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Abstract

In [KLW]|, we formulated a class of Gromov hyperbolic graphs (expansive hyperbolic
graphs) arising from iterated function systems (IFS) in fractal geometry, and studied the
relations of the hyperbolic boundaries and the attractors in a wide setup beyond IFS. In
this paper, we extend the scope of our study to general hyperbolic graphs via some near-
isometries (that is, the graph distances are altered by at most some additive constants).
Using the properties of expansive hyperbolic graphs, we investigate the connection of the
near-isometries between hyperbolic graphs and the Lipschitz equivalences between their
boundaries, and provide a combinatorial characterization of all bi-Lipschitz embeddings
of hyperbolic boundaries. We further apply the hyperbolic techique developed to produce
some “good distances” on spaces of homogeneous type.
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1 Introduction

The notion of hyperbolic graphs, along with hyperbolic groups, was invented and remark-
ably developed by M. Gromov in geometric group theory [Gr]. Every infinite hyperbolic
graph or group X possesses a boundary 0.X, known as the (Gromov) hyperbolic boundary,
which consists of all “ends at infinity”. This boundary has a very rich structure, and plays
an extremely important role in the study of hyperbolic groups (see the survey [KaB]).

Without reference to any group structure, there are also interesting hyperbolic graphs
arising from various mathematical subjects. One of the examples is the Flek’s cone Ck |E]
associated to a compact set K in a Euclidean cube I: the vertices are the dyadic subcubes
of I that meet K; hierarchically they constitute an infinite tree, and each intersected pair
of subcubes in the same size are jointed by an extra “horizontal” edge. It has been proved
that such Ck is a hyperbolic graph, and the boundary 0Ck is homeomorphic to K. This
construction was extended by Bourdon and Pajot [BP|, and further adapted by Carrasco
Piaggio [P] for studying the conformal gauges and dimensions of compact metric spaces.

In fractal geometry, a counterpart is the augmented tree associated to a contractive
iterated function system (IFS), where the tree structure is naturally from the symbolic
space of IFS, and each additional horizontal edge represents a pair of neighboring cells in
the attractor with approximately equal sizes. This notion was initiated by Kaimanovich
[Ka] on the Sierpinski gasket, and was carried out by the authors [LW1,LW3| on general
IFS. In most common cases, the hyperbolicity of augmented trees has been proved to be
valid, and it derives a Holder equivalence of the hyperbolic boundary and the attractor.
It has also found important applications in the study of the bi-Lipschitz classification as
well as the probabilistic potential theory of fractal sets |[LL,[DLL, KLW1,|KL, KLLW]|.

Motivated by this, in a recent paper [KLW]|, we formulated a broad class of hyperbolic
graphs, called expansive hyperbolic graphs, to capture the essential properties which were
used extensively in the previous study. This class embraces not only the graphs mentioned
(Elek’s cones, Bourdon-Pajot’s and Carrasco Piaggio’s graphs, augmented trees), but also
the ones that the vertical parts are not trees (e.g. the quotients of augmented trees [Wal).
Based on some properties abstracted from the IFS and refinement systems, we introduced
a more flexible setup of index maps, and investigated two types of expansive graphs, Al,-
graphs and Al,-graphs, to carry out the idea of augmentation much further. Our results
involved the hyperbolicity of these graphs, the identification of the hyperbolic boundaries
with the attractors, and the relation of the bounded degree property versus the separation
conditions on the index maps. Moreover, using this hyperbolic technique, we constructed
some new metrics closely related to the self-similar energy forms on p.c.f. fractals.

In this paper, we broaden the scope of our investigation to general hyperbolic graphs.
For this, the key concept is the near-isometry ¢ between two graphs X and X’ (endowed
with graph distances d,d’), that is, a map from X to X' that satisfies sup, ¢ y|d(z,y) —
d'(p(x), p(y))] < oo and sup,cy d'(z, p(X)) < oo (without the latter ¢ is called a near-
isometric embedding); it is also known as the quasi-isometry in [Gr] with multiplicative
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constant 1. Associated to a hyperbolic graph (X, E), we define the auziliary graph (X, E)
to be the “minimal” expansive graph with £ C E (Definition and Proposition .
We conclude that (Theorem [3.5))

Theorem 1.1. For a hyperbolic graph (X, E), the identity map idx : (X, F) — (X, E) is
a near-isometry, and (X, E) is an expansive hyperbolic graph.

The result yields a classification of hyperbolic graphs according to the (m, k)-departing
property of the auxiliary graphs ((m, k)-hyperbolic graphs, see Corollary. We also have
another near-isometry idy : (X, E) — (X, E¥), where (X, E*) enlarges (X, E) by adding
horizontal edges to all the pairs with horizontal distances of at most k (Definition and
Corollary . By these transforms, we are able to associate every hyperbolic graph with
an expansive (m, 1)-hyperbolic graph.

An important fact is that near-isometrically transforming a hyperbolic graph (X, F)
distort the boundary 0.X bi-Lipschitzly (Theorem; here 0X is always equipped with a
quasi-metric g4, a > 0 (Gromov distance, see Definition . Recall that a quasi-metric p
on a set M is a symmetic function from M x M to [0, 00) that vanishes if and only if £ = 7,
and satisfies the quasi-triangle inequality with some C, > 1: p(&,n) < C,(p(&, () +p(¢, 1))
for all £,m,¢ € M (it is a metric if C,, = 1). Such (M, p) is called a quasi-metric space,
and it is endowed with a canonical topology

T ={QCM:VEeQ, 37> 0such that B,(,r) C Q},

where B,(§,7) :={n € M : p(&,n) < r} denotes the ball centered at { with radius r; the
compactness of (M, p) is equivalent to the one of (M,7,). We say that (M, p) is doubling
if there exists a positive integer £ such that for any £ € M and r > 0, each ball B,(¢,r)
can be covered by a union of at most ¢ balls of radii /2. It is known that the hyperbolic
boundary (90X, g4) is a compact quasi-metric space. Using the near-isometry in Theorem

[1.1] we improve a result in [KLW] by (Theorem [3.11])

Theorem 1.2. For a hyperbolic graph (X, E) with bounded degree, (0X, 04) is doubling.

A map 7 from a quasi-metric space (M, p) to another quasi-metric space (M’, p') is said
to be a bi-Lipschitz embedding if p'(7(£),7(n)) < p(&,n) for all £,n € M (here by f < g
we mean that there exists C' > 1 such that C~!f(z) < g(x) < Cf(z) for all variables = in
a given domain). Furthermore if 7 is bijective, we call 7 a Lipschitz equivalence. For the
relation of the near-isometries between hyperbolic graphs and the Lipschitz equivalences
between their boundaries, we provide a detailed result through the technique on expansive

hyperbolic graphs (Theorems and [4.3).

Theorem 1.3. Let (X, E), (X', E") be two hyperbolic graphs. Then
(i) every near-isometric embedding (or near-isometry) ¢ : (X, E) — (X', E') induces
a unique bi-Lipschitz embedding (or Lipschitz equivalence resp.) ¢ : (0X, 0a) — (0X', 0},);



(ii) for a bi-Lipschitz embedding (or a Lipschitz equivalence) T : (0X, 0,) — (0X', 0,),
there exists a near-isometric embedding (or a near-isometry resp.) ¢ : (X, E) — (X', E’)
such that o = 7.

We remark that previously, Bonk and Schramm [BS| have obtained some similar results
on hyperbolic boundaries in the setting of Gromov hyperbolic spaces. Compared to their
methods, our combinatorial proofs on hyperbolic graphs are more straightforward.

With the intension to study the embeddings of hyperbolic boundaries, we restate the
index map and the admissibility introduced in [KLW] as purely topological concepts: an
indez triple (X, E,®) over a Hausdorff space M is a rooted graph (X, F) with a map ®
(index map) on X such that (i) each ®(x) is a nonempty compact subsets of M; (ii) for any
geodesic ray x = [2;]32, from the root 1, the sequence {®(z;)}°, is decreasing and the
intersection is a singleton {ko(x)}. We call this triple admissible if (X, E') is hyperbolic,
and for two rays x,y as in (ii), ko(x) = ko(y) if and only if x,y have the same limit in
0X. Every admissible index triple (X, E, ®) defines a boundary map k : 0X — M as the
quotient of kg, which turns out to be a (topological) embedding, i.e., a homeomorphism
from 0X to the attractor K = x(0X) (Proposition[5.5)). Using the intrinsic index map Jy
(G-cell, see ) on a hyperbolic graph (X, E), we also obtain a converse result which
characterizes all embeddings of 0X (Theorem [5.6]):

Theorem 1.4. Let (X, E) be a hyperbolic graph. A map T from 0X to a Hausdorff space
M is an embedding if and only if (X, E,®) is an admissible index triple over M, where
® =170 Jy. In this case, T is the boundary map of ®.

When the underlying space is a quasi-metric space (M, p), we define the Al,-triple
(index triple of augmented type-(a), a > 0) to be an index triple (X, E, ®) over M that
satisfies the diameter |®(x)|, = O(e~l) as |2| — oo, and for some 72 > 71 > 0,

|z = [yl, dist,(®(z), ®(y)) < me W = (2,y) € B, = dist,(®(x), ®(y)) < yoe ",

where |z| is the graph distance from the root ¥ to x € X, and E}, is the set of horizontal
edges in (X, F). This notion is extended from the AI,-graphs in [KLW] so that a similar
result still holds (Theorem , and it also provides a characterization of all bi-Lipschitz
embeddings of 0X (Theorem here ® := 70 Jy as above):

Theorem 1.5. Every Al,-triple over a quasi-metric space (M, p) is admissible, and the
boundary map k : (0X, 04) — (M, p) is a bi-Lipschitz embedding.

Moreover for an (m, k)-hyperbolic graph (X, E), a map T from (0X, 04) to (M, p) is a
bi-Lipschitz embedding if and only if (X, E*, ®) is an Al,-triple over (M, p).

From a construction inspired by Christ’s dyadic cubes [Ch], we see that every compact
quasi-metric space (K, p) can be the attractor of some Al,-triple (Example. Moreover,
as a consequence of Theorem and the Assouad’s theorem [A] on bi-Lipschitz



embeddings, we can associate any (m, k)-hyperbolic graph (X, E) of bounded degree to
an Al,-triple (X, E¥, ®) over some Euclidean space (with small a > 0, Proposition .

We also continue to investigate the Al -triples (augmented index triples of intersection
type, Definition as in [KLW], and present an application on the space of homogeneous
type [CW], i.e., a quasi-metric space (M, p) that carries a volume doubling (VD) measure
w: for an index triple (X, E, ®) over (M, p), by regrouping the vertices in X according to
the p-volume of ®(x), we obtain a new coding space X (). For the associated Al-triple
(X (1), E©), ®), we have (Theorem |7.2)

Theorem 1.6. Suppose the index triple (X, E,®) over (M, p) satisfies some mild as-
sumptions, and p is a (VD)-measure on (M, p). Then the Al-triple (X (1), E(>), ®) is
admissible.

Via the boundary map on 9(X (1), E(*)), the Gromov distance g, defines a new quasi-
metric 9, on the attractor K. Under a separation condition on u, it turns out that the
graph (X (), E(>)) has bounded degree, and (K, g,, 1) is Ahlfors regular (Theorem [7.3)).

For the organization of the paper, we recall some definitions and preliminary results on
expansive hyperbolic graphs in Section[2] We investigate the notion of near-isometry with
two transforms on hyperbolic graphs in Section (3} and prove Theorems and The
relation of near-isometries on graphs and Lipschitz equvalences on boundaries (Theorem
is detailed in Section |4l In Section [5, we present the topological setup of admissible
index triples as well as a proof of Theorem We show the duality of Al,-triples and
bi-Lipschiz embeddings of boundaries (Theorem , and revisit some conditions on the
admissibility of Al.-triples in Section [6] This technique is applied in Section [7] to prove
Theorem and produce some “good” quasi-metrics on spaces of homogeneous type.

2 Preliminaries

We will briefly summerize some notions and background results on expansive hyperbolic
graphs; in the case of unexplained notations, the reader can refer to [KLW] for details. Let
(X, E) be a locally finite connected (undirected simple) graph. We use a vertex ¢ € X as
the root, and call such (X, E) a rooted graph. We denote by d(-,-) the graph distance of
(X, E); write |z| :=d(0,z) for z € X, and X,, = {x € X : |x| = n} for the n-th level set.

For z € X and an integer m > 0, let J,(z) = {y € X : |y| — |z| = d(z,y) = m} and
T-m(z) = {2z € X : x € Tn(z)} be the m-th descendant set and the m-th predecessor
set of x respectively. We also let J.(z) = (U,,_y Jm(x). Throughout this paper, we only
consider the rooted graph (X, F) that satisfies

Ji(x) #0, VaoelX. (2.1)



We can decompose the edge set E into the vertical edge set E, = {(x,y) € E : |z| =
ly| £ 1} and the horizontal edge set E, = {(xz,y) € E : |z| = |y|}. A wvertical graph
is a rooted graph (X, E) satisfying £ = E,,, denoted by (X, E,) usually. The horizontal
distance djp(-,-) is the graph distance of the subgraph (X, E}) (by convention dp,(z,y) = oo
if 2,y are not connected by paths in (X, E})). A geodesic in (X, F) is called a horizontal
geodesic if it lies entirely in (X, Ej).

The Gromov product of x,y € X is defined as

(aly) = 5 (Ie] + ly| — d(a, ).

Definition 2.1. [Gr] A rooted graph (X, E) is said to be (Gromov) hyperbolic if there is
a constant & > 0 such that

(z]y) > min{(z|2), (z|y)} — 9, Va,yzeX. (2.2)

On a hyperbolic graph (X, E), for fixed a > 0, we define gq(z,y) = e 2@ 2 £y e X
and = 0 if x = y. It is direct to check that

0a(z,y) < e max{oq(z, 2), 0a(2,7)}, Va,yzelX.
Definition 2.2. [KLW| We call a rooted graph (X, E) expansive if for z,y € X,
dp(z,y) >1 = dp(u,v) >1, YVue(z), ve Ti(y), (2.3)
and call it (m, k)-departing with two integers m,k > 1 if
dp(z,y) >k = dp(u,v) > 2k, VYV ueIn(z), ve Tn(y). (2.4)

One important property of an expansive graph (X, E) is that any two vertices z,y € X
can be connected by a convez geodesic m(z,u,v,y) |KLW, Proposition 2.3|, which consists
of two vertical geodesics m(x,u), m(v,y) and a horizontal geodesic m(u,v). This simple
form allows us to effectively handle the geodesics in (X, E). We also proved that (1,1)-
departing implies (m, 1)-departing, and (m, 1)-departing implies (m, k)-departing for all
m,k > 1. A simple example of a (1, 1)-departing graph is the SG-graph (X, F) where X is
the symbolic space representing the Sierpinski gasket K, F, is the natural tree structure
on X, and E}, consists of all pairs (x,y) that |z| = |y| and the corresponding cells K, K,
meet (cf. [Ka] and [KLW| Example 2.8]).

Concerning the hyperbolicity of expansive graphs, we have the following useful criteria.

Theorem 2.3. [KLW| Theorem 2.11] For an expansive graph (X, E), the following are
equivalent.
(i) (X, E) is hyperbolic;
(ii) 3 L < oo such that the lengths of all horizontal geodesics are bounded by L;
(i) (X, E) is (m,k)-departing for some integer m,k > 1.
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Properties (ii) and (iii) give us constructive ways to check the hyperbolicity, and will
be used throughout the paper.

Let Ry := {[xi]2y : ©o = ¥, and xj41 € Ji(z;), Vi > 0} denote the family of (geodesic)
rays starting from the root 9, and write x,y,z,--- for the rays [z, [vili, [zi]i -+ In Ry

respectively. For z € X, we also denote by R,[z]| the subclass of rays in R, that pass
through x (which is not empty by the assumption (2.1)).

By the triangle inequality of the graph distance d(-, -), it is seen that for x,y € R,, the
Gromov product (z;|y;) is increasing in i. We set (x|y) := lim; o0 (z:]y:) = sup;>o(@ilyi),
and write x ~ y if and only if (x|y) = co. When (X, E) is hyperbolic, by (2.2)), we see
that this ~ is an equivalence relation in R,,.

Definition 2.4. For a hyperbolic graph (X, E), the hyperbolic boundary is defined as the
quotient set 0X = 0(X, E) := R,/ ~. For a > 0, define the Gromov distance on 0X by

0a(&m) = e EM ¢ e ax

(e~ =0 by convention), where ({|n) is the extended Gromov product on 90X given by

(€ln) :==sup{(x|y) : x € &, y € n}. (2.5)

By using (2.2)), it is easy to check that (£|n) < (x]y) + 26 for all x € £ and y € 1, and
the extended Gromov product satisfies ({|n) > min{(£|¢), (¢|n)} — 36 for all {,n,( € 0X.
This implies

0a(&,m) < 3 max{04(£,€), 0a(Cn)}, Y Em,C € OX, (2.6)

hence g, is a quasi-metric on 0.X; moreover, the quasi-metric space (90X, 0,) is compact.

For x € X and an integer k£ > 0, we call

Jo(x) = {6 €0X :6NR[a] £ 0}, Tj(@) = JToy) : dn(z,y) <k} (27)

the G-cell and k-shadow of x in X respectively. Under the assumption , it is known
that every G-cell (or k-shadow) is a nonempty compact subset of 0X. Intuitively, Jy(x)
is the quotient of the descendants of x run to infinity. Also note that for y,z € Ji(z),
(y|z) > |z|. By Deﬁnition for £,1 € Jop(x), we have q(&,1) = e~ €M < e=el*l, Hence
we have the following estimate for the diameter of a G-cell:

|T0(2) |00 = sup{p(&,m) : &, € To(x)} < e 7.

There are some alternative definitions of hyperbolic boundary (all are equivalent); the
reader can refer to [CDP, Gr, GH, Wo|. In [KLW|, we used 0X = X \ X, where X is
the completion of X under another equivalent metric 8, on X. The g, fulfills the same
estimates as 6, in [KLW|. Consequently, we have



Proposition 2.5. [KLW| Propositions 3.2, 3.3] Let (X, E) be an (m, k)-departing expan-
sive graph. Then there exist constants v = y(m,k,a) > 0 and C = C(m,k,a) > 1 such
that

(i) dist,, (Jo(x), To(y)) > ve~ =l for all x,y € X with |x| = |y| and dy(x,y) > k;
(ii) By, (&,C~teml#l) ¢ gk(x) C By, (¢, Ce=ll) for allz € X and & € Jy(x).

It follows from (i) that |J¥(x)|,, =< e~®! for all z € X, where the involved constant
in =< depends on m, k, a only.

In Section [@ the family of G-cells will play an important role in the Lipschitz equiv-
alence of the hyperbolic boundaries. Let (X, E) be a hyperbolic graph, and let ¢ > 0 be
fixed. Under the Gromov distance g, on X, the G-cells induce a new horizontal edge set

B =7 (e y) € Xo x X, \ At disty, (Tp(a), Toly) < e} (2.8)

as well as a new edge set E(© = E, U E,gc) on X. It was shown in [KLW| Theorem 4.5]
that (X, E(%) is expansive and (m, 1)-departing for some m > 1, hence is also hyperbolic.

Lemma 2.6. Let (X, E) be an (m, 1)-departing expansive graph. Then E,(Lv) CE),C E,(LC)
where the constants vy and C are as in Proposition[2.5.

Proof. Let z,y € X with |z| = |y| and dj,(z,y) > 1, by Proposition 2.5(i) with k£ = 1, we
have dist,, (Jo(2), Jo(y)) > ve~ ! for some constant v > 0, this yields E}(j) C Ep. On
the other hand, for (z,y) € Ej, using Proposition [2.5(ii) with k =1,

Toly) C Ta(x) C B, (€,Ce™) V¢ e Ty(a),

which implies dist,, (Ja(z), Jo(y)) < Ce~*l and hence Ej, C E,(ZC). O

3 Expansion of graphs and near-isometries

In this section we aim to extend the scope of our study from expansive hyperbolic graphs
to the more general ones, and to investigate the notion of near-isometry. First we provide
a simple way to “expand” an arbitrary rooted graph (X, E) to possess the expansive
property. For nonempty sets F,G C X, we shall write d(F,G) := inf{d(z,y):x € F, y €
G}, and the same for dj,.

Definition 3.1. For a rooted graph (X, E) with graph distance d, we define a new hori-
zontal edge set by

Byi=|]J _{@y) € Xox Xu\ A d(T(w), L(y)) < 1}. (3.1)
We call (X,E) with E = E, U B}, the auxiliary graph of (X, E) (see Figure .
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Figure 1: A rooted graph and its auxiliary graph.

Clearly Ej, C Ej. The following is the main purpose of the auxiliary graph (X, E)
Proposition 3.2. For a rooted graph (X, E), its auxiliary graph (X, E’) s an expansive
graph. Moreover, E is “minimal”, in the sense that if an expansive graph (X, E') satisfies
E,=E, and E, C E}, then E C E'.

Proof. For z,y € X, u € Ji(x),v € Ji(y) with dp,(u,v) < 1 (where dj, is the horizontal
distance of (X, E)), we have

d(J+(2), Ju(y)) < d(Ti(u), Ju(v)) <1 in (X, E).
It follows that (fh(m, y) < 1. This proves the expansive property of (X, E)

For the minimality, it follows from E, = E! that every vertex x has the same descen-
dant set J,(z) in (X, E) as in (X, E'). For (z,y) € Ep, by the definition in (3-1), there
exist v € Ji(x) and v € J,(y) satisfying (u,v) € E, UA C E} UA. Hence dj (u,v) < 1.
By the expansive property of (X, E), we have (z,y) € E}. Hence EcCE. O

We recall the notion of quasi-isometry, which was originated in geometric group theory
(cf. [CDPL/Grl|GH, Hal): let (X,d),(X’,d’) be two metric spaces. A map ¢ : X — X' is
called a quasi-isometry if there are constants C' > 1 and D > 0 such that

Cld(z,y) — D < d'(p(x),0(y) < Cd(z,y)+ D, Vaz,yeX,

and sup,cxr d'(z, (X)) < co. In this case we say that (X, d) is quasi-isometric to (X', d’).
Here we concern only that (X, E), (X', E’) are two rooted graphs endowed with graph
distances d, d’ respectively. We shall denote such ¢ by ¢ : (X, E) — (X', E’), and study
the following sharper notion of near-isometry.

Definition 3.3. A map ¢ : (X,E) — (X', F’) is called a near-isometric embedding if
there is a constant D > 0 such that

d(z,y) — D < d'(¢(x),0(y) < d(z,y)+D, VayeclX. (3.2)

If further D' := sup,cx d' (2, p(X)) < 00, then we call ¢ a near-isometry. Particularly if
D =D =0, ie., ¢ is a bijection such that d(z,y) = d' (p(z),¢(y)) for all z,y € X, we
call ¢ a (graph) isomorphism.

Furthermore, ¢ is called v-invariant if () =9 (here 9 € X,¥ € X' are roots), and
@ is an isomorphism from the vertical part (X, E,) to another vertical part (X', El).
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It is well known that the hyperbolicity is preserved by quasi-isometry (cf. [GH} Section
5.2]). Note that the composition of quasi-isometries is also a quasi-isometry, and for
every quasi-isometry ¢ : X — X'  a quasi-isometry @ : X' — X exists as its rough
inverse [Wo, p.28|. Therefore, to be quasi-isometric is an equivalence relation between
rooted graphs. The same statements remain true if we replace “quasi-” by “near-” in the
above.

In the rest of this section, we start the investigation for the v-invariant near-isometries
of hyperbolic graphs. First, we prove a lemma to strengthen v-invariant quasi-isometries

to near-isometries by using the convex geodesic property of expansive hyperbolic graphs
[KLW| Proposition 2.3].

Lemma 3.4. Let (X, E), (X', E') be two rooted graphs. Suppose that (X, E) is expansive
and hyperbolic, and there is a v-invariant map ¢ : (X, E) — (X', E') such that

d(p(x),0(y) <Cd(x,y)+D, VayeX

for some C, D > 0. Then there is a constant D' > 0 such that d'(¢(z), ¢(y)) < d(x,y)+D’
forallx,y € X.

Proof. By Theorem [2.3(ii), let L < oo be the maximal length of horizontal geodesics in
(X, E). For z,y € X, let n(x,u,v,y) be a convex geodesic connecting x and y in (X, F).
As z € J,(u) and ¢ is v-invariant, it follows that d(x,u) = d'(¢(z), ¢(u)). Similarly, we
have d(v,y) = d'(¢(v), ¢(y)). Hence

d'(p(x), o(y)) < d'(p(x), p(u)) + d'(p(u), p(v) + d'(p(v), o(y))
<d(z,u) + (Cd(u,v) + D) + d(v,y)
=d(z,y)+ (C —1)d(u,v) + D < d(z,y) + (C — 1)L + D.

This proves the statement with D' = (C'— 1)L + D. O

Our first main result in this section is

Theorem 3.5. For a hyperbolic graph (X, E), the identity map idx : (X, F) — (X, E) is
a near-isometry, and (X, E) is an expansive hyperbolic graph.

Proof. The expansive property of (X, E) is proved in Proposition For (z,y) € Eh, by
(3.1)) there exist u € Ji(z) and v € Ji(y) such that d(u,v) < 1. Note that (z|u) = |z| =
lyl, and

1

(uly) = %(\UI + 1yl = d(u,y)) = S (o[ + [yl = d(v,y) =2) = (v]y) =1 =Jy| - 1.

Using (12.2)), we have

N |

1yl — 5(e,y) = (ely) > min{(alu), (uly)} 6 > ly| ~ 15,
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which implies that d(x,y) < 2(1 + §). This provides an estimate on the graph distance d
of (X, E) by
d(z,y) < d(z,y) <2(1+6)-d(z,y), Vaz,yeX,
which says that idx : (X, E) — (X, E) is a quasi-isometry, hence (X, E’) is also hyperbolic.
Clearly idx is v-invariant. Applying Lemma to idx : (X, E) — (X, E), the above
inequality can be enhanced to d(z,y) < cf(:n, y) + D for some constant D > 0. Hence id x
is a near-isometry from (X, E) to (X, E). O

Remark. A rooted graph may not be hyperbolic even when its auxiliary graph is hyper-
bolic. For example, we consider the two-dimensional lattice (X, E), where X = Z? with
root ¥ = (0,0), and £ = {(x,y) € X x X : x —y = (£1,0) or (0,%1)}. Then it is direct
to check that E = E,, and the n-th level set X, consists of all boundary vertices of the
square A, as the convex hull of A, := {(0,%n), (£n,0)}.

Forn > 1 and x € X, \ A, (or x € A,), let C(x) be the quadrant (or the half-plane
respectively) translated from o to x that intersects X,, only at x (see Figure 2f(a)). Then
the descendant set J,.(x) consists of all vertices lying in C'(x). It follows that for distinct
X,y € Xp, Tu(x) N Tu(y) # 0 (ie, (x,y) € Eh) if and only if x,y lies on the same side
of the square A,. This shows that dj,(x,y) < 3 whenever |x| = |y| (see Figure (b)) By
Theorem |2.3(ii), the auxiliary graph (X, E’) is hyperbolic. Moreover, all geodesic rays are
equivalent in (X, E), thus the hyperbolic boundary is a singleton.

On the other hand, it is well-known that (X, E) is not hyperbolic. A direct check of
the Gromov hyperbolic condition (2.2)) is: for x = (n,0),y = (0,n),z = (n,n) with n > 1,

0 = (x]y) > min{(x|z), (z]y)} —d =n—4.
Hence the § in the definition does not exist as n is arbitrary.

C(y)

Yy

(@) (b)

Figure 2: (a) The lattice and the descendant sets; (b) the subgraph (X3, Eh\x3xxs)-

A direct corollary of Theorems and Proposition [3.2] is
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Corollary 3.6. For a rooted graph (X, E), the following are equivalent.
(i) (X, E) is hyperbolic;
(ii) the auxiliary graph (X, E) is near-isometric to (X, E), and is (m,k)-departing

for some integer m,k > 1.

We shall call the graph (X, E) in (ii) an (m, k)-hyperbolic graph. In particular for
an expansive graph, to be (m, k)-hyperbolic is the same as to be (m, k)-departing.

As another consequence of above, we have the following improvement of v-invariant

quasi-isometries to near-isometries.

Proposition 3.7. Let (X, E), (X', E’) be two hyperbolic graphs. If ¢ : (X, E) — (X', E')
18 a v-invariant quasi-isometry, then it is a near-isometry.

Proof. By Theorem [3.5] the identity maps idy : (X, E) — (X, E) and idx: : (X', E') —

(X7, E\’) are v-invariant near-isometries.
(X,B) 5 (X,E')

idXI idX/I

(X,B) 5 (X, F)

By composition, K (X, E) (X, E\’) is a v-invariant quasi—isometry As both auxil-
iary graphs (X, E) and (X, E ) are expansive (Prop051t10n and hyperbohc applying
Lemma 4)to ¢ and its inverse, it follows that ¢ : (X, E) — (X 'F ) is a near-isometry,
so is the one from (X, F) to (X', E’) by composition. O

We present another useful enlargement of a graph for which the near-isometry applies.

Definition 3.8. For a rooted graph (X, E) and an interger k > 1, we enlarge the hori-
zontal edge set by letting

EF :={(z,y) € X x X\ A:dy(z,y) < k} (3.3)

and call (X, EX) with the edge set E¥ = E,UE¥ the (horizontal) k-fuzz of (X, E) (cf. [Wo,
Section 3.A]).

It is straightforward to check that the k-fuzz of an expansive graph is still expansive,
and a rooted graph is (m, k)-departing if and only if the k-fuzz is (m, 1)-departing. We
shall denote the graph distance of (X, E¥) by d®. As d®(z,y) < d(z,y) < kd®) (x,y),
the identity map idx from (X, E) to (X, E¥) is a v-invariant quasi-isometry. Applying
Proposition we have

Corollary 3.9. Let (X, E) be a hyperbolic graph. Then for any k > 1, the identity map
idx : (X, E) — (X, E¥) is a near-isometry.

12



Next we turn to consider the relations of hyperbolic boundaries. It is known that
(cf. |Gr, Theorem 7.2.H], [BS, Theorem 6.5]) if ¢ is a quasi-isometry between two hyper-
bolic graphs (X, E), (X', E’), then ¢ induces a homeomorphism ¢ from 90X to 0X'. Here
we consider the case that ¢ is a v-invariant near-isometry.

Proposition 3.10. Suppose (X, E),(X',E") are hyperbolic graphs, and ¢ : (X, E) —
(X', E") is a near-isometry and is v-invariant. Then the induced map @ : (0X,04) —
(0X',0.) is a Lipschitz equivalence, i.e., p(0X) = 0X’', and

0.(2(6), 2(n) < 0a(&;m), V&€ OX. (3-4)

Consequently, 0(X, E) = 9(X, E) = 0(X, E¥), on which the corresponding Gromouv dis-
tances 04, Oa, Qak are Lipschitz equivalent.

Proof. For x € R,, the sequence p(x) := [p(z;)]32, is also a ray in R;,. By near-isometry,
we have [(p(2)l¢() — (zly)| = 1d'(p(z), ¢(y)) — d(z, )| < 2 for all 2,y € X. Taking
limit, we have |(p(x)|¢(y)) — (x]y)| < % for all x,y € R,. This implies that x ~ y in
R, if and only if p(x) ~ ¢(y) in R, thus ¢ naturally induces a bijection ¢ : 90X — 9X"'.
Moreover, by taking the supremum (as in (2.5)), it follows that |[(5(€)|@(n))" — (&]n)| < %
for all £, € 0X. This implies

0h(P(€), @) = e (PO < 7eED) < gy (¢, ). (3.5)
Taking ¢ = idx, the last statement follows from Theorem [3.5 and Corollary O

Remark. In the next section, we will show by more elaborate proofs that the v-invariant
assumption on ¢ can be removed (Theorem 4.1)), and the existence of the near-isometry
is necessary and sufficient for the Lipschitz equivalence of boundaries (Theorem 4.3)).

It has been proved in [KLW, Theorem 3.6] that an expansive hyperbolic graph (X, E)
with bounded degree (i.e., sup,¢ y deg(x) < oo) has a doubling hyperbolic boundary. Now
in view of Theorem and Proposition [3.10] we can extend this result for the hyperbolic
graphs without assuming the expansive property.

Theorem 3.11. Suppose (X, E) is a hyperbolic graph of bounded degree. Then (0X, 04)
1s a doubling quasi-metric space.

Proof. By Theorem the auxiliary graph (X, E) is near-isometric to (X, F), hence
is an expansive hyperbolic graph with bounded degree. This yields that (3(X, E), 9a)
is doubling [KLW| Theorem 3.6]. As the doubling property is preserved by Lipschitz
equivalence, the boundary (0X, 04) of (X, E) is also doubling (by Proposition [3.10). O

To conclude this section, we establish a near-isometry of (X, E) and the graph (X, E(©)
introduced in (2.8)), which will be applied in the next section (Theorem {4.3)).
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Proposition 3.12. Suppose (X, E) is a hyperbolic graph. Then for any c > 0, the identity
map idy : (X, E) = (X, E9) is a near-isometry.
Consequently, there exists a constant l~)c >0 (depends on c) such that for z,y € X,

x| = ly| and dist,, (Jo(2), To(y)) < ce™l = d(z,y) < D.. (3.6)

We first prove for the case that (X, F) is expansive and (m, 1)-departing.

Lemma 3.13. Suppose (X, E) is an expansive (m,1)-departing graph. Then the identity
map idy : (X, E) — (X, E¥) is a near-isometry.

Proof. Denote the graph distances of (X, E), (X, E)) by d,d® respectively. By Lemma
we have E}(LW) c By, C E,(ZC) for some constants v,C' > 0. Let n be the smallest
nonnegative integer such that e=%" < ¢~'v. Suppose (z,y) € E}(LC). If |z| = ly| < n, then
d(z,y) < d(z,9) + d(¥,y) = 2n; if |z| = |y| > n, taking u € J_,(z) and v € T_,(y), it
follows that

distp, (Jo(u), Jo(v)) < disty, (Ta(x), To(y)) < ce~ltl < yeame=alel = He=alul

so that dp(u,v) < 1in (X, F), and d(z,y) < d(z,u) + dp(u,v) + d(v,y) < 2n + 1. This
yields that d(x,y) < (2n 4 1)d©(z,y) for all z,y € X. Similarly we use E}(lc) to obtain
d©(z,y) < (2n'+1)d(z,y) for all 2,y € X, where n’ is a nonnegative integer that depends
on a,c,C only. Therefore, idx : (X, E) — (X, E(®) is a quasi-isometry.

Note that the graph (X, E()) is hyperbolic (by [KLW, Theorem 4.5]). As idy is
v-invariant, it follows from Proposition that idx is actually a near-isometry. O

Proof of Proposition[5.14 By Corollary[3.6, (X, E) is (m, k)-hyperbolic for some integers
m, k > 1, and it follows that the k-fuzz (X, Ek) of the auxiliary graph (X, E’) is expansive
and (m, 1)-departing. For ¢ > 0, define the horizontal edge set E}(LC) (and E©)) as in
with o, replaced by df), the Gromov distance on 9(X, Ek) Applying Lemma the
identity map idx : (X, Ek) — (X,E(c)) is a near-isometry. Soisidy : (X, E) — (X, E(C))
by Theorem [3.5 and Corollary

By Proposition Oa, @(Ik) are Lipschitz equivalent, i.e., there is Cy > 1 such that

Cotoa(&,n) <8P (€,m) < Cooal&,m), Y Emed(X,E)=0(X,EF).

~ -1
Thus we have E}(LCO °)

- E}(LC) C E}(LCOC), and the corresponding graph distances satisfy
J(COC)(:U, y) < d(z,y) < d o) (z,y), Va,yeX.
Then it follows that
D = sup, yex|d(z,y) — d(z,y)|
< max {sup, e x|d(z, y) — 0 @, )|, sup, e xld(z, y) — 4D (@, )]},
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which is finite since both idy : (X, E) — (X, E(©)) and idy : (X, E) — (X, E(Co_lc)) are
near-isometries. This proves that idx : (X, E) — (X, E(©)) is also a near-isometry.

For the last statement, the condition in (3.6 means (z,y) € E(C)7 and it follows that
d(z,y) <dO(z,y)+ D=1+ D =: D,. 0

4 On Lipschitz equivalences

In this section, we investigate more closely the connection of the near-isometries between
two hyperbolic graphs and the Lipschitz equivalences between the hyperbolic boundaries.
First we give an improvement of Proposition by eliminating the v-invariant assump-
tion on the near-isometry ¢ : (X, E) — (X', E').

Theorem 4.1. Suppose (X, E), (X', E') are hyperbolic graphs, and ¢ : (X, E) — (X', E')
is a near-isometric embedding. Then for any & € X, there is a unique ( € X' such that

limy, s o0 (9(@n) [yn)" = o0, Vxeg ye(. (4.1)

Hence we can define p(§) = ¢, and this @ : (0X, 0a) — (0X', 0},) is a bi-Lipschitz embed-
ding. Furthermore if @ is a near-isometry, then @ is a Lipschitz equivalence.

Proof. Let D > 0 be the constant such that |d'(p(z), ¢(y)) —d(z,y)| < D for all z,y € X,
as in Definition Denote ¢ := |¢o(¥)|". Then

le@)" = lzl| < |d'(¢(9), ¢(2)) —d(@,2)| + @) < D+L,  VeeX.  (42)

It follows that for any =,y € X,

((e@)le) = (@)l = 5 |(le@)" = l2]) + (o) = ly]) — (@ ((x),0(y)) — d(=,y))|

< _

1
2
1((D+g)_|_(D+£)—|—D):gD—l—K::D. (4.3)

2

To prove (4.1]), we first fix £ € 0X and x € £. Note that the sequence {p(z;)}; may
not be a ray in (X', E"). However, it follows from (4.2)) that |p(z;)|" > || — (D +£) — o0
as i — oo; using the local finiteness of (X', E]) and a diagonal argument, we can choose

aray y € R, and an infinite subsequence {¢(x;,)}, such that ¢(z;,) € J/(yn) for all
n > 0. Clearly j, > n. Using (2.2)) and (4.3]), we have for n > 0,

(p(@n)lyn) > min{ (p(zn)le(25,)); (P(2),)yn)} — &
> min{(zy|z;,) — D,n} -8 =n—D -4 (4.4)

Taking n — 0o, we get limy, o0 (¢(zn)|yn)" = 00.

Next let ¢ € 0X’ be the equivalence class of y. Then for any x' € £ and y’ € (, it
follows from the same technique as in (with intermediate terms ¢(x,) and y,) that
limy,— o0 (¢(2,)]y},)" = oco. This proves (4.1)).
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To prove that ¢ is unique, we take a ray y” € R, satisfying lim, o (¢(zn)|y)) = oo.
Similarly we have

(Ynly)' > min{ (ynlo(xn)), (0(zn)lyl)'} =8 — 00 asn — oc.

Hence y” also belongs to the equivalence class ¢, and this proves the uniqueness. Therefore
@ is well-defined.

We prove that @ is a bi-Lipschitz embedding. Suppose £, € X with & # n. For rays
ve ten and v € p(€), t' € @(n), using (4.3) and (2.2]) again, we have

(vnltn) > (Sp(vn)|80(tn)), - D
> min{(p(vn) [0} ), (V412 (£, (ta))' s — 26 = D.

AS Tty oo ($(on)|e1)! = iy o (8, 0(80)) = 00 (by (ET)), we have (ve) > (v/|¢') —
26’ — D. Similarly, we also have (v/|t’) > (v\t) — 26" — D. Taking supremums over v, t,
and v/, t’ as in (2.5)), it follows that

(B(&)|B(n)" = (€lm)| < 20"+ D,

and this implies the bi-Lipschitzness of ¢ as in ({3.5)).

For the last statement, we suppose D’ = sup,x/ d'(z, (X)) < co and show that ¢ is
surjective. Let z € R]. Then there exists a sequence {u;}; in X such that d'(z;, ¢(u;)) <
D’ for all i > 0 (by the second assumption on near-isometry). Using (4.2]), we have

lui| > |o(ui)| = (D+£€) > |z —(D+D' +4)=i—(D+ D' + /) = as i — 00.

As in the second paragraph, we can choose a ray w € R, and an infinite subsequence
{uk, }n such that ug, € Ji(wy) for all n > 0. Using a similar technique as in (with
intermediate terms p(uyg, ) and zy, ), we have lim,,_,o (¢(wy)|2,)" = 0o. By the uniqueness
of @(+) just proved, the ray z belongs to the class @(n), where n € 90X is the equivalence
class of w. This shows that $(0X) = 0X"'. O

Corollary 4.2. With the same assumption as in Theorem[{.1], and let $ be the induced
map defined there. Then there is v > 0 such that

disty, (T5(0(2)), B(Ts(2))) < q0e” ", VaeX.

Proof. We use the same notations as in the proof of Theorem Let z € X,,, and denote
= |p(z)['. Then n' = |p(z)| > [z] = (D + ) =n — (D + () by [{2).
We choose two rays x € Ry[z], ¥ € R, [¢(x)] (i.e., x, = z and y,y = p(x)), and let
¢ € 0X,n € 90X’ be the equivalence classes of x,y respectively. Then £ € Jy(z) and
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n € J5(p(x)). For aray z € ¢(§), note that lim;_o(zi|¢(x;)) = oo (by (4.1))). Together
with (2.2)) and (4.3), we have for sufficiently large i,

(2w (@) = min{(z|2:)', (zilo (@), (@(i) ()} — 20"
> min {(z/|2:)", (zie(2:)), (xi|2y) — D} — 28
> min{n’,n—D} —25>n—D—24".

Hence it follows from (2.5]) that
(@©)n) = (zly) = (2wlyw) = (2wlp(2)) = n— D - 25".
This implies

disty, (P(To(x)), Th(p(x))) < (@), m) = e “FOM" < ypeem,

where g := e*(D+20), O

In the following we show that the converse of Theorem is also true.

Theorem 4.3. Let (X, E), (X', E') be two hyperbolic graphs. Then a map 7 : (0X, 04) —
(0X', 0,) is a bi-Lipschitz embedding (or a Lipschitz equivalence) if and only if there exists
a near-isometric embedding (or a near-isometry, respectively) ¢ : (X, E) — (X', E') such
that o = 7.

We need a lemma to estimate the distance of the G-cells in the hyperbolic boundaries.

Lemma 4.4. Let (X, E) be a hyperbolic graph, and let A, B be two subsets in 0X. Then
for a sequence of “intermidate sets” A1, Ag,--- , A, COX (n>1), we have

dist,, (A, B) < €% max{Ny, N}, (4.5)

where Ny := maxi<j<ny1{disty, (Ai—1, A4i)}(here Ag := A and A1 = B), and Ny :=

maxi<i<nt|Ailg, }-

Proof. Let £ € A, n € B and &;,n; € A; for 1 < i <n. By applying (2.6) repeatedly to
the sequence {5 = 507 m, gl) n, .- 7571—17 nn7€n7 Nin+1 = 77}7 we have

disty, (A, B) < 04(&n) < € max {maxi<;<pt1{0a(&—1, 7))}, maxi<i<n{0a(mi, &)} }
<e

6199 max {maxi<j<pt1{0a(&i—1,m)}, No}.

By taking infimum on the variables ;1 € A;_1,m; € A;, 1 <i<n+1, (4.5) follows. O
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Proof of Theorem[{.3 For simplicity, we write 8(-,-) := disty, (-,-), 0'(-,) := disty (-, ),
J =T and J' := J). In view of Theorem {4.1} we need only the proof of the necessity.
For 7: 90X — 0X', we can choose a map ¢ : X — X' that satisfies

o(@)" = ||, and J'(p(z)) N7(T(x)) #0, VzeX (4.6)

In fact, for x € X, since 7(J(z)) C 0X' = J'(X]), there exists y =: p(z) € X, (the
choice is not unique) such that J'(y) N 7(J(x)) # 0, and this ¢ : X — X’ satisfies (4.6)).
The main proof is to show that such ¢ is a near-isometric embedding (or a near-isometry
when 7 is bijective). It will be done by three steps, and an additional step for ¢ = 7.

Let C; > 1 be the constant for the bi-Lipschitzness of 7, i.e.,

Cloa(€m) < (7€), 7(n) < Croa(&,m), YV &medX.

Step I. We show that sup, ,cx{d' (¢(7), ¢(y)) — d(z,y)} < oo. Without loss of gen-
erality, we assume that (X, F) is expansive (otherwise we can prove the statement for
the auxiliary graph (X, E) first, and then use c?(m,y) < d(z,y) to make the conclusion).
For z,y € X, we consider the convex geodesic 7(x,u,v,y) in (X, E). Since (X, E) is an
expansive hyperbolic graph, the lengths of horizontal geodesics in (X, E) are bounded by
some constant L < oo (Theorem [2.3)). In particular, d(u,v) < L, and this yields

6(‘7(,“)“7(”)) < efa(u|v) _ efa(|u|fd(u,v)/2) < eaL/267a|u| (47)

(the first inequality holds since gq(£,n) = e~ < e=a(ulv) for all € € T (u), n € JT(v)).

Let n := |u| = |¢(u)|". Note that J(x) C J(u), thus 7(J(u)) intersects J'(¢(x)) as
7(J (z)) does. Also, we have 7(7 (u)) N J'(¢(u)) # 0 by the choice of ¢ in (4.6). Hence

&'(T'(e(x)), T'((w)) < [7(T(W))lg, < Cr|T (u)lg, < Cre™™". (4.8)

We choose v/ € X/, such that o(x) € J/(v'). Then J'(¢(x)) € J'(v'). Similarly, we
choose v' € X, such that ¢(y) € J/(v') (See Figure[3)). Making use of Lemma [4.4]on 0.X’,
we obtain the following estimates:

(i) &(J'(W), T (¢(u))) < cre™" by using an intermediate set J'(p(z)) and (4.8);

(ii) 6’(J’(g0(u)), j’(gp(v))) < coe™ " by using intermediate sets 7(7 (u)), 7(J (v)), the
bi-Lipschitzness of 7 and .

It follows from (i) and Proposition that there exists a constant D; := 501 such
that d' (v, ¢(u)) < D;. Therefore

d'(p(x),p(u) < d'(p(x), ) + d' (', p(u) < |le@)]" = lp@)]'| + D1
= [l = |ul| + D1 = d(w,u) + Dx. (4.9)

By symmetry, we also have
d'(¢(y), p(v)) < d(y,v) + D1. (4.10)
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Figure 3: The near-isometry ¢ : (X, E) — (X', E’).

By (ii) and Proposition with D := D,,, we have
d'(¢(u),¢(v)) < Ds. (4.11)
Combining (4.9)), (4.10) and (4.11]), we have

d'(p(x),0(y)) < d'(p(x),0(u) +d (), p(v)) + d'(0(v), ()
<d(xz,u) +d(v,y) +2D1 + Dy < d(z,y) + 2D1 + Dy

(the last inequality follows as d(x,y) is the length of the convex geodesic 7(x, u,v,y)).

Step II. We prove the other direction: sup, ,cx{d(x,y) — d'(¢(z), ¢(y))} < co. The
proof uses a similar idea as in Step 1. Without loss of generahty, we assume that (X', E')
is expansive (otherwise we use E’ and observe that d’ (p(x), 0(y)) < d'(e(x),e(y))). For
x,y € X, consider the convex geodesic 7(p(x), @, 0, ¢(y)) in (X', E'). Let L’ be the upper
bound of the lengths of horizontal geodesics in (X', E') (which is finite by Theorem [2.3)).

Analogous to ([4.7), we obtain
§'(J' (@), J'(0)) < eV P, (4.12)
where n' = |a| = |0]. We choose 1,7 € X, such that x € J.(u) and y € J«(v). Note that
T(J (@) N J(@) O 7(T(2)) N T (p(x)) # 0.
Using the same argument as in ([4.8)), we obtain
&' (T (@), T'(p() < 7(T @)y, < Cre ™. (4.13)

Applying Lemma [4.4] with intermediate sets J'(¢(@)), J'(@), J'(0), ' (¢(v)) and ([4.12)),
[4.13), we have &'(7(J (w)), 7(J (v))) < c3e~" . This and the bi—Llpschltzness of 7 imply

8(J (@), T (D)) < Creze™ ™
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By Proposition there is a constant D3 := ECTC3 such that d(u,v) < Ds. Hence
d(w,y) < d(x,u) +d(@,0) + d(©,y) < [le - [al| + Ds + [ly| - [7]]
= [le(@)l" = lal'| + D3 + [le(y)" = ol'| < d'(o(2), ¢(y)) + D3

(the last inequality follows from the convex geodesic m(p(x), @, 0, ¢(y))). Therefore, ¢ is
a near-isometric embedding.

Step III. We suppose 7 is bijective in this step. To show that ¢ : (X, E) — (X, E’)
is a near-isometry, it remains to verify that sup,x/{d'(z,¢(X))} < co. For z € X/, as
7(J (X)) = 7(0X) = 0X', there exists z € X,, such that 7(J(x)) intersects J'(z). By
the same argument as in , we have

8'(T'(¢(2)), T'(2)) < [7(T(2))g, < Cre .
It follows from Proposition that d'(¢(z), 2) < Dy := Dc. . Hence ¢ is a near-isometry.

Step IV. Note that ¢ is bi-Lipschitz by Theorem We need to show that ¢ = 7.
By Corollary we have

&' (T (p()), p(T () < e, weX. (4.14)
Using Lemma [4.4] with an intermediate set J'(¢(z)) and ([£.14), we have
8 (P(T (@), 7(T (@) < cae™". (4.15)

For £ € 0X, let x € R, be a ray in the equivalence class . As £ € J(x,), it follows
from Lemma [4.4| with an intermediate set 7(J (z,)) and (4.15]) that

0 (3(6),7(9)) < e max {|3(T ()l s &' (BT (@), T(T (@), 17(T (@), }
< 5% max {Cs,c4,Cr}e™",

where Cz > 1 is the bi-Lipschitz constant of the map ¢ (Theorem. By taking n — oo,
we obtain p(£) = 7(£), and this completes the proof. O

For a Lipschitz equivalence 7 of two hyperbolic boundaries, the above proof constructs
a near-isometry ¢ of two hyperbolic graphs so that 7 = @. In the following, we show that
the proof can be modified slightly to characterize all such .

Proposition 4.5. Suppose (X, E), (X', E') are two hyperbolic graphs, and 7 : (0X, 04) —
(0X',0,) is a Lipschitz equivalence. For a mapping ¢ : X — X', the following assertions
are equivalent.

(i) ¢ is a near-isometry from (X, E) to (X', E"), and the induced mapping ¢ (as in
Theorem |4.1]) equals T.

(i) There exist Do,y € [0,00) such that for any r € X,
|l (@)|" — ||| < Do, (4.16)

and disty (T5(p(2)), 7(Ta(2))) < ~oe~ . (4.17)
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Remark. Note that the ¢ in the proof of Theorem [4.3|satisfies Dy = 9 = 0. If we replace
“Lipschitz equivalence” and “near-isometry” in the above by “bi-Lipschitz embedding”
and “near-isometric embedding” respectively, the conclusion still holds.

Proof. (i) = (ii): Suppose ¢ is a near-isometry with the constant D > 0 as in Definition

and denote ¢ := |p(9)|". Then the inequality (4.16]) is given by (4.2)) with Dy = D +/.
Moreover, (4.17)) follows from Corollary

(ii) = (i): The proof will be done by the same four steps as in Theorem We only
provide the main adjustments in Step I here.

Note that for the convex geodesic m(z,u,v,y) in (X, E), unlike Theorem lo(u)]
may not equal |u|, and it is possible that |¢(z)|" < |¢(u)|. Let n := |p(u)|’. We choose
u' € X}, such that ¢(z) € J/(«) if [o(z)| > n and v’ € J/(¢(x)) otherwise. Using (4.16)),
we have

p(@)I' > || — Do > |ul — Do > |p(u)|' — 2D = n — 2Dy, (4.18)

and  d/(p(a), ) = [lp(@) — (]| < |lal — [ul| +2Do = d(,u) +2Dy.  (4.19)
The estimate of d'(¢(x), ¢(u)) (similar to (4.9))) follows from (4.19) and the estimate of

8 (J'(u), T (¢(u))) (using Lemma [4.4] with intermediate sets J'(¢(z), 7(J (x)), 7(J (u))
and (4.17), (4.18)). The same is for d'(¢(v), ¢(y)).

It remains to estimate d'(p(u), p(v)). Note that ¢(u), p(v) may not be on the same
level as in Theorem[£.3] Similarly, we choose v € X, such that p(v) € J/(¢') if [p(v)| > n
and v' € J/(¢(v) otherwise. Also, we have

lo(v)]' = n— 2Dy, and d'(v),p(v)) < [lu| = |v|| + 2Dy = 2D.

These together with the estimate of & (J'(p(u)), J'(v")) (applying Lemma 4.4 with inter-
mediate sets 7(J (u)), 7(J (v)), T'(¢(v)) and (4.17))) imply that d'(¢(u), ¢(v)) is bounded

by some constant. Combining these three estimates, Step I is completed.

The similar adjustments can be applied to other steps, and we omit the details. [

5 Index maps and admissibility

In this section, we will present the notion of index maps, introduced in [LW2, KLW]|, into
a purely topological framework. Let M be a Hausdorff (topological) space, and let Cys
denote the family of nonempty compact subsets of M.

Definition 5.1. Let (X, E) be a rooted graph. A map ® : X — Cp is called an index
map on (X, E,) over M if it satisfies

(i) ®(y) C ®(z) for allz € X andy € Ji(x);
(ii) N2 ®(x;) is a singleton for all x = [z;]; € Ry.
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We call such (X, E,®) an index triple (over M ). In particular, such ® (or (X, E,®)) is
called saturated if the above (i) is strengthened to ®(x) = U, e 7, ) ®(¥)-

The motivation of this definition is from fractal consideration. For a contractive iter-
ated functions system (IFS) {S;}X, with attractor K, let (X, E,) be the symbolic space
(coding space) used as indices. For x € X, take ®(x) = S;(F'), where F' is a nonempty
compact set such that Uf\il S;(F) C F. This ® satisfies (i) and (ii), hence (X, E,, ®) is
an index triple. In particular, if F' = K, then ®(z) equals K, the x-cell of the attractor
K. As K, is the union of its offspring cells, the index triple is saturated [Kil,|[Ka,LW1].

Example 5.2. (A fundamental intrinsic index triple) Let (X, E) be a hyperbolic
graph, and let M = 0X be equipped with the Gromov distance g,. Consider the map

Js : X — Cyx defined by the G-cells Jy(z) as in (2.7). Clearly, Jp(z) = UyEJﬁ(ac) Ta(y),
and for a ray x in an equivalence class £ € X, the intersection (2, Jo(z;) = {£}. It
follows that (X, F, Jy) is a saturated index triple.

The index map ® defines a map s : R, = M by {s§ (x)} = N2 P(z;) for x = [z;]; €
Ry. We denote the image of kg by K?® and call it the attractor of ®. Clearly K® € Cy;.
We say that two index maps ® and ¥ behave the same at infinity if rzg) = /{3’ . For an
index map ®, we define

o) =, (Uyejn(x)qu)), z € X.

Then ® : X — C ke is a saturated index map; we call it the saturated part of ®. It is clear
that ®(x) C ®(z), and ® behaves the same as ¢ at infinity.

Recall that when (X, E) is hyperbolic, the hyperbolic boundary 0X is defined as the
quotient set R,/ ~ (Definition [2.4). In this case, if an index map ® on (X, E,) satisfies

ko(x) = kg (y) & x~y, (5.1)

then it induces an injection k® : X — M via the quotient; we call k® the boundary map

of ®. For simplicity we shall omit the superscript ® in mg’ , k%, K® if no confusion occurs.

Definition 5.3. An index triple (X, E, ®) is said to be admissible if it satisfies
(i) the graph (X, E) is hyperbolic;
(ii) the boundary map k : 0X — M is a well-defined injection, i.e., (5.1) holds.

Remark. In Example it is clear that the intrinsic index triple (X, E, Jp) is admissible
with k = idgx.

We will see in Proposition that the x in (ii) is actually a (topological) embedding,
i.e., a homeomorphism from 90X to the image K. For an admissible index triple (X, E, ®),
it is easy to check that

k(Ja(x)) = ko(Ry[z]) = ®(2) C ®(z), VazeX, (5.2)
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and the inclusion is an “=" for all x € X if and only if (X, E, ®) is saturated. If an index
map ¥ on (X, F,) behaves the same as ¢ at infinity, we know from (5.1) that the index
triple (X, E, ¥) is also admissible.

For an integer k > 1, define
= J{eW) : du(x,y) <k}, weX (5.3)

Note that by (5.2), ®*(z) contains the s-image of the k-shadow of z (see (2-7)).

Lemma 5.4. Let (X, E,®) be an admissible index triple. Suppose (X, E) is expansive.
Then for an integer k > 1, the ®* in (5.3)) is an index map that behaves the same as ®,
hence (X, E,®%) is also an admissible index triple.

Proof. For x € X and u € J1(x), using the expansive property (2.3, each vertex v with
dp,(u,v) < k satisfies dy,(x,y) < k for all y € J_1(v). This shows that ®F(u) C ®*(x).

For a ray x € R,, we have

{50( )} = ﬂ 1"1 C ﬂl_ (I)k «Tz)

Let &€ € N2, ®*(x;). Then there is a sequence {y;}%°, such that & € 52, ®(y;) and
dp(zi,y;) < k for all i > 0. This {y;}:°, may not be a ray; however, using the local finite-
ness of (X, E,) and a diagonal argument, we can choose a ray z € R, and a subsequence
{Yi,, }52 o with y;,, € Ji(2zy) forall n > 0. As € € O(y;,,) C P(2n), we get £ = ko(z). Using
the expansive property we have

dp(xn, 2n) < dp(xi,,v5,) <k, vV n>0.

Therefore x ~ z, and it follows from (5.1)) that ko(x) = ko(z) = £. Hence the intersection
N2, ®*(z;) is the singleton {ro(x)}, i.e., ®* : X — Cyy is an index map with /<ag’k = Ko,
and this completes the proof. O

Proposition 5.5. Let M be a Hausdorff space. For an admissible index triple (X, E, ®)
over M, the boundary map k : 0X — M 1is a (topological) embedding.

Proof. First we assume that (X, E) is expansive. Then by Theorem [2.3] (X, E) is (m, k)-
departing for some integers m,k > 1. Let C' > 1 be as in Proposition (11). Suppose
€ € 0X is the equivalence class of a ray x = [2;]3°, € R,. For a sequence {n,}7>; in 0X
with 04(1n, &) < C~te™" it follows from Proposition (ii) that 7, € J4(x,). Using the
definition of k-shadow , and , we have

k() € #(T5 (@n)) = k(({To(y) : dn(wn,y) < k}) C @ ().

By Lemma the sequence {x(n,)}52; converges to /‘igk (x) = ko(x) = k(&). This shows
that k : 0X — M is continuous, hence is closed by the compactness of 0X and the
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Hausdorff property of M. Since k is injective by definition, it is a topological embedding,
i.e, a homeomorphism from 9X to the image K.

For the (X, E) that is not expansive, by Proposition Theorem the auxiliary

~

graph (X, F) is expansive and hyperbolic, and by Corollary the hyperbolic boundary
d(X,E) = 9(X, E) (where the identity map is a homeomorphism). Hence the embedding
% from O(X, E) to M is also an embedding from (X, E) to M. O

As a consequence, for an admissible index triple (X, E, ®), the attractor K C M is
metrizable. More precisely, the Gromov distance g, on 0X defines a quasi-metric g, on
K by

0a(&n) = 0a(k71 (&), k7 (), &mEK, (5.4)

and the induced topology equals the one inherited from M.

The following is the main conclusion of this section. We use the above considerations
to characterize all embeddings of hyperbolic boundaries by admissible index triples.

Theorem 5.6. Let (X, E) be a hyperbolic graph, and let M be a Hausdorff space. Then
a map T : 0X — M is an embedding if and only if (X, E,T o Jy) is an admissible index
triple over M. Moreover in this case, we have k™70 = .

Proof. Let ® := 70 Jy. For a ray x = [x;]; that belongs to an equivalence class £ € 0X,
we have

{r(©)} = (N Jolx0) < (_,7(Jala) =) 82)- (5.5)

For the necessity, as Jo(z) = Uye 7 () Jo(y), we have ®(z) = U, ¢ 7 () @(y). On the
other hand, note that 7 is an injection, the inclusion in is actually an ”=". Hence
® is a saturated index map, and the boundary map x® is well-defined and equals 7. It
follows that (X, F/, ®) is an admissible index triple over M.

For the sufficiency, as ® = 707y is an index map, it follows from (5.5)) that ();2,®(z;) =

{7(&)} whenever x € R, belongs to £ € X, hence x{ satisfies (5.1)), and the boundary
map k® = 7. By Proposition such 7 is an embedding from 9X to M. 0

For an index map @ fixed on a vertical graph (X, E,) (e.g. the family of cells indexed by
the symbolic spaces of a contractive IFS), if we can augment the graph by adding a set Ej,
of horizontal edges on each level X, such that the index triple (X, E, ®) with £ = E,UE},
is admissible, then the attractor K and the hyperbolic boundary X will be (topologically)
identified (Proposition . The following is a natural choice of augmentation which uses
the intersecting pairs in {®(z)},cx,, n > 1 [Ka,LW1].

Definition 5.7. An Al,-triple (augmented index triple of type-oo, or intersection type)
is an index triple (X, E, ®) in which the horizontal edge set Ej, equals

B = U:"Zl{(x, y) € X x X \ A B(z) N B(y) # 0} (5.6)

Such (X, E) is called an Als-graph (associated to ®) [LW1,LW2,|[KLW].
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Clearly every Al,.-graph is expansive, and it was proved in [KLW| Proposition 4.6] that
the hyperbolicity of Al.,-graph is sufficient for the admissibility of Al..-triple. However,
Al-graphs are not always hyperbolic (e.g. [KLW|, Example 6.1]). In Section [6 we give
more discussion of this type of triples when the underlying spaces are quasi-metric spaces.

6 Al,-triples and bi-Lipschitz embeddings

In this section, we consider some specific index triples for which the underlying space M
is equipped with a quasi-metric p, and explore the bi-Lipschitz property of the boundary
maps.

Let ® be an index map on a vertical graph (X, E,) over (M, p). For a € (0,00), we
say that ® is of exponential type-(a) (under p) if |®(x)|, = O(e~*) as x| — co. As we
will see in Example every K € Cyy is the attractor of some index map of exponential
type-(a).

Similar to (2.8)), for v € (0,00) and fixed a > 0, we define a horizontal edge set by

B (=B ) = {(@,y) € Xa x X\ At dist,(@(2), (y) <ve ™}, (6.1)
and let EO) .= E, U E}(LA’). It is known that (X, E()) is expansive (m,1)-hyperbolic for
some integer m > 0 [KLW| Theorem 4.5].

Definition 6.1. For a € (0,00), we say that an index triple (X, E,®) is of augmented
type-(a) (Al,-triple) over (M, p) if it satisfies

(i) ® is of exponential type-(a) under p;

(ii) there exist v1,7v2 € (0,00) such that Eéam) C EyC E,(lam).
In this case, we call (X, E) an Al,-graph (associated to ®).

Remark 1. In [KLW]|, we called only the (X, E®)) defined by an Al,-graph, which
augments (X, F,) by explicit horizontal edges in E}(Lv). This is generalized to the present
definition that brings more flexible choices of Ej. By a slight abuse of notation, we still
use AI, to denote such graph (X, E). Unlike (X, E(), this (X, E) is not always expansive
(unless v2 /71 < e?). Nevertheless, by using a near-isometry in the following proposition,
we are still able to prove that (X, E) is (m, 1)-hyperbolic.

Remark 2. Suppose (X, E) is an expansive (m, 1)-hyperbolic graph. In view of Lemma
the intrinsic index triple (X, E, Jy) (see Example is an Al,-triple. This is also a
motivation to extend the definition of Al,-graph into the present setting.

Proposition 6.2. Let (X, E,®) be an Al,-triple. Then

(i) the identity map idy : (X, E) — (X, EM) is a near-isometry;
(ii) the Al,-graph (X, E) is (m,1)-hyperbolic for some integer m > 1.
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Proof. The assertion (i) follows from the same argument as in Lemma (in which we
replace the Gromov distance g, by p, and the constants ¢,~,C by 1,71, 2 respectively).
For (ii), note that (X, EM) is hyperbolic, so is (X, E) via the near-isometry in (i). It
remains to show that the auxiliary graph (X, E) is (m, 1)-departing for some m > 1.
We claim that E,(jl) c E, C E,(JQ), thus (X, E) is also an Al,-graph. Indeed, since
E, C E}(LW) , and (X, E('Y2)) is expansive, by using the minimality of E (Proposition ,
we have Eh - E,(LW). This together with E}(Lll) c B, C Eh proves the claim.

The remaining proof is similar to the one in [KLW, Theorem 4.5], so we omit it. [

Theorem 6.3. Suppose (X, E, ®) is an Al,-triple over a quasi-metric space (M, p). Then
(X, E,®) is an admissible index triple, and the boundary map k : (0X,04) = (M, p) is a
bi-Lipschitz embedding, i.e.,

p(k(&),k(n) < 0a(&,m), V& nedX. (6.2)

Proof. The hyperbolicity of (X, E) is proved in Proposition From the near-isometry
in Proposition (i), we see that x ~ y in (X, E) if and only if it holds in (X, E(),
Hence the boundary map « is well-defined, so that (X, E/, ®) is admissible. Also we have
I(X,FE)=0(X, E(I)), on which the corresponding Gromov distances g, Q((ll) are Lipschitz
equivalent by Proposition Now applying [KLW, Theorem 4.5] to (X ,E(l)), we see
that the boundary map & is a bi-Lipschitz embedding from (X, EM) to (M, p), so is the
one from (X, E). O

It is straightforward to check that to be an Al,-triple is preserved by bi-Lipschitz maps:
for an Al,-triple (X, E, ®) over (M, p) and a bi-Lipschitz embedding 7 : (M, p) — (M, p'),
(X, E,70®) is an Al,-triple over (M', p').

Recall that a hyperbolic graph (X, F) is (m, k)- hyperbolic for some integers m, k > 1
(Corollary. This means that the auxiliary graph (X, E) is (m, k)-departing, and the
k-fuzz (X, E*) is (m, 1)-departing. Analogous to Theorem 5.6, we are able to characterize
all bi-Lipschitz embeddings of hyperbolic boundaries by AIa—triples.

Theorem 6.4. Let (X, E) be an (m, k)-hyperbolic graph, and let (M, p) be a quasi-metric
space. Then a map 7 : (0X,04) — (M,p) is a bi-Lipschitz embedding if and only if
(X, E¥ 70 Jp) is an Al,-triple over (M, p).

Proof. By Theorem Corollary and Proposition (X, E’k) is a hyperbolic graph
with the boundary 9(X, Ek) = 0(X, E), and the corresponding Gromov distance Eék) is
Lipschitz equivalent to g, on 0.X.

Let ® := 70 Jy. Suppose 7 : (0X, 04) — (M, p) is a bi-Lipschitz embedding, then it is
also bi-Lipschitz when g, is replaced by Efzk). It follows from Remark 2 that (X, Ek, Ja) is
an Al,-triple over (0X, @(lk)), and so is (X, E* ,®) over (M, p). This proves the necessity.
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For the sufficiency, note that the boundary map x® = 7 (by Theorem . Applying
Theorem@, the map 7 : (0X, 52’“)) — (M, p) is a bi-Lipschitz embedding. As g, @gk are
Lipschitz equivalent on 0.X, the assertion in the theorem follows. O

As a consequence, we have that in some sense, every admissible index triple can be
viewed as an Al,-triple.

Corollary 6.5. Suppose (X, E,®) is an admissible index triple, and (X, E) is (m,k)-
hyperbolic. Then (X, E¥, ®) is an Al,-triple over (K, 3,), where ® is the saturated part
of ®, and 0, is the quasi-metric defined by (5.4)).

Proof. We observe from (j5.2]) and ([5.4]) that d=ko Ja, and k : (0X, 0,) — (K, 04) is an
isometry. The conclusion follows from Theorem [6.4] with 7 = &. O

It follows from Theorems [£.3] and [6.3] that two AI,-triples possess Lipschitz equivalent
attractors if and only if the Al,-graphs are near-isometric. More precisely, we have

Proposition 6.6. Suppose (X, E,®), (X', E',®") are two Al,-triples over quasi-metric
spaces (M, p), (M, p') with attractors K, K' respectively. Then a map 7 : (K, p) — (K', p')
is a Lipschitz equivalence if and only if there is a near-isometry ¢ : (X, E) — (X, E') that
satisfies

! ~
k¥ 0o =71o0k?

Proof. By Theorem both k% : (X, 04) = (K,p) and &® : (0X',d,) — (K',p) are
Lipschitz equivalences.

For the sufficiency, it follows from Theorem |4.1|that the map @ : (0X, o) — (0X’, 0})
induced by the near-isometry ¢ is a Lipschitz equivalence, and so is 7 = k® o po(k®)L:
(K, p) — (K',p') by composition.

(0X,00) =5 (K, p)

o |
o K® /AN
(BX ) Qa) — (K ' P )
To prove the necessity, note that 7/ := (k®)"' o7 0 k® : (0X,04) — (0X',0,) is a
Lipschitz equivalence by composition. By applying Theorem to this 7/, we obtain the
desired near-isometry ¢ : (X, E) — (X', E'). O

Now we turn to revisit the Al -triples (X, E, ®) (Definition over a quasi-metric
space (M, p) (in which (X, F) may not be hyperbolic). Compared with Al,-triples, it is
clear that Ehoo) C E,(La"Y) for all @,y > 0. Consequently if the index map ® is of exponential
type-(a) and the associated Al.-graph is hyperbolic, then the boundary map « is a (one-
sided) Lipschitz embedding [KLW| Corollary 4.7], but may not be bi-Lipschitz (e.g. [KLW|
Example 6.2]). Particularly for saturated ®, we have the following characterization of the
(m, k)-hyperbolicity of Al,-graph together with the bi-Lipschitzness of k.
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Theorem 6.7. Suppose (X, E,®) is a saturated Al -triple over a quasi-metric (M, p).
Then for a € (0,00) and an integer k > 1, the following assertions are equivalent.

(i) The Alx-graph (X, E) is (m, k)-hyperbolic for some m > 1, and the boundary
map K : (0X, 0a) = (M, p) is a bi-Lipschitz embedding;

(ii) ® is of exponential type-(a) under p, and there exists v > 0 such that (X, E)
satisfies for x,y € X,

| = |y, and dist,(®(z), ®(y)) <ve = dy(z,y) <k (6.3)

(i) (X, E*, ®) is an Al,-triple over (M, p).

Proof. (i) < (ii) has been proved in [KLW| Theorem 4.8].

(ii) = (iii): It suffices to show that E,(Z'Y) C EF C E,(lw) for some v, > 7. The first
inclusion is straightforward by (6.3)). For the second inclusion, let & := sup,¢x el?l|®(2)],
which is finite as ® is of exponential type-(a). For (z,y) € EF, there is a horizontal path
[x =g, 21, ,xp—1,2¢ = y] in (X, E) with £ < k. Using the quasi-triangle inequality,

/-1
dist(®(2), B(y)) < 572> |9 ()] < C5~>(k — 1)dge .

Hence (z,y) € E,(la’W) with 79 1= max{Cﬁ‘Z(kz —1)do, v}

(iii) = (i): By Proposition|6.2(ii), the k-fuzz (X, E¥) is (m, 1)-hyperbolic for some m >
1. This implies that (X, E) is (m, k)-hyperbolic. Moreover, we have 9(X, E) = (X, E¥)
on which two Gromov distances g, and Q((lk) are Lipschitz equivalent (Proposition. It
follows from Theorem m that x : (O(X, E¥), ng)) — (M, p) is a bi-Lipschitz embedding,
and so is the one from (9(X, F), g,). This completes the proof. O

We conclude this section with two statements on the existence of Al,-triples. The first
one is under a given attractor, for which we provide an example posted in the beginning of
the section. The construction arises from the dyadic cubes in spaces of homogeneous type
introduced by Christ |Ch] (see also Example , where the following concept is needed:
for F € M and r > 0, a discrete subset = C F' is called an r-net on F if p(&,n) > r
whenever £,n € = are distinct, and F' C UgeE B,(&,r). By Zorn’s lemma, one can easily
show that such Z always exists. Clearly, any r-net on F is a finite set provided that (F, p)
is compact.

We need to use the following result proved by Macias and Segovia [MS] (see also [He,
Proposition 14.5]): for a quasi-metric space (M, p), there exist ¢ > 0 and a metric 6 on
M such that 0(¢,n) =< p(&,n)¢ for all {,m € M.

Example 6.8. (The existence of Al,-triples under a given attractor) Let (M, p)
be a quasi-metric space. For arbitrary K € Cy; and a € (0,00), there exists an index map
® of exponential type-(a) with attractor K® = K. Furthermore, the associated Al,-graph
(or Als-graph) has bounded degree provided that (K, p) is doubling.
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Suppose K € Cps. Without loss of generality, we assume that |K|, = 1. Fix a,cy €
(0,00). For n > 0, let =,, be an e™**-net on (K, p), and let X,, = =,, x {n} (by convention
Xo = {9}). Let X = ;2 Xn, and define ¢ : X — K to be the natural projection of each
X, onto =,. Then by the definition of e~*"-net,

Kcl, o Bole(2).e™™) and p(u(x),u(y)) > ™", z#yeXn  (64)

We choose the vertical edge set F, on X with root ¥ to be a subset of

U {@9), 10) : 3 € Xy € X, pl), 1(y)) < ™) (6.5)

such that Ji(z) # 0 for all x € X. Define
P°(z) = Uzej . By(1(2),coe” ), and ®(z) = (®°(x))”, zeX. (6.6)

We claim that ® is an index map on (X, E,) of exponential type-(a).

Clearly, ®(y) C ®(z) for all y € Jy(z). We show that |®(z)|, = O(e~*l). From the
above, we have a metric § on K satisfying C~!p(-,-)¢ < 6(-,-) < Cp(,-)¢ for some € > 0
and C > 1. Let z € X,, and ¢ € ®°(z). By (6.6), there is a ray x = [1;]22, € R, such
that 2, = 2 and ¢ € B,(t(2ntm), coe~*"F™). Tt follows from that

Cp(u(a). )" < <ZZ O @nti1), 1)) + 0 m) )

< C —ae(n+i—1) +CC€ —ae(n+m) C(l +CO)e—ane
=1 1 — e—ae ’

1—e—ac
of the ball B,(:(z),C1e~*"), and this proves the claim.

Moreover, the attractor of ® equals K. Indeed, for a ray y € R,, we have /-ﬁg’ (y) €
O(yn) C Bp(t(yn), Cre™ ")~ for all n > 0, thus the sequence {¢(yn)}5>, converges to
ﬂg’ (y). By the compactness of K, the limit x%(y) belongs to K, and hence K® =
kS (R,) C K. On the other hand, for ¢ € K and i > 0, by . ) there exists z; € X;
such that & € B,((2i), ™). This {2;}3°, may not be a ray; using the local finiteness of
(X, Ey) (by the compactness of K') and a diagonal argument, we can choose a ray w € R,
and a subsequence {z;, }°, such that z;, € Ji(wy,) for all n > 0. Let n := k& (w). Using
the quasi-triangle inequality, we have

p(&.m) < Cpp(&, @(wn)) + | (wy)|,)
Co(p(&, 1(zi,)) + |2(wn)]p) < Cp(1+do)e™ ™",

) L/e
that is, p(¢(x),() < <02(1+ °)> e~ =: Che” . Hence ®(x) is covered by the closure

where 0y := sup,¢ y e?|®(z)|, is finite as ® is of exponential type-(a). Taking n — oo,
¢ = n follows. Therefore, K® = K.

If (K, p) is doubling, then ® satisfies the separation condition (S,) in [KLW| Definition
5.1]. In this case, both the Al,- and Al.-triples are admissible, and the corresponding
graphs are of bounded degree (by Theorems and [KLW| Theorems 5.4, 5.5]). O
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Another issue is on the existence of Al,-triples over a Euclidean space. We say that
an index map ® is Fuclidean if the underlying space M = R" for some n > 1. In metric
geometry, a related question is to characterize the metric spaces that can be bi-Lipschitz
embedded into some Euclidean space. An elegant and well-known result for this is the
Assouad’s theorem [A] (see also [He, Theorem 12.2]), which states that for any doubling
metric space (M, p) and € € (0,1), there is a bi-Lipschitz embedding T from (M, p(-,-)¢)
to some R™. From this we conclude that

Proposition 6.9. Let (X, E) be an (m,k)-hyperbolic graph with bounded degree. Then
there exists a set of Fuclidean index maps {(I)(a)}ae(o,ao) with some ag > 0 such that each
(X, E* ®@) is an AI,-triple.

Proof. As (X, E) is of bounded degree, it follows from Theorem that the hyperbolic
boundary (90X, g,) is doubling. Note that g4(-,-)%% = g(-,-) for a,b > 0. Using the result
by Macias and Segovia [MS], there exists ag > 0 such that g4, is Lipschitz equivalent to
some metric 8 on 0X, and the metric space (0X,0) is also doubling.

Applying the Assouad’s theorem [A] to this (09X, 6), we have a bi-Lipschitz embedding
7o : (0X,0(-,-)F) — R™ for each € € (0,1) (here n depends on €). Let ®@ := 7. 0 J with
a = ape. By Theorem the statement follows. O

7 On spaces of homogeneous type

Let u be a nonnegative measure on a quasi-metric space (M, p) that is regular Borel with
respect to the canonical topology 7,. We say that u is volume doubling (VD) if there
exists C' > 0 such that for any £ € M and r > 0,

0 < u(By(§,2r)) < Cpu(B,(§,7)) < oo.

It was observed by Coifman and Weiss [CW| that the existence of (VD)-measure p implies
the doubling property of (M, p). Conversely, Luukkainen and Saksman [LuS| proved that
every complete doubling metric space carries a (VD)-measure; in view of the result by
Macias and Segovia [MS], the same holds true for a complete doubling quasi-metric space.

In this section, we assume that (M, p, ) is a space of homogeneous type [CW], i.e.,
a quasi-metric space (M, p) equipped with a volume doubling (VD) measure p. In |Chl,
Christ showed that such space admits a partition system (dyadic cubes) that can be
represented by a tree. In the following we give a brief outline of his construction, slightly
adapted to compact sets. Much of the basic setup is in Example

Example 7.1. (Christ’s dyadic cubes) Let (M, p, 1) be a space of homogeneous type.
We fix a nonempty compact set K C M, and two constants a, co € (0,00) such that
3 —
Cpe

=Gy + Co0
p

%. (7.1)
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where C, > 1 is the constant in the quasi-triangle inequality.

Define the vertex set X and the projection ¢ : X — K as in Example Forn >0
and z € X,,11, we choose x~ € X,, such that «(z7) is the nearest point from ¢(x) among all
points in =, = ¢(X,,) (if there are two or more nearest points, we select an arbitrary one
from them). Let E, = {(z,27),(z7,z) : v € X, x # J}. We claim that all assumptions
in Example are fulfilled by (X, E,).

Indeed, from the choice of 7, we see that p(¢c(z), (7)) < €™, thus E, is a subset of
the set in (6.5). Clearly (X, E,) is a tree with root 9. It remains to show that Ji(z) # 0
for any = € X,,. For this, as Z,41 is an e~ *™*tD_net on K, the point t(x) must lie in some
ball B,(¢(y), e~ with y € X,,41. For this y and any 2’ € X,,\ {z}, the quasi-triangle
inequality implies that

plule!) o)) 2 C; ' p(ela’), o)) = p(u(a) o(y)
> Cp—le—an — —a(n+1) - (Cp lea _ )6—a(n+1)
> 2e7 ) > p(u(e), 1(y)

(the third inequality holds since (C/jlea 1)t = lcé,e eaa < C — <3 by . This

means that x = y~, and complete the proof for Ji(x) # (0 for any x € Xn.

We define ®° and ® as in (6.6), and call {®(z)}.cx a set of (Christ’s) dyadic cubes.
The assumption implies that ®°(x) and ®°(y) are disjoint for any distinct =,y € X
with |z| = |y| [Ch, Lemma 15]. As (M, p) is doubling, so is the attractor (K, p). It follows
that both the Al,- and Al..-triples are admissible, and the corresponding graphs are of
bounded degree.

Finally we remark that by using the Lebesgue differentiation theorem on metric spaces
with (VD)-measures, it was proved in [Ch| that p({,cx, ®°(z)) = p(K) for all n. This
implies that the {®(z) }rex is p-separated, i.e., pu(®(x)NP(y)) = 0 for any distinct z,y € X
with |z| = |y|; such p-separation property was used in [KLW2| to investigate the random
walks on a class of Al,-graphs over compact spaces of homogenous type. ]

In the study of fractals through the augmented trees, we initially started with a mod-
ified symbolic space X of the IFS, where each level set X,, consists of indices = that the
corresponding cells K, are of approximately equal sizes, then added the horizonal edges
on each X, to form the augmented tree [LW1,|[LW3|. In [KLW|, we considered the IFS
associated with weights, and we formulated the augmented tree by regrouping the indices
such that the weights are approximately equal on each level. This works fine for the class
of post critical finite (p.c.f.) sets equipped with self-similar measures.

To extend this consideration, the family of (VD)-measures can provide a broad class of
examples. Note that for self-similar sets satisfying the open set condition, Yung [Y] gave
a necessary and sufficient condition for a self-similar measure us to be volume doubling;
in particular, for the IFS {Sj}§:1 of two-dimentional Sierpinski carpet, where the S;’s
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are arranged in the counterclockwise direction starting from one of the four corners, the
condition is that the weight s satisfies s1 = s3 = s5 = s7, so = s¢ and s4 = sg.

Motivated by this, we consider a general counterpart on spaces of homogeneous type.
Let (X, E,) be arooted tree such that Ji(z) # 0 for allz € X . Write J_1(z) = {z~ }. Let
® be an index map on (X, E,) over (M, p), and let K be the attractor. For convenience
of notions, we set ®(z) = K,(= ®(x) N K), and denote the ball B,(§,r) N K simply by
B,(&,r) (that is, consider the case that M = K without loss of generality). Let v be a
probability measure on K with supp(v) = K and v({{}) =0 for all { € K. Suppose

(= (V) = inf{v(K,) /v(K,-):x € X, x #9} > 0. (7.2)
Consider a regrouping of vertices in X by setting Xo(v) := {9}, and for n > 1,
Xn(v) :={r e X :v(K,;) < <v(K,-)}. (7.3)

Let X (v) := U,_y Xn(v) be the new coding space. The initial rooted tree (X, E,) natu-
rally induces a vertical edge set on X (v) as

UZ (@0, 2) 2 € Xaw), y € Xnia(0), y € Zule) in (X, By},

and we denote it by the same E, for simplicity. Then it is easy to check that (X (v), E,)
is a tree with root ¥ that satisfies J1(x) # () for all x € X (v) (note that X (v) C X, and
each ray [z;]; in X contains a unique subsequence [z;, ], that is a ray in X (v) by (7.3)).
Moreover, ® restricted on X (v) is an index map on (X (v), E,) over (K, p), and K is still
the attractor.

In the rest of this section, we will make two assumptions on ® and (K, p):

(A1). The index map ® is of exponential type-(a) and satisfies condition (B,) for some
a € (0,00), i.e., there exist 0 < ¢y < 1 and a projection ¢ : X — K such that

B,(u(z),coe™ ™) C K C B,(1(x),cg te™ ™), VeeX, n>1. (7.4)

(A2). The attractor (K, p) is uniformly perfect, i.e., there is a constant ¢ > 1 such that
for € € K and r > 0,

K\B,(&r)#0 = By(&r)\ By(&,r/t) # 0.

Intuitively, the assumption (A2) implies that K cannot have “arbitrarily thick” empty
annulus (i.e., the ratio of two radii is bounded). It is known that the class of uniformly
perfect sets includes connected sets, self-affine sets, conformal attractors, and Julia sets
of rational maps or rational semigroups with a common Lipschitz constant [HM,MR}St1}
St2, XYS|.

We consider a (VD)-measure p on (K, p), and assume without loss of generality that
u(K) = 1. Clearly supp(p) = K. By the uniform perfectness (assumption (A2)), we see
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that there are no isolated points in K, and thus u({¢}) = 0 for all £ € K [KaW| Lemma
2]. Using ([7.4)), the quasi-triangle inequality and the volume doubling property of pu, for
any x € Xp(p) with n > 1, we have

pu(By(u(x™), ¢ le a(n—l))) < M(Bp(L(IL’),20,,06167“(”*1)))
C- pu(By(u(x ) coe” ™)) < Cu(Ky).

p(K )

IA N

This implies that the constant c, in ([7.2)) is positive, and hence (X (1), Ey) is well-defined.
Consider the Al -triple (X (i), ), ®) as defined in (5.6), and we have

Theorem 7.2. Suppose the index map ® on (X, E,) over (K, p) satisfies (A1) and (A2),
and p is a (VD)-measure on (K, p). Then the Alo-graph (X (p), E©)) is hyperbolic, and
hence the Al-triple (X (), E(%), ®) is admissible.

Proof. We define a new quasi-metric g, on K via p by setting

qu(&:m) = p(B,(& p(&,m) U By(n, p(&,m)),  &neK. (7.5)

It is easy to check that g, is a quasi-metric. By [He, Proposition 14.14] (where the uniform
perfectness is used), the identity map idgx : (K, p) = (K, q,) is a quasisymmetry. As the
doubling property is a quasisymmetric invariant [He, Theorem 10.18], we know that the
quasi-metric space (K, q,) is also doubling.

We will consider the Al-triple (X (u), E(™), ®) over (K, q,). Let a = |logc,|. First,
we claim that @ is of exponential type-(a) under g,. Indeed, for z € X,, and &,n € K,
from the quasi-triangle inequality and (7.4)) we have

Bo(&,p(€,m)) C By(&,2C,c5 ™) C B,(u(x),3C2c5 "e™™),
Similarly, B,(n, p(§,n)) C By((z), BCgco_le*a"). Suppose z € X, (). It follows that

0u(&,m) < 2u(Bp(u(x),3C;cy e ™))
< Cu(Bp(u(zx), coe™ ™)) < Cu(Ky) < Ccf' = Ce ™.

This proves the claim.
On the other hand, for € X, N X, (1) and ¢ € K\ B,(¢(x), coe™ "), we have

qu((x), ) = (B, (u(x), p(v(2), C))) = (B (e(x), coe™ "))

>
> c1u(B (L(:L“),CO e M) > e u(Ky) > clcm+1 = coe” ¥,

where c = cic.. Therefore By, (u(z), coe™™) C By(t(x), coe™ ™) C K. This shows that
the index map ® on (X (u), E,) satisfies the ball condition (B,) in [KLW, Definition 5.1]
under ¢,. Now by [KLW, Theorem 5.4], the Al-graph (X (1), E*) is hyperbolic, and
hence the Al.-triple is admissible. O
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Remark 1. We cannot replace the assumption (A1) by c.(p) > 0 in the above theorem.
For this, a counterexample is the binary partition on K = [0,1]? in [KLW| Example 6.1]:
let 1 be the Lebesgue measure on K. Then c,(u) = 1/2. However, the index map ® is
not of exponential type under the Euclidean metric, and it is known that the associated
Al-graph is not hyperbolic.

As in (5.4), via the homeomorphism % : d(X (), E(*)) — K, the Gromov distance
0, defines a new quasi-metric g, on K.

In the next theorem, we need to use the following result in [KLW)| Proposition 5.3]:
for an index map ® of exponential type-(a) with doubling attractor (K, p), condition (S,)
1s satisfied if and only if there exist a projection v : X — K, ¢ > 0 and £ > 0 such that

#{x € Xy : p(t(x),(y)) < ce” "} < 4, Vn>0,ye€X,. (7.6)

Theorem 7.3. With the same assumptions as in Theorem suppose there exists an
£ >0 such that

#{r e Xp(p): p(KzNKy) >0} <Y, Vn>0,ye X,(u). (7.7)

Then the Al-graph (X (), E()) has bounded degree. Furthermore if ® is saturated, then
for any a > 0, the measure p is Ahlfors-reqular with exponent (—logcy/a) on (K, d,), i-e.,

u(Bg, (&) < rTlee/a e K, re(0,1). (7.8)

Proof. We first take a = |log ci|. In the proof of Theorem with the quasi-metric g, in
(7.5), we have observed that (K, g,) is doubling, and the index map ® on (X (u), E,) over
(K, qu) is of exponential type-(a) and satisfies the condition (B,). For z,y € X, () with
qu(t(x),(y)) < ce™ (here c is the constant in the condition (B,)), as supp(u) = K, we
have

W 1K) > 1By (@), ce=™) 0 By, (1y), ce~™) > 0. (7.9)

It follows from ([7.7)) that
#{r € Xn(p)  qule(z),0(y)) <ce™ ™} <l Vn>0, ye Xu(p)

This shows that ® on (X (u), E,) satisfies the condition in (7.6)) under g,, and hence the
separation condition (S,) in [KLW| Definition 5.1]. As a consequence, the Al -graph has
bounded degree (by [KLW|, Theorem 5.5]).

Now suppose @ is saturated, and a > 0 is arbitrary. The proof of ([7.8)) is similar to the

one in [KLW| Proposition 6.5]. Using Theorems and we know that (X (u), E(*))
is (m, k)-hyperbolic for some integers m,k > 0. For x € X (u), set

O () := | {Ky ¢ dn(z,y) <k in (X (), E©))}
as in (5.3)). Using Proposition (ii), (5.4) and (5.2)), there is a constant Cy > 1 such that

B, (€,Cy ey € w®(T5(2)) = ®F () € By, (€, Coe ), ¥z € X(u), € € Ky,
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(here the “=" holds since ® is saturated). As T < pw(Ky) < p(®F(z)) < nkclfl where

1 1= SUPye x () deg(z), it follows that

B- ’071 —an\) < k n,
{u(@@ 0 € ))_n? VEeK n>0,
(B, (&, Coe™ ")) > it
and this proves ([7.8)). O

Remark 2. Under the assumption (A1), the separation condition in is equivalent
to the one in (the necessity follows from the same estimate as in ), and also to
condition (Sp) (this sufficiency is straightforward). Also note that if ® is u-separated (i.e.,
p(Ky N Ky) =0 for all  # y with |z| = |y| in (X, E,)), then is satisfied for ¢ = 0.
In the study on self-similar sets, the p-separation property is satisfied for all self-similar
measures where the IFS has the OSC.

Acknowledgements: The authors would like to thank Professors Alexander Grigor’yan
and Bochen Liu for many valuable discussions.
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