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ABSTRACT. The number of lattice points in d-dimensional hyperbolic or elliptic shells
{m : a < Q[m] < b}, which are restricted to rescaled and growing domains r ¢, is
approximated by the volume. An effective error bound of order o(r?=2) for this
approximation is proved based on Diophantine approximation properties of the qua-
dratic form @. These results allow to show effective variants of previous non-effective
results in the quantitative Oppenheim problem and extend known effective results in
dimension d > 9 to dimension d > 5. They apply to wide shells when b — a is growing
with r and to positive definite forms ). For indefinite forms they provide explicit
bounds (depending on the signature or Diophantine properties of @) for the size of
non-zero integral points m in dimension d > 5 solving the Diophantine inequality
|Q[m]| < € and provide error bounds comparable with those for positive forms up to
powers of logr.
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1. INTRODUCTION

Let Q[z] denote an indefinite quadratic form in d variables. We say that the form @ is
rational, if it is proportional to a form with integer coefficients; otherwise it is called
irrational. The Oppenheim conjecture, proved by G. Margulis [Mar89| in 1986, states
that Q[Z%) is dense in R if d > 3 and Q is irrational. Initially this was conjectured
for d > 5 by A. Oppenheim |Opp29; (Opp31| in 1929 and in 1946 strengthened (for
diagonal forms) to d > 3 by H. Davenport |[DH46|. The proof given in 1986 uses a
connection, noticed by M. S. Raghunathan, between the Oppenheim conjecture and
questions concerning closures in SL(3,R)/SL(3,Z) of orbits of certain subgroups of
SL(3,R). It is based on the study of minimal invariant sets and the limits of orbits of
sequences of points tending to a minimal invariant set. Previous studies have mostly
used analytic number theory methods. In fact, B. J. Birch, H. Davenport and D. Ridout
proved in a series of papers that Q[Z9 is dense in R if d > 21 provided that @ is
irrational, see |[Lew73| and [Mar97| for a complete historical overview until 1997.

For a measurable set B C R? let vol B denote the Lebesgue measure of B and let
volz B := #(BNZ%) denote the number of integer points in B. We define for a,b € R
with a < b the hyperbolic shell

Eup o {r eR?: a < Qr] <b}.
The Oppenheim conjecture is equivalent to the statement that if d > 3 and () is irra-
tional, then volyz E,, = oo whenever a < b. We would like to study the distribution of
values of () at integer points, often referred to as “quantitative Oppenheim conjecture”
with an emphasis on establishing effective error bounds for the approximation of the
number of lattice points restricted to growing domains. Our methods rely mainly on
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Gotze’s Fourier approach |Got04] via Theta series, translating the lattice point count-
ing problem into averages of certain functions on the space of lattices, for which we
extend the mean-value estimates obtained by Eskin-Margulis-Mozes [EMMOS|.

1.1. Related Results. Let R be a continuous positive function on the sphere {v €
R?: |lv]| =1} and let Q = {v € R? : |jv|| < 1/R(v/|[v|])}. Note that the Minkowski
functional of Q, that is M(v) = inf{r > 0: v € rQ}, may be rewritten as M(v) =
|v]| R(v/||v]|]) and therefore Q = {v € R? : M(v) < 1}. Without loss of generality we
may assume that Q C [—1,1]%. We denote by 7 the dilate of Q by r > 1. In [DM93]
S. G. Dani and G. Margulis obtained the following asymptotic exact lower bound under
the same assumptions that @) is irrational and d > 3:

li inf VOIZ (Ea,b N T’Q)
11m in
r—oo vol (Eup N18Y) —

(1.1)

Remark 1.1. Tt is not difficult to prove (see Lemma 3.8 in [EMMO98]|) that as r — oo,
vol (Eupy N7Q) ~ Aga(b— a)r®?

dA
A dﬁf/ — 1.2
@ e IVQ (12)

L is the light cone () = 0 and dA is the area element on L.

where

The situation with asymptotics and upper bounds is more subtle. It was proved in
[EMMO9S| that if @ is an irrational indefinite quadratic form of signature (p,q) with
p+q=d,p>3andqg>1, then for any a < b

VOIZ (Ea,b N TQ)

I —1 1.3
roso vol (Bayp 1 7Q) (1.3)

or, equivalently, as r — oo
volz (E,p N7Q) ~ Ag.a(b—a)r®™?, (1.4)

where A\g o is as in (1.2)).
If the signature of @ is (2,1) or (2,2), then no universal formula like ((1.4]) holds. In

fact, one can show (see Theorem 2.2 in [EMM9§|) that if 2 is the unit ball and ¢ =1
or ¢ = 2, then for every ¢ > 0 and every a < b there exists an irrational quadratic form
@ of signature (2, ¢) and a constant ¢ > 0 such that for an infinite sequence r; — oo

voly (Eap N1;Q) > cr?_Q (logr;)'=.

While the asymptotics as in (1.4) do not hold in the case of signatures (2,1) and (2,2),
one can show (see [EMM9S|) that in these cases there is an upper bound of the form
r%2logr. This upper bound is effective and it is uniform over compact sets in the

space of quadratic forms. In addition, there is an effective uniform upper bound (see
[EMM98]) of the form cr?=2 for the case p > 3, ¢ > 1.
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The examples in [EMMO98| for the cases of signatures (2,1) and (2,2) are obtained by
considering irrational forms which are very well approximated by split rational forms.
More precisely, a quadratic form Q) is called extremely well approzimable by split rational
forms (EWAS) if for any N > 0 there exists a split integral form @’ and a real number
t > 2 such that
ItQ — @'l <™,

where || - || denotes a norm on the linear space of quadratic forms. It is shown in
[EMMO5| that if @ is an indefinite quadratic form of signature (2,2), which is not
(EWAS), then for any interval (a,b), as r — oo,

Noala,b,r) ~ Ag.alb—a)r?, (1.5)

where A\ is the same as in (|1.2) and NQQ(a,b, r) counts all the integral points in
E,» N7} not contained in rational subspaces isotropic with respect to ). It should be
noted that

(i) an irrational quadratic form of signature (2,2) may have at most four rational
isotropic subspacegv,
(ii) if 0 & (a,b), then Ngq(a,b,r) = volz (Eqp, N7ed).

The above mentioned results have analogs for inhomogeneous quadratic forms
Qelr] = Qlr +¢], ¢ eR™
We define for a,b € R with a < b the shifted hyperbolic shell

Eope o {z €R?: a < Q¢fz] < b}.
We say that Q¢ is rational if there exists t > 0 such that the coefficients of () and the
coordinates of t§ are integers; otherwise Q)¢ is irrational. Then, under the assumptions
that Q¢ is irrational and d > 3, we have that (see [MM11])

ly, (Eope N Q2
lim inf Y02 Fare 07) o (1.6)
r—oo  vol (Ea,b,§ N T’CL))

The proof of ([1.6)) is similar to the proof of (|1.1)).
Let (p,q) be the signature of Q. If p > 3, ¢ > 1 and Q)¢ is irrational then
lim VOIZ (Ea,b,£ N TQ)

=1
r—oo vol (Ea,b,g N TQ)

: (1.7)

or, equivalently, as r — oo,
voly (Eupe N7TQ) ~ Aga(b — a)r® 2. (1.8)

The proof of ([1.7)) is similar to the proof of ([1.3)), see [MM11]|. The latter paper [MM11]
also contains an analog of (|1.5]) for inhomogeneous forms in the case of signature (2, 2).
One should also mention related results of Marklof [Mark02; [Mark03].
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Remark 1.2. The proofs of the above mentioned results use such notions as a minimal
invariant set (in the case of the Oppenheim conjecture) and an ergodic invariant mea-
sure. These notions do not have in general effective analogs. Because of that it is very
difficult to get ‘good’ estimates for the size of the smallest non-trivial integral solution
of the inequality |@Q[m]| < e and ‘good’ error terms in the quantitative Oppenheim
conjecture by applying dynamical and ergodic methods.

1.2. Diophantine Inequalities. One of our main objective is to develop effective
analogs of and show that all indefinite quadratic forms ) of rank at least 5
admit a non-trivial integral solution to the Diophantine inequality |Q[m]| < & whose
size can be bounded effectively in terms of e7'. On the one hand, we will exploit
Schlickewei’s results [Sch85| on small zeros of integral forms (see Subsection [8.1]) in
order to establish effective bounds depending on the signature (r,s) of ). On the
other hand we will introduce an appropriate Diophantine condition on the space of
quadratic forms, which will enable us to significantly improve our effective bounds due
to the exponents appearing in the Diophantine approximation of (). To state these
bounds we need to introduce notation.

Denote by @ also the symmetric matrix in GL(d, R) associated with the form Q[z] :=
(z,Qz), where (-, -) is the standard Euclidean scalar product on R%. Let @, denote
the unique positive symmetric matrix such that Q2 = Q* and let Q4[z] = (z, Q4 z)
denote the associated positive form with eigenvalues being the eigenvalues of ) in
absolute value. Let ¢, resp. qo, denote the largest, resp. smallest, of the absolute value
of the eigenvalues of () and assume ¢y > 1. In the first case, where we compare ) with
rational forms, we can replace the form @ by (/¢ and consider the solubility of the
inequality |@Q[m]| < 1. Since this Diophantine inequality includes the case of integral-
valued indefinite forms, we shall appeal to Corollary (a variant of Folgerung 3 in
[Sch85]) on the size of non-trivial integral solutions.

Theorem 1.3. For all indefinite and non-degenerate quadratic forms Q) of dimension
d > 5 and signature (r,s) there ezists for any § > 0 a non-trivial integral solution
m € Z4\ {0} to the Diophantine inequality |Q[m]| < 1 satisfying

HQ}s—ﬁmH <sa (q/qo)%q%+max{pd+2,d+1}/(d—4)+6’ (1.9)

where the dependency on the signature (r,s) is given by

%g forr>s+3
p=p(r,s) =S8 forr=s+2o0rr=s+1 (1.10)
%zf—l forr=s.

In particular, for indefinite non-degenerate forms in d > 5 variables of signature (7, s)
and eigenvalues in absolute value contained in a compact set [1,C], i.e 1 < g9 < ¢ < C,
Theorem yields non-trivial solutions m € Z? of |Q[m]| < € of size bounded by

||m|| <<C<5 e~ max{Pd+2,d+1}/(d_4)_6'
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As an example, we obtain solutions of order <¢ s s_l_ﬁ_d for the special case
r = s+3and d > 12. More generally, we may embed Z% C Z¢ for dimensions
d > di; > 5, in such a way that the restricted form is indefinite and of rank d;, and
apply Theorem to this form in d; dimensions. As a consequence, since (Q*)? < @Q?
in the ordering of positive forms we get ¢ > ¢* > ¢f > qo > 1 and |det Q*| < |det Q|,
we obtain the following corollary.

Corollary 1.4. For all indefinite and non-degenerate quadratic forms @ in d > 5
variables there exists for any € > 0 at least one non-trivial integral solution m € Z% of

QIm]| <,
5

1.11
lmll < cogee?, A

for any & > 0, where f3 = 12, 8%, 7% for d = 5,6, 7 respectively and f; = 7% for
all d > 8. The constant ccs depends only on & and C > 0 for forms Q) satisfying
1<qgp<q¢<C.

Remark 1.5. (a) For the special case of diagonal indefinite forms Q[z] = Z?:l g5 with
min|g;| > 1 Birch and Davenport (1958), [BD58a|, obtained a sharper bound. They
showed for arbitrary small § > 0 that there exists an m € Z° \ {0} with |Q[m]| < 1
and @ [m] <4 |det Q|F°. This implies (as above) for a compact set of forms @Q that
there exists an integral vector m satisfying |Q[m]| < ¢ and ||m| < cq5e 2% for any
fixed 6 > 0. In [BGH22| Buterus, Gotze and Hille extended the approach of Birch and
Davenport to improve the size of a solution by using Schlickewei’s result [Sch85| on

small zeros of integral forms: Let Q[z] = Z;.lzl q;z5 be an indefinite form of signature
(r,s) in d = r + s > 5 variables. Then for any ¢ > 0 the Diophantine inequality
|Q[m]| < e admits a non-trivial solution m € Z?, whose size is bounded by < e=**+?
for any fixed 6 > 0.

(b) Recently, quantitative versions of the Oppenheim conjecture were studied by Bour-
gain |[Boul6|, Athreya and Margulis [AM18], and Ghosh and Kelmer |[GK18|. Bourgain
[Boul6| proves essentially optimal results for one-parameter families of diagonal ternary
indefinite quadratic forms under the Lindel6f hypothesis by using also a Fourier ap-
proach, based on Epstein-Zeta functions. In contrast, Ghosh and Kelmer |[GK18| con-
sider the space of all indefinite ternary quadratic forms and use spectral methods (an
effective mean ergodic theorem). Lastly, Athreya and Margulis apply classical bounds
of Rogers for L?-norm of Siegel transforms in order to prove that for every § > 0 and
almost every ) (with respect to the Lebesgue measure) with signature (r,s), there
exists a non-trivial integral solution m € Z< to the Diophantine inequality |Q[m]| < e

whose size is bounded by ||m| <50 e 0 ifd > 3.

As mentioned above let us introduce a class of Diophantine forms as follows.
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Definition 1.6. We call ) Diophantine of type (k, A), where k, A > 0, if for any
m € Z\ {0} and M € M(d,Z) we have
i I = mt Q) 2 Al (1.12)

te
where || - || denotes the operator norm induced by the Euclidean norm on R™.

We shall see in Section that almost every form satisfies this property for some s

and A. In particular, fixing an integer k such that 1 < k£ < @ —1, we shall show that

a form @ for which k + 1 non-zero entries y, x, ...,z exist such that z1/y, ..., xx/y
are algebraic and 1,z1/y, ...,z /y are linearly independent over Q is Diophantine in
this sense and admits a non-trivial solution to the Diophantine inequality |Q[m]| < €

~ o : _d(d+1) .
of order <g465€ 0@ for any 6 > 0. In particular, for k = =5 1 we can give

__d34d’td—a
a bound for the size of the least solution of order < 45 € @+4-2(-4 = and in this

case for d = 5 of order < 5 ¢—151/28—46

Corollary 1.7. Let ) be an indefinite quadratic form in d > 5 variables and of Dio-
phantine type (k,A) and fir § > 0. Then for any € > 0 there exists a non-trivial lattice
point m € Z2\ 0 satisfying

2d+3kd—4kK
Q[m]| <e and [m| <quse” =

For irrational indefinite quadratic forms we may quantify the density of values Q[m],

m € rQQ N Z4, where Q denotes a (not necessarily admissible) parallelepiped satisfying

(7.1 (see Subsection as follows: Consider the set
V(r) def {QIm] : merQn Zd} N [—cor?, cor?]

of values of Q[z], z € rQ N Z? lying in the interval [—co7?, co7?], where ¢y denotes
the constant introduced in Lemma [7.1] For each r > 1 we arrange the values V(r) in
increasing order vo(r) < ... < vg(r), k = k(r), and define the maximal gap between
successive values of V(r) as

d(r) := supieqy,.. p(rylvi(r) = via (r)]. (1.13)

As a consequence of our technical quantitative bounds we obtain

Corollary 1.8. Let () denote a non-degenerate indefinite form in d > 5 variables and
of Diophantine type (k,A). For 6 > 0 we obtain for the mazximal gap d(r) between
successive values of the quadratic form in the set V(r)

d(r) < r—7oto, (1.14)

for sufficiently large v > ¢54.0.k.4.0, where vy := %f;ﬂﬁ and ¢s 40,64, > 0 denotes

a constant depending on K, A,Q,Q,d and 0 < § < 1/10 (here we omit a description of
the explicit dependence).
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For positive definite quadratic forms Davenport and Lewis (see [DL72|) conjectured,
that the distance between successive values v, of the quadratic form Q[z] on Z¢ con-
verges to zero as n — oo, provided that the dimension d is at least five and @ is
irrational. This conjecture was proved by Gotze in |Got04]. It also follows by the
results of the present paper which provides error bounds for the lattice point counting
problem for the indefinite case as well as the positive definite case.

The proof is similar as in the case of positive forms solved in [G6t04]: For any € > 0
and any interval [b,b + ¢], we find at least two lattice points in the shell Ejpi. (and
the box of size r = \/Q_b) by Corollary provided that b is larger than a threshold
b(e). Here b(e) and consequently the distance between successive values (as a function
of b) depends on the rate of convergence of the Diophantine characteristic pgl(r) in the
bound of Corollary towards zero. For quadratic forms of Diophantine type (k, A)
this dependency can be stated explicitly.

1.3. Discussion of Effective Bounds and Outline of the Proofs. In order to
prove an effective result like Theorem we need an explicit bound for the error, say
R(Ig, ,re) (for a formal definition see below) with /5 denoting the indicator of
a set B, of approximating the number of integral points m € E,; in a bounded domain
rQ by the volume vol (E, , NrQ), compare Remark [1.1] First, we simplify the problem
by replacing the weights I,q(m) = 1 of integral points m € r( by suitable smoothly
changing weights v(m/r) (for notational simplicity, we will write v,.(m) := v(m/r)),
which tend to zero as m/r tends to infinity. This smoothing (together with a smoothing
of the indicator function of [a, b]) allows us to use techniques from Fourier analysis, but
we are forced to restrict the region €2 to parallelepipeds in order to ensure that the
corresponding error has logarithmic growth only.

1.3.1. Fourier analysis. Starting with smooth weight functions v, (which depend on
the dilation parameter 7), we also construct a w-smoothing ¢ of the indicator function
of [a,b] via convolution with an appropriate kernel &k whose Fourier transform decays
like |k(t)] < exp{—+/[wt]}. This allows us to replace the indicator function of [a, b]
in the lattice point counting problem by a smooth function, gaining an error bounded
in Corollary [3.2] After this smoothing procedure, writing g?(z) := g(Q[z]), our main
objective will be to estimate the weighted lattice remainder

Rig®v) &Y @) - [ a(@lelv(z)ds, (1.15)

meZd

where g and v are smooth functions whose Fourier transforms decay fast enough as
well. More precisely, we will assume that v satisfies (2.4). (At this point we should note
that the abbreviation introduced in (|1.15)) will frequently be used to denote remainder
terms.) Next we shall use inverse Fourier transforms in order to express the weights as

oQUm]) = [ 3t) exp2itQiml} e, Gm) = [ Cu)exp2mifum) b
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where ((z) = v(z)exp{@+[z]}. Combining the resulting factors exp{2witQ[m]},
exp{27i(v,m)} and exp{—Q4[7]} in (1.15) into terms of the generalized theta series

0,(t) = " exp{~2ri(v,m)/r — 2ritQ[m] — Q[m]/r*}

one arrives at an expression for the sum V. := " . v(%)g(Q[m]) by the following
integral (in ¢ and v) over 0,(¢):

V= [ o [ aonara. (1.16)

The approximating integral W, := [, v(2)g(Q[x]) dz to this sum V, can be rewritten
in exactly the same way by means of the theta integral

def

U, (t) = /Rd exp{—27i(v,z) /r — 27itQ[x] — Q4 [x]/r*} du,

replacing the theta sum 6,(t). Thus, in order to estimate the error |R(¢%v,)| = |V, —
W,|, the integral over ¢ and v of |0,(t) — J,(t)||g(t)((v)| has to be estimated.

For |t| < qo_l/2r_1 and ||z|| < r the functions z — exp{27itQ[z|} are sufficiently
smooth, so that the sum 6,(t) is well approximable by the first term of its Fourier
series, that is the corresponding integral ¥, (t), see (3.16) and (3.33)). The error of this
approximation, after integration over v, yields the second error term in , which
does not depend on the Diophantine properties of (). Additionally, we may restrict the
integration to |t| < T’y for an appropriate choice of T (depending on the width of the
shell) by using the decay rate of the kernel k. So we end up with the remaining error
term

- | 10,03(0) (0 dvdt, (1.17)
Ty >|t)>q; /2 R4
which we estimate as follows
1< Il sup / 16,(0)|[3(0)] . (1.18)
veER? T+>|t|>q 121

The second factor in the bound of I in 8]) encodes both the Diophantine behavior of

() as described above as well as the growth rate with respect to r. We shall describe in

the next subsection our method to extract out of this factor the correct rate of growth,

while simultaneously avoiding the loss of information on the Diophantine properties

of @, provided that d > 4. However, let us first state that the resulting bound (the

choice of T, depending on the width of the sh% is an error bound depending on
2.2)

characteristics of ((v) of the form (see Theorem

_ 0w _ = b—a
RI5,,7) @, w1 + Gy + [Clhor?og (1+—2). (1.19)

which has to be optimized in the smoothing size w (compare e.g. Corollary [2.4) and
P6.5—a(r) depends on the Diophantine properties of @) and r (see Theorem [2.2)
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1.3.2. Mean-Value Estimates. In order to describe the second term in ((1.19)), we follow
|G6t04] (by using a modified Weyl differencing argument) to show in Lemma that
uniformly in v and pointwise in ¢

6. (6)]7 < 1 |det Q712 Y~ exp{—[Jv]*}, (1.20)

vEA:

where {A;}icr is a family of 2d-dimensional unimodular lattices generated by orbits
of one-parameter subgroups of SL(2,R) indexed by ¢ and r, see for the precise
definition. It is well-known that the expression ¢(r,t) := Y .\ exp{—|v|[*} can be
bounded by the number of lattice points v € A, satisfying [|v]~ < 1. Combining
this estimate together with the symplectic structure of A; (see Section yields the
estimate

1

Mi(Ay) ... My(Ay)

where M;(A;) denotes the i-th successive minima of A; and ay(A;) the d-th a-character-
istic of A, that is ag(A;) = sup{|det(A’)|~" : A’ is a d-dimensional sublattice of A;}.
After a local approximation of a certain one-parameter unipotent subgroup by the
compact group SO(2) (see Section 4.2), we estimate the average of ay(A;)? over t for
0 < 8 < 1/2 in Lemmas , and . This argument involves a recursion in
the size of r and builds upon a method developed in [EMM98| on upper estimates
of averages of certain functions on the space of lattices along translates of orbits of
compact subgroups.

Let us give a brief sketch of the main ideas involved in this argument. Let G =
SL(2,R), K = SO(2) endowed with the probability Haar measure dk and denote by A,
the mean-value operator on K\G defined by

fL(th)==/Lngkh)dh

»(rt) <

=4 Oéd(At),

where f is any continuous function on K\G, g € G denotes any element for which
lgll = r and || - || denotes the operator norm induced by the standard Euclidean norm.
Fixing 2/d < < 1/2, we shall show that uniformly in v and for all intervals I of fixed
bounded length there exists a positive function f depending only on () and [ such that

/ﬁﬁwﬂ<W”%MQF“wmﬂAUXM
I

where 77 5(r) contains information on the Diophantine properties of () and tends to
zero for irrational forms as r tends to infinity (see Corollary .

The function f does not appear isolated but emerges as the maximum of a family of
positive functions fi, ..., foy. For a positive number ry > 0 and any gy € G such that
lgo|| = ro we show that this family satisfies two main properties. First, the value of
each f; on any orbit of the form goKh is bounded (up to a constant depending only on
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r0) by its value at f;(h). Second, the mean-value A, (f;) of any f; satisfies the following
functional inequality (see Lemma [5.11))

Ay fi <1 (90) fi + &1?5 v fizjfitss

where we set i = min{i, 2d—1}, \; :== max{2, $i} and 7y, denotes the spherical function

(g) = / lgke | d,
K

where e; = (1,0) denotes the first standard unit vector on R?.

The asymptotic growth of spherical functions is well-understood and in our case
m2(g) =< |lg/|*™? whenever A > 2 and g ¢ K. Here spherical functions are crucial
precisely because they are the eigenfunctions of the mean-value operator. We show, in
a first instance, that any positive function f satisfying an inequality of the form

Ao [ < 7a(g0) f + by, (1.21)
for A > 2 and 0 <7 < X satisfies

A f(1) < malg)f(D), (1.22)
for any r > 0, where g € G is any element for which ||g|| = r. In other words, the

growth of the mean value at 1 grows at most as fast as the associated spherical function.
In a second instance we obtain, after radializing the family, a preliminary estimate of
the form

A (1) < fF(1)7u(9), (1.23)
for any fixed p > A\y. We then show inductively, using repeatedly , and
that

A (fi) < f(1)7y,, foralli#d (1.24)
for an appropriate sequence \y > p; > A;. Combining these estimates again with
in the case ¢ = d then yields the inequality A,, fs < 7x,(90) fa+ f(1)7,, for some n < A4,
which implies together with and the desired and expected estimate (see
Theorem , namely that A,(f)(1) < 7,,(g)f(1) < r#2f(1) for any r > 1 and
any g € G for which ||g|| = r. In particular for any such interval I we obtain the
following bound

/I 10,(0)] dt << r2|det QI yy 5(r) £(1).

At this point the current approach is fundamentally different to the approach of pre-
vious effective bounds for R(/g, ;) by Bentkus and Gotze [BGI9| (see also [BGI7))
valid for d > 9 and positive as well as indefinite forms. The reduction to and
the Diophantine factor p, () follows the approach used by Gétze in |[Got04], where
the average on the right-hand side of was estimated for d > 5 by methods from
the Geometry of Numbers and essentially required positive definite forms. A variant of
that method was applied to split indefinite forms in a PhD thesis by G. Elsner |Els09].
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1.3.3. Smooth weights on Z¢. For the Gaussian weights v,.(z) = exp{—2Q[z]/r?} our
techniques yield effective bounds for the approximation of a weighted count of lattice
points m € Z¢ with Q[m] € [a,b] by a corresponding integral with an error

R(Ig,,v,) = Z Vr(m)—/E v, (z) da. (1.25)

meE, ,NZ?

The following bounds for R(Ig, ,v,) are identical for the case of positive and indefinite
d-dimensional forms @, provided that d > 5. Using Vinogradov’s notation A <5 C,
meaning that A < ¢g C with a constant cg > 0 depending on B, we have

Theorem 1.9. Let () be a non-degenerate quadratic form in d > 5 variables. Choose
B = %—i— g for some arbitrary small 6 € (0, 11—0) Then for any r > ¢/%, where q denotes
the mazimal eigenvalue of Q, b > a and 0 < w < (b — a)/4 we have

R(Ig, ,vr) <qgaar® > (w+ phy_o(r) + 71 (b — a), (1.26)

provided that b —a < r. If r < b—a < r? the second term in the bound has to be
replaced by r%/?logr.

In Theorem an explicit description of the Diophantine factor pg, ,(r) will be
provided. Depending on whether () is definite or indefinite, this factor will be further
refined in Corollary resp. Corollary . Moreover, the function pg, ,(r) tends
to zero as r tends to infinity if @ is irrational. Additionally, if () is Diophantine
of type (k,A), as we shall introduce in Definition [1.6] we find a polynomial decay
PEb—a(r) KQa,a ™7 for an appropriate choice of 0 < w < (b —a)/4, where v € (0, 00)
depends on d, k and A, see Corollary 2.6l These results follow from Theorem 2.2 with
parameters chosen for the indefinite, positive and effective Diophantine cases in the
proofs in Section [7.4]

1.3.4. The role of the region . In order to estimate the lattice point deficiency
R(Ig, ,nrq) we have to e-smooth the indicator function of €2 which yields weights ¢ = (.
and an additional error of order £(b — a)r?~2 in case of indefinite forms due to the in-
tersection of E,; with the boundary 0r(). For positive definite forms, r() contains E, ,
that is € > 0 could be fixed independent of r, since this boundary intersection term is
not present here.

In the indefinite case one needs to match the actual size of the error by choosing ¢
small enough in . This leads to a critical dependence on ¢ through the Fourier
transform of (. and its characteristics (see (2.6)). Here HCA€||1 moderately grows like
(log1/¢)? for arbitrary small € in the case of polyhedra only, see Lemma . The
dependence of H@Hl*, see (12.6)), is again critically dependent on € and the width b —a
of the hyperbolic shell E,;. For b —a > r the boundary of rQ2 N E,; will contain
a larger segment of OrQ). For a sequence of scalings r these segments of the (d — 1)-
polytope potentially contain a large number of lattice points which induce large errors
in the lattice point approximation, for which the technical restriction to the region
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2 is solely responsible. In order to avoid this artefact which is reflected by a large
growth of ||(.||1,. when € is small, we restrict ourselves to special admissible regions €2,
where Q = B71[—-1,1]¢, and B € GL(d,R) is chosen such that the lattice ' = BZ? is
admissible in the sense of Subsection , i.e. both and are satisfied. This
ensures that the lattice point remainder of r{2 satisfies |volz rQ — vol rQ| <q (logr)4~1
uniformly which is ‘abnormally’ small. Likewise HZEHI* grows of order (log1/¢)? only.
The resulting error bounds in Corollary for wide shells with max{|al, |b|} <5 r?
are then comparable up to at most (log1/¢)? factors to the case of positive forms in

Corollary [2.4]

1.4. Organization of this Paper. The paper is organized mostly in logical order.
In Section [2] we describe the explicit technical estimates on lattice point remainders
for both positive definite and indefinite forms. In the following Section [3| we transfer
the problem to Fourier transforms of the error starting with a first smoothing step
and rewrite the lattice remainder in terms of integrals over d-dimensional theta sums.
Section [4 provides a reformulation of the problem via upper bounds in terms of integrals
over the absolute value of other theta sums with an underlying symplectic structure
on R?? which, in turn, are estimated using basic arguments from the Geometry of
Numbers. Section [5] contains crucial estimates for averages of functions on the space
of lattices. Finally, in Section [6] all these results are combined to prove Theorem
Starting with the applications, we collect in Section [7] the geometric bounds related
to parallelepiped regions €2 used in this paper and afterwards conclude (in Subsection
the results of Section . In the last Section |8| we focus on small values of indefinite
quadratic forms: After recollecting and refining some results due to Schlickewei [Sch85)|
on the size of small zeros of integral quadratic forms, we shall prove Theorem [I.3]

Compared to an earlier preprint [GM10] this version has been rewritten so that
it allows to separate the error contributions due to the Diophantine properties of )
and the influence of weights for the lattice points in Theorem [2.2] The latter has
been developed for special choices of regions {2 which are particularly relevant for wide
shells F,; in Section m Moreover, the effective bounds for non-trivial solutions of the
Diophantine inequality |Q[m]| < € have been improved in terms of the signature (7, s)
by using Schlickewei’s result |[Sch85| on small zeros of quadratic forms. In addition, we
included a number of corrections concerning the explicit dependence on ) (resp. 2)
and the dimensions, and corrected typos as well.
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2. EFFECTIVE ESTIMATES

We consider the quadratic form

Q[z] o (z,Qx) for xR

where (-, -) resp. || - || denote the standard Euclidean scalar product and norm, Q: R? —
R? denotes a symmetric linear operator in GL(d, R) with eigenvalues qi, ..., qq. Write
def .o def ' def ~1/2 51

g = minfgl, ¢ = max[gl,  do = [det Q""" (2.1)

In what follows we shall always assume that the form is non-degenerate, that is ¢y > 0.
In order to describe the explicit bounds we need to introduce some more notations.
Let5>§lsuchthat0<%—5<%—§ford>4. For a lattice A C R", n € N, with
dim A = n we define for 1 <[ < n its o;-characteristic by

a;(A) o sup{\det(]\’)\’1 : A" C A, I-dimensional sublattice of A}. (2.2)

Here A’ = BZ" is determined by a n x [-matrix B and det(A’) = det(BT B)'/? is the
volume of a fundamental domain.

Remark 2.1. Given A = ¢gZ" with g € GL(n,R), then any [-dimensional sublattice
A C A is spanned by gnq, ..., gn;, where n; € Z" and det(A) = [[gni A ... A gnyl]. If
A" C A is a sublattice distinct from A with basis gn}, ..., gnj, n; € Z", then

l(gni Ao Agny) — (gni Ao Agng)l] > [[(ne Ao Amg) — (RE A oA > 1,

since the [-th exterior product of ¢ is invertible. This argument shows that the «y-
characteristic is attained at some [-dimensional sublattice A’ C A.

In the special case n = 2d we also introduce

v () sup { (rlaa(A)) T T <t < T, (2.3)

where A; = d,u;Aq denotes a 2d-dimensional lattice obtained by an appropriate action
of d,,u; € SL(2,R) on R?? (see ), where d, and u; denote the usual diagonal and
unipotent elements and Ag denotes a fixed 2d-dimensional lattice depending on @) (see
(4.28)). Recall that F,, = {r € R? : a < Q[z] < b} and let v(x) denote a smooth
weight function such that ((x) := v(z) exp{Q[z]} satisfies

supeza (1C(@)] + [C(2)]) (1 + [l < oo (2.4)

An explicit construction of weight functions for parallelepiped regions will be given
in Section [/} Nevertheless, as a simple example, one can take the Gaussian weights

v(x) = exp{~2Q[a]}.

Theorem 2.2. Let () be a non-degenerate quadratic form in d > 5 variables with

go > 1. Choose 8 = % + g for some arbitrary small § € (0, %) Write (b—a), :=b—a
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ifb—a<qand (b—a), := ¢ V2 ifb—a>q, and (b—a)* = (b—a) ifb—a <1 and
(b—a) :=1ifb—a > 1. Then for anyr > q"%, b>a and 0 < w < (b—a)/4 we have

Y @)= [ @] <aa {wlvlie + I Cor ()}
Fap (2.5)

+dor?||C]]., log (1 4 28y,

1/2
qO/T

where Cq = q|det Q|~V4=P/2 and ||v||q is defined in Lemma (the quantity ||v]g
depends additionally on r,a,b and w, but we will suppress this dependence),

w def . d_9_§ .
Pobalr) = mf{(b—a)q (c@T? ™ "+ vz 18(r) +va.1.,8(r) (14 log((b—a)* T}.))

o (Tow) e T g (gt 1), Ty > 1}

and cq := |det Q|Y4=P/2. Furthermore

~

HEH*T def qd/4<(%>d/2 HEHl +/ 1C(v)] e dv) (2.6)

olleosr2 (@271 flor =tz

and here ||v||z := min,,czal[v — m|| .

We use the notation A =4 B for quantities of equivalent size up to constants de-
pending on d only, i.e. A <4 B <4 A.

Remark 2.3. Note that

a) Theorem [2.2] extends to affine quadratic forms Q[z + ] uniformly in |], < 1.

b) Depending on the application, the lattice remainder (2.5) will be optimized in
the parameters w, € and 7', differently: For thin shells the error should also scale
with the length b—a. This forces Ty to be large and requires ‘strong’ Diophantine
assumptions. In the case of wide shells it is possible to choose w relatively large.

¢) If @ is irrational, then Corollary implies that pg, ,(r) — 0 for r — oo,
provided that w and (b — a) are fixed. The first factor in the definition of p§, ,
corresponds to small values of ¢t on the Fourier side and the last factor to the
decay rate of the w-smoothing of the interval [a, b].

With these notations we state a result providing quantitative bounds for the differ-
ence between the volume and the lattice point volume in Eg .

2.1. Ellipsoids Ej;. Here () is positive definite and we may assume that b tends to
infinity. Let r = v/2b in Theorem . Then the ellipsoid Ey;, = {x € R : Q[z] < b}

is contained in r) = Q;I/Z[—r, 7]?. Choosing in Theorem a smoothing of I, say

v, of width ¢ = %5, which equals 1 on Eyj, and the smoothing parameter w in terms

of T'y, such that the right-hand side in ({2.5)) is minimal, will lead to
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Corollary 2.4. Let () denote a non-degenerate d-dimensional positive definite form
with d > 5 and qo > 1. For any r > ¢"/% and r = v/2b we have with H, := Eqy,,

|VOIZ Hr — vol HT’ <<B,d dQ’T’ (ptel( ) + qd/47aid/2+2 (Q/QO)d/2 10g(7’)>, (27)

where

o def . 3 425 o 2
o) 2 inf {ag (a2 (T2 ™+ e s (1) + Y01 121,6(1) log (T 1)) 4 BT |

and the infimum is taken over T_ € [q, 12 =1, 1] and Ty > 1, where ag = q|det Qﬁ_g,

= |det Q|*/*=F/2. Purthermore, lim, pen(r) = 0 as r tends to infinity, provided
that Q is irrational.

Compared to the quantitative results in [BG97| and [BG99], this bound holds already
for d > 5. Moreover, Corollary |2.4] refines the estimates obtained in |[Got04].

2.2. Hyperboloid Shells E,;. If () is indefinite, we distinguish, depending on b — a,
between ‘small” and ‘wide’ shells F, ;. Here we restrict ourselves to a special class of
rescaled admissible parallelepipeds 7Q for r > 0: We suppose that Q = B~[—1,1]4
is determined by some B € GL(d,R) such that the lattice I' = BZ? is admissible in
the sense of Subsection , i.e. both and should be satisfied (for examples,
see Remark and Example . Note that the latter condition , that is Q4 <
BTB < cpQ, with cg > 1, ensures that the region Q is rescaled with respect to the
quadratic form Q.

To estimate the lattice point remainder for this restriction of E,; given by H, :=
E,» NrQ we smooth the indicator function /o in an e-neighborhood with an error of
order O(g(b — a)r?=?) using Lemma This yields a smooth function v. and a final
weight function (., according to in Theorem[2.2] Since Q is admissible, both ||(.[1
and ||¢.||«, in are growing with a power of [loge| only, see Lemmas [7.2 and [7.8]

In the next step we calibrate both smoothing parameters w and ¢ in order to get
Corollary 2.5 below for ‘wide’ and ‘thin’ shells. The actual choice of € is then determined
by calibrating the main terms er?* and [|¢c[|1p§ ,_,(r)r*? depending on the speed of
convergence of lim, . p§;,_,(r) = 0. The resulting error bound for indefinite forms
will then differ at most by some |log ¢|-factors from the positive definite case, and is
thus dominantly influenced by the Diophantine properties reflected in the decay of the
Yir_,1)),8, vesp. the pg , -characteristic of irrationality. In particular we have uniformly
for ‘small’ and ‘wide’ shells F,; and admissible regions €2 the following bound:

Corollary 2.5. Under the assumptions of Theorem[2.4 we get for an admissible region
Q, all max{|al, |b|} < cor?, where ¢y > 0 is chosen as in Lemma[7.d, and b —a > q

A, € voly H, — vol H,| <4 dor®™ 2(pr,(r) + Roa(r)), (2.8)
where
Roa(r) = gt 3 210g(r+1)"((£)? + % % r log(2+ ) log (1447, (2.9)
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Nm(T") := inf e\ (o3| 71 - - - 74| in standard coordinates v = (v1,...,7a) and
def . o —(4-2-9) d 3 d_9_§
poht () = 1nfT+,T—{ log (b —a)T_*? 7 7+1) (aQq2+5(CQTf + Y- ,8(r))
o 2
+agya,r,,8(r) log(Ty + 1) + %) },

where the infimum is taken over all T_ € [qo_l/2 1 and Ty > 1. If b—a < q, then
. holds, too, whereby the Diophantine factor pg yp+ (1) has to be replaced by

_ (4526 d_2-5
ngz o(7) © inf. Ty {GQ log (1+T )) <(b_a>(CQT— +’7[T,71},B(T))
+ 0,60 (0g((b — 0)' Ty) + 1) ).
In the last equation the infimum is taken over all T_ € [q, 121 1] and Ty > 1 with

" mac {1, log (¢4 (b — )7 7). (2.10)

These bounds refine the results obtained in [BG99| providing explicit estimates in
terms of () and are valid for d > 5. Note that, due to the ‘uncertainty principle’ for the
Fourier transform, we need to choose T, at least as large as in if £, is ‘thin’ in
order to control the factor exp{—|T;w|'/?} (occurring in the deﬁmtlon of p§_,) Which
scales with b — a. In Section we prove a variant of Corollary 2.5 for thin shells and
non-admissible regions () as Well see Corollary [7.10]

T, > 4(b—a) T2

2.3. Quadratic Forms of Diophantine Type (x, A). For any fixed T\ >1>T_ >
0 and irrational ) it is shown in Corollary that

lim 7y 5(r) = 0, (2.11)

with a speed depending on the Diophantine properties of ). For indefinite forms @),
this implies for fixed b — a > 0 that

Tlgf)loprnga( r) =0, hm PQb S(r) =0 (2.12)
and hence A, = o(r?2) as r — oo. This holds uniformly for all intervals [a, b] with
0 <u <b—a < v < cr?and sequences lim, u, = 0, lim,v, = oo, 1 — 0
depending on ). For the special class of quadratic forms of Diophantine type (k, A),
as introduced in Definition we may apply Corollary to obtain explicit bounds
on the Diophantine factors in the previous theorems as follows.

Corollary 2.6. Consider an indefinite quadratic form @) that is Diophantine of type
(k, A). Moreover, let 8 =2/d+d/d for some sufficiently small 0 < 6 < 5=. Then for
the case of wide shells b—a > q in Corollary[2.5 we have

d—2(2+3)

pONt (1) <. log(r + 1)ehgq? ™ (1 4 A7) (r™ aminst 4 p~wii log(gr + 1)), (2.13)
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where hg = q|det Q|Y*78, v = (1 —28)/(2k + 2) and o = d(1/2 — B). Thus for an
admissible region Q satisfying (7.1) we have for all v > ¢'/? and max{|al, |b|} < cor?

voly H, log(r + 1)4 ( CE T TR, S dy .
o 0 7 F(r+1)d 2¥(3=28)r 2 1 14+2=¢ )) 2.14
‘VOIHT - r +r +r og (1+22)), (2.14)

where the implied constant in (2.14]) can be explicitly determined. For thin shells, i.e.
b—a < q, we have

—(§-2- d_o_
,08:5:&(7’) <Lpd inf}ﬂﬂ{hQ log (1+ 72 6)>d((b _ o)1 25 | AT

—1) <0,0.8,d

AT (log((b — a)'T4)) + 1)) }
where the infimum is taken over all T_ € [qo_l/2r_1, 1] and Ty > 1 restricted to
1 (2—2-0) 9 —(§-2-0)\2
T, >4b—a)T_2 max{l,log (b —a)T ) }

3. FOURIER ANALYSIS

3.1. Smoothing. The first step in the proof of Theorem is to rewrite the lattice
point counting error (i.e. the left hand side of ) in terms of integrals over ap-
propriate smooth functions. To this end, we introduce smooth approximation of the
indicator functions of E, ;, and €2 constructed as follows. Denote by k = k(x)dx a prob-
ability measure (symmetric around 0) with compact support satisfying k([—1,1]) =1
and |k(t)] < Cexp{—|t|/?} for all ¢ € R and a positive constant C' > 0, where
/k?(t) = [ k(z) exp{—2mitz} dz denotes the Fourier transform of the measure k. For
an example of k£ we refer to Corollary 10.4 in [BR86|. More generally, by a result of
Ingham [Ing34| (see e.g. Theorem 10.2 in [BR86|) there is a probability density &k such
that ]E(t)| < Cexp{—u(|t|)|t|}, where u is a continuous, non-negative, non-increasing
function on [0, 00) satisfying [~ u(t)t~'dt < oo and this condition is also necessary.
However, we will not need this improved decay rate. For 7 > 0 let k. denote the
rescaled measures k,(A) 1= k(771A) for any A € B¢, where B? denotes the Borel
o-algebra. Using the same notation, let k. (z) = k(z1) ...k (zq), © = (21,...,24),
denote its multivariate extension on R?, d > 1. Furthermore, let f * k, denote the
convolution of a function f on R? and k,. We need the following standard estimate for
smooth approximations.

Lemma 3.1. Let u and v be (positive) finite measures on R?, let f and f=,7 > 0,
denote bounded real-valued Borel-measurable functions on R? such that for any 7 > 0

fo(@) <inf{f(y): ly —zllo<7} and  fF(z) >sup{f(y): ly — 2l <7}, (3.1)
for(@) <nf{f7(y) : ly — 2l <7} and fi(2) >sup{fF(y): ly — zlls<t}
Then

[ ra-o)| < max| [ -y sn |+ [ - e G2)
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Proof. Note that k, is a probability measure with support contained in a |[|-||o-ball of
radius 7. Hence, (3.1)) implies the following chain of inequalities

for S f7wke S < fFx ke < S (3.3)
which leads to

[raw=v < [ekdp-+ [k - pav (3.4)

together with a similar lower bound. Since by (B.3) f < fF* k. < f,; and f >
f= *k; > f,., the upper bound (3.4 together with the corresponding lower bound
proves the lemma. O

First we shall investigate approximations to the sum under consideration, counting
the lattice points in E,;, with weights v,(z) := v(z/r). In accordance with the notation

introduced in (|1.15)) at the beginning of Section we write
S Lo QU] (m) = / (@l () da + BT, v0), (3.5)

meZd R

where v(z) is a sufficiently fast decreasing smooth function such that the function

def
C(x) = v(z) exp{Q[z]} (3.6)
satisfies (2.4]). For such weights both sides of (3.5)) are well defined and R(/g, ,v,) may
be estimated by Poisson’s formula, see |[Boc4§|, §46. By means of Lemma m we now
replace the indicator Ij,3 by a smooth approximation.
Corollary 3.2. Let [a,b], :== [a — 7,b+ 7] and write

of ef
J+w = I[a,b]j:w * ky and gzcgw<x> = giw(Q[I])’ xERd’

where 0 < w < (b—a)/4. Then
|R(Ig,,vr)| < max|R(g2, v,)| + cawl|v]|or®, (3.7)

where R(g%,v,) is defined in accordance to (3.8), |v|o is defined in Lemma and
cq s a positive constant depending on d only.

Proof. In Lemma [3.1] we choose the measure p, resp. v, on R as the induced measure
under the map = — Q[z] of the counting measure with weights v,.(m), resp. the measure

vy(z)dz. Let f(z) = Loy (2) and fF(z) = Ljap,. (2). Then (3.1) is satisfied and (3.2))

applies with 7 = w. In order to bound the remainder term in (3.2)) observe that
foh = fow < I({z € R : Q[z] € [a — 2w, a + 2w| U [b— 2w, b+ 2w]})
and apply the geometric estimate of Lemma ; that is ((7.10]) of Subsection . 0

Thus we have reduced the determination of the lattice point remainder R(/g,,V;)

to the remainder R(g%,v,) for smooth weights. In the next subsection we shall rewrite
the latter by means of the corresponding Fourier transforms.
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3.2. Fourier Transforms and Theta-Series. Rewrite the weight factor v in (3.5))
as v(z) = exp{—Q4[z]} {(x). Since by definition (see the previous Subsection

1G0()] < Ty, () k()] < spape, (B) exp{—[tw|"/?} and (€ L'(dv), (3.8)
where
Stapian () [(2nt) " sin(nt (b — a £ 2w))], (3.9)
we may express the weight functions g, and ¢ by their Fourier transforms

~

E]\iw(v):/Rgiw(m) exp{—2ritz}dx and ((v)= g ((x) exp{—27i(v,z)} dz.

This yields

20l @la]) = [ Fanlt) spl2mit Qlal}at, (3.10)
((z) = /R d C(v) exp{27i(z, v)} dv. (3.11)

Using we obtain by interchanging summation and integration in
Rlo2uvr) = [ Rleigviiu(t) dt (3.12)

with e;g(x) := exp{2mitQ[z]}. (Here R(etqv,) denotes the inner integral with respect
to the variable v.) In the same way, writing &, ,(z) := exp{—Q4 [z/r] + 2mi{x,vr 1)},
we derive by (3.11)) the remainder

Rlewgv) = /R Rleiqén) o) dv (3.13)

The sum R(e;q€,,) is the remainder between the generalized theta series and its cor-
responding theta integral, that is R(e;gé,,) = 0,(2) — U,(t), where

0,(t) = Y exp{Qru(tz)} and U,(t) = /R Cexp{Qro(t,2)} dz, (3.14)

x€Z4

Qro(t, ) o 2mitQlx] — r 2 Q. [x] + 27i(z, vr ). (3.15)

Let us note that both 9J;(v) as well as 6;(v) depend on the dilating variable r. However,
we shall suppress this underlying dependency in order to reduce the notational burden.
For [t| < qo_l/27“*1 we shall use following representations of R(e;q€,,) = 0,(2) —v,(t) in
by means of Poisson’s formula (see [Boc48|, §46), which obviously applies here:

Hv(t) - 197)@) = Z 19v—rm<t)' (316>

meZa\{0}



DISTRIBUTION OF VALUES OF QUADRATIC FORMS 21

Note that by definition ([3.14) the Fourier transform of z + exp{Q,.,(t,x)} at u € R?
is given by ¥, ,.,(t), where

exp{Q,o(t, )} = exp{—Qy[z] + 27i({z,vr 1)} and Q, &f Q. — 27itQ. (3.17)

In view of (3.13)) and (3.16|) we have

R(ewpvy) = /R( S D) ) (3.18)

mezd\ {0}

From here we only consider the weight g,. The same inequalities hold also for g,
replaced with g_,,. Next, we decompose the integral over ¢ in (3.12)) into the segments

Jo = [—951/27“_17610_1/27’_1} and J; := R\ Jy and obtain
IR(g%v,)| <a In+ Iy + I, (3.19)
where,
I & R(ewovr) Gul(t) dt|, (3.20)
Jo

~

[, []ﬁw(t)/wﬁv(t)g(v)dvdt, (3.21)

~

I /J Gu(t) /R 0(8) C(v) dv di (3.22)

We start with the integral over the sections J;. In the term Iy we separate the ¢ and v
integrals via

Iy < [IE] sup / G ()0, (1)] I, (3.23)
[t]>q5 "/ *r =1

veERM
where the estimation of the latter integral will be done in the Sections [4H6] In order
to estimate the terms Ix and Iy we need to estimate |9, (¢)| first:

3.2.1. Estimates for |9,(t)]. For any symmetric complex d x d-matrix =, whose imag-
inary part is positive definite, we have

/Rd exp{miZ[z] + 27i(z,v) } dz = (det (2/i)) 2 exp {—mi=""v]}, (3.24)

where we choose the branch of the square root which takes positive values on purely
imaginary =, v € R? and Z7![z] denotes the quadratic form (Z'z, ), defined by
the inverse operator Z-!: C? — C? whose imaginary part is negative definite (see
[Mum83|, p. 195, Lemma 5.8 and (5.6)). We shall apply in the case Z; :=
in71Q, = 2tQ + ir~r~2Q. in order to obtain the following expression for 9, in
(see also (3.17))

Iy (1) = /Rdexp {miZ[z] + 2mi{z,v/r) } do = (det(Et/i))’% exp{—miZ; '[v/r]}. (3.25)
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Hence, the Fourier transform of x — exp{Q,.(t, )]} takes the following shape
det (W_lc?t)flﬂ exp {—7r26~2t_1[u — v/r]} = Dyru(t) = Fruy(t). (3.26)

A short calculation shows that Q; = (4722 +r~*) "' (27itQ ' +72Q7") and it follows
immediately that

det Q! = (4722 + =)L, (2mitq "t + r2|q:| ). (3.27)
Taking the absolute value of (3.25) and (3.27) we conclude that
[Vur(t)] <a do rd/20 82 exp { — 22 Q;l[u]}, (3.28)

where 7, 1= 7(47%t%r* +1)7/2 and dg := |det Q|~'/? as already defined in (2.1)!]

3.2.2. Estimation of Iy. By (3.28) with v = ur we have |9,(t)] <4 erd/2rf/2 and
therefore we obtain by using (3.8]) after integrating over v in (3.21))

Iy <4 dgr?|C] /

[t1>aqy

Stau. (1) exp{—|wt| /2y ri2 dt. (3.29)

/2. _

T

If [b—a|™t < qo_l/zrfl, then we use sy, (t) < [t|™! and r, < (rt)~! to get the bound

o o
/ Sanl (0787 dt < 72 / 421 q <y i1,
-1/2 1 RV
90 r @ r
In the case b —a| ™" > ¢, 21 e shall estimate the t-integral in ([3.29) by means of
Sfaple (t) < |b—a+ 2w|/2. Using |w| < (b — a)/4 additionally leads to

o

b—a
/ Stan, ()72 dt <17 2|b — 0+ 2u)| / o ar <, Do g,
[t]>q0 /2! a Pt Qo T

Summarizing, we have established the bound
Iy <a dg |Cly min{|b — algy*r", 1312 g5", (3.30)
provided that d > 2.

3.2.3. Estimation of In. According to (3.20)), (3.13]) and (3.16)) we may write
/ Guw(t)R(ewqv,)dt
Jo

In = ) where

R ot (3.31)
m%m:&&mmm S S ) Durmld).

meza\{0}

IThe first of these notations will be used throughout this section only and should not be confused
with the notation r, := rq’l/ 2 which will be introduced latter in Lemma
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In order to use the estimate ([3.28)) let v € R? and write v = ru with u = ug + m,,,
where vy € [~1/2,1/2]¢ and m, € Z¢. Then

1Sl €D Wauosm) ()] < dor®®ry Y~ exp{-7*7Q3 ug +m]}.  (3.32)

Note that [[m+uo| > [|m+uo|| > 3 for any m € Z*\{0} and therefore 7r;C)Irl[uo—i-m] >
%261_1 > ¢~ ! which yields the bound

Sl < dgrt/2|ry 12 (et M (0) + 0P, ) (3.33)

where I,(v) = Ijp2.00)(||V]|oo) and Kyy := ", paexp{— —Tt 207 m + uo}} The sum
K., may be estimated by an integral as follows: Since the map t + r? = r(4r2t?r* +
1)~1/2 is strictly monotone increasing on ¢ < 0 and decreasing on ¢t > 0, we find
that 72 > qo/(47% + 1) for |t| < ¢ /*r! as r > ¢2 and thus exp{—72r2Q; ' [u]} <
exp{—2Q;'[u]}. Let I := [—1,1]* and note that Q7 '[z] < ﬁ for x € I, from which
we deduce that

k. def /Iexp{—%oQ_T_l[u—F x]}daz >4 exp{ Q+ }/exp{ Q+ u x>}dx

where the integral on the right-hand side is at least one by Jensen’s inequality. Hence

Kus Yo e teriond < 3 = [ o

d
meZd meZd R

Using ([3.31)) together with ([3.33)) and -, we may now estimate I by the following
mtegrals ertlng vy = v —1rm, HUOHOO < %, m € Z" we have

d
Ll g < (2) T (3.34)
do

In <adg | [Gu(t)] (01 + 6y2) dt, (3.35)
Jo
where
. d/2 o .
O (L) e [ [Cwlar,
o Rd
ef _ — "~
Oy U 22 / exp{—m2r2Q fuor 11} (v dv.
[vlloo>r/2
If we write h(s;z) := s¥%™*" with s, > 0, then the maximum of s — h(s;x) is

attained at so = d/(4z). Hence, maxye j, h(rf; z) <4 min(z=4*, r¥/?) <4 (z + &)~
Thus, we obtain with x = 1/¢

max O, < (4/g0)"*r "]l (3.36)

Note that the value x = 1/q is within the range of ¢ — r2, t € Jy, since its maximum
is rZ = r? and its minimum is qo/(47% + 1) < rZ < qo, where t* = :I:qo_l/Qrfl. In order
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to estimate O, we choose ¥ = Q1 '[vy/r]/4 and get

~

()|
sup Oy 2 K rd/Q/ - dv. 3.37)
teJo b2 [v]|oo>7/2 (T_2+Q+1[UO/T])W4 (

Now we integrate the bounds (3.36)) and (3.37)) in t € Jy weighted with |g,(¢)|: In view
of (3.8) we have fJ0|fq\w(t)| dt < log(1+ |b— a]qal/Qr_l) and thus we finally get, using
the quantity HZ ||« as defined in (2.6) for the weights ((z), the estimate

In <q dor™log(1+ b —algy " *r)IC]|s- (3.38)

Applying (3.7) of Corollary with (3.19), (3.30) and (3.38]) we may now collect the

results obtained so far as follows for the lattice point remainder of (3.5). We have

|t @imlvem) = [ Ta(@lalyvotz) da]

d
meZd R

(3.39)
<a dy + dgr? ||l log(1 + |b— al gy *r ™) + wl|v]grt ™.

3.2.4. Estimation of Iy. We shall now estimate the crucial error term /Iy, see (3.22) and

(3.23). At first we shall bound the theta series 6,(¢) uniformly in v by another theta

series in dimension 2d in order to transform the problem to averages over functions on
the space of lattices subject to an appropriate action of SL(2,R). We have

Lemma 3.3. Let 0,(t) denote the theta function in (3.14]) depending on Q, r € R and
veRL Forr>1,teR the following bound holds uniformly in v € R?

10,(t)] < (det Q) VArd 24 (r )2, where (3.40)

Yty =Y exp{—Hi(m,n)}, (3.41)
m,nezd

Hym,n) ¥ 22Q7 [m —4tQn] +r2Q,[n], (3.42)

and Hy(m,n) is a positive quadratic form on Z*¢. Note that Hi(m,n) depends as well
on the currently fized dilating variable r which we suppress here.

Proof. For any x,y € R? the equalities

2(Q+[z]+Q+ly]) = Qilz+yl+Qi[z —yl,

Qlz+y), z—y) = Qlz] - Q[y]
hold. Rearranging 6,(z) 0,(z) and using (3.43)), we would like to use m +mn and m —n
as new summation variables on a lattice. But both vectors have the same parity, that

is m +n =m —n mod 2. Since they are dependent one has to consider the 2¢ affine
sublattices indexed by a = (o, ..., aq) with a; € {0,1} for 1 < j < d:

(3.43)

72 o {mezZ': m=a mod 2},
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where, for m = (my,...,mg), m = a mod 2 means m; = «; mod 2 for all 1 < j <d.
Thus writing

O, (t) def Z exp {—%Q+[m] —2mitQ[m] + 2m<m7g>} ,
meZs

we obtain 6,(t) = Y 6,.4(t) and hence by the Cauchy-Schwarz inequality

2 2
0,0 < 2oy [un®)] (3.44)
Using (13.43) and the absolute convergence of 0,(t), we can write

000 ()| = Z exp {-%(Cﬁ.[m] + Q4 [n]) — 27t (Q[m] — Q[n]) — 27i(m —n, ;)}

- Y e {_%(@m]wqﬁ]) _4m<zt@m+§,ﬁ>]

m,nezd

where m = ™ 7 = ™= Note that the map

Unegoaye Z4 X 28— 29 x 22, (m,n) — (20, 22

2 7 2
is a bijection. Therefore we get by (3.44)

2 2 _ _ . — v o_
6O <a D D exp {—7,—2(@+[m] +Q[n]) — dim (2 Qm + ;7”>}
ac{0,1}¢ m,nezd (3.45)
2 IR v '
= Z exp _T_z(QJr[m] +Q+[n]) —417r<2tQm+;,n> :
m,nezd
In this double sum fix 7 and sum over m € Z¢ first, and call the inner sum 6, (¢,n). Us-

ing (3.24) with = = 2iQ,r~?/m and v = —4tQn+m, we get for § := (det (ﬁ Q+))_1/2
by the symmetry of () and Poisson’s formula (see [Boc48|, §46)

b)Y exp [_%(qu] Q. [7]) — 4mi (26Qm + §n>}

mezZd

wr? 2 LU
=94 Z exp {— 5 QL [m—4tQn] — ﬁQ+[n] — 47i( ,nﬁ :
meZad

S|

Thus, we have uniformly in v € R?

‘Hv(t,ﬁ)} <9 Z exp{—?@ll[m —4tQn] — %QJr[n]} (3.46)

mezd
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Hence we obtain by ((3.45)) and ({3.46])
0. (0] <a (det Q)72 D exp{=Gi(m,n)},

m,ncZd

where Gy(m,n) = ”22T2Q;1[m —4tQn] + %Q4[n]. Since 7%/2 > 1 we may bound

G¢(m,n) from below as follows:
Gy(m,n) > r*Q3 [m — 4tQn] +r~2Q, [n] = Hy(m, n)
which proves the claimed estimate (3.40)). Finally, observe that we can write
1
o = 9510 4em)
rQan

which shows that H;(m,n) is a positive definite quadratic form on Z2¢, O

2

)

In view of Lemma [3.3 we can introduce the 2d-dimensional lattice

A € DooUyuoZ*, (3.47)

,% .
D= "9+ L) and Upg = (ld itQ) , (3.48)
r Q2 d

in order to write ¢(r,t) = > ., exp{—|[v||*} as the Siegel transform of exp{—|z|*}
evaluated at the lattice A;. According to the Lipschitz principle in the Geometry of
Numbers (see [Sch68|, Lemma 2, or [EMMO98|, Lemma 3.1) one can show that ¢ (r, t) <4
a(A;), where « is the maximum over all a;-characteristics (see (2.2))). However, we
choose to follow a more direct and transparent argument for the sake of clarity and
motivate the relation between the «;-characteristics and the successive minima of a
lattice for the convenience of the reader. The following Lemma (with ¢ = 1)
reduces the problem of estimating the theta series to the problem of counting
lattice points as follows

where

W(r,t) <q #{w € Ay @ Jw|loo < 1} g #{w € Ay : ||w] < dl/Q}. (3.49)
Lemma 3.4. Let A be a lattice in R?. Assume that 0 < e < 1, then
exp{—de} #H < > exp{—c|jv|]’} <ae Y’ #H, (3.50)
vEA

where H:={ve A : ||Jv)lo <1}.
Proof. The lower bound for the sum is obvious by restricting summation to the set of
elements in H. As for the upper bound introduce for p = (u1,. .., uq) € Z% the sets

def 1 1 1 1
B, = [ﬂ1_§7ﬂl+§>x"'x[ﬂd—EchH‘E)
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such that R = U,eze By For any fixed w* € H,, := AN B, we have w — w* € H for
all w € H,. Hence we conclude for any p € Z*

#HH, < #H.

Since x € B,, implies ||z]|s > ||/t]|oo/2, We obtain

S el < S el < $7 ST ik <oy 37 eI 2 gy,

vEA vEA neZd veANB,, HEZ?

This concludes the proof of Lemma 3.4} 0

4. FUNCTIONS ON THE SPACE OF LATTICES AND GEOMETRY OF NUMBERS

Let n € NT be fixed (later to be chosen as n = 2d) and for every integer [ with 1 <1 <n
we fix a quasinorm | - |; on the exterior product A'R™. Let L be a subspace of R" and
A alattice in L (i.e. A is a free Z-module of full rank dim L), then any two bases of A
are related by a unimodular transformation, that is, if uq,...,u; and vy, ..., v; are two
bases of A, where [ = dim L, then vy A--- Av; = +uy A -+ Ay, which implies that the
expression |v; A -+ Ay, is independent of the choice of basis.

Let A be a lattice in R", we say that a subspace L of R™ is A-rational if LN A is a
lattice in L. For any A-rational subspace L, we denote by da(L), or simply by d(L),
the quasinorm |uy A ... A, where {uy,...,u}, l = dim L, is a basis of L N A over Z.
For L = {0} we write d(L) := 1. If the quasinorms | - |; are the norms on A'R™ induced
from the standard Euclidean norm on R”, then d(L) is equal to the determinant (or
discriminant) det(L N A) of the lattice L N A, that is the volume of L/(L N A). In
particular, in this case the lattice A is said to be unimodular if and only if da (R™) = 1.
Also in this case d(L)d(M) > d(L N M)d(L + M) for any two A-rational subspaces L
and M (see Lemma 5.6 in [EMMO8|), but any two quasinorms on A'R™ are equivalent,
which proves

Lemma 4.1. There is a constant C' > 1 depending only on the quasinorm | - |; and
not on A such that

C*d(L)d(M) > d(L N M)d(L + M) (4.1)
for any two A-rational subspaces L and M.

Let us introduce the following notations for 0 <[ < n,

a(A) oo sup{d(L)™! : L is a A-rational subspace of dimension (}, (4.2)
a(A) ¢ max ar(A). (4.3)

This extends the earlier definition of ;(A) in the introduction of Section [2| to
the case of general seminorms on A'R™. In this section the functions a; and o will be
based on standard Euclidean norms, that is, we have d(L) = det(L N A).

In the following we shall use some facts from the Geometry of Numbers and the
classical reduction theory for lattices in R", see Davenport (1958, [Dav58|), Cassels
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(1959, |[Cas97|) and Einsiedler-Ward (J[EW19]). The successive minima of a lattice A
are the numbers M;(A) < --- < M, (A) defined as follows: M;(A) is the infimum of
A > 0 such that the set {v € A : [[v]| < A} contains j linearly independent vectors
and in particular Mj(A) is the shortest non-zero vector of the lattice A. It is easy
to see that these infima are attained, that is, there exist linearly independent vectors
v1,. .., 0, € Asuch that ||v;|| = (A) forall j =1,...,n. Moreover, as a consequence
of the reduction algorithm of Korklne and Zolotareff (see |KZ72|,|KZ73|, and [KZ77])
the «;-characteristic and the successive minima are related according to a;(A) =4

(Mi(A) ... My(A))™! (see [EW19|, Chapter 1, Theorem 15).

Lemma 4.2. Let F be a norm in R™ and denote by M; < --- < M, the successive
mainima with respect to F'. Let A be a lattice in R™, then

(A =, (M (A) - M(A), I=1,....n. (4.4

Moreover, for any pn >0, if 1 < j < n is such that M;(A) < p < M;1(A), where the
right-hand side is omitted if j = n, then

#{ve A : Flv) <pu} =, i1 a;(A). (4.5)

Proof. First we prove the lower bound. We may assume that M;(A) < p < M;1(A),
the right-hand side being omitted if j = n. Let vy,...,v, denote the elements in A

corresponding to the successive minima M;(A), i = 1,...,n. For my,...,m; € Z with
Im;| < 77 F(v;)™! notice that v = myvy + ... + mjv; satisfies F'(v) < p, thus
def ; _

N(p) = #{ve A : F(v) < p} > i (Mi(A) - My(A)) ™ (4.6)
The upper bound is also proven in Davenport [Dav5§| (see Lemma 1). We include the
short argument here for the sake of completeness: Let wq, ..., w, be an integral basis
of A such that v; is linearly dependent on wy, ..., w; forany ¢ = 1,...,n. Consequently
any lattice point v € A with F'(v) < M, is linearly dependent on wy, . . ., w; and hence

any element v € A with F'(v) < p can be written as v = myw; +. . .+m;w; with m; € Z.

Suppose v" € A is another element with F'(v') < p and write v' = mjw, + ... mjw;

with m/ € Z. Now define positive integers vy, ..., v; by
2p
2vi—l < <M 4.7
~ M;(A) 47
and observe that v; > v, > ... > v;. Assuming for the moment that m; = m] mod 2"
for every i = 1,...,7 and let iy denote the largest index ig such that m;, # m; . Then
x 1= 27"0 (v — ) is an element of A and linearly independent of wy, ..., w;,—1. This

implies F'(x) > M;,(A). On the other hand we have
F(z) =270 F(v—1") <27 (F(v) + F(v')) <27%02u < M;,(A)

by (4.7)). This contradiction shows that there is at most one lattice point in A, implying
that the coordinates my, ..., m; lie in the same residue classes modulo 2*1,2%2 . 2%
respectively. Hence, the number of lattice points N (p) in is bounded from above
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by the number of all residue classes, i.e. by 2122 ... 2¥ < (4p)? (My(A) ... M;(A))~ L.

This shows the upper bound in (4.5). O
Lemma 4.3 (Davenport |[Davb8|). Let A = gZ" and N = (¢g-)TZ" denote dual
lattices of rank n, then for all j =1,...,n we have

1 < M;(A)Myi1-j(N) <, 1. (4.8)

This is a variant of Lemma 2 of Davenport |[Davb§| for the Euclidean norm. Again,
for the reader’s convenience, we include the short argument here.

/

Proof. Let vy,...,v, € A, resp. v{,...,v, € A, be linearly independent such that
|vi|| = M;(A), resp. ||v]] = M;(A’). Then vy,...,v; cannot be orthogonal to all lattice
points vy,..., v, +1-j, otherwise they would fail to be independent. Thus, we have

(vi,v) # 0 for some i =1,...,jand k=1,...,n+ 1 — j, which implies that
Mi(A) M1 (A) = Mi(A) M (N) = [Jvill[[og ]| = [vi, )| > 1

because of duality. The right-hand side of (4.8 follows from (4.4)) with [ = n, which is
known as Minkowski’s inequality. Indeed, det(A) = a,,(A)~! =<, My(A)... M,(A) and
since det(A)det(A’) = 1 we conclude that

Mj (A)Mnﬂ—j(A/) <n HZ:Lh;éj(Mh(A)Mn-Fl—h(A,))_l <, L O

4.1. Sympletic Structure of A;. In the following we shall apply the previous results
from the Geometry of Numbers to the special 2d-dimensional lattice A; introduced in
. The symplectic structure of A; will allow us to establish a majorizing relation
between the theta series (3.41)) and the ag4-characteristic of Ay, see (4.14]). To do this,
we shall apply Lemma [4.2| combined with Lemma as follows. (We note that the
results of this section remain valid regardless of whether » > ¢'/2 or not.)

Lemma 4.4. Let A, be the lattice defined in (3.47)). Then we have for any t € R

Mj(At) M2d+1—j(At> =4 1 (] = 1, e ,d), (49)
Mi(Ay) <. 00 S My(Ay) €a 1 < Mgia(Ay) <0 < Mog(Ay), (4.10)
and the lower bound
M (Ay) > min{r_lqé/2,rq_1/2}. (4.11)
Corollary 4.5. As a consequence, we find for > 1
#{v e A o]l < p} <a p*laa(Ay), (4.12)
a(Ay) =max{a;(Ay) 1 j=1,...,2d} =4 aq(Ay) (4.13)

and
P(rt) <a aq(Ay). (4.14)
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Proof of Lemmal[{.4 First we prove (4.9)). Let

def 1y
7 (")

N, = DUy J ' 7%

Then J DTQU4tQJ =D, 1U T4t and hence A} is the lattice dual to A; in the sense of
Lemma [£.3] We claim that they have 1dentlcal successive minima. To this end, note
that for any N = (m,m)? € Z*

”DTQU4tQNH = [/ I DrqUasg S~ IN|| = D U2 I, (4.15)

where we use that .J is an orthogonal matrix. Since JZ2?¢ = Z2??, the equation 1-)
implies that the successive minima of A; and A} are identical and by Lemma
conclude M;(Ay) Magy1—;(Ay) =xq 1 for j=1,... ,d.

To prove (4.10) we note that My < Mg,y and 1 < My(Ay) Myi1(Ay) <4 1 implies

M;(Ay) < Mg(Ay) <q1 and 1 < Myq(Ay) < Magi(Ay)
for all j = 1,...,d. Thus, it remains to show the lower bound (4.11)) for M;(A;):
Take m,m € Z% with M;(A;) = || DrqUug(m,m)| = H;(m,m)"? where H; denotes
the special norm (3.42) in the theta series (3.41). If m # 0, then we have M;(A;) >
r QY m| > ¢ *r1, but otherwise My (A) = r|| Q1 m|| > rq~/2. O

Proof of Corollary[4.5. We begin with proving (4.12)) as follows. Recall that u > 1 and
let 2d > j > 1 denote the maximal integer with M;(A;) < p. Then Lemma implies

#{v € A o vl < p} <a loy(Ae) < p*faa(Ay),

since we have M;(A;) > ... > My (Ay) > 1if j > dand p < Mjp(Ay) < .0 <

My(A\) < 1ifj<d. In the case (< Ml(At) the inequality in (4.12)) holds trivially.
Moreover, this argument also proves . Finally, the estimate (4.14) follows from

the relation (3.49)) combined with 1} for p=d2. O

For arbitrary ¢ € R the following bounds hold independently of the Diophantine
properties of Q).

and consider the lattice

Lemma 4.6. Denote by A the lattice QiﬂZd, then

supser aa(Dsq Ung Z%) <4 po(s), (4.16)
where Dyg and Uyq are defined as in (3.48)) and
def _ _
0o(s) = s¥|det Q' L1 0,00)55 (572 M;(A)?), s > 0. (4.17)

In particular, it follows that
0o(s) <q stdet Q|7Y2, if |s| > ¢"/2, (4.18)
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and for small t we get
ag(DyqUug %) <4 |det QY2 (571 + |ts])?, if @Pts| >1,  (4.19)
aa(DaUuoZ*) <4 |det Q|72 max{1, (v/q/s)"}ts|™%, if ¢"?|ts| <1.  (4.20)

We emphasize that these estimates will be used for a wide range of s > 0 (depending
on the blow-up parameter r > ¢'/2), see e.g. the proof of Lemma nd for small ¢
2.2)

as well (by which we mean r~1q, 12 <+ < T_ as stated in Theorem

Proof. In this proof we replace the definition of A;, see , by Ay = DygUuoZ*,
i.e.  has to be replaced by s. If 1/8 < M;(/;), then we have
aa(Ae) <a (Mi(Ae) ... Ma(Ae) ™" <a#H{v € A¢ = [v] < 1/8}. (4.21)
Otherwise, there exists an integer j = 1,...,d with M;(A;) < 1/8 < M;11(A;), since
1 < My41(Ay) holds by (4.10). Now, taking = 1/8 in (.5) of Lemma [4.2] shows that
aa(Ay) g (My(Ay) ... Mg(A)) P (My(Ay) .. My(Ay)) ™ =g #{v € Ay - ||v]] < 1/8},
i.e. (4.21)) holds also in the second case. Recalling again (3.42)), we see that the right-
hand side of (4.21)) is the same as the number all lattice points m,m € Z¢ satisfying
Him,m] = s*Q7'[m — 4tQm] + s7>Q,[m] < 1/64, (4.22)

where the positive form H;[-,-] is defined as in (3.42)), but here again r has to be
replaced by s.

Proof of (4.16). If (4.22)) holds, then HQL”mH < s/2, which has again by Lemma
at most <4 Hj:Mj(A)gs(SMj<A>_1) integral solutions. Similarly, for fixed m the
triangle inequality combined with implies

15Q7"2(my — ma)|| < /Hymy, m] + /Hy[ma, m] < 1.

Thus, for fixed m, the number of pairs (m,m) for which (4.22)) holds is bounded by

the number of elements v in the dual lattice A" = Q;l/QZd to A such that [jv]| < s7%.
Since the successive minima for this dual lattice are determined by Lemma[4.3] we may
use Lemma , inequality (4.5]), again to determine the upper bound

<4 Hj:Mj(A’)gs—l(SMj(A/))71 < Hj:Mj(A)zs(Sile(A))

for this number as well. The product of both numbers yields the bound
—1 _
aa(Ar) <a #{v € Ay : ol <1/2} < s (TT5= Mi(A)) (T ary (a2 (5 2M5(A)?)).

Finally, using Lemma 4.2 in form of (H;.lzl M;(A)7! =4 aq(A) = |det Q|'/? shows the
claimed bound in (4.16)). Also the inequality (4.18]) follows immediately from (4.17)).

Proof of (4.19). Assume qé/2|ts| > 1land ¢ > 1. If m = 0 we conclude that
|| < |4ts|||QY*m| < 1/8. Hence in = 0. For any fixed m # 0 the triangle inequality
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implies that there is at most one element m € Z¢ with (4.22)). Furthermore, we get
(107" ?ml|| — 1/(8s)) < ||4tQ"? m) for that pair (m,m). This implies
1/8 2 \/Hy(m.m) 2 s QY *ml| = (1Q3"*m] — 1/(8s)) /|4ts]
and hence ||Q;1/2m|| < (s7' + |4ts])/8. Thus
#{ve N o |olP < 1/4) <q (s + [ts])? |det Q2.
Proof of (4.20]). As in the previous case, (4.22)) implies by the triangle inequality that
~1/2 1/2 o - _
105 m]| — 4t QY Sm|l] < (8s)! (4.23)

and together with ¢!/2|ts| < 1 also |[4ts|s1[|QY*m| < |4ts|/8 < (2¢)"V2. Moreover
one of these inequalities is strict and therefore we have

g V|| < [|Q7*m| < (25)7t + (2¢YH) 7", (4.24)

If s > ¢'/2, this leads to a contradiction unless m = 0. Hence, the possible solutions
for m in satisfy [|Q%/*m|| < [32ts|~! which, as in the proof of (4.16), has at most
< |det Q|7/2|ts|~¢ solutions. In the second case, i.e. if s < ¢*/2, the inequality
has at most <4 (¢'/%/s)? solutions for m. Now any possible 7 must satisfy

1QY*mll < 3267 + 48] QF*m| < [2ts]
again, which completes the proof of (4.20)) in view of (4.21). O

4.2. Approximation by Compact Subgroups. In Section 5] we shall develop mean-
value estimates for fractional moments of the ag4-characteristic of the lattice A; intro-
duced in . In order to apply techniques from harmonic analysis, we will rewrite
the family {A;};,cr as an orbit of a single lattice by means of elements of the one-
parameter subgroups D := {d, : r > 0} and U := {u; : t € R} of SL(2,R), where

def r 0 def 1 —t
we (5 8) W= (1) 29

and then approximate the subgroup U locally by the compact subgroup K = SO(2) =
{ko : 0 € [0, 27|} parameterized, as usual, by elements

ko def (cos@ —sm&). (4.26)

sinf cos0

Let S be an orthogonal matrix such that SQQIIST = (o, where )y denotes the
signature matrix corresponding to @, that is Qy = diag(1,...,1,—1,...,—1). A short
computation shows that

ST SQ M
DrQU4tQ = < ST) dy gy ( Q+ SQ1/2 )
+
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where we embed SL(2,R) into SL(2d, R) according to the following action

<Z 2) — (fa Z%;) (4.27)

Define the 2d-dimensional lattice

Ao & 72, 4.28
Q ( IS Q1/2 ( )
then as claimed,
ST
At = ( ST) dT‘u4t AQ (429)
Moreover, since S'is orthogonal and «; is invariant under left multiplication by orthog-
onal matrices we observe for any ¢ = 1, ..., 2d that
a;(Ay) = a;(dyugAg). (4.30)

Lemma 4.7. With respect to the embedding of SL(2,R) defined in (4.27) we have for
t e R, s > 1 and any 2d-dimensional lattice A in R*

aj(deugA) <g (1+ )2y (dokoh),  j=1,...,2d, (4.31)
where @ = arctant.

Proof. Suppose the signature of Q is (p,¢) and let (v, w) € R? x R, thought of as a

column vector with coordinates vy,...,vq, wy, ..., wy, then
| dgue (v, w)||* = ZHCZ g (vi, w;) ||+ Z | dsu_y (v;, w;) |- (4.32)
1=p+1

Let z,y € R. Note that y + tz = (1 +¢*)y + ¢ (v — ty), which implies that
(y +tx)? <2(1+12)% (y)* + 24 (x — ty)?,
and therefore we find
ST (x—ty)?+s 2 (y+tx)? <21+ ) (8* (x —ty)* + s7°y°), (4.33)

provided that s > 1. Taking § = arctant and noting that cos(d) = (t* + 1)7'/2, resp.
sin(f) = t(t> + 1)7'/2, we see that (4.33)) can be written as

dsko(z, y)II* < 2(1 + ¢°) | dsue (2, y) |,
and it is easy to see, along the same lines as before, that

dskg (2. y)|I* < 2(1 + %) [ dsu—i(z, y)]*.
Hence, we obtain in view of that

koo, )2 < 2(1 + ¢2)dytuy (v, ) |12
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from which we deduce that (1 4 2)72M;(dsu,A) > M;(dskeA) for any i = 1,...,2d.
The claim follows now from (4.4)). O

4.3. Irrational and Diophantine Lattices. The purpose of this section is to relate
the ag4-characteristic of A; to the Diophantine approximation of t() by symmetric inte-
gral matrices. We begin by motivating the Definition [I.6} Recall that @ is said to be
Diophantine of type (k, A), where k > 0 and A > 0, if

iﬂfQ}HM —mtQ|| > Am™" for all m € Z\ {0} and M € Sym(d, Z)

te

or equivalently if we introduce the truncated rational approximation error

Sion = min {||M —mtQ|| : m € Z,0 < |m| < R, M € Sym(d, Z)}, R>1, (4.34)

we require () to satisfy
inf 0,0 > AR™" forall R > 1. (4.35)
te(1,2]
Remark 4.8. As an aside, we remark that the property of () being Diophantine in the
above sense is equivalent to the requirement that for some &£ > 0
|M —tQ|| >t %, forallt>2and M € Sym(d,Z),

which was introduced in [EMM9S]| in the context of forms that are (EWAS). However,
this formulation is not optimal because k£ must be chosen larger than x depending on
A. Moreover, in most applications the constant A cannot be determined explicitly due
to non-effective methods in Diophantine approximation.

The following lemma justifies calling such forms Diophantine:

Lemma 4.9. Let k be an integer in the range 1 < k < @ — 1 and let Q) be a form
such that k + 1 non-zero entries y,x1,...,x; satisfy the property that

max [q;/y + pi| > Ag™"
for all k-tuples (p1/q, - ..,pr/q) of rationals. Then Q is Diophantine of type (k,A’),
where A" depends on A, k,y,x1/y,...,xx/y only (see (4.36]) ).

Proof. Let M € Sym(d,Z), m € Z \{0} and t € [1,2]. Denoting the entries in M
corresponding to the coordinates of () in which y,zy, ...,z appear by ¢, p1, ..., Dk, We
find the inequality

1M = mtQ|l = max { max|p; — mtxi|,lg - miyl}.

Suppose that the expression on the right-hand side is strictly less than A’m™", where

A" = min{A (4y) ™" (1 + g%\xi/ym*l, 1/2}. (4.36)
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Note first that |m| > |mty|/(2y) > ¢/(4y) and hence

ZBZ‘ l‘i Kk kK
'Zq—pz- < ';\ g — mity] + [mtz: — i < Am (1 + [o:/y]) < Aq

for all e =1, ..., k, which yields a contradiction. 0

Recall that a number 6 € R is called Diophantine of type x > 0 if there exists ¢, > 0
such that |gd —a| > c.|q|™" for every rational number a/q. In particular any form @ for
which one ratio of two of its entries is a Diophantine number, is Diophantine in the sense
of Definition and hence almost all forms are Diophantine in this sense. An example
of Diophantine forms for which we can control the exponent  is the following: Suppose
@ is a form with k + 1 entries y, z1, ..., x) such that x;/y, ..., x;/y are algebraic and
1,21/y,...,xx/y are linearly independent over @Q, then Schmidt’s Subspace Theorem
together with Lemma [£.9) implies that for any 1 > 0 the form @ is Diophantine of type
(1/k+n, A’"), where A’ is a constant depending only on n, A, y, x1/y, . .., zx/y. However,
as is usually the case in Diophantine approximation, the constant A and hence A’ is
ineffective in the sense that these constants cannot be determined explicitly.

After the previous motivation, we shall state the main result of this section. In
particular, we will see that larger values of (., (see ) enforce smaller values of
the truncated rational approximation error dsqg.r as follows

Lemma 4.10. Assume that qo > 1. Then we have for allt € R and r > ¢/?
54th/3{;3 <a qr 2By (4.37)

where
def

Bir = aa(Ay)r~|det Q2. (4.38)

Note that this bound is non-trivial for B, > qr=2 only, due to the uniform bound
Brr Lg 1 forr > q'/? established in Lemma .

Before proving (4.37)), we shall state some important consequences.
Corollary 4.11. Consider any interval [T_,Ty] with T_ € (0,1] and T > 1.
i) If Q is irrational, then
lim ( sup ay(A)r?) =0. (4.39)

7—00 T—StST-‘r
ii) If Q is Diophantine of type (k, A), then

sup (M) r g [det Q7Y (g A7) max {(T1) =1, (T,)= ). (4.40)

T_<t<T,

A variant of (i) in terms of the successive minima of A; can also be found in |G6t04],
see Lemma 3.11, yielding an alternative proof of (4.39) when combined with (4.4).
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Proof. i) We show the contraposition: Assume that there exists an ¢ > 0 and sequences
(75), (t;); such that lim;_,o 7; = 0o and ., > €. Passing to a subsequence we may
assume that lim;_,. t; =t for some ¢ € [T_,T]. Thus yields lim;_, 54th;ij =0
with R} = ﬁt;l,,j < &', By definition, this means that lim;_, || M; — 4t;m;Q|| = 0 for
some M; € Sym(d,Z) and m; € Z with |m;| < e~'. Obviously both, |[M;]| and |m;],
are bounded. Hence there exist integral elements M, m and an infinite subsequence
j' of j with M; = M, mj = m and by construction lim; t; = ¢t. These limit values
satisfy |M —4mtQ| =0, i.e. @ is a multiple of a rational form.
ii) First we note that for any ¢t € [1,7,] we have by

(OrQir) " < SUPyep o) (Orquer) " < ATH(4tR)" < AT )" (4R)"
and similarly for ¢ € [T, 1]
(T2) " duqir > [t 10qur = d-110qur > A(AR) ™.
Thus, the relation (4.37), established in Lemma [4.10 implies for any ¢ € [T, T';] that
Brir <a ar~* (Ogp) " Ka 4%qr 2 A7 max{(T-) ™", (T4)"} (Ber) ™",
where we used . Therefore we conclude as claimed. U
Proof of Lemma [[.10. We begin by recalling that Ay = D, o UyuqZ** (see (3.47))), where

~1/2
. TQ+ O . Id —4tQ

As noted in Remark the ag-characteristic of A; is attained at some sublattice, that
is we can write ag(A;) = |Jwi A ... Awyl|”' by means of vectors w; := D,qUuql; with
linear independent points 1, ...,l; € Z*? depending on t. Here we use the standard
Euclidean norm on the exterior product A?R?¢. Moreover, we write l; = (m;,n;), where
m;,n; € Z* and the coordinates of (mj,n;) are the coordinates of the vectors m; and
n; in the corresponding order. Additionally, we introduce the d x d integer matrices N

and M with columns nq,...,ng and mq,..., my as well. Using this notation, we may
write
M
wy Ao A Wq = (DTQU%Q) N S AYIAN €d- (441)

First, we shall prove that
ag(Ay) > qdori™? implies ;' > |det(N)| > 0. (4.42)

Note that the left-hand side of can be rewritten as f;, > ¢r~? and we may
assume that this inequality holds, since otherwise the bound is trivial.

Let us show that rank(N) = d. To this end, we write k = d —rank(N). According to
elementary divisor theory (for matrices with entries in a principal ideal domain) there
exist P, P' € GL(d, Z) such that P'"N P is a diagonal matrix with positive entries of the
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form diag(0,...,0,axs1,...,aq) With a; | a;41, a; € N. In particular NP is a matrix
whose first £ columns are zero. Moreover, since det P = £1, we conclude that

(%ﬁ)el/\.../\ed:i(%)eﬂ\.../\ed,

and hence we can assume from now on that N = (0,...,0,n5.1,...,n4) with lin-
early independent vectors ngyq,...,nq € Z% Since ly,...,l; constitute a basis of a
d-dimensional lattice, we note that my, ..., my are necessarily linearly independent.

Now we shall express wi A ... Awy in terms of the standard basis e; A e indexed by
pairs of subsets I C {1,...,d} and J C {d+1,...,2d} with |I|+|J| = d, i.e. we write

W1/\...Awd: E wLJG[/\GJ.
1,J

Let I = {i1,...,in} and J = {j1,..., ja—m}, then the coeflicients wy ; are given by

def Ar %
wrg = det ( 0 BJ), (443)
where
_1 1
<TQ+2m176i1> s <TQ+2m/€7€i1>
AI déf . .
_1 _1
(rQ 2my,e;,) ... (rQ >my,e;.)
1 1
ot <7ﬁ_1Qink+17 ej1> s <T_1Q-21-nd7 6j1>
1 1
<7a_1Qink+17 ejd*’!ﬂ) ce <T_1Qind7 ejd7m>

Since the matrix in (4.43)) is of block-type, we find
ag(A) ™2 = [Jlwi A Awgl?

> Z Z Wl = <Z(det A1)2>( Z (det BJ)2> (4.44)

\I|=k |J|=d—k \I|=k |J|=d—k

1 1

= 7’4k72d||Q+2 (m1 VANPIRAN mk)Hz HQi(nkH VANRRAAN nd)||2.
Without loss of generality assume that the eigenvalues of ) are indexed such that
lg1] < -+ < '|qa|- Since gy > 1, note that the minimal eigenvalue of the k-th exterior
power of Q;lﬂ is given by |qg_r+1 - - . qa)~¥/? and that of the (d—k)-th exterior power of

Qiﬂ is precisely |q; .. .qd,kfl/Q. Hence, since myq,...,my and ngyq,...,ng are linearly
independent and integral, we obtain the following lower bound

1/2
aa(Ag) 7t > (—"h - ok ) > ¢ |det Q|13
9a—t+1 - - - qdl
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where we used that r > ¢'/2. In view of (4.42), this strict inequality yields a contra-

diction unless k = 0. Thus, we proved that £ = 0, i.e. |det N| > 0. Now also

implies 6[;,} > |det N|. Hence, the upper bound for |det N| in holds as well.
Finally, we shall prove . Since N is invertible, we can rewrite w; A ... Awy by

MN-1 MN-!
(DTQ U4tQ) ( 1, ) N(el/\. . ./\ed) = (det N)(DTQU4tQ) ( 1, ) eiN. . . Neg, (4.45)
i.e. we parametrized the subspace spanned by [y, ..., [l;. Introduce also the 2d xd matrix
-1 -3 -1 _
W = (DiqUug) (Mﬁ\f ) = (TQ+ (N, 4tQ))
d T71Q2
+

and note that WZW is a positive definite symmetric d x d matrix. Thus, there exists
an orthogonal matrix V' € O(d) such that D := VIWTWYV is diagonal with positive
entries. Since (det V')(e; A...Aeg) = V(er A... Aey) it follows that

IW(etA...ANeg)||P = WV (er A... Aeg)l]?

d d ) (4.46)
=(D(es A... Nea) (er Ao Aea)) = [[IIDesll = TIWwil,
i=1 i=1
where vy, ...,v4 denote the columns of V. Next observe that
_1 1 _
max[[Wuil| = ggg@llrQﬁ(MN‘l — Q)i >arq F[MNT' - 4tQ[.  (4.47)

Now let ig be a subscript for which ||[Wv;|| is maximal. Similar to the proof of (4.44])
we may write W (Aiz,v;) = > wrjer A ey, where the sum is taken over subsets I C
{1,....d}and J C{d+1,...,2d} with |[I|+ |J| =d — 1, and find that

1
W (A= Y wiy = lr @ (Nigsyui) | = 772 Vg det Q. (4.48)
1]=0,]J|=d—1

Combining (4.45)) together with (4.46])(4.48)) yields
aa(Ae) ™" = [det (V)| [IW i, || TT 230 [Woill = [det(N) w3, [| W (Aizig i)
>4 g det Q2 [det N| |[MN ' — 4tQ)||.

Since (det N)N~! is an integral matrix, the last line together with (4.42)) implies
min{[|M —4mtQ|| : 0 <|m| < S}, m, M integral} <q qr~2 3},

and, since @ is symmetric, we may take M symmetric as well, which proves (4.37). O
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5. AVERAGES ALONG TRANSLATES OF ORBITS OF SO(2)

5.1. Application of Geometry of Numbers. In view of the bound (3.39)) we need
to estimate the error term Iy, that is (3.22). Proceeding as in (3.23)) combined with
the estimates |0,(t)| <g4 |det Q|~4r¥/24(r,t)1/2 and (r,t) <4 aq(A;), obtained in

Lemma [3.3| respectively (4.14]) of Corollary leads to

o <ot QT [ |, Ba(®laah) dt (1)
t|>qy T

where A; denotes the lattice defined in and g, the smoothed indicator function
of [a,b] with 0 < w < (b—a)/4, see Corollary 3.2l Since Lemma 7.2 provides estimates
for ||C||; in the case of both admissible and non-admissible regions €, it remains to
estimate the integral in . We shall start with bounding this integral over an
interval I of length at most 1/¢. For this, we introduce the maximum value over I of
the ay-characteristic for the lattice A; via

e _ 1_
v1.5(r) dof sup{(r dad(At)) 2Pt e I} (5.2)
and the following family of lattices
gy = dyyztis Ag, (5.3)

where Ag is as defined in (4.29)). Here 77 s(r) depends on the Diophantine properties
of () and tends to zero for growing r — oo by Lemma for irrational Q).

Lemma 5.1. Let r > ¢*/2, 0 < 8 < 1/2 and fir an interval I = [r1, 7] of length at
most 1/q. Then we have

. ~ d_ 1 [" dé
[ o) PGl <agirt s [ aldkiboun)’ 5 (54)

1 q.J_x
where v, :=rq "% and §; := max{[g,(t)| : t € I}.

Proof. Using the trivial bound ag(A;) < r¢=28dy; 5(r)?ay(A)* and estimating [g,| by
its maximum g; on [ yields

/ aa(A) V2 (Gu (8] dt < Grr3 =Py 5(r) / aa(A,)? dt. (5.5)
I I

Since the group D normalizes U, a computation shows that d,uy = d,usg—r)Usr, =
dy, urdg/2Uyr,, where 7 := 4(t — 7)q. Changing variables from ¢ to 7 we obtain in
terms of the lattices Ag ,, defined in (5.3)),

T2 1 4
/ad(At)ﬁdt = / aq(dy, urdg/2ty, AQ)Bdt < 5/ ag(d,, uTAQATl)BdT. (5.6)
I 1 0

Finally, we estimate the last average with the help of Lemma [£.7 by the average over
the group K = SO(2). Changing variables (s) = arctan(7), 7 € [0, 4], and noting that
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0] < 7 and d7 = (1 + 72) df, we get by (£.31)) of Lemma [4.7] that

4 4 T d9
/ aq(dy, ur Agary )P dT < / aa(dy, koery Agan )P dr < / aa(dy, kg Agar )’ —.
0 0

r 2m
Now note that ag(A) < a(A) holds for any lattice A in R??. Thus, the last inequality
together with (5.5) and (/5.6 completes the proof. O

In the following paragraphs we shall develop explicit bounds for averages over the
group K of type [i cq(d,kA)P dk.

5.2. Operators A4, and Functions 7, on SL(2,R). Let G = SL(2,R). We consider
the following two subgroups of G:

K=8S012)={ky : 0<0 <27} and T:{<g aél):a>0,b€R},

where kg is defined in (4.26)). According to the Iwasawa decomposition, any g € G can
be uniquely represented as a product of elements from K and T, that is

g=k(g)t(g), k(g) €K, t(g) eT.
Now let

0

According to the Cartan decomposition, we have
G =KD'K, g=ki(g9)d(9)k2(9), g € G, ki(g),k2(g) € K, d(g) € D"

In this decomposition d(g) is determined by ¢, and if ¢ ¢ K then k;(g) and ko(g) are
also determined by g up to a factor of +1 on k; and ky. It is clear that ||g|| = ||d(g)]|,
where || - || denotes the operator norm induced by the standard Euclidean norm on R?.
Note that, in the simple case g = d,, this norm is given by ||d,|| = a. Since d, is the
conjugate of d,—1 by kg2, we see that g=' € KgK or equivalently, d(g) = d(g~*) for
any g € G. Therefore, ||g|| = |lg7 !, g € G.

We say that a function f on G is left K-invariant (resp. right K-invariant, resp.
bi-K-invariant) if f(Kg) = f(g) (resp. f(gK) = f(g), resp. f(KgK) = f(g)). Any
bi-K-invariant function on G is completely determined by its restriction to D*. Hence
for any bi-K-invariant function f on G, there is a function f* on [1,00) such that

flg)=rflgll), 9 € G.
For any A € R we define a character y, of T by

a b Y
X <O CL_1> =a

and the function ¢, : G — R™ by
palg) = xa(tg), geG.

d, & (a a01> for a > 0 and D" = {d, : a > 1}.
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The function ¢, has the property

ox(kgt) = xa(t)ea(g), ge€G keK, teT, (5.7)

and it is completely determined by this property and the condition ¢, (1) = 1.
For ¢ € G and a continuous action of G on a topological space X, we define the
operator A, on the space of continuous functions on X by

r) = /Kf(gkx) do(k), ze€X, (5.8)

where ¢ is the normalized Haar measure on K, or, using the parametrization of K, by

(Au)w) = 3= [ Hlatoa) o, wex.

The operator A, is a linear map into the space of left K-invariant functions on X.
If X = G and G acts on itself by left translations, then A; commutes with right
translations. From these two remarks, or using a direct computation, we get that
Ay has the property . Hence ¢, is an eigenfunction for A, with the eigenvalue

n(9) & (A1) = / oa(gk) do (k) = /K wat(gh)) do (k). (5.9)

We see from that 7, is obtained from ¢, by averaging over right translations by
elements of K. But ¢, is left K-invariant and A, commutes with right translations.
Hence the function 7, is bi-K-invariant and it is an eigenfunction for A, with the
eigenvalue 7(g), that is

(Ayma)(h) = Ta(g)a(h) forall heG. (5.10)
We have that

oalg) = llgerll ™, g € G, er = (1,0), (5.11)
where ||-|| denotes the usual Euclidean norm on R?. Indeed

ex(9) = xa(t(9)) = [lt(g)es]| ™ = [k(g)t(g)esl| ™ = llges] ™.

From . and - we get
/ lgker| ™ do(k) = / lgk(O)er]| ™ a9

2T
— 5 [ lateostusing)| a8 = [ flgul *detw)
27T 0 S1

where S* is the unit circle in R? and ¢ denotes the normalized rotation invariant measure
on S'. One can easily see that [|gul|™2, ¢ € G, u € S', is equal to the Jacobian at u
of the diffeomorphism v + gv/||gv|| of S* onto S'. On the other hand, it follows from
the change of variables formula that

1-A
[ =] 5t e

(5.12)
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where f: M — M is a diffeomorphism of a compact differentiable manifold M and J;
(resp. J;-1) denotes the Jacobian of f (resp. f~'). Now using (5.12)) we get

T)\(g) = Tg_)\(g_l) = Tg_)\(g), g < G, A eR. (513)

The second equality in (5.13)) is true because 7y is bi-K-invariant and ¢~ € KgK.
Since, obviously, 79(g) = 1, it follows that

72(9) = 10(9) = 1. (5.14)

Since ¢~ is a strictly convex function of X for any t > 0,¢ # 1, it follows from (5.12
that 7,(g) is a strictly convex function of A for any g € G. From this, (5.13]) and (/5.14
we deduce that

7,(9) < TA(9) forany g ¢ Kand 1 <n < <2
7,(9) <land 7a(g) >1 forany g ¢ K, 0 <np<2,A>2, and (5.15)
7,(9) < TA(9) forany g ¢ K, A>2,0<n <A (5.16)

Since the function 7,(g) is bi-K-invariant, it depends only on the norm ||g|| of g. Thus,
we can write

malg) = x(llgl), g€G, (5.17)
where for a > 1

m5(a) = m\(d /Hd kei|do(k) = /W( dgf — . (5.18)

a? cos? 0 + a=2sin” §)/2

In view of (5.10]) and the definition of A,, we get

/ Tx(||gkda||) do(k) = ma(g)my(a), g€ G,a> 1. (5.19)
K
Since ||g|| = ||g~ ]| for all g € G,

< < llgkdall < allg]]

[lgll |
for all £ € K and g € G. From this, (5 and - we deduce that, for any A > 2,

the continuous function 75(a),a > 1, does not have a local maximum. Hence 73 is
strictly increasing for all A > 2 or, equivalently,

ma(g) <ma(h) if |lgll <[[nll, g,h € G, A>2. (5.20)
Using (5.13) and (/5.18)) yields

1

2m
T(a) =15 \(a) = - /0 (a® cos® O + a~ % sin” 9)%_1 de. (5.21)

Since a?cos? § < a?cos® + a~?sin? 0 < a?, we deduce from (5.21)) the estimates
c(N)a* 2 < A(a) <arE a>1, A>2, (5.22)
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1 [?7 /2 B(21 1 (2=t
c(N) —/ lcos 9]} 2 df = g/ cos(0)*2df = (53) = C5) . (5.23)
0 T Jo T

:27T

B denotes the beta function and we use the identity B(z,y) = I'(z)['(y)/T'(z + y) as

well as I'(1/2) = /7. From (5.21)) we also conclude that for any A > 2 the ratio Zi(j‘ﬁ
is a strictly decreasing function of ¢ > 1 and

im 2 . (5.24)

a—0o0 a)‘_Q

Remark 5.2. The function 7, can be viewed as a spherical function on the upper-half
plane H (see [Hel00|] Chapter IV Proposition 2.9) and all spherical functions on H are
of this form for some A € C. In particular, it is not difficult to see that 7, can also be
represented as

™(g) = i/O ' (cosh(2log|lg]|) + sinh(2log]|g]|) sin(6))

/\/271d0.
2

Moreover, for Re(A) > 1 it is well-known that ¢()\), which is usually referred to as
Harish-Chandra’s c-function, as defined in ([5.24)) exists and its value is given by (5.23))
(see [Hel0O| Introduction Theorem 4.5 or [Lan85| Chapter V §5).

Lemma 5.3. Let g € G,g ¢ K, A >2,0<n <\, b>0, B> 1, and let f be a left
K-invariant positive continuous function on G. Assume that
Ayf <7al9)f + b1y (5.25)
and that
fyh) < Bf(h) if hyyeG and |yl < |lgl- (5.26)
Then for all h € G

(Anf)(1) = /K F(hk) do(k) < sma(h),

where

b
s=2D (f(l) + —Tx(g) — Tn(g)) . (5.27)

Proof. We define
fi(h) € / F(hk)do(k), heG.
K

Since A, commutes with right translations, and 7, is right K-invariant, it follows from

(5.25) that A,fx < 7a(g9)fx + br,. If h and y are as in (5.26]), then f(yhk) < Bf(hk)
for every k € K and therefore fx(yh) < Bfk(h). On the other hand, it is clear that

Ji(h) = (Anfi)(1) = (Anf)(1).
Thus we can replace f by fx and assume that f is bi-K-invariant. Then we have to
prove that f < s7,. Assume the contrary, then f(h) > s'm\(h) for some h € G and
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s’ > s. In view of (5.16) and (5.27)), s > s > Bf(1). From this, (5.20)) and ([5.26]) we

get that ||h| > ||g|| and

/

S .
f(yh) > ETA(yh) if lyll <llgll and [[yh] < [A]]. (5.28)

Using the Cartan decomposition, we see that any x € G with % < |lz|| < ||h|| can

be written as x = kyyhky, where ki, ks € K, |ly|| < ||g]| and [|yh|| < ||h||. But the
functions f and 7, are bi-K-invariant. Therefore it follows from ([5.28)) that

f@) > S it P < ga. (5.20)

gl
Let

def S - 1)+ b def b d
a; 2 _ 4 & ————— an
! m(g) —ml9)

def

w = f—a17\+ asT,.

In view of (5.10) and ((5.25]), we see that

Agw — Ta(g)w = Ag(f — arma + az7y) — Ta(9)(f — ar7a + agTy)
= [Agf — (9 f] — ar[Ag7a — Ta(9) ] + a2 [AgTy — a(9) ] (5.30)
< bry + az [1(g) Ty — Ta(g) 9] = 0.
Since 7\(1) = 7,(1) = 1, we have
w(l)=f(1) —a;+az <0. (5.31)
It follows from that as > 0. Using additionally and , we get that
w(z) = f(x) — a1ma(z) + asry(x) > f(2) — a17r(2)

> (%—al) n(@)=0 if |||| ” el < |1b]l (5.32)

Let v € G, satistying ||v|| < ||h]|, be a point where the continuous function w attains
its minimum on the set {x € G : ||z|| < ||h||}. It follows from (5.31)) and (5.32) that

Il
lgll
Because of 7\(g) > 1 and ||gkv|| < ||g]|||v] for all & € K we conclude
(Ayw)(v) = / w(gkv)do(k) > w(v) > ma(g)w(v).
K
Thus, we get a contradiction with ((5.30)). O
As a special case (n =2 and b = 0) of Lemma [5.3| we have the following

ww) <0 and | <
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Corollary 5.4. Let g € G, g ¢ K, A > 2, B > 1, and let [ be a left K-invariant
positive continuous function on G satisfying the inequality (5.26]). Assume that

Agf < ma(9)f-
Then for all h € G

(A1 / F(hk) do(k) < BF(L)m(h).

Lemma 5.5. Let g € G, g ¢ K, 2 < A< pu, B>1, M > 1, n € NT and let
fi, 0 <@ < n, be left K-invariant positive continuous functions on G. We denote
min{i,n — i} by i and Y o, fi by f. Assume that

filyh) < Bfi(h) if 0<i<n, hyyeG and |y| <]l
Afi <mg)fi+ M max y/ fi—jfirj, 0<0<n, (5.33)
<yt

so in particular Ayfo < ma(9)fo and Ayfn < 7a(9)fn. Then there is a constant C' =
C(g,\, , B, M,n) such that for all h € G,

A = [ ) da(h) < CH0)h) (5.34)
Proof. For any 0 < ¢ <1 and 0 <17 < n we define

fie =1 f; where g(i) & i(n ).
Using the inequality (5.33)) for all 4, 0 < i < n, we see that

Agfi,a == A fz < 5 ( )f +5q(z MmaX \/5 q fz ja<€ q +j fH—]E
0<j<i
1 i
(g )fm+M0H<1;cl§Z8"“ 2O S f s Finje.

Direct computation shows that
. [ S .
a(i) = 5lali = j) +a(i + 7)) = 5.
Hence for all 7, 0 <17 < n,
Agfie < ™ (9) fie +eM 0H<1§'2(E V fizjefitie- (5.35)

Let f. := Zogi <n fier Summing (5.35)) over all 4, 0 < < n, and using the inequalities
fe > \/fi—je firje, which are satisfied for any 1 <i<n—1,0< j <1, we get

Agfe =Y Agfic <mal@)fe +eM(n = 1)f. = (ta(g) +eM(n— 1)) fo.  (5.36)

€0 = min {1, —T“Ezn_jkl()g ) }

Write
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in order to get from that
Agfeo < 7u(9) feo-
Since f. also satisfies ([5.26]), we can apply Corollary [5.4 H to f., and get that
(Anf)(1) < 26" (Anfey) (1) < 5™ foo()Tu(R) < £ BF(1)7,(h)
for all h € G. Hence is true with C' = 55”2B. O

Proposition 5.6. Let g€ G, g ¢ K, d e N, B> 1, M > 1. For every 0 < i < 2d,
let \i > 2 and let f; be a left K-invariant positive continuous function on G. We denote
min{i,2d — i} by i and Y o ;coq fi by f. Assume that

Aa >N foranyi #d.

filyh) < Bf;(h) if 0<i<2d, h,yeG and|y| < gl (5.37)
Agfi <ma(9) fi + M max /fi_jfirj, 0<i<2d, (5.38)
0<j<i

m particular,
Agfo < o(9)fo and  Agfaa < Ta,(9) foa-

Then, using the notation < (which until the end of the proof of this proposition means
that the left hand side is bounded from above by the right-hand side multiplied by a
constant which depends on g, Ao, . .., Aog, B and M, and does not depend on fo, ..., faa),
we have that

(a) For allh € G and 0 <1i < 2d, i #d,

(A f)(1 / fi(hk) do(k) < (1) (h),
where
n=Mx—3" VN —7) <X, 7 =max{)\:0<i<2d,i#d}. (5.39)

(b) For all h € G
(A fa)(1 / Falhk) da(k) < f(1)7,(h).

(c) For allh € G
(A)0) = [ Fmkydo(k) < SO

Proof. (a) Let
fix(h) & / fi(hk)do(k), heG.
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The Cauchy-Schwarz inequality implies

A B s k) o) < \/ [ festik) doti) \/ | stk doti)

=/ Fimiac) fisuc(h).

Hence

s/ Fe () o k) (k) < 3 [\ o k) dr(t

K 0<j<i 0<j<i
< S hoix®) fisxh)
0<j<i

< d max \/fi_j,K(h)fi—i—j,K(h)'

0<y<e

On the other hand, we have

(A = [ (A1) b) do(h)
K
and according to (|5.38))

(Ag ) (hk) < 73, (9) fi(hk) + M max \/ fiy(hE) fusy (h).

0<5<i

Therefore

Agfi,K <7y (g)fz’,K +dM max 4/ fi—j,Kfi-i—j,K'
0<y<s

But fk(1) = f(1),
fix(h) = (Anfix)(1) = (Anfi)(1)
and, as easily follows from (5.37]), we have
fix(yh) < Bfix(h)

if h,y € G, and ||y|| < ||g||. Thus, replacing f; by fik and M by dM, we can assume
that the functions f; are bi-K-invariant. Then we have to prove that

fi< f()r, forall0<i<2d, i#d. (5.40)

Let ' = max{)\; : 0 < i < 2d,i # d}, as in (5.39). We define p;, 0 < i < 2d, by
fta = Mg+ 37N, —7) and (5.41)
i =g — 3" Mg —1'), 0<i<2d, i+d. (5.42)

Since (5.16) implies 7y, (g) < 7,,(g), it follows from (5.16) and Lemma |5.5| that
fi < f(V)7, 0<0<2d, (5.43)
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One can easily check that n > u; > A\; > 2 and therefore 7,, > 7, for all 0 <7 < 2d,7 #
d. Thus, to prove ([5.40)), it is enough to show that

fi< f(l)r, forall0<i<2d, i#d. (5.44)

We will prove for ¢ < d—1 by using induction in ¢; the proof in the case i > d+1
is similar. For ¢ = 0 we have 7,,(g) > 7,(g) because of (5.16)) and thus it is enough to
use Corollary . Let 1 <m < d— 1 and assume that ((5.44]) is proved for all i < m.
Using for all 0 < 7 < m we find that

\% fm—jfm"rj < f(l)\/ Tm—j Tia < f(l)\/ Tirm—1Tpa < f(l)T(umﬂ-th)/?‘ (545)
Note that the second inequality in (5.45]) follows from (5.16|) and (5.42), and the third
one follows from (5.17)) and ([5.22)).
Combining ([5.38)) and ((5.40|) we get

Agfm < Tam (g)fm + Cf(l)T(Mm—l-i-Md)/?’

where C' < 1. On the other hand, we have \,, < p,, and (ppm—1 + pa)/2 < pm by

(5.41)) and (5.42)). Now, to prove that f,, < f(1)7,,,, it remains to apply Lemma
combined with ({5.16|).

(b) As in the proof of (a), we can assume that the functions f; are bi-K-invariant.

Then we get from ((5.38)) and ([5.40]) that
Agfa < fa+ D),
where D < 1. Since n < A4, Lemma [5.3| implies that f; < f(1)7,, which proves (b).

(c) Follows from (a), (b), (5-10), (5.17) and (5:22). 0

5.3. Quasinorms and Representations of SL(2,R). We say that a continuous
function v — |v| on a real topological vector space V' is a quasinorm if it satisfies the
following properties

(i) |v| > 0 and |v| = 0 if and only if v = 0,
(i) |Av| = |\|-|v| forall A\ € R and v € V.

If V is finite dimensional, then any two quasinorms on V' are equivalent in the sense
that their ratio lies between two positive constants.

Lemma 5.7. Let p be a (continuous) representation of G = SL(2,R) in a real topolog-
ical vector space V, let | -| be a p(K)-invariant quasinorm on V and let v € V v # 0,
be an eigenvector for p corresponding to the character x_.,r € R, that is

a b o,
Plg 1)V =av.

Then for any g € G and f € R
|p(g9)vl™ = wsr(g)[v] ™" (5.46)
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and
i % — o (@)lel . (5.47)

Proof. Using the K-invariance of | - | we get that
p(g)ol™ = 1p(k(9))p(t(9))o] ™" = [p(t(9))v]™" = [x—r(t(9))v] ™ = xs:(t(g))[v] 7"

= par(9)[v] 7.
The equality (5.47)) follows from ([5.46)) and from the definition of 75,(g). O

Let ||z|| denote the norm of z € C? corresponding to the standard Hermitian inner
product on C2?, that is

11> = ll=[I* + lyll*  where 2 = 2 + iy, z,y € R*.

Lemma 5.8. For any 2 € C?, 2 #0, g € G and > 0, we have
F(2)=F,5(2) = |z|| < 73(9). 5.48
(2)=Fo2) & el | 1550 < olo) (5.48)

Proof. Since the measure ¢ on K is translation invariant, we have

F(kz) = F(z) for any k € K. (5.49)
Also for all A € C, A # 0, and 2z € C%, 2 # 0,
F(\z) = F(z), (5.50)

because ||[Mv|| = |A|-||v]|, v € C?, and because G = SL(2,R) acts C-linearly on C%. Any
non-zero vector x € R? can be represented as z = Mke; with A € R, k € K, e; = (1,0).

Then, using (5.12)) from Section we get from ([5.49) and (5.50)) that

F(x) = F(e;) = 75(g) for all x € R* x # 0. (5.51)
Let now z = x + iy, z,y € R?, z # 0. We write €2 = x4 + iyg, 24,y € R%. Then %
is a continuous function of § with values in RsqU {oo}. But ™%z =iz = —y +ix and
therefore HZ;;” = (Hz(‘j"")_l. Hence there exists 6 such that ||x]| = ||yel|. Replacing
then z by €z and using we can assume that ||zg|| = |lye||. Now using the

convexity of the function ¢ — ¢=%/2 ¢ > 0, and the identity (5.51)) we get that

do(k) / do(k)
K (

k N9k=[1° ~ Jx (lgkz? + [[gky|]?)?/2
—B/2 —B/2
o { do(k) da<k>]:2 Wg) m<g>] (552)
2 Lk gkl " Jx llgkyll? 2 [J«l® " TylP
- 1 _ 1 75(9)
=2 (g) s = 27 ms(g) - =
RFIE N PR TR

Clearly the last inequality ([5.52)) implies ((5.48)). OJ
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Let us recall some basic facts of the finite-dimensional representation theory of G =
SL(2,R). Let W be a finite-dimensional complex vector space, there is a correspon-
dence between complex-linear representations of s[(2,C) on W and representations of
G on W, under which invariant subspaces and equivalences are preserved (see [Kna0l]
Proposition 2.1). It is well-known that any finite-dimensional representation of s[(2, C)
is fully reducible, that is, it can be decomposed into the direct sum of irreducible
representations (see [Kna02| Corollary 1.70). Moreover, for each m > 1 there ex-
ists up to equivalence a unique irreducible complex-linear representation of s((2,C)
on a complex vector space of dimension m (see |[Kna02| Corollary 1.63). Hence, any
finite-dimensional representation of G is fully reducible and any two irreducible finite-
dimensional representations of the same degree must be isomorphic. Let P,, denote the
(m + 1)-dimensional complex vector space of complex polynomials in two variables ho-
mogeneous of degree m, and let 1), denote the regular representation of G = SL(2, R)
on P, defined by (¥(9)P)(z) = P(g7'2), for g € G,z € C?> and P € P,,. It is
well-known that the representation v, is irreducible for any m (see [Kow14| Example
2.7.11) and hence it is, up to isomorphism, the unique irreducible finite-dimensional
representation of G of degree m. We define

I(p) = {m € N* : 9, is isomorphic to a subrepresentation of p }.

Proposition 5.9. Let p be a representation of G = SL(2,R) on a finite-dimensional
space W. Then there exists a p(K)-invariant quasinorm | - | =1 - |, on W such that
for anyw e Wiw #0, g € G and6>0

1
/ o gk wlﬁ < g omg )}!wlﬁ'

Proof. Let W = @._, W; be the decomposition of W into the direct sum of p(G)-
irreducible subspaces, and let 7;: W — W, denote the natural projection. Suppose

that we constructed for each i a K-invariant quasinorm |- |; = |- |,, on W; such that
for any w € Wi, w # 0,9 € G, and g > 0,
do(k) 1
doll) )L (5.5
K |pi(gk)wl; |wl;

where p; denotes the restriction of p to W; and m(i) € I(p) is defined by the condition
that ¢),,,(;) is isomorphic to p;. Then we define |w| = |w|, by

lw| = max |mi(w)];, we W. (5.54)

1<i<

Clearly | - |, is a K-invariant quasinorm. Let us fix now w € W, w 7é 0. Then

/ n( gk w|ﬁ 1<1<”/ | (p B 1<2<"/ |pi( gk 7TZ |B

< min T, g—gmax Tam (9
min T >|ﬁi(w)|f ma {7(0)} o
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Thus, it is enough to prove the proposition for representations ,,. For this, let
P € P,,P # 0. We consider P as a polynomial on C? and decompose P, using
the fundamental theorem of algebra, into the product of m linear forms

P=4{ ... 4y, where {(;(z1,22) = a;z1 +biza, a;,b; 21,2 €C.
There is a natural K-invariant norm on the space of linear forms on C?:
111 = laf* + [b]?, £(21,22) = azi + bz,
Now we define a quasinorm on P, by the equation
[Pl = [l - (]l (5.55)

This definition is correct because the factorization is unique up to the order of
factors and the multiplication of ¢;, 1 < i < n, by constants. We denote by t; the
extension of ¢; to the space of linear forms on G. It is isomorphic to the standard rep-
resentation of G on C2. Then using Lemma and the generalized Holder inequality,
we get that

1/m

m /Hl e gMHﬂ‘H(/ T gMHﬁm>
TBm T,Bm(g)
H(”g ||ﬁm> R

(5.56)

Since (1) = {m}, (5.56) implies (5.53)) for p = 1),. O

We recall from Section 5.2} see (5.15) and (5.16)), that 7,(¢9) < 1 and 7,(9) < 7a(9)
for any g ¢ K, 0 < p <2, A > 2and 0 < n < A. Using this, we deduce from the

previous Proposition the following corollary.

Corollary 5.10. Let p be a representation of G = SL(2,R) in a finite dimensional
space W, and let m be the largest number in I(p). Then there exists a p(K)-invariant
quasinorm | -| = |- |, on W such that

(i) if B >0 and Sm > 2 then for any w € W, w #0, and g € G

1
L/ngMﬁ_WMmEF’

(i) if B> 0 and fm < 2 then for any w € W, w #0, and g € G, g ¢ K,

1
mgka Jw|?
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5.4. Functions «; on the Space of Lattices and Estimates for A,q;. Let p
be a representation of G = SL(2,R) on R™ and for each 1 < ¢ < n let | - |; be a
(Alp)(K)-invariant quasinorm on the exterior product A'R". Throughout this section
the underlying quasinorms in the definition of the lattice functions «; and « are taken
to be with respect to this particular choice of quasinorms (see and ) For
every compact subset A C G note that

sup { [(A /Tiﬁh)vll cheAve ANR, v + O}

= sup{|(A'p)(h)v|; : h € A,v € N'R™, |v]; = 1}
is finite for every 4, 1 <4 < n. Hence, if we fix g € G,g ¢ K, then there exists some
B > 1 such that for any 7, 1 <i <n, and v € A'R", v # 0,

[(A"p)(y)vl;
|v]s
where ||h|| = ||h™!|| denotes the norm of h € G = SL(2, R) with respect to the standard
Euclidean norm on R?. Now, let A be a lattice in R” and L a A-rational subspace.

For any h € SL(2,R) observe that hL is an hA-rational subspace and if vy,...,v; is a
basis of A N L then hvy, ..., hv; is a basis of hA N hL. This observation together with

(5.57) implies that

Bl < < B ifye Gand ||y <|gll, (5.57)

dya(yL
Bt < Wb g e Goand < gl (5.58)
da(L)
Hence, for any i € {0,...,n} it follows that
a;(yA) < Ba;(A) ify € G and [ly[| < |lg]- (5.59)

For any 8 > 0 and 1 < i < n we define the functions F; 3 on A'R™\ {0} by
B
def |w| ;
F; do(k), we AN'R",w#0.
o) [ o) /

It is clear that the functions F; g are continuous and that F; g(Aw) = F; g(w) for any
ANeER, A#0. Let ¢pg:=1land for 1 <i:<n

i o sup{F; s(w) : w € A'R",w # 0} = sup{F; s(w) : w € A'R", Jw|; = 1}. (5.60)
We note that ¢, 3 = 1, since the image of any continuous homomorphism SL(2,R) —
GL(n,R) is contained in SL(n, R) and thus [(A"p)(gk)w|,, = |det(A"p(gk))||w|, = |w],.
Lemma 5.11. For any i, 0 <1 < n,

Agal < ¢ gal +C’BB2551<1§E<Z ol jafﬂ, (5.61)

where i = min{i,n — i}, the constant C > 1 is from Lemma and the operator A, is

defined by (5.8) from Section[5.9
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Proof. Let A be a lattice in R™. We have to prove that

/ i (gkA) do(k) < ¢ p0i(A) + CPBY max \Jar, (M) ai (AP, (5.62)
K 0<j<i
According to Remark there exists a A-rational subspace L of dimension i such that
1
RO (5.63)

Let us denote the set of A-rational subspaces M of dimension i with da (M) < B?da(L)
by ¥;. For a A-rational i-dimensional subspace M ¢ ¥; we get from ([5.58)) that

dgkA(gk'M) > dgkA(gk?L)
If U; = {L}, then it follows from this and the definitions of a; and ¢; g that

/ a;(gkA)? do (k) < ¢; (D). (5.64)

Assume now that W; # {L}. Let M € ¥;, M # L. Then dim(M+L) =i+7j,0 < j <.
Now we obtain by (5.58)), (5.63)) and Lemma for any k£ € K that
B _ B? - CB?
da(L) = \/da(L)da(M) ~— \/da(L O M)da(L + M)
< OB Joij(A)ai(A).

a;(gkA) < Bay(A) =

Hence, if ¥; # {L},

/ 0i(gka)? do(k) < C7BY max \ /o (A)Pau; (D)7, (5.65)
K 0<5<t
Combining (5.64) and ((5.65]), we get ([5.62]). O

Theorem 5.12. Let d € NT and let pg be a representation of G = SL(2,R) isomorphic
to the direct sum of d copies of the standard 2-dimensional representation. Let 3 be a
positive number such that fd > 2. Then there is a constant R, depending only on [
and the choice of the K-invariant quasinorms | - |; involved in the definition of a;, such
that for any h € G and any lattice A in R??

(Apa®)(A) = / a(hkA)P do(k) < Ra(A)P||h]|P42.
K
Proof. As in Section [5.3] we define for a finite dimensional representation p of G

I(p) = {m € N" : ¢, is isomorphic to a subrepresentation of p},

where 1),,, denotes the regular representation of G in the space of complex homogeneous
polynomials in two variables homogeneous of degree m. Let m; be the largest number
in I(A'pq), 1 <i < 2d. It is well known that

m; =i < min{s, 2d — i} (5.66)
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We fix g € G, g ¢ K. It follows from ((5.66)) and from Corollary that we can choose
quasinorms | - |; on A'R?? in such a way that for w € A'R?*? w # 0,

/ |w|ﬁ doky < | Tal9) i Bi 2
1(Npa) (g)wl? ~ |1 if i < 2.

cip <Tgi(g) if fi>2 and <1 if fi<2. (5.67)
where ¢; 5, 1 <1 < 2d, is defined by (5.60) and ¢y = 1. As a remark, we notice that
cip = Tgilg) if Bi > 2.

According to Lemma [5.11] the functions a , 0 <1 < 2d, satisfy the following system
of inequalities

Hence

B B 28 B B
Agal < ¢ pal +CPB max \f a0 (5.68)
Let
A Y max{2, 8}, 0<i<2d. (5.69)
Since 72(g) = 1, see (5.14)) in Section [5.2] it follows from (5.67)-(5.69) that
Agaf <7 (9)a] + C”B* max Ve fjo‘z‘ﬂﬂ" 0<i=<2d (5.70)
0<j<i

Now we fix a lattice A in R?? and define functions f;, 0 < i < 2d, on G by
fi(h) = a;(hA)?,  heG.
Then it follows from (5.70) that
Ayfi <1, (9) fi + CPB¥ max \/m, 0<i<2d.

On the other hand, in view of ([5.59),
filyh) < BPfi(h), if 0<i<2d, hycG and |yl <|gl.

Since fd > 2, we have that fd = Ay > \; for any ¢ # d. Now we can apply Proposition
(¢) in order to get that

(Ana”)(A) < (An D al)(A) = (An Y )< (Y fi()[hl?

0<i<2d 0<i<2d 0<i<2d (5 71)
= (> a(A)P) RN < 2da(A)? ||B) 72,
0<i<2d

The inequality (5.71)) proves the theorem for our specific choice of the quasinorms | - |;.
Now it remains to notice that any two quasinorms on /A'R"™ are equivalent. 0
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6. PROOFS OF THEOREM [2.2] AND THEOREM [1.9]

In this section we shall prove our main theorem, giving effective estimates on the lattice
remainder. But, before doing this, we have to establish mean-value estimates for the
ag-characeristics of A; by applying Theorem [5.12] combined with Lemma [5.1]

Corollary 6.1. Let r > ¢'/2, I = [to,to + 1] withty € R, 0 < 3 < 1/2 with Bd > 2
and gy := max{|g,(t)| : t € I}. Using the notation (5.2)), we have

/ad(At)l/Qlﬁw(tH dt <4 qldet QI Gryr p(r)r2 2, (6.1)
I
where v 3(r) = 1 if B = 1/2. Note that we need at least d > 5.

Based on our variant of Weyl’s inequality (see Lemma and Corollary the
a-characteristic enters with a power 1/2 in (6.1). While saving a maximum of the a-
characeristic, it will enter still with an exponent 0 < 5 < 1/2 for its average (compare
Lemma . Since the crucial averaging recursion (Theorem fails unless 5d > 2,
the proof essentially needs d > 4 and thus d > 5.

Proof. In order to apply Lemma we cover [ by intervals I; = [s;, s;41] of length at
most 1/q, where s; = to+ j/q with j € J:={0,...,[¢]}. This implies

- d_gg 1 T do
/Oéd(At)l/Q‘gw(t)‘dt < re ﬁdgm,ﬁ(r)_ E / a(d,, kaAQ,Sj)ﬁ—
I q<=J-x 27
: NCE

§-pdg g 40

L r27P0gyrp(r) max /7r aldr, ko Ags;)" 5

Now, we shall apply Theorem with h = d,., r. = r/¢"/? and the lattices Aq, =
dg/2us;Aq, as defined in (5.3)), and obtain

4 df
s 40 By |Bd—2 B2 ( A
f?ea}/ odr, kg Aq.s;)" 5 <p.a max a(Aq,s,)"[ldy. <q 772 (qdy),

where we have used ||d,.|| = 7. = r/¢"/? and (4.18) in form of
a(AQ,Sj) <4 ad(AQ,Sj) <4 ]det Q|_1/2qd/2.

Note that we have applied Corollary with r = ¢%/? and t = s; in order to get
a(Aq,s;) Xa 2q(Ag,s,). Finally, in view of (6.2)), this concludes the proof of (6.1). O

In order to bound the lattice point remainder for ‘wide shells’, that is b — a > ¢/,
we need to extend the averaging result, established in Corollary [6.1], for small values
of t. To do this, we recall the bound

G ()] < min{|b — al, ||} exp{—|tw["*} (6.3)

for the integrand g, (¢) in (5.4), provided that 0 < w < (b — a)/4. Note that it is of
size b — a for |t| < 1/(b — a) and changes rapidly if |b — a| > 1 grows with 7.
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Lemma 6.2. Ifr > ¢/%, fd > 2 and 0 < w < |b— a|/4, then

q1/2 .
/ (M) [Gu ()] dt <ga ¢*H2 |det Q271 5(r)r2 72, (6.4)

—1/2__
qO/Tl

where I = [qq "/*r=1, q~/2).

Proof. Proceeding first as in the proof of Lemma and changing variables to s = ¢!
it is plain to see that

q /2 rgt/? N
/1/2 . ag(A)2 (G ()] dt <q yr5(r) r¥/>—0 /1/2 aa(druge1 Ag)? [Guw(s™) =
90 T q

Let N = [r(qo/q)*/?], then the integral on the right-hand side is bounded by Z;VZQ I,
where
1/2j
def 1y, ds
LE [ aidiede 3
P 2G-1) s
For 2 < j < N write t; = ¢~'/2j7!, then using that
drtige—1 = d, Ug(s—1—t;) Uat; = d47‘j*1 u4*1j2(s*1—tj)d4*1j U4z

together with the change of variables v = 4715%(s™ —¢;) yields

4 [t P
I; < j_2/ (a1 dy-15ua, Q) [Gu (40572 + )| dv
0

RICEE
<4 i a(dapj—1 Uy dy—1jus; Ag)’ dv,
0
where the last inequality is a consequence of |g,(t)] < [t|~*. Hence, since 4rj=! > 1
and ¢'/? jt; = 1, we deduce from Lemma Theorem and (4.20)) of Lemma
that

1/2
[j <y qT/ ad(d4rj*1 kd471jU4tjAQ)’BdO'(k‘)
K

a2 det QU2 a1, (4927,

Summing the last inequality over 2 < j < N, we observe that it suffices to show that
the following estimate holds

> J P max{L, (4g"25 7)Y <pq v det Q2.

1/2 1/2

Indeed, split the previous sum according to whether j < 4¢q . The sum

over j > 4¢'/? can be bounded by
— _ N 1— _ _
et QPP TN L 15 g 2 et QI P,

or 7 > 4q
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and the sum over 2 < j < 4¢'/2 by
PB4 det Q| ~P/2qPa /2 S M 28 ) 52 et Q| P/ 2P, 0

Proof of Theorem[2.2. In view of (3.39)), it remains to estimate . By (5.1)), with
Ky := [qal/Qr_l, 1) and K; := (j,j + 1], j > 1, we have

Iy <4 |detQ|_%||E||1(1970—I—ZIQJ-), where I,; € / G ()| aa(A)2dt. (6.5)
j=1 K;

For fixed r > ¢'/? we may choose
_ d
O<w<(b—a)/d, 1>T >g¢ "' T.>1 and 5> Bd>2 (66)

For notational simplicity, we write Cg := q|det Q|~/4=5/2.

Step 1: Estimate of Iy. We consider the case b —a < ¢ first. Here we apply Corollary
to bound the integral over K, combined with gx, < s[4, (t) < b — a, compare
(3.8) and (3.9). Note that we didn’t use the restriction b—a < ¢ at all. For wide shells,

i.e. in the case b — a > ¢, we use Lemma for t € K, q&lﬂr_l < |t| < ¢'/? and
Corollaryfor the other t in K, together with /g\[q—l 20 K ¢'/?. Furthermore, for both

cases of b — a, split Ky = Koo U K¢1, where Koy := [q, -1/2, “UT ] and Ky := (T-,1].
Then (4.19) of Lemma [4.6) yields

it () € (Jdet QP T1) 2™ = T det QI3 7, (6.7)
with the notation (5.2). Using Cpq?*41/2 = Cy, we may bound Iy, as
Q Q )

Q
;..
Q

—2-4 d—2

—i—”me,g(r))r ~*,  where (6.8)
= (b—a)l(b—a<q)+ ¢ I2Ib—a>q). (6.9)

) d
Ipo <a Cq(b—a),(|det Q32T
As a side remark, we note that the above splitting of the interval Ky = [q, Y Zp1 1]

is required for our later applications - especially, Corollary is only valid for fixed
intervals [T, T, ].

Step 2: Estimate of Iy, for 7 > 1. Similar as before, applying Corollary (with
B = 1/2), while noting that v;5(r) = 1 if § = 1/2, yields

Iy ; <4 gk, qldet Q|_1/27”d_2- (6.10)
We recall the bound ([6.3]) for g, and the choices of T’y and w in in order to get

exp{—|sw|'/?} 1 1/
Z g <L / S ds < ﬁexp{—|T+w\ }
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Thus, we obtain
S0 Tog <a v 2qldet QYA (T w) V2 exp{— [Ty w2, (6.11)

Furthermore, for b —a > 1 we can use |gk;| < 47! to bound the remaining sum.
Whereas for b —a < 1 we use [gx,| < b—afor 1 <j < S—1and |gg,| < j ' for
S <7 <T, —1 and minimize the resulting expression in S. In both cases this leads to

S G, < 1+ log((b—a)* Ty), (6.12)

where

b—a) ¥ b-—a)b—a<1)+I(b—a>1).

Hence, using (6.5)) combined with (6.8)), (6.11)) and (6.12)) with (6.10), we get

d_9_§

Iy <a Il 2 C ((b = @) (T2 ™" + 3y ()
L exp(— (Taw)1/?) (6.13)
8 (14 log(b = ) Ty)) + e S E0 D)
where ¢ = |det Qﬁ’% Together with the inequality (3.39) we obtain
‘ Z L1y (Q[m]) v, (m) — /d Iy (Qz]) v, () dx‘
mez ® (6.14)
<ot 12 (12 Captysalr) + wlivlla) + dgr?ICl.log (14 21,
where
w def . d_9-6 N
P p-a(r) = f {(b—a)g(cT? ™ "+ vz 1,5(r)+v0m,5(r) (1 +log((b — a)*T}))

+c{21 (T+w)_1/26_(T+“’)1/2 :T_ € [qo_l/Qr_l, 1], T, > 1}
under the condition 0 < w < (b — a)/4. This completes the proof of Theorem [2.2]
Proof of Theorem[1.9. We have only to apply Theorem to the Gaussian weights

v(z) = exp{—2Q[r]} noting that ((x) = exp{—Q.[r]} satisfies the integrability
condition (2.4). This yields

R(v.Is,,) <gpa {w|vlo + 1<l o4 a(r) }re=2r?({]l log (1 + 'l’ma')-

In view of and (7.8), we see that ||v||o < dg. Here we used that ¢, (v, Vu? —v) =
exp{—2u?}, if Q is indefinite; and @, (v) = exp{—2v?} if Q is positive definite. More-
over, a simple calculation shows that ||Z||1 <4 1 and by following the arguments in the
proof of we get [|Cller <a ¢4 ((¢/q0)™? + doq™?) as well. O
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7. LATTICE POINT DEFICIENCY FOR ADMISSIBLE REGIONS AND APPLICATIONS

Before we can apply Theorem we have to construct smooth bump functions, ap-
proximating the indicator function of special parallelepiped regions, and also to control
the additional error produced by this smoothing step: In the following Lemma [7.1] we
shall bound the volume of e-boundaries of r2 N E,; and in Lemma @ we estimate
integrals of the Fourier transform of the region 2. For wide shells the lattice point
counting remainders will reflect the Diophantine properties of () more directly when
using counting regions 2 which are ‘admissible’ convex polyhedra.

7.1. Smoothing of Special Parallelepiped Regions. Here we confine ourselves to
study a specially oriented parallelepiped Q = B~![—1,1]¢ with

Q. < B"B < c5Q. (7.1)
for a suitable B € GL(d,R) and a positive constant cg > 1 depending on B. In this
case, the Minkowski functional of Q is given by M(z) = max({(g;+,x) : i =1,...,d),

where g; + = +BTe; are 2d outward normal vectors of the faces of 2. Note that the
inequalities in ([7.1)) imply the norm equivalence

d-12)|QY || < M(x) < (ep)Y?(|QYx]. (7.2)

We now approximate I by smooth weight functions. For this, introduce

Q. € 1109, 09). ¥ 0\, and ve. € I, xkg., (7.3)

where kg (A) = k.(BA) for any A € B% and k. denotes the rescaled measure on
R? introduced in the beginning of Subsection . Moreover, we need the technical
restriction 0 < ¢ < g9 with gy := 1/15. Since Lemma can be adapted to this
situation, taking vy, ,.(x) := vi(x/r), we get for the lattice point remainder (3.5

|R(I5, )| < max|R(Ig, , Ve r)| + Beyr, (7.4)
where, in view of (3.2)), the remainder term is given by
/Rd ](59)25 (ZE/T) ][a,b](Q[x]) dz. (75)

For hyperbolic shells the latter term ([7.5]) will be absent, but for elliptic shells we shall
find that

def

Ra,r =

[R(Ig, yov)| < max|R(Ig, , vee,)| + do(b— a)er®™. (7.6)

This estimate will be proven in the following Lemma/[7.1] but first we need to introduce
some notations: For a measurable, non-negative, bounded weight function v on R¢ we
shall define the spherical mean by

def

ou(ry,re) = /spl sq1V(Qll/QU_l(Tlmarzﬁz))dg(ﬁl)da(nz% (7.7)
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where 71,79 > 0, 0 denotes the unique normalized Haar measure on the sphere SP~!
resp. S771, (p, q) denotes the signature of Q (with p+ ¢ = d) and U a rotation in R?
such that UQU ! is diagonal matrix whose first p entries are positive and the latter ¢
are negative. Note that in the case of positive definite forms @ (i.e. ¢ = 0), the double
integral must be replaced by a single one.

Lemma 7.1. Let ¢, be defined as in (7.7). If Q is indefinite, define also

/ I(u® > v)uP Loy (u, Va2 — v)(u? —0) @ 22du|  (7.8)
0

def
IVl = dg  sup
VET 20 [a,b]

and suppose that the latter integral exists. Otherwise, if Q) is positive definite, define
def _
IVlle = do  sup v ey (v)] (7.9)
vET 20y [a,b]
and assume that the latter supremum s bounded. Under these conditions, writing
Owla,b] = [a — 2w, a + 2w] U [b — 2w, b + 2w]|, we have for 0 < w < (b—a)/4

[ Boent@Ual)via/r) de < wlivlort (7.10)

Assuming additionally max{|al, |b|} < cor? with co = (cg)™'/5, the estimates
R., <4 do(b— a)erd=? (7.11)
vol H, >4 do(y/eg) 2 (b—a)r?? (7.12)

hold for indefinite forms @, provided that € € (0,e0]. Moreover, for the special choice
V = Vi, as defined in (7.3]), we have

Ivacll < |det Q72 (7.13)
whereby the condition max{|al|, |b|} < cor® can be dropped if Q is positive definite.
The lower bound ([7.12)) can be also found in [BG99|, see Lemma 8.2. Moreover,

Lemma 3.8 in [EMMO8| provides an asymptotic formula for the volume of H,..

Proof. For a bounded measurable function g on R with compact support we introduce
def
Ry S [ g@lal)via/r e
R

Let Sq = QQ?,LQ = Qiﬂ and let U denote the rotation stated in the lemma. In
particular, UQU " and ULqU " are diagonal. Changing variables via x = rL5' U™y
in R? with y € R? x RY, d = p + ¢ and using polar coordinates, y = (rim1,72m2),
where r1,75 > 0 and 7, € SP7, ny € S9!, that is ||| = |n2]] = 1, we may write
Qlz] = r*(r? — r3) and obtain by Fubini’s theorem

R, = r'dg / / g g(r? (% = 13)) oy (1, ra) drydra, (7.14)
0 0



DISTRIBUTION OF VALUES OF QUADRATIC FORMS 61

where @, (r1,73) is defined as in for suitable weight functions v. (As already noted,
in the case of positive definite forms (), the double integral in @ must be replaced
by a single one.) Next, we change variables via v := 7? — r3 and u := ry, so that
r? +r2 = 2u? — v and ry = Vu? — v. Thus, we get

R, = rdd—Q g(r*v T(w? > v)uP oy (u, Va2 — 0)(u? —0) 2 dudov.  (7.15
! 2 Jr 0

In order to prove (7.10)), we choose g = Iy, (o) in (7.15). Since the length of r~?supp g
is at most < |w|r2, we get R, <4 |w|r??||v||q, where ||v||q is defined as in (7.8) if Q
is indefinite, resp. as in ([7.9)) if @ is positive definite.
Next we prove (7.12): Taking g = Ijq4, v(z) = Io(z) = I(M(z) < 1) and using
lylld=" < M(Lg'UYy) < |lyli(cn)? (7.16)

gives the lower bound

et = [ ()| < (en) ) dotn) dot
Sr—1xSa—
>a 1202+ o] < (en) ™)
Thus, we find

r~2p 00
vol H, >, rid T(u? > 0)I(2u® + |v| < (eg) HuP u? — v @=2)/2 4y do
of

—2

r—2b 00
>4 rdd I(|v] < ¢ I(2cy < u? < 2¢0)uPH(u? —wv @=2)/2qy, dv
Q 0 4

a

>q 1772 (b — a)dg(Veo) .

Proof of . In we choose g = Ijqy and v = I(pq),. with 0 < e < gj. By the
properties of the polyhedron €, see (7.2), we have [po), (z) < I(M(z) € Ji2.), where
Jige = [1 — 2,1+ 2¢]. Let g, ..., goq denote the 2d-tuple of normal vectors defining
Q and let f,, = ULélgm, m =1,...,2d, be the transformed vectors. Since

I(M(LélU_l y) € Jl,2£> S Zile ](<3/7 fm> € Jl,QE)

we may bound ¢y (r1,79) in ((7.15)) as follows

ou(r1,72) < S22 oy m(r1,72),

where

def

Oym(r1,m2) = / [[<(7’1771,7“2772),fm> € J1,2£] dny dns.
Sp—lxSa—1

Recall [v| < ¢, v=7% —r2 u=r; and r, = vVu? — v. The inequality (7.16]) implies
(14+2e)%d > 77 +75 =2u® —v > (1 — 2¢)*(cp) .
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Therefore ¢, (u, vVu? —v) =0 if

1 of (142
O§u<2’§\/5co(1—2€)2—co or u > Cq af (1+ 6)\/d—i—co.

Because of

e 310
2’%\/500(1 —2e)2 — ¢y > cq dof 1= @

and u? — v > 17¢y/45 > 0, we get

r—2b Ca B
R, < TddQ/ (/ uP (u? — v)qT2gov(u, vu? — o) du) dv
co

]

r—2q

(7.17)

C

2d =2 Cq i
< rldg Z/ (/ P (u? = )T oy (u, V2 — v) du) dv.
m—1 r—2q 0

By interchanging the variables r; and 7y we can suppose that ¢ > 2. Thus, since u <4 1

and vu? — v <4 1, we see that
CQ -~ CQ
/ P~ (u? — U)¥@v7m(u, vu? —v)du <4 / ©ym(u, Vu? —v) du. (7.18)

cQ cQ
We claim that
R, <4 dge(b—a)r®? (7.19)

holds. In view of ([7.17) and (7.18)), the estimates
Ca
R, o / Oy m(u, Vu? —v)du <4 ecq

cq
for all m =1,...,2d will prove the bound (7.19)).
Thus let Fy,(u) := ((uny, (u? —v)Y2ny), f,n) for fixed |v| < co and (ny,1n2). If
0
‘%Fm(u)’ > >0 (7.20)

for all cq < u < Cq with F,,(u) € [1 — 2¢,1 + 2¢] uniformly in (71,72) and v, then

Ca -
/ I(Fp(u) € [1 = 26,1+ 2¢]) du < =
co C1
and hence R,, <4 c;'e for all m = 1,...,2d. Note that

v

L (0,2). fm>)

us —v

and because of ||L,'BT|| = [|BLy'|| < \/cp we see that

| Fw)] 2~ (1F(w)] — e ful]) = T (122 )

/17¢0/45 u
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Note, that here it is important that ¢ > 0 is not too large, i.e. € € (0,g0]. Thus,
(7.20) holds and the assertion (7.19) is proved. This yields the claimed bound for R,

compare ([7.5)).
Finally, we prove ([7.13)). Here we have v = vy, and vy (z) < I(M(z) <1+ 2¢). In

view of ([7.16)), we find that the u-integral in (7.8)) can be restricted to 2u? < 2d + v.
Hence

|[Viello <adg sup  (1+ ]v])(d_S)/Q/ I(v <u? <d+v/2)du < dg,
0

VET 20y [a,b]

because |v| < 772(Ja| + |b]) < 2¢o < 1. Since ¢, is supported in [|-||-ball of radius 2d"/2,
we get also in the case of positive definite forms that ((7.9)) is bounded by <4 dg. O

7.2. Fourier Transform of Weights for Polyhedra. Here we continue to estimate
the remainder terms in (7.6). Since the bounds for R(¢9v_.,) are exactly the same
as for R(g9v,.,) we shall consider the latter only. We shall now modify the weight
Ve, defined in , as follows. Define ¢ = I|_5 9 * k, where k is again the probability
measure from Subsection 3.1 Of course, ¢ is smooth and ¢(u) = 1 if Ju| < 1 and
o(u) = 0if |u| > 3. Let sy := d(1 + 2¢0)?. Now, by construction ¢(Q.[z]s;') is
identical to 1 on the support of the e-smoothed indicator of . = B~[—(1+¢), (1+¢)]4,
that is v.(x). Hence we may rewrite the weights ¢ of via

Ce(@) = ve(z) exp{Qq[z]} = ve(z)¥(2) (7.21)

using the C*° function (x) = exp{Q. [z]}¢(Q[z]s;") of bounded support, whose
Fourier transform can easily be estimated, see (7.24). In particular, the weights (.

satisfy the integrability condition (2.4), i.e. sup,cpa (|¢(2)]+ |gA“€(a:)|) (1+4]z])**! < oo.
Lemma 7.2. The following estimate holds

/d |§Ag(v)| dv <4 /|j\[_171}d|(U>H§l1 exp{—|5vj|1/2} dv <4 (loge™)%. (7.22)
R

Remark 7.3. In the general case, when 2 has finite Minkowski surface measure cq only,
defined via meas(0.Q2) < cqe, we have

[allhe < / Ma(v)[exp{~[lev]|'/*} dv <4 coz™
R
as can be deduced from the bound in Theorem 2.9 of [BCT97|, that is

1 / ~ —(d+1)/2
[Io(v)|dv < eq(2 4 u)~(@HD/2,
vol (u < [[v| < 2u) Jiu<joy<auy

This estimate is sharp as shown by the explicit example of an unit ball, see [BCT97|
for more details. That paper contains also bounds on the average n — |Io(sn)| over
the unit sphere S~ for polyhedra, which are usually of smaller order than pointwise
bounds. In fact, the pointwise decay of fg(v) may depend crucially on the direction of
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v. In our setting (finding L!'-estimates for specially oriented parallelepipeds ) more
elementary arguments can be used.

Proof. Note that by definition

[Jewiao= [ i = [

Since

/R Fo(o — 2@ dodo < [E ] |l (7.23)

12,

o) = ’detQ‘_l/Q/ explv?]p(v?sy ) e ) dy
R4

we easily conclude that
[0(z)| < |det Q" V2e(d, k) (1 + Q7' [2])*, 2 € RY,  and thus |||y < ¢(d). (7.24)
Defining Z := (B~!)T and changing variables shows also that
Io.(v) = (1 + &) To((1 + e)v) = (1 + &)?|det B I;_y a((1 + £) Zv) (7.25)

and
kg (v)] < exp{—e"/237_[(Zv);]/2}. (7.26)
Thus we get for v, = I * kp .

¥l = 1ol <o [ 1T+ ol expf—leog 2y v, (727
R

Finally, using f[,m]d(v) = Hj:1 sin(27v;)/(mv;) together with (7.27)) gives the estimate

~ R S SR L d g
[Vell1 <a (/ et “du) <4 (1 +/ e du) <q log(e™)" (7.28)
0 0

We now obtain the estimate (7.22)) from (7.23|) combined with (7.24) and (7.28)). O

7.3. Lattice Point Remainders for Admissible Parallelepipeds. Now we re-
strict the parallelepiped Q = B7![—1,1]¢, as defined in , such that its faces are
in a general position relative to the standard lattice Z¢. This ensures that the lattice
point remainder for r{2 is of ‘abnormally’ small error uniformly in r. To construct
it, we may alternatively construct lattices BZ? such that the faces of [—1,1]¢ have
this property. Following Skriganov [Skr94], we call a lattice I' C R? of full rank, and
likewise €2, ‘admissible’ if

NmT “ inf,er o [NmA| > 0, (7.29)
where Nm~ = |7 - - - 94| in standard coordinates v = (71,...,7q)-

Remark 7.4. The set of all admissible lattices is dense in the space of lattices (see
[Skr98]). Hence, for any n > 0, if D,, denotes the set of diagonal matrices with entries
in [1,1 + n), then O(d)D,O(d)I" contains an admissible lattice. In particular, if I' =

1+/ ?Z¢, then there exist orthogonal matrices k,[ € O(d) and a diagonal matrix d € D,



DISTRIBUTION OF VALUES OF QUADRATIC FORMS 65

such that BZ¢ is admissible, where B = kdl Qi/ ? satisfies property (7.1)) with a constant
cp depending only on 7.

Remark 7.5. This definition is a special case of ‘admissible lattices’ for star-bodies, see
Chapter IV.4 in [Cas97|. Here, the star-body is given by {F < 1} with the distance
function F(x) = |x; - x4/

As shown in Lemma 3.1 of [Skr94], the dual lattice I'* = ZZ% of T, where Z7B = 1d,
is admissible as well. Another property of admissible lattices is that there exists a cube
[—7g,70]? containing a fundamental domain F of I' such that 79 > 0 depends only by
means of the invariants detI" and Nm I'.

Example 7.6. Well known examples are provided by the Minkowski embedding of
a totally real algebraic number field F of degree d into R?. Given all embeddings
o1,...,04 of F, the Minkowski embedding o: F — R? is defined by o = (01,...,04).
In this case Nmo(a) = [Ng/g(e)| is the field norm of any a € IF, where we interpret
multiplication by a as a Q-linear map. Thus, the image of the ring of integers O is an
admissible lattice I' with NmI" > 1. For more information, see Chapter 2.3 in [BS66|.

Remark 7.7. We also note that for any natural number n € N we may choose a real
number field of degree n which is normal over the rational numbers. In fact, let m € N
be chosen such that 2n | ¢(m) and let &, be a primitive m-th root of unity. Then
Q& + &1 is a real number field of degree o(m)/2, which is also normal and its
Galois group G is abelian. Since G contains a subgroup H of order ¢(m)/(2n), the
fixed field of H is real, normal and of degree n. Thus, there exists an admissible region

Q satisfying (7.1)) with cp =<4 ¢/qo and Nm(B) =4 ¢%/2.

Lemma 7.8. Assume that the lattice I' = BZ% is admissible and B satisfies (7.1)).
For 0 < e < gy and r > 1 we get for the parallelepiped Q@ = B~1[—1,1]¢ and the
corresponding weights (.(x) = ve(z)(x) introduced in Subsection

def |Ea(v)’ —d/4 d—1 Arel
I = / dv <q qy " dgldet BIATC , (7.30)
¢ Iolleosry2 (@21 + [ 10] ga)4/2 o e Nm <r>

where \.. := min{log(r + 1),log(e™!)} and \..r = max{\,.,log(2 + S )} For
any inadmissible parallelepiped Q2 only the estimate

I <qdoq™?dD2e—d (7.31)
holds. Additionally, we also have dg|det B| < (cg)¥?.
Proof. We start by making the change of variables w = r~'Zv in (7.30) and then

splitting /. into integrals over cells C* := Z [—5, 5) , where I'* := ZZ% denotes the dual
lattice to I, that is Z = (BT)~1, in order to get
S L(y), where I(m) % r4|det B|/ C 7+ ”)”g dv. (7.32)
7+ €T\ {0} q2rt + (|27 ]|o0) 2
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Note that I'* satisfies || Z|| < ||Q_1/2|| < qo_l/g, since the first inequality in (7.1)) implies

1> Q2B = 1(BN)'QY*)T) = (BN QY% = |12QY?|!. (7.33)

l]d

In particular, the fundamental domain C* is contained in g, Y2/ [—5, 514 Next, we

shall bound the Fourier transform of (.. Recall that by definition

Co(u) = ((To - Fp )+ 9) (u) (7.34)
As verified in (7.25]), we have in coordinates u = (uy, ..., uq)
d
< |det BT L+ Jug) ™" (7.35)
j=1
Since (7.33)) also implies ||Q11/2(Z*1u)|| > ||u||, we can rewrite (7.24) by
(27 )| <a [det Q721 + [[uf[2)™* < [det Q72 TT7L, (14 u2) ™/, (7.36)
where we applied the AM-GM inequality. In view of ((7.26)) we have the bound

sin[27(1 + €)u;]
(1+¢&)u;

d
o, (27 u)| <q ldet B ]|

J=1

[kp.e(Z7 )| < exp{= 320, |ew ") (7.37)
as well. Combining these estimates yields
exp{—e"2[rw; — uy|'/*}
(Z~ d du.
C(Z7 rw)| <an Q/ H DR 1+ rw; — u

Thus, we get for a fixed lattice pomt Y=, ) el

|det Q|~*/2|det B| / wler(yr +v; — = ))
L(v7) < / J dudo,
R e T T RdH R

where @(z) := (1+22)7%/? and w(z) := exp{—|z|/?}. We now estimate the last double
integral coordinatewise: Note that we have |v;| < 7 := v/d/2 and

(@27 4 1270 > g 07+ lolle) 2 > 6 T
1/2

(rt + Jul) 72,

j=1

since [|Z7]|oo > 1Z]|7Hv]loo > g0
I () <ax g0 " dgldet BITTL, Jo(v;:R),

J€(7;§D) « /_Z (r1 +1|v|)1/2/D@(U) (51"(7] —H)__)) dudo.

T’1+|”7] T

||v]|oo. Hence, we find

where

In order to estimate J¢(7;;R), we decompose the integral into parts corresponding to
the extremal points of the integrands. Defining D; := {|u| > r|y} + v|/2}, we get

r

R |
(773 D / / u) dudv <<kd/ dv.
! g [o[1? g |v[? (1+r\’yj’-‘—|—v\)§*1
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In the case |vj| > Vd, we have [v; +v| > |77|/2 and hence

r vl 1
Je(vi D) < dv <4
03P < e | S g

if we take k = d(d + 3). In the other case |7}| < Vd/2, we split the v-integral into two
parts as follows in order to find the estimate

Ty eI (o] > |yE|/2 172 r
o (7 o)t o v(l4r(ly]—v)?

|7;‘%T 1/2 1 d w1
. 2
(rlvil+1)*2 Jy %(1 — p)d+2 v <a fjlTE

In the complement u € D§ we have |v; +v — | > |7} + v|/2 and thus

vw(er(y +v)/2)
el e ]

<+

T D) <<d/ o] 3

If |vi] > Vd, then we easily conclude that Je(v5; DS) Ka wlery;/4)|v;I7t At last, we

consider the case |7} < Vd. The v-integral over the region {7 > |v] > [7i]/2} can be
bounded by

v| > |v5l/2
cupgrn [ TZEID
O B [ )

<a |l / Q- L qu < 12172 minflog(e ™), log(r+ 1)}
d1j 0 r14+o0l+erv J ’

and similar over the complement by

Ivi1/2 v 1/2 ] 12
<y / —*dv Lg |vEE.
S L

Hence we conclude that

I <4 g5 dg|det B Z H | , (7.38)
(v} 15 ED*\{0} =1 73
where
H,o(2) = Ae|2V2I (2] < V) + (1 + erla])~I(|z| > Vd). (7.39)

In view of the following Lemma this concludes the proof of the bound ([7.30)).
If the region € is not admissible, then we change variables to w = r~'v split the

left-hand side of (7.30) into integrals over unit cells E := [—3, )% in order to find

ef 4 |Za(7“(m + w)|
I = E I:(m), where I:(m) ey / - dw.
’ /2, —1 /2
mezZd\ {0} g (@Prt + wlls)
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Because of Z?:1|uj|1/2 > ||u||*/? we can further estimate (7.37)) by

&@a<Z-Lunfzexp{—nsun“2}
Recalling the definition and the estimates - for u = Zw shows that
|Z€(7’w)| <5, an_k+1(T||ZwH +1)" < dQé_kH(ch)k/Z(erH +1)7*
Thus, taking k = d + 1 we find
I <4 alQC]d/2 Hif2e—d

The last remark easily follows by comparing the volume of the bodies {||Bz|| < 1} and
{|Q"z|| < 1}: Using (7)) leads to |det QY2 < |det B| < (cp)%/2|det Q|Y/2. O

Lemma 7.9. For an admissible lattice T we have for any weight function w(x) > 0 on
R, such that we := 1 + max, w(x)(1 + |z]|)? < oo, where p € N and ¢ > 0, the bound

>\'r51"
Kawae N EEE
Y1---7d Nm(I')’

SF’E def Z wr,e(/yl) <o Wre (’7d) (740)

(Y1,-y74)€T\{0}

where wy () == Mc|z|2I(|x] < Vd) + wlere)I(|z] > V/d) and Az, Aeor are as intro-
duced in Lemma [7.8.

Proof. First, we make a decomposition of I' as follows. For any (z,...,z4) € R? with
|21+~ xq) > Nm(T) let m; € Z be the unique integers satisfying 2 > [2™iz;|d~1/2 > 1
for j = 2,...,d. We have |z;| > Nm(z)|zy... 247" > Nm([)d~ d)/QH 2mi~1 and
this implies that [2™ 24| € [ker, (k + 1)er) for a unique integer k > 1, Where my € Z
is determined by mq +mse + ... +mg = 0 and ¢p = d1-D/22-d+1 Nm(I‘). Introducing
the lattice

Ej:i={m=(my,....,mg) €Z% : my+...+my=0}CZ?

and the interval By, := [kcr, (k4 1)cr), we can write

I(Jzy. . xal > Nm(T)) = Y > I (|2™ 21]) Hf[fm 1275 24]),

meEy kN

and hence

ZZZ@mmﬂwwumwm>%W.am

meEy keN el e d

We also introduce the obvious notations Nm(z) := |xq - - - z4], 2™ = (2™ 2y, ... 2Mdx,),
m € Ey; and 2™T for the rescaled lattice {2y : v € I'}. Note that Nm(2™~) = Nm(~y)
and hence Nm(I') = Nm(2™T"). Defining Cy := By x [V/d,2v/d)?"! and h(z) := (1 +



DISTRIBUTION OF VALUES OF QUADRATIC FORMS 69

|z|)7P (where p € N is the same as in the assumptions of the lemma), we may rewrite

and bound by
d
SRE: Z <Z Z Iok HCL) Jnj )

meE; keNne2mD j=1

<<dwoozz((zfck)”‘*2 )Hhm )

meFk ; keN ne2mr

(7.42)

where h,.(2) := /\T75|x|%l(|x| < 1)+ h(erx)I(|z| > 1). In order to perform the sum-
mation in k£ and 7 in ([7.42)) we first observe that

> o) <1 (7.43)

Proof of (7.43)): Assume that two different lattice points n,7" € 2™T lie in Cj. Then
we have [ — | < cr and maxocj<aln; — 7} < Vd. Since n —n' € 2T\ {0} implies
Ime =1 - |na — 1) > (NmT)/ep = d@1/220=1) and hence | (1, —n5)| > 2v/d for some
7 > 2, we get at a contradiction which proves .

Estimating the following sum in & by an integral, we obtain

> hyo(ak 2 o -
> frelak) Arel(a < 1)+ log (1 + —) © (). (7.44)
—~ k are
Hence, making use of ((7.43)) and ([7.44)) in ((7.42)), shows that
SF,e <y Woo(clﬂ)i1 ZmEEd H(Zim% (745)

where 2™ := (2™, ...,2™4) and H(z) := h,o(craz1)hpe(22) - - - hyo(24).
Let E’ denote the subset of F, consisting of all lattice points (my,...,mq) € Ey4
with m; < 0. We claim that

> HE™) <a (Ane +log(1 + ) A (7.46)
mek!,
Proof of (7.46)): Let m € E/,\ {0}. Assume for definiteness that my,...,m;—; <0 and
my,...,mq > 0. By definition of Eq we get 237", m; = Z;.l:l|mj| > ||m||2. Since

h.-(27%) < 1 for k < 0 and otherwise h,.(27%) = \,.27%/2 we obtain
H(2™™) <q (A +log(1+ 1F )N ’H] 27/
_I._

()
< (e +10g(1 + ko)) Adz 2 Il

m
Thus, splitting the sum according to the number of positive coordinates and then
summing over the (d — 1)-dimensional lattice E; yields (|7.46)).
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In order to bound the sum over the complement of E/, we again split the sum
according to the number of positive coordinates. For simplicity, we may assume that
my, Mo, ...,m; >0 and myq,...,mg < 0. Similar to the previous case, we find that

H(2 ™) <a (Il + Are + log (1)) X! (T2 %) min(1, (re) - 277lmi2)

If we parameterize the (d — 1)-dimensional lattice E; by (my,m), where my = —(maq +
.+ mg) and m = (ma,...,my) € Z%1 and split the summation into a ball of

radius ||m||s < R. := 3d log(2 + (re)~!) and its complement, where (re)~27PIml2/2 <

(re)~2-Plmliz/2 < 1 we can bound the sum corresponding to a fixed [ by

<X (D Goert ) HZ’”JM > Qv+ mll)(re)-ra-rimlr2)

[mll2<Re lImll2>Re
Ca N2 (MrerTog(2 4+ )70 4 M) <a M A

where we have estimated the sums by comparison with the corresponding integrals.
Using this estimate for each | = 1,...,d — 1 together with (7.46|) in (7.45) yields the
O

bound ([7.40)).

7.4. Applications of Theorem [2.2] We start by smoothing the indicator function
of the region Q. We choose weights v = vy, as defined in (7.3) with € € (0,g0] and
the related ( = (., see Section corresponding to parallelepipeds Q = B~1[—1, 1]¢

satisfying Q, < BTB < ¢pQ., compare (7.1). Recalling (7.6, where we have used

Lemma [7.1] to estimate the e-smoothing error, yields a total error

def
A, =

|volz, (E,»Nr§2)—vol (E,,NrQd)| <q4 dQ(b—a)ardd+maX|R(IEa7bViE7,«)|. (7.47)

Now we can apply Theorem [2 n in order to bound the latter remainder |R(Ig, , V., r)]
as follows. In (6.14]) we shall estimate ||(€H*T by using ||v.|l¢ <4 dg of Lemma [7
¢l <a (loge™)? of Lemma 2l and

ICller < g ((£)7 2 0m(e™) 4 g5 e N ) (7.48)
of Lemma for admissible regions €2, i.e. (7.29) holds, to get
A, <Lpa erd_2 <5(b —a) +w+ ag(log %)dpg bfa(r))

(7.49)
+qud/4rd/2<(q%)d/2 log(e™!)4 + go d/zkfalﬁﬁfr)bg (1+5 I =)

where ag := qcg = q|det Q|V/*=P/2 = Cq(dg)~", provided that 0 < w < (b—a)/4. This
bound holds for admissible parallelepipeds €2 only. If €2 is not admissible, then we have
to replace the smoothing error ([7.48]) by

1Cer <a ¢4 ((g/q0)¥* log(e ™) + dgq¥? (cp) @ 1D/2e~d), (7.50)



DISTRIBUTION OF VALUES OF QUADRATIC FORMS 71

that is (7.31) of Lemma [7.8] With these bounds we are ready to prove the main
statements on the lattice point remainder for hyperbolic shells.

Proof of Corollary[2.5. For wide shells, i.e. b—a > ¢, we optimize in the smooth-
ing parameter w first by choosing w = W(qT, /2)?/T, where W denotes the upper
branch, defined on the interval (—e™!, 00), of the inverse function of z + xe®. (The
function W is also known as the Lambert-W-function, see [Cor+96| for more details
and some applications.)

Since z — W (x)?/x has a global maximum at r = e with value e™!, we find w <
q/(2e) < (b—a)/4 as required in the restrictions (6.6]). This leads to the partial bound

de+C’Qcél(T+w)_1/2 —(Tyw)/? <<d WqT+/2) <<d log qg:iJrl) 7

where we used that W(z) < log(z + 1) and W (z) ' exp(—W(z)) = 2~ !. Next, we
d_ —
calibrate the e-dependent terms in (7.49) by choosing ¢ = T2 ’ (b—a)~'/15. Again,

this choice satisfies the required restrictions, i.e. ¢ < ey = 1/15. Because of

d_o9_§

e(b—a) <ag(b—a),coT? , loge™ < log(r+1) and
— rd+1
)\TEF 10g(2 + Nm(F))
e 1, } loo(2 + —L ’
1%w+1f<mm{ g 1) S Selost )

compare the definition in Lemma we can simplify ([7.49)) to

h
A, Lga dor'poht,(r)
/2, ~d/4

+quZrilog(r+1)d(( ) + B qO 10g(2+ ))log< qb_f
o '

(7.51)
).

where
def . * _(1—2—6) d 3 4_2_6
Pair) = me+’T—{1°g ((b—a)T_"> " 741) (aQq(%d D2(cqT> ™"+ 16(r)
o 2
+agQya,ry,8 ( )log(T+ + 1) + %)}

and the infimum is taken over all T_ € [q, Y 2r_1, 1], T > 1. This proves the first part
of Corollary 2.5 Next, we consider the case of thin shells, i.e. b—a < q. Here we take

d g d o
e=12" 5/15 and w = T2~ 6(b — a)/4 in (7.49), noting that do(w + (b — a)) <
d_ o
ag(b — a)cgT? ? 6, in order to get the bound ({ - ), whereby the factor pgy§+a( ),
depending on the Diophantine properties of (), has to be replaced by
- def . 4 —(452-6)\d =45
o) & inty g faglog (147277 ™) (b= )" ™" + 9z 6(r)

+0m0, (Mbﬂw—a)fﬁ+1»}
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In the last equation the infimum is taken over all T € [q, N ,1] and Ty > 1 with

(4—2-9)

T, >4(b—a)'T_? max{1, log (¢ (b — a)T“2 6) 1,

where the last condition ensures that

a9
cél(Ter)_lﬂe_(TﬂLw)l/2 <cg(b—a)T? 2

Finally, we note that Corollary implies that yr_ 1),5(7) = 0 and also v, 1,18(r) —

0 for r — oo and any fixed T_ € [qalﬂr_l, 1], T, > 1, when @ is irrational. Thus, we

conclude that phyp+ (r) — 0, resp. pgyjlg:a(r) — 0, for 7 — oo and fixed b — a. O

Corollary 7.10. Consider an indefinite quadratic form @) in d > 5 wvariables and a
(not necessary admissible) pamllelepiped Q satisfying (7.1) and max{|al, b} < cor?,
where ¢ > 0 is chosen as in Lemma[7.1. Then for allb—a <1

Ay g dor'™ (pg o (r )+ (b= a)r' =g D log(1+7)(q/q0) T (e5) V),

where pgy‘gﬁ is defined in . In particular, for irrational QQ we have pri’*a( r)—0
for r — oo, provided that b — a 18 fixed.

Proof. We shall argue similar as in the previous proof of Corollary 2.5] but here we can

only use ) to bound HC&H* », since ) is not necessarily admissible. Thus, we have

to replace the error bound (| - ) for the lattice remainder by
Ay <pa dor'™ (6 (b—a) +w +ag(log %)dl)g,b_a(TD

(7.52)

+dg g/ /2 ((qio)d/2(log %)d +dg q?? (cB)(d“)/Qa_d) log (1 + %7—%)

Now the right-hand side can be optimized by taking

—(d_9_
e=(15log(1+ T 27"

and this leads to the bound
Ar <pa dor'2pdy . (r) + dog™*r®? (log(1 + 1) (q/q0)"”
+doq"(es) ™ og(14r)") log (1 -+ st ).

Nt and w=1T"7 (b—a)/4

where

* ef . —(¢-2-5 d_2-5
oo (1) < inffaglog(1+7 7)1 (b = ) (T ™ 4 4z (1)
} (7.53)
)

() log((b— @) Ty) ) + ——b=s
log (4T &=

1/2 1 1]

and the infimum is taken over all T_ € [q, and

d_9_§

Ty > 4b— a) 7= 7> max{1, log(c3 (b — a)T2 > )2}, 0
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The next corollary provides a lower bound for the number of lattice points and is
useful for proving quantitative bounds in the Oppenheim conjecture.

Corollary 7.11. For the special choice B = Q}rﬂ, i.e. Q= Q_1/2[ 1,1]¢ and cg = 1,
and all max{|a|,|b]} < 1?/5 and b—a < 1 there exists constants bgq > 0 and bgq > 0,
depending on 3 and d only, such that for all r > bs 4q"?(q/qo) @1/ (4=2)

vol H, o
+bgador ™t (1) (7.54)

where cq = |det Q|Y/*P/2, ag = qcg and
pona(r) = inffag((b—a)(cT2 """+ 115(r)+70,m,5(r) log((b—a) T1)) } (7.55)

and the infimum is taken over all T € [qo_l/2r_1, 1] and Ty > 1 with

T, > CBd(bi )max{log <Zc_gj)2’1}

Ar <

and Cgq,cs.q4 > 1 are constants depending on d and 3 only.

Proof Here we only consider the special region () = Q_l/Q[ 1,1]4, ie. B = QEF/Z and
thus is valid with cg = 1. Since () is not necessarily admissible, we have to argue
as in the previous proof (of Corollary [7.10)): Starting with the estimate (7.52), we can
take € = (30a4bs4) " and w = (b — a)e in the optimization procedure, where a; > 1,
resp. bgq > 1, denotes the implicit constant in (7.12) (see Lemma [7.1), resp. (7.52).
(Of course, we have € € (0,¢0] and 0 < w < (b —a)/4 as required.) This yields

A, <

VOIHT . %
5 +bg,derd 2aQ(log %)dpg,be )+b5d(b— a)qu 2 pd/2- 1<;0) ’

where bg 4 1= b q(¢7¢ +1log(e71)9) depends on 8 and d only. Again referring to Lemma
[7.1] we also see that

@+1/2 _ vol H,
) <

bp.alb — a)dgq /2t (L <=

qo0

if we choose r > Bg,dql/z(q/qg)(d“)/(il_g) with bsq = (15a4bs,4)~". Finally, we make the
restriction T, > w™! max{log((15a4bs4) 'q¢ (b — a))? 1} to ensure that

bs.a (loge ™) qri2dg (Tyw) V2 exp(—| T w|'?) < vol H,/15.
Collecting the remaining terms proves ([7.54)). O

Now we consider elliptic shells as well and optimize the lattice remainder as in the
case of ‘wide shells’. In contrast to the previous cases, the error caused by the smoothing
of the region 2 is not present here.
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Proof of Corollary[2.4. In the case of ellipsoids, i.e. @ is a positive definite form, we
choose the (not necessary admissible) parallelepiped € := B~![—1,1]¢ with B = Qi/ 2
and r = v/2b > ¢'/2, resp. 2b = r?, a = 0 and ¢ = 1/15. Then (7.1 is satisfied
with cg = 1 and Eyy, C rQ, ie. H, := E,, NrQ2 = E,;,. Moreover, since Ey; does
not intersect (92, (the 2er-boundary of Q) as defined in (7.3)), we get an error
R., = 0 for smoothing the indicator function of 7{). Hence, we may remove the term
proportional to (b — a)e in (7.47). Note that apart from Lemma [7.1] the indefiniteness
of () has not been used in all arguments so far. In contrast to the case of hyperbolic
shells, we optimize (6.14)) in w first. Again including the bound ||v.| ¢ <4 dg of Lemma
and here taking w = W(qT, /4)?/T,, where W denotes the upper branch of the
Lambert-W-function (for more details on the Lambert-W-function see the proof of

Corollary 2.5 on p. [71)), and noting that w < ¢/(4e) < (b—a)/4, leads (as in the proof
of Corollary [2.5)) to the bound

_ _ d 2.5
A <part 2((5@((1(25 TR yr11.5(r) + v0,m0,8(r) log(Ty +1))

(7.56)
O 2 r

o B ) - dgq® % (a/a0)" +dga™?) log (1+ 7).
0

where T_ € [qo_l/zrfl, 1] and Ty > 1. This can be rewritten as

A, <54 erd_QpQ(r) +dg qd/4rd/2(q/q0)d/2 log(1+ r/qé/z)
with

o def . _1 o5 2
po(r) = mf{aQ(qu 2(cT? ™ "+ 1,8(0))+ Y0 ,70,5(r) log(Th+1)) + %}

where the infimum is taken over all 7_ € [qo_l/27’_1, 1] and Ty > 1. Note that as in
the indefinite case lim, o p&' () = 0 if @Q is irrational by Corollary This proves
Corollary . Furthermore, we remark that vol H, = vol(rQ N Ey) = dgwar?, where
wq denotes the volume of the unit d-ball. OJ

Similar arguments can be used in order to obtain related bounds for both wide
(b —a > r) and narrow (b — a < r) shells in the case of ellipsoidal shells E, .

Given a quadratic form @ of Diophantine type (k, A), i.e. @) satisfies , we shall
apply Corollary [£.11] in order to estimate the Diophantine factors explicitly. Hereby,
we prove quantitative bounds in the Oppenheim conjecture (for indefinite quadratic
forms @ of Diophantine type (k, A)) by comparing the volume with the corresponding
lattice sum.

Proof of Corollary[1.7]. We begin by applying Corollary with b = —a = ¢ and
B =2/d+¢&'/d for an appropriate &' > 0: Taking T =g4 ¢~ /@1/278) |det Q|~1/?, so
that bg4(b — a)dgri2ag cQTﬁ(l/Q_B) < (vol H,)/5 holds, yields the lattice remainder
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bound

A < 2vol H,
5
This estimate is valid provided that r 54 (q/qo) ¢ T1/(@=2)¢/2+2/(d=+3 " Note that

we have T_ € [q, Y i 1] as required and that the assumptions of Corollary are
satisfied as well. Next we calibrate the parameter T, by taking

+ 172 Cobga (2evr 1,5(r) + Yv,70,5(7) log (26T ).

T, =pq e ' max{1,log(2e(gcsq) )}
Since @ is of Diophantine type (k, A), we can use Corollary in order to find that

1-28 1-28

Viro1.6(r) L@pa A 2EFD TR
and also that

1_
2

_1-2p — P
Yam,6(r) Kgpa A X0 (27 log(e ™)) G ),
In view of (7.12)), we may increase r >>¢q 54 max{A~1, 1} to get
2b5.aCor® >y 11,5(r) < (vol H,) /5.

(2d+3kd—4k) /(2d—8)—5

Now, we choose r <4 g4~ in order to obtain

bsaCor® ?log(2eT ) v r,,5(r) < (vol H,) /5.

All in all, we have
5voly H, > vol H, >, derd_Q.

Since (2d + 3kd — 4k)/(2d — 8) > 1/(d — 2) holds if d > 5, we find that voly H, > 1.
This means that there exists at least one non-zero lattice point m € Z? satisfying both
1Q[m]| < ¢ and also [|QY*m|| <4 . U

We can argue similarly to investigate the density of values of a quadratic form:

Proof of Corollary[1.8 It is sufficient to prove that volz«(rQ2 N E,p) > 0 for any
max{|al, [b|} < cor?/2, where ¢; is as in Lemma [7.1] with r—%*® = b —a for r >
cs5,4,0,0,4 and a sufficiently large constant c¢sq0,0.4, > 1. In particular, we consider
small shells, i.e. b—a < 1. Repeating the proof of Corollary [7.11], we see that Corollary
is also valid for arbitrary parallelepipeds satisfying , but then the constants
depend additionally on the scaling parameter cg > 1. Also repeating the previous proof
(of Corollary in this situation shows that we can take r = c540.0.4.(b — a)~/",

where v == Mi;{—;&ﬂ, to ensure that volz«(rQ2 N E,p) > 0. O]

Using the Diophantine estimates for quadratic forms @ of Diophantine type (k, A),

we can estimate pgy};fa (r) and pgi’:a(r) in Corollary [2.5] explicitly as follows.
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Proof of Corollary[2.6, First, we consider ‘wide shells’, i.e. b — a > ¢. By applying
Corollary we can bound the Diophantine factor from Corollary by

d—4

_(d=t aa_
pg};’fa(r) <q infy 5 {log ((b— a)T,( 2 6)+1)d(q(q%+5(a2@T72 6+q”A_”T__”r_2”)
+q" ATV T log(Ts +1)) + e 8= ),

where v = (1 — 28)/(2k + 2) and the infimum is taken over all T_ € [gg /*r~1, 1]

and T, > 1. Next we optimize this expression by taking 7 = r~2*/+9) and T, =
r@)/(w+1) “where o := d(1/2 — 8): This parameter choice is permissible, since 7 €

[qal/Qr_l, 1] holds (because of o > v), and thus we obtain
pggfa(r) <p.q log(r + 1)thq%+5+”(1 + A‘”)(r*% TR log(gqr + 1)),
where hg := q|det Q|'/27# (here we avoided to give an optimal estimate in terms of

|det Q| to reduce the notational burden). In view of the bound from Corollary [2.5 and
(7.12) we get the relative lattice error

1 H’f‘ 2vo 2v
‘\ij)OlZHr — 1‘ <<Q7Q767d (b — a)_l 10g(7’ + 1)d(7”7v+70 + r wedl 10g<7‘ + 1)
ISR log (1—1—1’77“)).

For ‘thin shells’, i.e. b — a < ¢, we have

_d—4 d_o_
P (r) <gainfy g {holog (1+T2 2 ) ((b—a)(T27 7" 4 ¢ A T"%)

+q" AT (log((b — a)* T4 )) + 1)) },

where the infimum is taken over all 7_ € [r~!,1] and T, > 1 satisfying

_(d_o _(d_a
T, >4(b— a)*lT_(2 > max {1,log(cé(b — a)T_(2 ? 6))2}. O

8. SMALL VALUES OF QUADRATIC FORMS AT INTEGER POINTS

Finally we shall prove Theorem by using our effective equidistribution results (in
form of Corollary together with bounds on small zeros of indefinite integral qua-
dratic forms. Our proof is based on the following strategy: If @ has ‘good’ Diophantine
properties, we can compare the volume with the number of lattice points to establish
bounds for non-trivial lattice points m € Z?\ {0} satisfying the Diophantine inequality
|Q[m]| < e. Otherwise @ is near a rational form and here we shall use Schlickewei’s
bound [Sch85| for small zeros of integral quadratic forms.
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8.1. Integer-valued Quadratic Forms. In this section we summarize some essential
results on small zeros of integer-valued quadratic forms. Here A[m| denotes an integer-
valued indefinite quadratic form on a lattice A in R of full rank. Meyer [Mey84| proved
in 1884 that such a form represents zero non-trivially on A if d > 5. Nowadays, this
result is usually deduced from the Hasse-Minkowski theorem, which is a local-global
principle (see |Ger08|, Theorem 5.7, Corollary 5.10).

Similarly to the result of Birch and Davenport |[BD58a| on diagonal forms in five
variables, our quantitative bounds in Theorem [I.3]depend essentially on explicit bounds
for small zeros of integral forms (see Corollary . First bounds of this kind were
proved by Cassels |Casbb|, based on a geometric argument. Birch and Davenport
improved Cassels’ result as follows: If d > 3 and A[m| admits a non-trivial zero on the
lattice A, then there exists an isotropic lattice point m € A\ {0} with Euclidean norm

0 < [[mlf* <723 (2Tr A%) D72 (det A)?, (8.1)

where v, denotes the Hermite constant in dimension d (see |Davb7; |BD58b|). This
bound is essentially best possible in view of an example by M. Kneser, see |Casb6|, if A
has signature (d —1,1). In 1985 Schlickewei [Sch85] extended Cassels’” argument non-
trivially by showing that the dimension, say dj, of a maximal rational isotropic subspace
has an essential impact on the size of small zeros, rather than mere indefiniteness (i.e.
dy > 1). He established the following relation between small zeros of integral forms
and the dimension d.

Theorem 8.1 (Schlickewei [Sch85|). Let A be a d-dimensional lattice and A a non-
trivial quadratic form in d variables taking integral values on A. Also let dy > 1
be mazimal such that there exists a dy-dimensional sublattice of A on which A van-

wshes. Then there exist linearly independent lattice points mq, ..., mg, € A, spanning
an isotropic subspace, of size
(|lma]| ... |ma, |)? <q (Tr AQ)(d_dO)/Q(det A)?. (8.2)

In the same way as Birch and Davenport |[BD58b| deduce their Theorem B from
their Theorem A, we may conclude

Theorem 8.2 (Schlickewei [Sch85|). Let F, G # 0 be quadratic forms in d variables and
suppose in addition that G is positive definite. Let dy be maximal such that F vanishes
on a rational subspace of dimension dy. Then there exist dy linearly independent lattice
points my, ..., mg, € Z¢ such that F vanishes on the corresponding subspace and

Glmy] - - - Glmg,] <q (Tr(FG™1)2)d=40)/2 det @G,
where the implicit constant depends on d only.

Using an induction argument combined with Meyer’s theorem, Schlickewei derived
also the following lower bound (8.3]) - which we only state for non-singular forms - for
the dimension of a maximal rational isotropic subspace in terms of the signature (r, s).
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For notational convenience, we may suppose that r > s. Then Hilfsatz of Section 4 in
[Sch85| reads

s ifr>s+3
do><¢s—1 ifr=s+2orr=s+1 (8.3)

s—2 ifr=s.

Remark 8.3. One can complement Schlickewei’s lower bound with the upper
bound dy < min{r, s}, which follows immediately by a dimension argument: If we
decompose R?Y = V. @ V_ into subspaces V., V_, on which Q is positive or negative
definite, and if Vjy, denotes an isotropic subspace, then Vi, N Ve = {0} and thus

dim(Vig) = dim(Vigo + Vi) — dim(Vy) < d — dim(V4.).
In particular, the lower bound (8.3)) is essentially optimal.

Obviously, a straightforward combination of the upper bound together with
Theorem 8.1]yields explicit bounds on the smallest non-trivial isotropic vector. However
this application can be improved in the cases » = s + 2 and r = s by reducing the
problem to dimension d — 1 as done by Schlickewei in Folgerung 3 of [Sch85|, were
he proved that for any integral quadratic form A of signature (r,s) there exists an
isotropic lattice point m € Z%\ {0} such that ||m|* <4 (Tr A%)?, where

%g forr >s+3
p=p(rs) =92 forr=s+2orr=s+1
5 forr=s

as defined in ((1.10]) (see Section [1.2]). We shall extend this result to general lattices
leading to the following strengthening of (8.1)).

Corollary 8.4. Suppose that A is a non-singular quadratic form of signature (r,s) in
r+ s =d > 5 variables, which takes integral values on A. Additionally suppose that
|det(A)| > 1, then the smallest non-trivial isotropic vector m € A of A satisfies

0 < |[m||? <4 max{(Tr A2)2, (Tr A2)*}|det A| @~ (8.4)
where p is as defined in (1.10]).

Compared to (8.1]), the exponent in ({8.4)) is considerably smaller for a wide range of
signatures (r,s). Especially, if r ~ s, then p ~ 1/2 and therefore (2p + 1)/d ~ 2/d.

Proof. As can be checked easily, in the cases r > s+ 3 and r = s 4+ 1 the bound
follows immediately from Theorem together with , since d/dy < 2p + 1 and
2 < d/dy (by Remark[8.3) in both cases. (Here we estimate (Tr A?)(@=%)/2 by (Tr A%)!/2
if Tr A2 < 1 and by (Tr A%)? if Tr A2 > 1.) If r = s or r = s + 2, then the first relation
does not hold. Here we fix a reduced basis vy, ...,v4 of A with

[oa| <. < Hlvall and - |det(A)] =g [lva]] - . [vall
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Let Ay := Zvy + ...+ Zvy_1, which is a d—1 dimensional sublattice of A, and note that
Hadamard’s inequality shows that det(Ag) = ||v1 A ... Avg_1|| < |lvill - - ||va=1]|. Thus

det(Ag) <4 det(A) 4D/
Now denote by Aj the restriction of A to the subspace generated by vq,...,v4_1. It
follows that Ay has signature either (r,s—1) or (r—1, s) and, since (Tr A2)Y/2 = || A||us,
also that Tr A2 < Tr A% Applying Theorem (resp. Theorem [8.2| after a coordinate

change) to Ay and Ay shows that there exists an isotropic lattice point m € Ag \ {0}
such that

9 g\ 3=1=do 2 9\ dz1-do d—12

|m||* <4 (Tr Ag) 2% |det Ag|% <q (Tr A%) 290 |det A| ¢ o,
where dy denotes the dimension of a maximal isotropic subspace of Ay (instead of A).
Completing the proof, we note that in both cases r = s + 2 and r = s one has

as can be readily seen. 0

Remark 8.5. In 1988 Schlickewei and Schmidt [SS88| complemented their work [SS87|
on isotropic subspaces of quadratic forms showing that Schlickewei’s bound in terms of
dy is best possible. Additionally, one can also ask if Schlickewei’s bound in terms
of (r,s) is best possible, as was already conjectured by Schlickewei himself in [Sch85].
At least for the cases r > s+ 3 and (3,2) this is known and due to Schmidt, see [S85].

Remark 8.6. As a final remark we note that in the Geometry of Numbers it is often
the case that one can use the existence of a lattice points satisfying some inequality
in order to get several independent points satisfying a joint inequality. This argument
was used by Schlickewei and Schmidt [SS87} [SS89| to prove an extension of Theorem
8.1, in which they considered several isotropic subspaces and their relative position.

8.2. Proof of Theorem [1.3] Now we are in position to prove the second main the-
orem of this paper. To simplify the notation we may replace @ by @/e and consider
the solubility of the Diophantine inequality |Q[m]| < 1. Notice that this rescaling does
not change the constant cg = 1 occuring in Corollary [7.11]

Proof of Theorem[1.3. Let d > 5, gy > 1 and
r> Bﬁ,dql/Q(Q/Qo)(d+1)/(d_2) (8.5)

as in Corollary and = 2/d+¢'/d with fixed ¢’ > 0 depending on 6 > 0. Applying
Corollary with b = —a = 1/5 (note that both conditions max{|al, |b|} < r?/5 and
b —a < 1 are satisfied) gives the bound

vol H,

A, < +bgador?qcq (CQ TR Y- 1,8(r) + va,m,0,8(7) 10g(T+)>

for any T_ € [g, "/*r~1,1] and

T, >pq max{l, log(loc@dq))Q} >4 log(q + 1)2.
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Hence, we can take T, =g, log(g+1)?. Additionally, by taking
T =4, g2/ A= D=8/4| qet Q|14
we can also ensure that
bs.adori2q|det Q[V/2-PT*7F) < (vol H,)/10,
compare the lower bound of Lemma . At this step we have to choose
1.4 (q/qo) /g AR > g7V et Q|1 g (A-+o/4 (3.6)
in order to guarantee that T_ € [q, Y 2t 1] is satisfied.

First Case: We consider first classes of quadratic forms () for which the lattice remain-
der is 'small’: Corresponding to Diophantine properties of (), we assume that

bs.aq|det Q|1/4’5/27[T771]75(7’) < hgqa and

bg.aqldet QY Py 1, 5(r) 1og(Th) < hga

with some constant hg 4 > 0 depending on d and 8 only (compare again with ([7.12))
such that 5voly, H, > vol H,. Note that r > ¢'/? is fixed here. According to Corollary

and we shall take a priori

r=ga (q/q
Increasing the implict constant guarantees that voly H, > 2, i.e. there exists at least

one non-zero lattice point m € Z? \ {0} satisfying both |Q[m]| < 1 and HQi/zmH <r.

Because of p > 1/2, it is easy to see that the right-hand side of (8.8 is bounded, up
to absolute constants, by the right-hand side of ((1.9).

Second Case: Now we assume that one of the inequalities in (8.7 fails. Then there
exists a ty € [T, T] such that the reciprocal a4-characteristic satisfies at least

Bl = doriag(My) ™ <pa Bte) © (gloglog(q + exp(1)))@ 1/t (8.9)

Following the proof of Lemma |4.10, we see that there exists a d-dimensional sublattice
N C Ay, with ag(Ay,) = [det N|71 = |lwy A ... Aw,|| 7, where

w:<mfﬂw—ﬁwmv

(8.7)

)(@HD/(d=2) 1/2+2/(d=4)+5. (8.8)

1172
r 1Q+/ n;

is a basis of A’ determined by integral vectors m;,n; € Z%, j =1,...,d. We have also
proven, writing N = (ny,...,nq), M = (mq,...,my) € M(d,Z), that N is invertible
with 8, > |det N| and that the estimate

aa(Aiy) ™ g 1 TPg et QP |det N|MNT! — 460Q)|

holds, provided that ag(As,) > qdgrd=2. In view of the last condition is satisfied
if we take a priori

T >>p.d (E(to)q)1/2. (810)



Now we are in position to apply Corollary with the rescaled lattice A = rA’, noting
that det(A) = r?det(A’) > |det Q|'/?|det N| > 1, and the quadratic form Afz] =
(x, Az) induced by the symmetric matrix

def 0 r—21,
4= (T_Q]ld Stos)
with (w;, Aw;) = (m;,n;) + (m;,n;). In other words, the quadratic form A is repre-
sented by the symmetric matrix Ay := N'M + MTN in coordinates wy,...,wy. In
particular, A is integer-valued on A. Since A;[n| := Ag[N~'n|, ie. Ay = MN~ ! +
(MN~YT, has the same signature as Ay, we need to check that the signature of A; is
(r,s). Because of
| A1 — 8toQ|| g, |det N|~'r2qE(to)

we may choose a priori 7 354 (q/q0)"? max{1, t51/2}qd/(d_4)+5, ie.
r >4 (q/qo)" 22D AT (8.11)

to ensure that A; and ;@) have the same number of eigenvalues with the same sign,
i.e. the same signature (e.g. apply the Hoffman-Wielandt inequality, see Theorem 6.3.5
in [HJ13|). Thus, there exists a non-trivial lattice point w = ajrw; + ...+ agrwg € A,
where (ay,...,aq) € Z%\ {0}, which satisfies A[w] = 0 and, writing no = ajn; + ...+
agng € 22\ {0}, is of size

1QY?nol* < lw|]* <4 max{(Tr A?)?, (Tr A%)"}|det A
<palog(q + 1) (|det Q[V2E(ty)) 4 (8.12)

2p+1

8p+4
<B.d ¢t P |det Q|4

where we used Tr A% <, (172 + t)? < 13 g4 log(q+ 1)* and (8.9). Writing w =
(wy,wy) € RY x R we also see that 0 = Afw] = r~2(wy, ws) + 8tsQ[no] and thus

[QInoll < (rto) " [lwn|-|well < (r*t0) ™ w]®

(8.13)
< g max{1, " }|det A|%r—2 <Lgd = |det Q| Fr2,
Hence, requiring in addition
r>pa it ET T > PHE det Q5 (8.14)

it follows from (8.13)) that |Q[no|| <pa 1, which in turn guarantees |Q[no]| < 1 as long
as r is taken large enough in terms of § and d. Combining this choice with the lower

bounds on r already required in (8.5), (8.6)), (8.10) (8.11)) and (8.14]), we observe that

an appropriate choice for r is given by

dtl 1 max{pdt2.d+1}
r=pa(q/qo)t2qzt et T (8.15)
where the implicit constant is chosen large enough depending on § and d only. This
concludes the proof of Theorem [I.3] O
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INDEX

b—a) & (b—a)(b—a<1)+I(b—a>1),[15 ]
(b—a)y:=0b—a)lb—a<q)+q?*V2[(b-a>q),[L5
(-, ), || ]|, Euclidean inner product and associated norm, [5|
¢r(x) = ¢(x/r), for a function ¢ on R™,

A <p C, A =g C, Vinogradov’s notation,

f*, radial realization of a bi-K-invariant function on G,

«, ay-characteristic of a lattice, [14], 28]
A,, mean-value operator on G,

ag = ch,@

f3, exponent in the range (2,

1)’
By i= ag(Ay)r¢|det Q|2

cq = |det QY4772
Co = q|det Q4572
Cartan decomposition of g € SL(2,R): g = k1(g)d(g)k2(9),

A, := |volg H, — vol H,|, lattice point deficiency, [L6)]
0:0:R, rational approximation error of ¢() truncated at R,
D :={d, : r > 0}, diagonal subgroup of SL(2,R),

da(L) = d(L), covolume of the A-rational subspace L,
dg = |det Q|~1/2,

D,q, diagonalizable matrix on R??,

Diophantine quadratic form of type (x, A),

E,p:={x € R?: a < Q[x] < b}, hyperbolic or ellipsoidal shell, ,

Yia,4),8(7), Diophantine factor for @ on [a, b] with exponent 3,

G =SL(2,R),

gr = max{|g,(t)| : t € I}, maximum of |g,(¢)| on an interval I,

92, (2) == gu(Q[z]), = € RY,
J+w = ][a,b]iw * kuﬂ

H={veA: H?)HOO<1},

H, = E,, NrQ, if Q is indefinite,
H, := Eyy, with r = V2b, if Q is positive definite,
Hy(m,n) = r2Q;'[m — 4tQn] + r~2Q,[n],

[ollie = faallo(v)] exp{—|lev]|/2} dv <q e (*D/2,
In = |fJO R(ewqvr) gw(t) dt],
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0= 1, Gu(t) [pa 0o dvdt|
= U:]l Gu(t f]Rd v)dvdi], .

Ig, indicator functlon of a set B,
Iwasawa decomposition of g € SL(2,R): g = k(g)t(g), k(9) € K, t(g) € T,

Jo = [_q0—1/27,_1’ q()_1/2r_1]7
Jl =R \ Jo,

K :=8S0(2) = {ky : 0 € [0, 27]}, orthogonal subgroup of SL(2,R),
k, compactly supported kernel with sufficiently fast decaying Fourier transform, [§]

Ag, lattice in R?*? depending on Q) on
Ay == DyqUyoZ?, lattice on R*?, |26
Mg = dgp2ug Mg, lattice on RM 3

M;(A), j-th successive minimum of a lattice A,

(092). == Q. \ Q_, e-thickened boundary of €,
Qi := (1 £¢)Q, e-thickening resp. thinning of 2,

(1) i= 3 neza exp{—Hi(m,n)},
oy : G = RT, corresponding to the character y,,

Q, as quadratic form and the corresponding symmetric matrix, [}
g, largest eigenvalue of @) in absolute value, [5

Q[z] = (Qz, x), Siegel’s notation, [

Q. , positive definite square root of ()2,

Qo signature matrix corresponding to @, [33]

qo, smallest eigenvalue of @) in absolute value, ¢y > 1, 5]

Qro(t, ) == 2wt Q[z] — r2Q, [x] + 27i{x,vr™t),

p = p(r, s), Schlickewei exponent, [} [7§
el 16}, |74
pQ (7”), 7D
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b ta(r), [17]
poa(r), 17}
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S, orthogonal matrix such that SQQT'ST = Q,
Slablew (t) == |(2mt) "' sin(nt (b — a £ 2w))],

T, Borel subgroup of SL(2,R),
T, spherical function on G,
20

0.,(t), Theta series for @, [9] [20]

U,(t), Theta integral for @, |9,

U := {u, : t € R}, standard unipotent subgroup of SL(2,R),
Uy, unipotent matrix on R, ,

v, weight function on R? of sufficiently fast decay,
Vi = Ig,_ *kp., esmoothing of Q,
vol (B), Lebesgue measure on RY,

VOlz(B) =

#(B N Z%), counting measure on Z?,

X, character of T,

A 2 (v
<l = @ (G2 + Sy ez Ty 0); ’
(@) := v(z) exp{Q[z]},
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