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1. Introduction

The stochastic representation problem under linear expectations was first investigated by Bank and El
Karoui [2] (2004) for the continuous time case, and by Bank and Follmer [3] (2003) for the discrete time
case.

For a given real-valued optional process X = {X;}:co,r7 (Which is required to have certain regular-
ity properties), the stochastic representation problem (in continuous time) aims at constructing a unique
progressively measurable process L = {L;}4cjo,7) such that the given process X can be written as:

T
Xt:Et[/f(s, sup Ly,)ds], 0<t<T,
t

t<v<s

where f = f(¢,1) is a given function, assumed to be continuous and strictly decreasing with respect to [
(from 400 to —oo0) and E:[] denotes the (linear) conditional expectation with respect to the information
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available at time t. Bank and El Karoui [2] show that there exists a unique solution L to the stochastic
representation problem. Moreover, the solution is characterized by the following: for every stopping time
o<T,

L, = eTsz%lf lo.r, P-as., (1.1)
where 7, is the set of all stopping times 7 such that 7 > o on the set {c < T'}, P-a.s. and [, , is the unique
F,-measurable random variable satisfying

B, (X, — X,] = B, / Ft 1)),

The stochastic representation results have been successfully applied to various stochastic control problems in
mathematical finance and mathematical economics, such as optimal consumption choice with Hindy-Huang-
Kreps-type preferences (see [4], [12]), irreversible investment (see [9], [10], [19]), dynamic allocation problems
(see [11]), or a variant of Skorokhod’s obstacle problem (see [16]). Roughly speaking, finding the optimal
consumption plan with intertemporal substitution, the base capacity policy of the irreversible investment
problem and the solution to a certain obstacle problem of the Skorokhod type amounts to finding the
solution of a specific stochastic representation problem. More recently, [1] extend further the framework for
validity and applications of the stochastic representation problem by using some fine notions and techniques
from the general theory of processes.

Since, in the above framework, stochastic representation is considered under one probability measure P,
it cannot be applied to address financial or economic problems involving ambiguity /Knightian uncertainty.
Uncertainty typically leads to non-linearity of the “expectation” operators. It is well-known that the (non-
linear) g-expectation (cf. Peng [18]) is a powerful tool to study problems with ambiguity. In this paper, we are
interested in the stochastic representation problem under g-expectation; formally, this amounts to replacing
the classical conditional expectation E;[-] in the formulation of the problem by the conditional g-expectation
&[] Tt is worth pointing out that the construction of the solution to the representation theorem studied by
Bank and El Karoui [2] heavily depends on the linearity of the classical conditional expectation which means
that their construction method is not effective for the non-linear g-expectation case. In the current work, we
focus on the non-linear representation problem in discrete time. In order to prove the existence, we apply
the method of backward induction. The uniqueness is proved by using the fact that the function f is strictly
decreasing (in the last component) and the property of strict monotonicity of the g-expectation. Unlike the
continuous time case (cf. [2]), we do not need to establish a characterization of the solution (L;) analogous
to (1.1) to obtain the uniqueness. However, a non-linear analogue of this characterization still holds true in
our framework. We provide moreover a construction of a stopping time 7 which is optimal, in the sense
that Ly = l; -». It is worth pointing out that the conditions on the driver g to guarantee the existence and
uniqueness result are weaker than those made to guarantee the characterization of the solution.

The second part of this paper provides several applications of the stochastic representation problem under
g-expectation, namely to optimal stopping, to optimal exercise of American put options under Knightian
uncertainty, and to a variant of Skorokhod’s obstacle problem.

It is well known that the stochastic representation problem under linear conditional expectations has
strong connections with the (classical) optimal stopping problem (cf. [3]). It provides an alternative approach
to the celebrated Snell envelope approach to optimal stopping, with fruitful applications in pricing of
American options. In this alternative approach, the solution L of the stochastic representation for the given
reward (or pay-off) process X takes over the role of the Snell envelope of X. When applied to American
options, this approach allows to find a universal process not depending on the strike price through which
optimal exercise times can be characterized. For the non-linear case, the Snell envelope approach to optimal
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stopping under g-expectation is well-studied (see, e.g., [8], [5], [13] for the continuous time case, or [14] for
the discrete time case). The stochastic representation results from the first part of our paper give a new
approach to the non-linear optimal stopping problem under g-expectations. This approach is then applied to
derive an optimality criterion for American put options under Knightian uncertainty in terms of a universal
process independent of the strike price k£ of the option. In the third application, the solution of our stochastic
representation problem is used to solve a variant of Skorokhod’s obstacle problem. More specifically, we show
that the increasing process 7 from the Skorokhod-type condition in this problem coincides with the running
supremum of the solution L to the stochastic representation problem for the obstacle process X.

The paper is organized as follows. In Section 2, we first formulate the non-linear stochastic representation
problem in discrete time under g-expectations and establish the existence and uniqueness result, as well as
the characterization of the solution. In Section 3, we present the three applications: to optimal stopping, to
the class of American put options with strike prices k > 0, and to an obstacle problem of Skorokhod type.

2. The non-linear stochastic representation problem in discrete time: formulation, existence and
uniqueness

We place ourselves on the canonical space. Let = CZ([0,00)) be the space of all continuous, R%valued
functions on [0, 00) starting from the origin (i.e., wg = 0), equipped with the distance:

=1
_ 2
= 2 g e (el it A1)

The o-algebra is the Borel o-algebra. Let P be the Wiener measure, under which the canonical process
B is a d-dimensional Brownian motion. Let F = (F;) be the filtration generated by the Brownian motion
B. Let N € N be a fixed terminal horizon. We denote by L?(Fx) the space of all Fy-measurable and
square-integrable random variables. In the sequel, the notation g : [0, N] x  x R? — R will stand for a
driver satisfying the following standard assumptions (unless specified otherwise):

(i) {g(t,w,2), (t,w) € [0, N] x Q} is progressively measurable for each z € R? and for any z € R,

N

E[/ lg(t, 2)[2dH] < oo

0

(if) There exists a constant K > 0, such that
l9(t,w, 2) — g(t,w,2)] < K|z — 2|

holds for any (s,w) € [0, N] x  and any z,2’ € R;
(iii) For any (s,w), g(s,w,0) = 0.

By a well-known result of Pardoux and Peng [17], for any terminal condition X € L?*(Fy), the Backward
SDE

N N
Y, = X—i—/g(s,Zs)ds — /stBs,
t

t

has a unique adapted solution (Y, Z). The non-linear expectation operator, induced by a BSDE of the above
form, is known as conditional g-expectation, and is defined by
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575 [X] = th
Some of the main properties of the conditional g-expectation are recalled in the following proposition:

Proposition 2.1. Under the above assumptions on the driver g, the conditional g-expectation satisfies the
following properties:

(1) (monotonicity and strict monotonicity) If X <Y, then &[X] < &Y.
If, in addition P(X <Y) >0, then &[X] < &[Y];
(2) (translation invariance) If Z € L*(F;), then for all X € L*(Fn), &[X + Z] = &[X] + Z;
(3) (tower property) For any 0 < s <t <T, &[&[X]] = & X];
(4) (zero-one law) For an event A € Fy, it holds E[X 14 +Y1ac] = E[X]Ia + EY ] 4-.
(5) (monotone convergence) For a monotone sequence {X,} nen C L?(Fn) such that X,, T (1) X, where
X € L*(Fn), we have &[X,] T (1)&[X];
(6) Let & € L3(Fy) with & < 0. Then we have for any t € [0, N],

;1%10 ENE] = —o0.

Proof. For the convenience of the reader, we give a short proof for Property (6). Let us consider the following
auxiliary BSDE parameterized by A € (0, 00):

N N
v+ [KIZlas - [ 2., (2.1)
t

t

where K > 0 is the Lipschitz constant of the driver g. By the comparison theorem for BSDEs, we have: for
each A\ > 0 and each t € [0, N], &[X¢] < Y. Indeed, by the Lipschitz property of g (property (ii)) and by
the property g(t,z) = 0 (property (iii)), we have g(t,2) < |g(t, 2) — g(¢,0)| < K|z|; hence, the comparison
theorem applies. By the strict comparison theorem, we have that X% < 0, since ¢ < 0.

On the other hand, by the positive homogeneity of the driver of the auxiliary BSDE (2.1), we have
Y} = \Y!. From the above, it follows that

SN <Y} =)Y] | —ccasAtoo. B

Remark 2.2. Note that Property (6) above also holds true for a standard Lipschitz driver ¢(¢,w,y, z) satis-
fying the additional assumption g(w,t,0,0) = 0, often imposed in the literature. The proof follows the same
lines, with the auxiliary BSDE (2.1) being replaced by

N N
v =+ [ KOV +1230ds ~ [ 22aB.
t

t

Let X = {X;}}, be a given real-valued, adapted and square-integrable process and let f : Q x
{0,1,--- , N} x R — R be a given function satisfying the following two conditions:

(1) For each w € Q and each ¢ = 0,1,--- , N, the function f(w,t,-) : R — R is continuous and strictly
decreasing from +o0o to —oo;
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(2) For any [ € R, the process f(-,-,1): Q2 x{0,1,--- , N} — R is adapted with

N

E[)_If(t.DP] < co.

t=0

The non-linear stochastic representation problem in discrete time is formulated as follows:
Find an adapted process L = {L;}¢=01,.. .~ such that ny:t f(u, maxi<y,<y Lyy) is square-integrable for all
t=20,1,---, N, and such that the following equation holds:

N
Xe =& f(u, max L,)], forall t =0,1,--- N. (2.2)
u—t [SUVSU

A process (L;) satisfying these properties will be called a solution to the non-linear stochastic represen-
tation problem (2.2). We now state and prove the main result of this section.

Theorem 2.3 (Existence and Uniqueness). Under the Assumptions (1)-(2) on the function f and Assump-
tions (i)-(iii) on the driver g, there exists a unique solution (L:) to the non-linear stochastic representation
problem (2.2).

Proof. We first prove the uniqueness. Suppose that L' and L? are two solutions of the stochastic repre-
sentation problem (2.2). We have to show that L} = L?, for all t = 0,1,..., N. We proceed by backward
induction. It is easy to check that LY = L3, = f~}(N,Xy). Let t € {0,---,N}. Assume that for all
k=t+1,---,N, we have shown L} = L? =: L. Let us show that L} = L?. Set A = {L} < L?} and
A" ={L} > L?}. Suppose, by way of contradiction, that P(A) > 0. Since A € F;, we have, for i = 1,2,

N
Xela =1a&(f(t, Ly) + Z f(k, Ly, v (t+flﬂ<aj<<kLu))]
k=t+1 -
=E[f(tL)Ia+ k;ﬂ Laf(k, L v ( max L)),

where we have used the zero-one law for conditional g-expectation (property (4)). On the set A, since f is
strictly decreasing, we have f(t,L}) > f(t,L?) and

N N
1 2
> Flb Ly v ( max | Ly)) = > kL v ( max | Ly)).
k=t+1 k=t+1

By the strict comparison theorem for conditional g-expectations, we get that, on the set A,

N
St[f(ta Ltl)IA + Z IAf(k7Lllf N ( max LU))}

el t+1<v<k
N
2 2
PO LI 3 TSV, L)

which is a contradiction. We conclude that P(A) = 0. By interchanging the roles of L' and L? in the above
reasoning, we get that P(A’) = 0. Hence, the uniqueness is shown.
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We now show the existence. We proceed by backward induction. It is easy to check that Ly defined by
Ly = f~1(N, Xy) is a solution to the stochastic representation problem at the terminal time N and that
f(N, Ly) is square-integrable. Let ¢ € {0,..., N}. Suppose that we have shown the existence of an adapted
process {Ly}r=¢+41,...,nv such that Z;V:k f(u, maxg<y<y Ly) is square-integrable, for all k =t +1,--- | N
and such that

X = &kl qu max L,)], forallk=¢t+1,---,N.

k<v<u

For k = t, we set H; := {£|¢ is Fy-measurable, f(£, N, ) is square-integrable and &[f(t, N,€)] < X,}, where

N
F,N€E) = f(t,8)+ u; flu €V ( max Ly)).

By assumption on f, for each fixed t,w, f(t,w, -) is strictly decreasing from +oo to —oo. Hence, sup,, f(t,w, -)
is decreasing and its limit is negative, that is, lim,_, sup, f(t,w,n) < 0. Then, there exists an integer
M > 0 (which can be chosen independent of w due to the above argument), such that §~M < 0, where
EM = f(t, N, M). By Lusin’s theorem, for any n > M, ]7(757 N,n)loe is continuous, where O is an open set
with sufficiently small probability. For any n > M, set

A" :minMI@.
“ f(t,N,M)

Then, we have A" 1 0o as n goes to co and f(t, N,n) = f(t, N, n)(lo, + Ios) < &= )\"EMIO; for any
n > M. By the comparison theorem and Proposition 2.1 (6), we have

E[f(t,N,n)] < &[E"] | —o0 as n T oo.
Therefore, the set H; is non-empty. We define
L :=essinf &.
e

We will show that L; is a solution to the representation problem at time ¢. For this purpose, we first show
that the set #H; is downward directed. Let £ € H;, for i = 1, 2. Set

§=¢p+&pe,
where B = {¢! < €2} € F;. It is easy to check that
gt[f(taNa f)] = gt[f(tvNagl)]IB + gt[f(tvNa 52)]IBC S Xt;

which yields that £ € H;. Hence, the set H; is downward directed. Therefore, there exists a decreasing
sequence {&,} C H¢ such that Ly = lim,,_, &,. By the monotone convergence theorem, we deduce that

N

Zf u, max Ly)] = E[f(t. N, Lo)] = lim &[f(t,N.&)] < X,

t<v <u

which implies that Ly € H;. Set C = {&[f (t N, L;)] < X:} € Fi. In order to conclude, it is sufficient to show
that P(C) = 0. In fact, we only need to prove that for any closed set K C C, we have P(K) = 0. Without
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loss of generality, we assume that C' is a closed set. Suppose, by way of contradiction, that, P(C) =¢ > 0.
For each n € N, we define

1
Gn = Lilce + (Ly — E)IC-

It is easy to check that ¢, 1 L; and

Ef(t, N, Go)Ie L EJf(t, N, L)]le < Xilc.

By Lusin’s theorem, there exist some J;-measurable open sets {O;,}7; and O° with P(O;,) < 55z and

P(O*) < £, such that St[f(t,N, C)llcl(os e, St[f(t,N, Lt)]IcI(NOE)c and XtICI(OE)CNare continuous. Set

O = (Up2,05) U O°. Tt is easy to check that P(O) < 3¢ and &[f(t, N, (u)llcloe, E[f(t, N, L) IcIoe and
XiIcIpe are continuous. Set

6= inf (Xe(w) = &[F(E N, L)](w)) > 0.

Besides, by Dini’s theorem, there exists an M (J) € N only depends on ¢ (and independent on w) such that
for any n > M (9),

. . 5

|5t[f(t, N, Cn)]]-CﬁOC — 5t [f(t, N, Lt)]]_CmOc‘ < 5

It follows that for any n > M (9),

1)
EJf(t, N, G)lenoe < E[f(t, N, Ly)]|lcnoe + 3 < Xilcnoe.-

Now let

1
Cn = Lilcevo + (Lt — ﬁ)ICﬂOC = Lilceuo + Culenoe.
It is easy to check that for n > M (d),
gt[f(t N7 g’ﬂ)] = gt [f(ta N> Lt)]ICCUO + gt[fN(t7 Na Cn)]ICﬂOC S Xt7

which implies that En € H;. We claim that P(C'NO°) > 0, which leads to a contradiction with the fact that
L; is the essential infimum of #H;. To show that P(C N O°) > 0, we notice that, if P(C N O°) = 0, then

3
P(CUO®)=P(C)+P(O°) >e+1— §5> 1,
which is impossible; hence, the claim holds and this completes the proof. W

Remark 2.4. Consider a non-linear operator & n : L?(Fy) — L?(F;) satisfying the following properties

(I) For any &,n € L*(Fn) with € <7, then we have & y[¢] < & n[n]. Furthermore, if P(§ < n) > 0, then
Ern[E] < & n[n;
(II) For any {¢&,} C L?(Fn) such that &, 1 (1), then we have & n[&,] T (1)En €]
Furthermore, if £ € L?(Fy) with £ < 0, then, for any ¢ € [0, N], limytoo E[AE] = —00.
(III) For any Fi-measurable partition {4,}M | and {€,}M, C L*(Fy), we have & N[N €nla,] =
Sont Enl€alla, -
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By a similar analysis to that of the proof of Theorem 2.3, it can be shown the stochastic representation
problem with & n[-] satisfying the above properties (I), (II), and (III), has a unique solution. This applies,
in particular, to the following two examples:

(@) &n[E] =&l NIE] = YN4 where (YN4, ZN4) is the solution of the following BSDE:

N T
=g [gla Nz ds - [ 24,

t t

Here, g : [0, N] x Q x R x R? — R is a standard driver satisfying the following conditions:
(") For each fixed y € R and z € RY, (g(t,w,v, z))tefo,n] is progressively measurable and

N

B / l9(t,y ) dt] < oo

(ii”) There exists a constant K > 0, such that

l9(t,w,y,2) — g(t,w,y",2")| < K(ly —¢/| + [ = 2')).

(iii’) For any (¢,w), g(t,w,0,0) = 0.
() &n[€] = &l y[E]+ (1 — ar)€; % [€], where a is a given adapted process taking values in [0, 1]. In this
case, & n|-] can be seen as an extension of the alpha-maxmin conditional expectation (cf., e.g., [6]).

Remark 2.5. In some applications, we need to consider the stochastic representation problem in a slightly
different formulation, where equation (2.2) is replaced by the following equation:

N—1
X, = St[z f(u,tr<nva<quv) + Xn].
u=t - -

Here, and in the sequel, we use the following convention: if s < ¢, for any process h, we define Y7 _, h(u) = 0.
By similar arguments to those of the proof of Theorem 2.3, we can show that there exists a unique adapted
solution L = {L;}4=0,1,...,N—1 to this problem.

We now establish a characterization of the solution L to the stochastic representation problem (2.2). To
this purpose, we define the following sets of stopping times:

To,ny = {7|7 is a stopping time taking values a.s. in {0,1,--- ,N}},
To={r€T|r>0 as. on{oc<N}}, whereo € Ton.

Proposition 2.6. Under the Assumptions (i)-(iii) on the driver g and (1)-(2) on the function f, the solution
L to the stochastic representation problem (2.2) satisfies: For any stopping time o € To n—1,

L, =essinfl, -, a.s, (2.3)

TE€ET
where l, ; is the unique F,-measurable solution of the following equation

T—1

Xo =&Y flu,lor) + X, ]. (2.4)

u=o
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Proof. Preliminary Step. By modifying the proof of Theorem 2.3, we can show that there exists a unique
solution [, ; to Equation (2.4). Thus, it remains to prove (2.3).

Step 1. Let 0 € Ty n—1 be a given stopping time and let 7 € 7,. By Equation (2.2), the decreasing
property of f, the tower property and translation invariance of g-expectation, we get

T—1 N
X, = go’[z f(u7 sup Lv) + ET[Z f(u7 sup Lv)]]

v—o o<v<u p— o<v<u
T—1 N

<ED . fu, L) + &> f(u, sup L))
T—1

= ga[z f(uaLU) + X'r]

By Equation (2.4), it follows that
T—1 T—1
EU[Z flulor) + X7 < SU[Z flu, Lo) + X7].

We set A= {l,r < L,} € F,. We claim that P(A) = 0. Suppose, by way of contradiction, that P(A) > 0.
By the strictly decreasing property of f, we have that

T—1

T—1
Ee1D f(ulor) + Xo11a > EY  f(u, Ly) + X- |14,

u=o

which is a contradiction. We deduce that P(A) = 0, that is, L, < I, a.s. As 7 is arbitrary in 7, we get
L, < efz%f lor.

Step 2. We now show the converse inequality. For each fixed o € 7y ny_1, and for each n € N*, consider

the following stopping time

T :=inf{t > 0| sup L, > LI} AN,
o<v<t

where
n 1
L} = (L, + E)I{La>_m} —nlip -y

It is easy to check that 7" € 7,. Besides, note that on the set {7" < N}, we have L.n = sup,<, <, Ly,
which yields that for any t € {7", 7" +1,--- ,N}

sup L, = sup L,.
o<v<t Tn<v<t

Therefore, we obtain that

T —1 N
X, = go[ Z f(’U/, sup Lv) + 57'"[ Z f(ua sup Lv)]]
v—c o<v<u P—— T <v<u
-1

2 EU[ Z f(U,LZ) +XT"]'
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Combining with Equation (2.4), it follows that

T"—1 -1
Zf U-r" +X'r" >8 ZfULn)“V‘XT”}
u=o

Similar analysis to that of Step 1 shows that

Ly > 15 > essinfl, ..

TETS

Letting n — oo, we get the desired result. W
The following proposition establishes that an optimal stopping time exists.

Proposition 2.7. For any k =2,--- | N, set

N—-k+1, we{ln_r<Ln-gs1};

TX{,k(UJ) ={N—-k+1, we {maX]’:L.A.yifl LN,kJrj < Ly_p< LN,kJri},’L' =2,--- k—1;
N, w e {maszl,.‘. k—1 LN—k+j < LN—k}-
And let T3y = N. For eacht =0,1,--- ,N — 1, the stopping times 7; is optimal in the sense that

L, = eisel%lf ltr =tz

Proof. The result is trivial for the case when ¢t = N — 1. For the other cases, it is sufficient to prove that
P(L; < lyr;) = 0. By the definition of 77, we can check that

max L,(w) =

maX,r<y<y Ly(w), w € {17 <u},
t<v<u

Li(w), we{u<7}
Therefore, we have

T -1 T -1

t[Z‘: flulerp) + Xop] = Xo =& qu maxL + &y qutr<na<><uL)]]

T -1

=& Z flu, Ly) + & Z flu T*n<1%>éuLv)]]
u=t u=r; t=Ts

«
T, —1

:575[2 f(uth) “V‘XT[‘}

u=t

By a similar analysis as in the proof of Proposition 2.6, we finally have P(L; < l; ,») = 0. Hence, the result
follows. N

Remark 2.8. Modifying the proof slightly, similar results still hold (e.g., existence and uniqueness, charac-
terization) if, instead of being strictly decreasing, f(t,w,-) is strictly increasing from —oo to +oo for each
fixed ¢t and w.
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3. Applications

In this section, we present some applications of the stochastic representation problem under g-expectation.
Throughout this section, we assume that the driver g satisfies conditions (i)-(iii).

3.1. Optimal stopping under g-expectation

We present a new approach to the non-linear optimal stopping problem in discrete time. This approach
is based on the stochastic representation of the given reward process X, established in the previous section.
This approach can be seen as a non-linear analogue of the approach presented by Bank and Follmer [3] in
the linear case.

The following theorem provides a level-crossing principle and an optimality criterion for stopping times.

Theorem 3.1. (Level-crossing principle and optimality criterion) Let X = {X, }n=0,1,....n be an adapted and
square-integrable sequence and L = {L;}1=0.1,... N—1 be the solution of the following backward equation

N-1
X, = St[z t@?guLv + Xn].
u=t —

Then, the level-passage times
7 :=min{v > 0|L, > 0} AN and 7 := min{v > 0|L, > 0} AN

are optimal for the problem

T€To,N
Furthermore, if 7% € To N satisfies
7<7* <7, and max L, = L., (3.1)
0<v<r*
then, 7" is an optimal stopping time.
Proof. For any T € Ty y, it is easy to check that
N-1 N-1
E[X,] =] Z max Ly + Xy < €] Z (01%1% L,) VO + Xy
N—-1 N—1 (32)
<& L,)VO0+Xy]=¢& L, + Xn|.
<E(D (gpax, L)V O+ Xnl = €02, nax, L+ Xn)
Noting that for any 7 < N — 1 and u > 7, we have
= = > 0. .
0208, B = g e = g B 20 33

Combining Equation (3.2) and (3.3) yields that

E[X;] < E[X5], for any 7 € To N
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Therefore, 7 is optimal. Besides, the Equation (3.2) and (3.3) show that for any 7 € Ty n,

N-1

X113 Lo 2 Zf??;‘u Lot D, s, Lo Xl = E1Xa),
which implies that 7 is also optimal.
Now if 7 satisfies (3.1), we claim that
N-1 N-1
I:= max L, < max L, =: I1I. (3.4)
— 0<v<uy e 0<v<uy

If 1 = N, then 7* =7 = N, which means that I = I = 0. If 7 = 7%, it is obvious that I = II. For the case
that 7 < N — 1 and 7* < 7, we derive that

T—1

max L, > L >0.
O<v<u
u=T7*

Consequently, we obtain that I < I1. Hence the claim holds true. By the condition that maxo<y<s+ L, = L+
and combining Equations (3.2), (3.4), it follows that for any 7 € Ty n,

[ <€ Z max Ly + Xy] = Z max L, + Xy] = E[X-].

T*<v<u
Thus we get the optimality of 7*. W

8.1.1. Optimal stopping with g-expectation on an infinite horizon

Here, we present a similar result to Theorem 3.1 for the infinite time case. To this purpose, we first
recall some properties of BSDEs with infinite time horizon. Consider the following BSDEs with infinite time
horizon:

o0 (oo}

Y, :§+/§(5,Z5)ds— /ZSdBS, (3.5)

t t

where ¢ € L?(F), which is the collection of all F,-measurable and square-integrable random variables
and § is a map from [0,00) x  x xR? onto R satisfying the following two conditions

(a) §(-,2) is progressively measurable and §(t,0) = 0 for any ¢ € [0, 00);
(b) There exists a positive deterministic function u(t) such that, for any z, 2’ € R9,

‘g(taz)fg(tvz/” Su(t)|zf’zl|a te [0,00),
and [ u?(t)dt < oo.
By [7], there exists a unique solution (Y, Z) € S? x H? satisfying the BSDE (3.5), where

5% :={YY;,0 <t < o0, is an Fi-adapted process such that E[ sup |Y;|?] < oo},
te[0,00]

H?:={Z|Z;,0 <t < 00, is an F-adapted process such that E[/ | Z4|dt] < oo}
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We define the g-conditional expectation of & € L?(F,,) as follows

A

&l =1,

where Y is the solution to BSDE (3.5). For simplicity, we denote &[¢] by £[¢]. By the results in [15],
comparison theorem still holds for E. Besides, it is easy to check that g-expectation also satisfies tower
property and translation invariance property. Similar analysis to that of the proof of Theorem 3.1 leads to
the following result.

Proposition 3.2. Suppose that the adapted process X = { X, }nen with E[sup,, cn | Xn|?] < 0o has the follow-
ing representation:

oo

X, = c‘:'T[Z sup Ly], for any 7 € Too,

w—r T<v<u

where L = {Ly}nen is adapted and Y.~ _sup, <,<, Ly is square-integrable for any T € Ts. Here, Too is
the collection of all stopping times taking values in N. Then, the level passage times

7 =inf{t > 0|L; > 0}, 7 =inf{t>0|L; > 0}

mazimize the expected reward E[X.] over all T € Tae.
Furthermore, if the stopping time T satisfies the following condition

7<7"<7and sup L,=L; on{r" < o0},
0<v<r*

then 7 also mazimize E[X ;] over all T € Tae.

8.2. A wvariant of Skorokhod’s obstacle problem

Let f satisfy conditions (1) and (2) from Section 2. Let us now consider the given stochastic sequence
X = {X,}N_, as a given obstacle. We wish to find a pair of adapted sequences Y = {V,,})_, and n =
{nn}ﬁfz_ol, with 77 an increasing process, such that

N-1

Vi =& flu,m) + Xl

u=t

and such that Y never falls below the obstacle X. It is easy to check that there are infinitely many processes
Y and 7 satisfying the above condition. The goal is to find the process n which acts in a minimal way, in
the sense that it only increases when necessary (Skorokhod-type condition). This means, if Y; = X, then
7 should be a point of increase of 7, that is, n, > n,_1. If Y, > X, the process 1 should remain the same.
We show our result for the case where f(¢,1) = I. The case of f satisfying conditions (1) and (2) can be
proved similarly.

Remark 3.3. In order to obtain the uniqueness of the solution to the obstacle problem, we assume that
1n—1 = —oo. Therefore, the initial time 0 is a point of increase.

Theorem 3.4. Let X = {X, },=0,1,....n be an adapted and square-integrable sequence and L = {L;}1=0.1,... N—1
be the unique solution of the following backward equation
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N-1

X, = Et[z tr<rg1<XuLv + Xn].
u=t —

(i) There exists a unique adapted square-integrable process Y = {Y,}N_, and a unique adapted square-
integrable and nondecreasing process n = {r]n}gz_ol satisfying

N-1
Y, = ET[Z N+ Xnl, 7€ Ton,

and such that'Y dominates X, and Y, = X, P-a.s. for any point of increase 7 for n and T = N. In
fact, n has the following representation

Nt :Org%tLv, forallt=0,1,--- /N — 1.

(ii) If the stopping time T* satisfies the following conditions
T<7 <7, Yoo =X,
where T and T are the level passage times
7 :=min{v > 0|n, > 0} AN and 7 := min{v > 0|n, > 0} A N,
then 7% mazimizes E[X .| over all T € Ty N.

Proof. (i) We first show that the process Y associated with the process 7 defined by L dominates X and
Y, = X, P-a.s. for any point of increase 7 of 7 and 7 = N. It is easy to check that Y, > X, and Yy = Xy.
Now if 7 is a point of increase for n, we have 7, > n,_,, which implies that L, > maxo<y,<r—1 L,. Therefore,
for any u > 7, it follows that

max L, = max L,,
0<v<u T<v<u

which yields that Y, = X,.
We are now in a position to show the uniqueness. Suppose that ¢ = {(¢}¢+=0,1,...,n—1 is another adapted,
square-integrable and nondecreasing process such that the corresponding adapted process

N—-1
Zr =&Y Cut Xn]

dominates X with X, = Z, for any point of increase 7 for ( and 7 = N. For any € > 0, define the following
two stopping times

oe =min{t >0|n: > G +e} AN, 7.=inf{t > 0. >m} AN.
It is easy to check that on the set {o. < N—1}, 0. < 7 and o is a point of increase for 1. Furthermore, on the

set {7. < N—1}, 7. is a point of increase for {. By simple calculation, on the set {o. < N—1}n{r. < N—1},
we have
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Te—1 N-1 Te—1 N-1
XO'E :Yag :SU'E[Z 77u+ Z 77u+XN} >505[Z <u+g7'5[z nu+XN]]
T;—; o Te—1 o 75—17 ]
:505[2 Cu"‘YTE} > 505[2 Cu +XTE] :EUE[Z Cu +ZTE]
7'5_7: N-1 - o
:50'5[2 Cu+ Z <u+XN] :ZO'E > XO'E'
u=0o, U=Te

On the set {o. < N — 1} N {r. = N}, we obtain that

N-1 N-1
XO‘E = Yvo'E = go'g[z T +XN] > gas[z Cu +XN] = ZO'E > XO'E‘
The contradiction implies that 0. = NV almost surely, i.e. n; < (; +¢ for any t =0,1,--- , N — 1. Since € can

be arbitrarily small, this implies that n < (. Consequently, we have ¢ < 7. Thus we get the uniqueness.
(ii) Since n = {m:} = {maxo<,<¢ Ly} is an increasing process, we derive that

N-1 N—-1
Vi G0 X = 1D o+ Xl
u=t u=t —

By Theorem 3.1, 7 maximizes £[Y;] over all 7 € Ty n. Noting that on the set {7 < N — 1}, 7 is a point of
increase for 77, we obtain that Xz = Yz, which implies that

sup E[X,] > E[X,] = EY;] = sup E[Y].

T€To,N T€To,N

Since Y dominates X, it is obvious that sup,cz, . £[X7] < sup ez  E[Y7]. Therefore, the value of the
optimal stopping for X equals to the one for Y. It is easy to check that maxg<y<r+ 1y = 7r+. Theorem 3.1
shows that £[Y«] = sup, . . £[Y7]. We finally get that

E[X ] =E&[Yr+] = sup E[Y:]= sup E[X.].

T7€To,N T7€To,N

The proof is complete. W
We state the result for f satisfying conditions (1) and (2).

Corollary 3.5. Assume that the function f satisfies conditions (1) and (2). Let X = {X;}1=0,1,... . N be an
adapted and square-integrable sequence and L = {L;}1=0.1,....n—1 be the solution of the following backward
equation

Xe =&Y f(u, max L)+ Xy].
f <v<

Then, there exists a unique adapted square-integrable process Y = {Y,}N_, and a unique adapted, square-
integrable and nondecreasing process n = {nn}ﬁf;ol satisfying

N—-1
YT:6T[Z f(u7nu)+XN]’ T6%7N7

u=T
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such that Y is dominated by X and Y, = X, P-a.s. for any point of increase T for n and 7 = N. In fact,
1 has the following representation

Nt zorgz)iictLv, foranyt=0,1,--- N —1.

3.8. Ezxercising optimally American puts under Knightian uncertainty

It is well known that (superhedging) pricing of American options is closely related to optimal stopping.
More precisely, the superhedging price of the American option corresponds (up to discounting) to the value
of an optimal stopping problem and the first time the discounted Snell envelope hits the discounted payoff
process is an optimal exercise time. The shortcoming of this approach, when applied to American put
options, is that, in order to derive optimal exercise times for different strike prices, we need to calculate
the associated Snell envelopes first. This would turn into a tedious task as the strike prices may take values
in a wide range. One may wonder whether there is a universal process to determine the optimal exercise
times simultaneously for different strike prices. With the help of the stochastic representation problem, the
answer is affirmative.

In this sub-section, we focus on American put options with different strike prices k, where & > 0.
We place ourselves in an arbitrage-free market model in discrete time with two primary assets: a risky
asset with price process denoted by (P;)i=o,1,....n and a risk-free asset with price process modelled by
((1+7)"")¢=0.1.... N, Where r is a given positive constant, modelling the risk-free interest rate. We consider
an agent whose preferences are numerically represented by a utility of the form of a non-linear expectation
E. If an American put option with strike price £ > 0 on the risky asset is exercised at time 7, then the
pay-off is (k — P;)*. We consider an agent who aims at maximizing the utility of the (discounted) terminal
pay-off of the put option over all possible exercise times 7. Thus, the agent aims at solving the following
non-linear optimal stopping problem:

v= sup E[(1+7r) (k- P)"].

T€To,N

The following two theorems provide an optimality criterion for constructing optimal exercise times for
the non-linear optimal stopping problem in terms of a universal process (K;), which is “independent” of the
strike price k of the put option. The first theorem gives the existence of the universal process (K;) via the
non-linear stochastic representation. The universal process (K;) depends on the discounted price process
of the underlying risky asset (and hence on the primary assets in the market model) and on the agent’s
preferences via &, but is independent of the strike of the American put.

Theorem 3.6. Assume that the discounted price process {(1 + r)_tPt}tzo’L...yN is adapted and square-
integrable. Then, for any T € Ty n, the discounted price process admits a unique representation

N-1

—(14r)TP =E[)

u=T

r —u _ —N _
Ty (7)™ max (—Ky) + (14+7)7" max (—K)] (3.6)

for some adapted and square-integrable process K = {K;}1=0,1,... N -
For any k > 0, consider the following two stopping times

F =min{0 <t < N|K; <k}, 7" =min{0<t< NI|K, <k}

and the optimal stopping problem
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V= sup E[(1+7)7(k—-P)l<n}] (3.7)

TETNu+oo

where TNU{4+0) 18 the set of all stopping times taking values in {0,1,--- N, +oc}. If a stopping time 7%

satisfies the following

¢ <% <7 and min K, = K.« on {r* < N}, (3.8)
0<v<rtk

then 7% is optimal for the problem (3.7).

Proof. The proof will be divided into the following three parts.
Step 1. For any k > 0, we define the following process X* = {Xf};enu{4oo}, Where

Xp=(1+7)" (k= Pian).
Consider the following optimal stopping problem

V'= sup E[xF), (3.9)

where &[] is the g-expectation for the infinite time case with

9(t,z) = g(t,2) [p<ny + € "2l Ny

Clearly, for any Fy-measurable and square-integrable random variable £, we have £[¢] = £[¢]. We claim
that V' =V’ and the optimal stopping times for (3.7) and (3.9) are the same. Since r > 0, we derive that if
7* is optimal for (3.9), then 7* takes values in {0,1, -, N, +oco}. Therefore, we have

sup EXF] = EIXE] = £[(1+7)77 (k — Preaw)]

=E[(L+7)"" (k= Pr)I{re<ny]
< sup E[(L+7)T (k= P)lr<nyl)

TETNU+DQ

Besides, for any 7 € Tyu{4oc}, it is easy to check that
EL+7)7"(k = P)Igrany] = E[L+ 1) (k = Poan)] = EXE].
It follows that

sup  E[(147)"7 (k=P )l-<n}] < sup E[XF] < sup E[XF.

TETNU+ oo TETNU+ oo T€Ts

Consequently, we obtain that V' = V' and the optimal stopping problems (3.7) and (3.9) have the same set
of maximizers.
Step 2. For any t € N, set

LF =k — Kinn.

We claim that
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PN > T
Xk =£ 14+7)"% sup LF].
r [;pﬂ,( ) s o)

Indeed, by simple calculation, we obtain that

oo

< r —u k
£ e Gy T;gguLv]

U=T

zfr[z a (I14+7)"" sup (k— Kyan)]

1 +r T<v<u
P r
k(1 +7r)T 4+ &, 147)v _K,
(L+r)7"+ [;1+r( +7) Tigzu( )]
Nolo 0o .
=k(1+7)"7+&; — (147" su —-K,)+ —1+r)™ su -K,
( ) [u:zT;N 1+ r( ) T/\Nglzgu( ) u:ET;N 1+ r( ) T/\NSESN( )
Nolo
=k(1+7r)""+&] Z 1+ sup (=K,)+Q+7r)""Y sup (—K,).
o T TANSvSuU TAN<vEN

Denote by the second term in the last equality by I. Then on the set {7 < N — 1}, by Equation (3.6), we
have I = —(1+r)~ " P;,. Besides, on the set {7 > N}, again by (3.6), we derive that I = (1+7r) " (—Ky) =
—(1+7)"7Py. The above analysis shows that

o0

4 r
L47)™ LN =k(l+7)"+I=1+7)"(k— Pan)= XL
ED S T (1) sup L= (1)1 = (147) 77 (= Pra) = X

U=T

Step 3. By Proposition 3.2, if 7% satisfies the following condition

o" <r*<g¥and sup LF=LF, on{r" < oo}, (3.10)
0<v<rk

where ¢ = min{t > 0|LF > 0} and ¥ = min{t > 0|LF > 0}, then 7¥ is optimal for the problem (3.9). By
Step 1, we know that {7% < oo} = {7¥ < N}. By the definition of L*, it is easy to check that ¢* = ¥ and
% = 7% and all these stopping times belong to TNU{4o0}- It follows that condition (3.10) is equivalent to
condition (3.8). Finally, we conclude that for any stopping time 7% satisfying condition (3.8), 7% is optimal

for problem (3.9), hence optimal for problem (3.7) by Step 1. W

Theorem 3.7. For any 7 € Ton, the solution K of Equation (3.6) satisfies K; > P;, a.s. Besides, the
restriction T8 A N of any optimal stopping time 7" defined by Theorem 3.6 is also optimal for the following
problem

v= sup E[(1+7) (k- P)"].

T€7—0)N
Proof. For any 7 € 7o n, it is easy to check that

N-1

—(1+7) 7P =E]Y 1%(1 +7r)7 Trgg%cu(%,) +(1+r)N Tg}eung(va)]
o
ANy T T ) (1 r) N (=K;)]

U=T
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=—(14+r""K,,

which implies that P, < K. We claim that on the set {7% < N}, K+ < k. Otherwise, P({7* < N}N{K_.» >
k}) > 0. Since 7% < 7% < N, we have K,» < k. Therefore, on the set {7% < N} N {K,» > k}, we obtain
that

min K, <k # K.x,
0<v<rk

which leads to a contradiction. It follows that P.x < K.« < k on the set {7% < N}. Thus,
k k
EI1+ 7)™ (b= P (grnny] = ELL+ )"V (k= Prapy)*]
and then 7% A N maximizes E[(1+7)"""(k — P;)T] overall 7 € Toy. N
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