier to compare with the two dimensional case, certain products below will be
centered, and the limiting SPDE will have simpler form). Of course, (7.9) is equivalent with (7.1) via
a finite shift of Cyy.

In particular, for m large enough, by Theorem 7.3, the unique invariant measure v™* to (7.9)
converge to the unique invariant measure of (7.2), as N — oo. In fact, it is easy to see that the
stationary solution ¥ to the limiting equation in this case is simply given as the stationary solution
Z.

We consider the stationary setting, namely, suppose ® = (®;)1<i<n ~ vV (where vV is as in (1.2)
but with m therein replaced by m — C,). Similar as in Section 6.3 the stationary solution ® to (7.9)
has decomposition ®; = Y; + Z; with Z; stationary, and Y; solves (7.3) (with m therein replaced by
m — Cy). We then write for shorthand

N N N
=N 92, @ T (92-0,), Z° ‘*“‘fz 2% =N (Z2-C) (7.10)
i=1

i=1 i=1
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Consider the observables )
P 2- 2
i P N (@)
Here the precise definition of :(®2)2: is given by
N
(@)% = (D) — 6C, @7 +3C2) + > (87— C\)(2F - Cy).
i=1 i#]
We can decompose them as in (6.18), (6.20), where the “Wick product” notation for (Z;); is as in
two dimension (3.4), (6.21), with Cy, in place of a. and without mollification, for instance :Z7Z3: =
—6CZ2 +3C2if i = j.
Analogous results as in Lemma 6.15, Theorem 6.16 (tightness of these observables) could also be
proved in the same way. More precisely, we have

Theorem 7.4. Suppose that ® = (®;)1<;<n ~ v¥. For m large enough, the following result holds:
(1) for ¢ = 1 the following bound holds uniformly in N

N

q q 2

B[(S I3 }+E[(§ i 1) (S Ivvit + | v
=1 =1 i=1 =1

(2) ﬁ :®%: s tight in L? and & :(®%)% s tight in L.

)} <1 (7.11)

We will skip the proof details of the above statement, and turn to study the statistical property
of the limiting observable, namely, we show that the limiting observables have nontrivial laws, in the
sense that although ®, converges to the (trivial) stationary solution Z; (and ®7 — Cy, — Z? — C,, as
N — oo for each i), the observables do not converge to the ones with ®; replaced by Z;.

To state such “nontriviality” results, we define

1 1

Gn(z — 2) ¥ E[—— :1®2% (2)— @2 (2)].

Here we use the translation invariance of V. For comparison, we first note that
1 1
E[—— :Z% (v)—= :Z% (2)] = 2C(z — 2)?
[ 2 () 2 (2)] =20~ 2

for any N and z,z € T, where C = (m — A)~!, which follows from definition of :Z% and Wick’s
theorem. Also, E :(Z?)%: =0 for any N.

We denote fthe Fourier transform of a function f.

Theorem 7.5. Under the same setting as in Theorem 7.4, it holds that

lim Gy = 2C2/(1+ C2), (7.12)
. 2 —5
Jim_ EN (®2)2 2%02 (14 C2(k)).

In particular, in view of the discussion above the theorem, as N — oo the limiting law of \ﬁ P2

and £ :(®2)2: are different from that of 72 and L :(Z2)2 .
N \ﬁ N

Proof. Integration by parts formula gives us the following identities (derivation can be found in Ap-
pendix C)

—ﬁE (@)% (2) N+2 /C 2)*Gn(r — 2)dz + Ry, (7.13)
Gn(x —2z) =2C(xz — 2)E[®1(2)P1(2)] — % C(x —y)?Gn(y — 2)dy + %QN(I —z), (7.14)
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with

~IN? /C x—2z1)C(x — ZQ)E|: 11 (21)@%(21): D1 (22) B (22): @2 (2): ]dzldzg,
Qn(z—2) = —2 / Oz — y)Cla — z)E[ By (y)B2(y): @1(2)] dy
+ % / C($ - 21)0(1‘ — 22)E|: :@1(21)@2(21)2 Z¢1(22)¢2(22)2 2‘1)2(2)2 :|d21d22

LN —2)+ QY (x—2).
One can rewrite (7.14) as
N +2
where Cn(z — z) = E[®(z )(I>1( )] = C(x — z) as N — co. Here, since C is positive definite, Cisa
positive function, and so is 02 this allows us to divide both sides by 1 + C’2 In Lemmas 7.6 and 7.7
below we show that @y /N vanishes in L' as N — oo, which 1mphes that QN/N vanishes in L i

the limit. We therefore has (7.12). In particular, limy_, o Gy + 202 showing that the random ﬁelds
\/% @2 and \/» :Z% have different limiting laws.

Furthermore, note that Ry is independent of x, by spatial translation invariance. By Lemma 7.7

1
lim EN (P2 /C’x—22 lim Gy(x —z)dz

N—o0 N—o0

:—2202 k)/(1+ C2(k))

kEZ

where the sum is over integers (i.e. Fourier variables). This is non-zero, showing that the limiting law
of % :(®%)% is different from that of 3 :(Z?)%: . O

Lemma 7.6. It holds that
QY[ S NV

Proof. We first expand the term inside the expectation part in QY as

E[:01()® () ()] = E[(Vi +20) 307 + 24k 122 )W) (Vi + Z0)(2)]

The term involving only (Z;); here can be computed explicitly with Wick’s theorem

E|Z1(2) :Z1(y) i 22wy |
- E[Zl(z) (zl(y)S _ 30“,21(3,,))} F(N— 1)E[Zl(z)zl(y) (ZQ(y)2 _ c)} —0.

So we only need to bound the other terms. Since C' is a continuous kernel in d = 1, we have

E // Cla — 1)Ca — 2)f()g(2)) dady < Bl o gl o,

which implies that ||QY||z: is bounded by

N
E[| i +20) Y (V2 +2viZi+ 22| I¥illss
=1

N N
<HY1 ST(Y2 oYzt 22 H +Hle(}Q2+2}QZi)
Ll

=1 i=1

)z
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We will expand the above multiplication and bound each them separately. In what follows, we will
frequently exploit symmetry to rewrite certain quantity of Y7 in terms of an average, e.g. replacing
Y1122 by % >°; [1Yill%2 under expectation; this will give us nice factor 1/N since we have moment
bounds on Y, ||Y;||2. thanks to Theorem 7.4. We will also often invoke moment bounds (7.4) on Z;

without explicitly mentioning.

For each of the terms, we will turn them into an expression of the form (7.11) and then apply
Theorem 7.4. First consider terms with vazl Y? for which we have

N
el 3o

i=1

N
ol 3

zjvl
Bl

z;l
o3

i=1

L1|

L ¥allz
|Zil | S

LMl s

<E

] <
N2l SE

i3

Y12

N
|y
=1

N
|2
T =1

LJ’

At

N
D Y7
i=1
N
DY
i=1

iareyrAPE

2
Nz

Applying Holder with exponents (2,2) to the products x, and replacing [|Y1[|2. by & >, [|Y;]/2. under
expectation, and applying Theorem 7.4, these are bounded by %, ﬁ, \/% and 1 respectively.

Next, consider terms involving ), ¥;Z;. Noting that

1 1
IS Viz e 5 (S IVl (S 1215~ )

we have

N -
E[HYl > YiZi LYl s

=1

N
o3

=1

N
elJ v
=1

N
S
1=1

2l | S

LMl s

<E

Nzl

Ivaliz: (>

N

i=1
N

1Yl (DS Il

i=1
N

1Yl (3 Iil32)

=1

2 % Y 2
Vil3:)" x (Y 1Zi3~)
=1

(7.15)

[N

)
N
JEAPN O EAN
7,;1
Szl
i=1

1

=

}
]

-

" x 1z

_ N 1 N 1
2 2
(S IwlEe) " (Do 1Zil3=) " x 1203
T =1 i=1

Replacing |12, by % >, [|Y;]|2. as above gains a factor & (and [|Yi]/z2 gains a factor ﬁ) and

we can throw this factor into Y, || Z;||3 . Applying Hélder with exponents (2,2) except the last one
with (4,2, 4) to the products x, and applying Theorem 7.4, these are bounded by J%’ 1, 1 and VN

respectively.

Next, by Young and Holder inequality and symmetry,

Ll(

(o

1=

1¥ille + 1Zu20)]

< 1 ol 2 al 2 |2 2 2
SR (0 maie) (152022 )] + B[l 105
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which is bounded by 1 since E[(%H > iz H2L2)2} <1 by independence. Next,

N N 1
1 27z
B[|2Y 22 | Ivilln] s BIviZE[| Yo 2022 | ]
i=1 i=1

R L B R E
<o[S i) e3|S a2 )
which is bounded by 1. Here we also used independence to have
1| 2
E[NHZZl .72 'L] Z E[(Z, 2% 7y Z2:)] < 1.
i=1 iyi—=1
in the last inequality. Summarizing all the estimate the result follows. O

Lemma 7.7. It holds that
1QY s SNV, Ryl S N7V

Proof. First the term involving only Z
1
= /C(x —2)C(x — ZQ)E[ 20 (21)Z2(21): 24 (20) 22 (20): Z2(2): }dzleQ

can be computed explicitly using Wick’s theorem. Indeed, the above expression equals (up to a
constant which is finite as N — 00)

/C(m —21)C(x — 29)C (21 — 22)2C(2 — 21) O (2 — 29)dz1d 2y

which as a function of x — z is bounded in L since C' is continuous in d = 1.

In the following we only consider the other terms. Since C' is continuous in d = 1, ||QY |11 is
bounded by a constant times the following
)

NI MES!

and ||[NRy| 1 satisfies exactly the same bound. We expand the above expression. We then proceed
as in the proof of Lemma 7.6, by repeatedly using symmetry and Theorem 7.4. As in the proof of
Lemma 7.6 for the most terms we will actually have better bound than what’s claimed.

Using the fact that || 3, YfHL1 <3 1Yl and (7.15), we have

N N
1 2 2| 2
SB[+ 20 Y07 + 2vizir 122 >HL1HZO@ +2Y,7;)

i=1

iy

Lt

1 N
+vE[(||on +Zl);(Y2

E[H(mzoiﬁ HZY e [||Y1+Zl||m(;ynp)3],

1 TR AT 5, N N3

NE[Hm*Zﬂ;Yi LlHi_ZIYiZi e [nmzlnm(ZHYHLa) (Xhai)]
}VE[H<n+zl>§n2 Hiz NES [nmzlnm(ZHYHLQ) HZ AL

Noting that for s > 1/2
s 2(1—s
Y2+ Zull S IVl IS ™ + 120

using symmetry, Holder’s inequality and Theorem 7.4, these are bounded by %, 1 and 1 respectively.
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Next, again using || >, YfHL1 <3 Yil2. and (7.15),

5 N 1 N 5 N

o] ] s B[ 2z (S ) (13 )]
i=1 i=1 i=1

2 | X y (e S\E 1 5 \3

vz ] s vEB[Ivi+zi (Y i) (520 1Zi5) ]
i=1

By the same arguments as above, these are bounded by 1, v/N respectively.

1 N
NE[H(Yl +Z) ;Yizi

1 N
NE|:H(Y1+Z1);Y7:ZZ =1 =1

For the rest of the terms, we need the following fact

5| 2 |

by independence (in fact the L.h.s can be explicitly calculated using Wick theorem). Thus we have

9 N ) 1 T N N N
DI M- A T AT AT 1
i=1 . ) i=1 i=1 =1

2q <
> .
Lz]wl Vg > 1 (7.16)

1 N
NE[(Y1+Z1)§YiZi

1 N 2 | Y : 1 r N 5 N
e | VR AD DT/ I DS I E=- N ATH D D7 D SIN A
i=1 i=1 - B i=1 i=1
1 N 2 N 1 1 - N 2 N 1 N 1
2 2
SB[z >zz |1 vz | s wrivie g S| (o miz) (3 1z0) ]
i=1 i=1 . ) i=1 i=1 i=1

N
Z :ZZ-Q: ‘
1

1=

1 al 2. |12 al 2 ] < 17 2 3
el 3 ] < a3 L]

Using (7.16), symmetry and Holder inequality, these are bounded by v/N, 1, v/N, Tlﬁ respectively.

Note that before Holder inequality one needs to assign suitable powers of N to various factors on
the r.hus., for instance in the third line, we assign 1/N to || Y, :Z% ||i2 in view of (7.16) and —~

VN

1
to (3;11Zi]|2:)? and thus we're left with v/N. In the last line we use symmetry to get extra +-.
Combining all the above estimate the result follows. O

APPENDIX A. PROOF OF LEMMA 3.2

Proof. For initial value y; € C#(T?), 3 € (1,2) we could use similar argument as in [MW17b, Theorem
6.1] to obtain global solutions (Y;) to (3.3) with each Y; € C7C#. In fact, we use mild solutions and
fixed point argument to obtain unique local solutions. Furthermore, for fixed N we obtain a global in
time LP-estimate, p > 1, which gives the required global solutions.

Moreover, for general initial data y; € L?, we consider smooth approximation (yf) to initial data
y;. For (yf) we construct solutions Y° € C7CP by the above argument. For Y® we could do the
uniform estimate as in Lemma 3.3 and obtain

N

N N
1 2 1 2 1 2
— sup Y7+ —= E VY? .12y + H E Ys
N te[O,T] j:1 || J ||L2 N || J ||L2(O,T,L2) N i:1( )

2
<C,
L2(0,T;L2)

j=1
where C'is independent of €. By standard compactness argument we deduce that there exist a sequence
{ex} and Y; € L¥EL> N LAH' N L3 L* such that Y* — Y in LZH° N CrH~', § < 1. Furthermore,
by similar argument as in the proof of [RYZ18, Theorem 4.3] we obtain Y; € CrL* N L3.L4 N L2 H*.
For the uniqueness part we could do similar estimate as I and I}V for the difference v; in Section 5.
From the estimate in Section 5 the regularity for Y; is enough for the uniqueness.

|
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APPENDIX B. PROOF IN ONE DIMENSIONAL CASE

In this section we give the proof of Theorem 7.1 and Theorem 7.2. In the following we first give a
uniform in N estimate for Y;.

Lemma B.1. There exists a universal constant C such that

= sup ZHY O + = vay 7202 + ~ Z||Y||L2L2+HNZY2

J 1 LQL2
. L (B.1)
< c/o B+ 573 Il
where
| XN
Ry := (NZHZZ-H}O) /N2 Z 72 Z}da.
i=1 i,j=1
Proof. Taking L?-inner product with Y; in (7.3), one has
1d 1 &
33 ¥l + VYl + mivils + [ 3 20+ 287 ds
/N (Y; + 2,)2(Vi Z)) de (B.2)
Jj=1

N
1 1 2% 2 1 1 2r72
Q/N;:l(yj-&-zj) Y; da:+§/—N J§=1<5fj+zj) Zi dw.

Half of the third term on the LHS is canceled by the first term on the RHS, and for the rest half,
since %Yfo +2Y72Y;Z; + 2Y'i2Z]2 > 0 one has

N N
1 2,2 1 N
[ ore o0+ zpvae s 5> [ Lveve - zvian
j=1 j=1

Now we obtain

N

1d 2 2 2 1 2v2

5 g YillZz + IVYillZe + mlYillZe + EE;YJ-K dz
pm

1 N 1 1N
< 75 272dz + = 75 C+ Z)2Z2%dx.
\/QNJ- 1Y1 Z] dx 2/ : I(Y] ZJ) Z7 dx

Multiplying 1/N and taking sum over ¢ we obtain

2v/2
2th§:|\ Vil + §j||w||mdx+ §j||Y||L2 | v }jlw dr
2,7
2 r72 272
/2N2 E YZd:U+/N2 E Z5Z; dw.

1,j=1 i,j=1

Using (& Zjvzl Y2 == Z?fizl Y?Y?, we obtain

1 d 9,2
QthZnYHm 2NZHVY ||L2+/8N2 Z Y2Y,

1,j=1
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<(§’§§nzi|%m) + [ S 22 (B3)

7,7=1

which implies (B.1). Here we use Young’s inequality for products,

| GE)EEa)ws [((FEn) +o(5Ea) o

Corollary B.2. For every p > 1 it holds that

E[(3 Z IvolE)] <1 +E[(}Vin¢ju;)p}, B.4)

N /
1 P
B[V 2] S T+E[(5 D llesllie)” | + B [lenl %], (B.5)
j=1
where p' > p and the proportionality constant is mdependent of N and i. Furthermore,
sup(t A 1) [ Z IY; (¢ ||L2} (B.6)
>0

where the proportionality constant is mdependent of initial data.

Proof. Tt is easy to deduce (B.4) by using (B.1) and (7.4). By (B.2) we know

d 1 1 & 1 &
2 2 2 2 2 2 272
< il s/N;m + 228 S 14Ny SO +/N;iji.

Using (B.4), (7.4) and Young’s inequality we know (B.5) follows. The last bound (B.6) follows from
Lemma 2.6 and (B.3). O

In what follows, we will focus on the a priori estimate for the equation (7.5).

Lemma B.3. There exists a universal constant Cr such that

S BPIG] + BV o) + IBXPI 12 < Or + Bl (B.7)
IXillZ 2 + IVXillZs 2 < CrllZillTge oo + Is]1Z2, (B.8)
T
Xl e 12 +/0 IVXallZ21X:l1Z2dt < Crl|Zillzge oo + 0372 (B.9)
Proof. Taking inner product with X; for (7.6) we obtain
53 s + X0 + ml Xl + [ 2 do (B.10)

1 1
—/,uXZ-ZZ- dz < i/ﬂxfdwr §/u23dx.

The first term on the RHS can be absorbed to the LHS. Write X, Z; (i # j) for independent copies
of X;, Z; respectively. Note that

1
SEX(t2)"] = BlZj(t,2)°] < plt,7) < 2B[XG (¢ )°) + 2B[Z; (¢, )7).
Taking expectation, one then has
1d 1

> FEURGIE:] + VX 8]+ § [BOCXAdo < [ B3z o+ [E12222) 0
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1
< E[1X[17=]E[|Zill7 <] + Elll Zi)12~]* < gE[HXiH%zF +CE[|Z]|1~]? (B.11)
where we applied Young’s inequality in the last step. Now the claimed bound (B.7) follows by
integrating time.
Furthermore, by (B.10) we have
1
S IXil L1z + IV XillZz 2 SN Zillzg poe (lptll g oo + 1) + 1931172
Now we apply the bound (B.7), which we have just proved; this yields
lills o S BIXlZs 2 + EIZillZs 12 S 1, (B.12)

which implies the second result (B.8). Moreover, using (B.10) we deduce

1d 1
13 Pl + VX < 511 [ w22
Taking integration with respect to time and using (B.8) and (B.12), (B.9) follows.
O
Corollary B.4. The following hold with implicit constants independent of the initial data and m:
sup(t A DE[||X;(t)[|72] < 1, (B.13)
>0
1/t
supf/ B VX:(8)|22dt < 1. (B.14)
t>1t 1
Proof. Combining (B.11) and (7.4) one has
d 1
SB{IX3:] + JEIIX 3] < CEIZ]} )
Using Lemma 2.6 we obtain (B.13). Similarly, integrating (B.11) over time interval [1,¢],
t
[ BIVX@) et S BUX I3+t S
1
which proves (B.14). O
We also also establish an L> bound, as stated in the following Lemma.
Lemma B.5. It holds that
IWillLgeroe S 1 ZillLge e + [[¥ill e + 1. (B.15)

Proof. Using (B.7) we obtain for § > 0
lullz= SEIXiZw +ElZill1~ S EIXl01Xll72° + EllZi) 7

146 1—

116 1-5
SEIX 7)) = (BIXilZ2) = +E|Zi7~,

where we used Sobolev embedding H 5% ¢ L and interpolation in the second inequality and we

used Holder’s inequality in the last inequality. This combined with (B.7) and (7.4) implies that
ol S (B.16)

T+s
r L

By using mild formulation we have

Wi (t) = Sihi + Zi(t) — /0 St—sp(s)W;(s)ds,

which implies that
T

T
W)l zo Slillze + 1Zi@)] = +/0 IIAL(S)IILmHXi(S)IILoodSJr/0 l1($) |z [[Zi(8)[| oo ds.
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For the third term on the right hand side we use Sobolev embedding and interpolation as above

T T 145 1-5
/0 ||H(5)HL°CHX71(5)||L°°C155/0 ()l oo 1 X (s) [ i 1 X ()]l 5 ds

T _2 2 T 4 1-5
([ meniZas) ([ Ixenas) T s o)
0 0 s€[0,T)]

S Zillge e + [[9hil L + 1,
where we used (B.16) and (B.8) in the last inequality. Similarly, the last term could be estimated by

T
/0 ()l Lo 1Zi ()l oo ds S N Zill Lgo e -
Combining all the above estimates the result follows. O

Proof of Theorem 7.1. In the proof we omit the superscript N for simplicity. Taking L2-inner product
with v; on both side of (7.7) we obtain

N
1
3 dt L2 + V0l + mlloil3 + / N Z v de+ 1> / 0 Wiv; da
j=1

- _%Z/@jvﬂ/m dm—/ Zqﬂ )W,v; da. (B.17)
j=1

Summing over i, we obtain

72 ol +Z||W|L2 N SN T ot
lj 1
2 N 2
N Z/ 2@3 12+ v2\112 d:z:+HZ\1/ U4 Z(\Il2 .
i,j=1 L2 j=1 L2

Therefore we have

. Z il + Z Pl + ok S e+ o

7,7=1
1 9 9 1
<lw Z 1|7 Z lo;llZ2 ) +
i=1 j=1
Using (2.3) we obtain
N
> (¥ —p)
j=1

Combining this, (B.18), (B.9) and Gronwall’s inequality, we obtain that sup,<p >, [|v;]|3 . is uniformly
bounded in probability. Hence,

(B.18)

N

2% -

2

L2

2
=E[¥] - pli> S EVi]7s S EIXa| 71Xl + Bl Zy|7s.

1
E—
N L2

li — i = i bability.

Ngnwtes%pT Z””U |2 =0  in probability

Furthermore, using the bound (B.4) on moments of + ~ 2; 1Y5(®)[|7> and the bound (B.8) on X; and

triangular inequality, we obtain that the above convergence can be upgraded to convergence in L!():
N

1
E sup — Z |vi]|22 converges to zero . (B.19)
telo, T] i=1
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On the other hand, we use (B.17) to have

2,2
thnvznw||wl||m+/2Nzq> W2 do

< il Z/v do+ o Z N1 [ oF o+ sl 0l +

which combined with Gronwall’s inequality and (B.19), (B.7) implies that sup;c(o 7 [|vill7. converges
to zero in probability. By using (B.5) and (B.8), and assumption (7.8), we deduce the result.

N

> (¥ -

j=1

2

L2

O

Proof of Theorem 7.2. Let W1 and ¥y be two solutions to (7.5) with the initial distributions given by
vy and vy satisfying [ ||¢||3 wdy; < oo for i = 1,2. Set u = U5 — ¥;. We have

Ou = (A —m)u — E[V3]u + E[U? — U2]T,.
Now we take L2-inner product with « and obtain

1d

pap el + mlule + [Vulte + [ B3 do = [ (U - vuds

<2 [ (B2 ((BIU3)2 + (BW3)/?) 1] da
< %/E[\Ilg]uz dx+/E[u2]\II% d:z?Jr/E[\I/f]u2 dx.

Now we take expectation and obtain

1d
2dt

< / E[2B[02] de < Effjul2. B[ T 2], (B.20)

3 Elulzz + mEluliz + ElVullZ: + 5 /E[‘I@]Eu2 dz

By Gronwall’s inequality we have

t
E([u(t)[|72] S E[lu(1)|7:] exp (—m(t -1+ C/1 E[|\I/1||%oo]ds) :
Choosing m large enough and invoking Corollary B.4 we obtain

E[[lu(®)lZ:] < exp (—=mt/2).

Now we take two different invariant measures vy, vo supported on L to equation (7.5). We could
construct a stochastic basis (2, F, P) and two random variables v, 12 € L on it such that ¢; ~ v;.
For v; we could construct two solutions ¥y, ¥ to equation (7.5) with W;(0) = ;. Since v; is invariant
measure we have

Wa(v1,v2)? =W (P, Pivg)? < E[||U(t) — Ua(t)]32] S o—mt/2.

Letting t — oo we obtain 1 = ¥ P — a.s., which implies that v; = 15 and the result follows. O

Proof of Theorem 7.5. Similar as in Lemma 6.7 we could find stationary process (®;, ¥;)1<ign such
that ®;, ¥, are the stationary solution to (7.1) and (7.5), respectively. Set v; = ®; — ;. By using
(B.18) for the difference v;, we obtain

~ Z il + 5 Z Vel +m Z ol € 23 3Dy + B

=1
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with
1N
= I 1 Ry = N2||Z w2
j=1
Then the rest of the proof is the same as 2d case (see Theorem 6.11). ]

APPENDIX C. CONSEQUENCES OF DYSON-SCHWINGER EQUATIONS

Dyson-Schwinger equations are relations between correlation functions of different orders. Here
we derive the identities (7.13) and (7.14) using Dyson-Schwinger equations; these are essentially in
[Kup80b] (Eq (7)(8) therein), but since we’re in slightly different setting, we give some details here to
be self-contained. Dyson-Schwinger equations are direct consequences of integration by parts formula,
for instance, for the ®* model, we refer to [GH18, Theorem 6.7]. In the case of the N-component ®*
model (i.e. linear sigma model), for a fixed N, it is easy to derive the following integration by parts
formula

E(fﬁfa) = E((m - Ax)<1>1(x)F(<I>)) + %E(F(@) 101 () B ()™ )

where ® ~ vV and ®2 & >io, @7 following the notation in Section 7.3; or in terms of Green’s
function C(z —y) = (m — A,) Yz —y)

/c M)l(( )))d - E((I) (z) (@)) + %/C(m—z)E(F(q)) 1D, (2)®(2)2 )dz (C.1)

Here we will assume d = 1 and the Wick products are understood as Sec 7.

The proof of (C.1) is standard by using Gaussian integration by parts. Here we apply (C.1) to
prove (7.13). Recall that Cy, = C(0). Taking F(®) = :®;(x)®2(x): one has

+ / Cla — 2)B( :01()@2(2): :01(:)%(2): )d=

= CWE((W) —E[®,(z) :® (z)®2(z): | = —%E (822 (x)

where the last step can be checked straightforwardly 7 using the definition of Wick products and the
symmetry (i.e. exchangeability of (®;);).
Next, taking F' = :®2?(z): :®;®2%(2): one has

N/ (x —21)E lI>2( ) DB (1) D P2 (2): )dzl

Clz—2 E( B2 (2): 6({;;(())) +C“,E(m B, 82 (2): )

E(cbl ) :®%(x ::<I>1<I>2(z):)

N 42
= TC(m — 2)E[:®?%(z): :®?(2): ] — E( Dy (2)®2(): D1 (2)B?(2): )
where we again used symmetry, for instance we replaced % by & +2 :®2(2): under expectation,
as well as a simple relation
20, @1 (1) — @1 () :®(2)% = — :®1(z)P*(2):

From the above two correlation identities, we cancel out the 6th order correlation term and then
obtain the first equation in (7.13).

"This could be viewed as an N dimensional generalization of the well-known relation Hyy1(z) = zHp(z) — HJ,(z)
for Hermite polynomials Hy,.
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Now take F(®) = [ C(xz —y) :@1®%(y): :®2(2): dy. We have, by (C.1),

%/C(x —y)C(z — yg)E< D@2 (yy): B B2 (o) B(2): )dyldyg

-/ Ole — 0 - yB( 2P ‘1’8 ,2%(y): )dy

+ /C'(x — y)QE( B2 (2): m)dy

- /C’(x — y)E(@l(m) DB (y): B (2): )dy.

Note that the LHS is precisely QY and the first term on the RHS is just Q. The second term on
the RHS equals

To deal with the last term above, taking F(<I>) = ®;(x) :®2(2): and applying (C.1), one has

/C(aj — y)E((I)l(x) DB (y): ®(2): )dy
= NC,E :®(2)% + NC(z — Z)E(cpl( EALaCIS ‘I’Q((j
= —E[:®%(z): :®%(2): | + 2NC(z — 2)E[®; (z) P, (2)].

): 2 .B2(.).
) )—NE[(I)l(x) B2 (2): |

We then obtain (7.14).
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