NUMERICAL APPROXIMATION OF PROBABILISTICALLY WEAK AND
STRONG SOLUTIONS OF THE STOCHASTIC TOTAL VARIATION
FLOW

LUBOMIR BANAS AND MARTIN ONDREJAT

ABsTrRACT. We propose a fully practical numerical scheme for the simulation of the stochas-
tic total variation flow (STFV). The approximation is based on a stable time-implicit finite
element space-time approximation of a regularized STVF equation. The approximation also
involves a finite dimensional discretization of the noise that makes the scheme fully imple-
mentable on physical hardware. We show that the proposed numerical scheme converges to
a solution that is defined in the sense of stochastic variational inequalities (SVIs). As a by
product of our convergence analysis we provide a generalization of the concept of solutions
of stochastic partial differential equation (SPDEs) to the setting of SVIs. We also prove
convergence of the numerical scheme to a probabilistically strong solution in probability if
pathwise uniqueness holds. We perform numerical simulations to illustrate the behavior of
the proposed numerical scheme as well as its non-conforming variant in the context of image
denoising.

1. INTRODUCTION

We study a numerical approximation of the stochastic total variation flow (STVF)

dX = div <|§§|> dt — \(X — g)dt + B(X)dW, in (0,7) x O,
(1) X=0 on (0,T) x 8O,
X(0) =a° in O,

where O C R%, d > 1 is a bounded polyhedral domain, A > 0, T' > 0 are fixed constants and
20, g € L? are given functions. We consider W to be a cylindrical Wiener process on f5 and
a continuous mapping B : L2 — % (f2;1L?) where % stands for the space of Hilbert-Schmidt
operators such that

(B1) 1B(h)]| #(ta12) < C(|IR[| + 1) for every h € L2,
(By) if d > 2, whenever {h,} is bounded in L? and h,, — h a.e. in O then

1B(hn) = B(h)l| 2502 = O-
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We also consider the weakly lower semicontinuous energy functional 7 : L2 — [0, o0
A
J (u) := [Vullryoy + / |u| dz + 2/ lu — g|? dz uwel2nNBV(0),
00 @]

J(u) := o0 uell?\ BV(0),

see Lemma 8 for details.
Due to the singular character of total variation flow (1), it is convenient to perform numerical
simulations using a regularized problem

VX
dX =div | ———= | dt — \(X — g)dt + B(X)dW in (0,7) x O,
(2) X=0 on (0,7) x 00,
X(0) =2° in O,

with a regularization parameter € > 0. In the deterministic setting (/W = 0) the equation (2)
corresponds to the gradient flow of the regularized energy functional

A
T (u) ::/ \/\Vu]2+€2dm+2/ lu—gl*de  uweH.
o o

Convergent finite element approximation of the deterministic total variation flow (i.e., (1)
and (2) with B(X) = 0) has been proposed in [12]. In the stochastic setting, numerical ap-
proximation of probabilistically strong SVI solutions of (1) with B(X) = X has been analyzed
recently in [4, 6, 5] by considering the regularized problem (2) withing the framework of sto-
chastic variational inequalities, cf. [2]. In the present work we propose a fully implementable
numerical approximation of (1) via the regularized problem (2): in addition to the discretiza-
tion in space and time we also consider an implementable approximation of the noise term.
We show that, in the limit, the numerical solutions satisfy a stochastic variational inequality.
As a consequence, we obtain an extension of the concept of stochastic variational inequalities
of [2].

Let us compare the present work with [4] where (probabilistically) strong solutions of (1)
are constructed numerically in case the domain O is bounded, convex and with a piecewise
C?-smooth boundary, the equation is driven by a one-dimensional noise W, B(X) = X and
the interpolants Yi 5, of the numerical approximations converge to the unique solution X with
paths continuous in L?(0) via the double limit

lim (T’h%ii}}w) 1 X7 n = Xl z2(x(0,7);12(0)) = 0.

In the present work O is an open convex polyhedral domain, B is a fairly general non-linearity
(hence uniqueness is not expected to hold and we construct just (probabilistically weak) “mar-
tingale” solutions). Furthermore, the considered noise is an infinite dimensional random walk
generated by a sequence of random variables (suitable for computer simulations) and Yih
converge to X in the joint limit as (e,7,h) — (0,0,0). Our SVI solution concept is more
general than the one in [4] but paths of the obtained solutions are only weakly continuous in
L?(0) and we cover the case B(X) = X only in d = 1. If, in addition, pathwise uniqueness
holds then the approximations converge to a probabilistically strong solution in probability.
We also note that the technique used for the construction of the probabilistically weak SVI
solutions is straightforward, i.e., we avoid the use of martingale and Skorokhod representation
theorems as in [17].
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The paper is organized as follows. In Section 2 we introduce the notation and the numerical
approximation of (2) and in Section 3 we state the main results of the paper (which are
proven in Sections 7 and 8). In Section 4 we show a priori estimate for the numerical solution.
In Section 5 we present auxiliary results on compactness properties of locally convex spaces
which are used to deduce tightness properties and convergence of the numerical approximation
in Section 6. Numerical experiments for the conforming and non-conforming finite element
approximation schemes are presented in Section 9. The proofs of auxiliary results are collected
in the Appendix.

2. NUMERICAL APPROXIMATION

We denote the stanandard Lebesque and Sobolev functions spaces on O as L? := L?(0),
L2 = (L% weak), H} := H}(O), Wh := W1(O). The sets of rational and irrational numbers
are denoted as Q and QC, respectively. For time dependent random variables we often write
S¢(+) instead of S(+,t) provided that it fits the context of presentation.

For u € BV (O), the gradient Vu is a vector measure whose total variation satisfies

(3) [Vullryo) = sup {—/ udivvdz; v € CP(O,RY), [|v]|L~ < 1}
@

and we define, as usual,

lull v (o) == llullLr + IVullrv(o), u € BV(0).

For N € N we consider a discrete filtration F, := {F:}; on a probability space (2., %, P;)
LIV N

and sequence {&; ij=1 of independent random variables such that

o [ { frj ] =0,

« E[le]] =,

« E|lg7)Y <o,

o (€81 ¢bN) is Fi-measurable and independent of Fi!,
for every 4,5 € {1,..., N} and some fixed constant C' > 0 independent of N € N. A simple
and easily implementable construction of the noise that satisfies the above properties is, for

instance, &’ = /7" where {Xi’j}Z]'szl are independent with P [y*/ = £1] = 1; as another
choice, one can consider Brownian increments &7 = A;37 := B7(t;) — B7(t;_1) of independent
Brownian motions (7.

Let V;, C H} be the standard finite element space of globally continuous functions which
are piecewise linear over a quasi-uniform partition 7;, of O and let P, : L2 — V; denote
the L2-orthogonal projection on V,. We assume that the finite element space satisfies the

following properties.

Assumption 1. (1) Vy, is a finite-dimensional subspace of H},
(2) Vh2 - Vhl if 0 < hy < ho,
(3) HthHH(l) < /<;||7JHH(1) holds for every v € H} and h > 0, for some k € (0,00) (see [9]),
(4) Upso Vi is dense both in Hj and L2.
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It is well-know that the above assumption is satisfied for Vy, P}, see for instance [11]. We
note that the stability of the L2-projection, Assumption l(3) and the density of {Vj}p~0 in
H} implies that |Vv — VPyv|| — 0 as h — 0 for every v € HJ.

We consider the following fully-discrete approximation of (2): fix N € N, h > 0 set X? =
Py2? and determine X* € Vj,, i = 1,..., N as the solution of

A A \. &
4 X’—X’_l, =— —.V
( ) ( Uh) T( ‘VXZ|2+€2 vh)

N
—TA (X = goon) + ) (Bi(XTh), vy) €87 Yoy € Vj.
7j=1

Existence of the unique F,-adapted Vj-valued solution {X i}ij\io can be proved analogically
to [4, Lemma 3| therefore we omit the proof. The process X" = X!, i =0,..., N depends

on the parameters (7, h,¢), to simplify the notation we suppress this dependence unless it
matters.

3. SUMMARY OF THE MAIN RESULTS

In this section, we summarize the main results of the paper. We start with the definition
of the SVI solution of (1).

Definition 1. Let (2, F, (F:),P) be a stochastic basis with independent (F;)- Wiener processes
(WH*)ren. An adapted process X € L2([0,T] x Q;1L%) with weakly continuous paths in 1.2 is
called an SVI solution of (1) provided that

5 gElxe - 1P e[ [ sxxeas <

+E[/ T((s) ] [ (5 X(6) = 1(6)) s
+3E| / B = H) 0,1

holds for every t € [0,T] and for every test process

(6) I(t) :uo—/o G(s)ds+2/0 Hj(s)dW?, te[0,T7,
j=1

that satisfies P[I(t) € H] = 1 for almost every t € [0,T] and

e[ [ 10l ar] <o,

for some u° € L? and (F;)-progressively measurable processes G and H in L*([0,T] x Q;1L?)
and L?([0,T] x Q; % (f2,1L?)) respectively.

Remark 1. Inequality (5) implies

T
ti%%E[”X“)’Q“EUO IX0)llsvo }dt<oo



NUMERICAL APPROXIMATION OF STOCHASTIC TV FLOW 5

Remark 2. The SVI solution in the sense of Definition 1 generalizes the definition of the
SVI solution from [2] since the inequality (5) holds for a much larger class of test processes
introduced in (6) than in [2].

We define the piecewise linear interpolant of the solution of the scheme (4) as

(7) X, (1) =" _:HXZ' b T_ EX1 fort e [ty b,
as well as the piecewise constant interpolants

(8a) X (t)=X" forte (ti1,t;),

(8b) X (t)=X"1 forte (ti1,t;),

where the dependence on ¢, h is not displayed.

Let X(1) denote the space of weakly caglad functions f : [0,7] — L2 such that

T
/0 1£(s)ll BV (o) ds < oo,

let X2) denote the space of weakly cadlag functions f : [0, 7] — L2, define X®) as C([0, T]; 1.2
and equip the spaces X1, X2 and X®) with the topology of uniform convergence in IL,%U.
Theorem 1. The random variables
(X Xe s Xenr) + (Qr, Fry ) = X0 5 23 200

are Borel measurable, their laws under P. = P, are tight with respect to €, h, 7 and,
moreover, every sequence (pn, hpn,Tn) — (0,0,0) has a subsequence (ep, , hn,,Tn,) such that
laws of o

(XEHk 7hnk77'nk ’ X&‘nk,hnk,’rnk ’ XEnk 7hnk77'nk)

under Pr,  converge to a Radon probability measure v on %(X(l) x X x X(3)) that satisfies

V((95173327953) e xWx x® x x® . T = X2 =x3) =1,

and there exists a stochastic basis (2, F,(F¢),P) with independent (F;)-Wiener processes
(W*)en and a weakly continuous L2-valued SVI solution X of (1) in the sense of Defini-
tion 1 such that X (0) = 2°, v is the law of (X, X, X) on XM x X x X®) and

T 2
(9) E | sup [X(1)]*+ (/ X () Bv(0) dS) <C
te[0,T)] 0
where C' depends only on ||zo||, |O|, and | g]|.
Proof. See Corollary 3 and Theorem 5 for the proof. O

Remark 3. Compared to the (probabilistically strong) SVI solutions in [2|, [4] where the
stochastic basis 1s given, the SVI solution obtained in this paper is probabilistically weak in
the sense that (Q, F,(F),P) = (Z, B(Z), (Z!'), u) is constructed as a part of the solution, cf.
Corollary 8 and Theorem 5.

Remark 4. If uniqueness in law holds for the SVI solution of (1), cf. |2|, then the laws of
(Ya,hﬂ'? Xg,hﬂ') XE,h,T)

under Py converge to v on B(XM x X2 x XB)) as (e,h,7) — (0,0,0), in particular, there
18 no need to pass to a subsequence in Theorem 1.
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In case we work on a single stochastic basis with a given Wiener process and pathwise
uniqueness holds for (1) then we can construct probabilistically strong solutions.

Theorem 2. Let (W7);en be independent (F;)- Wiener processes on (Q, F, (F;),P) and let
,ir’j = Wj(ti) — Wj(ti_l), t; = iT.

Furthremore, assume that pathwise uniqueness holds for the SVI solutions of (1) satisfying
(9). Then there exists an SVI solution X with respect to (W7);en satisfying (9) such that

sup [(Xenr(t) — X(8), )], sup (X, -(t) = X(8), )],  sup [(Xepr(t) — X(1), )]
t€[0,T] t€[0,T] t€[0,T]

converge to 0 in probability as (¢,h,7) — (0,0,0) for every ¢ € 2.
Proof. See Theorem 6. O

Remark 5. Theorem 1 and Theorem 2 can be strengthened considerably by Lemma 7. Assume
that
K:xW s x® s x@ 5 x6) (0, o0]

satisfies the following property:
(10) K19, £'.9.h) < liminf K(f0. £}, gu. )

for any sequence (f,g, f,g,gk, h) € XD x XM x @) 5 XG) conwerging in X1 x X1 x x2) x
XG) to (f9, f1, g, h) where in addition

T
sup /0 A2 5vio) + 1)l sy ds < o

Then the variables (X
(11)
E[K(X, X, X, X)] < liminf Ey, [K(Y
— 00

Eny 7hnk yTng ) Xank 7hnk, Tng? Xa”k ’h”k Tng, Xank 7hnk, Ty, ):|

enshing T Ken in, g s Xeng by 7y, ) Srom Theorem 1 satisfy

and the random variables (X, YE,h,T;X57h7T7X5,h,T) from Theorem 2 satisfy

12 E(K(X,X,X,X)| < liminf E[K(X,Xepr X1 . Xon)].
( ) [ ( 3 <hy LAy )]_(s,h,g)n;%,()@) [ ( y e h Ty Be bt ,h, )]

Obviously, if K is real bounded and (10) holds also for —K then we get equalities and limits
in (11) and (12). In particular, under the assumptions of Theorem 2,

1 Xenr = Xllzagoryero)) — 0
in probability as (e,h,7) — (0,0,0) for every r € [1,%) and every q € [1,00) such that
q(r—2) <r.

4. A PRIORI ESTIMATES

The numerical approximation (4) satisfies a discrete energy estimate.
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Lemma 1. Let 2°, g € L2 and T > 0. Then there exists a constant C > 0 depending only on
T and on the constants in (B1) and in Section 2 such that the solutions of scheme (4) satisfy
for any e,h € (0,1], N e N

13 E ;sup |Xl\|2+2( - X x|

1=
1 1 om0 Ao\
<C|=+4+-= — .
<05+l +101+ 5lal?)
Proof. Analogically to [4, Lemma 4.9], set v, = X* in (4) and obtain
Loz yvicige | 1y i—12 i
SIS X - X (X
2
N N
<7_\7€ +Z Xz 1 Xz 1 Z Xz 151,]
j=1 =1
for 1 <i < N. If we define

o1 1 , ANV I ,
=3t Z'”Z(HXJ— HH?%(XJ))

7=1

N N 2
h= TL7E Z Xz 1 X’L 1 Z X’L 1 é—Z,] ’

7j=1 =1

then
ad—ad P <b+cd+d 1=1,...,N.

If '=' € L*(Q) then X! € LA 1L2), ¢ e L2(Q), d" € L*(Q) and so, by induction,
a’ € L?(Q) for every i = 0,..., N. Next, observe that ¢’ is a square integrable martingale
difference and that

E [(¢")?] < Cp7E [(a" )], E [(d")?] < C7?E [(a")?]

where Cp depends only on the growth constants in (B1) and in the assumption E [(fﬁj)ﬂ <
C72. Let us define

ai: max aj, 1=20,...,N.
J=0,...,%
Then
7 7
l< é 1] ':
al < (a° —|—Nb—|—maXZZc —|—Zd i=1,...,N
(=1
and

+3NY (), i=1,...,N.

C2
j
V2 < 3(g0 + Nb)2 ¢
(a3)* < 3(a” + Nb) +3jinl??.(,i ;—10




8 LUBOMIR BANAS AND MARTIN ONDREJAT
Hence, by the discrete Burkholder-Davis-Gundy inequality, we obtain
E [(al)?] < 3(a® + Nb)> +3C2 > E[(¢)*] +3N Y _E [(&/)?]
J=1 J=1

< 3(a+ N0+ 3Cser 3B [(@1)?] + 37N Y E[(@ )]
jfl jil

LK
< 3(a’ 4+ Nb)? CTZE i=1,...,N

and we get the result by the discrete Gronwall lemma.

O
Next, we estimate the discrete time increments of the numerical solution.
Lemma 2. For any 0 <n </{+n < N it holds that
E[|X"* — X"[g-1] < C#F,
where C' does not depend on ¢, h, T.
Proof. For any v € H} we set vj, = P,v in (4) and get after summing up for i = n+1,...,n+/¢
by the definition of projection P, that
n+4 VXz
(X"*é —X”,vh) - (X"“ —X”,th> <7 Y ||| IV P
i VX2 4 &2
n+t n+f
7 30 ANX N+ g Pl + | S 3 B (X e [Pl Vo € H,
i=n+1 i=n+1j=1

On noting that that

\/ﬁ
I{HUHH(l) that
n+l N
Xn-l—@_Xn <Ot Xz B Xz 1 1,
[ I < Ol + o (XN | 32 32 Bi(XDe;
i=n+1j

Hence, we obtain

E [\|X"+‘f - X”||§H_1} <cth+ 2,

< 1 we deduce by the stability of the I.? projection ||th||H(1) <

by the Burkholder-Rosenthal inequality, Lemma 1 and linear growth of B : L2 — Z(f5;1L2).

Indeed, the martingale difference

N

di =) Bj(X" ey
j=1
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satisfies for p € {2,4}

M|

n—+l n—+l N n—+l
Yo EdPIFET < D0 IDIBXTIP| <t Y IBOXTYI, g0
i=n-+1 i=n+1 | j=1 1=n+1
n+l »
Sort Y0 (L IXTHP < ent L+ max {[X77)].
i=n+1 B

0

Lemma 3. Letu® € Vy,, let GY,...,GN and H%, ..., HN=Y9 be F,-adapted random variables
in L2(Q;Vy,) for every j € {1,...,N} and define

7 i N
(14) U=u' =73 G+ Y Hlighi iefo,... N}
/=1

=1 j=1

Then

%E X U] +7 > E [ja(Xf)} < e P+ 7Y E [ja(Uﬁ) + (G X! - Uf)}
/=1 =1

N |

7 N
T (-1 £—1,512 .
+2;Z:1E[”PhBJ(X ) - HYP|, 0<i<N.
:]:

Proof. We denote D' = X' — U* and use (4), (14) to deduce the formula for (D’ — DLy
for vy, € Vj,. We then set v, = D, use that (B;(X*"1), D%) = (P,B;(X""1), D%) and proceed
as in the proof of Lemma 1. ]

5. COMPACTNESS IN LOCALLY CONVEX PATH SPACES

In this section, Y stands for a Hausdorff locally convex space (typically a Hilbert space
equipped with the strong or the weak topology), YI0T] denotes the space of functions from
[0,7] to Y on which we consider the topology of uniform convergence 7,. We also define the
subspaces @, ([0, T];Y), n € N spanned by the functions f € Y011 that are constant on every
interval (¢} ;,t?) for 1 <i < n where t;? = jT/k, the Hausdorff locally convex path spaces

Qoo([()’T];Y) = U Qn({O,T];Y), Q([O,T];Y) - QOO<[0ﬂT];Y)7
n=1

and an important F, subset of Q([0,7];Y)
Qe([0,TY) = Qo ([0, T Y) U C([0, T} Y)

that contains both step-functions on equidistant partitions of [0, 7] and continuous functions,
equipped with the uniform convergence topology, that is best suitable for our purposes in
the sequel when piecewise constant processes will converge uniformly to a continuous process.
The space of continuous Y-valued functions C(]0,7];Y) is also equipped with the topology of
uniform convergence.
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Further, we define the space

T
QC,Bvqo,T];Li,):{fchqo,T};Li): /0 ||f<s>|rBV(o>ds<oo},

as an F, subset of Q([0,T];L2).
Finally, if M is a subset of Q([0,7T];Y), we define

n—1
Mg =M\ U Qm([0,T];Y).

m=1

Remark 6. Every f € Q([0,T];Y), as a uniform limit of functions in Qu([0,T];Y), is
bounded and also continuous at every x = Tr for some irrational number r. In particular, f is
continuous with an exception of an at most countable set and, as such, f is Borel measurable.

Remark 7. IfY is sequentially complete then Q([0,T];Y") coincides with the space of functions
f € YOII that are continuous at every t € (TQY) N [0,T] and that have right and left limits
at every t € [0,T).

Remark 8. The space Q([0,T];Y) can be also equipped (alternatively) with the Skorokhod
topology defined by neighbourhoods

No(f) ={g: I such that v(p) < e and g(u(t)) — f(t) € O for every t € [0,T]}

where O is an absolutely convex neighbourhood of zero in Y, € > 0, p is an increasing bi-
Lipschitz continuous homeomorphisms of [0,T] onto [0,T] and () = || log p'||rec. But the
Skorokhod topology is strictly weaker than the topology of uniform convergence. In other words,
convergence in Q([0,T];Y) implies convergence in the Skorokhod topology but not vice versa.
Thus, for our purposes, the space Q([0,T];Y) with the topology of uniorm convergence is the
better choice.

In the next theorem, we characterize compact sets in Q.([0,7];Y") which play an essential
role in this paper. To this end, we present an Arzela-Ascoli theorem.
Theorem 3. Let M be a non-empty subset in Q([0,T];Y) and consider the following:
(i) {f(t) : f € M} is relatively compact in'Y for every t € [0,T];
(ii) for every O being a neighbourhood of zero in'Y , there exist m € N and 6 > 0 such that
V|t —s| <6 and Vfe M) onehas f(t)— f(s) € O;
(i) the closure of M in (YI%T! 7,) is a compact subset of Q.([0,T];Y);
(iv) {f(t): t €[0,T], f € M} is relatively compact in'Y .
Then
Proof. See Section A.1. O

Remark 9. If Y is sequentially complete and M is relatively compact in Q([0,T];Y) then
(iv) in Theorem 3 still holds with the same proof.

Corollary 1. If compacts of Y are metrizable and M satisfies (iv) in Theorem 3 then M is
also metrizable.

Proof. See Section A.2. O
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Now we provide an easy test for checking Borel measurability of Q.([0,T];Y)-valued ran-
dom variables. It turns out that pointwise measurability and Borel measurability coincide
for mappings with a o-compact range in Q.([0,7];Y) provided that compact sets in Y are
metrizable.

Corollary 2. Let compacts of Y be metrizable and let M be o-compact in Q.([0,T];Y). Then
Ve#QU0,T;Y)) <<= Velr,
holds for every V- C M where
Yr=o(ms: s (TQ)NI0,TY)), s : Q(0,T);Y) =Y : f— f(s).
Proof. See Section A.3. g

Remark 10. Let us recall that a compact K is metrizable if and only if there exists a countable
family of real continuous functions on K separating points of K (see e.g. [14]). In case of
Hausdorff locally convex spaces Y, those functions can be chosen in such a way that they
are linear and continuous on Y. Hence compacts are metrizable in all spaces where there
exists a countable family of continuous functions separating points of that space. In particular,
compact sets are metrizable e.g. in analytic spaces (see e.g. |8, Corollary 6.7.8|) among which
all separable Fréchet spaces equipped with any locally convex topology weaker than or equal to
the metric one belong.

Example 1. If K is a set in Y then we denote by C,([0,T]; K) the space of functions f :
[0,T] — K that satisfy

t—1t;—

) = == f )+~ f (i), € it

for every i € {1,...,n} where t; = i and 7 = T/n. If K is compact then Cy([0,T]; K) is
compact in C([0,T];Y).

ti—t

Proof. Indeed, C,,([0,T]; K) is closed. Now, if O is an absolutely convex neighbourhood of zero
then K C \O for some A > 0, and so f(t) — f(s) € 2A\71(t — s)O holds for every s,t € [0, T]
and every f € Cpn(]0,T]; K). Hence C,([0,T]; K) is relatively compact by Theorem 3. O

We will need the following version of the Prokhorov theorem.

Theorem 4. Let Z be a completely regular topological space, let {un} be Borel probability
measures such that there exist metrizable compacts K; such that

sup [inf p, (K;)] = 1.
j n

Then there exists a subsequence {jin, } that converges to a Radon probability measure p on Z.
Proof. See [8, Theorem 8.6.7.]. O

Weak convergence of tight probability measures is actually more powerful than it might
seem. Let us present a reinforcement of the Portmanteau theorem, cf. [17, Lemma 1.10].

Proposition 1. Let Z be a completely reqular topological space, let {u,} and p be Radon
probability measures on Z such that (f, un) — (f, u) for every f € Cy(Z) and, for every r > 0,
there exist metrizable closed sets K, \, K, such that

,un(Kr,n) >1- r, n € N.
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Let Fy, F': Z — [~00,00] be such that Fy|k, ., F|k,, are B(K,,)-measurable for every r > 0
and n € N, and denote by p* the outer measure associated with . Then Fy, is pn-measurable
for every n € N, F is u-measurable and the following holds:

(1) If F,, and F are non-negative and p*(D,) =0 for every r € (0,1) where
D, ={z € K, o : 3z, € Ky py, pp = x, liminf F,,(z,) < F(x)},

/ Fdu < liminf/ F, duy,.
Z Z
(2) If p*(D;) =0 for every r € (0,1) where

D,

={r € K, : Jz, € Ky, x, — z, limsup |F,(z,) — F(z)| > 0},

then

and
lim sup/ |Fldpn | =0,
R—00 | neN J[|F,|>R)
then
lim/Fnd,un:/Fd,u.
Z Z
Proof. See Section A .4. O

6. TIGHTNESS PROPERTIES OF THE NUMERICAL APPROXIMATION

We consider the interpolants X,, X,, X defined in (7), (8), respectively. As in the previous
section, to simplify the notation, the dependence of X, X and X on ¢, h and 7 will not be
displayed for clarity reasons until it matters.

The next lemma is a direct consequence of the a priori estimates in Lemma, 1.

Lemma 4. The interpolants of the numerical solution of the scheme (4) satisfy the following
bounds:

(1) B[IX- I g prny] <€ E[IX- < CLE[IX2,,

2
”Ll(T,T;WéJJ T,T;Wé’l)}
<

(16)  E[IXleoren] <O E[IX Iinran)| <€) E[1X b oman) < ©

_ 4 — 4
a7 E[IXr - Xellfaoran| < O E[IXr = X, lfaozen] < O,

<C,
)

where C does not depend on e, h, T and q € [2,0].

Furthermore, by Lemma 2 the following time-fractional bounds hold for the piecewise linear
interpolant.

Lemma 5. Let m denote the modulus of continuity of H™'-valued functions on [0,T]
m(f,0) := sup {[|f(t) = f(s)llu-1 = 5,8 € [0, T], [t — 5] <}
Then the following estimate holds for o € (0,3) and s € (0,1)

E |:||XT||;1/V074(0,T;H_1)i| < C? E |:§1>1%) {5_Sm(XTv 5)}:| < Ca 6> 07

E[igg{wwwrn(&,é)}}sa E[igg{wwwrn()cﬂa)}]sc, 550,

where C does not depend on €, h, T.
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Proof. Use Lemma 2, Lemma 9 and the inequality
max {m(X,,8), m(X_,8)} <m(X,d+ 1), 5> 0.
O

With the notation and the parameters from Lemma 5, for R > 0 and a € [0,7], writing
shortly @Q,, for Q,,([0,T];1L2) and C for C([0,T];L2), we consider the sets

T
Vina ={f €Qu: sup 10 < Ry sup ) m(0)__p /Hﬂ)hv Jds < R},

t€[0,T] o (0+T/n)s
m(f,§
Voo ={f€C:  sup [f(B)] < R,sup(;i,) <R, / 1£(s) By o) ds < R},
t€[07T} >0
Vfgfb = VR,oo,b* U U VR,n,bnp b* := lim sup bn
nem,oo] n—oo

Proposition 2. The random variables X, X_, X, are Borel measurable as mappings from
(Qr, 72, P;) to Qo([0,T);1L2), for every m,n € N and a € [0, TINU{®} the sets Vi, and
VRn.a, are compact in Q.([0,T);L2), the sets Vi ooa., are compact in C([0,T];1L2), and
— C C c
P, [X: & VRno] < ik Pr [ X, ¢ Ve n1/N] < 7 Pr [Xr & VR oo,r/n] < R
holds for every R > 0 where C' does not depend on €, h, T and R. In particular, the laws

Pr [Ys,h,f S ‘]’ Pr [X hr € ] Pr [XEJL,T S ']7

are tight on Q. gy ([0,T];L2), Q.([0,T);L2) and C([0,T);1L2) resp. with respect to €, h, T.

Proof. X;, X, and X, are clearly Yr-measurable and Qn([0,7];1L3) and Cn([0,T];1.2) are
o-compact in C([0,T];L2) by Theorem 3 and Example 1. Hence X,, X_ and X, are Borel

L7
measurable by Corollary 2 as compact sets in Q.([0,T];1L2) and C([0,T);1L2) are metrizable
(Remark 10). Now the sets Vg 5.4, and Vg, are closed and relatively compact in Q.([0, T]; L2)
and the sets Vg 4., are closed and relatively compact in C([0,7];1L2) by Theorem 3, as the
weak topology and the H™!-topology coincide on bounded sets in 2. In the proof of closedness
of the above sets, we use the fact that there exists a countable set H of smooth compactly
supported functions such that

lgllBvo) =sup{(g,%) : ¢ € H},  for g € Li,e(O),
holds, e.g., by [1, Proposition 3.6] and by separability of C2°(O). Hence

T
fHAHﬂmeN&

as a supremum of continuous functions, is lower semicontinuous on Q([0, T];L2).
The tightness then follows directly from Lemma 4 and Lemma 5. U

In the next lemma we obtain the convergence of the noise variables to a Wiener process.

Lemma 6. Let Wﬁ, 1 < j < N be the piecewise linear processes on [0,T] defined by

7
=&, 0<i<N,
(=1
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and W} is linear on [ti—1,t;] for every 0 < i < N where 7 = T/N and t; = it. We also
define Wi =0 for j > N. Then the laws of W} converge to the Wiener measure on C [0,T)
as T — 0, for every j € N.

Proof. Let s € (1/4,1/2). Then,
E[\Wg(tn)—wg(tn_g)ﬂ <O, 1<l<n<N,
hence, by Lemma 9 we get

(18) E [HWN%;A(O,T)} < Chas, 1

In particular, since Bj 4(0,7’) is embedded compactly in C*([0,T7) for every 0 < a < s—1eg.

by [18, Corrolary 26], the laws of {W7} are tight on 2(C([0,T])). Since (W (so),..., W (s;))
converge in law to the law of (W (sp),...,W(sk)) where W is a Wiener process, e.g. by
Theorem 18.2 in [7], we get the claim. O

Let us consider the completely regular space with metrizable compacts (see Remark 10)
Z = Q.pv([0,T);L2) x Q.([0,T);L2) x C([0,T);L2) x C([0, T]) x C([0,T]) x C([0,T)) x...,

define the projections

St Z— Qepv([0,T;L2) (f5 12 12wt v w?, ) e
S%:7 — Q.([0,T];1L2) (fY £2, 3wt v wd, ) = f2,
(19) S3:.7Z — C(jo,T);L2) (fY, £2, 3wt v wd, ) — f3,
Wj:Z—>C([O,T]) (fl,fQ,f3,w1,w2,w3,...)ij,

and the canonical filtration on Z
Zy=0(S8), 82,83 Wi sc(0,t],j€N), tel0,T).

If v is a probability measure on #(Z) then Z} stands for the augmentation of Z; by v-negligible
Borel sets.

Corollary 3. The random variables

ZE,h,T = (ya,h,fa X ng’h,q—, W;, WE, WE, ce. )

e h, T

are Borel measurable as mappings from (Qr, %, P;) to Z and their laws under P, are tight
on B(Z) with respect to €, h, 7. In particular, every sequence (y,hp,T,) has a subsequence
(Engs Py s Ty, ) Such that laws of Z. under Pmk converge to a Radon probability mea-
sure p on B(Z).

ng :hnk Ty

Proof. Since X p -, X_ . and X, ; take values in o-compact subsets of Q. gy ([0,T];L3),
Q.([0,T];1L2) and C([0,T);L2) respectively by Theorem 3 and Example 1 and the fact that
compact sets in all these spaces are metrizable (Remark 10), we get that Z.j . is Borel
measurable e.g. by [8, Lemma 6.4.2/ii]. Tightness follows from Proposition 2 and Lemma 6
and convergence of a subsequence by Theorem 4. ([l
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7. CONSTRUCTION OF A PROBABILISTICALLY WEAK SVI SOLUTION

Thanks to Corollary 3, in the sequel, we choose a subsequence (eg, hx, 7)) — (0,0,0) such
that the Borel laws of 7, = Z,, j, -, under P,, converge to a Radon probability measure p
on A(Z).

Lemma 7. Let Fy,, F : Z — [—00,00] be such that Fy|x and F|x are B(K)-measurable for
every compact K in Z (e.g., sequentially lower semicontinuous) and every k € N). Further,
assume that one of the following

(a) Fy and F are non-negative and

F(f,g,h,wl,wQ,...) < hmlank(fkagkahk7wI}:7wl?:7)7
k—o0
(b) hmk—)oo Fk(fkvgkuhkvwivw]zu"') :F(f,g,h,wl,MQ,...) and

(20) lim supETk [1[|Fk(Zk)\>RHFk(Zk)H =0

R—00 | keN
holds for every
(i) i = f in Qepv((0, T L), supy fy 1 1(5)l| By (o) ds < oo, f € C([0,T]; L),
(i) g = g in Qe([0. T} L3), supy [ llgx(5) | v (o) ds <0, € C(O.TELEN Qe (0.THLE),
(iii) hgx — h in C([0,T];1L2), supkf Ihr(s)lBv (o) ds < 00, h € Qc,Bv ([0, T);1L2),
(iv) wi — w? in C([0,T)) for every j € N
where 7 = max{r; : 1 > k}. If (a) holds then

/ Fdp <liminfE., [Fi(Zy)].
VA k—o0
If (b) holds then
/ Fd,u = lim Erk [Fk(Zk)] .
VA k—o0

Proof. The sets

,CR,n = U VR,m,O X U VR,m,T/m X VR,oo,T/n X C([O7T]> X C([OaT]) X,

me[n,o0] me[n,oo]

are closed, metrizable and decreasing in the second variable,

KRoo == ﬂ Krn = VR0 X VR0 X VRooo x C([0,T]) x C([0,T]) X ...,
n=1
and o
Pr, (Zk & Krr/rp) < Pry [Zk € Kpiyr,) < B
by Proposition 2. The rest follows from Proposition 1. O

Remark 11. From the definition of the topological space Q. pv([0,T7; L2) we observe that

X%hk 7. converges in a significantly stronger (hence better) sense than Xak b Te and X, ny -

Corollary 4. If a € (0,1) then the following holds:

(I) The L?-valued processes S*, S%, S3 and the real-valued processes (W*)pen are (24)-
progressively measurable.
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(IT) p(S*=52=29%)=1.
(III) We have

T 2

/ [ sup [SHO1+ 15 ymsons + ([ 15'Ollavio) ) ] dp < o0
Z |t€[0,7) 0

(IV) The o-algebras Z; and (W7 (b) — W(a): t <a <b<T, j€N) are u-independent.

(V) The processes WH W2 W3 ... are u-independent (Z;)-Brownian motions.

Proof. (1) follows from Remark 6 as the processes S', S2, S3 are continuous with an exception
of an at most countable set and they are (Z;)-adapted by definition, cf. [15, Proposition 1.13],
and (IT), (IIT) from Lemma 4, Lemma 5 and Lemma 7.

As for (IV), it suffices to realize that

Zr=0a((¢,50), (0. 52), (9, 82), Wi : s€[0,1], j €N, p € L?).

If u>t+ 7 then (W7 (b) — Wi(a) : w<a<b<T,jeN)and Z are P, (Z; € -)-
independent, hence also p-independent by Lemma 7. Consequently, o(W7(b) — W/(a) : t <
a<b<T,jeN)and Z; are u-independent but the former coincides with o(W9(b) — W/ (a) :
t<a<b<T,jeN)since the processes W7 are continuous.

As for (V), the o-algebras o(W1), o(W?2),0(W?3),... are P, (Z, € -)-independent, hence
also p-independent by Lemma 7. And Lemma 6 yields that they are Brownian. g

Theorem 5. The process S° defined in (19) is an SVI solution on (Z,B(Z),(Z!'), ) with
Wiener processes (W")ren (also defined in defined in (19)) in the sense of Definition 1.

Proof. The proof is divided into several steps. Recall that we consider the sub-sequence
(ek, hie; 1) — (0,0,0) for k — 0.

(i) First, we show that a discrete version (26) of (5) holds for simple step-processes G and
H. Forlet 0 =59 <--- < 8y, =T, define R4M*_valued continuous mappings on Z as

Ve = ((9067 57},‘?)7 (9067 57?2‘)7 (9067 Sgﬁ)v ng} : /37’77]. € {17 oo 7M})7 0<a<m,
for some 5 € [0,s4] and ¢p € L2 where we consider the product with g to work with

real-valued random variables, and let

Jarhay R™M* S HY  ae{0,...,m},jEN,

be Hi-bounded continuous functions such that ha,j = 0 for j > jo and some arbitrary jo € N,
to simplify the argument. We define

m—1 m—1
G(t) = Z 1(Sa78a+1}(t)ga(va)7 Hj(t) = 1(8a,sa+1](t)h067j(va)ﬂ
a=0 a=0

and

t Jo
(21) I(t)—uo—/o G(s)ds+z/ Hy(s) AW,
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Setting Ny = T/7, t; := im, for i € {0,..., Ny} then Gy, (Z;) and Hj, (Z)) are F. -
measurable, Lemma 3 yields

1 . t;
§E7k[HS}Z_(Zk)—PhkUl(Zk)HQ]—i—ETk UO J-.(SX(Z1)) ds| <

+ ZEm

—1
+5 ZETk [/ HPth(Ssl(Zk)) - Ptht£—1(Zk)H?(fg(€2,L2) ds

to—2

|2 — |2

l\D\)—t

~7sk(Phk “Z0) + (Pn,Ge,(Z1), SY(Zk) — U (Zr))] dS]

ti—1

+ EHP}LB(:E )”32(52,L2) ’

for 0 <4 < N where

(22) Ul=u —TkZG te) +ZZ (W (tg) — Wi (tg_ 1)) Hj(te1)  i€{0,...,Ni},

/=1 j=1

as SE(Zy) = X'

P Tk by the definition of S! and Zj. For Nj, > jo we deduce that
Jo '
(23) max  sup ||I(t) — UZH 1 < Cami +Cx m(W7, 1),
LSESNE te(te—1 ) o ;

where m is the modulus of continuity of real-valued functions.
In the following, we replace U by I in the last but one inequality above, we proceed term
by term. We note that

é 1 2
<
(24) Br | Dax U Zk)HHﬁsg%pT 155 (Z0)|I7| < C,
and
(25) E,, [m(W/(Z),m)]” < Cr’

hold for some ¢ € (0, 1) by (18), the Doob maximal inequality for submartingales and Lemma
4. Next, we observe that

B 1S5 (Z1) = Po UN(Z0) %] = B IS5, (Z1) = Padi (Z1)|°]]

. . 1
<Er [P0 U (Z1) — Pup I, (Z0)|P) + 4V C {E, || Po, U (Zk) — P 1 (Zk)|1%]} 2
<crf,
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and

ti—1

2 te
<03 [ B [1U @) - P2
j=1

ETk [/ e ‘Jfk(PhkUe(Zk)) - j€k(PthS(Zk)>‘ dS]

2] s
te—1 H

~ [ ‘ AT
0y A AR RACAT LA CATEN B

1+4
<Cr, ?,

by the stability of the projections { P }no in Hj from Assumption L(3)-

Now denote by Ry the set of £ € {1,..., Ny} such that the interval (¢y_1,%¢) is not fully
contained in some of the intervals (sq, Sat1] for a € {0,...,m—1}. If £ € Ry, then there exists
unique « such that so <ty < sq11- If sq < ty_1 then this would contradict that £ € Ry hence
Sq < tp < 8q + T In particular, card (Ry) < m, and consequently

Ny e
S E, / (PaGoy(Z0) — PoGa(Z1). 51 (Z0) — U'(Z3)) ds
=1 te—1
ty
=Y B | [ 1 (2 - P G254 (2) - Uf<zk>>\ds]
LE Ry te—1
< Cmry, .

Analogously, we estimate

N to—1

2_En, [ | IBSHZ) - By (20,2 | < O,
=2 te—2

il fe- 1 2

> B | [ IB(SHZD) ~ HA( )0 ds| < o,
=2 02

by the linear growth of B assumed in (B1). In the fourth step, we estimate

Er, /té [(PhiGis(Z0), U'(Z1)) = (P, Gs(Z1), Lu(Z)| ds

te—1

< CT,iH)
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by boundedness of G. Hence, we conclude that

1 ti
SIS (20— P BB+ B | [ T(SHZ0) 08] <

1 ti 1
(26)  SElISE(Zr) = PoJe(Z0)|°] + En, [ /0 $k<s;<zk>>ds] < G lla® =)

| e (P L(Z0)) + (PaGa(Z2). S (Z2) — 1(Z) )

2]
2

1
+ 58 | [ IBOHED ~ 2 0 05] + O

for 0 < ¢ < N and some C' independent of ¢ and k. Here we used J < J. and the linear
growth of B assumed in (By).

(ii) In the second step, we extend the discrete result from step (i) to the time-continuous
case on the stochastic basis (Z, %(Z),(Z}'), u), yet still for the simple processes G and H
defined in part (i).

We note that by construction the mapping I : [0,7] x Z — H} from (i) is continuous and
the following properties hold for every k and r € [0, T:

( ) S — Py, I.||? is lower semicontinuous on Z,
fo J(S')ds is lower semicontinuous on Z by Remark 12,
) Jy jgk Phk ) + (P, G, St — 1)]ds is continuous on Z as (P, G, S') = (G, P, SY),
) Jo IB(SY) — H||92%(€27L2) ds is #(Z)-measurable by Corollary 4 (I).

Furthermore, from the fact that J. — J for ¢ — 0 and ||Vv — VPyo|| — 0, v € H! for h — 0
we deduce the convergence

153 (2) = I(2)||* < liminf || S} (21,) = P L (21)]I°
k—o0 ig ik

/J ds—hm/ Ter (Pr, I(2)) ds,

k—o0 0
r

/0 (G(2),8"(2) — I(2))ds = lim [ (PnG(z), 8 (z2) — I(zi)) ds.

k—o0 0
1B @) = ) s = i [ IBS (500) = 0l 0,0 .

whenever tk 't and zp — z in the sense of (i)-(iv) of Lemma 7 where, in the last step, we
used the assumptlon (B2) on continuity of B if d > 2 (if d = 1, continuity of B suffices).
Indeed, assume that

T
(27) /0 IB(fk) — B Zyeyrey ds =7 > 0,

for some f;, — f in the sense of (i) of Lemma 7. Then f; — f uniformly in H~¢ and
ST fellpy ds < €. Hence [ || fx — fllLr ds — 0 since BV (O) << L' <5 H~%. If d = 1 then
even f(;[ |l fx — fll2 ds — 0 since BV (O) << L2 < H~%. Thus there exists a subsequence

k; such that fg,(s) — f(s) a.e. on O (or in L2 if d = 1) for a.e. s € [0,T]. In particular,
B(fr,(s)) = B(f(5))l.#(02,.2) — O for a.s. s € [0,7], and the linear growth of B then yields
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that fOT | B(fx,) — B(f)|I* %5 (6 12) 45 — 0 which is a contradiction with (27). Finally,
Jo A
1s(Ze)lley < ¢+ ¢ D IWE leqory
j=1
| T (Pr, (Ls(Z1)))] < el + ILo(Zi) 3] -
holds by stability of the projections {P}5~0 in HJ so (20) is satisfied by (18), Lemma 4 and

the linear growth of B. Hence on taking the limit & — oo in (26) we conclude by Lemma 7
that (5) holds.

(iii) In the last step, we prove the full result. The extension of (5) to (Z/')-progressively
measurable processes in L2([0, T] x Q;HY) and L2([0, T] x Q; % ({2, H})) goes via a standard
density argument, and the general case can be obtained by considering G, = P,G and Hp, =
PrH, and then letting h — 0. O

8. CONVERGENCE TO PATHWISE UNIQUE PROBABILISTICALLY STRONG SOLUTION

In this section we study convergence of the interpolants Y&h,ﬂ X&hﬂ' and X5, to a
probabilistically strong SVI solution of (1) in probability.

Theorem 6. Let (W7) be independent (F;)-Wiener processes on (2, F, (F;),P) and let
T =WI(t) — W (timq), =it

Assume also that pathwise uniqueness holds for the SVI solutions of (1) satisfying (9). Then
Xehrs X pr and Xcpr converge to X in probability in Q. pv ([0, T]; L), Qc([0,T];1L2) and
C([0,T7; IL?) respectively where X is a solution (1) with respect to (W7)en.

Proof. The proof is based on the Gyongy-Krylov Lemma 1.1 in [13]. Define
S = Qe,pv ([0, T LY) x Qe,pv ([0, T]; LE) x C([0,T1) x C([0,T]) x C([0,T]) x C([0,T]) x

and the projections

Y18 = Qepv((0, T L) (ff 2wt w?w?, ) e f
Y2 1S — QC,BV([OvT];]L?u) (f17f2awlaw27w3¢ . ) = f2>
W78 = C([0,T)) (fY, 2wt w?wd, ) e,

and the canonical filtration on S
Si=o(Y,, Y2, Wl :s€0,t],jeN), te€[0,T].

We consider two different sequences of discretization parameters (ei,ht,7.) — (0,0,0) for
1 = 1,2, which are chosen as in Corollary 3, such that

Z = X pt s Xz 2,W1,W2,W3,...),

g b

converge to a Radon probability measure 6 on %(S). Analogically as in Corollary 4, the
processes Y1, Y2 and (W¥),en are (S;)-progressively measurable, paths of Y and Y? are
continuous #-a.s.,

J

T 2
sup o)+ ( [ ||Y1<t>||Bv<O)dt)]de<oo, =12

t€[0,T]
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the o-algebras S; and o(W/(b) — Wi(a) : t < a < b < T,j € N) are f-independent and
WL W2 W3, ... are §-independent (S;)-Brownian motions. The proof that Y! and Y? are
SVI solutions with respect to (W*)zen and

OY'(0)=Y?%0)=2" =1

is analogous to the proof of Theorem 5, we point out the differences below.
In step (i) one modifies the definition of the R¥”-valued random variables

V= ((pp. Vi), (05, Vi), Wie 2 B,7,4 € {1,...,M}), 0<a<m,

defined on S, the functions ga, ha,j map R3M? ¢ H} and have the same properties as in the
proof of Theorem 5 and

m—1 m—1
G(t) = Z 1(5a75a+1}(t)ga(va_l)7 H;(t) = Z 1(sa75a+1](t)ha,j(va_l)7
a=1 a=1

i.e., there is a backward time shift compared to the definition of G and H in the proof of
Theorem 5. Once we set we set Ni = T'/7i, t} := {1} for £ € {0,...,N;}, i = 1,2 the above
modification ensures that V~1(Zy) is Fs, -measurable. Consequently, G(t, Zy) and H,(t, Zy)
are (JF;)-adapted processes as long as T,i, i = 1,2 are smaller than the mesh of the partition
{sa}.

Pathwise uniqueness of solutions of (1) yields that Y* = Y2 holds P-a.s. hence X, , is
convergent in Q. pv([0,7];L2) in probability as (¢, h,7) — (0,0,0) by [10, Theorem 2.10.3]
(with the exception that we apply the Gyongy-Krylov lemma directly without having to pass
to a subsequence as in [10, Theorem 2.10.3]).

Now we apply the Gyongy-Krylov lemma once again. By Corollary 3 we deduce that the
laws of the sequence

(Ylhll 1X1 X2 2X2h2

1p1 1.1 2 2
€ T b T ) e T e T e b

XE%JR 2),

Tk
on

B(Qe.By X Qe x C X Qcpy X Qe x C),

where Qc.pv = Qcpv([0,T];LE), Qc = Qc([0,T]:LE)) and C = C([0,T];L7,) converge to
some probability measure v. Consequently

v{z) = 20 = 3, x4 = x5 = Tg, T1 = T4} = 1,

by Corollary 4 (IT) and the first part of the proof. Hence [10, Theorem 2.10.3] yields that
X, ., and X - converge in probability in Qc([0,T];12)) and C([0,T];L3) respectively as

(e,h,7) — (0,0,0). And the limit equals to X by (17).
Analogously as in the proof of Theorem 5 we set

m—1 m—1
(28) G(t) = Z 1(sa,sa+1](t)ga Hj(t) = Z 1(sa,sa+1](t)ha,j7
a=0 a=0
for some 0 = s < --- < s, = T where g, and h,; are simple H(l)—valued Fs,-measurable

random variables such that h,; = 0 for j > jo for some arbitrary jo € N and define the
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process I asin (21). Setting N =T'/7, t; := it for i € {0,..., N} then, as in (26) in the proof
of Theorem 5 we obtain that

LE[IX (1) - PuTlr [/ J(X ] Ll — )
+&] / T PI(3)) + (PUG(s). Ko (s) — (5))] s

[SI5S

1 I—
# 58 | [ IB o) = O 00 ] + 7
for0<i< NifN>jo. f0<t<t; <t+7 then

l2° — u°|I?

SEIR () - PP} +E [ [ 79 as) < 3

+E| [P0 + (P66, T o)~ H6)] s
0

1 t — 0
# 38 | [ IBEE0) ~ HO 0]+t +arm
0

We deduce that the following holds for (e, h,7) — (0,0,0):

o X, (t;)— PyI(t;) is tight in L2 and converges to X (t) — I(t) in L2 in probability (hence
also in law) thus

E[[|X(t) - (6)|*] < liminf B[| X~ (t;) — PuI (t:)[]%],

by Proposition 1,
e X, converges to X in Q. pv([0,7];1L2) in probability (hence also in law) thus

o[ [ st as] <mines | [ 700

as in the proof of Theorem 5,

[ ] s [ it

as in the proof of Theorem 5,

: [/ (PLG(s) = G9). X (s) ~ 1(s)las] <z | [

T
|P,G(s) — G(s)|? ds} -0,

E [/OTKG(s),XT(s) - X(o))as] ng [/ (00, X(5) = X)) s
<75 E| s (e T<>X<s>>r]eo,
= s

since g, are simple,
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e we proved in the proof of Theorem 5 that if f% — f7in Qc,BV([0,7):L2,) and

T
/0 1) svods <O j=1.2

then
r 1 2\ 112 r 1 2\ 112
/0 IB(D) = BU2)I ) ds — /0 IBUY) — B2, 10 ds.

Now (X, X) are tight in Qc,Bv(j0,11:12) X Qc,BV([0,7];12) and converge in probability
(hence in law) to (X, X). By Proposition 1 we deduce

T

T —
i | [ IBOE6) ~ BOEN 15| =B | [ 1B = B 005

Hence, we obtain as in (ii) in the proof of Theorem 5 that
SEIXO 107+ | [ 7)) as] < 50 - )
v 2| [ W700) + (606, X0) - 1)as]

+E [/Ot IB(X(5)) = H(3) ds] |

The extension to general G, H and I is analogous to (iii) in the proof of Theorem 5.
O

9. NUMERICAL EXPERIMENTS

We perform numerical experiments using a generalization of the fully discrete finite element
scheme (4) with O = (0,1)2. We consider a triangulation 7;, of O for h = 27¢ which is
obtained by subdividing the unit square into sub-squares of size h and subsequently each square
is subdivided into four equal right-angled triangles. Given V;, = V(7,) = span{¢;, j =
1,...,J} and a constant ¢ > 0 we set B; = o¢; and denote A;W), = ijl ¢;A;B; with
discrete increments A;3; := 5;(t;) — Bj(ti—1) and where 3;, j = 1,...,J are independent
scalar-valued Wiener processes.

The corresponding counterpart of the scheme (4) for i = 1,..., N then reads as
. , VX!
(X;h, Uh) = (X;;Ll, ’Uh) — T - &h ,Vvh
w/\VX;,hP +£2
(29) —7A (XL, = gnovn) + 0 (AWh, vh) Yoy € Vi,

where gy, x% € iv/h C Vy, are suitable approximations (see below) of the data g, x¢, respectively.

For comparison we also perform simulations using a non-conforming variant of (29) where
the (H'-conforming) space Vj, in (29) is replaced by a non-conforming finite element space
Ver € H(l). Given a partition 7T, of O we denote the set of all faces of elements T € T}, as
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Sp = UreT;, 0T and for a face S € §p, we denote its barycenter by bg. Then we define the
non-conforming finite element space as

Ver = {p € L% ¢|r € PY(T) VT € Tp, ¢ is continuous at bg VS € S, N O
and ¢(bg) =0 for S € S, N IO} .

The above finite element space corresponds to the first order Crouzeix-Raviart finite element
which is more suitable for the approximation of discontinuous solutions, cf., [3] and the refer-
ences therein, for its use in the context of image processing. We note that Vj,(7,) C Ve, (Tr)
but since V¢ ¢ ]I-]I(l) the elements of V¢, have no (global) weak gradients in general. Hence for
wp, € V¢ we define a discrete gradient Vywy, via Viywy, = V(wp|r). Then the non-conforming
counterpart of the scheme (4) is obtained by replacing Vj;, with V¢ and the gradients v
in (4) by the discrete gradient Vj. The numerical solutions X’h € Ve, t = 1,...,N the
exist and satisfy an energy law (counterpart of Lemma 1, however, the convergence of the
non-conforming scheme is open so far. B N

To construct an approximation of the data g, o we consider the space V;, = V,(7,) with
fixed mesh size h = 276, We define the exact “image” g, € ?h as the composition of the
characteristic function of a square with side l at the center of O scaled by the factor 3 5 and
the characteristic function of a circle with radlus shifted by 0.2 to the right of the center of

O interpolated on the mesh Ty, see Figure 1 (left), i.e., gu(z G(x;)¢;(x) where {qgj}{zl

IIM&

are the nodal basis functions associated with the nodes the {x; }3]:1 of the mesh 7T,. Hence, we

set gn = gn +&n € Vh with the “noise” &, (z) = 0. 12(;53 Ve, v € O where &, j =1,. J

are realizations of independent U(—1,1)- dlstrlbuted random variables. The corresponding
realization of the noise &, and the resulting “noisy image” gy are displayed in Figure 1 (middle
and right, respectively).

FIGURE 1. The original image g, (left), the noise &, (middle) and the noisy
image gp, (right).

In all experiments we set T = 0.1, A = 200, ¢ = 1074, x% = gp. The nonlinear algebraic
system which corresponds to (29) is solved using a simple fixed-point iterative scheme with
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tolerance 10~%. If not mentioned otherwise we use the time step 7 = 1073, the mesh size
h=2%and o =1.

The time-evolution of the discrete energy functional J. for one realization of the space-time
noise W, is displayed in Figure 2 (left); P1 denotes the solution with the conforming finite el-
ement approximation and CR denotes the non-conforming approximation, h7, h8 respectively
denote the solution with mesh size h = 277, 278 and det stands for the deterministic solution
with 0 = 0. The evolution of the approximation error of the original image gy is displayed in
Figure 2 (left). We make the following observations for the conforming finite element method:
the approximation error for 0 = 0 improves with decreasing mesh size, and the approximation
error of the stochastic problem oscillates around the error of the deterministic counterpart.
For the non-conforming approximation we measure the approximation error of the projected
discrete solution H%X; nt=1,..., where H% is the projection onto piecewise constant func-
tions on Tp, see Figuré 3 where we also display the solution of the conforming finite element
scheme. As expected, cf. 3], on the same mesh with o = 0 the non-conforming finite element
method yields a better approximation of the original image then the conforming method. The
non-conforming approximation requires roughly 3x more degrees of freedom than the con-
forming one but the approximation is still comparable to the conforming method with smaller
mesh size h = 277 (which involves 4x more degrees of freedom than the approximation with
h = 275). Nevertheless, we also observe that the non-conforming approximation is more sen-
sitive to the noise. For comparison in Figure 4 we display the piecewise constant projections
of the solutions computed with the conforming scheme with h = 276 and h = 278,

energy Up - Oh
0.2

" CRdet —— ' ' ' " CRdet ——
R — g4 —
1 det 1 det
P1 B P1
P1deth7 P1deth7
I oo Keolio ) Pldeths —— P1dethg —o—
T T b R R ot }
x50
O W By O e NN O g W " %
%xxx’\x%x*‘yw/ ol " i %‘y\g&&»f
| ¥
("
- 0.1 L e
| %
%
1.95 \ 4 [ \f B
I 9 o
& \ ]
19 4 H 0.05 |
b ¥
% i
18 S i l /‘

18 L L L L 0 L L L L
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1

FIGURE 2. Evolution of the discrete energy (left) and evolution of the discrete
error t; — %HX;h — nl|? (right).

APPENDIX A. PROOFS OF THE RESULTS FROM SECTION 5

A.l. Proof of Theorem 3. The proof is analogous to that of the generalized Arzela-Ascoli
theorem e.g. [16, Theorem 7.6]. Denote by 7 the topology of pointwise convergence on
yI0Tl. Apparently, Tp € Tu. Basically, (i) yields that M™ is compact in YOTT by the
Tychonoff theorem, and the traces of 7, and 7, coincide on M'™ by (ii). To see the latter, fix
an absolutely convex neighbourhood of zero O and get 6 > 0 and m € N from (ii). Let D be
a finite subset of (7Q) N [0,77] that contains all ¢} for 0 < j < n < m, let D intersect each
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9.50-01
[08

FI1GURE 3. Solution computed with the conforming finite element scheme (left)
and the projected solution of the non-conforming finite element scheme (right).

F1aURE 4. Projected solution of the conforming finite element scheme with
o =0 for h =276 (left) and h = 278 (right) at 7' = 0.1.

non-empty intersection (¥ ;,t¥) N (té-fl,té-) whenever 1 <i<k<m,1<j<Il<m,and let
D be a d-net in (tF |, tF) for every 1 <i < k < m. With these preparations, if f,g € M are
such that f(r) — g(r) € O for every r € D then f(t) — g(t) € 30 for every t € [0,T]. Thus,
if f,g € M'® are such that f(r) — g(r) € O for every r € D then f(t) — g(t) € 30 for every

t € [0,T]. In particular, (ii) yields that 7p is stronger than m, on M™. But since Tp is weaker
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than 7y, the topologies coincide on M ®. Now (ii) also yields

L 00 N n—1 g
(30) M™ =) {Mg U MNQR" CQU (ML CQxUC(0,TY) = Qe
n=1 m=1 n=1

The implication (iii) = (i) is obvious and one gets (iii) = (ii) by contradiction.

To prove (iii) = (iv) and the assertion in Remark 9, we are going to use only the fact that
f(s+) and f(t—) exist for every 0 < s <t < T and every f in M. For let K be the closure of

M and define
R={f(t-), f(t), f(t+) : t € [0,T], f € K}
where f(0—) := f(0) and f(7T%4) := f(T). The definition of R is correct since we know by
(30) that K C Qo UC([0,T];Y) if (iii) holds, or we refer to Remark 7. Let us prove that R
is compact in Y. For let & be an ultrafilter in R and define
Su =A@, f) €0, T] x C: {f(t=), f@), f(t)} N U # 0}.

Then {Sy : U € U} is a basis of a filter in the compact space [0,7] x K, and therefore it
converges to some (s,g) € [0,7] x K. We conclude that

[(9(s=) +O) U (g(s) + O) U (g(s+) + O)]NU # 0
holds for every U € U and every neighbourhood O of zero in Y. Since U is an ultrafilter,

(9(s-) +0) U (g(s) + 0) U (gl(s+) + O)] M R e u

and so U converges to one of the elements in the set {g(s—), g(s), g(s+)}.

A.2. Proof of Corollary 1. Say that f takes values in some compact K for every f € M,
let {[| - |» < 1] : » € N} be a basis of absolutely convex open neighbourhoods of zero in the
compact set

c= |J (aK+DK)

max {|al,[b|} <1

for some continuous pseudonorms |- |, on Y and define

[e'S)
d(yhy?) = 22—71 min{la |y1 - y2|n}7 Y1, Y2 € Y.
n=1

Then

(31) D(f,g) = sup{d(f(t),9(t)) : t€[0,T]},  f,9€Q(0,T];Y)
metrizes the topology on M.

A.3. Proof of Corollary 2. It suffices to prove the assertion for compact sets M in Q.([0,T];Y").
The mapping f — D(f,g) is Yp-measurable for every g € Q([0,7];Y) by Remark 6, hence
the traces of B(Q([0,T];Y)) and Yr coincide on M as (M, D) is a separable metric space by
Corollary 1. Now it suffices to prove that M itself belongs to Yp. According to Theorem 3,
there exist {m,, : n € N} C N and {6, : n € N} C (0,00) such that M C R where

mn

R=| () = 'Kl n() UQj Ul () {F:1F@ = fs)la <1} ;)

te[0,T] [t—s|<6n
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and K and {|-|,,} are the same as in the proof of Corollary 1. But R is closed (as an intersection
of closed sets), relatively compact in Q.([0,7];Y) by Theorem 3 (hence compact), and Yr-
measurable as

=N =N Ualv] N v io-i@hs

teDp t,s€Dr, |t—s|<dn

where Dy = (TQ) N [0,T]. Thus the trace of B(Q([0,7];Y)) on R is a subset of Yr and, in
particular, M € Yp.

A.4. Proof of Proposition 1. It suffices to prove the first assertion for F,, and F real-valued
(otherwise compose theses functions with « — min {x, m} and then let m — o0). If t € (0, 00)
then set R = (—o0,t], and we have, for every r € (0, 1),

un(FneR)Sr—i—,un<U[Fk€R]ﬁKr’k>, m <mn,

k=m

SO

limsup pp,(F, € R) <71+ i ( m U [F, € R|N Kr’k>

m=1k=m

<r+u(FeR)+p(Dr)
by the classical Portmanteau theorem, cf. |8, Corollary 8.2.10], hence
liminf p, (F, > t) > u(F > t)

and therefore

/Fd,u:/ M(F>t)dt§hminf/ un(Fn>t)dt:Iiminf/ F,du
X 0 0 X

by the Fatou lemma. The second part of the proof is analogous but we take any closed set R.
In this way, we get

lim sup py, (F, € R) < u(F € R)

for every R closed, therefore limsup pu,(F), € -) = p(F € -). The first part of the proof now
yields that |F| is integrable with respect to u, and we get the claim by the assumption of
uniform integrability of | Fy,| diy,.

APPENDIX B. BOUNDED VARIATION SPACES

Lemma 8. The functional

Z(u) = sup {/ udivpdz : ¢ € C°(R%GRY), |gp§1}, u e L
@
satisfies
I(u) = IIVullTV(O)+/ |u| dzz, foru € BV (0)
00

and Z(u) = oo for u € LY\ BV (O). In particular, T is lower semicontinuous on (L', weak) and
conver on BV (O) and J is lower weakly semicontinuous on L2 and convez on IL> N BV (O).
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Proof. If Z(u) < oo then u € BV(O) e.g. by Proposition 3.6 in [1|. If u € BV(O) then

/“div%@dx:/ U(%V)dS—/SO-dVU, ¢ € C®(R%RY)
o 80 o

where v is the outer normal vector field on JO by the integration by parts formula, see e.g.
(3.85) in [1], so

Z(u) = sup {/(p do: ¢: R? — R% Borel measurable, |p| < 1} ,
@
by a standard density argument where 8 = uvH4_1|s0 — Vu. Hence

Z(uw) = 1llrv@) = Vullrvio) + [uwHa-1llrveo) = IVullrvo) + /ao ul dS.

Remark 12. There ezists a countable subset H of C°(R?) such that
I(u):sup{/ucbdx:qﬁEH}, uelL!
O
by separability of {divy : o € C®(R%LRY), || < 1} in C°(RY).

APPENDIX C. BESOV SPACES

Lemma 9. Let Y be a Banach space and let f : [0,T] — Y be a continuous function linear
on every [ti, tiy1] for i =0,...,N — 1 and define

1
a

N
fra= |7 3N = FG-DI* | fioe = max [17(15) — (10
j=i
Then i 1
N 1+
1 fllzr o) < ¥T|f(ti>”r ) | fllzoo 0,1y < o@iﬁ”f(ti)”
8 i i % fip
[f]B;,q < m ; TtiH_Sq ; [f]Bgm < 3122225% £

for every s € (0,1), p € [1,00] and r,q € [1,00).
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