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ABSTRACT. Averaging principle is an effective method for investigating dynamical systems
with highly oscillating components. In this paper, we study three types of averaging principle
for stochastic complex Ginzburg-Landau equations. Firstly, we prove that the solution of the
original equation converges to that of the averaged equation on finite intervals as the time
scale € goes to zero when the initial data are the same. Secondly, we show that there exists
a unique recurrent solution (in particular, periodic, almost periodic, almost automorphic,
etc.) to the original equation in a neighborhood of the stationary solution of averaged
equation when the time scale is small. Finally, we establish the global averaging principle in
weak sense, i.e. we show that the attractor of original system tends to that of the averaged
equation in probability measure space as € goes to zero.

1. INTRODUCTION

A highly oscillating system may be “averaged” under some suitable conditions, and the
resulting averaged system is easier to analysis and governs the evolution of the original sys-
tem over long time scales. This is the basic idea of averaging principle. According to the
connotation of approximations, there are three types of interpretation for averaging principle,
i.e. the so-called first Bogolyubov theorem, second Bogolyubov theorem and global averaging
principle.

More specifically, consider the following systems in R",n € N

(1) i) = F (Lx0)

and

(12) X(t) = F (X(1))

for small parameter 0 < ¢ < 1, where F' € C(R x R*,R") and F(z) := T}gr;o T fOT F(t,x)dt

uniformly with respect to (in short, w.r.t.) = on any bounded subset of R™. Here f is called
a KBM-vector field (KBM stands for Krylov, Bogolyubov and Mitropolsky); see e.g. [33].

The first Bogolyubov theorem requires that the solution of the original equation (1.1)
converges, as ¢ — 0, to that of the averaged equation (1.2) on finite time intervals when
X.(0) = X(0). And the second Bogolyubov theorem requests that the approximation be
valid on the entire real axis, that is to say, the stationary solution of (1.2) approximates the
periodic solution of (1.1). So sometimes it is called theorem for periodic solution by averaging.
In addition, the global averaging principle describes that the attractor of (1.2) approximates
that of (1.1).
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In this paper, we investigate the above three types of averaging principle for the following
stochastic complex Ginzburg-Landau (in short, CGL) equation on the d-torus T¢ d = 1,2,3
(1.3)

dus(t) = |1+ i) uet) = (14 18 Puctt) + £ L)) | a9 (L))

where o € R, || < V/3, € is a small parameter and f, g satisfy some suitable conditions.

The complex Ginzburg-Landau equation arises in physics. Therefore, it has very rich
physical backgrounds and connotations. It can be used to describe problems of Bandard
convection, Taylor-Couette flow, plane Poiseuille flow and chemical turbulence. It has also
been applied in superfluidity and superconductivity theory (see e.g. [1] for more information).

As we know, some perturbations may be neglected in the derivation of the ideal model.
When considering the perturbation of each microscopic unit of the model, which will lead to
a very large complex system, people usually represent micro effects by random perturbations
in the dynamics of macro observables. Thus, it is more realistic to consider stochastic CGL
equations.

The theory of averaging has been applied in many fields, such as celestial mechanics, oscil-
lation theory and radiophysics. And the idea of averaging dates from the perturbation theory
which was developed by Clairaut, Laplace and Lagrange in the 18th century. Then fairly rig-
orous averaging method for nonlinear oscillations was established by Krylov, Bogolyubov and
Mitropolsky [3, 26], which is called the Krylov-Bogolyubov method nowadays. After that,
there are vast amount of works on averaging for finite and infinite dimensional deterministic
systems which we will not mention here.

Meanwhile, Stratonovich firstly proposed the stochastic averaging method on the basis of
physical considerations, which was later proved mathematically by Khasminskii. After that,
extensive works concerning averaging principle for finite and infinite dimensional stochastic
differential equations were conducted, following Khasminskii’s pioneering work [24]; see e.g.
[2, 4-6, 13-16, 29, 31, 32, 40-45] and references therein. Note that the above existing results
focus on the first Bogolyubov theorem.

To the best of our knowledge, there are few works on averaging principle for stochastic
CGL equations. As discussed in [18, 20, 27], averaging method was developed to describe the
behavior of solutions for small oscillations in damped/driven Hamiltonian systems.

From the perspective of theoretical and practical value, we establish three types of aver-
aging principle for the stochastic CGL equations with highly oscillating components in this
paper. Firstly, under some suitable conditions, employing the classical technique of trunca-
tion which is used in [4-6, 29], we show that

limE  sup [[Yz(t) = Y (t)]> =0
e=0  s<t<s+T

for all s € R and T' > 0 provided ;1_% E||¢E — ¢s||? = 0, where Y- is the solution of (1.3) with
the initial value Yz(s) = (£ and Y is the solution of the following averaged equation

(1.4) du(t) = [(1 4 i) Au(t) — (L +iB)[u(t)|*u(t) + f(u(t)] dt + g (u(t)) dW(2)

with initial condition Y'(s) = (s, where f and g satisfy

H;/tw f(s,2)ds — f(x)|| < 8,(T) (1 + |l2]))

and
t+T
7] o) =@ ds < 6,(T) (1 + ol
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for all t € R. Here 6;(T) — 0 and 6,(T) — 0 as T — oo. We write Lo(U, L?(T%)) to mean
the space of Hilbert-Schmidt operators from Hilbert space U into L?(T%). Notice that this is
the first Bogolyubov theorem (see Theorem 3.5).

Note that the second Bogolyubov theorem is not an initial-value problem, and the recurrent
solution that we consider is more general than the classical second Bogolyubov theorem which
only treats the periodic case. Little work has been done on the second Bogolyubov theorem
for stochastic differential equations. For this purpose, recall that the second Bogolyubov
theorem for stochastic ordinary differential equations was studied in [8]. Comparing to [23],
we consider stochastic CGL equations that admit polynomial growth terms. Despite that a
general second Bogolyubov theorem was established in [10], it cannot be applied to stochastic
CGL equations. Indeed, we cannot use the method in [10] to obtain the tightness of measures
for stochastic CGL equations.

With the help of Theorem 3.5, we establish the second Bogolyubov theorem for stochastic
CGL equations. To be specific, we firstly show that there exists a unique L?(Q,P; L?(T9))-
bounded solution u.(t),t € R of (1.3) which inherits the recurrent properties (in particular,
periodic, quasi-periodic, almost periodic, almost automorphic, Birkhoff recurrent, Levitan
almost periodic, almost recurrent, pseudo-periodic, pseudo-recurrent, Poisson stable) of the
coefficients in distribution sense for each 0 < ¢ < 1. This result is interesting on its own rights.
Because recurrence is an important concept in dynamical systems, which roughly means that
a motion returns infinitely often to any small neighborhood of the initial position. And
we also prove that the L?(Q,P; L?(T%))-bounded solution u.(t),t € R to (1.3) is globally
asymptotically stable in square-mean sense. Then we obtain
(1.5) lim sup Wa(L(u(t)), L(u(0))) =0

e=0 g<p<stT
for all s € R and T" > 0 (see Theorem 4.11 and Corollary 4.12), where u is the unique
stationary solution of (1.4) and L(e) is the distribution of e. Here W5 is the Wasserstein
distance.

The global averaging principle was conducted for deterministic systems; see e.g. [19, 21,
22, 46] among others. But to our knowledge, there is only one work on global averaging
principle for stochastic equations, i.e. [10]. However, the results in [10] cannot be applied
to stochastic CGL equations. So, another major result in present paper is to establish the
global averaging principle in weak sense for stochastic CGL equations.

We set Pro(L?(T?)) := {,u € Pr(L?(T9)) : fL2(Td) |2|12p(dz) < oo}, where Pr(L%(T9)) is
the space of probability measures on L?(T%). With the transition probability Pr. (s, z,t,dy) :=
P o (uc(t,s,z)) "' (dy) to (1.3), we can associate a mapping P*(t,F,-) : Pr(L*(T%) —
Pr(L?(T%)) defined by P (¢, F,u)(B) := |, r2(ray Pr.(0,2,t, B)pu(d) for all po € Pr(L?(T%)),
B € B(L*(TY)), F. := (f.,g-) and 0 < ¢ < 1. Then we prove that P* is a cocycle over
(H(F.),R,0) with fiber Pro(L?(T%)) for any 0 < ¢ < 1, where (H(F),R,0) is the shift
dynamical system (see Appendix A.3 for details). Finally, we show that P} has a uniform
attractor A° in Pro(L2(T?)) for any 0 < £ < 1, and

il_r}I(l) diStpm(LQ(Td)) (AE, A) =0

provided H(F') is compact (see Theorem 5.6), where distp,,(z2(re)) is the Hausdorff semi-
metric and A := {L£(u(0))} is the attractor of P* to the averaged equation (1.4). Note that
H(F') is compact provided F' is Birkhoff recurrent.

The remainder of this paper is organized as follows. In the next section, we introduce
some notations, definitions and facts concerning dynamical systems. In section 3, we study
the first Bogolyubov theorem for stochastic CGL equations. In the fourth section, firstly
we prove that there exists a unique L2(Q,P; L?(T?))-bounded solution which possesses the
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same recurrent properties as the coefficients in distribution sense and this bounded solution
is globally asymptotically stable in square-mean sense. Then we establish the second Bo-
golyubov theorem for stochastic CGL equations. In section 5, we prove the global averaging
principle for stochastic CGL equations. In the Appendix at the end, we recall Poisson stable
(or recurrent) functions, Shcherbakovs comparability method by character of recurrence and
some spaces.

2. PRELIMINARIES

We write L2(T?) := L?(T¢; C) to mean the space of all Lebesgue square integrable complex-
valued functions on T¢, d = 1,2, 3. The inner product on L?(T%; C) is (u, v) := (u, V) [2(Td,c) =

R Jra u(§)0(£)d€ and norm is [juf = (u, u> Here v is the conjugate of v and Ruv is the real
part of v. Denote by H' := H%“2(T¢;C) the Sobolev spaces of complex-valued functions on
T?. Let A\, be the first eigenvalue of —A on LQ(’]I‘d).

Let H be a separable Hilbert space with the norm || - ||z. And we will omit the index H
if it does not cause confusion. Denote by Cy(R, H) the Banach space of all continuous and
bounded mappings ¢ : R — H equipped with the norm ||¢||o := sup{||p(t)|| : t € R}.

Remark 2.1. If f € Cy(R, H) and f € H(f), then || f|loo < ||f]loo, Where H(f) := {f7 : 7 € R}
and f7(t) = f(t+ 1) for all t € R. See Appendix A.1 for more details about H(f).

Let (2, F,P) be a complete probability space. For any p > 2, we write LP(Q,P; H) to
mean the space of H-valued random variables X such that E[|X|P := [, || X|PdP < oo.

Then LP(2,P; H) is a Banach space equipped with the norm || X||, := ([, || X|?dP) YP | An
H-valued stochastic process X(t),t € R is called LP(2, P; H)-bounded, if sup 1 X (2)]p < oo.

We employ C,(H) to denote the space of all bounded continuous real—valued functions on
H. Let Pr(H) be the space of all Borel probability measures on H. We write Pry(H) to mean
the space of probability measures u € Pr(H) such that [, ||z[|?#(dz) < oo. Then Pro(H) is
a separable complete metric space endowed with the following Wasserstein distance

2
Wal )= _nt ([ ylPaaz.an)
HxH

w€C(p1,12)

for all pi,pu2 € Pro(H). Here C(u1,p2) is the set of all couplings for u; and pa. Recall
that a sequence {u,} C Pr(H) is said to weakly converge to p if [ fdp, — [ fdu for all
f € Cy(H) and the Wasserstein distance Wy metrizes weak convergence. We say that u,
converges weakly to p in Pro(H) if Wa(uy, 1) — 0 as n — co. Throughout the paper, denote
by L(§) € Pr(H) the law or distribution of H-valued random variable &.

Now we recall some known definitions in dynamical systems (see e.g. [11, 25, 34] for more
details). Let (X, p) and (P,dp) be two metric spaces.

Definition 2.2. A nonautonomous dynamical system (o, ) (in short, ¢) consists of two
ingredients:
(i) A dynamical system o on P with time set T'=Z or R, i.e.
(1) oo(-) = Idp,

) 0t4s(p) = ou(0os(p)) for all t,s € T and p € P,

) the mapping (¢, p) — o.(p) is continuous.

T =R, o is called flow on P; if T = R™, o is called semiflow on P.

cocycle o : TT x P x X — X satisfies
1) ¢(0,p,z) =z for all (p,x) € P x X,
2) p(t+s,p,2) = p(t,05(p), p(s,p, x)) for all s,t € T+ and (p,z) € P x X,
3) the mapping (¢, p,x) — ¢(t,p, z) is continuous.

(2
(3
If
(i) A
(
(
(
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Here P is called the base or parameter space and X is the fiber or state space. For convenience,
we also write oy(p) as oup.

Definition 2.3. Let (0,¢) be a nonautonomous dynamical system with base space P and
state space X. The skew product semiflow Il : T+ x P x X — P x X is a semiflow of the
form:

H(tv (p7 I)) = (Utpy 90(t7p)1") .
Definition 2.4. Define X := P x X. A nonempty compact subset 2 of X is called global
attractor for skew product semiflow II, if
(i) II(¢,2A) =2 for all t € RT,
(i) tlir+n disty (II(¢, D),2A) = 0 for every nonempty bounded subset D of X,
—+o0

where disty(A, B) is the Hausdorff semi-metric between sets A and B, i.e. distx(A,B) :=

sup d(x, B) with d(z, B) := in]gdx(x,y)- Here dx(x,y) = dp(p1,p2) + p(x1,22) for all x :=
z€EA ye
(p1,21),y = (p2,22) € P x X.

Lemma 2.5 (see e.g. [11]). Let {S(t)}+>0 be a semiflow in a complete metric space X having
a compact attracting set K C X, i.e.

lim distx(S(t)B,K) =0

t—+o00
for all bounded set B C X. Then {S(t) }+>0 has a global attractor A := w(K). Where w(K)
is the w-limit set of K, i.e. w(K) := Ni>oUs>eS(s) K.
Definition 2.6. We say that a compact set A C X is the uniform attractor (with respect to
p € P) of cocycle ¢ if the following conditions are fulfilled:
(i) The set A is uniformly attracting, i.e.

A g (Al 2,4 =0

for all bounded set B C X.
(ii) If Ay is another closed uniformly attracting set, then A C Aj.

Let W (t),t € R be a two-sided cylindrical Wiener process with the identity covariance
operator defined on a separable Hilbert space (U,{ , )u). We set F; := o{W(u) — W(v) :
u,v < t}. Denote by Lo(U, H) the space of all Hilbert-Schmidt operators from U to H. Let
us consider the following stochastic CGL equation on T? d = 1,2, 3

(2.1) du(t) = [(1 + ic)Au(t) — (14 iB)u(t)Pu(t) + f(t,u(t)] dt + g(t,u(t))dW (1), t € R,
where a € R, |3] < /3.

Definition 2.7. Fix s € R and T > 0. An L?(T%)-valued Fi-adapted process u(t),t €
[s, s+ T is said to be a solution of equation (2.1), if u € L* ([s,s + T] x Q,dt ® P; L*(T?)) N
L? ([s, s+T]xQ,dt @ P; H 1) and it satisfies the following stochastic integral equation P-a.s.

t
u(t) = ¢s + / [(L+ i) Au(r) — (L+iB)[u(r)[Pu(r) + f(7,u(7))] d7

+/ g u(E)AW(r), tE s, s+T]

for any ¢, € L? (€, P; L*(T9)).

Let us introduce the following conditions.
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(H1) There exist constants A\; € R, K, Ly > 0 such that for all t € R and x,y € L*(T?)

(f(t,2) = f(ty)w —y) < Aglle —yl®, [IF(50)] < K
and
1t 2) = f(& )l < Lylle = yll;
(H2) There exist constants K, L, > 0 such that for all t € R and z,y € L?(T%)

lg(t z) — gt Yl o, 2(reyy < Lllz —yll,  1l9(t, 0l Ly 221y < K
(H3) There exist constants K, L, > 0 such that for all t € R and z,y € H!
lg(t,z) — g Yl o,y < Lglle —yllm,  9(t, 0z, @,m) < K;

Remark 2.8. (i) We only need monotonicity of f and do not need Lipschitz continuity,
as usual, when we consider estimates of solutions. Lipschitz continuity of f need to

be assumed when we study averaging principle for stochastic CGL equations. And
2 2

notice that condition A, — Ly — % > 0 is stronger than A\, — Ay — % > 0. For

simplicity, we assume that both monotone and Lipschitz continuous conditions hold
in (H1).
(ii) Note that
1Gl Lyw,r2(rayy < Gl Ly,
for all G € Lo(U, H'), see Remark B.0.6 in [28] for more details.

3. THE FIRST BOGOLYUBOV THEOREM
Consider the following stochastic CGL equations with highly oscillating components
(31)  dus(t) = [+ ia)Aus() — (U iB)lus(t) Pus(t) + f (/e u=(1))] i
+g(t/e,us(t))dW(t), teR

where f € C(R x L?(T%), L?(T%)), g € C(R x L*(T%), Ly(U, L?*(T%))) and 0 < ¢ < 1. The
well-posedness of (3.1) is shown in Theorem 3.3.

We employ ¥ to denote the space of all decreasing, positive bounded functions é; : Ry —
Ry with tlg-noo 01(t) = 0. Below we need additional conditions.

(G1) There exist functions §; € ¥ and f € C(L*(T?), L?(T%)) such that

t+T
! / [F(s,2) — F())ds

for any 7> 0, x € L*(T9) and t € R;

- < 5(T)+ o)
(G2) There exist functions §, € ¥ and g € C(L?*(T¢), L2(U, L?(T%))) such that

1 t+T 5 )
7] latsi) = 5@ wnngany ds < 8T+ el)

for any T > 0, x € L?(T?) and t € R.
We set f-(t,z) == f(L,2) and g-(t,z) := g(,2) for any t € R, x € L*(T%) and € € (0, 1].
Equation (3.1) can be written as
(3.2)
duz—:(t) = [(1 + ia)Aus(t) - (1 + iﬁ)|ue(t)|2u€(t) =+ fs(tvus(t))] dt + gs(tvue(t))dw(t)v teR.

Along with equations (3.1)—(3.2) we consider the following averaged equation
(3.3)  du(t) = [(1+ia)Au(t) — (1 +iB)|u(t)|*u(t) + f(u(t)] dt + g(u(t)dW (t), t € R.
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In what follows, for simplicity we write C instead of C), x; L, L, ki, When C depends on
some parameters of Ay, A\f, Ls, Ly, K in (H1)-(H3) and o, 5. But we write C, explicitly when
C depends on other constant a. Here C and C, may change from line to line.

Lemma 3.1. Suppose that (H1)—(H2) hold. Fix s € R. Let u(t,s,(s),t > s be the solution of
{ du(t) = [(1 4 i) Au(t) — (1 +iB)|u(t)|*u(t) + f(t,u(t))] dt + g(t, u(t))dW (t)
U(S) = (s,

where (s € L*(Q,P; L?(T%)). Then there exists a constant Cr, depending on A, Ly, Ly, K
and T, such that

s+T s+T
(34) E sup ||u(t,s,§s)|]2+IE/ ||u(t,s,g5)\|ipdt+1[«:/ [ut, 5, o)l 7 ¢aydt

s<t<s+T
< Or(1+E[I¢)1%)
for any T > 0.

Proof. By Ito’s formula and (H1)—(H2), we get
(3.5)

Jutt, 5GP
=GP+ [ (20 + i)l 5,6) = (1 9)ulo.5, ) Pl 5,60, ()
+2(f(0,u(0,5,G:)), (0, 5,C:)) + l9(0, 005, G2 7 2y ) o
+2 [ (a5, C)g(0: (05,60 ()

t
< NGl + [ (=25, B = 2o, G faqony + (2L + 222+ 1) (o, 5, QI +4K2) do

+2/ (o, 5,C), gl u(o, 5, Ca))AW (o).

Dropping negative terms on the right of the above inequality, it follows from Burkholder-
Davis-Gundy inequality and Young’s inequality that

E sup Hu(t,S:CS)HQ
s<t<s+T

t
<E|&)P+E  sup / [(zL} +2L2 + 1) |Ju(o, 5,¢)||* + 4K?] do
s<t<s+T Js

2

s+T
#68 ([ luto, s, G0 a0, 5.6y 00y
s+T
<E[¢I*+ IE/ [(2LF +2L% + 1) [lu(o, 5, C)||* + 4K?] do

1 s+T
+ iE sup (o, s, )12 +CE/ ||9(U=U(Ua57Cs))||i2(U,L2(Td))dU
s<t<s+T s

1 s+T
<E[GIP+Cr+ 3B swp fulos,GIP+E [ Cllu(o:s,¢)ldo
s<t<s+ s
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Then we get

s+T
E sup Jlu(t, s, ¢)|* < 2E[¢))? +CT+/ CE sup [lu(v, s, ()| do.
s<t<s+T s s<v<o

In view of Gronwall’s lemma, we obtain

(3.6) E sup u(t,s,¢)|? < (2B + Cr) €
s<t<s+T

Taking expectation on (3.5), with the help of (3.6) we have
s+T s+T 4
E/ ‘|u(t737<5)H%{1dt+E/ Hu(taSaCS)HUL(Td)dt

1 1 s+T
< QEIGIE+ 5B [ (223 + 212+ 1) Jut 5, G| + 4K7]
S

< Cr (E[G)*+1).

The proof is complete. O
Remark 3.2. (i) It can be verified that (G1) (respectively, (G2)) implies
1 t+T B
#&T[ f(s,@)ds = ()

(respectively, hm oy fH_T llg(s,z) — g(x)H%Q(U,B(W))dSZO) uniformly w.r.t. t € R

and z in any bounded set.

(ii) If f and g satisfy (H1)-(H2) and (G1)-(G2), then f and g also satisfy (H1)-(H2)
with the same constants. Therefore, under the same conditinos, (3.4) hold uniformly
for 0 <e <1, fandg.

Now we give a theorem about the existence and uniqueness of solutions to (2.1). The
proof is based on the classical Galerkin method, see e.g. [28]. Therefore, we put the proof in
Appendix.

Theorem 3.3. Assume that (H1)—(H2) hold. Let s € R. Then for any (s € L*(Q,P; L?(T%))
there exists a unique solution u(t,s,(s),t > s of (2.1). Moreover, if (H3) holds and (s €
L?(Q,P; H'). Then the unique solution also satisfy the following estimate
sup  Ellu(t, s, ¢l < Or (1+E|¢G[71)
s<t<s+T
for oll T > 0.

For given process ¢, we define a step process ¢ such that ¢(o) = ¢(s + kd) for any
o € [s+ kd,s + (k+ 1)0). Employing the technique of time discretization, we have the
following estimates.

Lemma 3.4. Assume that (H1)-(H2) and (G1)—(G2) hold. Let Y. be the solution of (3.2)
with the initial value Yz(s) = ¢ and Y be the solution of (3.3) with the initial value Y (s) = (5.
Then we have

s+T B 1
(3.7) E/ IYz(0) = Ye(0)[?do < Cr(1 + E||G5]1%)52
and

s+T B 5 L
(3.8) E/ 1Y () = Y(0)|?do < Cr(1 + E[|¢s]%)02

for any s € R and T > 0, where Y := Y.
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Proof. We set T'(9) = [%], where [%] is the integer part of %. It follows from (3.4) and
Remark 3.2 that

s+T 5
69 E[ %)~ T

s+4 +(k+1)6
_E / IVo(o) — ¢5Pdo + E Z / 1Ye(o) — Ye(s + k)| *do

+ké

s+T
1E / IYo(0) - Ya(s + T(5)8)|2do

+T(6)d
TE)-1 st (k+1)s
< Cr (L+EIGI?) 5 +28 3 [ Wele) = Yilo —o)lPar
+k
+(k+1)5
+2F Z / |Ye(o = 6) — Yo(s + k6)||>do
+ko

T(8)— T(6)—1
= Cr (1L +E|C)?) o +2 Z Te+2 Y Jh

k=1 k=1

Given k € [1,T(5) — 1], for any o € [s+ kd, s+ (k + 1)d), by It6’s formula, (H1)-(H2) and
Young’s inequality we get

[Ye(0) = Ye(o = 0)|I?

=9 /;<(1 +i)AYL (1) — (1 + w)’Ya(T)!ZY;(T), Yo(r) — Ye(o — 8))dr

g

+2/06<fg(T,Ya(T))’YE(T) _}78(0'—5)>d7'+/ ||ga( ( ))||L2 UL2(’]I‘d))d7'

Lo / ;mm — Ye(o — 8), ge(r, Ye(r))dW (7))

= :5 <2<<1 +i0)VY:(r), VYa(o — 8)) +2((1 +i8)[Ye(r)[2Yz(r), Ya(o — 9))
+ 2(fo(7, Ye(7)), Ye(7) — Ye(o — 0)) + 2L2||Yo(7)|I” + 2K2>d7'
2 [ (V) = Vel = 0),gu(m Y)W ()
o—0
<[ (crrm)umnmw — )l + CIYe(r) By [Ya(o = 8) ey
20| o7, Ye(r DY) = Yelo = 8)]| 4+ 2L2) Vol 2 + sz)dT
2 [ (V) = Vil = 8).g2(n Y)W (7)

)
< / éc<|,y5<f>ugp + ¥zl = O3 + 1Y)l 4oy

+ Y2l = Ol oy + VP + Vel = O+ 1)ar
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2 [ 06) = Yelo = 8),.(r Vo)W (1),

Then we have

s+(k+1)68
i) L=k IYV-(0) - Ya(o — )| 2do
s+ké

s+(k+1)6 o , ) )
= E/+k6 {/ (SC(HYE(T)HHI + HYE(J - 5)||H1 + HY6(7')||L4(Td)

1Yelo = )l nay + IYa(r)I + [[Ylo — S)I? + 1>dT
+2 /U (Yo(1) — Ye(o — 0), 9= (T, Ya(T))dW(T»}da =Tl + 1.
o—9

For I,i, we have

(3.11) T} := IE/

+ké

s+(k+1)d8 o ) ) A
{ / 5c<uYE<T>1H1 V(o = ) + 1Y) 2

#1220 = O guny + IV + [¥elo = O+ 1)ar o

s+(k+1)8 ro ) . )
B[ [ (I IV gy + V) + 1) o
s+ké o—0

s+(k+1)8 ) . )
+E / 8 (Il = 9)lin + 1Yo = D)y + IYelo = D)) do
s+

s+(k+1)8
< 6CE / (VP Bys + 1Y)y + ¥ (7) 2 4 1) ar.
s+(k—1)d
Now we estimate ZZ. In view of Burkholder-Davis-Gundy inequality, (H2) and Young’s
inequality, we obtain

s+(k+1)d po
(3.12) 1IF:= QIE/+ ’ /_6(12(7)—Y;(o—5),ge<7,1€(7))dW(T)>dU

+kd
s+(k+1)6 o ) ) %
6 [ ([ et YD g IY:0) - Vel = a)Par) o

IN

1

s+(k+1)8 o ) ) ) ) 5
6/ ) E(/ 6(2Lg||yg(7)|y +2K?%) ||Yo(1) = Ye(o = 8)|| dT) do
s+k o

IN

D=

52C

IN

s+(k+1)d o . .
[ R [ e+ o - o)+ 1) aras
s+ké o—0d

L s+(k+1)8
52C IE/ 5| Yz (r)|| dr + 62

+(k—1)6

s+(k+1)8 % 3
5C IE/ Ve agadr |+ Co%.

=

IN

IN

+(k—1)6
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Therefore (3.10)—(3.12) yield

s+(k+1)8 ) . )
(V) Bs + 1Y)y + 1Y) 2 4+ 1)

1

s+(k+1)8 2 5
+6C IE/( Yol apadr |+ C%,

+(k—1)5

Ty < 6CE /
s+(k—1)8

By Lemma 3.1 and Remark 3.2, we get
(3.13)
T(6)-1 s+T
2 Y T, <CE / (VB + IV + [¥a(r) 2 4+ 1) ar
k=1 s

N

()1

s+(k+1)d A )
DR CY I L It

+(k—1)5

1
2

) (k+1)8
< Or (L4 E|GE[?) 8 + 60 (1(6))’ Z B[ IOl

T (k—1)8

1
< Cr (1 +E|¢EIP?) 8%
Similarly, we have
T(5)—1

(3.14) 2 3 7 < Or (L+EJIC)?) 52
k=1

Combining (3.9), (3.13) and (3.14), we obtain

s+T 5
E/ 1Yz(0) = V(o) |PPdo < Cr(1 + E|¢Z]|)8%.

It follows from the same steps as in the proof of (3.7) that

s+T B 5 1
E / I7(0) - Y(0)2do < Cr(1 + E[IG,[|2)5%.

Now we establish the first Bogolyubov theorem for stochastic CGL equations.

Theorem 3.5. Suppose that (G1)-(G2) and (H1)-(H2) hold. For any s € R, let Y. be the
solution of

{ du(t) = [(1 +ia)Au(t) — (1+iB)|ult)*u(t) + f-(t, u(t))] dt + ge (¢, u(t))dW (t)
u(s) = ¢,
and Y be the solution of
{ du(t) = [(1 + i) Au(t) — (1 +iB)|u(t)*u(t) + f(u(t)] dt + g(u(t)dW (¢)
U(S) = Cs-
Assume further that il_I)I(l)EHCi —(s||2 =0. Then
limE sup [|Ye(t) =Y ()|* =0
e s<t<s+T
for any T > 0.
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Proof. Note that

<—(1 +1i5) (|u|2u - |v|2v) U — v> <0
for all u,v € L2(T%) provided |3| < /3. In view of It&’s formula, we have
IY=(t) = Y (1)

+ [ (200¥200) = TV (0, Yelo) = V(o) + g, Yelo)) = 90 (@) 100y )b

Therefore, by Burkholder-Davis-Gundy inequality and Young’s inequality we get
E sup IY=(t) = Y (1)

s<t<s+

<E|C-GIP+E sup / 2(fo(0,Yo(0)) — F(V(0)), Ya(o) — ¥ (0))do
s<t<s+T Js

s+T _
+E / 920 Ya(0)) = GV ()12, 012007, do

N

s+T
68 ([ 10:00.7200) = V@I, 152000 :l0) = ¥ o))

<E|C-GIP+E sup / 2fo(0,Yo(0)) = F(V(0)), Ya(o) — ¥ (0))do
s<t<s+T Js

1 _ s+T .
b3 swp V) = VO +CE [ 9:(02Y:(0)) = 97 @I 0,100
s<t<s+T s
Then we obtain
(3.15) E sup |[Yz(t) - Y(0)?
s<t<s+T

<OE||CE — G +4E sup / (f-(0,Y2(0)) — F(¥(0)), Yel0) — ¥ (0))do

s<t<s+T
s+T _ )
+CE [ 0200, Yelo) — 97 0D, qzsan o

=: 2B — &? + Ti + Fo.

Now we estimate J; := 4E  sup fst(fg(a, Y.(0)) — f(Y(0)),Y:(c) — Y(0))do. Tt follows
s<t<s+T

from (H1) that
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s+T -~ _
(3.16) Ji < 4E/ 1fe(0,Ye(0)) = felo, Y (0))[[[[Ye(o) — Y (o) | do

+4E sup / (f-(0,Y(0)) — f(Y(0)),Ye(0) — Y (0))do

s<t<s+T Js

s+T _
<42 [7 LIV(0) - V(o) o

+4F  sup /<f5(0,§7(0))—f(}7(0)),Y8(0)— (0))do

s<t<s+T Js

HIE swp [ {0,V () - F(¥(0)),Velo) - V(o))do

s<t<s+T Js

HIE swp [ {0,V () = (¥ (0)).¥(0) - V(o))do

s<t<s+T Js

s+T B
_. 4E/ Li|[Ye(o) — Y (0)?do + T2 + T + T

For J¢, by (H1), Hélder’s inequality, (3.4) and (3.7) we have

(317)  JP:=4E sup / (f-(0.¥(0)) ~ F(¥(0)), Ye(0) — Va(o))do

s<t<s+T

s+T _ o ~
<4E / o0, Y(0)) — FT (@) Ye(0) — Yalo)|ldo

<afef " L) +2K)2da]é (& " ¥eo) - oo >||2da)é

< Cr (1+EJ|¢]J?) 67

Similar to jf, we get

(318) Ji:=4E sup / (J-(0.¥ (o)) = J(¥(0)), Y (0) — Y (0))do < Cr (1 +E[G]]2) 6.

s<t<s+T Js
For J3, by (H1), Hélder’s inequality and (3.8) we have

(319)  JP=4E sup / (fo(0,¥(0)) = F(¥(0)), Valo) — ¥ (0))do

s<t<s+T Js

<4E sup / (f-(0,¥ (0)) = [-(0, ¥ (0)), Val0) — ¥ (0))do

s<t<s+T Js

+4E sup /(fe(mY(U))—f(Y(U)v

s<t<s+T Js

n’:ﬁz
)
|
~h
S
=
)

+4E sup / F(V (@) = F(V(0)), V(o) — T (0))do

s<t<s+T Js

+4E  sup /(fs(ffj(a))f(?(ff)),?s(a)Y(U»dU

s<t<s+T Js
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s+T o o _ 5
HaE [ 17(7(0) - FT@)ITk0) - V(0)]do
sj—T 5 B 5 N
<82 [ L]V (o) - V(o) IF(0) - T (@)do
+4E sup / (fg(a,f/(a)) — f(f/(a)),f/s(o*) —Y(o))do

s<t<s+T Js

<sty (& [ 170 - Y(rf)n%w)é (5[ 1% - Fo17a0)’

s

=

HIE swp [ (f(0,¥(0)) - (¥ (0)),Velo) - V(o))do

s<t<s+T Js
1
< Cr (1+E|¢)?) 67 + T

We set t(s,0) := s+ [ ] 0. Recall that [tT] is the integer part of = . Now we estimate
JP? =4E  sup f (f(0,Y(0)) = F(Y(0)),Yz(0) = Y (0))do. We have

s<t<s+

(3.20)

4E  sup / (fo(0,Y (0)) = f(Y(0)),Ye(0) = Y (0))do

s<t<s+T Js
t—s

o LAY ) )
_4E sup { / (Fo(0, 7 (5 + k6)) — F(V (s + k6)), Ye(s + kd) — V(s + kd))do
s<t<s+T k=0 s+ko

+/ (fe(0,Y (t(5,9))) — f(Y(t(s,0))), Ye(t(s, 9)) — Y (t(s,0)))dor }
t(s,0)

(511 ) psrran)s ) o
<4E sup { </ (f-(0,Y (s + k0)) — f(Y (s + kb)) do, Yo(s + kb) — (s+k5)>

s<t<s+T +k6

+/t( 5 I1£=(0, Y (t(s,6))) — F(V(t(s, O [[Y=(t(s,0)) — Y(t(8,5))\ld0}

t—

[52]-1
<A4E sup { Z

s<t<s+T k=0

s+(k+1)8 B B
/ (F(0, V(5 + k6)) — F(V (s + k0))) do

s+kd

x ||Yz(s + ko) — (s+k5)\|} +Cr (L+E|¢)%) 6

N[

s+(k+1) _ o
/ £(0, V(s + k) — F(V (s + ko))do

s+kd

4T
< — max (E
6 0<k<T(8)—1

2\ 2
) Cr (1+E[¢]1)
+Cr (L+E|¢]%) 6

4T 1) — 2\ 3 o 2 2
<5 0<k2172}€fs) 156f <€) (IE(1+ |]Y(s+k:5)||) ) Cr (1+]EHC5H )2 + Cr (1+EHCSH )6

<Cr(1+E|¢)P) <5f <i> +5) .
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Combining (3.19) and (3.20), we deduce
(3.21) I < Cr (1 +E||¢s)1?) (531 yy (g))
Therefore, (3.16)—(3.18) and (3.21) yield

s+T B 1 1)
(322) 7 g4Lf/ E sup |[Va(r)— Y (r)|2do + Cr (1 +E[IG]12) <54+5f< >>

s<t<o e

Now we estimate Jo.

s+T _ B
+CE [ 00,V (@) = 9V (0, 2z o

s+T
<c [ B swp |V0) - V(Pdo+ T

s<t<0

Recall that T'(8) := [£]. For J2 := CE [**" ||g.(0,Y (0)) — g(¥ (o))
from (H2) and (G2) that

s+T _ _
E / 19:(0, Y (0)) = gV (0)[12, 0112 payydo

||%2(U7L2(Td))d0', it follows

s+T
<CE / 190, ¥ (0)) = g0, ¥ (@) 12, 112y o
’ s+T N ~
+CE [ 9.0, (©) = 97 0D, uara do
SerT
+ CE / 137 (0)) = 9T DI, 11200 do

s+T 3 B s+T - -
<CE [ LIV()- V()P0 +CE [ g0, ¥(0) = sV 0D 01300000

s+ (k41)5 B B )
19 (0, Y (s + k6)) — g(Y (s + k6))II 7, 17, p2(payydo

T(8)—1

1
<Cr(+EGI) 6 +cE Y [
k=0 YSTké

s+T B )
+CE / o lg:(0, Y (s +T(8)8)) = §(Y (s + T(6)8))I[7, (1712 (vayy 4o
s+

T(6)—1
1
<Cr(L+E|GIH) oz +C > 559<
k=0

<crrsial?) (o +4,(2)).

g

(LI SY]

> E(1+[|Y (s +kd)|?)
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Therefore,
s+T _ ) ) ) 5
623 Z=C [ Esw V) -Vl orarElaP) (5545 ().
s s<rt<o
Combining (3.15), (3.22) and (3.23), we get
E sup |[Ye(t) =Y (1)

s<t<s+T

s+T B
<OE||CE - G2+ C / E sup |Ye(r) - ¥(r)|?do

s<rt<o
1) 1)
+Cr (1 +E||CS||2) ((5}1 +0y <€> + dg <5 ) )

It follows from Gronwall’s lemma that

(3.24) E sup |[|Yz(t) — Y (1)|]
s<t<s+T

1 0 0
< |21G - P+ or (e BIGIP) (51 07 (2) 0y (2) )| oty

£
Taking 6 = /¢ and letting ¢ — 0 in (3.24), we have

EmE sup ||Vi(t) — V(&) = 0.
e=0  s<t<s+T

4. THE SECOND BOGOLYUBOV THEOREM

In this section, we establish the second Bogolyubov theorem for stochastic CGL equations.
Firstly, we show that there exists a unique L?(2,P; L?(T%))-bounded solution u.(t),t € R of
(3.2) which inherits the recurrent properties (in particular, periodic, quasi-periodic, almost
periodic, almost automorphic, Birkhoff recurrent, Levitan almost periodic, almost recurrent,
pseudo-periodic, pseudo-recurrent, Poisson stable) of the coefficients in distribution sense for
any 0 < e < 1. See Appendix A.1-A.2 for more details about these recurrent functions. This
result is interesting on its own rights and has been studied extensively; see e.g. [7, 9, 12, 30]
and references therein. Without loss of generality, the proof is only given when ¢ = 1.

2

Lemma 4.1. Assume that (H1)-(H2) hold and A\, — Ay — % > 0. Fizr s € R. Let (5 €
L?(Q,P; L?(T%)) and u(t, s, (), t > s be the solution to
du(t) = [(1+ i) Au(t) — (L +i8)|u(t)|Pu(t) + f(t,u(t))] dt + g(t, u(t))dW (t)
{ uls) = G
Then for any n € (0,2 s — 2y — Lg) there exist constants p' > 1 and My > 0 such that
(4.1) Ellu(t, s, )| < e P E||G1 + M,

where p € [1,p'] is an arbitrary constant. Moreover, if (H3) hold and (s € L*(Q,P; HY), then
there exists a constant My > 0 such that

(42) Ellu(t, s, ) < Ma (e IENG 3 +1).
Here My and My depend only on n and K.
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Proof. By the product rule, It6’s formula and Young’s inequality, we have

E (™= u(t, 5, ¢,)|I)

t
—B|GIP + [ e (o, 5,¢)|Pdo

S

£ [ o, P20 (3((1 + i) a5, ), (o, 5,6.)
—2((L +1iB)|u(o, s, CS)\2u(J, $,Cs)su(o, 8,Cs))
+ 2<f(a,u(a, S, CS))au(Ua S, CS)> + Hg(U?u(O’? S, CS))H%Q(ULZ(Td)))dU

t
+2p(p - 1)E/ P [lu(a, 5, C) 177 (9(0, u(o, 5,6))) ulos 5, ) lfdo

t
<EJIG|Z + / eI [u(o, 5, ) | do

s

t
+pE/ (o, s, ¢)|[PP~2e™) (= (2 = 20s — L — € — eLg)|[u(o, 5, ¢)|* + C:) do

t
+2p(p — 1)E/ P (o, s, C) P72 (L + eLg) |[ulo, 5,6 |* + Cc] do
S
When ¢ is small enough, it follows from Young’s inequality and Gronwall’s lemma that there
exist constants p’ > 1 and M; > 0 such that
Ellu(t, s, G)|[* < e”PEIR||C) P + M,

for all p € [1,p/].
Notice that
(1 44B)|ul?u, Au) <0
for all u € H'. Let P, be the projection mapping from L2(’]I‘d) to H,, := span{ey, ..., e, } and
u™(t),t > s the solution of (A.2). Recall that {e;,i € N} C H' is the eigenfunctions of —A
forming an orthonormal basis of L?(T?). Then by It6’s formula, integration by parts and
Young’s inequality, for small ¢ we have

Eflu (1) 2

= EIR Gl +E [ (20 +i0)207(0) — (1 + 9P o)) o))
+ 2Py (0, u"(0)),u"(0)) g + [ Pag(0, 0" ()3, w01) ) 40

= E|[Pusl3n +E / (2(-(1 + i0)Au"(0) + (1 +i8) Pafu" (o) P (), Au" (o)
— 2P f(0,u"(0)), A" (0)) + | Pug(o, w (@))%, 1) ) do

< E[Gl3 +E / (= 2180 @) — 2(f (0, u"(0)), 2" (0)) ~ llg(@, Oy 0,110
+llg(@, w7 (0)) = (0, 0) I, ) + 2(9(0,47(9)), (0, 0)) oty ) do

<ElGl +E [ (= 2180 @) + A" @) + C (o, " (@)

+ L2 (0) 3+ llgloyu™ (@) ) + CoK? ) do
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t
<EGI B [ (240 80" @) + CL " (0)|
+ (L <L) Ju" (@) 3 + C: ) do

t
< El|G 17 + E/ (= (@A = = L — eLY) [[u™(0) |7 + Ccllu" (o) |* + C-) do.
S

Set 77 := 2 e — ey — L?] — eLg. Then we obtain

G _C

~ t ~ ~
. 1 > = s 1 e .
(43)  Ellu"(®)lFn < e IRGE +/ Cee M =)E||u" (o) || *do + 7 e =)

By (A.7) we have
Ellut, 5, o) < liminf Bl (1) 3

Therefore, taking € small enough such that n > 7, by Lebesgue’s dominated convergence
theorem and (4.1) we get

t
Blutt,s Gl < € T IBIG I + [ 00 (BIG R0 1) do+ S

t
< IR + CBIG P [ eidg 4 2

n
—#i(t—s) 2 2 —ittns L Gome  ©
< e VR CGll7 + CE[IC7e™ " ——eT 4 —
n—n n
< My (EJGs|3ne ™9 +1).
(
Proposition 4.2. Consider equation (2.1). Suppose that conditions (H1)—(H2) hold and

2
Ae — Af — % > 0, then there is a unique L?*(Q,P; L?(T%))-bounded solution u(t), t € R to

equation (2.1). Moreover, the mapping [i : R — Pro(L?(T%)), defined by fi(t) := P o [u(t)] 7},
is unique with flow property, i.e. u(t,s,i(s)) = p(t) for all t > s. Moreover, if (H3) hold
then

(4.4) sup E||u(t)||3: < oc.
teR

Here pu(t, s, o) denotes the distribution of u(t,s,Cs) on L*(T%), with po =P o (1.

Proof. Let uy(t) := u(t,—n,0) for alln € N*. For t > —m > —n, by (H1)-(H2), [t6’s formula
and the product rule, we obtain

E (6(2/\*72)\f*L52;)(t+m)||’U,n(t) - um(t)HQ>

=E / t (20 — 2Xf — Lg)e(”‘*_Z’\f_Lg)(”me) [t (0) — (o) ||2de
+E /t e(2A—20p—=Lg)(o+m) [2((1 + i) A (un(0) — um(0)) , un(o) — um(0))
+2(=(144B) (Jun(0)*un(0) = [tm(0)[*um(0)) , un(0) = tum(0))
+ 2(f(0,un(0)) — f(o,um(0)), un(c) — um(o))
+ [lg(o, un(o)) — g(o, um(o)) !IiQ(U,L2(w))] do + E|u(-m, —n,0)

< EHU,(—T)’L, —n, 0)H2

I
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In view of (4.1), we deduce
E|lun(t) — Um(t)||2 < Mle—(2,\*—2Af—L§)(t+m).
Letting n > m, m — oo, we have
E||un(t) — um(t)]|* — 0.
Since L?(Q,P; L?(T%)) is complete, there exists a process u(t), ¢t € R such that
(4.5) u,(t) — u(t) in L3(Q,P; L*(T%)
for any t € R. And it follows from (4.1) that iu%R?EHu(t)]P < M;. By (4.2), we have
€

sup Ellun (1) 2 < Mo.
teR

Then there exists a subsequence of {uy(t)} which we still denote by {u,(¢)} such that
u(t,—n,0) — u(t) weakly in L?(Q,P; H') for all ¢ € R. Therefore, we have

sup Ellu(t)|: < Me.
teR

Similar to the proof of Theorem 3.3 in Appendix A.4, we can also prove that the limit
process u(-) in (4.5) is a solution to equation (2.1).
Then we prove the uniqueness of L?(2,P; L?(T?))-bounded solution. Suppose that u!(-)

and u?(-) are two L?(Q,P; L?(T%))-bounded solutions to equation (2.1). By (H1), (H2) and
2

)\*—)\f—%>0wehave

Elul(t) — u(t)])? < e~ @22 LRyl (—n) — u(—n)|? = 0 as n — .
Note that

sup / lelP2(t)(dz) = sup Eflu()|]? < co.
teR JL2(T?) teR

The goal next is to prove that i € Pro(L?(T?)) is unique with flow property. In view of the
Chapman-Kolmogorov equation, we have

pu(t, s, L(un(s))) = L(un(t)).
Then according to the Feller property, we get

lt, s, 7i(s)) = A(h).
Suppose that p1, g € Pro(L%(T?)) satisfy flow property, let ¢, 1 and ¢, 2 be random variables
with distributions p1(—n) and pe(—n) respectively. Then consider solutions u(t, —n, ¢, 1) and
u(t, —n, Gy,2) on [—n,00), we have

Wa(pi (1), n2(t))

= WQ(IU'(ta —n, H1 (_n))v N(tv -n, /1'2(_”)))

1/2
< (Ellut, =, Gua) = ult,—n, Ga2)|?)

L2
< e_()\*_)\f_Tg)(H_n) (EHCn,l - Cn,2||2)1/2 —+0 asn— oo

Thus, p1(t) = pa(t) for all t € R.
The proof is complete. O

Remark 4.3. Note that the above L?(Q, P; L?(T%))-bounded solution is T-periodic provided
f and g are T-periodic. The proof is similar to Theorem 4.1 in [9].
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Definition 4.4 (See [17]). Let s € R. We say that a solution u(t),t > s of equation (2.1) is
stable in square-mean sense, if for each € > 0, there exists § > 0 such that for all t > s

EHU(}'Z,S,CS) - U(t)”2 < €,

whenever E|¢s — u(s)||* < §. The solution u(t),t > s is said to be asymptotically stable in
square-mean sense if it is stable in square-mean sense and

(4.6) Jlim Ellu(t, s,¢) —u(t)]* = 0.
We say u(t),t > s is globally asymptotically stable in square-mean sense provided (4.6) holds
for any (s € L%(Q,P; L2(T%)).

Now we prove that the L?(Q,P; L?(T%))-bounded solution of equation (2.1) are globally
asymptotically stable in square-mean sense.

Proposition 4.5. Consider equation (2.1). Suppose that (H1)-(H2) hold. Assume further
2

that Ay — Ay — % > 0. Then the unique L?*(Q,P; L?(T9))-bounded solution u(-) of equation

(2.1) is globally asymptotically stable in square-mean sense. Moreover, let s € R. Then for

any t > s and (s € L*(Q,P; L2(T9)) we have

(4.7) Ellu(t, s, ) —u()||* < e” 3= EIRYI — u(s)

Proof. In view of 1t&’s formula, the product rule and (H1)—(H2), we obtain

E (@240 (s, ¢) — u(t) )
t
=E||¢s — u(s)|* + / (2Ae — 2\p — L2)ePM =2 LD=IE (0, 5, ¢) — u(0)||Pdo

+ E/ (A =2Ar = L) (0 —s) <2<(1 +ia)A (u(o, s,(s) —ul(o)) ,u(o, s, (s) —u(o))

+2(=(1+B) (|u(o, 5,¢)Pul0, 5,¢) = |u(0) Pu(0)) , u(o, 5,¢s) — u(0))

+ 2<f(07 U(O’, S, CS)) - f(aa U(O')), U(O’, S, CS) - 'U,(O')>

+ llglr,uler,5,65)) = glos ul@)I3, 0112 nay) ) 4o

< El|¢s —u(s)|*.
It follows that
Elu(t, s, ¢s) = u(t)]|” < e” A2 IR ¢ — u(s)|?
for all ¢t > s. O
Let (X, p) and (), p1) be two complete metric spaces. For given ¢ € C'(R x X,)). We

write My (respectively, M) to mean the space of all sequences {t,}52; such that ¢(- +t,,-)

converges, as n — 00, to ¢(+,-) (respectively, ¢(- + t,,) converges) uniformly w.r.t. ¢ in any
compact interval and x in any bounded subset of X.

Definition 4.6. Let ¢(t),t € R be a solution of equation (2.1). Then ¢ is called compatible
(respectively, strongly compatible) in distribution if the following conditions are fulfilled:
(i) there exists a bounded closed subset Q C L?(9,P; L?(T%)) such that p(R) C Q;
(ii) Mrq) < ‘5% (respectively, M ) C 2)5@,), where ‘5"(99 (respectively, 95?@ means the
set of all sequences {t,} C R such that the sequence {¢(- + t,)} converges to o(-)
(respectively, {¢(- 4+ tn)} converges) in distribution uniformly on any compact inter-
val.
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Then we show that the L?(Q,P; L?(T¢))-bounded solution for equation (2.1) is strongly
compatible in distribution. Therefore, we need the following condition.

(H4) f and g are continuous in ¢ uniformly with respect to  on each bounded subset
Q C L*(T9).
Remark 4.7. (i) If f and g satisfy (H1), (H2) and (H3), then every pair of functions
( 1, f]) € H(f,g) possess the same property with the same constants, where

H(f,9) :={(f7.97) : T € R}.
Here f7 is the 7-translation of f defined by f7(¢,z) := f(t + 7, ) for all t € R and
r € L2(TY).

(ii) If f and g satisfy the conditions (H1)—(H2) and (H4), then f € BUC(RxL*(T¢), L?>(T%)),
g € BUC(R x L*(T%), Lo(U, L*>(T%))) and H(f,g) € BUC(R x L*(T9), L?(T%)) x
BUC(Rx L2(T%), Ly(U, L*(T%))). See Appendix A.3 for more details about the space
BUC.

Lemma 4.8. Suppose that f,, f, gn, g satisfy (H1)—(H2) with the same constants. Fiz s € R.
Let uy,, be the solution of

{ du(t) = [(1+ia)Au(t) — (1 +iB)|ult)Pu(t) + fult,u(t))] dt + g (t, u(t))dW (t)
u(s) = ¢,
and u be the solution to

{ du(t) = [(1+ i) Au(t) — (1 +iB)|u(t)|Pu(t) + f(t,u(t))] dt + g(t, u(t))dW (t)

u(s) = ¢*.
Assume further that
(i) nh_}rrgo fu(t,z) = f(t,z) for allt € R and x € L*(T?);
(ii) nl;n;o gn(t,x) = g(t,x) for allt € R and x € L*(TY).
Then we have the following conclusions:

(i) If lim E||¢S — ¢*||? =0, then lim E  sup |lun(t) — u(t)||> =0 for any T > 0;
n—o0 n—0o0 s<t<s+T
(i) If le ¢5 = (% in probability, then
lim  sup |lu,(t) —u(t)|| =0 in probability
=00 tels,s+T]
for all T > 0;
(iii) If 1i_>m Wa(L(C3), L(¢%)) =0, then
lim  sup  Wa(L(un(t)), L(u(t))) =0
N—=00 st <54 T
for all T > 0.

Proof. The proof is similar to the proof of Theorem 3.1 in [9]. O

With the help of the above estimates, we can prove the compatible solution in distribution,
the second Bogolyubov theorem and global averaging principle for stochastic CGL equations;
the idea is similar to [10]. For the reader’s convenience, we give detailed proof in what follows.

2
Theorem 4.9. Suppose that (H1)-(H3) hold, )\*—)\f—% > 0. Then the unique L?(, P; L2(T9))-
bounded solution u(-) of (2.1) is strongly compatible in distribution.
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Proof. According to Remark 4.7, we have H(f,g) C BUC(R x L*(T%), L*(T%)) x BUC(R x
L3(T%), Ly(U, L*(T%))). Take {tn} € Ms,y), then there exists (f,7) € H(f,g) such that

lim  sup [|f(t+tn,2) — f(t, )] =0,

OO <L, ||| <

lim  sup  |lg(t +tn,2) — §(t, 2)|| Ly, L2 (29 = 0,

OOt <L || <r
for any [ > 0 and r > 0. Let unl be the unique L?(Q,P; L?(T?))-bounded solution of
du(t) = [(1+ i) Au(t) — (L +iB)|u(t)|*u(t) + f(t+ tn, u(®))] dt + g(t + tn, u(t))dW (2)
and @ be the unique L?(Q, P; L?(T%))-bounded solution of
(48)  du(t) = [(1+ia)Au(t) = (1+iB)u(®)Pu(t) + F(t u(t) | dt + 3¢, u(t)dW (2).

Note that u(-+1t,) and uy,(-) share the same distribution. We now show that for any [a,b] C R,
lim sup Wa(L(un(t)),L(u(t))) = 0. It follows from Lemma 4.8 that we only need to show

=00 tela,b]

that li_)rn Wa(L(un(t)), L(u(t))) = 0 for every t € R.
Since sup ||u(t)||%, < oo and the imbedding of H' C L? is compact, {L(u(t))}icr is tight
teR
in Pr(L?(T%)). Recall that we denote by u(t,—n,0),t > —n the solution of (2.1) with

initial value u(—n,—n,0) = 0. In view of (4.1), for any ¢t € R there exists a subsequence of
{u(t,—n,0)} which we still denote by {u(t, —n,0)} such that

u(t, —n,0) — u(t)
weakly in L?(Q,P; L?(T%)). Here p > 1 is some constant. Note that u(t),¢ € R is the unique
L*(Q,P; L2(T%))-bounded solution of (2.1). And we have

(4.9) sup E|ju(t)||* < oco.
teR

Then given r > 1, for every sequence {; } := {7, }72, there exists a subsequence {v} C {7}
such that L£(u., (—r)) converges weakly to some probability measure i, in Pro(L?(T?)). Let
& be a random variable with distribution p,. Define Y,.(t) := a(t, —r, &), where a(t, —r,&;),
t € [-r,+00) is the solution to

du(t) = |(1 4 ia)Au(t) — (14 iB)|u(t)|*u(t) + f(t, ut))| dt + §(t, u(t))dW (t)
u(—r) =&

In view of Lemma 4.8, we have
lim  sup  Wa(Lluy, (1), £(Y,(1) =0

k—o00 —r<t<—r+T
for all T'> 0. Since {L(u~, (—r — 1))} is also tight, going if necessary to a subsequence, by
(4.9) we can assume that there exists some probability measure y, 11 in Pr(L?(T%)) such that
lim W (£ (i (=1 — 1)), irs1) = 0.
k—o0
Let &.41 be a random variable with distribution p,41. By Lemma 4.8, we have
lim sup TW2(£(% (1), L(Yr11(t))) =0

k—oo _p_1<t<—r—1+
for all T > 0, where Y,;1(t) := a(t,—r — 1,&41), t € [-r — 1,400). Therefore, we have
LY, (1)) = L(Y,41(t)) for all t > —r.
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Define v(t) := L(Y;(t)), t > —r. Employing Lemma 4.1, we obatin

Sup/ lzl|20(8) (dz) < +oc.
teR J L2(T4)

So there exists a subsequence which we still denote by {u,, } satisfying
Tim W (L (s (1)), (8)) = 0

for every t € R. And

V() =Yolo) + [ [(1+i)AY, (0) = (L + BV Yolo) + Flo,Yo(o)] do

t
+/ 9(0,Y:(0))dW (o) P —aus.

S
where ¢ > s > —r. By the uniqueness in law of the solution for equation (4.8), we get
L(Y:(t) = ul(t,s,L(Yr(s))), t > s > —r, ie. v(t) = p(t,s,v(s)), t > s. According to
Proposition 4.2, we obtain v = £(u). Therefore, we have

lim Wa(£(u (1)), £(a(1)) = 0

for every t € R.
The proof is complete. O

Corollary 4.10. Under the conditions of Theorem 4.9 the following statements hold:

(1) If f € C(R x L*(T9),L*(T9)) and g € C(R x L?(T%), Ly(U, L3(T%))) are jointly
stationary (respectively, T-periodic, quasi-periodic with the spectrum of frequencies
Vi, ..., Vg, almost periodic, almost automorphic, Birkhoff recurrent, Lagrange stable,
Levitan almost periodic, almost recurrent, Poisson stable) in t € R uniformly w.r.t.
x on each bounded subset, then so is the unique solution u € Cy(R, L*(Q, P; L?(T%)))
of (2.1) in distribution;

(ii) If f € C(R x L*(T%), L3(T%)) and g € C(R x L*(T9), Ly(U, L*(T%))) are Lagrange
stable and jointly pseudo-periodic (respectively, pseudo-recurrent) int € R uniformly
w.r.t. x on each bounded subset, then equation (2.1) has a unique solution u €
Cy(R, L%(Q,P; L2(T9))) which is pseudo-periodic (respectively, pseudo-recurrent) in
distribution.

Proof. These statements follow from Proposition 4.2 and Theorems A.14, 4.9. O

Motivated by the proof of Theorem 4.9, with the help of Theorem 3.5 we are able to
establish the following second Bogolyubov theorem.

Theorem 4.11. Suppose that the following conditions hold:
(i) the functions f and g satisfy the conditions (H1)-(H4) and (G1)-(G2);
) 2
(ii) Ae —Ap — 52 > 0.
Then for any 0 < e <1
(i) equation (3.2) has a unique solution u. € Cy(R, L*(Q, P; L2(T%))); )
(ii) the solution u. of (3.2) is strongly compatible in distribution, i.e. Mz oy € My,
and

lim  sup  Wy(L(ue(t)), £(u(0))) =0

=0 g<t<s4+T
for all s € R and T > 0, where @ is the unique stationary solution of averaged
equation (3.3);
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Proof. (i) follows from Proposition 4.2.

(ii) By Theorem 4.9 the solution u. of equation (3.2) is strongly compatible in distribution,
i.e. Qﬁ(fg’ge) - zﬁzus, for any 0 < e < 1.

Firstly we prove that ilg(l) Wa(L(ue(t)), L(w(t))) = 0 in Pro(L?(T%)) for any t € R. Take
a sequence {e,}5°; C (0,1] such that &, — 0 as n — oco. Note that (4.4) and (4.9) holds
uniformly for all 0 < & < 1. By Chebyshev’s inequality, {£(u., (t))}5, is tight in Pr(L?(T%))
for all ¢ € R. For every r > 1, according to the tightness of {L(ue,(—7))}5°, there exists

a subsequence {e,, } C {e,} such that £ (usnk (—7‘)) converges weakly to p, in Pr(L*(T%)).
By the Skorohod representation theorem, there exist a sequence of random variables Qﬁk(—r)
and fr with laws of £ (ugnk (—7‘)) and u, respectively, defined on another probability space
(Q, F,P), such that

VF(=r) = ¢ P—as.
In view of (4.9), we have

i gk (—r 2p: 2|12 (N (dz) = z||?PL(ue, (—1r))(dz) < oo
Bt = [ P e@ e = [ e, (n)) < o

where p > 1. It follows from the Vitali L¥ convergence criterion that

2
=0.

lim & [ (—r) - ¢,

k—o0

Let 1&"7 be the solution of
du(t) = [(1 i) Au(t) — (1 +iB)u(t)Pu(t) + fe, (¢, u(t))} dt + ge,,, (¢, u(t))dW ()
u(—r) = F(-r)
and Y, be the solution of
{ du(t) = [(1 +ia)Au(t) — (1 +iB)u(t)*ut) + f(u(t)] dt + glu(t))dW (t)
u(=r) = Gr,

where W is a cylindrical Wiener process with the identity covariance operator on (Q, F, I@’)
It follows from Theorem 3.5 that

) =Tt =0

lim E  sup ‘
k—oo  _p<s<—r4T

for any T > 0.
Let ¢, be a random variable defined on (2, F,P) such that £(¢;) = p,. Let Y, be the

solution of
du(t) = [(1 4 i) Au(t) — (1 +iB)|u(t)|Pu(t) + f(u(t))] dt + glu(t))dW (t)
{ u(—=r) = ¢
By the uniqueness in law of the solution for equation (3.2) (respectively, equation (3.3)),
L (@Z;k(t)) =L (ugnk (t)) and L(Y,(t)) = L(Y,(t)) in Pr(L?(T%)) for all ¢ > —r. Then we
have

(4.10) lim  sup W (E(uank(t)),ﬁ()/;(t)))zo

k—oo _p<i<—pyT

for any T > 0.
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In view of the tightness of {E (Uenk (—r— 1)) } in Pr(L?(T%)), there exists a subsequence

{€nkj} C {en,} such that £ (ugnkj (—r— 1)) weakly converges to p,41. We can choose a
random variable ;41 on (2, F,P) such that £((r41) = pr+1. Let Y11 be the solution of
du(t) = [(1 4+ i) Au(t) — (1 +i8)|u(t)|Pu(t) + f(u(t)] dt + glu(t))dW (t)
{ u(=r—1) = Goy1-
Similar to the procedure of calculating (4.10), we obtain
Jlggo frflﬁfggrflJrT W (L(ugnkj (©) ﬁ(YTH(t») =0
for all T > 0. Therefore, L(Y;(t)) = L(Y,41(t)) for all t > —r.

We set v(t) :== L(Y,(t)), t > —r. In light of Proposition 4.2, we obtain that v is the law of
the L2(Q,P; L?(T?))-bounded solution @ of (3.3). And there exits a subsequence which we

still denote by {ue, } such that lim W5 (ﬁ(ugnk (1)), V(t)) = 0 for every t € R. Therefore
j j—00 j

we get,

lim W <£(u5nkj (), L(u(1))) =0

j—00
for every t € R. By the arbitrariness of {,}>2; C (0, 1], we have
lim Wy (L(uc(t)), L(u(t))) = 0.
e—0

For any [a,b] C R, now we prove that liII(l] sup Wa (L(ue(t)), L(u(t))) = 0. Infact, L(u:(a))
€=U q<t<b

converges weakly to £(u(a)) in Pro(L*(T?)). In view of the Skorohod representation theorem,
there exist random variables . (a) and ¢ (a) defined on another probability space (€2, F,P)

such that hH(l) V-(a) = h(a) P-as., where £ (7,25(&)) = L (us(a)) and L <w(a)) = L (u(a)).
e—
Similar to the procedure of calculating (4.10), we have
lim sup Wa (£(uc(t)), £(a(0))) = 0.
e—0 a<t<b

Here the proof is complete. O

Corollary 4.12. Under the conditions of Theorem 4.11 the following statements hold:
(1) If f € C(R x L3(T%), L*(T9)) and g € C(R x L*(T9), Lo(U, L*(T%))) are jointly
stationary (respectively, T-periodic, quasi-periodic with the spectrum of frequencies
Vi, ..., Vg, almost periodic, almost automorphic, Birkhoff recurrent, Lagrange stable,
Levitan almost periodic, almost recurrent, Poisson stable) in t uniformly w.r.t. x on
each bounded subset, then so is the unique solution u. € Cy(R, L*(Q,P; L?(T%))) of
(3.2) in distribution;
(ii) If f € C(Rx L?(T%), L?(T%)) and g € C(Rx L*(T%), Lo(U, L?(T%))) are Lagrange sta-
ble and jointly pseudo-periodic (respectively, pseudo-recurrent) in t uniformly w.r.t.
x on each bounded subset, then the unique L*(Q,P; L?(T%))-bounded solution u. of
(3.2) is pseudo-periodic (respectively, pseudo-recurrent) in distribution;
(iii)
lim  sup  Wa(L(ua(t)), £(a(0))) = 0
=0 s<t<s+T
for all s € R and T > 0, where u is the unique stationary solution of averaged
equation (3.3).

Proof. These statements follow from Theorems A.14 and 4.11. O
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5. GLOBAL AVERAGING PRINCIPLE IN WEAK SENSE
Let F := (f,g) € BUC(R x L*(T%), L>(T%)) x BUC(R x L?(T%), Ly(U, L?>(T%))). Recall
that f7(t,z) = f(t+ 7,z) for all (¢t,2) € R x L*(T?),
H(F) ={F"=(f",97) : T € R}
C BUC(R x L*(T%), L*(T%)) x BUC(R x L*(T%), Ly(U, L*(T%))).
Then (H(F'),R,o0) is a shift dynamical system. Here o : R x H(F') — H(F), (1, F) — F7.
Let u(t,s,z),t > s be the solution of equation (2.1) with initial value u(s,s,z) =

T
Define Pp(s,z,t,dy) := P o (u(t, s, av))_1 (dy). Then we can associate a mapping P*(t, F,-) :
Pr(L?(T%)) — Pr(L?(T%)) defined by
Pt Fa(A) = [ Pel0.at Auda)
L2(Td)

for all 4 € Pr(L?(T?)) and A € B(L?*(T¢)). Denote by Pro(L?(T%)) the space of probability
measures p € Pr(L?(T?)) such that fLQ(Td) |1 2]|121(dz) < oco. Define

B, := {u € Pro(L*(T9)) /Lz(T

for any 7 > 0. A subset D C Pry(L?(T%)) is called bounded if there exists a constant r > 0
such that D C B,. For any p > 0, define

Op(B) := {n € Pra(LA(T?)) : Wa(u, B) < p}.

Lemma 5.1. Consider equation (2.1). Assume that conditions (H1)-(H2) hold. Then P* is
a cocycle on (H(F),R, o) with fiber Pro(L?(T?)).

217 (d2) < 7“2}
9

Proof. Tt follows from Lemma 4.8 that P* is a continuous mapping from R™ x H(F) x
Pro(L?(T9)) into Pro(L2(T9)). For any u € Pro(L%(T?)), t,7 € RT and F € H(F), in
view of the uniqueness in law of the solutions for equation (2.1), we have P*(t + 7, F, u) =
P*(t,0;F, P*(1,1, F)). It follows from the definition of P* that P*(0, F,-) = Idp,,(12(1ay)
for all F € H(F). O

Corollary 5.2. Under conditions of Lemma 5.1, the mapping given by
IT: RT x H(F) x Pro(L*(T%)) — H(F) x Pry(L*(T9)),
(¢, (F, p)) = (ouF, P*(¢, F, 1))
is a continuous skew-product semiflow.

For any given F' € H(F), under conditions of Proposition 4.2, equation (2.1) has a unique
L?(Q,P; L?(T4))-bounded solution u with the distribution L(uz(t)) =: uz(t),t € R.
Remark 5.3. (i) It follows from Remark 4.7 that (4.1)—(4.2), (4.4), (4.7) and (4.9) hold

uniformly for all F' € H(F') and € € (0, 1]. 3
(ii) Assume that F := (f,g) satisfy (G1)-(G2). If H(F) is compact, then for any F' €
H(F), f (respectively, §) satisfies (G1) (respectively, (G2)) with the same ¢ and f
(respectively, 64 and g).
Proposition 5.4. Consider equation (2.1). Assume that conditions (H1)-(H4) hold, and
2
Ak — Ap — % > 0. Then we have the following results.
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(i) We set Ap = {pup(t) € Pro(L*(T?)) : t € R}. Then
P(t, F,Q[F) = Q[atﬁ
for allt € RT and F € H(F).
(ii) If H(F') is compact, then the skew product semiflow 11 admits a global attractor
A :=w (H(F) X UFGH(F)Q[F)' Moreover, 1124 is the uniform attractor of cocycle
P*. Here Iy(F, ) == p for all (F,p) € H(F) x Pro(L*(T9)).
Proof. (i) Given t € RT and F e H(F), let Uy, f be the unique L2(€2,P; Lz(Td))—bounded
solution of equation

du(s) = [(1 i) Au(s) — (1 +i8)uls)Puls) + f(s +t, u(s))} ds+g(s+t, u(s))dW (s), s € R.

Note that L(up(s +1t)) = L(u,, 7(s)) for all s € R. Consequently, P*(t, F,z) = A, 7
(ii) In view of (4.4), (4.9) and Remark 5.3, there exists a constant R > 0 such that

U #pcm= {u € Pr(@@): [ elfiputdz) + [ falu(ds) < R?} ,
FeH(F) H LT
where p > 1. Then according to the Chebyshev’s inequality and the compactness of the
inclusion H' C L?(T%), the set Upen(r) i 1s compact in Pry(L%(T9)).

Let r > 0 be an arbitrary constant. For any p € B,, take a random variable ¢ such that
L(&) = p. Let Y(t,£),t > 0 satisfies

V(6 =6+ [ [(14i0AY (5,0 = L+ BV (. OPY (5.9 + 5.V (9] ds

t
= [t (s paws).
Employing Proposition 4.5, we have
EIIY (£,€) — up(t)]|? < e~ (M2 L) R luz (0) — €]

Therefore, l:+moo sup  dist py, (r2(74)) (P*(t,ﬁ',,u),UFeH(F)QlF) = 0 uniformly w.r.t. u €
FEMH(F)

B, ie. UﬁeH(F)QlF is a compact uniformly attracting set. It is obvious that H(F') X

Upen( F)Qlﬁ is a compact attracting set for II. It follows from Lemma 2.5 that II admits

a global attractor 2 := w (H(F) X UFeH(F)QlF)-

Now we prove that T2 is the uniform attractor of cocycle P*. Let B C Pro(L%(T9)) be
bounded, then H(F) x B is bounded in X := H(F) x Pry(L*(T%)). Therefore,

distp,,(12(ray (P*(t, F, B),I,2A) < distx(H(F) x P*(t,F, B), )
< distx(II(t, H(F) x B),A) =0 as t— 4oo.

Then we verify the minimality property. Set wypy(B) = N0 pregy(rry Us>t P*(s,F,B).
Therefore, p € wy(py(B) if and only if there exist {v,} C B, {F,} C H(F) and {t,} C Ry
such that t,, — +oo and P*(t,, Fy,,vy) — pasn — +o00. Let A be a closed uniformly attract-
ing set. Next we show that wyp)(I12R) C A;. Indeed, if this is false, i.e. wyp)(IL2A) ¢ A;.
Let p1 € wyp)(T122A) \ Ay, then there exist {v,} C IIo2, {F,} C H(F) and {t,} C Ry such
that ¢, — +oo and P*(tp, Fy,vn) — pu as n — +oo. Hence we have
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0 <d(p, A1) < lim d(P*(tn, Fy,vn), A1)

n—-+00

< lim diStpr2(L2(Td))(P*(tnaFn;H2Ql)vA1)

n—-+o0o

< lim sup distprz(Lz(Td))(P*(tn,F,HQQL),Al)=O,
n*}+OOF'EH(F)

a contradiction. On the other hand, for any (F,pu) € w(H(F) x IL2A) = A, there exist
{vn} C LA, {F,} € H(F), {tn} C Ry such that P*(t,, F,,v,) — p and oy, F, — F as
n — +00. Then u € wy(p) (TIo2A). Therefore, IIo2A C A;.

The proof is complete. O

Remark 5.5. It is known that H(F') is compact provided F' is Birkhoff recurrent, which
includes periodic, quasi-periodic, almost periodic, almost automorphic as special cases.

Theorem 5.6. Suppose that f,qg satisfy the conditions (G1)—(G2) and (H1)-(H4). Assume
2

further that Ay — A\ — % > 0. If H(F) is compact, then

(i) the cocycle PX associated with stochastic CGL equation (3.2) has a uniform attractor
A for any 0 < e < 1;
(ii) the cocycle P* associated with averaged equation (3.3) has a uniform attractor 2,
which is a singleton set;
(iit) for arbitrary large Ry, small p > 0 and F € H(F) there exist ¢g = o(Ry,p) and
T =T(Ry1,p) such that for alle <&y, t >T

(5.1) Pi(t,F,Bg,) C O, (A).
In particular,
@2 st (2.8) =0

Proof. (i)-(ii) According to Proposition 5.4, P and P* admit uniform attractors 2° and 2,
where 2 = {L£(@(0))} € Pro(L*(T9)). Here @(t),t € R is the unique stationary solution to
averaged equation (3.3).

(iii) In view of Proposition 4.5, there exists §, 0 < § < § such that
P* (¢,05()) C O (2)
for all t > 0. Fix Ry large enough. Employing (4.1), there exists Ty > 0 satisfying

(5.3) PX(t,F,Bg,) C Bg,
for all ¢+ > Tp. Since 2l is attractor, we can choose T = Ty (R1, p) so large such that
(5.4) P*(t,Br,) C O5()
2
for all t > Ty. Set T := max{Tp,71}. In view of (3.24), we have
(5.5) sup Wy (PX(t ), Pt 1)) < (T, Ra)(e)
0<t<T

for all 4 € Bg, and F € H(F), where (T, R;)(¢) — 0 as ¢ — 0. Then, there exists
eo = eo(T, Ry) such that n(T, R1)(e) < g for all e < &g.
For any u € Bg,, in view of (5.3)—(5.5), we have

P:(T,F,,u) € Oé(gl) mBR1
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for all € < gg. It can be verified that P(t, F', ) € O,(A) for all t > T and & < gy. To this
end, define p§ := P*(T, F, ). Then P*(t,p5) € Og(ﬁ) and PX(t +T,F,u) = PX(t,orF, 1j)
for all ¢ > 0. Therefore, according to (5.4)—(5.5), we get

PX(2T,F, p) € Os (A) N Bg,

and ~ ~ ~
Pe*(t +T7F7,U) € 054—%(91) - OP(%)

for all t € [0,T]. Repeating the above procedure, we have
Pr(t, F,p) € O,(A)

for all t > T and ¢ < g.
Take R; large enough so that 2 C Bg,, then (5.2) follows. O

APPENDIX A

A.1. Poisson stable functions. Let (X,p) and (), p1) be two complete metric spaces.
Denote by C(R,X) the space of all continuous functions ¢ : R — X equipped with the

distance
o0

B L di(er,92)
dle1 ¢2) _Z 2k 1 dk (o1,92)

where

di(p1,p2) = |§|U<Iz p(p1(t), (1)),

which generates the compact-open topology on C(R, X'). The space (C(R, X), d) is a complete
metric space (see, e.g. [34, 36, 38, 39]).

Remark A.1 ([39]). Let {¢,}°°,,¢ € C(R,X). Then the following statements are equiva-
lent.

(i) hm d(@nv ¢) =0.
(ii) hm max p(¢n(t), p(t)) = 0 for any [ > 0.

n—00 |t| l
(iii) There exists a sequence [, — +o0o such that lim max p(pn(t), p(t)) = 0.
n—00 |t|<lp

Let us now introduce a shift dynamical system. We say that ¢7 is the 7-translation of ¢
if ¢7(t) :== p(t + 7) for any t € R and ¢ € C(R,X). For any (7,¢) € R x C(R, X), define
the mapping 0 : R x C(R,X) — C(R, X) by o(7,¢) := ¢". Then the triplet (C(R, X),R,0)
is a dynamical system which is called shift dynamical system or Bebutov’s dynamical system.
Indeed, it is easy to check that ¢(0,¢) = ¢ and o(11 + T2, ¢) = o(m2,0(11,p)) for any ¢ €
C(R,X) and 71,72 € R. And it can be proved that the mapping o : R x C(R, X) — C(R, X)
is continuous, see, e.g. [34, 36, 39].

We write H(p) to mean the hull of ¢, which is the set of all the limits of ¢™ in C(R, X),
ie.

H(p) ={p e CR,X) :¢p= li_)m ©™ for some sequence {7,} C R}.
n—oo

Notice that H(p) C C(R, X) is closed and translation invariant. Consequently, it naturally
defines on H(p) a shift dynamical system (H(p),R, o).

Definition A.2. We say that ¢ € C(R, X) is periodic if there exists a constant 7' > 0 such
that p(t + 1) = ¢(t) for all t € R. In particular, ¢ is called stationary provided ¢(t) = ¢(0)
for all t € R.

Definition A.3. We say that ¢ € C(R, X) is quasi-periodic with the spectrum of frequencies
v, l9,. .., if it satisfies the following conditions:
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(i) the numbers vq,vs,.. ., are rationally independent;
(ii) there exists a continuous function ® : R¥ — X such that ®(t; + 27, to + 27, ..., t; +
21) = ®(ty,ta, ..., 1) for all (t1,ta,..., 1) € R,
(iii) @(t) = ®(1t, vat, ..., yit) for t € R.

Definition A.4. We say that ¢ € C(R,X) is Bohr almost periodic if the set T (p,e) of
e-almost periods of ¢ is relatively dense for each € > 0, i.e. for each € > 0 there exists a
constant [ = I(g) > 0 such that T (¢,e) N[a,a +1] # 0 for all a € R, where

T(p,) := {7‘ eR: ilel[gp(go(t +7),0(t)) < 5} ,

and 7 € T (@, ¢) is called e-almost period of .

Definition A.5. We say that ¢ € C(R,X) is pseudo-periodic in the positive (respectively,
negative) direction if for each e > 0 and [ > 0 there exists a e-almost period 7 > [ (respectively,
7 < —1) of the function . The function ¢ is called pseudo-periodic if it is pseudo-periodic in
both directions.

Definition A.6. We say that ¢ € C(R, X) is Levitan almost periodic if there exists a almost
periodic function ¢» € C(R,)) such that for any € > 0 there exists § = §(¢) > 0 such that
T(¢,0) C T(p,¢e), where T(p,e) := {1 € R:d(¢7,p) <e}. And 7 € T(p,¢) is said to be
e-shift for .

Definition A.7. A function ¢ € C(R, X) is called almost recurrent (in the sense of Bebutov)
if the set T(yp, ¢) is relatively dense for every £ > 0.

Definition A.8. (i) We say that a function ¢ € C(R, X) is Lagrange stable provided
{o": h € R} is a relatively compact subset of C(R, X).
(ii) We say that a function ¢ € C(R, X) is Birkhoff recurrent if it is almost recurrent
and Lagrange stable.

Definition A.9. We say that a function ¢ € C(R, X) is almost automorphic if it is Levitan
almost periodic and Lagrange stable.

Definition A.10. ([35, 36, 38]) A function ¢ € C'(R, X) is called pseudo-recurrent if for any
e >0 and ! € R there exists L > [ such that for any 79 € R we can find a number 7 € [I, L]
satisfying

sup p(p(t+ 710 +7),0(t + 7)) <e.

[t|<1/e
Definition A.11. We say that ¢ € C(R, X)) is Poisson stable in the positive (respectively,
negative) direction if for every e > 0 and [ > 0 there exists 7 > [ (respectively, 7 < —I)
such that d(¢7, ) < €. The function ¢ is called Poisson stable if it is Poisson stable in both
directions.

Remark A.12. ([35, 36, 38, 39])

(i) Every Birkhoff recurrent function is pseudo-recurrent, but not vice versa.
(ii) Suppose that ¢ € C(R,X) is pseudo-recurrent, then every function ¥ € H(yp) is
pseudo-recurrent.
(iii) Suppose that ¢ € C(R, X) is Lagrange stable and every function ¢ € H () is Poisson
stable, then ¢ is pseudo-recurrent.

Finally, we remark that a Lagrange stable function is not Poisson stable in general, but all
other types of functions introduced above are Poisson stable.
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A.2. Shcherbakov’s comparability method by character of recurrence. Let ¢ €
C(R,X). Denote by 9, (respectively, 9M,) the space of all sequences {t,}7>; such that
o(- + tn) converges to () (respectively, ¢(- + t,) converges) uniformly on any bounded
interval.

Definition A.13. A function ¢ € C(R, X) is called comparable (respectively, strongly com-
parable) by character of recurrence with ¢ € C(R,)) provided 9, C N, (respectively,
My, CMy).
Theorem A.14. ([36, ChII], [37])
(i) My € M, implies Ny, €Ny, and hence strong comparability implies comparability.
(ii) Assume that ¢ € C(R, X) is comparable by character of recurrence with ¢ € C(R,)).
If 1 is stationary (respectively, T-periodic, Levitan almost periodic, almost recurrent,
Poisson stable), then so is .
(iii) Assume that ¢ € C(R,X) is strongly comparable by character of recurrence with
v e C(R,Y). If ¢ is quasi-periodic with the spectrum of frequencies vy,va, ..., vy
(respectively, almost periodic, almost automorphic, Birkhoff recurrent, Lagrange sta-
ble), then so is .
(iv) Assume that ¢ € C(R,X) is strongly comparable by character of recurrence with
Y € C(R,Y). And suppose further that 1 is Lagrange stable. If 1 is pseudo-periodic
(respectively, pseudo-recurrent), then so is .

A.3. BUC space. ([7]) Denote by BUC(R x X,)) the space of all continuous functions
f R x X — Y that satisfy the following conditions:

(i) f is bounded on every bounded subset from R x X’;
(ii) f is continuous in ¢ € R uniformly w.r.t. & on each bounded subset Q C X.

We endow BUC(R x X,)) with the following d distance

oo

L d(f.9)
(A1) d(f,9) = ; FTTd(.g)
where di(f,g) == sup pi(f(t,z),g(t,z)). Here Qr C X is bounded, Qp C Qri+1 and

[tI<k,z€Q
Uren®@r = X. Note that d generates the topology of uniform convergence on bounded subsets
on BUC(R x X,Y) and (BUC(R x X,)),d) is a complete metric space.

Let f € BUC(R x X,)) and 7 € R. Recall that f7 means the 7-translation of f i.e.
fT(t,xz) == f(t+ 7,2) for all (t,x) € R x X. Note that BUC(R x &,)) is invariant w.r.t.
translations. Define a mapping o : Rx BUC(RxX,)Y) — BUC(RxX,Y), (1, f) = f7. Then
it can be proved that the triplet (BUC(R x X,)),R,0) is a dynamical system. Given f €
BUCR x X,Y), H(f) Cc BUC(R x X,)) is closed and translation invariant. Consequently,
it naturally defines on H(f) a shift dynamical system (H(f),R, o).

We write BC(X,)) to mean the space of all continuous functions f : X — ) which are
bounded on every bounded subset of X and equipped with the following metric

[ee]

d(f,g) = ; ﬁm,

where di(f,g) := sup pi1(f(x),g(z)). Note that (BC(X,)),d) is a complete metric space.

z€Qk
For any f € BUC(R x X,)), define the mapping F : R — BC(X,)) by F(t) := f(t,-) :
X — Y. Clearly, F € C(R,BC(X,))).
Definition A.15. (i) We say that a function ¢ € C(R, X') possesses the property A if

the motion o(-, ¢) through ¢ with respect to the Bebutov dynamical system (C(R x
X),R, o) possesses the property A.
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(ii) Similarly, we say that f € BUC(R x X,)) possesses the property A int € R
uniformly with respect to x on each bounded subset Q C X, if the motion o(-, f) :
R — BUC(R x X,)) through f with respect to the Bebutov dynamical system
(BUC(R x X,Y),R,0) possesses the property A.
Here the property A may be stationary, periodic, Bohr/Levitan almost periodic, etc.

A 4. Proof of Theorem 3.3.

Proof. Let {e;,i € N} C H! be the eigenfunctions of —A forming an orthonormal basis of
L?*(T%) and H,, := span{ey, ...,e,}. Let P, : L*(T%) — H,, be defined by
Pyu = Z(u,ei>ei, u e L*(TY).
i=1
Let {wg, k € N} be an orthonormal basis of U and set W"(t) := > (W(t), w;)yw;. We set
k=1

fr(t,u) == P, f(t,u) and g"(t,u) := P,g(t,u). Consider the following equations
(A.2)

du”(t) = [(1 +ic)Au™(t) — (1 +iB) Pulu™ ()P (t) + (¢, u™(t))] dt + g™ (t, u"(t))dW"(¢)

u"(s) = Pp(s.
It follows from Theorem 3.1.1 in [28] that there exists a unique solution u"(t),t > s to (A.2)
for any n € N. Similar to the proof of (3.4), we have

s+T s+T
A3 E_sw [ OF+E [ [ OFndtE [ 0t < CrOEIGI)

for all T' > 0, where Cp is independent of n.
Then there exists a subsequence of {u"}, which we still denote by {u"}, such that

(i) u™ — u weakly in L2([s, s +T] x Q,dt @ P; L2(T9)), L?([s, s+ T] x Q,dt @ P; H') and
L([s,s + T] x Q,dt ® P; L*(T%)).
(i) [un()[2u"(-) = Y() weakly in L3 <[s, s+T] x Q,dt @ P; L%(Td)).
(iii) f(-,u™(-)) = Y?(-) weakly in L? ([s,s + T] x Q,dt ® P; L*(T?)).
(iv) g"(-,u(-)) = Z(-) weakly in L* ([s, s + T] x ,dt ® P; Ly(U, L*(T?))) and hence

/( "(0))dW" (o —>/

weakly* in L ([s, s + T, dt; L*(Q, P; L*(T9))
For all v € Up>1Hp, ¢ € L™=([s,s + T] x ,dt ® PP; ]R), it follows from Fubini’s theorem that

E ( / S+T<u(t), ¢>(t)v>dt>

_ lm E ( / S+T<u”(t),¢(t)v)dt>
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+E (/:+T </t (—(1+iB)Y (o) + Y?(0)) do, ¢(t)v> dt)

+E (/:+T </t 2(0)dW (0), ¢(t)v> dt> .

Therefore, we have
u(t) = (s + /t (1 +ic)Au(o) — (1+ iB)Y (o) + V(o)) dt + /t Z(o)dW (o) dt®P—as.

Now we prove that —(1+i8)Y' + Y2 = —(1+i8)|ul?>u+ f(-,u) and Z = g(-,u) dt @ P-a.s.
Note that for any nonnegative ¢ € L*>([s, s + T],dt; R) we have

e([7 vonora)
s+T

= lim E < / <w(t)u(t),u”(t)>dt>

n—oo

s+T % s+T %
<(B[ vomoPa) it (2 [ soleore) <.
Then

s+T s+T
(A4) E </ ¢(t)||u(t)|]2dt> < lirri}infE </ ¢(t)||u”(t)||2dt> .
S n—oo S
According to the product rule and It6’s formula we get

(A5)  E (eI u(t)]?) - Elu(s))?

= (/ eC<US><2<(1+m)Au(U)—(1+i,6)yl(a)+y2(a),u(a)>

122, g2 0ay — c||u<o>||2)da>
for any constant c. Let ¢ = 2\ + L?] and
Ki=L2([s,s +T] x 0, dt @ P, V), Ks:=L* ([s,s T T X Q,dt  P; L4(Td))
where i = 1,2, V7 := L2(’]I‘d) and V5 := H'. For any ¢ € K1 N Ky N K3, we obtain
E (e @)?) — Elu(s)|?
< E(/t e ) <2 (1+ia)A(u"(0) = ¢(0)),u" (o) — ¢(0))
s

= 2((1 +iB) (lu"(0)Pu"(0) = [¢(0)]*¢(0)) ,u" (0) — ¢(07))
+2(f(o,u"(0)) = f(o,9(0)),u"(0) — ¢(0))

+ llg(o,u"(0)) — g(o. (NI 1 2(ray — cllu” () - ¢<a>||2)do)

+E< / e cl@=s) (2((1+ia)A¢>(0),u”(a)> +2((1 + ia)A(u" (o) — ¢(0)), d(0))
—2{(1+iB)|p(0)Pd(a), u™ (o)) — 2{(1 +iB) (|u" (o) Pu"(c) — |¢(0)*¢(0)) , p(0))
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+2(f(0,8(0)), u"(@)) + 2 ({0, (@) — F(o,8(0)), &) — llg(o, SN2, 01 1270y,
+2(g(0,u"(0)). 9(0. 90 >>>L2ULQ(W))—2c<u"<a>,<z><a>>+cu¢<a>||2)da>

< E(/ e <2 (I +ia)Ad(0),u"(0)) +2((1 +ia)A(u"(0) = ¢(0)), $(9))

—2((1+i8)[6(0)P6(0), u" (o)) — 2 (1 +iB) (|u" (o) Pu" (&) — |6(0) 26(c)) . 6(0))
2 (f(0,0(0)), u"(0)) + 2 (f (0, 0" (0)) = F(0,6(0)), 6(0)) — l9(0, (N2, 1 220y

+2(g(0,u"(0)), g(0, 6(o >>>L2ULQ(W))—2c<u"<a>,¢><a>>+c||¢<a>||2)da>.

Letting n — oo, in view of (A.4) we have

2 ([ w0 (ol - o) ar

<E< / vt / ~2((1+i0)AG(0), u(o)) + 2 {(1 +i0)A(u(0) - 6(0)), 6(0))

(L+iB)lo(0)Pd(0),u(0)) —2((1+iB) (Y(0) —|6(0)P(a)) , ¥(0))
<f(0 $(0)), u(0)) +2(Y*(0) = f(0,6(0)),8(0)) — llg(e, d(0)) |7, 17,2 (v

+2(Z(0), 9(0, $(0))) Ly(v,2(7y — 264(0), 6(0)) + cllé(@)]?] da) dt) :
Combining (A.5), we get
< / Wit ( / [ —2((148) (Y!(0) — 9(0)P6(0)) u(0) — 6(0))
+2(Y?*(0) = f(0,¢(0)), u(0) — 6(0))
+ llg(o, 6(0)) = Z(0) 2 1,12y — ellulor) = &(o)]?] da> dt) <.

Letting ¢ = u in (A.6), we have Z = g(-,u) dt ® P-a.s. Then letting ¢ = u — e for e > 0
and ¢ € L*®([s,s +T] x Q,dt x P;R) we have

E</85+T Y(t) ( /t o—clo—s) [ ) <(1 +1i3) (Yl(a) — |u(o) — ed(o)v]?*(u(c) — 5¢§(U)U)) 75<g(g)v>

S

+2 <Y2(a) ~ f(o,u(o) — sé(a)v),sqé(a)v> - cg2||gw\|2}da> dt) <0

Dividing both side by € and letting € — 0, in view of Lebesgue’s dominated convergence
theorem, we obtain

( / Wt ( / e — (1 +8) (V) (o) — lulo)Pu(0)) , b(o)v)
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+ <Y2(g) — f(o,u(0)), g?)(a)v>]da) dt) <0.

Therefore, we have —(1+i8)Y! + Y2 = —(1 +i8)|ul?u + f(-,u) dt ® P-a.s.
Now we show the uniqueness of solutions. Suppose that there exist two solutions u; and
us, then

E (o2 D0 a1, 5,C.) — ualt5,C))

t
= / (20 = 2Xf — L2)e@ 2 L) |y (0, 5,¢,) — ua(o, 5, ()| do

t
+ Il:-1:’/ e(2>\*_2>\f_Lg)(U_S) <2<(1 + ZO()A (ul (Uv S, CS) - u2(07 S, CS)) ,U1(O', S, CS) - uQ(U’ S, CS)>

+ 2<_(1 + ZB) (|U1(0‘, S, CS)|2U1(07 5, Cs) - |U2(O’, S, CS)|2u2(U7 S, CS)) )ul(o-v S, CS) - UQ(Uv S, CS)>
+ 2<f(07 ’LL1(O‘, S, Cs)) - f(av u2(0-7 S, CS))7U1(07 S, CS) - u2(07 5, §8)>

+ HQ(U,U1<U, S, CS)) - g(gv u2(07 S, Cs))H%Q(ULQ(’]l‘d)))dU <0.
Similar to the proof of (3.4), we have
(A7) E sup [u"(t)l3 < Cr(1+ElG]70)-

s<t<s+T
Here C7 is independent of n. Therefore, u™(t) — u(t) weakly in L? (Q,P; H') and

sup  Ellu(t)|7n < Cr(1+E[Gll70).
s<t<s+T

The proof is complete. O
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