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Let @ € (0,2) and d € N. We consider the stochastic differential equation (SDE) driven by an @-stable process
dX; =b(X;)dt + o (X;_)dL®, Xo=x€RY,

where b :R? > R? and o : R4 > R @ R9 are locally y-Holder continuous with y € (0V (1 —e)*,1], and L is
a d-dimensional symmetric rotationally invariant a-stable process. Under certain dissipative and non-degenerate
assumptions on b and o, we show the V-uniformly exponential ergodicity for the semigroup P; associated with
{X¢(x),t > 0}. Our proofs are mainly based on the heat kernel estimates recently established in [33] to demonstrate
the strong Feller property and irreducibility of P;. Interestingly, when « tends to zero, the diffusion coefficient o
can increase faster than the drift b. As an application, we put forward a new heavy-tailed sampling scheme.
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1. Introduction

Let 7(x) oc e"V (%) be a probability density function, where U : R¢ — R represents a potential function
used in the field of physics. The classical Langevin Monte Carlo (LMC) method uses Langevin diffu-
sion processes to approximate the target distribution u(dx) = w(x)dx. More precisely, we consider the
SDE

dX; = -VU(X;)dt + V2dB,, Xo=x, (1)

where (B;);>0 is a d-dimensional standard Brownian motion. The solution X describes the trajectory
of a particle motion in the potential field U(x). Under certain regularity assumptions on U, it is well
known that the SDE above admits a unique solution X; = X;(x) and that y is an invariant probability
measure of semigroup P; generated by X, (x). Moreover, based on the dissipativity assumption

(x,VU(x)) = colx” = 1,

where cq,c1 > 0, it is well known that the law of X; exponentially converges to the unique stationary
distribution y in a certain sense as t — oo (cf. [5,34]), that is, P; is exponentially ergodic. In particular, a
method is provided for generating samples from u through the Euler discretization for SDE (1) (cf. [5]).
Numerous studies have analyzed the performances of LMC algorithms (see [12,13,20] and references
therein).

However, in statistical physics, Langevin diffusion X, represents the position of a particle at time ¢
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pulses with finite variance. According to the central limit theorem, the sum of the pulses converges to
a Gaussian distribution. If the random pulses have infinite variance, then the sum of the pulses could
converge to an a-stable distribution with a € (0, 2), a typical class of heavy-tailed distributions. In fact,
let X1, X5, - be i.i.d. random variables with common distribution

P(X;>x)=P(X;<-x)=x%/2, x> 1,
where @ € (0,2). Considering the random walk S, = X + - - - + Xj;, by CLT (see [16, p. 158]), we have
Sp/n'* =y,

where Y is a random variable with a-stable distribution, and = represents weak convergence. More-
over, it is well known that heavy-tailed distributions appear in many stochastic systems. For example,
they are used to model inputs to computer and communications networks, they are used to describe
many risk processes, they also occur naturally in models of epidemiological spread, and as statisti-
cal evidence for their appropriateness in physics, geoscience and economics (see [19] and references
therein). Note that the important Pareto distributions in economics and their generalizations do indeed
provide a very flexible family of heavy-tailed distributions that may be used to model income distribu-
tions as well as a wide variety of other social and economic distributions (see [2]). We refer to [4] and
[17] for more details on the classes of heavy-tailed distributions and their applications in the insurance
and finance fields.

Now, for d = 1 and U(x) = |x|? in (1), it was previously shown in [37] that the diffusion process
defined by SDE (1) is exponentially ergodic if and only if g > 1. Therefore, the use of a continuous
Langevin diffusion (1) to simulate the heavy-tailed distribution is no longer a proper choice. Instead of
SDE (1), it is quite natural to consider the SDE

dXt = b(X[)dt +dL;l, @ € (0, 2), (2)

where (L;*);>0 is a d-dimensional rotationally invariant @-stable process with the usual fractional
Laplace generator A%, and

[(4=2ta “Uvy
b(x)= _d(—Z)eU(x> / Mdy - eU(x)AT2 (Ve V) (x),
n%22-er(352) re x—y|d-C-a)

where d > 2 and A is the Riesz potential (cf. [40, page117]). Formally, one sees that
ATe U - div(be V) =0,

which implies that y is an invariant measure of SDE (2). Rigorous theoretical results for the exponential
ergodicity of the above SDE (2) are given in [23, Theorem 1.1], and therein, some explicit conditions
on U are provided. This approach called the fractional Langevin Monte Carlo method was firstly intro-
duced in [35,38] and has been demonstrated to be useful in modern machine learning in terms of both
optimization and heavy-tailed sampling (see [22,39,45]).

Motivated by the studies above, we consider the SDE driven by multiplicative a-stable noises

dXt = b(Xt)dt + (T(Xt_)sta, X() =X, (3)

where b : R? - R9 and o : R4 — R4 ®@R4 are two Borel measurable functions. The main contributions
of this study are twofold:
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(i) Under certain dissipativity, non-degeneracy and locally Holder regularity assumptions on b and
o, we establish the exponential ergodicity of SDE (3) for all a € (0,2), which covers the super-
critical regime @ € (0, 1) in particular.

(i1) To simulate a large class of heavy-tailed distributions, we propose a new ergodicity SDE driven
by multiplicative stable processes. Compared with the recent study [23], our conditions on the
potential functions are simpler and easier to implement by computer.

Now we make certain assumptions on b and o:

(Hjoc) For any m € N, there is a constant Cy,, > 1 such that for all |x| < m and ¢ € R9,
Gl 1l <o (0)E] < Clél.

Moreover, there are y € ((1 — a)*, 1] and locally bounded measurable functions ¢; and £, on R¢
such that for all x € R¢ and |hl <1,

|b(x+h) = b(x)| <L ()R, llo(x+h) —o ()| < la(x)|h]”. “4)
(H;l’g) For a given r > —a, there is a sufficiently small gy € (0, 1] and c¢g, ¢y > 0 such that for all
x| > 1,

(x.b(x)) +£0l1 (x) x| + g (lo () || + €062 (x)) * |x|*~* < —colx[**" +cy, ()
where ¢ is defined by (22) below.

Remark 1.1. Notice that (4) is equivalent to the local y-Holder continuity of b and o. If b and o are
locally Lipschitz, that is, y = 1 in (4), then one can take g9 = 0 in (5). When y < 1, in order to adopt the
stopping time to localize the coefficients, we must use the pathwise uniqueness of the strong solutions.
Thus we must mollify the coefficients and require gy > 0 in (5) to have some uniform estimates for the
approximation coefficients. Examples of b and o satisfying (H;foq) are provided below. In particular,
b and o can achieve a polynomial growth. Interestingly, when a € (0, 1), o can increase faster than b
(see Example 1.4 below).

Under the above assumptions, and according to [9, Theorem 1.1] and by a standard localization
technique (see [18, p.216, Section 4.6]), there is a unique weak solution to SDE (3). The semigroup
associated with the Markov process X; (x) is defined by

Pif(x) :=Ef(X;(x), feCpRY).

By It6’s formula, one sees that the generator of P, is given by

LI = Lo f(2)+ B,V FD), ©®
with
a-2p dta
Lof(@=caq [ LOFTWIHC -0 22/@ a2 g
e GG Irge

In particular,

S+ +fx=9) =2f@)

|Z|d+(t

®)

A f(x)=Ca.a
Rd




4

which is the usual fractional Laplacian (see [26, Theorem 1.1]). We call SDE (3) supercritical for
a € (0,1), because from the view point of PDE, the drift term in this case plays a dominant role
compared with the diffusion term £ (see [9]).

The main result of this paper is as follows:

Theorem 1.2. Let r > —a and p € ((-r) V 0,a). Define V,(x) := 1 + |x|P. Suppose that (Hioc) and
(H;l’g) hold. Then there is a unique invariant probability measure y associated with (Py);>0. Moreover,

(i) ifr >0, then P, is Vp-uniformly exponentially ergodic, i.e., there are constants A,C), > 0 such
that for all t >0 and x € Rd,

1P (x) = plvarv, == sup  |Pro(x) — u(@)| < Cpe YV, (x);
le/Vp o<1

(i) if r > 0, then P is uniformly exponentially ergodic, i.e., there are constants A,C > 0 such that,
forallt>0andx e Rd,

[1Pe(x.0) = ptllvar = sup  [Prop(x) — u(g)| < Ce™™.

Pllo<1

Remark 1.3. Let p > 1. Since the usual Wasserstein-p metric %), is dominated by the weighted total
variation distance || - ||var,v,, (see [41, Theorem 6.15]), in case (i) of Theorem 1.2, when a € (1,2), we
also have the exponential convergence of P; in the /] -distance.

We provide two examples below to illustrate our main result.

Example 1.4. The example presented below shows that b and o can undergo polynomial decay and
growth:

b(x) = —x(1+ )P, o(x)=(1+]x)"?L Be(-a,00), y € (~c0,1+£).
For |x| > 1, by Young’s inequality, we have

_ g @y o
@, b)) +qllo @) *x> = =xP(1+ [x[) T +q(1+|x[*) 7 x>~

B a(yv0) _ B A0)-
< _22/\0|x|2+ﬁ+2 > q|x|2 a+a(yVvo0) < _2(2/\0) l|x|2+ﬁ+C1.

In particular, when @ > 1, 8 can be less than —1 such that » undergoes polynomial decay. Moreover,
for a fixed 8 > 0, when @ | 0, y can go toward infinity. In other words, o can grow faster than b.
This is not surprising because for the SDE driven by compound Poisson processes (in a certain sense,
corresponding to @ = 0), o can present arbitrary growth.

Example 1.5. The example below shows that b and o can increase exponentially:
b(x) = —xe*, o(x)=eXVPL, Be(a,2).
It is easy to see that for |A| < 1,

b(x+h) = b(x)| < (1+|x])e* | A] =: €1 (0)|Al,

llo(x+h) — o) < eFVB|R| = £5(x)|h].
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Thus for any |x| > 1 and ¢ > 1, by Young’s inequality, a sufficiently small £ can be chosen such that
(. b(0)) + e0l1 (x) x| + g ([l (0)| + £02(x)) x>~
= —lxPel ! +e(1+ [x)frle ! + g (VP +ege HIIIE) @y 27
< —lx el 4 HxPel 4 2ge @ I/B |y 2ma < Lix2elxl 4 ¢y
However, when « | 0, the diffusion o~ can increase faster than the drift b.

The ergodicity of SDE (3) has been extensively studied for Brownian noise (cf. [3,8,14,42,44]), and
dissipativity condition (5) usually takes the form (for example, see [44, (7.1)])

206, b(x)) + lo (D) I* < =colx|* + 1.

In recent years, there has also been significant interest in the ergodicity of SDEs driven by Lévy pro-
cesses, see [25,28,43,44] and the references therein. To the best of our knowledge, there are at least three
well-developed methods for studying the exponential ergodicity of a Markov process defined through
an SDE, namely, Coupling method (cf. [23,25,27-30]), Functional inequality method (see [3,7,42]),
and Meyn-Tweedie’s minorization condition (cf. [15,21,31,32,34]). Each method has its own merits
and can be adapted to different situations. To construct a successful coupling when applying a coupling
method, it is usually assumed that the one-sided monotone condition holds (see [29]), that is, for some
R >0,

(x =y, VU(x) = VU()) = =Llx = y*1jxy|<r + K|x = Y"1y |>R- 9)

For the functional inequality method, it is usually assumed that the potential function U is at least C2-
smooth and that the associated process is reversible, that is, the associated generator is symmetric with
respect to its invariant measure u (see [3,42]). As the obvious advantage of this method, the quantitative
convergence rate can be calculated from the parameters. Finally, Meyn-Tweedie’s approach is based on
the Lyapunov estimates and verifying the strong Feller property and irreducibility for the associated
semigroup.

To prove our main theorem, we adopt the Meyn-Tweedie method. It is known that the strong Feller
property reflects the regularization effects of the noise and is usually related to the continuity of the
transition density of a Markov process with respect to the starting point. There are many ways to estab-
lish the strong Feller property, such as, the gradient estimates and Harnack’s inequalities, etc.. For the
irreducibility, when the driving noise is Brownian motion, there are several methods, i.e., by solving
the control problem [32], by using Girsanov’s transformation [44], or by applying the classical sup-
ported theorem of an SDE [6]. However, when the driven noise is an a-stable noise, the above method
for irreducibility is no longer effective. In [44], we directly verified the positivity of the Dirichlet heat
kernel using a localization method. Therein, this is restricted to a € (1,2) because the heat kernel of]
the operator in this case is comparable with that of the fractional Laplacian A% . In a recent study
[33], when the conditions in (Hj,) hold globally, that is, the constant C,, does not depend on m and
£1(x), > (x) are constants, we obtain the following two-sided estimates for the density of SDE (3), i.e.,
for any 7 > 0 and a certain C > 1, and for all 7 € (0,T] and x, y € R4,

_ 1 _ 1 i
C'1(ta +10,(x) = y) ™ < p(t,x,y) < Cr(t@ + 6, (x) - y)) ™4, (10)

where 6; (x) solves the following regularized ODE

0:(x) = b * ¢,1/a (0;(x)), fo(x) =x, )
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where (¢ ¢) s>0 represents a family of standard mollifiers. The above estimates still allow us to demon-
strate the irreducibility of P; by localization. For the existence of invariant measures, we use the stan-
dard Krylov-Bogoliubov’s theorem by showing certain Lyapunov’s type estimates.

The remainder of this paper is organized as follows. In Section 2, we recall some basic notions
regarding the ergodicity of the Markov processes. These notions used are standard in the literature
(see [14,36]). Moreover, we also prove a general criterion for the irreducibility of a Markov process
in terms of the heat kernel estimates, which is motivated by the studies in [11] and [44]. In Section
3, we prove our main result Theorem 1.2. For the existence of invariant measures, using the classical
Krylov-Bogoliubov’s method, we show the Lyapunov type estimates for X; (x). For the uniqueness of
the invariant measure as well as the exponential ergodicity, we show the strong Feller property and
the irreducibility of P; based on the heat kernel estimates and suitable localization and smoothing
arguments. In Section 4, we present an application of our main results to the heavy-tailed sampling. In
the Appendix, the proof of weak convergence for mollifying SDEs is provided for convenience.

We conclude this introduction by mentioning the following conventions: With or without a subscript,
letter C denotes an unimportant constant, whose value may change in different places. In addition,
we use A <x¢ B and A <¢ B to denote C'!B< A<CBand A <CB for a certain constant C > 1
respectively. Moreover, for a, b € R, we denote a A b :=min{a, b} and a V b := max{a, b}.

2. Preliminaries

In this section, we prepare some notions and criterions about the ergodicity and irreducibility of general
Markov processes in Euclidean spaces. Fix N € N. Let D be the space of all cadldg functions from
[0,00) to RY, which is endowed with the Skorokhod topology so that D becomes a Polish space. Let
X¢(w) := wy be the coordinate process over D. For s > 0, let 65 : D — D be the shift operator:

Os(w)(t) =w(t+s), t=0.

Let (Px) crnv be a family of probability measures over D so that .# := {(X;);>0, (Px) ccgrn } forms a
family of Markov processes with regard to the natural filtration (.%#;),>0. More precisely,

(i) Foreach x e RN | Py (Xp=x) = 1.

(ii) For each A € (D), x — P, (A) is Borel measurable.

(iii) For any s > 0 and A € #(D), it holds that

Py (A 0 05| .F5) =Px, (A). 12)

Let B, (RN) be the space of all bounded measurable functions over R . For r > 0 and f € 8, (RV),
the semigroup associated with .# is defined by

Pif(x) :=Exf(X;), xeRY,

where E, denotes the expectation with respect to P,. The following notions are standard and can be
found in [14, Chapter 11] or [34, Chapter 16].

(1) A probability measure u € P(RY) is called an invariant probability measure of (Pr)r>o0, if

w(Pef)=u(f), ¥t =0, feBy(RY)
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(2) We call (P;);>¢ ergodic, if there exists a unique invariant probability measure u of (P;);>0,
equivalently, (see [14, Theorem 11.9]), for any x € RN and f € 8, (RN),

lim /0 Pyf(x)ds = ().

(3) Let V:RN — [1, ) be a measurable function. We call (P¢)r>0 be V-uniformly exponentially
ergodic if there are constants C, A > 0 and an invariant probability measure u such that

sup  |Pgp(x) — u(9)| < CeMV(x), >0, xeRN.
lo/V o<1

In particular, if V = 1, then we call (P;),;>¢ be uniformly exponentially ergodic.
(4) (Py)r>0 is said to be strong Feller, if P, f € C, (RN ) for any # > 0 and f € B, (RY).
(5) (Pr)i>o0 is called irreducible, if for any # > 0, open ball B and x € RN, P,15(x) > 0.

The following general result is taken from [21, Theorem 2.5].
Theorem 2.1. Suppose that (P;); >0 is strong Feller and irreducible. If there are p,A > 0 and C1,C, >
0 such that
Ex|X,|? < Cilx|Pe™ +Ca, 120, xeRY,

then (Pt);>0 is V-uniformly exponentially ergodic with V(x) = 1+ |x|P. If there are p, Ty, C3 > 0 such
that

EX|Xt|p <C3’ t>T09 -XERN,

then (Py);>0 is uniformly exponentially ergodic.

Next we present a general criterion for irreducibility in terms of the heat kernel estimates. We believe
that it could be used in other cases. Let p : (0, 00) X (0, 00) — (0, c0) be a continuous function with the
properties that for any ¢ > 0, » — p(t,r) is decreasing on (0, c0), and for any 0 < § < T < oo,

sup supp(t,r) < oo. (13)
te[8,T]r>0

'We make some assumptions about the Markov process .

(A1) We suppose that for each 7 > 0, with respect to P, X; admits a family of transition probability
density function p(z,x,y) in RN so that

Py(X; € A) = / p(t,x,y)dy, YAe BRN), >0, xeRN. (14)
A
Moreover, t — X; is stochastically continuous, equivalently,

Pyo(X, # X,-)=0, Vr>0,xeRV. (15)

(Ay) We suppose that for any 7 > 0, there are constants Ay, Cp > 1 such that for any ¢ € (0,7] and
x €RYN, and for Lebesgue almost all y € RN,

Cy'p(t, 20T (x,)) < p(t,x,¥) < Cop(t,Tr (x,¥)/ o), (16)




where I'; (x,y) : (0,00) x RV x RN — (0, ) is a measurable function, and for each y e RY,
(t,x) — I'4(x,y) is continuous.

Remark 2.2. In (A;), for the standard Gaussian case, one usually takes p(t,r) = =4/ 2e—r2/ ! and

[;(x,y) = |x — y|. For the a-stable case, if @ € [1,2), one takes p(¢,r) = t(t'/® + r)=4~® and
I;(x,y) =|x — y|; and if @ € (0, 1), one takes I';(x,y) = |x — 8;(y)|, where 6;(y) is the ODE flow
associated with drift b (see (11) above). We would like to emphasize that we do not make any con-
tinuity assumption about y — p(t,x,y). Usually, the regularity of the density requires more regular
coefficients in the theory of SDEs.

Let D be an open subset of RV . The exit time of X, from D is defined by 7p :=inf {r > 0,X; ¢ D}.
‘We have a general result on irreducibility.

Theorem 2.3. Let Doy € D be two connected domains of RN so that D has Lebesgue-zero measure
boundary. Suppose that (A1) and (A,) hold, and the above T';(x,y) and p(t,r) satisfy the following
conditions stating that there are ty, 5o > 0 small enough and functions €y(t), £1(t) defined on (0,1]
such that for all t € (0,19], yo € Do, x,y € Bs,(yo) C Do and x’ ¢ D,

L (x,y) <lo(0), Ti(x",y) = (1), (17)
and for the Co, Ag in (16), t — p(t,€;(t)/Ag) is increasing on (0, ty], and
Cy'p(t: Aolo(1)) = 2Cop(t, 61 (£)/ A). (18)

Then for any xq, yo € Do and ry,ry < dist(Dg, D),

inf Px(Xt EBr2(y0);t<TD) > co >0, (19)

xEBr] (xo
where cq only depends on p, Ao, Co, to, 0¢ and r1,17, X9, Yo, Do, D.

Proof. Let ¢y and ¢ be as in the assumptions. We divide the proofs into two steps.
(i) In this step we show that for all yg € Dy, § € (0, @] and t € (0,9],

inf  Po(X, € Bs(y0)it <7p) > Cop(t.61(1)/0) |Bs (y0)] > 0. (20)
x€Bss(yo)
Fix s € (0,¢) and n € N. We define a stopping time 7}, as follows:

ks2™" if (k—=1)s27"<1p <ks2™", k=1,2,...,2",

T, = .

0o iftp > s.

Clearly, on {1p < s},
s>T, |t asn— .

For any bounded A € #(D), by the Markov property and (14), we have

n n
Py(X, € A;Tp <s) = pr(x, €A; (k-2 < 1p <ks27) = pr(xt € AT, =ks2™")

k=1 k=1
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2"
=Y 'E, (PXTn (X,_1, € A);T, = ks2*")
k=1

2"
ZEX (/ p(t =Ty, Xr,,, y)dy; T = ks2_")
k=1 A

=E, (/ p(t =Ty, X1, y)dy; D < s)
A

(16)
< CGoEx (/P(l—Tn,Ft—T,, (X1,,,¥)/0)dy;TD < S)-
A

Letting n — co and by (13) and the dominated convergence theorem, we get

Py (X; € A;tp <5) < CoEx (/ p(t =10, Tierp (X7, ¥)/A0)dy; Tp < s) .
A

Below we take A = B5(yo). For y € Bs(yo), since X-,, ¢ D and r — p(t — 7p,r) is decreasing, ¢ —
p(t,£1(t)/Ap) is increasing, by (17) we have

p(t=1.Ti—rp (Xzp.¥)/A0) < pl(t = 1D, 61 (t — D) [A0) < p(2,€1(2)/A0).

Hence, for any s < ¢,

PufxeBotoim<s) <G [ pleti/dolay.
s (Yo

By (15) and (16), we have

Py(tp=t)=Px(tp=t,X; €0D)+P(7p =t,X; ¢ 0D, Xs € D,s <1p)
<Py(X; €0D)+Py(X; £ X,-) =0.

Thus, by the lower bound in (16) and the above estimates, we arrive at
Po(X € Bs(o)st <) =Bu(X: € Bs(v0)) B (X1 € Bs (o) <1)
=/ p(t,x,y)dy — limPy (Xt €Bs(y0);Tp < s)
Bs(y0) st
> [ (G pledr(xi) = Copl. 610 do) .
Bs(y0)
For x € B25(y0),y € Bs(y0), since r — p(t,r) is decreasing, by (17), we obtain
Po(X € Bo )it <) > (" p (1200 (1)) = Cop (1, 1(1)/0) ) IBs (30)]

(18)
> Cop(t,€1(1)/20)1B5s(y0)l,

and then get (20)
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(ii) By (14), there is a density p? (¢, x, y) so that for each A € Z(D),

/pD(t,x,y)dszPx(Xt €At <Tp).
A

Moreover, by the Markov property, we have for each 0 < s <1,

/pD(t,x,y)dy =/ pD(s,x,Z)dZ/pD(t - 5,2,y)dy. @21)
A D A
Indeed, by s + 7p 0 85 =7p on {s < 7p} and (12),
Py(X, €At <1p) = Ex(Px (X; € Ast < TD|<9}))
=EX(PX(Xt_S 0B €At <s+Tpobs,s< TDL?;))

=EX(IP>XS (Xi—s € Ast—s <Tp);s < TD)

=/ pD(s,x,z)/pD(t—s,Z,y)dydz.
D A
Let xg € Dy. Since Dy is connected, there is a continuous curve C C D connecting x( and yq. Let
6 := (dist(Dg,dD) A ) /4.
It is easy to see that there exists n € N large enough and {x;,i =0, 1,--- ,n+ 1} C C such that
t<nty, x; € Bs(xi-1), i=1,---,n+1, Bs(xps1) C By, (y0).

Foreach j=1,--- ,n+1,since Bs(x;_1) C Bas(x;), by what we have proved in Step (i),

inf / PP yirypdy; > inf / PP (L. y i1y )y,
Yj-1€Bs(xj-1) JBs(x}) nd J Yj-1€B25(xj) JBs(x}) e I
> Cop (L. 61(£)/20)|1Bs(yo)| > 0.

Hence, for all x € Bs(xq), by (21),
/ pP(1,x,y)dy =/ PD(%,X,)’I)d)’l“‘/ pD(ﬁ,yn_l,yn)dyn/ PP (L, yn,y)dy
Brz(YO) D D ry ()0

2/ pD(ﬁ,x,y1)dy1~~~/ pD(ﬁ,yn_l,yn)dyn/ PP (L, yn,y)dy
Bs(x1) Bs(xn) Bs(xXn+1)

n+l
> (Con(£-61(£)/20)IBs(v0)l) -
Thus,

n+l
inf (X, € Bry(v0):t <) > (Cop(5.61(2)/20) Bs (o)) >0,

x€B5 (xo)

hich implies (19) by the finite] . hni N




3. Proof of Theorem 1.2

In this section, we prove Theorem 1.2 by verifying the conditions in Theorem 2.1. Below we fix

r>-a, pe((-r)vo,a),

and define
First of all, we show that V,, is a Lyapunov function of the operator .Z".
Lemma 3.1. Suppose that b, o are locally bounded and for some c, cq > 0,
qllo ()P~ + (x, b(x)) < —colx* +c1, x| > 1. (23)
Then there are kg, k1 > 0 such that for all x € R4,
LV (x) = LoV (x) + (b(x), YV, () < —koVp (1) 77 441, (24)

Proof. It suffices to prove (24) for |x| > 1. By (7), we make the following decomposition:

dz

_1 _
Cd,aLU'VP(x) = |z]d+a

< 52 [VI’(“U(’C)Z)‘*VP(X—O'(X)Z)—2Vp(x)]
ISl

+l Lo Ve -0 - 2,00 e =+ b

2> oo el e
For I, denoting by A(x) := (1 +|x|>)I - (2 — p)x ® x, we have
p_
V2V, (x) = p(1+[x[*) T2 A(x).
Note that for any & € RY,
(EAME) < (1+ xP)le.

s . |x]|
By Taylor’s expansion, for |z]| < Mo Ve have

1 pl
Vp(x+0'(x)z)+Vp(x—0'(x)z)—2Vp(x)<p|0'(x)z|2/ / (1+|x+r1r20-(x)z|2)%’1dr1dr2
0 J-1
2\ 5-1
<2pllo ()1 (1+ 55

Hence, for S; := 2n%/r(%),

2\ 5-1
I <2p||0'(x)||2(1+%)2 " |z]2-4-d;
| X
I LE]|
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[x]
2\ 51 [ emn
=2pSallo (I (1+5F) / eay,
0

pzrx—p+lsd

S5 Ne@NT kP

For I, noting that

P P P P P P
1+ x+2)7 =1+ ) 2T < e+ 22 = P17 <27 %] 7 [2] 7 + 217,
we have
r P r dz g, _
h<2 25013l @zl +lo @l | o < lor (oIl 1.
x| |Z| +a a_p

21> 3o
Combining the above calculations and recalling (22), we get for |x| > 1,
2&7p+1 23+a
L
2-a a—-p

_ p_ _
L‘TV”(XKC""’S"( )Ila(x)ll"lxl” @ < p27gllo ()| @ 1x|P .

Thus by (23) and VV), (x) = px(1 + |x|2)%_1, we have
LoVp(0) +(b(x), YV, (1)) < p25 gl ()| Ix1P~ + p(1+ |x2) 5 x, b(x))
<P+ (gl 1 + ¢, b ()
<p(L+1P) 27 (= colx?* +cy)
< —ko(1+ |x|2)pT+r +K = —Kon(x)H% + K1,

P
2

. . . _ Y
where in the second inequality we use (1 + [x|?)!"2 <2!77 |x|27P with |x| > 1, and &g = pcy. O

As a consequence of the above Lyapunov-type estimate, we have (see [44, Lemma 7.1]):

Lemma 3.2. Let X;(x) be any weak solution of SDE (3) starting from x. Under the assumptions of
Lemma 3.1, there exists a constant C > 0 such that for all x € RY and t > 0,

2

B sup V,(X,(x)?
s€[0,¢]

t
+E( / Vo (Xs(x)) TP ds| <o Vp(x) +1, (25)
0

and for the kg in (24),
e 'V, (x) + C, r=0,

EV, (X (x)) < o (26)
g Ce™2P" Ly rso.

Proof. Let N(t,dz) be the Poisson random measure associated with L?, i.e.,

N(T) := Z 1Ir(LY - LY), T e BRY).

(O0-+]
S€(U ]
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Let N(z,dz) := N(t,dz) — ZCd,atlzl_d_“dz be the compensated Poisson random measure, where ¢4 o
is the same constant as in (7). By Lévy-1t6’s decomposition, one can write

Lo = / ZN(1,dz) +/ ZN(z,dz).
lz|<1 lz|>1

Thus SDE (3) can be written as

dXt = b(Xt)dt +/

lz|<1

o (X,~)zN(dr,dz) + /I | o (X;_)zN(dr,dz). (27)
z|2>1

By Itd’s formula (see [1, Theorem 4.4.7]) and (24), we have

Vo0 =V )+ [ [TV, (X0 bOXOY + £V, (60 s+ e8)

Z r
gvp(x)+/ [—KOV,,(XS)“E +K1]ds+M,, (29)
0

where M; is a local cadldg martingale. Let 7, be a sequence of stopping times localizing M;,i.e., M;+,
is a martingale and ;, T o0 as n — oo. Then we have

ATy ,
EVp (Xinz,,) +K0E/ V(X)) P ds <V, (x) + .
0
In particular, letting n — oo and by Fatou’s lemma, we obtain that for all r > 0,
t r
EV, (X;) + koE (/ V,,(XS)HPds) <Vp(x) + Kt
0

Moreover, starting from (29), by stochastic Gronwall’s inequality ([44, Lemma 3.7]), we also have
2
Sc Vp(x) +1,

E( sup Vp(xs(x))%)

s€[0,¢]

and starting from (28), as above,

BV, (%) =V )+ [ B[(9V, (X0, (X)) + LV, (X0) ],

For r > 0, by (24) and Jensen’s inequality, we have

d r 1+L
ZEV,, (X,) < =BV, (X)'"7 |+ k1 < k0 [BY, (X0)| 7+

Let f(t) := EV,(X;). The above inequality implies
FO) <=0 f (07 +x1.
Since f(t) > 1, by the chain rule we have
(€ (1)) = (ko f (1) + f/ (1) < (ko f (1) = ko f (1)FP +k1)eXo! < kpeo!

(30)
= f(1) <UD fs) + L (1 =00, 1> 520,
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which in particular gives the first estimate in (26) for » = 0 by taking s = 0. If r > 0, then by the chain
rule and Young’s inequality we also have

2p 2p 2p r 2p
(7 F0) <27 @) kot T f(0)P 4kt T

2
= %t%t%f(t) — kot FF O kgt
<CrE Vit
Integrating both sides from O to ¢, we obtain
g

+ L5 ¢, (31)

2p ) 2p _
17 (1) < %t? + 25 o () < %z o

r+2p

Combining (30) and (31), we obtain
F2U) ST f(r) + L LN (EE T 4 Ti gy &L

which in turn gives the second estimate in (26) for r > 0. O

Let ¢ : RY — R, be a smooth density function with support in the unit ball. We define
de(x) = s_dgb(s_lx), xeR? £€(0,1),
be(x) =bxps(x), 0Ts(x):=0*¢s(x).
By (Hjqoc), it is easy to see that for any m € N and all € € (0, 1),
bs(x) =be(M|+l0s(x) =W < Cmatlx = yI7, Vx,y € B, (32)
and for some & € (0, 1) depending on m, and for all € € (0, &),
Col 1] < |0 (0] < Culé], Vx € By, é €RY. (33)

Moreover, note that by (4),
1be(x) = b(x)] < /Rd |b(x =) = b(x)|¢s(y)dy < &7 (x),
llos(x) —o()|l < /Rd llo(x = y) —o(xX)llg=(y)dy < e”la(x).

Hence, by (H;ff)’ for any & € (0, e(l)/y),

(@b () +qloe ()17 < (x,b(x)) + &7 |x]61 (x) + ([l ()| + 2 (x)7) x>~
< (X, b(x)) +£0lx[€1 (x) + g [lo(x) || + €2(x)€0) “ x>
< —colx* +cy. (34)

Now, we consider the approximation SDE

dX7 =bo(XP)dt + 0 (XF )AL, X§ =x. (35)
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Since the coefficients are smooth, but, may be not bounded, by (34) and a standard localization tech-
nique, there is a unique global strong solution X% (x) to the above SDE. Moreover, for any f € Cp, (RY),
we have

lim Bf (X7 (x) =Ef (X: (x)), (36)

which is proven in Appendix. Notice that if b and o are locally Lipschitz, then it is not necessary to
mollify b and o, and it suffices to consider the truncated b and o as done below.
Let y € Cy° (R?) be a cutoff function with
x@) =1, |x|<1, x(x)=0, |x|>2.
For m € N, set
Xm(x) = x (x/m), bp(x):=be(x)xm(x), 0p(x):=0e(xxm(x)).
By (32) and (33), it is easy to see that b, and o7, satisfy the following global assumptions:
137 (0) = by )+ 110 () = T (D < Cnlx =317, Va,y €RY, (37)
Col 1€ < lo (0] < Clél, Vx,& €RY, (38)
where the constant does not depend on . Let 6;(x) solve the ODE
0:(x) = (bjy * ¢11/0) (0, (%)), 6p(x) = x. (39)
We also consider the SDE with cutoff coefficients
dX™ =ba (X7™)dt + o (X2 dLY, X(f’m =Xx. (40)
Let X,”™ (x) be the unique strong solution of the above SDE. By [33, Theorem 1.1], X;>" (x) admits

a density pZ (t,x,y) enjoying the estimates that for any 7' > 0 and m € N, there is a constant Cy > 1
depending on m, but independent of € € (0, 1), such that for all r € (0,T] and x,y € R?,

1 —d-
Pin(t,%,y) =c, (1% +1x = 0, (y))) 7477, (41)
_1
|Vlog p;;, (2, x,)[(y) < Cot™ . (42)
For any m € N and x € B,,, we define the exit time of X;”" (x) from B,, by
T;;;C :=inf{r>0: X7 (x) ¢ Bnn}.
By the uniqueness of strong solution, we have

XF(x)=X""(x), t< T;I’:C. 43)

Lemma 3.3 (Strong Feller property). For any t > 0 and bounded measurable function f, the function
= P, f(x) is bounded continuous
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Proof. By Lusin’s theorem, it suffices to show that for any 7 > 0,

lim sup [E(f(X:(x) = f(X: ()] =0. (44)
TV feCL RIS o<1

Indeed, for fixed y € R? and any & > 0, by (44), there is a § > 0 such that for all |x — y| < 6,

sup [E(f(X:(x)) = f(X: (V)] < & (45)
f€Cy®D). IS llo<1

For any bounded measurable function f with || f|lc < 1, by Lusin’s theorem, there is a continuous
function fz € Cp(R4) with || fe]leo < 1 (possiblly depending on x, y) such that

|E(f(Xe (%) = fe(Xe ()| <&, [B(f(Xe(y) = fe(Xe (V)] <&,
which together with (45) yields that for all |x — y| <,

IE(f (X: (x)) = f(Xi (D)) < 3e.

Thus we obtain the strong Feller property. Since for any f € Cp, (R?),

(36)

lim B (X7 (1) = £(X7 () = B(F (X () = F(X 0))).
for (44), we only need to prove that

lim sup sup [E(f (XS (x)) = f(XF ()] =0. (46)
TV £e(0,1) £ eCp(RD),|If <1

Given x,y € R?, let m > |x| V |y|. For given f € Cp,(R?) with || f|le < 1, we have

ECF(XF () = FXE O S E[(FXF0) = FXF O, cqprpee ][+ 2P( = 75 Ap”)

52y B[ (f (X7 (x) - f(Xf’m(y)))IKTg;zAT;;z || +2P(r > A Tg;ny)

<E[(FXZ"0)) = FXT" D]+ 2P =15 ATy?).

By (42), we have

L
<Cpt a|x—y|.

ECf (X7 0)) = fX" )] = M@d F@)(pp(t.x,2) = pr (. y,2))dz

Moreover, by Chebyshev’s inequality and (25) with p € (0, @),

P(t > T;’x) <P

sup | X (x)] > M) <E

s<t

sup IXf(x)I”/z) JmPI2 < C(Vy(x) +0) 2 ImPI2. (47)

s<t

Combining the above calculations, we obtain that for any f € Cj,(R?) with || f|le < 1,

E(F(XE (X)) = FXE )] < Cont ™5 x = y] + Co(Vp (x) + Vp (3) + 1) /2 fmP/2,
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Lemma 3.4 (Irreducibility). For any xg, yg € R9 and r,t > 0, we have

inf )P(Xt (x) € B, (y0)) > 0. (48)

x€By (xo
Proof. Since X (x) weakly converges to X,(x) as & | 0, for any open set A ¢ RY, we have

P(X;(x) € A) > n;n jgfp(xf (x) € A). (49)
Below we fix & € (0, 1) small enough, and x, yg € R?, r > 0. Let m > 2 be big enough such that {x} U
B, (y0) C B;;—>. Then we have

P(XF (1) € By (y0) > B(X7 (1) € By (vo)it < 75" ) D B(X" () € B o) < 7Y). (50)

In order to use Theorem 2.3, we choose p(z,7) = 1(1'/® + r)=4=_ Clearly, by (41), estimate (16) is
satisfied for I'; (x, y) = |x — 0;(y)|. It remains to find o and §y small enough as well as functions £y(7)
and ¢ (¢) so that the conditions in Theorem 2.3 are satisfied for domains D¢ = B,,,_» and D = B,,,. Note
that by (39) and the definition of b}, forallz € [0,1] and y € R4,

t
|9r(y)—y|<‘/0 |(by % dg17a)(Os(Y)ds < sup  [b(x)]-1=:Cyt.

Ix|<m+1
Let
80 < 3 Adist(yo, Do), 10 < 5= A & (51)
For x” ¢ D and y € Bs,(yo) C Do, we have for t € (0,#9],
L y) =" =00 = X" = yol = Iy = yol = 16:(¥) =y =2 =6 - C1t > 1.

On the other hand, for x,y € Bs,(yo), we have

L, y) =1x =0 (V)| < |x = y[+16:(y) = y| < 260 + Ci1 < 30p. (52)
Now, for the Cy in (41), one can choose 6, g > 0 small enough such that (51) holds and

11/t +1)?* is increasing on (0, 10],

and

Cy't 2Cot
(tl/(x+360)d+a/ (tl/a+1)d+a/’

t€(0,1]. (53)
In particular, (18) is satisfied. Thus by Theorem 2.3, we conclude

2(X" () € Br(vo)it <75 > o,

where c( is independent of . This, together with (49) and (50), yields

P(X:(x) € Br(y0)) = co-
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Now, we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. First of all, by (25) and the standard Krylov-Bogoliubov method (see [14, The-
orem 11.7]), there is an invariant probability measure y associated with (P;);>¢. The uniqueness fol-
lows by the strong Feller property and irreducibility. The exponential convergence (i) and (ii) follow by
(26), Theorem 2.1 and Lemmas 3.3 and 3.4. O]

4. Application to heavy-tailed sampling

In this section, we introduce an application of Theorem 1.2 to the heavy-tailed sampling. Let u(dx) =
e V@ dx/ [, eV ¥ dx, where U : R? — R is a continuous function. We suppose that there are 8, Co >
0 such that for all |x| > 1,

U(x) = (d +p) log|x| - Co. (54)

The above assumption means that e~V (*) has a polynomial decay rate as |x| — oo, which characterizes
a heavy-tailed distribution, as opposed to the exponential or light-tailed one. Below we want to find an
ergodic SDE so that the law of the solution X; exponentially converges to u in some sense as t — oo.
Thus, one can sample u theoretically from X; when ¢ is large.
Fix @ € (0,2). To construct an ergodic SDE driven by a-stable processes, we introduce a vector field
B:R? - R4 by
B = [ ylealr+y) = oals=nI 7y
where ¢4, o =c4,o/a and c4, o is the same constant as (7), and
_dta
0a(x) = (1+ )77
The vector field B enjoys the following important properties.
Lemmad.l. (i) Be€ Cy satisfies that for some ko = ko(d, @) >0,
1B(x)| < kolx|'™47%, |VB(x)| < olx| 7477 (55)
(ii) There is a constant k1 > 0 only depending on d, « such that for all |x| > 1,
(x, B(x)) < =kl (56)
(i) divB(x) =A% 0o (x).

Proof. (i) Since o4 € Cg"(Rd) and for any j €N, ||V/04/04llo < 00, we clearly have B € Cy- To
show the bounds (55), let y : [0, 00) — [0, 1] be a cutoff function with

x(r) =1, re[O,A—ll], x(r) =0, rE[O,%]C.

Define

() = v!v!_d_“y(%) Gl () =]y (1= y(%)\
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For j =0, 1, by definition we have
V/B(x) =¢4,a /d y(Van(x +y) = VVoq(x - y)) Iy~ %y = ¢4,0 (1) + o),
R
where

Iy = /Rd so|x|(y)(Vj@a(x +3) =V 0a(x —y))dy,

b= [ E0)(Veulr+ ) = Vgatx—)dy.

For I, we have

1
[71] </Rd¢|x|(y)ly| (/1 IV’”Qa(xHy)IdS)dy

1
< D ([ s
RARS -

2

g (1 + |x|)*(d+a+l+j) / N |y|27d7“dy
|}’|<7

5 (1 + |x|)—(d+a'+l+j) |x|2—(1 5 |x|]—j—d—20{.

For I, by the change of variable, we have
b= [ (B = Fiai 4 0) (P ) 0)ay
R4
=l [ (Bt 5165 = 90 = a1 420 (P ) (1)
1l [ (B16-) - 810 (P ().
R4
where X = x/|x| and in the last step we have used

G (Ix1) = "2y 7 2 (1= x(Iv])) = X121 ().

For j =0, since |¢1(y)] < |y|1“l_“1|y|>1/4 < 491 it s easy to see that
1l <24 g1 [ )@y S aft e,
R4
For j =1, since ||divy @]l < 00, using the integration by parts, we also have

2] = |x|™

/Rd (51 (x-y)-¢ (f+y))VyQa(|x|y)dy‘

=|x[™

/R vy @1 =y —divy &3 +y>)ga<|x|y>dy'

< 2ldivy @il lx /R N+l O dy < a7
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Combining the above estimates we obtain (55).
(ii) By definition and the symmetry, we have

‘<x’B(x)>=5d,a/Rd<x,y>[Qa(x—y)—Qa(x+y)]|yl_d‘“dy
20 [ (leali=1) - eale )l
(x,y)20

For |x| > 1 and (x, y) > 0, by the mean-valued formula, we have

_dta _d+a
0a(x=y) = 0a(x+y)=(1+]x—y*)™ 7 = (1+x+y) ™2
1 +a
—2d+ ) y) [ (1+s(x =y = x4 y[2) + Jx + y[2) T ds
( y A y y y
1 p_dia_
=2(d+a)(x,y)/ (1—4s(,yy+x+y[7)” 2 ~ds
0
1 J_dra_
=2(d+a)(x,y)/ (L+4s(,y)+lx—y[7)” 2 ~ds
0
|x|72 —M—l
22(d+a/)<x,y)/ (1+4s(x,y)+|x—y|2) 2 T ds
0
d+a
>2(d+a) (e, y) (1 +4 2y +lx—y) 72 a2
Hence,
4(d +a)éq, _ _dra_| o
~ B 2T [ (1] )+ by ey
|x| (x,y)0
4(d +a)é _d+a_1 d
At f ey (14 42l 2, y) ey )52
|x] (x,3)20, [x—y|<1 |y|d+e

2
Since for |x| > 1, [x — y| < 1 implies % < (x,y) < |x|* + |x|, we further have

4(d+a)éq.a
|x[2
S 4(d + a)fd’a

=
lx[21045%+1

—(x, B(x)) > -/I |<l(x,y)2(2+4(1+|x|‘1))_d+Ta‘1|y|—d—ady
X=yIx

/| Iy 2
X-YVIx

where k1 > 1 only depends on d, @. Thus we obtain (56).
(iii) By definition and the integration by parts, we have

VB =G [ 01Txlalr43) = oale= DI dy

=Cd,a J[Ra (3 Vyloalx+y) +0alx = y) =204 (X)])Iy[™"*dy
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=G [ O 206 +3) + 0a(r=3) =200 (1.
Since for y # 0,

div(yly|™ ) = dly[ " + (p, Yy ) = —aly| 7,

we have by (8),

[0a(x+y)+0a(x—y) —20q(x)] d

divB(x) = aly.q Y =A% 04 ().

| y|d+a
The proof is complete. O
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Figure 1. Pictures of B(x) and (x, B(x)) for d = 1.

Now we take o and b in SDE (3) as follows:
T (0) = (0a(®)e’ )7L, b(x) = B(x)eU ¥, (57)
'We have the main result of this section.

Theorem 4.2. Suppose that U is locally Lipschitz continuous and satisfies (54). Then with the above
choices of o and b, p(dx) = e_U(x)dx/fRd e VX dx is the unique invariant probability measure of
SDE (3) and the conclusions in Theorem 1.2 hold with r = 8 — «.

Proof. Let o and b be defined by (57). By (7) and the change of variable, we can write
fx+o(x)z) + fx—o(x)z) -2/ (x) d

|o|d+e 2=0a(x)e’ VAT f(x).

-EO'f(x) =Cd,a
R4
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Thus,
LFx)=Lof(x)+b-VF(x) = 0a(x)eV DA f(x)+B(x)eV ™ - Vf(x), (58)

and by (iii) of Lemma 4.1,
/ Lf(x)e VX gy = / (,Qa(x)A%f(x) +B(x) - Vf(x))dx
Rd Rd
- [, (8% 0a) ~divB () f(ax =0,

which implies that u(dx) = e‘U(x)dx/fRd e~V (®)dy is an invariant probability measure of SDE (3).
In order to check (Hjo) and (H;fg)’ by Remark 1.1, it suffices to verify (5) for g9 = 0. By (56) and
(54), for any |x| > (2¢/x1)"/® v 1, we have

(x, b)) +qllo )X 277 = [(x, B(x)) + qoa (x)|x[>~]eV )

|2—d—af |2—d—2¢1/]eU(x)

<[ -xilx +qlx

< _%|x|2—d—an(x) < _2;<_é0|x|2+ﬁ—a'
So, Theorem 1.2 is applicable to complete the proof. O

Remark 4.3. Suppose that U(x) = —1n g4 (x). By (55), [|[V(B/04a)||s < 0. Let X; be the unique solu-
tion of the following SDE:

dX; = (B/pa)(X)dt +dLY, Xo=x. (59)

Then po(dx) = 04 (x)dx/ f ©a(x)dx is the unique invariant probability measure of X;. It should be
noticed that the distributional density p o (x) of L{" is comparable with g, (x) (cf. [44]), i.e., there is a
constant « = k(d, @) > 1 such that for all x € R?, k1 04 (x) < pa(x) < k0o (x). Let %) be the infinites-
imal generator of SDE (59), i.e., £ = AT + B/04 - V. Then by (58), one sees that .2 = (0,eY).%.
In particular, the solution of SDE (3) with coefficients (57) is just a time change of SDE (59) (see [3,
Section 1.15.2]).

Remark 4.4. The locally Lipschitz assumption on U can be relaxed as locally y-Holder continuity
withy € ((1 —a)*, 1). If it is so, we need to check (5) for some &g > 0.

5. Appendix
In this appendix, we sketch the proof of weak convergence (36). First of all, by (34) and (25), there is
a constant C > 0 such that for all £ € (0,1) and any x € R and T >0,

2
Sc Vp(x) +T. (60)

E( sup vp(Xf(x»%)

s€[0,T]
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For 6 € (0,T), let ,n’ be two stopping times with 0 <7 <1’ +6 < T. For any m € N, we have
& &£
P(|X,§—X§,|>5)<P(|X,,—X”| 5T <Tg” ) IP( )

(g x> o <rg) o5 3 i)

P(|X€m—xm| 6)+2IP( grj).

By SDE (40) and (37), (38), it is by now standard to derive that for fixed m € N,

lim sup sup (|X$’m - Xf,’m| > 6) =0,
010 5c(0,1) 0< </ +6<T 1

which together with (47) yields that for any 7', > 0,

0.

lim sup sup (|X8 -X%| > 5)
010 £€(0,1) 0< </ +0<T o

Thus, by Aldous’ criterion (see [24, p.356, Theorem 4.5]), the law Q¢ of (X?,L%),e€ (0,1) inDxD
is tight. Let Q be any accumulation point of (Q¥) ;¢ (o,1). Without loss of generality, we assume that for
some subsequence £x — 0, (Q¥)ren 1= (Q% ) et weakly converges to Q as k — co. By Skorokhod’s
representation theorem, there is a probability space (Q,.Z,P) and D x D-valued processes (X*, L¥)
and (X, L) such that

(X*,L*) - (X,L) inDxD, P-a.s.,
and

Po (XK, L) '=0QF, Po(X,L)"' =
Moreover, L* and L are still a-stable Lévy processes, and

t t
th=x+/ bgk(Xf)ds+/ oo (XK)dLE.
0 0

By [24, Theorem 6.22, p.383] and taking limits, one sees that
X, =x+/ b(XS)ds+/ o(Xs)dLg,
0 0

and (X, L) is a weak solution of SDE (3). Finally, by the weak uniqueness of [9] we obtain the weak
convergence (36).
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