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Introduction

The purpose of this paper is to introduce a new emerging area of research — the theory of path
homology on digraphs.

There exists a number of ways to define the notion of homology for graphs and digraphs, for example,
clique homology ([6], [33]) or singular homology ([3], [33], [37]). However, the path homology
has certain advantages as it enjoys adequate functorial properties with respect to graph-theoretical
operations, for example, morphisms of digraphs, Cartesian products, joins, homotopy etc. The notion
of path homology has a rich mathematical content, and I hope that it will become a useful tool in
various areas of pure and applied mathematics.

About half of this paper is devoted to a survey of the results obtained and published in the past decade,
while another half contains new results. For example, the results of Sections 1.9-1.11 as well as those
of Chapters 3-5 are entirely new, while the rest of material is based on [18], [20], [22], [26], [29], [30].
For further reading on this subject and related topics I recommend [1], [2], [4], [5], [7], [8]. [9], [10],
[11], [12], [13], [14], [15], [16], [17], [19], [21], [23], [24], [25], [27], [28], [31], [32], [35], [36].
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Chapter 1

Spaces of O-invariant paths

The material of this chapter is based on [20] and [22] except for Sections 1.9-1.11 that contain new
results.

1.1 Paths and the boundary operator

Let V be a finite set. For any p > 0, an elementary p-path is any sequence i, ..., i, of p+ 1 vertices of
V. Fix a field K and denote by A, = A, (V, K) the K-linear space that consists of all formal K-linear
combinations of elementary p-paths in V. Any element of A, is called a p-path.

An elementary p-path i, ..., i, as an element of A, will be denoted by ¢;,,..;,. For example, we have
Ao = <6i 11 E V), A = (62']‘ 11,] € V>, Ay = <€ijk:i,j,k € V>

Any p-path u can be written in a form v = ) | uor e i, where vt € K.

io,il,...,ipev
Definition. Define for any p > 1 a linear boundary operator 0 : A, — A,_; by

(1.1)

p
aezo...zp = ( 1) eio...iq.‘.ip’
=0

q

where ~ means omission of the index. For p = 0 set de; = 0.

For example, Oe;; = e; —¢; and Oe; i, = eji — e + €ij.

Lemma 1.1. [20], [22, Lemma 2.1] We have 0% = 0.

Proof. Indeed, for any p > 2 we have

P
2
0eiy..ip = Z (—1)* de; i,
q=0
P q—1 p
_ q r SN _1yr—1 ~ -
—2}(_1) Z;)(_l) eio...ir...iq..‘ip"i_ Zl( 1) Cig...igerir...ip
q= r— r=q+
_ 4 R . _ + ~ o~
- Z (_1)q reio...ir---iq'-.ip Z ( 1)‘1 Tei()---iq---iv'---ip.
0<r<q<p Osg<rsp

After switching ¢ and r in the last sum we see that the two sums cancel out, whence 8261'0.”1'? = 0.
This implies 9*u = 0 forallu € A,. =
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Hence, we obtain a chain complex A, (V):

00— A & Ay & 0 & a, &on, 2

Definition. An elementary p-path e;,.;, is called regular if iy, # igy1 forall k = 0,...,p — 1, and
irregular otherwise.

Let Z,, be the subspace of A, spanned by irregular €ig...i,- We claim that 01, C Zp—1. Indeed, if
€iy...ip 18 irregular then iy = iy for some k. We have

0eiy...ip = €iy..ip = Cigig..ip T -
k k41
+ (_1) e’io...ikfl’ik+1ik+2...ip + (_1) e’io...ikfl’ik’ik+2...l’p (12)
+ ...+ (_1)17 €ig..ip_1-
By ix = %x41 the two terms in the middle line of (1.2) cancel out, whereas all other terms are
non-regular, whence Oe;,..;, € Z) 1.

Hence, 0 is well-defined on the quotient spaces R, := A,/Z,, and we obtain the chain complex
R« (V):
0« Re £ Ry & ... & »py & R, &,

By setting all irregular p-paths to be equal to 0, we can identify R, with the subspace of A, spanned
by all regular paths. For example, if 7 # j then ¢;;; € R2 and

861'3'1' = €j; — €5 T e = €j; + €45

because e;; = 0.

1.2 Chain complex

Definition. A digraph (directed graph) is a pair G = (V, E) of a set V' of vertices and a set
E C {V x V \ diag} of arrows (directed edges). If (i, j) € E then we write i — j.

Definition. Let G = (V, E) be a digraph. An elementary p-path 4g...i, on V is called allowed if
i — tpy1 forany k = 0,...,p — 1, and non-allowed otherwise.

Let A, = A, (G) be K-linear space spanned by allowed elementary p-paths:
Ap = (€ig...i,, * f0...p is allowed).

The elements of .4, are called allowed p-paths. Since any allowed path is regular, we have A, C R,.

We would like to build a chain complex based on subspaces A, of R,,. However, the spaces A, are
in general not invariant for 9. For example, in the digraph

a b c
e — e — 0
we have egp. € Ag but degpe = €pe — €ac + €qp ¢ A1 because eg, is not allowed.
Consider the following subspace of A,
0 =Q,(G) ={uecA,:0uec Ay_1}.

We claim that 02, C Q,_1. Indeed, u € €, implies Ou € A,_; and 0 (Ou) = 0 € A,_», whence
ou € Qp_l.
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Definition. The elements of €2, are called d-invariant p-paths.

Hence, we obtain a chain complex 2, = Q. (G) :

0 — 9 £ o & 2o, &a & (1.3)

By construction we have Q9 = A and ; = A;, while in general Q, C A,,.

[[correct place?]]
Proposition 1.2. [20] If dim Q" < 1 then QP = {0} forall p > n + 1.

Proposition 1.3. [20] If G contains no double arrow and if dim Q" < 2 then QP = {0} for all
p>n+2.

1.3 Path homology

Definition. Path homologies of G are defined as the homologies of the chain complex 2, (G):

H, = H, (G) = ker 9], / Im d|q

p1°

For a vector space U over K we write

|U| = dimg U.
Define the Betti numbers of G by
/Bp = |Hp| .
For any N € N define the Euler characteristic of G of the order N by
N
X =3 (-7,

p=0

If the sequence {(2,,} is finite in the sense that 2, = {0} for large enough p, then, for large enough N,

W == (0710, = D0 (1) B,
p=0 p=0
Proposition 1.4. If X and 'Y are two disjoint digraphs then
B, (XUY)=3,(X)+08,(Y). (1.4)

Proof. Clearly, any allowed elementary p-path on X U Y is contained in X or Y. It follows that the
same property is true for J-invariant paths, so that

Q(XUY)=0,(X)eQ,Y).
Hence, the same identity holds for homology groups, whence (1.4) follows. m

Proposition 1.5. We have (3, (G) = #of connected components of G.

Proof. Tt suffices to prove that if G is connected then 3, = 1. We have 3, = |Qo| — |01 | . Let the set
of vertices of G be {1, ..., n} so that |Qy| = n. Since 5 is spanned by all arrows e;;, i — j, the space
0fYy is spanned by all differences e; — e; where @ — j. Since there is a edge path between the vertex 1
and any other vertex i, it follows that {21 contains e; — ey for any vertex ¢ > 1. These n — 1 elements of
(2, are linearly independent while any other difference e; — e; is expressed as (e; —e1) — (e; — e1).
Hence, [0 =n—1land;=1. m
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1.4 Digraph morphisms

Let X and Y be two digraphs. For simplicity of notations, we denote the vertices of X and Y by the
same letters X resp. Y.

Definition. A mapping f : X — Y between the set of vertices of X and Y called a digraph map (or
morphism) if

a—bonX = f(a) — f(b) orf(a)=f(b) onY.

In other words, any arrow of X under the mapping f either goes to an arrow of Y or collapses to a
vertex of Y.

We say that a digraph Y is a subgraph of a digraph X if the sets of vertices and arrows of Y are
subset of the sets of vertices and arrows of X, respectively. In this case we have a natural inclusion
1 :Y — X that is clearly a digraph morphism.

To give another example of a morphism, assume that a vertex set of a digraph X splits into a disjoint
union of n subsets A1, ..., A,, and construct a digraph Y of n vertices a1, ..., a,, that is obtained from
X by merging all the vertices from A; into a single vertex a; of Y. More precisely, we have an arrow
a; — a; in Y if and only if there are x € A; andy € A; such that x — y in X.

An example of a merging map u

We have a natural merging map p : X — Y such that i () = a; for any x € A;. Clearly, a merging
map is a digraph morphism that keeps any arrow = — y if = and y belong to different sets A; and
collapses an arrow x — ¥ into a vertex if x, y belong to the same A;.

Any digraph morphism f : X — Y induces a mapping fi : A, (X) — A, (V) as follows: first set

fi (€igiin) = (o). flin)>
and then extend f, by linearity to all of A,, (X).

Proposition 1.6. Let f : X — Y be a digraph morphism. Then the induced mapping f. : A, (X) —
A, (Y) extends to a chain mapping f. : Qn (X) — Q,(Y) and, hence, to homomorphism f, :
H,(X)— H,(Y).

Proof. 1f e;,.;, is irregular then f. (e;,. 4,) is also irregular. Hence, f. maps the space Z,, (X) of
irregular paths on X into Z,, (Y'). It follows that f, maps R, (X) = A, (X) /Z, (X) into R,, (V).
Next, f. maps the space A, (X) of allowed paths into A,, (Y): if e;,.;, is allowed then iy, — g1
for all k, which implies that either f (i) — f (ix+1) for all k and, hence, f (e4,. .4, ) is also allowed,
or f (ix) = f (ix+1) for some k so that f (e;,. 4, ) is irregular and, hence, f (e;,. i, ) = 0.

Clearly, f. commutes with 0, which implies that f, maps €, (X) into Q, (Y) and f, is a chain
mapping. Consequently, we obtain a homomorphism of homology groups f. : H,(X) — H,(Y). m

Further examples of digraph morphisms will be given in Sections 1.8 and 1.11.
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1.5 Examples of O-invariant paths

A triangle is a sequence of three distinct vertices a, b, ¢
suchthata — b — ¢, a — c.
It determines 2-path ey € {29 because egp. € As

and Oegpe = €pec — €ac + €ap € Aj. a b

A square is a sequence of four distinct vertices a, b, V', ¢

b’ c
such thata — b — ¢, a — b — c while a 4 c.

It determines a 2-path u = egp. — €qpre € (2o because
u € A and

a b

ou = (ebc — €ac + 6ab) - (eb’c — €ac + eab’)

= €qp + €pe — Capy — €prc € Aj.

An m-square is a sequence

of m + 3 distinct vertices
a, {bk}zlzo y €

such that a — b, — ¢

Vk=0,...,m, while a /4 c.
An m-square determines O-invariant 2-paths

S
S
S

S\
c
Uij = €abe — €abjc € Qo foralli,j =0,...,m,
and among them the following m paths are linearly independent:
UQj = €abye — €abjcs j=1,...,m.
Clearly, an 1-square is a square in the above sense. Any m-square with m > 2 is called a multisquare.

A p-simplex (or p-clique) is a configuration of p + 1 3
distinct vertices, say, 0, 1, ..., p, such that: — j Vi < j.

[3S)

It determines a p-path eq1.., € €,,.

Here is a 3-simplex:

A p-snake of is a configuration of p 4 1 / a2

distinct vertices, say 0, 1, . .., p, with the

following arrows: :
i —i41foralli=0,..p—1, 4 ¥ 3
1—1+2 foralli =0,....,p— 2.

In particular, any triple i (i + 1) (¢ + 2) forms a triangle.

A p-snake determines a O-invariant p-path eq;. ,. Indeed, this path is obviously allowed, and its

boundary
P

deor.p= > (=D)%eo.q-14+1..p
q=0

is also allowed because ¢ — 1 — ¢ + 1. Hence, €;;. i, € (2.
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A toy snake

Clearly, a p-simplex contains a p-snake.

A 3-cube is a sequence of 8 vertices 0,1,2,3,4,5,6,7,
connected by arrows as shown here: y

A 3-cube determines a O-invariant 3-path 2 3

U = eg237 — €0137 + €0157 — €0457 + €0467 — €0267 € {13

because u € Ag and

Ou = (ep13 — €p23) + (€157 — €137) + (€237 — €267) 0 !
— (eoa6 — €026) — (eas7 — eap7) — (€015 — €pas) € Aa.

A trapezohedron of order m > 2 is
a configuration of 2m + 2 distinct
vertices a, 0,70, - - - bm—1,70, - - - » Jm—1

ilt:»l ik+ 1
with 4m arrows:

a — ik, jk — b

and Jmel Jke
ik = Jks Uk = Jk+1s

forall k =0,...,m — 1, where k + 1

is understood mod m.

The trapezohedron gives rise to the following 0-invariant 3-path:

m—1

Tm = kzo (eaikjkb - eaikjk+1b) . (15)

Indeed, 7,, is clearly allowed, and its boundary is also allowed because

m—1
OtTm = > 0 (eaikjkb - eaikjk+lb)

k=0
m—1 m—1
= (Cirjub = Cirgrab) — 2o (Cairiy — Cainjrsn) (1.6)
k=0 k=0
m—1 m—1
- kz (eajkb - eajk+1b) + kz (eaikb - eaikb) ’ (17)
=0 =0

where the both sums in (1.6) are allowed, while the both sums in (1.7) vanish.

Trapezohedron of order m = 2 is shown here:

In this case we have

T2 = 6ai0j0b - eaiojlb + eailjlb - eailj()b' ) )
Jo J1
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Trapezohedron of order m > 3 can be realized as a convex polyhedron in R? with flat faces. For
example, trapezohedron of order m = 3 coincides with a 3-cube:

In this case we have

T3 = eaiojob - eaiojlb + eailjlb - eailjzb
+eai2j2b - 6ai2job7
and 73 coincides (up to a sign)

with the aforementioned 3-path
determined by a 3-cube.

Trapezohedron of order m = 4
is a tetragonal trapezohedron:

In this case we have

T4 = Caigjob — €aigjib + €aiij1b — €aiyjab

J3

FC€aisjab — €aisjsb T Caizjzb — Caizjob- J1

1.6 Examples of spaces (), and H,

Here is a triangle as a digraph:

We have Q1 = (eo1, €02, €12), Q2 = (e012).

Since ker 0|, = (eo1 — eg2 + e12) and
eo1 — €o2 + €12 = ez,

it follows that H; = {0}. 0 1

Q, = {0} for p > 3 and H, = {0} forp > 2.

Here is a square as a digraph:

We have €1 = (eo1, €02, €13, €23), 2 = (€013 — €023)-
Since ker |, = (ep1 — eo2 + €13 — e23) and

eo1 — eo2 + €13 — €23 = 0 (€013 — €023)
it follows that H; = {0}. 0 I
Q, = {0} forp > 3 and H, = {0} forp > 2.

(%)

Here is a 4-cycle that is called a diamond:
We have 21 = (eg2, €03, €12, €13),

Hy =kerd|q, = (eo2 — €03 — €12 + €13)
Q, = {0} and H, = {0} for all p > 2. 0 2
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Consider a hexagon with two diagonals:

Here (2 = (e013 — €023, €014 — €024),

Hyi = (e13 — es3 + es4 — €14),

Q, = {0} for p > 3 and H, = {0} forp > 2.

Consider an octahedron based on a diamond:
Space 29 is spanned by 8 triangles:
Qo = (€024, €034, €025, €035, €124, €134, €125, €135) ;

Hy = (ep24 — €034 — €025 + €035 — €124 + €134 + €125 — €135)
Q, = {0} forp > 3 and H, = {0} forp=1andp > 3.

Consider an octahedron based on a square:
Qy = <€0247 €025, €014, €015, €234, €235, €134, €135, €013 — €023>
Q3 = (e0234 — €0134, €0235 — €0135), 2p = {0} Vp >4
We have ker 0|, = (u,v) where

u = eg24 + €234 — €o14 — €134 + (€013 — €023)

v = egas + €235 — €015 — €135 + (€013 — €023)
but Hy = {0} because

u = 0 (eo234 — €o134) and v = O (eg235 — €0135) -

In fact, H, = {0} forall p > 1.

Consider a 3-cube:

Space €25 is spanned by 6 squares:

Q9 = (e013 — €023, €015 — €045, €026 — €046,
€137 — €157, €237 — €267, €457 — €467)

Space €3 is spanned by one 3-cube:

Q3 = (ep237 — €0137 + €0157 — €0457 + 0467 — €0267)
Q, = {0} forall p > 4 and H, = {0} forall p > 1.

1.7 An example of computation of 2, and

Consider a square with a diagonal:

We have:

Qo = Ao = (e, e1,ea,e3), Qo] =4,

0y = A1 = (eo1, €02, €13, €23, €30), Q1| =5,

A2 = <€013, €023, €130, €230, €301, 6302>7 |-A2| = 6.

To determine 29, let us first compute 9| 4, mod Aj;:

dep13 = €13 — €3 + €1 = —ep3z mod A;

Jegaz = €23 — €p3 + €2 = —ep3 mod A

0
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de130 = e3p — €10 + €13 = —e1p mod Ay
Oeazp = €30 — €20 + €23 = —ezp mod Ay
deso1 = eg1 — €31 + €30 = —e3; mod Ay
despa = ep2 — €32 + €30 = —e32 mod A;

Hence, we have

€013 €023 €130 €230 €301 €302
€03 —1 -1 0
D := matrix of 0| 4, mod A; = €10 -1
€20 —1
€31 -1
€32 0 -1

and
Qg = ker 0| 4, mod .A; = nullspace D = (ep13 — €p23).

One can show that {Qp} = 0 for all p > 3 (which also follows from Proposition 1.2) and, hence,
{H,} =0forallp > 3.

Let us compute H; and Ho. We have for the basis in €2y:

Oegr = —eg + €1
Oega = —eg + e
6613 = —e1 t+e3
6623 = —eg t+e3

86’30 — €p — €3

Hence,
€01 €02 €13 €23 €30
egc —1 -1 0 0 1
D :=matrixofd|g, =] e 1 0 -1 0 0
ea O 1 0 -1 0
es 0 O 1 1 -1
and

ker 0|q, = nullspace D = (eg1 + €13 — €2 — €23, €01 + €13 + €30).

Similarly, for the basis in {29 we have

9 (eo13 — €023) = (e13 — eos + eo1) — (€23 — €03 + €02) = €o1 + €13 — €2 — €23
whence
Im d|q, = (ep1 + €13 — eg2 — e23) and ker d|q, = {0} .
It follows that Hy = {0} and

H; = ker a‘Ql/Ima‘QQ = <601 +e13 + 630).

As we have seen, computation of the spaces 2, (G) and H), (G) amounts to computing ranks and
null-spaces of matrices. We currently use for numerical computation of H,, (G,F2) a C++ program
written by Chao Chen in 2012.

Problem 1.7. Devise an efficient algorithm/software for computation of the spaces €, for arbitrary
digraphs, possibly avoiding null-spaces of large matrices. Such algorithms exist for Qo and Q3. Are
there simpler ways of computing directly dim Q,, without computing the bases of €),,?
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1.8 Structure of (),

As we know, Qg = (e;) consists of all vertices and {0y = (e;; : i — j) consists of all arrows.

Definition. Let us call a semi-arrow any pairs (x,y) of distinct vertices z,y such that = /4 y but
x — z — y for some vertex z. We write in this case x — y

Theorem 1.8. [21, Proposition 2.9], [20].

(a) We have |Q22| = |Az| — s where s is the number of semi-arrows.

(b) The space Qg is spanned by all triangles e g, squares €qpe — €qpy . and double arrows egp, .

Proof. (a) Recall that
Ay = span {egp. : abe is allowed }

and
Dy={veAdr:0veA}={ve dy:0v=0modA}.

If abe is allowed then ab and bc are arrows, whence
O0€abe = €he — €ac + €ahy = —€q. mod Ay.
If a = cor a — cthen e, = 0mod .A;. Otherwise ac is a semi-edge, and in this case
€qc 7 0 mod Aj;.

For any v € As, we have
b
v=" > 1%

whence it follows that
ov = — > v™®e,. mod Aj.

{a—b—c,a—c}

The condition 0v = O mod .A; is equivalent to

v®e,. = 0mod Aj,
{a—b—c, a—c}

which in turn is equivalent to

S 0% =0 for any semi-edge ac. (1.8)
beV

The number of the equations in (1.8) is exactly s, and they all are linearly independent for different
semi-edges, because a triple abc determines at most one semi-edge. Hence, )5 is obtained from As
by imposing s linearly independent conditions, which implies Q3] = | A2| — s.

(b) Any allowed 2-path w can be represented as a sum of elementary 2-paths e;;;, with i — j — k
multiplied with a scalar ¢ # 0. If k = i then e, is a double arrow. If i # k and ¢ — k then e;;;, is a
triangle. Subtracting from w all double arrows and triangles, we can assume that w has no such terms
any more. Then, for any term e;j;, in w we have i # k and i 4 k. Fix such a pair 4, k and consider
any vertex j with i — j — k. Assume that e;;;, enters w with a coefficient c¢; # 0. Set

Wik = cheijk (1.9
J
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so that w = ), wjy. It suffices to verify that each wj, is a linear combination of squares. The 1-path
Ow is the sum of 1-paths of the form

0 (cjeijk) = Cj€ij — Cjeik t+ Cj€jk.

Since Jw is allowed but e;;, is not allowed, the term c;e;;, should cancel out after we sum up all such
terms over all possible j, that is,

¢ =0. (1.10)
j

Denote by {jo, j1, ---, jn } the sequence of all possible vertices j with i — j — k so that we obtain an
m-square:

_jO _/111

S\
k
An m-square {4, {j;};" , k}

Then we obtain from (1.9)
m m
Wik = 3 Cirigik = 3 Gy (Cigik = €ijok)
=0 =1
because by (1.10)
l
Cjo = — > iy
=1
Hence, w;y, is a linear combination of squares, which was to be proved. m
Example 1.9. Let digraph G be an m-square shown on the above picture. It has one semi-arrow
i — k so that s = 1. Since |Az| = m + 1, we conclude that |Q22| = m. Indeed, the basis in Qg is
given by the sequence of m squares {e;jox — €ijk }; -

Observe that a triangle e, and a double arrow ey, are images of a square eg13 — ege3 under merging
maps (cf. Section 1.4) as shown on these pictures:

L ::::\\ 2 ~
2 3 “"‘jc 2 4 b
0 1 A% I b 0% i a
a merging map from a square onto a triangle a merging map from a square onto a double arrow
€013 — €023 " €abc — €acc = €abe €013 — €023 ™ €aba — €aaa = Caba

Hence, we can rephrase Theorem 1.8 as follows: (25 is spanned by squares and their morphism images.
Or: squares are basic shapes of (5.
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1.9 Spaces (2, and [, for trapezohedron

For any integer m > 2, define a trapezohedron I}, of order m as follows:
T), is a digraph of 2m + 2 vertices a
a, b7 iO? EEE) im—l: j07j17 ---7jm—1

and 4m arrows

7%} (7881
a—ig = jg = b, ik — Jrp

forallk =0,...,m — 1 modm.

Jk-t Jh+1
A fragment of 7;,, is shown here:

b
It is clear that all allowed paths in 75,
have the length < 3, whence €, (7},,) = {0} for all p > 3.
Proposition 1.10. For the trapezohedron T,, we have
‘QQ‘ = 277’1,, ’93’ = 1,
and H, = {0} forall p > 1.
Proof. It is easy to detect all squares in T;;,:
Caij_1jy — Cairg, AN €y b — Ciggrt1bs (1.11)

where k£ = 0, ..., m — 1. Hence, T},, contains 2m squares, and they are linearly independent. Since
there are no triangles in 7,,,, we conclude by Theorem 1.8 that |Q22| = 2m.

All allowed 3-paths in 7T, are as follows:

Caiy b and Cirjri1bs

also for all £k = 0,...,m — 1. Let us find all linear combinations of these paths that are J-invariant.
Consider such a linear combination

m—1

w= (akeaikjkb + ﬁkeik]’kﬂb)
k=0
with coefficients ay, 3;,. We have
m—1
80} = a (akeaikjkb + ﬁkeaikjk+1b>
k=0
m—1 m—1
- (ak‘eikjkb + ﬁkeikjk+1b) Z (akealk]k + ﬁkeazk]k+1) (112)

k=0 k=

m— m—

Z (akeajkb + ﬁkeaijrlb) Z akeazkb + ﬁkemkb) (1 13)

The both sums in (1.12) consist of allowed paths. In the rightmost sum in (1.13) the path e,;, 5 is not
allowed and, hence, must cancel out, which yields
ap = =[O
The leftmost sum in (1.13) is then equal to
m—1 m—1

> (k€ajub — Qkajy,ip) = > (ak — @p—1) €qjpbs
k=0 =
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and it must vanish as e, , is not allowed, whence

A = Q1.
Setting o, = o and, hence, (3;, = —a, we obtain that
m—1
w=a (eaikjkb - eikjk+1b) = QTm
k=0
so that Q3 = (7,,) and |Q3| = 1.
It follows from (1.12)-(1.13) that
m—1 m—1
OTm = kzo (€injib = Cirjasad) — kzo (Cairjn — Cairjrss) 7# 0.

Hence, ker 0|o, = 0 whence Hs = {0} .
Let us show that Hy = {0} . Since dim Im 0|, = 1, it suffices to show that

dimker d]g, = 1. (1.14)
Consider the following general element of €2o:
m—1
U= kz_:o A (eaik—ljk - eaikjk) + Bk (eikjkb - eikjk+1b)

with arbitrary coefficients oy, 3;.. We have

|
—

m

ou = k=0 Ok (eaik71 + Cip_1jx — Caiy — eik]’k) + By, (ejkb + €irjr — Crgab — eikjk+1)
m—1 m—1
= (g1 — ag) €aiy, + Z (ﬂk - ﬁk—l) b
k=0 k=0
m—1 -1

m
+ (ﬂk - ak) Cixj T Z (ak+1 - 519) Cipdrt1-

b
Il
<)

The condition Ju = 0 is equivalent to
a1 =op =B, =P forallk =0,....m—1

which implies (1.14).

Finally, we determine | H;| by means of the Euler characteristic
X = |Qo| — ||+ Q] —|2]=2m+2) —4m+2m -1 = 1.

Hence, we obtain
|Ho| — [H1| + [H2| — [H3| = 1,

which yields |H;| =0. m

1.10 A cluster basis in (2,

We start with the following definition.

Definition. A p-path v = Y v™"re; ; is called an (a, b)-cluster if all the elementary paths €;,..;,
with non-zero values of v"*» have ig = aand i, = b. A pathviscalled a cluster ifitisa (a, b)-cluster
for some a, b.
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Lemma 1.11. Any O-invariant p-path is a sum of O-invariant clusters.

Proof. Letv € . For any points a,b € V, denote by v, the sum of all terms pio---ip €ig...ip, With

io = a and 7, = b.

Then v, is a cluster and v = > Vg p, that is, U oh
a,beV

v is a sum of clusters. Let us prove that each

non-zero cluster v,y is 0-invariant. a

Since v is allowed, also all non-zero terms v i» €iy...i, are allowed, whence v, is also allowed. Let
us prove that Qv is allowed, which will yield the O-invariance of v, ;. The path v,y is a linear
combination of allowed paths of the form €aiy..ip_1b- WE have

p—1
_ P, . k N
aeah...ip_lb - eil...ip_lb + (_1) eazl...zp,1 + kz <_1> ea’il..’ik...ip71b'
=1
The terms €iy..ip_1b and €qiy...ip_1
be non-allowed. In the full expansion of

are clearly allowed, while among the terms e,

i1oienip_1b there may

ov = Z vab

a,beV

all non-allowed terms must cancel out. Since all the terms e _, p form a (a, b)-cluster, they

Leipnipe
cannot cancel with terms containing different values of a or b. Therefore, they have to cancel already
within Ov, 3, which implies that v, j, is allowed. m

Definition. For any p-path v = Y v'-'re; ; define its width ||v|| as the number of non-zero
coefficients v"0-'».

Definition. A O-invariant path w is called minimal if w cannot be represented as a sum of other
O-invariant paths with smaller widths.

Example 1.12. A square w = egp. — €qp' has width 2 and is minimal because e and ey having
width 1 are not J-invariant.

Let a, {bo, b1, b2} , c be a 2-square. The following path
W = €gpge T Cabre — 2€abgc

is then O-invariant, has width 3 but is not minimal because it can be represented as a sum of two
squares:

w = (eaboc - eabzc) + (eablc - eabzc)a

where each square has width 2.

Lemma 1.13. Every 0-invariant cluster is a sum of minimal 0-invariant clusters.

Proof. Let w be a 0-invariant cluster that is not minimal. Then we have

w=3 wh, (1.15)
k=1

where each w*) is a d-invariant path with Hw(k) | < llw|l. By Lemma 1.11, each w®) is a sum of

(k) (k)

clusters w, ;, and it is clear from the definition of w,; that

k
w1l < [lw®].
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Hence, we can replace in (1.15) each w*) by Zmb w((lkg and, hence, assume without loss of generality
that all terms w(*) in (1.15) are O-invariant clusters.

If some w(*) in this sum is not minimal then we replace it further with sum of O-invariant clusters
with smaller widths. Continuing this procedure we obtain in the end a representation w as a sum of
minimal J-invariant clusters. m

Proposition 1.14. The space €1y, has a basis that consists of minimal O-invariant clusters.

Proof. Indeed, let M denote the set of all minimal J-invariant clusters in €2,,. By Lemma 1.13, every
element of ), is a sum of elements of M. Choosing in M a maximal linearly independent subset,
we obtain a basis in €2,,. m

1.11 Structure of ()5

We use here the trapezohedrons 71;,, and associated trapezohedral paths 7,, defined in Sections 1.5
and 1.9 (see (1.5)), that are J-invariant 3-paths for all . > 2. We prove here in Theorem 1.19 that
if G contains no multisquare then Q3 (G) has a basis that consists of trapezohedral paths and their
morphism images.

We start with some examples.

Example 1.15. Here is a merging map from 75 onto a 3-snake:

The trapezohedral path 75 is given by

T2 = €0123 — €0153 1+ €0453 — €0425,
and its merging image is the 3-path
U = €123 — €0133 1 €0233 — €0223 = €0123;
that is, the 3-path eg123 associated with a 3-snake.

Example 1.16. Here is a merging morphism of 73 (=a 3-cube) onto a pyramid:

6
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The cubical 3-path is given by
T3 = €0237 — €0137 1+ €0157 — €0457 + €0467 — €0267
and its merging image of 73 is the following J-invariant 3-path in a pyramid:
U = €0234 — €0134 T €0144 — €0444 T €0444 — €0244 = €0234 — €0134-

Example 1.17. Consider another merging morphism of T onto a prism:

6

The merging image of T3 is the following O-invariant 3-path in the prism:
U = €0233 — €0133 T €0153 — €0453 + €0423 — €0223
= €0153 — €0453 + €0423.

Example 1.18. Here is a merging morphism p : Ty — G where the digraph G is a broken cube that
is shown in the right panel:

—_— 2 1

The path 74 in the present notation is given by

T4 = €0159 — €0169 T €0269 — €0279 + €0379 — €0389 + €0489 — €0459,

and the merging image of 74 is the following J-invariant 3-path on the broken cube:

V = €p158 — €0168 T €0268 — €0278 + €0378 — €0388 1+ €0488 — €0458

= €0158 — €0168 T €0268 — €0278 T €0378 — €0458- (1.16)

One can show that Q3 (G) = (v) .

The next theorem describes the structure of Q3 (G) for a general digraph G but under the following
hypothesis:
G contains neither multisquares nor double arrows. (1.17)

Under the hypothesis (1.17), Q22 (G) has a basis that consists of triangles and squares. The condition
(1.17) implies that if @ — b — c and a / c then there is at most one ' # b such thata — b’ — c.
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Theorem 1.19. Under the hypothesis (1.17), there is a basis in Q3 (G) that consists of trapezohedral
paths T, with m > 2 and their merging images.

Hence, trapezohedrons are basic shapes for 23.

Proof. By Proposition 1.14, 23 has a basis that consists of minimal J-invariant clusters. Let a path
w € Q3 be a minimal J-invariant (a, b)-cluster. It suffices to prove that w is a merging image of one
of the trapezohedral paths 7, up to a constant factor.

Denote by P the set of all elementary terms e;;;, of w. We claim that, for any e,;;, € P,
eithera — 7 or a — j

where — denotes a semi-arrow.
Indeed, if a /+ j then the term e, appearing in

a
Oeqijp is non-allowed and should be cancelled in i i
Ow by the boundary of another elementary 3-path
from P that can only be of the form e, j, with .
0 — i — J
b

whence a — j.

In this case we have

W = Ceqjjb — Ceqi’jb T+ --.

for some scalar ¢ # 0. In the same way, we have

eitheri — b or 7 — b.

If for some path e,;j, € P we have both conditions a
a—jandt — b i

then e is 0-invariant and, by the minimality of w,
w = const €45p- )

Since e,;5p is in this case a 3-snake, the path w is a /

merging image of 7s. b

Next, we can assume that, for any path e4;;, € P, we have

as/jori/tb
which is equivalent to
a—j ori—b.

Define a graph structure on P as follows: for two distinct elements e,;;;, and e, of P we write
i) N o
€aijh ~ €qirjipif a — 7 and j = 7.

and
(ii) e . .
€aijb ~ €airjipif i — band i = i.

Clearly, the both relations @ and W are symmetric. We refer to the relations Q and W as the edges

in P of the first and, respectively, second type.
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(ii)

b
(i)

(1)
Cases eaijb ~ eai’j’b and eaijb ~ eai/j/b

By the hypothesis (1.17), for any e,;;, € P there is at most edge of the first type and at most one edge
of the second type. In particular, the degree of any vertex of the graph P is at most 2.

If in the term e,;5, € P we have a — j then, by the above argument, there exists e, j, € P such that

(1)
€aijb ™~ €ai’jb
and
W = Ceqjjb — CEqi’jb T ..

Similarly, if 7 — b then there exists e, € P such that

(i)
€aijb ™~ €aij'b
and
W = Ceqjjb — CEquij'b + - -

Let us prove that the graph (P, ~) is connected. If P not connected then P is a disjoint union of its
connected components { Py },_,. Denote by w®) the sum of all elementary terms of w lying in P,
with the same coefficients as in w, so that

w=3 Wb, (1.18)
k=1

Let us verify that each w(®) is O-invariant. Clearly, w®) is allowed, and let us prove that dw®) is
allowed. Indeed, let dw®) contain a non-allowed term. The latter comes from the boundary Oeg;jp,
of some elementary term e,;j;, of w¥) and, hence, is either €aib OF €qjp, let it be eq;p, Which means
i #» b. The term e,;, cancels out in dw, which can only happen when w contains another term of the
form e,;;1,. However, then

€aijb ™~ €aij'b

so that e,;;, belongs to the same connected component P, and, hence, must be an elementary term
of w®), This proves that Aw ) is allowed and, hence, wk) is P-invariant.

If the number n of the terms in (1.18) is greater than 1 then the number of vertices in each P is strictly
less that that in P, which implies ||wg|| < ||w|| . However, in this case the representation (1.18) is not
possible because w is minimal.

Hence, n = 1 and P is connected. Since each vertex of P has at most two adjacent edges, there are
only two possibilities:

(A) P isasimple closed polygon;

(B) P is alinear graph.
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Consider first the case (A). In this case every vertex of
P has two edges: exactly one edge of each type (i), (ii).
Hence, the number of edges is even, let 2m, and P has

necessarily the following form:
(i) (i) i @ (i) (i)

€aigjob ™ €aigjrb ~ €aitjib ™ -+ ™ €aip_1jm_1b ~ €ai_ . job ~ €aigjob (1.19)

for some vertices {zk}zngol and { jk}ZZOI of G. Note that necessarily m > 2 because if m = 1 then
(1.19) becomes
(i) @)
€aigjob ™ C€aigjib ™ €aigjobs
which is impossible because edges of different types between the same vertices of P do not exist.

Since all the terms in (1.19) enter w with the same coefficients +c¢ for some ¢ # 0, we see that
w==c (eaiojob = €qigj1b T €airjib — Cairjob T oo F Caipy_1jym_1b — eaim_1j0b> :

If all vertices a, {zk}?:_ol , {jk}}?:_ol , bare
distinct then they form a trapezohedron 7;,,:
In this case we have

w = cTy (cf. (1.5)).
If some of these vertices coincide then the
configuration (1.19) is a merging image of

T, and w is a merging image of c7y,.

Consider now the case (B) . In this case the linear graph P has two end vertices of degree 1, while all
other vertices have degree 2. Depending on the type of edges at the end vertices of P, we have two
essentially different subcases:

case (B1):
the end vertices o (ii) o () o (if) o () o (if) o () '
of P have edges
of different types.
case (Bs):
the end vertices (ii) (i) (ii) (i) (ii)
———o—0o —0o— 06—
of P both have
edges of type (ii)
(the case of type (i) is similar).
Consider first the case (B1) when the graph P must have the form
(i) (i) (i) @ G (1)
€aigjob ~ Caigj1b ~ €airj1b ~ €aiy job N Catim—1jmb ~ €t jmb- (1.20)

Consequently, we have

w=c (eaioj()b — €aigj1b + €ai1j1b — €aiijob T €aim—_1jmb + eaimjmb) .

Since
Ow = ¢ (—€qjob + €qi,nb) mod Ao 1.21)
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and Jw € Ay, we must have either eqj,, = €4i,.p OF €qjop and eq;,,p, are allowed, that is,
a — jo and %,, — b. (1.22)

In the former case we have jy = i,,, whence (1.22) follows again so that (1.22) is always satisfied.

We claim that in this case the configuration (1.20) is a merging image of T}, 4.

Indeed, denote the vertices of 7}, 42
also by a, {zk}}?jgl , {jk}Z:BI ,b, and
map all the vertices of T}, 12, except
for 4m+1, jm+1, to the vertices of G
with the same names; then merge

im1 = jo and  jmi1 — b.
The arrows

a4 = bpt1, bm — Jm+1s bmtl — Jmtl

in T;,42 are mapped to the arrows
CL—>j0, Zm*)ba joﬁb

in G (cf. (1.22)), so that this mapping is a merging morphism. Consequently, w is a merging image

of Tm+2-

For example, in the case m = 1, this merging morphism is shown here:

Clearly, it coincides with the merging morphism of Example 1.17 mapping a 3-cube onto a prism.

Consider now the case (By) when the graph P has the form

(i) (i) (ii) (i) (i) (ii)

€aigjob ™~ €aigjib ™ Cairjib ™ Caiijeb ™~ -+ ™ Cainy_1jm_10 ~ Cai_ | jmbs (1.23)

so that

w=c (eaiojob — €aigj1b T €airjib — €airjob T - T €aipy_1jim_1b — €aim_1jmb) .

Since
Ow = ¢ (—e€qjpb + €aj,p) mod Ay,

it follows that either jo = j,, or
a— jo and a — Jn,. (1.24)

However, jo = j,, is not possible because it would imply that

(i)
Caigjob ™ €ai,, | job

and the line graph P would close into a polygon, which gives the case (A). Hence, (1.24) is satisfied.
We claim that the configuration (1.23) is then a merging image of 7}, 41.
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Indeed, we denote the vertices of T}, 41
also by a, {ir}peq  {Jk}peq - b, and then
map all the vertices of T},,41, except for '
im, to the vertices of G with the same "
names, while ¢,,, is merged to a.

The arrows i
im — Jo and iy — Jm

in T},41 are mapped to the arrows

a— jo and a — jn,
in G as in (1.24), and we obtain a merging morphism. Consequently, w is a merging image of 7,1 1.
For example, in the case m = 3, the above morphism is equivalent to the merging morphism of
Example 1.18 mapping 7} onto a broken cube. In the case m = 2 we obtain the following merging
image of a 3-cube:

Problem 1.20. Describe all basic shapes in Q3 in the general case (without the hypothesis (1.17)) as
well as those in Q,, for p > 3.

1.12 Path complex

The material of this section is based on [20], [22] and [26]. We discuss here the notion of path complex
that unifies digraphs and simplicial complexes.

Definition. A path complex on a finite set V' is a collection P of elementary paths on V' such that if
i0%1..-ip—1%p € P then also 7;...7, and i¢...7,—1 belong to P.

For example, each digraph G = (V, E) gives rise to a path complex P that consists of all allowed
elementary paths, that is, of the paths i — i1 — ... — i,. In general, all paths in a path complex P
are also called allowed.

The above definitions of J-invariant paths, spaces 2, and H,, go through without any change to general
path complexes in place of digraphs because they are based on the notion of allowed paths only. In
fact, most of the results that are proved for path homology theory for digraphs remain true also for a
more general setting of path complexes.

Let us recall the definition of an abstract simplicial complex.

Definition. A simplicial complex with the set of vertices V' is a collections S of subsets of V' such
that if 0 € S then any subset of ¢ is also an element of S.

Let us enumerate all elements of V' so that any subset o of V' can be regarded as a path ¢...i, with
ig < i1 < ... < ip. The above definition means that if io...i, € S then also any sub-path i, ...ix,
with 0 < kg < k1 < ... < kg < p belongs to S. Hence, a simplicial complex S is a path complex,
and the theory of path homologies applies for S.
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In this case, A, consists of linear combinations of all p-dimensional simplexes in S and Q, = A,
because 8ez~0mip is always allowed if €i...i, 18 allowed. Hence, the path homology theory of a path
complex S coincides with the simplicial homology theory of S.

Path complexes

Schematic connection between path complexes, digraphs and simplicial complexes

Let S be a simplicial complex with the vertex set V' as above. Define a digraph G as follows: the
vertex set of Gs is S, and for two simplexes a,b € S we have an arrow a — b provided a D b and
la| = |b] + 1, that is, when b is a face of a of codim = 1. The digraph Gs is called the Hasse diagram
of S.

(a) simplicial complex S (b) abstract digraph G (c) digraph G based on B

o

If § is realized geometrically as a collection of simplexes in R" then G5 can be realized on the set of
vertices Bg consisting of barycenters of the simplexes of S as on the picture. The relation between
simplicial homology H P! with the path homology H is given by the following theorem.

Theorem 1.21. [26, Corollary 5.4] We have

HI™(S) = H, (Gs).

1.13 Triangulation as a closed path

Given a closed oriented n-dimensional manifold M, let T be its triangulation, that is, a partition into
n-dimensional simplexes. Denote by V' = {0, 1, ...} the set of all vertices of the simplexes from T
and by E — the set of all edges, so that (V, E) is a graph embedded on M.

Let us introduce make each edge (i,j) € E into an arrow i — j if ¢ < j and into j — i if
¢ > j. Then each simplex from 7" becomes a digraph-simplex. Denote by T the set of all digraph
simplexes constructed in this way. That is, ¢g...2,, € ? if 49...7,, is a monotone increasing sequence
that determines a simplex from 7'. Clearly, any such path ¢...7, is allowed.

For any simplex from 7" with the vertices ig...i,, define the quantity o?» to be equal to 1 if the
orientation of the simplex g...7,, matches the orientation of the manifold M, and —1 otherwise. Then
consider the following allowed n-path on the digraph G = (V, E):

o= > e . (1.25)

. . —
i0...in€T
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Lemma 1.22. [20] The path o is closed, that is, o = 0, which, in particular, implies that o is
O-invariant.

Proof. Observe that o is the a linear combination with coefficients £1 of the terms e, ;,_, where
the sequence jo, ..., jn—1 is monotone increasing and forms an (n — 1)-dimensional face of one of the
n-simplexes from 7'.

In fact, every (n — 1)-face arises from _
/o
two n-simplexes, say
A= jo..Jp—1aJg---Jn—1 and B = jo...51-1bj1.-Jn—1 / b .
that is, the n-simplexes A and B have a common M

(n — 1)-dimensional face j...Jn—1.

We have
aejo---jk—mjk---jnﬂ =..+ (_1) €0 fl—1Gkefn—1 T ooe -

Since interchanging the order of two neighboring vertices in an n-simplex changes its orientation, we

have
IO k-1 Tn—1 — (_1)k G0 Jk—1Tk-+-Jn—1

Multiplying the above lines, we obtain

a(O'AeA) = ..+ O'ajo"'jnflejol_.jn_l + ...,
and in the same way

a(o'BeB) =..+ O.bjo-..jn71ej0mjn_1 + ...

However, the vertices a and b are located on the opposite sides of the face jg...j,,—1, which implies that
the simplexes ajg...jn—1 and bjo...j,—1 have the opposite orientations relative to that of M. Hence,

O-ajO-“jnfl _|_ O-bjO-Njnfl — O7

which means that the term e, ;, , cancels out in the sum 8(0‘46 A+ oBe p) and, hence, in do. This
proves that 0o = 0. m

The closed paths o defined by (1.25) is called a surface path on M.

There is a number of examples when a surface path o happens to be exact, that is, 0 = dv for some
(n + 1)-path v. In this case v is called a solid path on M because v represents a “solid” shape whose
boundary is given by a surface path. If o is not exact then ¢ determines a non-trivial homology class
from H,, (G) and, hence, represents a “cavity” in triangulation 7".

Example 1.23. M = S!. A triangulation of S! is a polygon, and the corresponding digraph G is
called cyclic.

On each edge (1, j) of a polygon we choose

an arrow 7 — j arbitrary (not necessarily if 7 < j).

We have
o= E ai]eij
i—]

where we have 0%/ = 1 if the arrow i — j goes

counterclockwise, and 0%/ = —1 otherwise.
On the digraph on the picture we have

0 =eg1 — €21 + €23 + €34 — e54 + €50
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If a polygon G is a triangle or a square then €2, = {0} for p > 3 and H, = {0} for all p > 1.
Otherwise we have the following statement.

Proposition 1.24. [20] If a polygon G is neither triangle nor square then Q, = {0} and H, = {0}
forall p > 2 while H; = (o).

Proof. We have (), = {0} for all p > 2 by Theorem 1.8. Hence, dim H, = 0 for p > 2. For the Euler
characteristic, we have

x = dimQy —dimQ; = 0.

Since also
x = dim Hy — dim H;

and dim Hy = 1, we obtain dim H; = 1.

It remains to see that o is a non-zero element of H;. The path o is closed by Lemma 1.22. In this case
this can also be seen directly because by construction we have oiitl) _ 5411 = 1 whence, for any
vertex 7,

(90)" = Z (07 — ) = o711 g(HDT_Gili=1) i) =1 1 =,
jev

Finally, o # 0 in H; because ImJ|q, = {0} . m

Example 1.25. Let M = S™ and let a triangulation of S™ be given by an (n + 1)-simplex.

Then G is a (n 4 1)-simplex digraph. A

On this picture n = 2 and

0 = e123 — €023 + €013 — €12 = Oep123

so that eg123 is a solid path representing
2
a tetrahedron. ‘

0

For an arbitrary n we also have ¢ = Jeq_ 1 so that g1 is a solid path representing an (n + 1)-
simplex.

Example 1.26. Let M = S? and let a triangulation of S? be given by an octahedron (see also Section
1.6). Consider two cases of numbering of vertices and, respectively, orientation of arrows.

Octahedron based on a square: 4

We have Hy = {0} ; it is easy to see that
0 = €024 — €025 — €014 T €015 — €234
+e235 + €134 — €135 0
= 0 (eo134 — €0234 + €0135 — €0235)
Hence, v = €134 — €0234 + €0135 — €0235
is a solid path and the octahedron 5

represents a solid shape.
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Octahedron based on a diamond: 4

We have Hy = (o) where

0 = €024 — €034 — €025 T €035 — €124
+€e134 + €125 — €135

so that this octahedron represents

a cavity.

Example 1.27. Let M = S? and let a triangulation of S? be given by an icosahedron:

3 o

Chose a numbering of vertices as shown here
and arrows ¢ — jifi ~ jand ¢ < j.
We have |V| =12, |E|=30, H; = {0},

and Hy = (o) where

0= —ep19t+ep12 —€1211 + €026 + €059
—e056 T €5610 — €139 +€1311 — €267
+e6710 —€2711 — €349 + €348 — €4810
+e3811 — €459 + €4510 + €7810 — €7811-

Hence, the icosahedron represents a cavity.
Conjecture 1.28. For icosahedron dim Hy (G) = 1 for any numbering of the vertices.

Conjecture 1.29. For a general triangulation of S", the homology group H,, (G) is either trivial or
is generated by o. All other homology groups H,, (G) are trivial.

1.14 Homological dimension

In this section K = Fs.

Definition. Define the homological dimension of a digraph G by

dimy, G =sup{k : |[Hx (G)| > 0}.

Let GG be a polygon (a cyclic digraph).
If GG is neither triangle nor square,
then |[Hi| =1and |H,| =0forp > 2

whence dim;, G = 1.

Let GG be either a triangle or a square:
Then |H,| = 0 for p > 1 and dim;, G = 0.
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Let GG be the octahedron based on a diamond: A
Then |Hz| =1, |Hp| =0 forp > 3, ‘

whence dimj, G = 2. ”

Let us give an example of a digraph with co homological dimension that is due to Gabor Lippner and
Paul Horn [34]. Fix some n > 5. We construct a digraph LH (n) of 2n vertices that are denoted by

1,2,....,.m and —1,-2,...,—n,
and the arrows between vertices x, y in LH (n) are defined as follows:
r—vy if |y|=|z|+1 orif x| =n—1and |y| =2, (1.26)

so that LH (n) has 4n edges. In fact, LH (n) is obtained from the complete multipartite digraph
—
K27 2,...,2 by adding the last 4 arrows.

——

n

Example 1.30. Here is the digraph LH (5) .

N
It is obtained from K9 2292

by adding four arrows.

For this digraph 3,, > 0

provided

p = 1mod 3.

Proposition 1.31. [34] If p = 1mod (n — 2) and p > n — 1 then the homology group Hy, (LH (n))
is non-trivial.

Hence, for the digraph LH (n), non-trivial homology groups H,, occur for arbitrarily large p. Conse-
quently, we have
dimy, LH (n) = oo.

There are digraphs with non-trivial homology group H,, for all value of p — see below Example 2.27.

Proof. Letp = (n —2) k + 1 for some k£ > 1. Let us construct a family of allowed paths in LH (n)
as follows. First consider a numerical sequence of p + 1 = (n — 2) k + 2 numbers:

1,2,3,.n—1,2,3,..,n—1,..,2.3,...n— 1,n, (1.27)

-~

where the group 2, 3, ...,n — 1 is repeated k times, and then give arbitrarily the signs + and — to each
number in this sequence. Clearly, we obtain in this way an allowed elementary p-path in LH (n). For
any such a path u, denote by o (u) the number of ‘—’ in u, and consider the path

w=>Y> (1), (1.28)

u

where the summation is taken over all paths u obtained in this way from the sequence (1.27).
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Let us verify that Jw = 0 (and, hence, w € 2,). Indeed, let u = wy...u, be one of the elementary
paths in the sum (1.28). The boundary Ou is the sum of the terms

(—1)" wg.. tim 1 Wi 1 - Uy (1.29)
that are obtained from w by omitting u;. Fix some ¢ and consider a path
U= up...Uj—1 (*UZ) Ui-1---Up

where only the sign of u; is changed. Then Ou contains also the term (1.29). However, u and @ enter
w with opposite signs so that the term (1.29) cancels out in the sum (1.28). Hence, we obtain Ow = 0.

Let us verify that w # Jv for any allowed path v, which will imply that w determines a non-trivial
element in H,,. Assume from the contrary that w = dv for some v € A4 1. For that, v has to contain
an allowed elementary p + 1-path that contains both a vertex 1 and a vertex n (otherwise, 1 and n
cannot appear in the same path (1.27)). Let

U = UQ....Up+1
be such an allowed elementary p + 1-path, where
lupl =1 and |ups1| = n.
We have u; — u;41 and, hence, as it follows from the definition of arrows in (1.26),
|uit1] = |ug| +1mod (n —2).

Therefore,
|up+1| = |uo| +p+ 1mod (n — 2),

whence it follows that
n=p+2mod (n —2)

and
p = 0mod (n — 2),

which contradicts the hypothesis. ®
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Chapter 2

Kiinneth formulas

The material of this chapter is based on [22] and [29].

2.1 Cross product of paths

Given two finite sets X, Y, consider their product
Z=XxY={(a,b):a€e XandbeY}.

Let z = zpzj...z, be aregular elementary r-path on Z, where z;, = (ag, bg) withay, € X and b, € Y.
We say that z is stair-like if, for any £ = 1, ..., 7, either ay_1 = aj or by_1 = by, is satisfied. That
is, any couple zx_1 21, of consecutive vertices is either vertical (when a;_; = ay) or horizontal (when
br—1 = by).

Given a stair-like path z on Z, define its projection 5 (52)
onto X as an elementary path z on X obtained from
z by removing Y -components in all the vertices of z
and then by collapsing in the resulting sequence any Y T
subsequence of repeated vertices to one vertex. :

In the same way define projection of z onto Y and T
denote it by y. (x000) b Y,
Projections x = xg...xp and y = yo...1y,4 are regular elementary paths, and p + g = 7.

@

Every vertex (z;,y;) of path z can be represented
as a point (4, j) of Z? so that path z is represented
by a staircase S (z) in Z* connecting (0, 0) and (p, q). He

Define the elevation L (z) of z as the number of cells in Z2 below the staircase S (z).

For given elementary regular paths x on X and y on Y, denote by Y, , the set of all stair-like paths z
on Z whose projections on X and Y are respectively x and y.

Definition. Define the cross product of the paths e, and e, as a path e; X e, on Z as follows:

eaxey= Y (-1, 2.1)

ZEZz,y

and it extend by linearity to all u € R, (X) and v € R, (Y) sothatu x v € Rp14 (Z).

31
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Example 2.1. Let us denote the vertices on X by letters a, b, ¢ etc and the vertices on Y by integers
1,2, 3, etc so that the vertices on Z can be denoted as a1, b2 etc as the fields on the chessboard. Then
we have

€q X €12 = €gqla2; €ab X €1 = €41b1 a3 b3 c3

€ab X €12 = €41b1b2 — €ala2b2

€ab X €123 = €q1p1b2b63 — €ala2b2b3 T €ala2a3b3 a2 b2

S
[

€abc X €123 = €qlblclc2c3 — €alblb2c2c3 T €albl b2b3 c3
+€a1a2b2¢2¢3 — €ala2b2b3¢3 T €ala2a3b3c3

al bl cl

Lemma 2.2. [29, Proposition 4.4] If u € R, (X) and v € R, (Y') where p,q > 0, then
0 (uxv)=(0u) xv+ (=1)Pux (Qv). (2.2)

2.2 Cartesian product of digraphs

Denote a digraph and its set of vertices by the same letters to simplify notation. Given two digraphs
X and Y, define their Cartesian product as a digraph Z = X[1Y as follows:

* the set of vertices of Z is X x Y, that is, the vertices of Z are the couples (a, b) where a € X
andbeY;

* the edges in Z are of two types: (a,b) — (a’,b) where a — o’ (a horizontal edge) and
(a,b) — (a,b") where b — ' (a vertical edge):

Ve @) @)
7 7 T

be (a.,b) . (a"b)
Y x o e — e

It follows that any allowed elementary path in 7 is stair-like.

Moreover, any regular elementary path on Z is allowed if and only if it is stair-like and its projections
onto X and Y are allowed.

It follows from definition (2.1) of the cross product that
ueA,(X)andve 4, (Y) = uxvedy,(2). (2.3)
Furthermore, the following is true.

Lemma 2.3. [29, Proposition 4.6] If u € Q, (X) and v € Qg (Y') then

uxXveE Qi (2).

Proof. u x v is allowed by (2.3). Since Ou and Ov are allowed, by (2.3) also Ou x v and u x Jv are
allowed. By (2.2), 0 (u x v) is also allowed. Hence, u x v € Q14 (Z). m

Theorem 2.4. [29, Theorem 5.1] Any O-invariant path w on Z = XUY admits a representation in

the form
m
w = E Ui X U;
i=1

for some finite m, where u; and v; are O-invariant paths on X and Y, respectively.
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2.3 Kiinneth formula for product

Here is the main result of this chapter.

Theorem 2.5. [29, Theorem 4.7] (Kiinneth formula for product)
Let X, Y be two finite digraphs. Then, for any r > 0,

Q. (XOY) = S Qp (X)®Qq(Y),
{p,¢>0:p+q=r}

where the isomorphism is given by

URQUH—UXV

forue Q,(X)andv e Qu(Y).

Consequently, we have

H, (XOY) = ) H, (X)® Hy (Y)
{p,¢>0:p+q=r}

and

B XOY)= > B, (X)B,(Y).

{p,q>0:p+q=r}

Example 2.6. Let X be an interval and Y be a square:

X = % — e and Y =

Then Z = XY is a 3-cube:

We have:

0 (X) = (eap), Qp(X)=0forp>2,

Q1 (Y) = (eo1, €13, €23, €02),

Q2 (Y) = (e013 — €023), Q¢ (Y) =0forg > 3.
By (2.4) we obtain

a2=2

b2=6,

33

2.4)

(2.5)

b0=4,

a0=t

Qs (Z) ~ 0 (X) ® Q9 (Y) = <€ab X (6013 — 6023)>.

Let us compute the cross-products:

€ab X €013 = €a0b0b1 b3 — €a0alblb3 T €a0ala3 b3

= e0457 — €0157 + €0137

b3

al

and

€ab X €023 = €0467 — €0267 + €0237-

b1

a

Hence, we obtain

Q3 (Z) = (eoas7 — €o157 + €0137 — €oa67 + €0267 — €0237)

b0

that is, {23 is generated by a single 0-invariant 3-path that is associated with 3-cube.
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Example 2.7. Denote by 7' the following 3-cycle (=1-torus):

b 1
e A VAN
a < 0 2

Consider a 2-torus
G=Tdr
that is shown here:
Let us compute Q, (G) and H, (G).

We have Qo (T') = (eo, €1, €2),
0 (T') = (eo1, €12, €20),
Q, (T) = {0} forp > 2.

By (2.4) we obtain Q, = {0} for r > 3 and

Q2 (G) =M (T) @ (T)
= (eqb X €01, €ab X €12, €qp X €20, €be X €01, €he X €12,

€be X €20, €ca X €01, €cq X €12, €cq X 620)-

Using 4 b
€ab X €ij = €qaibibj — €aiajbj
we obtain that i ai bi
o —0
a b
Q2 (G) = (ea0b0b1 — €a0albl, €alblb2 — €ala2b2> Ca2b2b0 — €a2a0 b0
€b0c0cl — €Eb0blels Eblele2 — €b1b2¢25 €b2¢2c0 — €b2b0c0s
€c0alal — €c0clals €clala2 — €clc2a2y €c2a2a0 — €c2c0 a0>
that is,
Q2 (G) = (ep34 — €014, €145 — €125, €253 — €203,
€367 — €347, €478 — €458, €586 — €536
€601 — €671, €712 — €782, €820 — €860)- (2.6)

We see that Q9 (G) is generated by 9 squares.

This can be visualized using
the following embedding of G

onto a topological torus:

Let us compute the homology
groups of GG. We know that

Hy (T) = (eo), Hi(T)= (eo1 +e12+e2), Hy(T)={0} forp>2.
By (2.5) we obtain

Hy (G) = Ho (T) ® Hy (T) + Hi (T) ® Ho (T) = (v1, v2)
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where
vl = eq X (€01 + €12 + €20) = €q0al + €ala2 + €a240 = €01 + €12 + €20
V2 = (€qb + €be + €ca) X €0 = €q0b0 + €b0c0 + €c0a0 = €03 + €36 + €60-
Again by (2.5)
Hy (G) = Hi (T) ® Hi (T) = (u),
where
U = (eqp + €pe + €ca) X (€01 + €12 + €20) ,
Hence,
U = €q0b0b1 — €alaldl T €alb1b2 — €ala2b2 T €a2b250 — €a2a0b0
+ €p0c0cl — €p0blel T Eblclc2 — €p1b2c2 T €b2¢2c0 — €250 0
+ €c0a0al — €c0clal T €clala2 — €clc2a2 T €c2a2a0 — €c2¢0 a0,
that is,

u = (eo3a — eo14) + (€145 — €125) + (€253 — €203) + (€367 — €347) + (€478 — €458)
+ (es86 — €536) + (es01 — €671) + (€712 — e782) + (€820 — €s60) - 2.7

Finally, H, (G) = 0 for all r > 3.

2.4 An example: n-cube

Define n-cube as follows:
n-cube = 7" = JOI0...0O1,
—_—

n

where I = {0 — 1} and n € N. Hence, each vertex a of the n-cube can be identified with a binary
sequence (ay, ..., a,) . For example, 0 = (0, ...,0) and 1 = {1, ..., 1} are the corners of the n-cube.

For two vertices a, b of n-cube, there is an arrow a — b if by, = a; + 1 for exactly one value of k£ and
by, = ay, for all other values of k. Denote

la| = a1 + ... + an.
We write a =< b if there is an allowed path from a to b, that is
a=xb < a,<b.forallk=1,... n.

For any pair a = b consider an induced subgraph D, ; of the n-cube as follows:

the vertices of D, are all vertices c
of IV such that

a=<c¢c=<b
and an arrow c¢; — co existsin Dy,
exactly when this arrow exists in 17",
Here is a 4-cube and its subgraph D, ;:

(the arrows go from top to bottom).
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The mapping ¢ — ¢ — a provides an isomorphism of D, ; onto an p-cube with
p= bl —lal.

Assuming that @ =< b, denote by P, the set of all elementary allowed paths going from a to b. All
paths of P, lie in D, ;, each path in P, ; has the length p = |b| — |a/, and the total number of the
paths in P, 3 is p!.

Lemma 2.8. There is a function o : P, — {0, 1} such that the following p-path

wap= . (=1)7@e, (2.8)
IEP(LJ,
is O-invariant.
For example, in a 3-cube as shown here, we have 6 .,

wo,1 = €01,

wo,3 = €013 — €023,
and

wo,7 = €0137 — €0237 — €0157 1+ €0457 1 €0267 — €0467
(cf. Example 2.6). 0 !

Proof. Without loss of generality, we can assume that a = 0, b = 1, and prove the claim by induction
in n = p. The induction basis for n = 1 is obvious. For the induction step from n to n + 1 we use
Lemma 2.3 that says that the cross product of d-invariant paths is d-invariant. Denote by 0’ = (0, 0)
and 1’ = (1, 1) the corners of the (n + 1)-cube.

Taking the cross product of the n-path "

wp,1 ON I7" and the 1-path y = eg; on I,

and using (2.1), we obtain the following

d-invariant (n + 1)-path on 700 +1) v

wor X epr = Y (=1)7@ e, x ey
(L’EPO,]_ 0 ,“ >
= Z Z (_1)0(1) (_1)L(z) €z, A pathz€Pp 1 and z€3; 4

SEEP()J ZGEzyy
where z is any stair-like path on (n + 1)-cube that projects onto x and vy, respectively.

Clearly, z runs over all paths Py 1/. Setting
0(z) =0 (x)+ L(z2)mod?2

and
we’,17 = wo,1 X €01,

we obtain
wO/’lx = Z (—1)0(2) €z,

Z€P0/71/
which finishes the proof. m
Proposition 2.9. For any p > 0, we have
Q, (n-cube) = (wep : a 2 band |b] — |a| =p) .

Moreover, {w,} is a basis of Q, (n- cube) .
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Proof. The proof is again by induction in n. The induction basis for n = 1 is obvious. For the
induction step from n to n + 1 we use the Kiinneth formula (2.4). By this formula and by the induction
hypothesis, we obtain that the basis in €2, ((n + 1)- cube) consists of the following p-paths:

{wap X €01t wap € Qp—1 (n-cube)} U{wqap X €t wep € Qp (n-cube) ,i = 0,1}
As above, the products w, X eo1 give us all the p-paths w4 gy, (»,1), While w, p X €; give us all the p-paths

W(a,0),(5,0) Ad w(q 1y (5,1)- Clearly, we obtain in this way all p-paths w,p with a’,b" € (n + 1)-cube,
which finishes the proof. m

2.5 Augmented chain complex

In this section we use the augmented chain complexes

60— K & A & .0 & A Lon, 2 (2.9)

0 K & Ry & ... & gy &R, & (2.10)
and

0— K & o & ... 2o, aq &. 2.11)

with the added space A_1 = R_1 = Q2_1 = K. The operator 9 : Ay — A_; is define by
Oe; = e = the unity of K

which matches the definition (1.1) for p = 0.

The homology groups of (2.11) are called the reduced homology groups of G and are denoted by
H,(G). We have

H,(G) = Hy(G) forp > 1and Hy(G) = Hy(G)/K.

Define the reduced Betti numbers: BP(G) = dim I;'p(G). We have

B3,(G) = B,(G) forp > Land By(G) = By(G) — 1.

For a disjoint union X U Y of two digraphs we have by (1.4)

B, (XUY) =5, (X)+ B, (Y)+ 1g—g). (2.12)

The augmented chain complex (2.11) as opposed to (1.3) will also be used in Section 5.9. In all other
places we continue using the chain complex (1.3).

2.6 A join of two digraphs

Let X, Y be two digraphs.

Definition. The join X Y of the digraphs X, Y is a digraph whose set of vertices is a disjoint union
of the sets of vertices of X and Y, and the set of arrows consists of all arrows of X and Y as well as
from all arrows x — y where x € X andy € Y.
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Example 2.10. For example, for the digraphs {-, -} of two vertices and no arrows, we have

{0,1} % {2,3} =

a diamond

and

an octahedron

Definition. Let p,¢q > —1. For a p-path u on X and a g-path v on Y, define the join uv as a
(p+ g+ 1)-path on X Y as follows: first define it for elementary paths by

€ig...ip€J0...7q = €ig...ipjo-.-Jg>

and then extend this definition by linearity to all v and v.

If  and v are allowed on X resp. Y then wwv is clearly allowedon Z = X Y.

Lemma 2.11. [20], [29, Lemma 2.4] (Product rule for join) For all p,q > —1 and u € A, v € A,
we have

d (uwv) = (du) v+ (=1)PT udw. (2.13)

If u € Q,(X)and v € Q, (Y) then Ju and Jv are allowed, which implies by (2.13) that 0 (uv) is
also allowed, that is, uv € 4441 (Z) . The product rule implies also that the join uv is well defined
for the reduced homology classes: if u € Hy (X) and v € H, (Y') then uv € Hp g1 (Z).

2.7 Kinneth formula for join

Let X, Y be two digraphs.

Theorem 2.12. [29, Theorem 3.3] (Kiinneth formula for join) We have the following isomorphism:
Jorany r > —1,
Q (X *Y) = D (2, (X)®Qq (Y)) (2.14)
{p.g>—1:p+g=r—1}
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that is given by the map u @ v — wv withu € Q, (X) and v € Q4 (Y'), and, for any r > 0,

H (X xY) = sy H, (X)® Hy, (Y) (2.15)
{p,.¢>0:p+q=r—1}
B (X*Y) = > By (X) B, (Y). (2.16)

{p,q>0:p+q=r—1}

The identity (2.14) means that any paths in 2, (Z) can be obtained as linear combination of joins uv
where u € Q, (X) and v € Q, (Y') with p+ ¢ + 1 = r, and (2.15) means the same for homology
classes.

Example 2.13. Let Y consist of a single vertex. In this case the join X =Y is called a cone over X.
Since all homology groups H., (Y) are trivial, the cone X * Y is also homologically trivial by (2.15).
For example, the following digraphs are cones and, hence, they are homologically trivial.

Example 2.14. Let Y consist of m vertices without arrows. Then the join X * Y is called the
m-suspension of X and is denoted by sus,, X.

Here is an example of sus,,, X with m = 3:
Since 3 (Y) = m — 1 and Ep (Y)=0
for p > 1, we obtain from (2.16) that

E'f (SUSm X) = (m - 1) Er—l (X) :
For example, on this picture X = suss {-, -}
whence 3, (X) =1 andﬁp (X)=0forp # 1.
For G = susg X we have (3, (G) = 2 and 3, (G) = 0 for r # 2.

Observe that the operation * of digraphs is associative. For a sequence X1, ..., X; of [ digraphs we
obtain by induction from (2.14), (2.15) and (2.16) that

Qp (X7 % Xo k... x X)) = &b Qp, (X1)®...®Qpl (X)) 2.17)
{pi>—1: p1+p2+...4+p=r—I+1}

H, (X1 % Xox*...x X)) = Hpy, (X1)®...®le (X7) (2.18)
{pi>0: p1+pa+...4p=r—Ii+1}

By (X1 % Xo*x...x X)) = > ﬁpl (Xl)...ﬁpl (X1). (2.19)

{pi>0: pr4pa+...+p=r—I+1}
Example 2.15. Consider an octahedron Z = X7 * X5 * X3 where
X1 ={0,1}, Xo=1{2,3}, X3=1{4,5}.
(see Example 2.10). Then we have

02 (2) = &) 0, (X1) ® Qy, (X3) @ Qp, (X3)
{pi>—1: p1+p2+ps=2—3+1}

= Qo (X1) ® Qo (X2) ® Qo (X3)
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= (eo, e1) ® (e2,e3) ® (e4,e5)

= <€024a €025, €034, €035, €124, €125, €134, 6135>

and

Hy(Z) = Hy (Z) = @ H,, (X1) ® H,, (X3) ® Hy, (X3)
{pi>0: p1+pa+p3=2—3+1}

= Hy (X1) ® Ho (X2) ® Ho (X3)
= (eg —e1) ® (e2 — e3) ® (e4 — e5)

= (€024 — €025 — €034 + €035 — €124 + €125 + €134 — €135).

2.8 Linear join

Given a digraph G of [ vertices {1,2,...,1} and a sequence X1, ..., X; of [ digraphs, define their
generalized join (X1...X;)o = Xg as follows: X is obtained from the disjoint union LJ; Xi of
digraphs X; by keeping all the arrows in each X; and by adding arrows x — y whenever z € X,
y € X;jandi — jinG.

Digraph X is also referred to as a G-join of X1, ..., X;, and G is called the base of X.

The main problem to be discussed here is
how to compute the homology groups and Betti numbers of Xg.

Denote by K; a complete digraph with vertices {1, ...,1} and arrows
1= je1<]

that is, K is an (I — 1)-simplex. For example, K3 = {1 — 2} and K3 = {1 -2 — 3,1 — 3} isa
triangle.

The digraph X, is called a complete join of X1, ..., X;. Itis easy to see that
XKZ :Xl*XQ*...*Xl

It follows from (2.19) that, for any r» > 0,

B, (Xi,) = > B, (X1)..8, (X)). 2.20)
{pi=0: pr+pa+...4+p=r—i+1}

Denote by I; a monotone linear digraph with the vertices {1, ..., [} and arrows ¢ — i + 1:

L ={1-2—..—1}. 2.21)
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If G = I; then we use the following simplified notation:
(X1 X2..Xp), = X1 X2...X)

and refer to this digraph as a monotone linear join of X1, ..., X;.
Clearly, X7 X5...X,, can be constructed as follows: take first a disjoint union |_|i:1 X, and then add
arrows from any vertex of X; to any vertex of X, (see Example 4.13).

In the case [ = 2 we obviously have X; Xo = X % X5 but in general X; X5...X; is a subgraph of
X1 x X3 * ... ¥ X;. For example, we have

{0} {1,2} {3} = while {0} % {1,2} {3} =

Theorem 2.16. [30] We have

H, (X1X..X)) = fasy Hy (X1) ® ... ® Hy, (X)) (2.22)
{pi>0: p1+pa+...+p=r—I+1}

and

O X0 = > By (X1) .8, (X)) (2.23)
{p:i>0: p1+pa+t...+p=r—i+1}

Besides, if dim,, X; < oo for all i then also dim,, (X;...X;) < oo.

It follows from comparison of (2.18) and (2.22), that the linear join X; X5...X; and the complete join
X1 % Xg * ... ¥ X are homologically equivalent.

Example 2.17. Assume that one of the digraphs X; is homologically trivial, that is, Ep (X;) =0 for
all p and some 7. Then by (2.23) the digraph X; X5...X; is also homologically trivial.

Example 2.18. Assume that all digraphs X; have no arrows. In this case the only non-trivial Betti
numbers are (3, (X;), and we obtain from (2.23) that the only non-trivial Betti number of X; X5...X|
is

Bro1 (X1 X2...X;) = By (X1) ..o (X7) - (2.24)
This particular case of Theorem 2.16 was proved in [7].
Here is an example of a monotone |a o3 o5
linear join:
X = X1X2X3

where each X; = {-,-}.
Since 3, (X;) = 1, it follows from (2.24) that the only non-trivial Betti number of X is 3, (X) = 1.

Example 2.19. Let the base G be a square:
We have 3 -
G ={1}{2,3} {4}

which implies that

+

Xo=X1 (Xgl_ng)X4. 1 )
Hence, we obtain by Theorem 2.16 and (2.12) that
/Br (XG) = Z ﬁpl (Xl)ﬁPQ (X2|—|X3) ﬁpg (X4)

{pi=>0: p14+p2+p3=r—2}
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- > By (X1) (B (X2) + By (X3) + Lm0y ) By (X0)

{pi>0: p1+p2+pz=r—2}
= ﬁr (X1X2X4) + ﬂr (X1X3X4) + /grfl (X1X4) . (2.25)

For a general base G, if 4;...9; is an arbitrary sequence of vertices in G then denote
lezk = ij )(z‘2 sz .

Note that by (2.23)

By (Xiy.oiy) = )» By (Xiy) By, (Xiy) -

p1+...+pr=r—(k-1)
P1ye-,Pk >0

Using this notation, we can rewrite (2.25) as follows: if G is a square then

B, (Xa) = B, (X124) + B, (X134) + By (X14).

Example 2.20. Let GG be an octahedron based on the diamond:

We have
G ={1,2} % {3,4} = {5,6}

whence I

XG:(X1|_|X2)*(X3|_|X4)*(X5|_|X6). :
By (2.20) we obtain ,(,

B, (Xc) = > By, (X1 U X2)B,, (X5 U X4)B,, (X5 U Xe)

{pi>0: p1+p2+ps=r—2}
= > (Bp, (X1) + By, (X2) + L =03) (B, (X3) + B, (Xa) + 1gp,—0})

{pi>0: p1+pa+ps=r—2}
X (B (X5) U By, (X6) + 1ps=0})
= B’I’(X135) + BT(X145) + ET(X235) + ET(X245) + Br(XISG) + ET(XMG)

+ B,(Xa236) + B,(X246)

+ B, 1 (X13) + B0 (Xa3) + B, 1 (X14) + By (Xaa) + By (Xa5) + B, 1 (Xo5)

+ B, 1(Xs5) + Br_1(Xus) + B,_1(X16) + Br1(Xa6) + Br—1(Xas) + B, 1 (Xao)

+ Eer(Xl) + Er72(X2) + grﬁ(XS) + Brfz(XAx) + 6r72(X5) + Eer(Xﬁ) + 150y

2.9 Subgraphs and Mayer-Vietoris exact sequence

The material of this section is based on [18].

A digraph Y is called a subgraph of a digraph X if both sets of vertices and arrows of Y are subsets
of those sets of X. Any allowed path in Y is therefore also allowed in X . Since the natural inclusion
map i : Y — X commutes with 0, we obtain that every 0-invariant path in Y is also 0-invariant in X.

A converse is not always true: even if €. q, is an allowed path in X and all the vertices ay, . . ., a,
lie in Y, this path is not necessarily allowed in Y because some of its arrows may not be in Y.

A subgraph Y is called included if together with two vertices a, b € Y it contains also an arrow a — b
should this arrow be present in X. For a induced subgraph Y, if e4,.. 4, is an allowed path in X and
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all the vertices ag, . . ., ap liein Y then ey, q, is also allowed in Y. Consequently, if w is a O-invariant
path in X and if all the vertices of w are contained in Y then w is also O-invariant in Y.

If Y7 and Y5 are two subgraphs of X then their union Y; UY5 is a subgraph of X whose sets of vertices
and arrows are unions of those of Y7 and Y5, respectively. In the same way one defines the intersection
Y1 NYs. If Y7 and Y5 are induced then Y7 N Y5 is also induced.

Assume that a digraph X is a union of two subgraphs Y] and Y5, that is,
X=Y1UY,.

In particular, every arrow of X lies in Y7 or Y5. Denote
Z=Y1NY,.

Then we have the following commutative diagram of the natural inclusions of the digraphs:

1

zZ oy
# g (2.26)
-2
Y, 5 X.

For any p > —1 the commutative diagram (2.26) induces a commutative diagram
i1
Ry(Z) - Ry(1)
|5 (e (227)
2
Rp(Yz) = Ry(X),

where all homomorphisms are injective. Observe that all homomorphisms %, and j, commute with
the boundary operator 0 and map allowed paths to the allowed ones.

Consider the following homomorphisms:
0 — R,y(Z) -5 Ry(V1) & Rp(Ya) - Ry(X) — 0, (2.28)

where
0(2) = (ix (2) % (2) and Y(y1,92) = ju (1) — 2 (y2) (2.29)
for all z € Z and y; € Y;. The map ¢ is evidently injective.

Lemma 2.21. [18, Lemma 3.23] In the sequence (2.28) we have Im 6 = ker ~.
Proof. For any z € Z we have
v (0(2)) = jy 0y (2) = g0l (2) =0,
so that v o 4 = 0 and, hence, Im § C ker ~y. To prove the opposite inclusion, observe that
kery = {(y1,92) € Rp(Y1) ® Rp(Ya) : i (1) = 2 (y2) }

that is, y; and y» coincide as paths in X. Since y; is a path in Y] and y» is a path in Y5, it follows that
y1 and y2 can be identified with the same path z in Z = Y} N Y5. It follows that 0 (z) = (y1,y2) and,
hence, (y1,y2) € Im d, which finishes the proof of Im§ = ker~. m

For all (y1,y2) € Rp(Y1) @ Rp(Y2) set

0 (ylv y2) = (8y1,8y2) € Rp—l(Yl) @ Rp—l(yé)'
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Also, we say that (y1,y2) is allowed if both y1, y2 are allowed.

Since i, and j, commute with the boundary operator 0, it follows that § and ~y also commute with 9,
that is, the following diagram is commutative:

0 0
l - l -
0 ... Rn1(2) & Rn(2) 2
19 19
0 ... —« Reoi(M)BR(¥2) & R.(M)@R(Va) &
l’Y l’Y
0 ... R 1 (X) & R (X) 2
! !
0 0

Indeed, for z € R, (Z) we have
d00d(z) = (z}k (0z) ,iz (82)) = (821 (2) ,(%f (z)) =004(2)
and for (y1,y2) € Rn(Y1) ® Ry (Y2) we have

Y00 (y1,y2) = ji (Oy1) — 43 (y2) = 94t (y1) — 953 (y2) = Doy (y1,%2) -

Observe also that § and v map allowed paths to allowed ones, which follows from the same properties
of i, and j,. Since ¢ and v commute with 0, it follows that § and v map J-invariant path to J-invariant
ones. Hence, we obtain the following sequence of homomorphisms

0— Q,(2) -5 Q,(V1) @ 0 (Ya) -5 Q,(X) — 0, (2.30)
where ¢ is injective as above.
Lemma 2.22. [18, Lemma 3.24] In (2.30) we have Im § = ker . If in addition
Vo € Q, (X) we have x = y1 + ya for some y1 € Q, (Y1) and y2 € Q, (Y2), (2.31)

then 7y in (2.30) is surjective and, hence, (2.30) is a short exact sequence.

Proof. Since v o d = 0, we have Imd C ker~y. Let us prove the opposite inclusion. Let y; €
Q,(Y1) and y2 € Q,(Y2) be such that (y1,y2) € kerw, that is, jl(y1) = j2(y2). By Lemma
221, y1 and yo can be identified with a path z € A,(Z). Then 0z = Oy1 € Ap_1(Y1) and
0z = 0yz € Ap,_1(Y2), thatis 0z € A,_1(Z) and, hence, z € Q,(Z). Hence, (y1,y2) = d(2),
which was to be proved.

Let us prove the map ~ in (2.30) is surjective. For any z € €, (X) we have by hypothesis that
x =1y1 +y2 where y; € , (Y1) and y2 € Q, (Y2) . Then we have we have v (y1, —y2) = « so that
is surjective.

The condition (2.31) can be equivalently stated as follows: there is a basis in 2, (X') such that any
element of this basis is a sum of elements of €2, (Y1) and 2, (Y2) .

Theorem 2.23. [18, Theorem 3.25] (Mayer-Vietoris exact sequence) Let
X=Y1UYy, Z=Y1NYs

and assume that the hypothesis (2.31) is satisfied for any p > 2. Then we have a long exact sequence
of homology groups:

— Ho(2) S Hu(V1) @ Ha(Ya) 2 Ho(X) 2 Hooi(2) 2 Hyoi (V) © Hooa(Ya) =, (232)
5 12),

where 0 = (i, Y(y1,y2) = ji(y1) — 52(ye), and B3 is a connecting homomorphism.
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Proof. Note that (2.31) is trivially satisfied for p < 1. Hence, this condition is satisfied for all p. By
the above construction, we have the following commutative diagram

0 0
! !

0 .. Q_1(Z) 2 0, (2) &
10 10

0 oo = Q(Y)®%Wa(¥s) < Q) < ... (2.33)
17 17

0 .. — Q1 (X) 2 Q,(X) &
! !
0 0

where each column is a short exact sequence by Lemma 2.22. Hence, the claim follows from the
zig-zag lemma and from

. (Q.(V1) @ Q.(Va)) = Ho (V1) @ H.(Y2).

[ ]
Any p-path u € R, (X)) has a form

_ 10..0p . .
u= Y u'"e i
i0ip

with the coefficients w07 € K. We say that e;,._;, (or u'*"e;, ; ) is an elementary term of  if
woin £,

The next lemma provides sufficient conditions for the hypothesis (2.31).

Lemma 2.24. Assume that the following two conditions are satisfied:

(i) Forany p > 2 and for any x € Q, (X), any elementary term of x lies in one of the subgraphs
Y1, Yo and is allowed in this subgraph.

(ii) For any square eqp. — €qpc in X, if a,b, ¢ € Yy, for some k = 1,2 then also b € Y.

Then the condition (2.31) is satisfied.

Proof. Fix x € Q, for some p > 2. Denote by y; the sum of all elementary terms of x that lie in Y;
and are allowed in Y7. Set yo = x — y;1. By (i), y2 is a sum of some elementary terms of x that lie in
Y5 and are allowed in Y5. Since x = y; + yo, it suffices to verify that both y; and y» are O-invariant,
that is, Oy; and Oy, are allowed. Assume that Jy; is not allowed. Then Jy; contains a non-allowed
elementary term, say

conste, -~ (2.34)

1Q...lg.e dp
(where 1 < g < p — 1) that comes from the boundary of a term e;,. ;, of y1. This term must cancel
out in Ox, which means that  must contain another elementary term e, . jp With

~ ~

10--Tg—1%q lgt1---Ip = Jo---Jg—1 Jq Jq+1---Jp-
Consequently, i, = ji for all k£ # ¢. Hence, we obtain the following square in X:

(2.35)

eiqfliqqurl B eiqfququrl :
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Since i4_1, iq and iqy1 belong to Y; then by (ii) also j, € Y1. Hence, ej,..j, lies in Y7 and the
non-allowed term (2.34) cancels also in Jy;. Therefore, Oy, is allowed and y; is O-invariant. In the
same way also y; is O-invariant. m
On this picture we show a situation
when each of the paths ig...7, jo...Jp
belong to one of digraphs Y7, Y5 but

the condition (ii) is not satisfied:

for the square (2.35) we have
Qg—1,7q,9g+1 € Y7 while j, ¢ Y.

Corollary 2.25. Assume that the hypothesis (2.31) is satisfied.

(a) If, for some n, the homology groups H,(Z ) and ﬁn_l(Z ) are trivial, then

H,(X) = Hy(Y1) & Hn(Y2). (2.36)

(b) If; for some n, the homology groups ﬁn(}ﬁ) fi:n(Yg), f[n_l(Yl), ﬁn_l(Yg) are trivial then

Hy(X) = H,_1(2). (2.37)

(¢) If; for some n, the homology groups ﬁn_l(}ﬁ), ﬁn_l(Yg) and ﬁn(Z) are trivial, then
dim H, (X) = dim H,, (Y1) + dim H,, (Y3) + dim H,,_1 (Z). (2.38)

Proof. (a) We have the following fragment of (2.32):

0=H,(Z) — Hp(Y1) ® Hp(Y2) — Hp(X) — Hp_1(Z) =0,

whence (2.36) follows.
(b) We have the following fragment of (2.32):

0= H,(V1) ® H,(Y2) = Hy(X) — Hp1(Z) — Hy1(Y1) @ Hy1(Ya) =0,

whence (2.37) follows.
(c) We have the following fragment of (2.32):

0= Ho(2) — Hy(Y1) @ Hy(Ya) > Ho(X) D Hy 1(2) = Hy (V1) @ Hy 1 (Ya) = 0.
Hence, + is injective and (3 is surjective, and Im v = ker 3. By the rank-nullity theorem we have

dim H,, (X) = dimker 5 + dimIm
=dimIm~y 4 dim Im 3
= dim H,, (Y1) + dim H, (Y2) + dim H,,_; (Z),

which was to be proved. m
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Example 2.26. Assume that Z consists of a single vertex v. In this case Y; and Y5 are necessarily
induced subgraphs. Alternatively, one can say that X is obtained by merging digraphs Y; and Y5
at one vertex v. Let us verify that the hypotheses (i) and (ii) of Lemma 2.24 are satisfied. For any
x € (X)) with p > 2 consider an elementary term ceiy...i, of x and show that e;,. ;, lies in Y7 or
in Y5. Assume that this is not the case, that is, one of the vertices i1, ..., 4,1 is v, say v = 44, While
i1g—1 and ¢4 1 belong to different Y7, Y5.

The path Je,...;, contains the term JIUUSE. JIUCEEEES
eio../L‘qfliq+1A.ip I/ Y, AN ' Y, \\‘
. . ' =Ny \
. 1 1
that 1s not a]lowed because Zq_l 7L> 2q+1 ’ ‘\ ............ ./-7\. ................... /"
This term must be cancelled in dx using g1 Y lg+1 ‘

another elementary term of 2. ~ TTooC
However if another elementary term ej, . ;, of = contains €ig..ig_1iqi1...ip N ItS boundary then
10---lg—1%g+1---Ip = J0---Jg—1Jq+1---Jp

which implies j, = v because this is the only choice of j,; to make jo...j, allowed. Hence, €;, _;, =
€jo...j, and the above cancellation is not possible, which proves (i).

The condition (ii) is obvious: if egp. — €qprc is a square in X and a, b, ¢ € Y7 while b’ ¢ Y; then both
a and ¢ must coincide with v, which is not possible.

Since H, (Z) = {0}, Corollary 2.25(a) applies in this case and yields (2.36) for all n. Consequently,
we have

Bn(X) = B,(Y1) + B, (Ya). (2.39)

Example 2.27. Denote by Y] the digraph LH (5) from Example 1.30. For this digraph
B, (Y1) >0 forall p=1modS3.
More precisely, 31 (Y1) = 1 and 3, (Y1) =4 if p=1mod 3 and p > 1. Set
Y5 =suse Y7 and Y3 = susy Ys.
Using the formula 3, (sus; G) = 3,_; (G) from Example 2.14, we obtain that
B, (Y2) > 0 forall p = 2mod 3

and
B, (Y3) > 0 for all p = O mod 3.

Let X be a digraph that is obtained from disjoint digraphs Y7, Y5 and Y5 by merging them at one
vertex. By (2.39) we obtain for all p > 1

Bp(X) = B,(Y1) + B,(Y2) + B,(Y3).
Since 3, (Y;) > 0 for p = imod 3, it follows that
B, (X) > 0 for all p.

Hence, we obtain an example of a digraph with non-trivial homology groups H,, for all p.

Example 2.28. Let X be an octahedron as here:
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Let Y] and Y5 be induced subgraphs consisting
of the upper and lower pyramids. Then Z is the
diamond in the middle section of X.
Space Q9 (X) is spanned by 8 triangles:

€024, €034, €025, €035; €124, €134, €125, €135,
each of them lying in Y7 or Y5, and ,, (X) = {0}
forall p > 3.
Hence, the hypothesis of Theorem 2.23 is satisfied.

Note that all H, (Y1) and H, (Y2) are trivial, while the only nontrivial group ﬁp (Z) is
Hy (Z) = (eo2 — €12 + €13 — €o3) -

By Corollary 2.25(b) we conclude that Ho(X) = H;(Z). Indeed, we have seen in Example 2.15 that
Hs (X) is one-dimensional.

Example 2.29. Let Y5 be an induced connected subgraph of X such that X \ Y5 has a single vertex b
and two arrows @ — b and b — ¢ where a, ¢ are distinct vertices of Yo. We assume further that a 4~ ¢
in Y5 (while in X we have either a — c or a — ¢). Let us related H,, (X) to Hy, (Y2) .

Denote by Y7 an induced subgraph of X with the vertices a, b, ¢, and set Z = Y7 N Y5.
Then Z is an induced subgraph with two
vertices a and c.

Here is an example of this configuration:

Let us verify that the conditions (i), (ii)
of Lemma 2.24 are satisfied.

Let aey,...;, be an elementary term of x € €2, (X) where p > 2. Let us show that the path ig...q,
lies in Y7 or Y5. If 4...7,, does not contain b then it lies in Y5. Let b be one of the vertices ig...7;, say
b= i.
If

p=2and k=1, (2.40)
then e;,..;, = eap and the path abc is contained in Y.
Assume that (2.40) is not satisfied, so that either £ > 2 or k < p — 2.

If £ > 2 then ey, = €., _,ab... and De;,.;, contains the term e_;, ,p... that is non-allowed and
cannot be cancelled by other terms of z.

Similarly, if & < p — 2 then ¢;,. ;, = €..beigyo... and aeio,,_ip contains a non-allowed term e_p;, ...
that cannot be cancelled by other terms of z. Hence, the condition (i) is satisfied.

The condition (ii) is obvious: if s is a square in X that does not lie in Y5 then s must contain the
vertex b and, hence,

S = €abc — €ab'c
where b’ € Y,. However, since ac is not a semi-arrow in Y5, the path ab’c cannot be allowed.

Since
H,(Z)={0} Yn>1 and H, (Y1) ={0} Vn>2,

we obtain by Corollary 2.25(a) that

H,(X)= H,(Ys) forall n > 2.
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In order to determine H; (X), observe that Ho(Y;), Ho(Y2) and H;(Z) are trivial, and we conclude
by Corollary 2.25(c) that

dim H, (X) = dim Hy (Y1) + dim H, (Y») 4 dim Hy (Z).

Next, consider three cases.
Case 1. Let a — c¢. Then Hy (Y1) = {0} and Hy (Z) = {0} whence

Case 2. Leta #» cand ¢ — a. Then Hy (Z) = {0} and
H, (Yl) = <eab + epe + eca) s

whence
dim Hy (X) = dim H; (Y3) + 1. (2.41)

Case 3. Let a /> cand ¢ 4 a. Then Hy (Y;) = {0}, dim Hy (Z) = 1, and we obtain again (2.41).
Example 2.30. Let Y7, Y5 be induced subgraphs of X as shown here:

The digraph X contains a 0-invariant snake eg1 2. 19 that does not lie in any of the subgraphs Y7, Y5.
Hence, the hypothesis (2.31) of Theorem 2.23 is not satisfied, and the condition (i) of Lemma 2.24
fails either.

Example 2.31. Consider the following digraph X of 10 vertices and induced subgraphs Y; and Y3 as
follows:

- Y1 contains the vertices {1,2,4,6,8,9}, I 6

- Y, contains all the vertices except for 6. >
Hence, Z contains the vertices {1, 2,4, 8,9}.
Digraphs Y7, Ys, Z are homologically trivial, 8
while dim H, (X) = 1. g ~ R

In fact, we have

Hy (X)) = (eo12 — (€014 — €034) + (€025 — €035) — (€126 — €146) — (€259 — €269)
— (e348 — e37g) + (e350 — e379) — (€469 — €4s9) — €789). (2.42)

Therefore, (2.36) fails for n = 2. The condition (2.31) fails either because the square

€259 — €269 (2.43)

is 0-invariant on X but it not a sum of J-invariant paths on Y7 and Y5.

For the same reason fails the hypothesis (ii) of Lemma 2.24: in the square (2.43) the vertices 2,6, 9
belong to Y; while 5 does not. Note that the hypothesis (i) of Lemma 2.24 is satisfied in this case.
Indeed, one can show that

Qy = <€012 » €789 , €014 — €034 , €025 — €035, €126 — €146 ,
€259 — €269, €348 — €378 , €359 — €379 , €469 — €489 ), (2.44)

and Q,, = {0} for p > 2 so that (i) follows from the observation that every elementary terms in (2.44)
lie in Y7 or Ys.
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Example 2.32. Consider the following modification of the previous example with an added vertex 10
and arrows 2 — 10 — 9.

The digraphs Y7, Y5 are still homologically

trivial, while Z is a polygon so that h 8

dim Hy (Z) =1, H, (Z) = {0} forp > 2. 5

Condition (2.31) is satisfied, in particular,

3%
=3

because the square (2.43) is a sum of two 8
squares Y5

(e2109 — €269) + (€259 — €2109)
lying in Y7 and Y5, respectively,
By Corollary 2.25(b) we conclude that dim Hy (X) = dim H; (Z) = 1. Indeed, in this case Hy (X)
is also given by (2.42).

Note that the condition (ii) of Lemma 2.24 fails in this case for the same reason as in the previous
example.



Chapter 3

Combinatorial curvature of digraphs

3.1 Motivation

Let I' be a finite planar graph. There is the following old notion of a combinatorial curvature K, at
any vertex x of I':

deg (z) 1
Ky—=1— £ 3.1
2 ; deg (f) G

where the sum is taken over all faces f containing x and deg ( f) denotes the number of vertices of f.
For example, if all faces are triangles then we obtain

deg(z) |, dega (@)

szl_ ’
2 3

3.2)

where deg () is the number of triangles having x as a vertex.

In general, denoting by £,V and F' the number of vertices, edges and faces of I" and observing that
1 1
ILBEEEIVE 3) S ED I DEr b S
. T 5o deg(f) i deg(f)
we obtain

Y K,=V-E+F=x.
xX

We try to realize this idea on digraph: to “distribute” the Euler characteristic over all vertices and,
hence, to obtain an analog of the Gauss curvature that satisfies the Gauss-Bonnet theorem.

3.2 Curvature operator

Let G = (V, E) be afinite digraph and K = R. We would like to generalize (3.1) to arbitrary digraphs,
so that the faces in (3.1) should be replaced by the elements of a basis in €2,. However, the result
should be independent of the choice of a basis.

Fix p > 0. Any function f : V' — R on the vertices induces an linear operator
Tf : Rp — Rp

by
Treig..i, = (f (i0) + ... + f (ip)) €ig..i-

51
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For example, for a constant function f = 1 on V, we have T3 €ig...ip = (p+1) €io...i, and, hence,
Thw=(p+1)w forany w € R,. (3.3)
If f =1, where x € V, then

Ty, €iy...i, = Meq..i,, Where m is the number of occurrences of x in ig, ..., ip. 3.4

Fix in R, an inner product (-, -). For example, this can be a natural inner product when all regular
elementary paths e;, ;, form an orthonormal basis in R,.

LetII, : R, — €, be the orthogonal o R
projection onto £2,,. A
I .7
Considering 7' as an operator from €2, g f
to R, we obtain the following operator
in {2, © To

T]’c ::Hpon:Qp—>Qp.

v Q,

Definition. Define the incidence of f and €, by

[f, Q) := trace T}.

Definition. For any w = Y w'"re;, ;€ ), define the incidence of f and w by

If,w] == (Tfw,w)

Lemma 3.1. For any orthogonal basis {wy,} in 2, we have

1.9, = 3 L]

3
kol

3.5)

Proof. 1t suffices to prove (3.5) for orthonormal basis when ||wg|| = 1 for all k. By the definition of
the trace

trace TJ’c = Z <T]’cwk, wk> .
k

For any w € €2, we have

(Thw,w) = (ITiw,w) = (Tiw, Mpw) = (Tjw,w) = [f,w],
whence (3.5) follows. m
Definition. For any N € N define the curvature operator KV) : RV — R of order N by

_1)17
p=0 P+ 1

.
=
~
I
M=

[f? QP] :

If Q, = {0} for all p > N, then write K (") = K.
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3.3 The Gauss-Bonnet formula

For f = 1, where z € V, we write
[z,Q,] = [1;,Q,] and [z,w] :=[1;,w],

If {wy} is an orthogonal basis of €2,,, then by (3.5)

3 (3.6)

If the inner product is natural so that {eio,,_ip} is orthonormal then by (3.4)
(%, €4y...i,] = m, where m is the number of occurrences of z in i, ..., ij.

For example,
[CL, eabca] = 2, [b7 eabca] = 1; [d7 eabca] =0.

In this case, for w = Y~ w''re; ; we have

wwl= Y (W) [z, -

io...iPGV

Definition. For any N € N define the curvature of order N at a vertex x by

KM= k™1, =S o),
pr +1
Set also )
Ktotal = Z K(N)
zeV

Recall that the Euler characteristic is define by
N
XM = 3 (1) dim Q.
p=0
Proposition 3.2. (Gauss-Bonnet) For any choice of the inner product in R, and for any N we have

PRal

— (V)
total .

Proof. Since ) .y, 1, = 1, we obtain that

N
N
Kt(ot(il = ;/KQ(L‘N) = ;/K(N)lm =KW1 = ZO(—l)p pER
x xT p=

On the other hand, by (3.3)

[1,0] = (Tiw,w) = (p+ 1) ||w]*.
If {wy} is an orthogonal basis in €2, then by (3.5)

1,0,) = 3 L
e el

= (p+1)dimQ,,

which implies

N
KM = 5 (=1)Pdim Q, = ).
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Remark 3.3. If Q, = {0} for all p > N then

N N
x:= > (-1)PdimQ, = Y (—1)? dim H,,.
p=0 p=0

Remark 3.4. It can happen that €2, # {0} for all p. An example of such a digraph is given in Example
1.30. Here is a much simpler example: G = {a & b} . For this digraph we have

Qo = (easep), Q1= (€ab,€ta); 23 = (€aba)Cbab)s U = (€abab, Cbaba) , €tC,
so that |2,| = 2 for all p > 0. Indeed, eq, € A2 and
0€aba = €ba — €aa + €ab = €pa + €ap € A1
so that egp, € Q9. Similarly, egpqp € As and
Oeabab = €bab — €aab + €abb — €aba = €bab — €aba € A2
so that egpqp € 23, etc.

If Q, # {0} for all p, then one can always truncate the chain complex to make it finite by setting by
definition Q41 = {0} for some N :

00— 9 £ o & ... 2 av, & ay <0

and work with homology groups of this complex. This corresponds to the following modification of
the notion of allowed paths: all paths of length > N are declared non-allowed.

3.4 Examples of computation of curvature

Let us fix in R,, the natural inner product. Using the orthonormal basis {e;} in {2y we obtain

[, Q] =) [x,e] =1

i

and, using the orthonormal basis {e;;} with i — j in 1, we obtain

[z, 0] =[x, ei5] = deg (x).

i—]
Therefore,
KO —q1_ deg (z)
r 2
and, forany N > 1,
N
deg () (=1)”
KM =1- Q). 3.7
T 2 +pz:; P+ 1 [xv p] ( )

By Theorem 1.8, in the absence of double arrows the space (2o has always a basis of triangles and
squares (but this basis is not necessarily orthogonal).

For a triangle ey € 29 we have

|1, ze{a,b,c}
[, €abe] = { 0, otherwise (3.8)
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and for a square e — €qprc € 22

2, zed{a,c}
[1'7 €abc — eab’c] = I, z¢€ {b> bl} (3.9)
0, otherwise

In particular, if G has no square then (25 has a basis {wy, } that consists of all triangles in G. This basis
is orthonormal and

[z, Q] = Z [x,wr] = dega (x) := F#triangles containing .
k
It follows that deg (r) d ()
K(z) —1_ eglx g (T
x 5 + 3

which matches (3.2).
Example 3.5. Let GG be a linear digraph, for example,

0 —> 0 — 00— 0., .

Then by (3.7) K, = % for the endpoints, and K, = 0 for the interior points.

Example 3.6. Let GG be a cyclic digraph (polygon) different from triangle or square:
Then we have Q, = {0} for p > 1. y !

Hence by (3.7), for any vertex z,

3 0
d
1 eg2(m)_0'

and K1 = 0. Note also that
X:‘Qo‘—‘Qﬂ:G—GZO

Example 3.7. Consider a dodecahedron (with any orientation of edges):

We have ’Qo’ = 20, ‘Ql‘ = 30, ’QQ‘ = O,
and |H;| =11, |[Hy| =0 forp > 1.

Then, for any vertex x,

For comparison, note that
x=1-11=20-30 = —-10.

Example 3.8. Let G be a triangle. We have Q» = (eg12) and ©,, = {0} for p > 2.

Hence, for each vertex x,

o—1_ des@)  degs(@) _ 1
2 3 3

and Ktotal =1.
For comparison, x = |[Qo| — || 4+ Q2] =3 -3+1=1.
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Example 3.9. Let G be a square. Then (22 = (eg13 — €o23) and 2, = {0} for p > 2.

Since ||eg13 — 6023”2 = 2, we obtain 5

[9%)

[0,Q] = 30,6013 —ega3] =1, [3,Q] =1

[1,] = 3 [1,e013 —ego3] = 3, [2,Q] =3 0 —,
It follows that
deg(0) 1 1 deg(1) 1 1
3 0 5 + 373 2 1 > + 5= 6

and Ktotal =1= X-
Example 3.10. Let G be a 3-simplex
We have

Qo = (e012; €013, €023, €123), 23 = (€0123)
Q, = {0} forp > 3. 0 I
It follows that, for any vertex z,

[x,Q9] = dega () =3 and [z,Q3] =1

whence
. deg(x) w0 [2.9] _1
Ke=lo—y 5~ =1

and Kiota = 1 = x.

Example 3.11. Let G be an n-simplex, that is, a digraph with a set of vertices {0, 1, ...,n} and edges
1 — j whenever ¢ < j. Then, forany p =0,1,...,n

Qp = .Ap = <€io...ip g <11 < .. < ip>

n+1

so that dim €, = (p 1

). It follows that, for any vertex z,

[z, Q] = # {e4...i, such that z € {i, ...,ip} } = (;;)7

and
n n
K,=)» (-17 (P)l.
p=0 P+
Change j = p + 1 gives
n+1 . n -+ 1 n n+1 '
(n+1) Ko=) (~1)7 DG Sy () =1,
= J =1
whence
Kz = and Ktotal =1.

n—+1
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Example 3.12. Let G be a bipyramid:
We have [Qo| =5, |1] =9, 3

Q9 = (eo13, €123, €023, €014, €124, €024, €012) \ 5

Q3 = (eo123, €0124)
and |Q,| =0 forp > 4. 0 &

Hence, ’ 1
X =[] = Q]+ Q] —|Q]=5-9+7-2=1 4
Let us compute the curvature:

x [x,QQ] [vaS] 1_ ;leg2(a:?)) n [1:1:,;22] - [z,ih} _ {(x

3,4 3 1 1-— ?1 + g — 2 = %

0,1,2 5 2 1-5+3—7% =3

Consequently, Kyopar = 3 + 2 = 1.

Example 3.13. Let GG be a 3-cube. We have

Qo = (eo13 — €023, €015 — €045, €026 — €046,
€137 — €157, €237 — €267, €457 — €467) 2 g

(note that this basis in {25 is orthogonal),

Q3 = (e0237 — €0137 + €0157 — €oas57 + €0467 — €0267),
X = Qo] =[] + Q2] — Q3] =8-12+6-1=1, 0 1

Let us compute the curvature:

T ["EvQQ] [m793} 1— deg2(z) + [xé)?] _ [x’i23] — K:E
6 _ 6 _ 3,3 1 — 1
%7 e e 4
1,2,3,4,56 | 3=2 | §=3 |1 -5+5-55=15 1
Consequently, Kiotqr = % + % =1=yx.
Example 3.14. Consider on octahedron based on a diamond:
We have \
Q2 = (e024, €034, €025, €035, €124, €134, €125, €135)
and Q, = {0} forallp > 3.
For any vertex z we obtain 0 [
[z, ] = dega (z) = 4
whence
d d 4 4 1
o—1 degl@)  degal@) | 4 41
2 3 2 3 3

and Ktotal = g =2= X-

Example 3.15. Here is yet another octahedron, based on a square, but with the opposite orientation
of the edges 2 ~ 5 and 3 ~ 5. In this case we have to orthogonalize the bases:
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Qy = <60147 €015, €024, €052, €134, €153, €234, €523, 4
€013 — €023, €013 — €053, €524 — €534)
= (€014, €015, €024, €052, €134, €153, €234, €523,
€013 — €023, €013 + €023 — 2€053, €524 — €534)

Q3 = (e0153, €0523, €5234, €0134 — €0234, }
€0534 — €0134 — €0524)
= (e0153, €0523, €5234, €0134 — €0234,
0134 + €0234 — 2€0534 + 2€0524)
Q4 = <€05234>, Qp = {0} fOI‘p Z 5. 5
In fact, €24 is generated by a 4-snake 05234.

Here is computation of the curvature:

[1‘,92] [1‘,93] [1‘,94] x,Qd

- 2 6 2, 10 1_26%(92—1—[127?2}1 4 +[ 2 :{(z
0]4+5+5=6 2+5+ =4 1 l-5+3—-7+3 =3
1 [avdodH Tivdeh-8]0 [1-4,1p5 oy
2 [44l4lypl=8l1o 153 | 1 [1-448/06 3,41 L
3lav2rbid=b a4 -8B 1 [1 4 B2 BF B [ b
4]4+2=5 1+2+9=3 [ 1 [1-s+3-3+41 =&
s [avird-F [ovh-¥ |1 [1-4+7F-5F] .
We have

X:’Qo|—|91‘+‘92’—’93|+‘94‘ =6—12+11-5+1=1

K= b+ F+ %+ B+d+d-1-x
Example 3.16. Consider the following digraph G that is given by an m-square:

a

bo bm

The space €2 consists of squares eqp,. — €ab;c and their linear combinations, while €2, = {0} for all
p > 2. Itis easy to see that {25 has the following basis:

Q2 = (eaboc — €abjc)j=1 (3.10)
so that |Q22| = m and
Kiotal = X = Q0| — ||+ || =(m+3) —2(m+1)+m=1.

Orthogonalization of (3.10) gives the following orthogonal basis in (25:

W1 = €agbge — €abic

W2 = €gbge + €abic — 2€ab20

Wi = €gbyc + - T €ab;_1c — 1Cabsc
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Wm = €abge + ...+ €aby,_1c — MEqb,,c

We have
[a,wi] = [c,wi] = lwil|* =i (i+1)
while
0, j7>1
[bj,wil =1 1, j<i,
P g=i
which implies
Ui [a,w;]
a’Q g ’ =m (3.11)
0= 2 e
and
m . m
b5, €2 ;z(z—i-l) Jj+1) i:%;lz(z—l—l) m+1 m+1 (3.12)
It follows that
deg(a) la,Qs] m+1 m 1 m
e = Ko EEE 2 T373°%
and
K, =1 deg (bj) [ijQQ] _ m
i 2 3 3(m+1)

Example 3.17. Consider a rhombicuboctahedron:

It has 24 vertices, 48 edges and 26 faces,
among them 8 triangular and 18 rectangular.

Let us make it into a digraph G by choosing
direction ¢ — j on an edge (¢, 7) if i < j.
Then each face becomes a triangle or square.

For this digraph |Hz| = 1 and Hy, = {0} for
p=1landp > 2.

We have Q3] = 26 and €2, = {0} for p > 3.
Qs is generated by 8 triangles and 18 squares:

Qo = (e023, €178, €456, €91011> €121415, €131920; €161718, €212223
€018 — €038, €0113 — €01213, €0214 — €01214, €1719 — €11319, €236 — €246,
€2416 — €21416, €3611 — €3811, €4517 — €41617, €51011 — €5611, €51022 — €51722;
€7811 — €7911, €7921 — €71921, €91022 — €92122, €121320 — €121520;

€141518 — €1416 18, €151823 — €152023, €172223 — €171823, €192023 — €1921 23>7

while the generator of Hs is a signed sum of all these 2-paths.

This basis in €2 is orthogonal. Hence, we compute the curvature:

7= 011,23 1.3,4,6,80,12,13,15,16,18,20.21 | 2,5,7,14,17,19,22 | 10
[z,Q2]= 6 _ 4 _ 5 __ 7 3 _ 5
dog@) | [5%] R 1+27%2 1+2*%2
_ geg(x) | |®ila] _ 4,4 _ 4,3 _ 4, 7/2 _ 4 4 9/2
1 2 + 3 _ 112+3 1 2+3 112+3 1 21+3
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It follows that
Kiotal = % +

ol
|

For comparison

X = |Q0|—|Ql|+‘92| =24 — 48 +26 =2
= |Ho| — |H1| + [H2| .

Example 3.18. Consider the following pyramid:

Let us make it into a digraph G by choosing

direction ¢ — j onanedge ~ jif ¢ < j. 7
We have Q] = 8, |Q] = 18,

QQ = <60177 €027, €037, €047, €057, €067, €012, €023,

€034, €045, €056 61277623776347,645776567> 0 3

Q3 = (eo127, €0237, €0347, €0457, €0567) 6 %
Q, = {0} forp > 4. >
Let us compute the curvature:

T [‘%QZ} [x’QS] 1— degz(:t:) + [337?2] [xvi)S] — KIL‘

7 1T _ 5 — 1

0,7 11 5 1—g+3§—11 —1—5

1,6 3 1 1-— z + g -3 = %

2,3,4,5 5 2 1-2+2—2 =1

It follows that Kyt = —% + ;21 + % = 1. For comparison y =8 — 18 +16 — 5 = 1.

Example 3.19. Let us compute the curvature of icosahedron (cf. Example 1.27):

Here we choose arrow ¢ — j if ¢ ~ j and ¢ < j.
We have

|Hi| =0, |[Ho| =1, |[Hp| =0forp > 2

Q] =12, ] =30, [Q2 =25, |Q3] =6,
|| =1 and Q, = {0} forp > 5.

3 'y

Hence,
X = |Hol — |Hy| + |Hz|
= |Qo| — [Qu] + [Qa] — Q3] + [Q] = 2.

Here are the orthogonal bases in 29, (23, Q4:

Q2 = (€019, €012, €1211, €026; €059, €056, €5610, €139, €1311, €267,
€6710, €2711, €349, €348, €4810, €3811, €459, €4510, €7810, €7811,

€0111 —€0211, €0510 — €0610, €2610 — €2710, €3410 — €3810, €027 _6067>

QS = <601211a €05610, €34810, €0267, €26710, —€06710 + €02710 _602610>

2 7

since the path egag710 is
Q4 = (e026710) “snake like” and, hence,

0 6 10 1is O-invariant.
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Computation of the curvature:

= 0 1 2 3, 11
[ 022]= 6+2=8 5+1i=L 5+4=1T 54+2=6
o= 2 2 2 2 2
FE’QT 3+3=4 1 3+2=4 1
@ fal= 1 0 1 0
4 [z,€2] 5,8 _ 4,1 5 11/2 1 5,7 11/3 1 5,6 1
2opmo (DG | 1o s—ats | oot - | IopHs—— 45 | 1-5+5—3
K —IT — — —
z 30 12 60 4
45,8 6 7 9 10
1_ 11 3__13 3_13 —
5+§—7 5—{—5—7 5+§—? 9 5—1—5— 8
1 3+i=1 24:=2 0 3+5=4
0 1 1 0 1
5, 11/2 1 5, 13/2 11/3 | 1 5,13/2 8/3 1 5,5 5,8 4,1
L S i S S W AL S S - R I . B W

Note that Kg = —% < 0.

The total curvature:

Kita =5 2+ 54+ &+1-2—L+1+i=2
Example 3.20. Let us compute the curvature of the 2-torus G = TOT, where T = {0 — 1 — 2 — 0} .
Here is the 2-torus G embedded onto

7 4
a topological torus:

In Example 2.7 we have computed the
basis in Q9 (G) as follows (see (2.6)): 0

Q9 (G) = (eo3a — €014, €145 — €125, €253 — €203,
€367 — €347, €478 — €458, €586 — €536

€601 — €671, €712 — €782, €820 — 6860>-

This basis in Qy (G) is orthogonal and ||w||* = 2 for any element w of the basis. Besides, for any
vertex z, we have [z,w] = 2 for two of w, [z,w] = 1 for two of w, and [z,w] = 0 for the rest of w.
Hence,
Twl  2-2+42-1

2 = = 3
jwll 2

. ) =z[‘

w

and, for any = € G,

deg(z) = [z,00] 4 3
> T3 =1 2 3_0‘

Example 3.21. Consider the following digraph G with 7 vertices and 14 arrows:

Ky=1-

G has the following arrow: )
t—1+1landi — 14+ 2

where addition is considered mod 7. 3

Let us show that o

|2,] =14 forallp > 1
and

|H,| =0 forall p > 2. 6

This digraph can also be shown as a periodic snake:
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0 2 4 6 I 3 5 0

where the vertices with the same numbers are merged (like a M6bius band).

Each elementary p-path
Wi = €(i+1)(i+2)...(i+p) (3.13)
is snake-like and, hence, is O-invariant. Let us refer to any path (3.13) as a p-snake. Hence, we obtain
in €}, already 7 linearly independent p-snakes {wi}fzo. Another group of 7 linearly independent
p-paths in €, is given by the boundaries dw; of (p + 1)-snakes
Wi = €i(i+1)(i+2)...(i+p) (i+p+1)-

Hence, we obtain that
6
Qp = <wi7 awi>i:0

and dim €2, = 14. Since 0 (0w;) = 0, while Ow; are linearly independent for p > 2, we obtain that
dimker d]q, = 7.
By the rank-nullity theorem we have

dimImdlg,,, =14 -7=17,

whence H,, = {0} for all p > 2. For the case p = 1 we have, in fact,
Hy = (eo1 + e12 + €23 + €34 + es5 + €56 + €co) -

Let us know compute the curvature K™ The sequence {w;} is orthonormal, but {Ow;} are not
orthogonal, which is clear from

p
+1
Ow; = wit1 + Z (=1)* € g (itpt) T (=1 wi.
q=1

Let us replace each dw; with
1
v; = 8wz — (_1)p+ Wi — Wi41

so that v; is a sum of p elementary p-paths. Then we obtain in §2,, an orthogonal basis {w;, vi}?zo.

By symmetry, [z, w;] is the same for all vertices = and . Since

Z[x’wi] :7(p+1)’

T,

and ||w;|| = 1, we obtain
T,wj
S =p
7 el
For v; we have
> [zl =Tp+1)p
T,
and ||v;]|* = p whence
3 [z,vi] _(p+1L)p _

o] p

%
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Hence,
[‘T7QP] = 2<p+ 1)7

which implies that

N
KM =14 "(-1)P2=(-1)".
p=1

Hence, { K™W)} is a periodic sequence in N.

Problem 3.22. Describe classes of strongly regular digraphs having a non-trivial periodic sequence
(KON
N=1

3.5 Computation of [z, ()]

Recall that 2 has always a basis that consists of triangles, double arrows and squares. All different
triangles and double arrows in G are always linearly independent and mutually orthogonal. Moreover,
they are orthogonal to all squares. However, squares may be not mutually orthogonal in general.

In a special case when G contains no multisquares, are all squares orthogonal (and, hence, linearly
independent). Indeed, if two squares are not orthogonal then they must have the same elementary
term, say, €qpe — Eqpc and €gpe — €qpre, Which yields a 2-square a, {b,b',b"} , ¢ (cf. Section 1.5).

Let us introduce the following notation:

degy(x) = # {double arrows a = b : z € {a,b}},
degn (z) = #{triangles e : = € {a, b, c},

degp, (z) = # {squares eqpc — €apre : © € {b,0'}},
degp, () = # {squares eupc — €qpe : T € {a,c}}.

Lemma 3.23. Assume that G contains no multisquares. Then, for any vertex x € G,
1
e, 2a] = 3o () + dega () +  degs, () + dlog, (). (3.14)

Proof. Let {w,} be the sequence of all double arrows, triangles and squares in €25. By the hypothesis,
the sequence {w,, } forms an orthogonal basis in (2.

Any double arrow @ = b induces two independent elements e,p, and ey, of 9. Clearly, we have

3, z€{a,b}

[, €abal + [T €pad] = { 0, otherwise.

whence
[, wn)

= 3 deg () (3.15)

2
wy, is a double arrow Hw||

For a triangle e, € (2o we have
1, z€{a,b,c
[J}, eabc] = { { }

0, otherwise

and, hence,
[z, wn]

> = degn (). (3.16)

2
wn, is a triangle HWH
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For a square egp. — eqpe € {22 we have

2, zed{a,c}
, ze{bb}
0, otherwise

—_

[1'7 €abec — eab’c] -

Hence,

T,Wn 1
[ 2] =3 degp, (x) + degp, ().

2

wn, is a square HCUH

Since {w, } is an orthogonal basis that consists of all double arrows, triangles and squares, we obtain

1
5 = 3deg1(a:) + dega (z) + 3 degp, (x) + degp, ().

Example 3.24. For the prism as shown here we have:
dega (z) =1 forall z;

degp, (0) =0, degp, (1) =2

degp, (1) =1, degp, (1) =1 T Y
degp, (2) =2, degp, (2) =0

degp, (3) =2, degp, (3) =0 \
deg, (4) =1, deg, (4) =1 R
degn, (5) =0, degp, (5) = 2. ‘

Consequently, we obtain by (3.14)

[ZU, QQ] =

DO rojot QO
8 8 8
Il
N = O
W =~ Ut

Since Q23 = (eo125 — €o145 + €0345) , 24 = {0} and

3, x=0,5
[:v,Qg]:§ 2, x=1,4 ,
1, =23
it follows that
deg(z) [o,] [z, 0] p =05
Ky=1- g2 + ’32 _ ’43 =1 a=14
L, =23
Example 3.25. Consider a rhombic dodecahedron:
The arrows go along the edges in
direction of increase of numbers.
The faces give rise to 12 squares
forming a basis in space €22, and
Q, = {0} forall p > 3.
For = € {0, 13} we have deg(z) = 3,
degp, (z) = 0, degg, (z) = 3,
whence [z, (2] = 3 and
Ko=1-3+§-}
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For z € {3,5,6,7,9,10} we have deg (x) = 3, degn, (v) = 2, deg, (x) = 1, whence [z, Q3] = 2
and

G*

K,=1-342=1
)

Finally, for x € {1,2,4,8,11,12} we have deg (=
[z,€2] = 3 and

4, degp, (x) = 2, degp,(r) = 2, whence

_ 4 2 _
K,=1-4+2=0.

Example 3.26. Consider a trapezohedron 7, as in Section 1.9. By Proposition 1.10,

9 is spanned by 2m squares as follows:

o m—1 a
Qy = <€aik—1jk — Caipjy Ciggeb — 6ikjk+1b>m:0’

Q3 = (Tm) , Where

m—1
Tm = Z (eaikjkb - 6aikjk+1b)’ . .
k=0 lo 5
and 2, = {0} for p > 4.
Ji J3
For all vertices we have degp (x) = 0.
For z € {a,b} we have deg, (z) = 0,
degp, (z) = m, whence [z, Q] = m. b
Since deg (z) = m and
[z, Q] i ij =,
lTml* ™
we obtain
Ko=Ky=1-%+%-4=4-%
For all other vertices = € {iy, ji} we have
deng(x) =2, degn, (x) =1,
whence [z, (2] = 2. Since deg () = 3 and
T, T 2
[$, 3] [ mQ] )
[t |
we obtain )
3,.2_1 1 1
Ko=1-5+5-"0 =% am
The total curvature
Kot =2 (3 = )+ 2m (3 - ) =1
matches the Euler characteristic x = 1.
Example 3.27. Consider a broken cube from Example 1.18. Then we have:
Q29 is spanned by 6 squares and 2 triangles, ,
2 = 6

Q3 = (eo158 — €o168 + €0268 — €0278 + €0378 — €0458)
and 2, = {0} for p > 4. 7 8

For z = 0 we have deg, (0) = 0, degp, (0) =4, 3
dega (0) = 0 whence [0, 23] = 4.
Since deg (0) = 4 and [0, Q3] = 1, it follows that
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For z € {1,2,6} we have degr (z) = 2, deg, (0) = 1, degp (x) = 0 whence [z, (2] = 2. Since
deg (z) = 3 and [z, Q3] = £, it follows that

For € {3,4} we have degp, (z) = 2, degp, (z) = 0, dega (z) = 1 whence [z, Q] = 2. Since
deg (z) = 3 and [z, Q3] = %, it follows that

For z € {5,7} we have degy, (x) = 1, degp, (z) = 1, dega (z) = 1 whence [z, Qs] = 5/2. Since
deg (z) = 3 and [z, Q3] = 1, it follows that

{3,582 _ 13_1
Kep=l-g5+%5 -7 =7

Finally, for z = 8 we have degp, (8) = 0, degp, (8) = 3, dega (8) = 2 whence [8, (23] = 5. Since
deg (8) = 5 and [8, 23] = 1, it follows that

—1_5,4,5_1__1
Kg =1 s t3— 1= 13

Example 3.28. Consider again a rhombicuboctahedron. We have for all vertices
deg(z) = 4 and degp (x) = 1.

All squares are linearly independent and
Q3 = {0} (see Example 3.17).

For z = 11: degp, () = 0, degp, () = 3,
[2,Q] =4, K,=1-35+3=
For z = 19: degp, () = 1, degp, (37
[xQﬂ ,K’gg_1—§+7/2

[2,Q] =3, K,=1-3+3=0.

For z = 10 we have degp, () = 3, degp, () = 0, whence [z, Q] = 2 and

K,=1-44%2-_1

Consider now a general case when GG may contain multisquares. Fix a semi-arrow ¢ — ¢ and denote
by {b;};, the sequence of all vertices b; such that a — b; — c. Let mm > 1. Then we have a m-square

o ={a, {bi};Zq,c} (3.17)
that gives rise the following to the following family of squares
{eabic — €abjc * 0<i<y< m} (3.18)

(cf. Section 1.5 and Example 3.16).
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bo bm
A\
c

An m-square

The family (3.18) contains m linearly independent squares, for example, they are

{eaboc - eabic}?ll . (3.19)

As in Example 3.16, let {w;};~, be an orthogonalization of the sequence (3.19). Using the computa-
tions (3.11) and (3.12) of Example 3.16 we obtain

m, € {a,c}

m

[z, w;
E ” HZ =9 e z e {b}i, (3.20)
=1 Wi 0, otherwise.

For any m-square o as in (3.17), denote

m, z € {a,c}

[z, 0] =< a7, re{bi}lil, (3.21)
0, otherwise,
so that
[, wi]
[z,0] = —. (3.22)
i=1 HwZH

Proposition 3.29. For any vertex © € G, we have

[z, Q] = 3degy(x) + dega (z) + Z [x,0]. (3.23)

o is a m-square
m>1

Proof. Indeed, each m-square contributes m linearly independent elements to {2, and different
multiple squares contributes mutually orthogonal elements. Hence, using in each multiple square an
orthogonal basis and adding to them all double arrows and triangles, we obtain an orthogonal basis in
Q5. Hence, combining (3.6), (3.15), (3.16) and (3.22), we obtain (3.23). =

Let us prove the following identity for [z, o] that may be useful for computer assisted computations.

Lemma 3.30. Let s;j = eqp;c — €ab;c be all squares in an m-square o as in (3.18). Then we have, for
all x,

[2,0] = —— > [x,s). (3.24)

0<i<j<m

m(m+1)
2

Proof. Indeed, if = € {a, c} then [z, s;;] = 2 and the number of terms in the above sum is SO

that the right hand side of (3.24) is equal to m as the left hand side. If x = by then

(@, 501] = 1, i=korj=k,
7Y 0, otherwise
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and the number of 1’s in the sum (3.24) is m so that the right hand side of (3.24) is equal to miﬂ as

the left hand side. Finally, if = does not belong to {a, ¢, by} then the both sides of (3.24) vanish. m

For any vertex z, denote

deg,,r, (7) = # {m-squares {a,{b;},c}:x € {bj}}
and
deg,,0, (x) = # {m-squares {a,{b;},c}:z € {a,c}}.
Corollary 3.31. For any x € G we have

m
m—+ 1

[, Q] = Bdegy () + dega () + Y (— o dege, (2) + mdegey (@) (3.29)
m>1
Proof. Indeed, this follows from (3.21) and (3.23). =

Clearly, the identity (3.14) is a particular case of (3.25) in the case when all m-squares are 1-squares.

Example 3.32. Consider a randomly generated digraph:
We have |Qg] = 15, || = 39,

Qa| =28, |Q3] =4, Q,={0}forp >4,

|Hi| =2, |Hs| =1, H,= {0} forp > 3.

In particular,
X = [Ho| — [H1| + |H2|
= Qo] — 1] + [Q2] — [Q3] = 0.

Here are the bases in {29, 23:

QQ = <€13214 — €131214, €13214 — €13914, €0214 — €0914, €143 — €163,
€1413 — €1613, €506 — €516, €7214 — €7914, €914 — €9124,
€1014 — €10124, €1072 — €10112, €10113 — €10143, €1109 — €1179,
€1151 — €1171, €1243 — €12143, €1271 — €12141,
€791, €91214, €9141, €1071, €10117, €10127, €101214, €1014 1,

€1102, €1135, €1150, €1172, 613912>

Q3 = <€101172’ €1391214, €101271 — €1012141, 6110214_6110914+6117914_6117214>-

Note that the above basis in {25 is not orthogonal: it contains a 2-square
o={13—{2,9,12} — 14}
that corresponds to two squares

€13214 — €131214 and €13214 — €13914,

while all other squares in the above basis of {25 are 1-squares.
For the vertex x = 13 we have then

degom, (z) =0, degyn, (z) =1

as well as
dega (7) =1, degy, (z) =0, degy, (z) =1,
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whence by (3.25)

1 2
[13,Q] = dega(z)+ B degp, (x) + degp, (z) + 3 degon, () +2degp, (x)
— 14+1+2=4

Since also deg (13) = 6 and [13, 23] = 1, we obtain

6 4 1
Kg=1—->4—-—-= .
13 57371 12

Since the vertex x = 2 we have

degzml (r) =1, degQDQ () =0
and
degp (z) = 2, degp, (z) =2, degp, (z) =1,

whence 5 5 14
2. =24+-=-4+1+-=-=—.

Since also deg (2) = 5 and [2, Q3] = 2, we obtain

y_1 D M/ 32 23
2 3 4 72

Computation of the curvature at all other vertices yields

(KM _{_l_i_ﬁ_lll_lloﬁzli_ulﬁ
efe=0 — W7 2401207 7207 626767 3767723767187 12024J -

3.6 Curvature of n-cube

We use the notation of Section 2.4 where n-cube was defined. The purpose of this section is to prove
the following statement.

Theorem 3.33. For any vertex x in n-cube we have

1

K (n-cube) = m

For example, in a 4-cube that is shown here,

for the marked vertex = we have |z| = 2 and

Let us first prove some lemmas about binomial coefficients.

Lemma 3.34. We have forall M >1> 0

§:<¥>(—Uj:(—nlcw;1>. (3.26)

J=0
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Proof. Induction in M. For M = [ we have

S

j=0
Induction step from M to M + 1. We have

(1)) Z;((@”% )
+3 (JM ) -1y

<
()3
)
()

o

N———
\_/

(M-t

M—-1
l

1)

l

l

Lemma 3.35. We have forall N > 0and M > 1

YN ()81
2 ( l ) ESVARSVIGERD (327

=0

Proof. We start with the identity

S (V) car=a-2"

1=0
for all z € R, whence
N

Z <];7> (—z)HM=1 (LMl )N M-

=0
Integrating this identity from O to 1, we obtain

B )l+M1
—Z< > | =DM B L)
0

m—1 DN+ 1T (M)

T(N+M+1)
L NI(M - 1)!
(N + M)
M1 1
BRI

while the left hand side is equal to

_Z < ) z+lj\+4M - (_1)MHZ§; <le> l(+113;’

which proves the claim. m
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Lemma 3.36. We have
" __i”*m (m> <nm> (—nrt 1
o \k ; FMk+i+1)  (m+1)(21)
Proof. Set
mo LA
valzz<k> k:+l( )
— "7 (k+1+1)
m 1\
=1y (m> (=1)
S \k) (k+ 1) (k+D) (k+1+1)
:l!z”‘:( D m (m—l)...(‘m—k‘—l—l)
P (k+1+1)!
B I! i(—1)k+l(m+l+1)....(m+1)m(m—1)...(m—k+1)
7(m+l+1)...(m+1)k:0 (k+1+1)!
1 “ 1
_ —HZ <m+l+ )(1)k+l+1
-+ (M g \k+l+ 1
B 1 mi“ <m+l+1>( Iy
- m+I+1 ; B
l+1(l—:-f_)j:l+1 J
l
1 m+1+1 j
:WZ( : >(—1)
C+) (M) =N
By (3.26) with M = m + [ + 1 we obtain
l
1 .
Z <m+{+ > (—1y = (-1 <m+l>
i=0 J
whence
(1) m+1
Sml = T T
C+D ("N
(=D (m )
S (m+l+1) Im!
(-1
S omAl+ 1
Therefore, by (3.27) with N =n —mand M = m + 1,
e G S T
=\ = mATEL T (me 1) (57

Proof of Theoren 3.33. Fix a vertex x of the n-cube and non-negative integers k, [, p such that

E+l=p
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Let a and b be two vertices in the n-cube such
a=<xz=b, |x|—|a|=Fk, and |b|—|z|=1I. (3.28)

The cube D, has dimension |b| — |a| = p, and for any J-invariant p-path w, j, between a and b (cf.
(2.8)), we have

lwapl” = p! and [z, wqp] = K.
Indeed, w,, p is an alternating sum of all the elementary allowed paths from a to b, and the number of
the elementary allowed paths from a to b going through x is k!,

because the number of such paths
from a to x is equal to k! and that

from x to b is equal to [!. \(i)(,f

Hence, we have for such w, j, a oh
[, wap) kNN 1
lwasl® Pt ()

Set m = |x| and observe that the number of vertices a < x with |z| — |a| = k is equal to (7).

Indeed, in the binary representations a = (a1, ...an,) and z = (21, ...zy, ), we have a; < x; and
>; (xi — a;) = k which is only possible if a; = 0 at k out of m positions where z; = 1.

Similarly, the number of the vertices b =  with [b| — 2| = [ is equal to ("7""). Hence, the number
of pairs a, b satisfying (3.28) is equal to

m\ (n—m

k l '

By Proposition 2.9, all p-paths wg, with @ < b form an orthogonal basis in €2, (n- cube) . If 2 does
not satisfy the condition a < x < b then we have

[z, wqp] = 0.

Hence, we obtain

[$,Qp]:: j{: [wiaﬁ]

2 Twwl
[b]—lal=p
B Z [T, wap) Z <m> (n — m) 1
= -_— = k"rl 9
ktl—p lcvap ketl—p k l )
a<z=b
|z|—lal=k, |b]—|z|=
which implies by Lemma 3.36 that
(1)
K,=)_ [z, Q)]
po P
S
o k+1
=iz \F é (") (k+1+1)

1
(m+1) (74)
m!(n —m)!
(n+1)!
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1
T ()

|

Note that the number of vertices x with |z| = m is equal to (Z) whence

n n
1 n 1
Kiotar = —( > = =1,
o mzzo(n—i—l)(:l) m mz::On+1

as expected because y = 1.

3.7 Curvature of a join

The main result of this section is Proposition 3.39 below. Recall that a join Z = X %Y of two digraphs
was defined in Section 2.6.

Let us first prove two lemmas. Everywhere (-, -) denotes the natural inner product in all spaces A, (X),
A (Y)and A, (2).

Lemma 3.37. [29, Lemma 3.10] If u,u’ € A, (X) and v,v" € A, (Y) then
<uv, u”u'>Z = <u, u’>X <v, v’>Y . (3.29)

Proof. Indeed, due to bilinearity it suffices to prove (3.29) if u, v, v, v’ are elementary paths, say

— . . [ . . e - . I = - .
U = €y..ipy U = eza...z;ﬁ UV=2¢€j..jg» V = 6]6~~-J;/'

Then
i ]/]/
TN — e =g
<uv,u v >Z = <€zo‘..zpjo‘..]qaeié...i;/j(’).“j;) = O4...ipJ0--Jq
-/ s -/ -/
20t s Jod ’ /
_ P L — . . . . . . . . —
=05 0o gn = (€igips 616...1;7/><630-~Jq’ €J6~~~J;/> (u,u) ¢ (0,07)y -
]

Lemma 3.38. Let Z = X x Y be the join of two digraphs X and Y. Then, forall x € X andr > 0
we have
2, (2)] = 2,9 (X)]+ > [2,9 (X)]dinQ, (Y). (3.30)
ptg=r—1,
p,q20
Proof. Let B, (X)) be an orthonormal basis in €2, (X') and B, (Y") be an orthonormal basis in 2, (Y"),
for all p, ¢ > 0. By Theorem 2.12, we obtain the following basis in §2,. (Z): it consists of all elements
of B, (X), B, (Y) as well as of the elements of the form

{ww:ue B, (X),veB,(Y).,p+qg=r—1, p,g>0}. (3.31)

Note that the set (3.31) is empty if 7 = 0, so it makes sense to consider it only if > 1. This basis in
also orthonormal due to the identity (3.29). Therefore, we obtain, for any x € X and any r» > 0

[, Q. (Z2)] = Z (Tyu,u) + Z (Tpv,v)

u€Br(X) veB(Y)

+ Z Z (Ty (uv) ,uw) .

p+g=r—1, ueB,(X)
Pa20  yeBy(Y)
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Since T,v = 0 and T}, (uv) = (T,u) v, we obtain
(Ty (wv) ,uv) = (Tyu) v,uv) = (Tyu,u) (v,v) = (Tpu, uw)

and

D (T (w),uww) = [2,Q, (X)]dimQ, (V),
u€BR(X)
veEBL(Y)

whence (3.30) follows. m

Proposition 3.39. Let Z = X Y be the join of two digraphs X and Y. Assume that Qpy (X) and
Qn (Y) vanish for large enough N. Then, for any x € X, we have

Ko (2) = Ko (X) =) (—=1)PCp (Y) 2,9, (X)], (3.32)
p=0
where (1)
C,(Y) = g —— dimQ, ().

A similar formula holds for K, (Z) fory € Y:

Ky (2) =K, (Y) =Y (=1)"Cq (X) [y, 2 ()],

q20
where 1)
C = — dim Q, (X
1) =3 im0
Proof. 1t follows from (3.30) that
-z, Q0 (Z
K, (2) = Y (-1) [T(l)]
r>0
(_1)p+q+1 .
= K, (X)+ ) m[ac,Qp (X)) dim €, (V)

»,q>0
- 50 - 0 (YT e, ()] e, ()1,

which was to be proved. m

Example 3.40. Consider on octahedron Z based on a square:
We have

Z=Xx*Y

where X is the following square:
X={0—-1—-3,0—2—3}

and Y = {4,5}.

5
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Since €, (Y') is non-trivial only for ¢ = 0 and dim Qg (Y) = 2, we obtain

As we have computed in Example 3.9,

[0, (X)] = 3,22 (X)] =1, 1,92 (X)] = [2,22 (X)] = %

and
Ko(X) =Ky (X) =5, Ki(X) = K> (X) = ¢.

Hence, we obtain by (3.32), for x = 0 or 3,

1 2 1 2 2 1
Ko(Z) == =S (=1 — 2,0, (X)] == -1+ 2.2-2.1=2
and for x = 1 or 2,
1 2 1 2 2 1 1
K, (2)= =S (1) 0 (X) == —142.2-2.2 =2
Next, we have
4 4 1

Co(X)=>" D im Q, (X)

= — + )
p>0p+q+2 q+2 q+3 q+4

Since [y, Qo (Y)] =1,, (Y) = {0} forg > 1, and K, (Y) = 1, we obtain, for y = 4 or 5,

4 4 1\ 1

Ky (2)=1- Gt =1- (5 -5 +1) = 33

3.8 Strongly regular digraphs

Recall that a graph is called regular if deg () is constant.

Definition. We say that a digraph G is strongly regular if the function z — [z, {2,,] is constant for any
p (in particular, G is regular because deg (z) = [z, ] is constant).

For a strongly regular digraph G the function x — K is constant, and we set

Recall the definition of m-suspension sus,,, G:

it is obtained by adding to G’ new m vertices
{y1, ..., ym } and all arrows = — y; Vz € G.

In other words, sus,, G = G * Y where
Y =A{vy1,-,Ym}-
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Theorem 3.41. Let G be a strongly regular digraph, such that for some k,m € N and anyp > 0

dim Q,(G) = (p—ll{;— 1> mPTL, (binom(k,m))

Then sus,, G is strongly regular, and for all p > 0

kE+1
dim Q,(sus,,, G) = ( :LL 1>mp+1. (binom(k + 1,m))
p

Proof. We have

Since for any z € X

it follows that

o, () - 2 1><|i)i?|1 %) _pl (pi 1>n _ (k - 1>np.

Since dim Qg (Y) = n and Q, (Y') = {0} for all ¢ > 1, we obtain from (3.30) that, for r > 1,
(2,9, (Z2)] = [2,9 (X)]+n[z, Q-1 (X)]
(e = ()
= n +n n = n .
r r—1 T
In the same way, forany y € Y and r > 1,

v, % (2)] = WYMI+ D> 12 (V)] dimQ, (X)
p+g=r—1,
p,9>0

r

— dim O, (X) = (’“) '

It follows that, for all z € Z,

2] = ()

r
Consequently, we have

dim (Z)—‘ZHZ’QT(Z)]_|X’+|Y| AV Ly LA L R
r - r+1 o r4+1 r - r+1 \r = ra1 .

Finally, for » = 0 we obtain

k+1
dimQy (Z) =kn+n=(k+1)n= (OIl)nOH'
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3.9 Digraphs of constant curvature

For the digraph G as in Theorem 3.41 we have

k-1
X(G) = Z (—1)Pdim Q, = (—1)* ( k >mp+1

>0 p=0 p+1
k
S (o
j=1

It follows that

Of course, the same formula is true for K (sus,, G)) with k replaced by k + 1:

B 1— (1 - m)kJrl
K(SUSm G) = W

Example 3.42. We have seen that a triangle (= 2-simplex) is strongly regular and
dimQp =3, dim{y =3, dimQy =1, dim, =0 forp > 3
that is, the sequence {dim Qp}p>0 is the sequence (pil) that satisfies (binom(3, 1)). The 1-suspension

of an n-simplex is an (n + 1)-simplex. Hence, we obtain by induction that the n-simplex is strongly
regular and satisfies (binom(n + 1, 1)). In particular,

K (n-simplex) =

n+1

For any m € N denote by D,,, a digraph with m vertices and no arrows. Then

. 1

dim Qo (D) = m = <p—|— 1>mp+1 forp=0
dim Q), (D) =0 = P forp > 1
w0 0= () s

so that (binom(1,m)) is satisfied. Clearly, D,, is strongly regular.

For any k € N define digraph D** as

the k-th join power of D,,, that is,
Dl =D,
and
DY = Dk« D, = sus,, Dk,

D3;

Here are digraphs D!, D2, D*3 D4

In fact, D;",.’f is a digraph version of a complete k-partite graph K, ,, .. » Where the index m repeats
—

k times, that can also be denoted by K, n,,....im-

Using Theorem 3.41, by obtain by induction that D*¥ is strongly regular and satisfies (binom(k, m)).
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Hence, D;¥ has a constant curvature

1—(1—m)"

KD =~

(3.33)

One can show that the only non-trivial Betti number of D** is 3, | = (m — 1)k (see [7]).

Example 3.43. For m = 1 we have by (3.33)

. 1
K(D*) = -

Clearly, D;* is a (k — 1)-simplex:

D

Dy=D,

For example, D§2 is a diamond: ! 3 3 |
that is an analogue of 1-sphere. -
We have K (D3?) = 0. 0

(k+1) (k+1)

We can regard D; as a digraph analogue of a k-sphere S* because D; is obtained from
D;k by 2-suspension, similarly to how S is obtained from S¥~!. Besides, the only non-trivial Betti

number of D;*™ is 3, = 1 like the Betti numbers for S*.
Here is D§3, that is an octahedron, based on a diamond:

1

It is an analogue of 2-sphere; it has constant curvature 3.

D3% is an analogue of 3-sphere; it has constant curvature 0.

Example 3.45. For m = 3 we have by (3.33)

1— (=2 1 [ 1-2% keven
*k _ _ 9 ’
K05 = =5 3k { 1+2F kodd.
3 4 5
Here is D§2 that is a directed version of K33 :
1
We have K (D3?) = -5
and K(D33) =1
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3.10 Cartesian product and curvature

Recall that a Cartesian product XY of two digraphs was defined in Section 2.2.

Theorem 3.46. Let X be any digraph with a finite chain sequence {$2,} and Y be a cyclic digraph
{0 = 1—2— ... — 0} of at least 3 vertices. Then, with respect to the natural inner product (-, -),

we have
K. (XOY) =0 forany z € XOOY.

In particular, we have K (T™") = 0. Recall that in Example 3.20 we have computed directly that
K(T™?) =o.

Proof. LetY = (V, E). Then
QY)=(eg:aecV), U (Y)={ew:abe E}, Q,()={0} forp>2.

We have

p=>0

Denote by B, (X) an orthogonal basis in €2, (X') so that

[z, 8] = Z [a:,w}.

2
wes ) 1]

We have by Theorem 2.5
By (Z)={uxXeq, vxegp :u€By(X),veBy_1(X),acV, abe E}.

This basis is orthogonal due to the identity

<u X w,u X w/>Z = (p ; q) <u, u’>X <w,w’>y, (3.34)

where u € Q, (X), v/ € Qp (X),w € Qg (V),w € Qy (V) (see [29, Lemma 4.13]).

Hence, we have

[Z, Qp (Z)] = Z w + Z [Z,’U X eab]

2 2
ueB,(X) [lu e vEBy_1(X) lo % €a||
aceV abeEE

Letu = Y u'"e; 4, so that
Yo — ioipg. 5
U X €q = U €ig...ip X €aq
10...9p

We have for z = (z,y)

(2, €ig...ip, X €a] = [(T,Y) s €(iga)(ira) ... (ipa)) = [T+ €ig...ip) ) [Y; @

whence

Z [Zueio...ip X €a] = ['rueio...ip]~

acV
It follows that

Z [z,u X €q] = Z Z (uio'“ip)Q[z,eiomip X €q]

acV acVig...ip
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Y e xed

’io...ip acV

= 3 o), ey, =[]

i0.--ip

Since also ||u X eq|| = ||u||, we obtain

Yoy bexal s M:[az,wxn.

u€BL(X) acV Ju 6“” u€Bp (X

Now let us handle the term [z, v X eg) . Letv =) .

L ptoip—lp.
i0..ip ¥ €ig...ip—1 SO that

_ § 0. ip—1,. .
VX Egp = v P Cig...ip—1 X €gb-

10...0p
We have
p—1
1k
Cig..ip_1 X Cab = Z (1) €(i0a) (i1a) -..(i5a) (ih) ..(ip_1b)-
k=0
Note that

[l’, e’io...ik]y y=a
[(%,9) 5 €(iga) (i1a) ..(ixa) (ixb) r(ip_1b)) = § [T €ipip1]s Y=
0, otherwise.

Considering all arrows ab € FE, there is exactly one a = y and exactly one b = y. It follows that

Z (%, ), €(iga) (i1a) ...(1xa) (i) -(ip_1b)) = [Ts€ig...i] + [T, €ip iy 4]

abeE
= [7, €ig...ip_1] + Lamiy)
and
p—1
D gy X ea) = Y ([ ei iy i)+ Lomiyy) = P+ 1) [2, €400, ]
abeE k=0

We obtain that

Z [2,v X eg] = Z Z (vio"'i”—l)Q[z, Cig...ip_1 X €ab)

abeE i0.-ip abEE
=(p+1) Y @) [z e, ]
i0---ip

=@+1) [z, v].

Since
Heio...ip,l X €abH2 =P
we have
lox eas||” = Y (0 1)?p = plv]®
i0.-.ip

whence

Z [Z,’U X eab] _ p+1 [l‘,l}]
loxewl® P v

abeE
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and )
oy bl _ptl o x).
veEBy_1(X) abEE |U X 6abH p
We obtain +1
2,0 (2)] = 2,9, (X)] + 2 % (),

whence it follows that

_ p [2:8p (Z)]
K, - —;(1) o4l

_ (_l)p [:L‘, QP (X)] + Z (_l)p [QL', Qp—l (X)]

p+1 = P

thatis, K, = 0. m

3.11 Some problems

Problem 3.47. How to compute K (XOY') for general digraphs X,Y ?

Problem 3.48. Is it true that for icosahedron (see Example 3.19) |Qq| = 25 for any numbering of the
vertices?

Problem 3.49. Let a digraph G be determined by a triangulation of S? (see Section 1.13). Assume
that deg () < 4 forall x € G. Is it true that K, > 0 forall x € G?

We have verified above that I, > 0 for the following triangulations of S?: simplex, bipyramid,
octahedron, but with specific orientations of edges (the question remains open when the numbering
of vertices is arbitrary). All these digraphs have deg (z) < 4. We have seen that K, < 0 can occur
for icosahedron with deg (z) = 5 and for a pyramid with deg (z) = 7.

Problem 3.50. Denote D = max,cq deg (x) . Is it true that |K,| < Cp for some constant Cp
depending only on D? The same question about K. 5532) and K, 5533).

Note that K, can be arbitrarily large, both positive and negative. For example, for a strongly regular
digraph satisfying (binom(k, m)), we have

1—(1—m)"
K,=———""-—
* km
while D = % = (k — 1) m. In this case one can verify that |K,| < e3P,
Problem 3.51. What can be said about the curvature of random digraphs?

Problem 3.52. Let S be a simplicial complex and Gs be its Hasse diagram (see Section 1.12). Is
there any relation of K, (Gs) to properties of S? For example, we have

Kiotal (GS) =X (GS) = Xsimp (8) :

Can one give an explicit formula for computing K, (Gs) for any simplex o € S?
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Chapter 4

Fixed point theorems for digraph maps

4.1 Lefschetz number and a fixed point theorem

Everywhere here K = R (or Q). Let f, : ©2,, — ,, be a sequence of linear mappings that commutes
with 0, that is,
00 fui1=fnod 4.1

for any n > 0. In other words, the following diagram is commutative:

0 1o}

Qn—l — Qn — Qn+1
lfnfl lfn lfn+1 4.2)
0] o
anl — Qn — Qn+1
Denote
Zn :kerﬁ\gn, Bn :Ima|9n+1
so that

H, = Z,/B,.
It follows from (4.1) that f,, acts in Z,, B;, and H,,.

Definition. Denote shortly by f the sequence { f,,} of the mappings as above. For any non-negative
integer IV, define the Lefschetz number of f of order N by

LY (f) = 5 (~1)" trace fulo,. 43)
n=0

For example, if each f,, = id then

N
LN ()= (-1)"dimQ, = x™.
n=0
Proposition 4.1. The following identity holds:
N N
LN (f) == 3 (=1)" trace folm, + (—1)" trace fy|py - (4.4)
n=0

Proof. Using the following identity (that will be proved in Section 4.2)
trace fn|m, = trace fplq, — trace fn—1|p,_, — trace fu|B, 4.5)

83
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we obtain

N
> (=1)" trace fnlm,

n=0
N N N

= > (=1)"trace fula, — > (—=1)" trace fr_1]p,_, — > (—1)"trace fu|s,
n=0 n=1 n=0
N N-1 N

= > (=1)"trace fulq, + > (—1)k trace fi|p, — > (—=1)" trace fu|B,
n=0 k=0 n=0

(—1)" trace fala, — (=) trace fi |y

I
M=

3
I

Il
=
=z o

J(f) = (1) trace fx gy,

whence (4.3) follows. =

Let now f : G — G be a digraph map, that is,
i—j=f@) = f@)orf(i)=r()-
In Section 1.4 we have defined an induced mapping f, : A, — A,, as follows: first set

fe(€ig.oiin) = €5(i0)...f (i)
and then extend f to A, by linearity. By Proposition 1.6, f, extends to a linear mapping mappings
Q, — Q, and H,, — H,.
In this section we denote f, for simplicity also by f. Hence, we obtain the diagram (4.2) where all
fn = f. In particular, LY) (f) is defined.

Theorem 4.2. Let f : G — G be a digraph map. If, for some N > 0, we have L) (f) # 0 then f
has a fixed point, that is, a vertex a such that f (a) = a.

Definition. Let a, b be two vertices from V. A p-path v = > vi0-+ir €ig...i, 1S called an (a, b)-cluster
if all the elementary paths e;,.. ;, with non-zero values of vt have iy = a and tp = b. Apathvis
called a cluster if it is a (a, b)-cluster for some a, b.

For example, €5 — €qpc is an (a, ¢)-cluster whereas eqp. + €40p is not a cluster.

Lemma 4.3. In each (), there is an orthogonal basis (with respect to the natural inner product (-, -))
that consists of clusters.

Proof. Let C be the set of all O-invariant clusters in €2,. By Lemma 1.11, €, is spanned by C.
Choosing in C a maximal linearly independent subset, we obtain a basis B in (2, that consists of
clusters. Let us show how to make an orthogonal basis of clusters. Let u, v be two elements from 5.

Let u be a (a, b)-cluster and v be an (a’, b')-cluster. u ob v o’
If (a,b) # (a’,b) then clearly u_Lv. ﬁ

If B has more than one (a, b)-cluster, then among all (a, b)-clusters in B, we run a Gram-Schmidt
orthogonalization process and obtain an orthogonal set of (a, b)-clusters in 3. Note that during this

process all newly arising elements are again (a, b)-clusters. Doing that for all pairs (a,b) , we obtain
an orthogonal basis in €2, that consists of clusters. m

Proof of Theorem 4.2. Assume that f has no fixed point. We will prove that

trace f|q, = 0 forany n > 0, (4.6)
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which gives by (4.3) that L(N) (f) = 0 thus contradicting the hypothesis that L) () # 0.

By Lemma 4.3, there is an orthogonal basis vy, ..., t, in €2,, where all uj are clusters. Denote by
(cij) the matrix of operator f : §2,, — £, in this basis, that is,

f (u]) = Z CijUi, whence Cij = W
=1 (2%

Consequently, we have

m m
trace flq, = Y. ckk = Y.
k=1

It remains to show that f (uy) Lug, which will imply (4.6). Indeed, let uy, be an (a, b)-cluster, that is,
uy is a linear combination of elementary n-paths of the form

€aiy...in_1bs 4.7

where a, b are fixed while i1, ..., i, are variable. Then f (uy) is a linear combination of the n-paths

€f(@)f (). f (Gn-1)f(b)> (4.8)

where ji, ..., j,—1 are variable. Since a # f (a), we see that the paths (4.7) and (4.8) are orthogonal,
which implies that f (uj) and uy, are orthogonal, too, which was to be proved. m

4.2 Rank-nullity formulas for trace

The purpose of this section is to prove the identity (4.5) — see Lemma 4.6 below. Recall that we have

a commutative diagram
0 0
an]_ — Qn — Qn+1
lfn—l lf n lf n+1
0 1%}
Q1 — Qp Qn—H

and
Zn =ker0d|q,, B, =Im 8]Qn+1, H, = Z7,/B,.

Lemma 4.4. We have
trace f|m, = trace f|z, — trace fu|B, - 4.9)

Proof. Let uy,...,u; be a basis in B,. Choose in Z, elements vy,...,v; so that the sequence
ULy eevy U, V1, ..., Vg, 1S @ basis in Z,,. Then

l
Fo (ui) =) agjuy
j=1

and

k
Jn () = Z b;jvj + terms with u;.
j=1

For the homology classes we have

Fa([0i]) =D bij o).
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It follows that

l k
trace fp|z, = Z ai; + Z bi; = trace fx|B, + trace fu|m,, ,
i=1 i=1

which is equivalent to (4.9). m

Lemma 4.5. We have the identity
trace fy|z, + trace fn—1|p, , = trace fulqa,

For example, if f,, and f,,_1 are the identity operators then this becomes the rank-nullity theorem for
the operator 0:

dim Z,, + dim B,,_1 = dim (Q,,. (4.10)
Proof. Letuvy,...v; beabasisin Z, and u}, ..., u; be abasis in B,,_;. Choose any vector u; € ot (u),
that is, u; = u}. Let us show that the sequence vy, ..., Uk, u1, ..., u; is linearly independent in €2,,.

>

Indeed, if there is a vanishing linear combination

! k
Zaiui + Zﬁjvj =0,
i=1 j=1
then it follows that

I k I
0=0) amui+0Y Bjvj=Y ouj+0,
i=1 =1 i=1

whence it follows that all a; = 0. Consequently, 25:1 Bjv; = 0 and, hence, also all 5; = 0.
Since by (4.10) k 4+ [ = dim §2,,, it follows that the sequence v, ..., vg, U1, ..., u; is a basis in €2,,.

Hence, for some coefficients a;; and b,

!
fn (i) = Z a;ju; + terms with v; 4.11)
j=1
and

k
fn (Uz) = Z bijvj.
j=1

The latter expansion contains no u; because f, (Z,) C Z,. Hence,

! k
trace fnlo, = Zaii + Zbu
i1 i1
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On the other hand, we have
k
trace f,|z, = Z bi;.
i=1
It remains to prove that

!
trace fn—1lB, , = Z .-
i=1

Since f,_1 maps B, _1 into itself, there are coefficients ag j such that

o (ug) =) ajjuf. (4.12)
j=1
It follows from (4.11) that
l l
8fn (uz) = Z aij8uj +0= Z aiju;. (4.13)
j=1 J=1

On the other hand, using (4.1) and (4.12), we obtain that

8fn (Uz) = fnfl (auz) = fn,1 (u;) = Z a;ju;'

j=1
Comparison with (4.13) shows that agj = a;j and, hence,
l
trace fn—1lB, ; = Z ay; = Wiy
i=1 i=1
which finishes the proof. =
Finally, we can prove (4.5).
Lemma 4.6. The following identity holds
trace fn|m, = trace fplq, — trace fn—1|p,_, — trace fu|B, 4.14)

Proof. By Lemma 4.4 we have

trace f| g, = trace fy,|z, — trace fu|B, ,

and by Lemma 4.5
trace fy|z, = trace fylq, — trace fn_1|p,_,,

which yields (4.14). =

4.3 A fixed point theorem in terms of homology

Definition. Define the path dimension of a digraph G by

dim, G =sup {n : [Q,| > 0}.
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Assume that dim;,, G < oo. Then for any N > dim,, G’ we have by (4.4)

N N
LW (f) = (-1)"trace flo, = »_ (—1)" trace |, (4.15)
n=0 n=0

Recall the definition of the homological dimension:
dimy, G =sup{n : |H,| > 0}.

Theorem 4.7. Let G be a connected digraph. Let dim, G < oo and dimy, G = 0. Then any digraph
map f : G — G has a fixed point.

Proof. The condition dim;, G = 0 means that H,, = {0} for all n > 1, and the connectedness means
that | Hy| = 1. The space Hy is spanned by a single homology class [e,] where a is one of the vertices.
Then f (eqa) = €f(q) ~ €a s0 that f ([eq]) = [eq]. It follows that trace f|y, = 1 while trace f|g, =0
forallm > 1. ... By (4.15) we obtain L(V) (f) =1 # 0, and by Theorem 4.2 we conclude that f
has a fixed point. ®

The condition that a mapping f : G — G is a digraph map can be reformulated as follows. Define a
directed distance between vertices a, b of G by

d (a,b) =inf{n : Japatha — i; — ... = i, — b}.

Then f is a digraph map if and only if
7(f(a),f(b)) < E)(a,b) for alla,b € V.
Let us relax this condition.
Problem 4.8. Devise a fixed point theorem for maps [ : G — G with
d (f(a), f(b)) < cd (a,b) for alla,b eV,

where C' > 1 is a constant.

Alternatively, one can strengthen conditions on f, assuming that f is a digraph isomorphism, which
is equivalent to

— —
d (f(a), f(b)) = d (a,b) for alla,be V.
Problem 4.9. Devise a fixed point theorem for a digraph isomorphism f : G — G.

4.4 Examples

Example 4.10. Consider first simple examples of digraphs satisfying the hypotheses of Theorem 4.7.
4

2 93
A A

T g
triangle square pyramid octahedron based on square

3 6

[~}

=

3-simplex 3-cube broken cube prism



4.4. EXAMPLES 89

The triviality of H, (that is, dimy G = 0) for each of these digraphs was mentioned in the previous
sections. The finiteness of the path dimension follows from the fact that all arrows go in the direction
of increase of numbering of the vertices so that the length of allowed paths is bounded.

Note that in all Example 4.10, a fixed point theorem can be obtained much simpler from the following
elementary result.

Proposition 4.11. Assume that a digraph G = (V, E) satisfies the following two conditions:

(i) there are no closed elementary allowed p-path with p > 2, that is, for any allowed p-path e;,. ;,,
we have iy # ip;

(ii) there exists a vertex a such that there is an elementary allowed path from a to any other vertex .

Then any digraph map f : G — G has a fixed point.
Proof. Consider the sequence of sets V,, C V defined by
Vo=V, Viy1=7f(V,) forn > 0.

By induction we have V.1 C V,,. Since all sets V,, are finite, we obtain that V,,,1 = V,, for large
enough n. Fix such n so that we have V11 = V.

For each 2 € V set x;, = f¥ (z). Then there is an elementary allowed path from aj, to x, for any
k>0.

In particular, there is an allowed path from a,,
to any other vertex of V,,, and that from a1
to any other vertex of V11 = V.

(s

Hence, if a,, # a1 then there are allowed a V.=V,
paths from a,, to a,+1 and from a, 41 to ay.

Therefore, there is a closed allowed path starting and ending at a,,, which is not possible. Hence,
Gn = Qp+1, that is, a,, is a fixed point of f. m

Next, we give an example of a digraph that satisfies the hypotheses of Theorem 4.7 but not those of
Proposition 4.11.

Example 4.12. Consider the following digraph G with 7 vertices and 16 arrows.

There are closed allowed paths
0—-2—-1—-0,5—-0—26—5 !

etc. Hence, there are arbitrarily long

allowed paths. Nevertheless, one can —7"

show that 4
dim, G < 6,

and that G is homologically trivial.

Hence, G satisfies the hypotheses of Theorem 4.7, and we conclude that any digraphmap f : G — G
has a fixed point.

The next example provides a large family of digraphs satisfying the hypotheses of Theorem 4.7.

Example 4.13. Given n digraphs X1, ..., X,,, define their monotone linear join X1 Xs...X,, as follows:
take first a disjoint union | | ; X; and then add arrows from any vertex = of X; to any vertex y of
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Xit1-

A monotone linear join X; X5...X,

Proposition 4.14. Assume that the following two conditions are satisfied:
(i) for all i, dim, X; < oc;
(ii) there exists i such that X; is connected and dimy, X; = 0.

Then any digraph map f in X = X;...X,, has a fixed point.

Proof. It follows from Theorem 2.16 that the digraph X is homologically trivial and dim, X < oo
(see also Example 2.17). Hence, the claim follows from Theorem 4.7. m

Let us now consider some examples when the hypotheses of Theorem 4.7 are not satisfied.
Example 4.15. Assume that G contains a double arrow {a = b}. Then
dim, G = o0
because each €2, contains p-paths egpapap... and epgpapa.... Define amap f : G — G by
f(a) =band f(z) = a forall z # a.

Clearly, f is a digraph map without fixed points. Hence, the hypotheses dim, G < oo is essential for
Theorem 4.7.

Example 4.16. Here are some examples of digraphs that admit digraph maps f without fixed points.
All they have dim;, G < oo but dimy, G > 0.

1-torus diamond octahedron based on diamond
2 3p— 1 1

AN
{'7

0 1 0 2
f =rotation f =central symmetry f =central symmetry
|Hi| =1 |Hi| =1 |Ho| =1
2-torus ?3,3
3 4 5
7 4
v 0 I 2
J = rotation Fi0—1m2—0,3—4—5—3

[Hi| =2, [Ha| =1 |Hy| =2



4.4. EXAMPLES 91

Problem 4.17. Suppose that Hy (G) contains a non-trivial class ey, + e12 + ea (like for 1-torus). Is
it true that there exists a digraph map f : G — G without a fixed point?

Example 4.18. Consider the following digraph G with 7 vertices and 14 arrows:

G has the following arrows: 2 I
i—it+landi — i+ 2 ;
where addition is considered mod 7.
As was shown in Example 3.21, 0
for this digraph )
dim, G = oo and dimy, G = 0. : ’

Hence, the digraph G does not satisfy the hypotheses of Theorem 4.7. In fact, the digraph map
f (i) = 7 + 1 has no fixed point.

Problem 4.19. Devise a fixed point theorem that would work with digraphs containing double arrows.
For that we need to impose additional restriction on f : G — G, for example, let us assume that f is
a digraph isomorphism, that is,

a—b= f(a)— f(b).

Problem 4.20. Assume that G is connected, dim;, G = 0 and that G has no double arrow. Prove or
disprove the claim that any digraph map [ : G — G has a fixed point. Of course, the main interest
here lies in the case when

dim, G = oo.

Example 4.21. Here is a candidate for a positive example with dim;, G = oo.

This is the above snake with A .
an additional vertex 7 such that )
7 — 1 forall i € {0,...,6}.
——>0
For this digraph .
dimy, G =0 and dim, G = oc. /

Problem 4.22. Prove that any digraph map f : G — G for the above digraph has a fixed point.

Example 4.23. Here is a candidate for a counterexample.
For this digraph we have
dimj, G = 0 and dim, G = . 3

All spaces (), are non-trivial
because G contains a periodic
snake

€01234560123456...

NN
a

6

Problem 4.24. Construct for this digraph a digraph map f without fixed points (or prove a fixed point
theorem for this digraph). Simple rotations f (i) = i + amod 8 are not digraph maps here. For
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example, for f (i) =i+ 4 the arrow 0 — 3 goes to 4 /4 7, for f (i) = i + 5 the arrow 5 — 0 goes to
2 4 5.

Problem 4.25. Devise convenient sufficient conditions for dim, G < oo.



Chapter 5

Hodge Laplacian on digraphs

In this section K = R. Let us fix an arbitrary inner product (-, -) in each of the spaces R, so that we
have an inner product also in all £2,,. In all examples we use the natural inner product.

5.1 Definition and spectral properties of A,

For the operator 0 : €2, — €),,_1 consider the adjoint operator 0* : £}, _1 — €2, so that

(Ou,v) = (u,0"™) forallu € Q,and v € Q),_;.

Definition. Define the Hodge-Laplace operator on paths A, : 2, — €, by
Apu = 0"0u + 00" u. B.D)

Here we use the following operators 0 and 0*:

*

Qp_1 g Q, and Q, S Q4.
o* 0
Proposition 5.1. The operator A,, is self-adjoint and non-negative definite.
Proof. We have for all u,v € ),
(Apu,v) = (0"0u + 00*u, v) = (Qu, Ov) + (0 u, 0" v) = (u, A,v)
so that A, is symmetric, and
(Apu,u) = [|0u]|® + [|0%u||* > 0, (5.2)

so that A, > 0. Hence, the spectrum of A, is real, non-negative and consists of a finite sequence of
eigenvalues. m

Proposition 5.2. Denote D = max;cy deg (i) . If (-, -) is natural then spec Ay C [0,2D] .

Proof. By the variational principle, it suffices to prove that for all u € g
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Since du = 0, we have by (5.2)
(Aou,u) = [|0%ul|*.

Since for any ¢ — j ‘ ‘
(0%, ei5) = (u, 0ei;) = (u,e; — ;) = v/ —u',

it follows that

10" ul* = 3 ( —u')? <2 3 ()? +2 3 (u)? =2 deg (§) (u')? < 2D Jul®,  (5.3)

whence the claim follows. =

The bottom eigenvalue of Ag is always 0 because if all uF = 1 then by (5.3) *u = 0 and, hence,
Aopu = 00*u = 0.If G = Kp p — a complete bipartite graph, then G is D-regular and 2D is the top
eigenvalue of Ag.

For a general p, the multiplicity of 0 as an eigenvalue of Ay, is equal to the Betti number [3,, as we will
see below in Corollary 5.7.

Problem 5.3. Find a reasonable upper bounds for spec A,,. The question amounts to obtaining an
upper bound for the Rayleigh quotient for non-zero u € €2, :

2 112
[[Ou]] +||;9 ull” o

[l -

Problem 5.4. Find estimates of the eigenvalues of A, in terms of geometric and combinatorial
properties of G.

5.2 Harmonic paths

A path u € Q,, is called harmonic if Apu = 0.

Lemma 5.5. [23, Lemma 3.2] A path u € Q,, is harmonic if and only if Ou = 0 and 0*u = 0.

Proof. Indeed, If Ou = 0 and 0*u = 0 then by (5.1) we have Apu = 0. Conversely, if A,u = 0 then
we obtain by (5.2) that
10ull* + [[0%ul® = (Apu,u) =0,

whence [|Ou|| = [|0*u|| =0. =

Denote by H,, the set of all harmonic paths in €2, so that H, is a subspace of €2,,.

Theorem 5.6. [23, Lemma 3.3] (Hodge decomposition) The space €2, is an orthogonal sum:
Q, =001 PO 1 DH,. 5.4)
Proof. If u € 0Qp41 and v € 0*Q,_; then u = Ju’ and v = 9*v', and we have
(u,v) = (Ou',0"V") = (0% ,v') =0

so that the subspaces 9€2,+1 and 9*(2,_; are orthogonal.

p-1 Qp QW 1
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Denote by K the orthogonal complement of 9,1 @ 0*Q,_1 in Q,. Then we have
we K& (wu) =0 Yu ey and (w,v) =0Vv € 0%Q,_4
that is,
we K< <w,8u'> =0 Vu' € Qp11 and <w,3*1/> =0V e,
& <8*w,u’> =0 Vu' € Qp11 and <8w,v/> =0 Yo' € Qy
< 9w =0 and Jw =0
& w € Hp.

Hence, K = H,, which finishes the proof. m

Corollary 5.7. [23, Corollary 3.4] There is a natural linear isomorphism
H, =H,. 5.5

In particular, diim 'H;, = (3, that is, the multiplicity of 0 as an eigenvalue of A, is equal to the Betti
number 3,,.

Proof. Observe that Z,, := ker |q,, is the orthogonal complement of 9%, in €2, because, for any
u € €y,
u € Zpyeodu=0& (0u,v)=0 VYveQ,
& (u,0") =0 Vv e Q1 & uld* Q.
Since by (5.4)
Qp = 0011 DH, P Qs

we obtain
Zy = (0*Qp1)" = 0011 BH, (5.6)

whence H, = Z,/0Qp11 = Hp.

Remark 5.8. It follows from this argument that H,, is an orthogonal complement of B, in Z,, and
that any homology class w € H) has a unique a harmonic representative u € H,,. In addition, u
minimizes the norm ||-|| among all representatives of w.

5.3 Matrix of A,

Let {c;} be an orthonormal basis in 2,, {(,,} be an orthonormal basis in €2,_; and {,,} be an

orthonormal basis in €2, 1 :
19} 0
Q1 = Q = Qn

0 0
{8} {ai} {ra}
The operator 0 : €, — €,,_1 has in the bases {«;} and {3, } the matrix
B = ({10, 003) s (57

where m is the row index and ¢ is the column index.

Similarly, the operator 9 : €0, — {2, 1 has the matrix

C = (v, 07 i)) s = (075 i) - (5:8)
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Since A, = 9*0 + (9*)* 9*, we obtain the matrix of A, in the basis {«;}:
matrix of A, = BTB 4+ CTC. (5.9)
More explicitly, the (i, j)-entry of the matrix of A, in the basis {«;} is given by

<Apai7 aj> = Z <aa’ia ﬁm> <aajv /8m> + Z <ai’ 87n> <aj’ afyn> : (5.10)

Example 5.9. Recall that Q_; = {0}, Qp = {e;: i€ V} and Q1 = (e : k — ). Assuming that
(-, -) is the natural inner product, we obtain by (5.10) that the matrix of Ay is

(Aoeise) = > (e, Oexy) (e, Oep)

k—l

= > (e, e —ek) <ej,€l —ep)

k—l

= > (8i— i) (650 — dk)
k—l

= > 6+ Z 0ij — Lpingy — Ljma

k—1

If G has no double arrow then
the matrix of Ag = diag (deg (7)) — Lyinj)

where 1;. ;1 is the adjacency matrix of Gi. Hence, A is the usual unnormalized Laplacian (=Kirchhoff
operator) on functions on V.

Consequently,

trace Ag = > deg (i) = 2|E|. (5.11)
2%

5.4 Examples of computation of the matrix of A,

In this section, we denote by V' and E respectively the numbers of vertices and arrows of a digraph in
question.

Let us compute A; for the natural inner product. We use the orthonormal bases {e,,} in € and
{eij 11— j}in Q. Let {~y,,} be an orthonormal basis in 2.

The matrix of Ay has dimensions £ x FE and, by (5.10), its entries are
<Aleij, ei/j/> =) (0eij,em) <8ei/j/, em> + > (€ij, 0vy) <ei/j/,0'yn> (5.12)
m n

for all arrows ¢ — j and i’ — j'.

For the first sum in (5.12) we have

> (eij, em) (Deirjrsem) = 3 (ej — €y em) (e — ei, em)
Z( jm — zm) (5j’m - 6z’m)
— 5]]/ — (S 5]1 + 5”/ = |:'Lj’ i/j/] .

The values of [ij, ;'] are shown here:
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f.—————*——”j r///////”.] i :::
ie—————0) == e ie J
0 ] 1

J'
i=i' J=’ i=’ J=r
ir:j.\ >0 Q———————0
-1 ! 2 -2

Hence, in the case p = 1, we have

In particular, diagonal entries of BT B are equal to 2.

B'B = ([ij,i'j'])

(5.13)

Example 5.10. Consideran 1-torus7 = {0 — 1 — 2 — 0}. Inthis case we have 2 = (eg1, €12, €20)

and

the matrix of A; = BT B = ([ij, i'j'])

The eigenvalues of A, are {0, 3,3} .

€01
€12
€20
2
=1-1
-1

€01 €12 €20
[01,01] [01,12] [01,20]
[12,01] [12,12] [12,20]
20,01] [20,12] [20,20]
-1 -1

2 -1
~1 2

Example 5.11. Consider a dodecahedron (as in Example 3.7):

We have V' = 20, E = 30,

Qg = {O} and ‘Hl

| =11.

In particular, CT'C' = 0 and,

hence, A1 = BTB.
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98

0117 257 347 547 (32& \/5)37
where the subscripts show multiplicity.

The matrix of Ay is shown here:

The eigenvalues of A are:

For a general digraph G with (25 # {0}, let us compute the entry (e;;, 7,,) of the matrix C' assuming

~ is a triangle or square (note that although 25 has always a basis of triangles and squares,

the squares in this basis do not have to be orthogonal).

If v = eupe is a triangle then we have

that ,,

[ig, ],

<eij7 €ab 1+ €pc — 6ac>

<€ija 3’Y>

where

b
~
Q
=
= .
S QL o
{a.m
.6.__ Z
.U.Um
== 0o
-/1 -
— | [a)
——
I
=
S
L,

lig, ],

S
V2

(€ij, €ab + €bc — €aty — €b'e)

S
V2

is a (normalized) square then
(€ij, 0) =

__ Cabc”Cqb/c
V2

If v
where

~
S=
o .
S 3 O
—— 2
v g
.U.Um
h=ih= S
L}

— | [a)
N——
Il
N/

S
i

(eo1, €12, eg2) and

Example 5.12. Let G be a triangle {0 — 1 — 2,0 — 2} . Then O

o
— —
—
_21
—
2_1
(
Il
—
oo
m220
O o N
o =2,
NN
N~ o~
e e e
O —= AN A
o=,
[ R —y
—- OO O O
S . . -
O — AN A
o, =2,
— AN AN
o ~H 5
L VU QO

The basis {~,,} of {25 consists of a single triangle v = eg12 so that

([i7.75'])

BTB =

€12 €02

_ €01 B
¢= (6012 [01,~] [12,7] [02,7]> = (1 1 1),

1

c’c

-1

S O M

S ;n O

MmO O

|

matrix of A; = BTB+CTC
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Example 5.13. Let G be a square {0 — 1 — 3,0 — 2 — 3}. Then Q1 = (eq1, g2, €13, €23) and

€01 €02 €13 €23 92

eo1 [01,01] [01,02] [01,13] [01,23] ) ; _01 _01

B'B = ([ij,i'j']) = | eox [02,01] [02,02] [02,13] [02,23] | = 1o 2 1
e13 [12,01] [13,02] [13,13] [13,23] 0 1 1 o
a3 [23,01] [23,02] [23,13] [23,23]

The basis {~,,} of 25 consists of a single square v = \/Li (e013 — €o23) so that

_ L ( eo1 €02 €13 €23 ) _ L (1 -1 1 -1)
V2 \v [01,9] [02,9] [13,9] [23,4]) V2 ’
1 -1 1 -1
1f{-1 1 -1 1
T —_— -
=311 11 1)
-1 1 -1 1

Hence,

5 1 1

2 2 2 2

1 o L _1

matrix of Ay= BTB+cCcTc = 2 2, 2 2],
2 T2 2 2
L _1 1 2

2 2 2 2
and the eigenvalues of A; are {23, 4} .
Example 5.14. Consider the following digraph:
Here V =5, E =6, |Q] =2and 0
Q2 = (eo14 — €024, €014 — €034)
However, this basis is not orthogonal. |
Orthogonalization gives an orthonormal basis
in Qg: 4

Y= \% (€014 — €024) ,

V2= 5 (€014 + €024 — 2e034) -

Since

oy, = \% (€01 + €14 — €02 — €24) ,

vy = \/Lé (eo1 + eos + €02 + €214 — 2e03 — 2€34) ,
we obtain

€01 €14 €02 €24 €

S
¥
o
9%
D
w
=

g ©

Sl
She <

S = g
sk

|
g ©
N——
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and
2 2 _1 _1 _1 _1
LA TR G S G ¢
. RN RN LA LR SR |
¢ce=|(_t¢ ¢ 3 3 i 3
S GRS SRR L
S GRS GRS R S R
3 3 3 3 3 3
Now we compute also BT B:
2 -1 1 0 1 0
-1 2 0 1 0 1
T 1 0 2 -1 1 0
BB = ([eij’ei'j']) = 0 1 -1 9 0 1 )
1 0 1 0 2 -1
0 1 0 1 -1 2
whence
g _1 2 _1 2 _1
BT U LR
LA T L T LR
matrix of Al = BTB + CTC = _31 23 _31 §3 _31 23
A T T S
U AU LU
3 3 3 3 3 3
The spectrum of Ay is {24,3,5} .
Example 5.15. Consider the following pyramid:
4
For this digraph V' =5, E = 8, |Qy| = 5, and
Qo = (eo14, €024, €134, €234, €013 — €023) - 0
3
We have then ]
€01 €02 €13 €23 €04 €14 €24 €34
€01 2 1 -1 O 1 -1 0 0
ega 1 2 0o -1 1 0 -1 0
e;3 —1 0 2 1 0 1 0o -1
B'B=([ij.i'j'])=]es 0 -1 1 2 0 0 1 -1/,
egs 1 1 0 0 2 1 1 1
eta —1 0 1 0 1 2 1 1
esy 0 -1 O 1 1 1 2 1
es4 0 0 -1 -1 1 1 1 2
€1 €02 €13 €23 €04 €14 €24 €34
€014 1 0 0 0 -1 1 0 0
o €24 0 1 0 0 -1 0 1 0
o €134 0 0 1 0 0O -1 0 1 ’
€234 0 0 0 1 0 0 -1 1
\/Li (6013 — 6023) \/Li —% \/Li _\/Lﬁ 0 0 0 0
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3 1 1 1
51 fgé 51 —15 -1 1 0 0
P A R
s —= = —= 0 -1 0 1
B T B
cTo = 2 2 22
1 10 0 2 -1 -1 0]
1 o -1 0 -1 2 0 -1
0 1 o -1 -1 0 2 -1
0 0 1 1 0o -1 -1 2
7 1 1 1
11 19000
i1 1 10000
21 21 72 12 00 0 0
AR B S B N BN
. . _ 2 2 2 2
matrix of Ay = BB+ C"C = 0O 0 0 0 4001
0O 0 0 0 0410
0 0 0 0 01 40
0 0 0 0 1004

The eigenvalues of A; are {35, 53}.
Example 5.16. Let G be an (n — 1)-simplex, that is, the vertices are {0, 1,...,n — 1} and
Let us show that
A := matrix of Ay = diag (n).
Let ij and 7'’ be two arrows. Then (ij,4'j’)-entry of A is

Agjiry = (BTB) ;0 + (CTO) s = [13:45] + X i vn) [ 7] (5.14)

P
1],v'] P

where {~,,} is an orthonormal basis of {25 that in this case consists of all triangles in G.

If 5 = i'j’ then [ij,4'j’] = 2. Since the arrow 7j belongs to (n — 2) triangles ~,,, we obtain
Aijij=2+(n—-2)=n
that is, all the diagonal entries of A are equal to n. It remains to show that if 55 # '’ then
Ajjiyr = 0. (5.15)

If 45 and 4’5" have no common vertex then they cannot belong to the same triangle ,, and, hence, all
the terms in (5.14) vanish.
Let i/ = i while j’ # j:

o

j/
i=i® — @

Then [ij,4'j'] = 1 while [ij,v,,][¢'j’,~,] does not vanish only of ~,, is the triangle formed by
i,7,4'. In this case the arrows 45 and ¢'j’ have opposite orientations with respect to -,,, whence
[i7,7n) '3, 7] = —1 and (5.15) follows.
Let j' = i while ¢/ # j:

o

i
o <— O

ii=i
Then [ij,i'j'] = —1 while [ij,y,][¢'j’,7,,] does not vanish only if ~,, is the triangle i'ij. In this case
the arrows 4 and 'j’ have the same orientation with respect to -,,, whence [ij,,,] [¢'j,7,] = 1 and
again (5.15) follows.

The cases 7 = ' and j = j' are similar.
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Problem 5.17. Describe all the digraphs where A has only one eigenvalue.

Problem 5.18. Devise a program for computing the matrix and spectrum of A1 for large digraphs.

5.5 Trace of A\

Recall that by (5.11)
trace Ag = > deg (i) = 2F,
eV
where E denotes the number of arrows. Here is a similar result for the trace of Aj.

Theorem 5.19. Let T' be the number of triangles in 2o, S be the number of linearly independent
squares in o, and D be the number of double arrows a &= b. Then

trace Ay = 2E + 3T+ 2S5 +4D. (5.16)

By a square here we mean an allowed 2-path egp. — eqp Such that a # c and a /4 c.

For example, for the pyramid from Example 5.15 we have £ = 8,7 =4, S =1 and D = 0, whence
trace Ay =2-84+3-4+2-1=230,

which matches the sum of the eigenvalues as well as the sum of the diagonal values of the matrix of
A1 in this example.

Proof. Let {~,,} be an orthogonal basis in 9. Let us first prove that

Oy II2
trace A} =2E 4+ Y ” 7””2 .
w7l

(5.17)

By (5.9), trace A1 = trace BT B + trace CTC. As we have seen above (see (5.13)), all the diagonal
entries of B B are equal to 2 so that

trace BT B = 2F.

Let us compute trace C7 C. Without loss of generality assume that the basis {v,,} is orthonormal
basis. Let {«a;} be the sequence of all arrows. Since {«;} is an orthonormal basis in 21, we have by
(5.8)

C = ({07, i) s
and, hence,

(CTC)U = Z <af)/n7 Oéi) <87n7 O[]> .
It follows that

trace CTC = 13 (07, i)* = 3232 (075, 00)” = 3 107,17,

]

whence (5.17) follows.

As we know, ()9 has a basis {,,} that consists of triangles, squares and double arrows. The only
non-orthogonal pairs in this basis can be pairs of squares containing the same elementary 2-path, like
€abe — Eabc ANd €gpe — €qpre. Assume first that the entire basis {~,, } is orthogonal (which is equivalent
to absence of multisquares).
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A double arrow a = b gives two elements of the basis {7,,}: €apq and epgp. If v,, = €4pq then

||7n||2 =1, 8771 = €pq 1 €ab, ||87n”2 =2

and
107l _
17
The same is true for «y,, = epqp so that each double arrow contributes 4 to the sum
2
5 19mll” (5.18)
w vl

If ~y,, is a triangle €4 then
||’7n||2 =1, 8’711 = €pc — €ac T €ab, H87n‘|2 =3,

whence
l07al® _
(o[
so that each triangle contributes 3 to the sum (5.18).

9

If ~y,, is a square egpe — €41 then
Iall® =2, 07, = €a + ebe — €a — eye, 07,7 =4,

so that )
[0V ll”
- =
72l

so that each square contributes 2 to the sum (5.18). Hence, we obtain that the sum (5.18) is equal to
3T 4+ 25 4 4D, which proves (5.16) in this case.

In the general case G may contain multisquares. Assume that GG contains the following m-square

a, {bk}};n:07 c

)

that gives rise to m linearly independent squares:
€aboc — €abics €abe — €abacy --+> Cabe — Eabpc - (5.19)
The sequence (5.19) is not orthogonal, and its orthogonalization gives the following sequence:
W1 = €aboc — €abyc
W2 = €aboc T €abre — 2€abye

WE = €abyc + ...+ €aby_1c — keabkc

Wim = €abge T -+ T €ab,,_1c — MEabc
(cf. Example 3.16). We have
Owr, = (eaby + €voe) + -+ (€aby_y + b rc) — k (€ay, + €bye)

0wy ||? = 2k + 2k2, ||wi||* = k + k2,
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whence )
[|Owy]|

2
i

Hence, each wy, contributes 2 to the sum (5.18), which completes the proof. m

Since the sum of all eigenvalues is trace A; and the eigenvalue 0 has the multiplicity 3;, we obtain
that the average value of positive eigenvalues is

\ _ trace Aq
average E _ 61 .

5.6 An upper bound of )., (A1)

Denote by Apax (A) the maximal eigenvalue of a symmetric operator A. Recall that, by Proposition
5.2,
Amax (AO) <2 max deg (l) .
1

For any arrow ¢ — j in G denote by deg (i) the number of triangles containing the arrow i — 7,
and by deg (i) the number of squares containing ¢ — j.

Theorem 5.20. Assume that there is an orthogonal basis {~,,} in Qg that consists of triangles and
squares. Then

Amax (A1) < Qmax deg (i) + 3max degn (i7) + 2max degq (ij) . (5.20)

Proof. Recall that

8u2 8*u2
A (Ar) = s (H I” | |21>‘
ue\{0} \ |lull [l

Since the operators 0 : 21 — Qg and 9* : Q¢ — € are dual, the have the same norm. The norm of
the latter was estimated in the proof of Proposition 5.2 (cf. (5.3), whence we obtain the same estimate
for the norm of the former, that is, for any non-zero u € 1,

2
m < 2maxdeg ().
i eV
Let us prove that
|0 ul*
< 3maxdega (ij) + 2 max degp (ij) - (5.21)
il = =
Letu=73%, u'e;; and, hence, , .
full? = 3 (u¥)
i—j
Using the basis {~,,} in {2, we obtain
4 n II'YnH
If ,, is a triangle ey then ||,,|| = 1,
<u7 87n> - <u7 €ab — €ac T 60Lb> =y — % + uab,

<u7 a’)/n>2 <3 ((uab)Z + (uaC)Q + (uab)2> .
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Summing up over all triangles +,, and using that any arrow i — j occurs in degx (ij) triangles, we

obtain )
p) L
(0 0%)” 5 ()2 dega (i) < 3 Jul maxdegs (7). (5.22)

n:y,, is triangle H"YnH i—j e

Let now 7, be a square egp. — €qpc (such that a 4 ¢). Then ||, H2 =2,
<ua 87n> = <u, €ab T Ebe — Eqpt + eb/c> = Uab + ubc — u“b/ — ublc,

<’LL, 6'7n>2 <4 ((uab)Q + (ubc)Q + (uab’)2 + (ub’c)2) )

Summing up over all squares y,, and using that any arrow ¢ — j occurs in deg (ij) squares, we
obtain

2
s Oy 5 () degg (i)

‘ 2 A~
nivy, is square |y | i

< 2|u® max degg (i7) - (5.23)
i—]

Adding up (5.22) and (5.23), we obtain (5.21). =

Problem 5.21. How sharp is the upper bound of Aax (A1) in(5.20)? Is it attained on some digraphs?
Extend (5.20) to the general case when a basis of triangles and squares requires orthogonalization.

5.7 Examples of computations of spec A,

Example 5.22. Consider an octahedron based on a diamond:

For this digraph V' =6, F =12, |Qs| =38.
The space (5 is generated by 8 triangles:
Qo = (€024 , €025 , €034 ; €035 , €124 , €125 , €134 , €135) -
Hence, T'=8, S =0, and we obtain
trace A1 = 2F + 3T = 48.

Since 3, = 0, it follows that
trace A1 48

)\average - rﬂl - E
The eigenvalues of A; are
{237 467 63}7

where the subscript denotes the multiplicity.

Example 5.23. Consider a prism as in Example 3.24:
Since £ =9, T =2, S =3, we have ¢
trace A1 = 2E + 3T + 25 =30

and A A
traceA; 30

—_ 1

)\average = rﬂl = 9"

The full spectrum of A is 0 -

{2a (3)27 337 47 52}
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Example 5.24. Consider a 3-cube:
Wehave V =8, E =12, Q2] =6,
H, = {0} forp > 1. 2 ;

Space €5 is generated by 6 squares,

so that 4
S=6and T =0.
Hence, we obtain by (5.16)

trace A1 =2FE+25=2-12+2-6 = 36.

Since 3; = 0, we obtain

1
)\average = W trace Al = 3.
- M

In fact, the eigenvalues of A on a 3-cube are
{26> 327 437 6} .
Example 5.25. Let GG be the n-cube, that is,

G=1""=10/0..01
S—_——

n times

where I = {0 — 1} (see Section 2.4). Then
V=2" E=n2""1 S§=|0=2"3n(n-1)

and T = 0. Hence,
trace A; = 2E 4 25 = 2" ?n (n + 3)

and )
2" *n(n+3 n—+3
)\average == —E — 3, trace Al — n2T(L1 ) — 5 .

For example, for a 4-cube we obtain
trace Ay =247 =112,
The full spectrum of A; on a 4-cube is
{210, 3s, 49, 64, 8}.

For a 5-cube we obtain
trace A; = 23 . 5.8 = 320.

The full spectrum of A; on a 5-cube is
{215, 320, 425, 54, 610, 85, 10} .

Problem 5.26. Determine the full spectrum of /A1 on the n-cube. In particular, prove that
Amax = 2n and Apin = 2%.

Prove that spec A1 consists of all even integers from 2 to 2n and of all odd integers from 3 to n.

The difficulty here is that the method of separation of variables does not work for A; on Cartesian
products.
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Example 5.27. Consider 2-torus G = TOT where T = {0 — 1 — 2 — 0}.

Here V =9, E =18, [Q| =09, |Hi| =2.

Space €5 is generated by 9 squares, whence
traceA; =2-18+2-9 = 54.

In fact, the full spectrum of Ay on 2-torus is

{027 (%)47 387 64} .
For a 3-torus G = T3 we have
E =281, S=1Q| =281, |Hi| =3,
whence
trace A1 =2-81+2-81 = 324.

The full spectrum of A; on 3-torus is

{03, ()12, 330, (3)16 612, 98} -
For n-torus G = T"™ we have

(n—1)

E=n3", S=|Q|=" 38", |Hi| =n,

whence
trace Ay =2E +2S =n(n+1)3"

and
n

3 —1

Aaverage = (n+1)
Problem 5.28. Compute the full spectrum of Ay for n-torus. In particular, prove that
Amax = (31)gn .
In fact, Amin = 0y, which is a consequence of 3, = n.

Example 5.29. Consider a trapezohedron 7;,, (see Section 1.9 and Proposition 1.10).
For example, T} is shown here:
We have V = 2m + 2, E = 4m, while

Q9 is generated by S = 2m squares.

It follows that on T, 5 4
trace A1 = 2E + 25 = 12m. , S
Since 3, = 0, we obtain
Naverage = trace Ay _ 12m _ 3 /
E—-p4 4m

In the case m = 2 the eigenvalues of A are as follows:
{2, 35, 5+ 5V1T},

where
Amin = 2 — 3V17=1.438... and Apax = £ + 3V17 =5.561... .
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In the case m = 3 the trapezohedron 73 coincides with a 3-cube, and as it was already shown above,
the eigenvalues of A are:
{26, 32, 43, 6} .
In the case m = 4 the characteristic polynomial of A is
(2—2) (2= 3)" (2 = 5) (2% = 92 + 16) (2% — 4z + 2)? (2% — 62 + 1),
and the eigenvalues of Aq are

(2, 34,5, § £4V17, 2+ 1V2)s, (3£ V2)s},

where
Amin =2 — $V2=1.292... and Apax = 5+ 2V17=6.561... .

In the case m = 5 the characteristic polynomial of A is
(z—=2)(z— %)4 (z—6) (2% — 102 +20)(22 — 7z + 11)%(22 — 52 + 5)(2* — 42 + %)2,
and the eigenvalues of Aq are
{27 (3)47 67 5+ \/ga (% + %\/5)27 (% + %\/5)27 (2 + %\/5)2}7
where

Amin =2+ 3v5=0.881... and Apax =5+ V5 ="7.236... .

In the case m = 6 the characteristic polynomial of A is
(2=2°(z-3)" (-4 (2= 7) (2 — 8) (2 = 32 + $)%(2* — 62 +6)*,
and the eigenvalues of A; are
{257 377 427 77 87 (% + %\/§)27 (3 + \/§>2}7
where
Amin = 5 —2V3=0.633... and Apax = 8.

In the case m = 7 the characteristic polynomial of A is

(z—2) (2 — 8) (22 — 122 +28)(2* — 62 + 4z — 2)?(2% — 102 + 312 — 29)?

x (2% = 72% + 82— 9)%(2° — 82" + 192 — 13)°.
It has eigenvalues 2 and 8, while all other eigenvalues are irrational.

Problem 5.30. Determine the full spectrum of A1 on trapezohedron Ty, for any m. In particular,
what are \pin and Amax !

Example 5.31. Consider a rhombic dodecahedron:
The arrows go along edges from smaller
numbers to larger ones.
Wehave V =14, E =24, S =12, T =0.
It follows that

trace A = 2FE + 25 = 72,

\ _ trace A E B
average = —E_ﬁl Y

The characteristic polynomial of Aj is

(=13 (z=22(2-3)°(z—4)% (2 =7) (2> = 72+ 8)%,
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and the eigenvalues of Aq are
{137 23) 397 427 77 (% + 3Q)B}

Example 5.32. Consider a rhombicuboctahedron (see also Example 3.17):
Here V =24, E =48, |Qq| = 26.
Qs is generated by 8 triangles and

18 squares so that 7' =8, S = 18.

Hence, we obtain
trace A1 = 2F + 3T + 2S5 = 156.

Since 3, = 0, we have

trace AA\q 156

)\average = rﬁl = 4_8 = 3.25.

A computation of the eigenvalues of Ay gives
Amin = 0.518... and )\max = 72.

There are many multiple eigenvalues: 13, 23, 33, 44, 5, etc. The full spectrum of A; is shown here:

00 05 10 N 2 25 30 35 40 43 30 55 60 0.5 0

Example 5.33. Consider the icosahedron as in Example 1.27:
We have V =12, E =30, |Qs] = 25.

In fact, {23 is generated by 20 triangles

and 5 squares (see Example 3.19).

Hence, T'= 20, S =5and

trace A1 = 2F + 3T + 2S5 = 130.

Since 3, = 0, we have

trace A 130
)\average = ﬁ = % = 4.333...
Computation shows that

Amin = 0.810... and Apax = (5 + v/5)3.

Other multiple eigenvalues are 65 and (5 — /5)3. The full spectrum of A; is shown here:

_—

00 05 10 L5 20 25 3035 40 4 50055 60 63 075
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5.8 Eigenvalues of AA; on trapezohedron

Here we give a partial answer to Problem 5.30. Recall that trapezohedrons 7;,, were defined in Section
1.9.

Proposition 5.34. For any m > 2, the operator Ay on trapezohedron T, has eigenvalues A = 2 and
A=m+1.

Proof. The vertices of T,, will be denoted as here:

Consider the following 1-paths on 7};,:
v = eiojl + ei1j2 + ...+ eim,1j0

— (€ijo + €irjr + - F €ip_1jm1)

m—1

= Z (eik—1jk - eikjk)
k=0
and
U = €qig + €qiy + oo T €aipyyq
— (ejob + €j1b + ...+ ejm—lb)

m—1

= Z (eaik - ejkb)

k=0
where the index k is regarded mod m. The 1-pathswuand v are obviously allowed and, hence, O-
invariant. We will prove that

Ajv=2v and Aju=(m+1)u,

which will settle the claim. We have clearly

m—1

ov= 3 (ejk — €ip_y — €+ 6ik) =0

and, hence, 9*0v = 0.

In order to compute 0*v € (23 we use the following orthogonal basis in {2y that consists of all 2m
squares in 7py,:
Pk = €aif_1jr — Caipj, AN Py = €5y jb — €3y 1bs
where k = 0,...,m — 1 (cf. Proposition 1.10). We have for any %
(0", 1) = (v,0py,) = <Uv i _1jr T Caip_1 — Cipjx — eaik> =2,

<8*v, ¢k> = (Uv a¢k> = <U? €jpb T Cipjy — €jpinb — 6ikjk+1> = -2

which together with ||, ||* = ||¢;]|* = 2 implies that

m—1
Iv= % (¢r— Vi)
k=0
Hence, we obtain
m—1
Av =00"v = Y (Op, — Oy)
k=0

m—1
= kZO (eik—ljk + €aif_y — Cipjy — eaik)
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m—1
- Z (ejkb + Cipgy — Clpr1b — eikjk+1)
k=0
m—1
=2 3 (€ip_1jx — €igji) = 20.
k=0
Next, let us compute 9*u. We have for any £,

(0%, pg) = (u, 0py) = <u7eik—1jk + €aify — Cipjy — eaik> =0,

(0"u,Yy) = (u, 0Yy) = <u, €jrb 1 Cipjy — Ejpiab — 6ikjk+1> =0,

whence 0*u = 0 and, hence, d0*u = 0. It remains to compute 9*du. We have

m—1 m—1
Ou = Z(eikieaiebjLejk): Z(eikjLejk)*m(eaJreb)-
k=0 k=0

For any vertex e; and any arrow e,3 we have
<6*61‘, eaﬁ) = <ei7 aeaﬁ> = <€i7 €g — 604) = 5@5 - 5io¢

whence

0%ei = Y. (0ipg — ia) €ap = E‘em - > €.

a—f3 a—1 i—
It follows that
deiy, = €aiy, — €irji, — Cirjrr

6€jk = Cip_yji T Ciggy — Cligbs

m—1 m—1
0eq = — > €aip, Oepb= > €
k=0 k=0
whence
m—1
— * — . _ . . —_ . . . . . . —_ .
Ayu = 0"0u = kZ (ealk Cirjr — Cirjrrr T Cir—jr T Cirgin ejkb)
=0
m—1
+m (€ai, — €jib)
k=0

m—1
=(m+1) > (eaip — €jp) = (m+1)u,
k=0

which finishes the proof. =

5.9 Spectrum of A, on join

In this section we use the augmented chain complex (2.11):

K & 0 & o & ... 2 o, 2 q & . (5.24)

Denote by Ap the Hodge Laplacian associated with this complex. Of course, Ap coincides with A,
for p > 1 but is different for p = —1 and p = 0.

For example, we have for the chain complex (5.24)

(0%e,e;) = (e,e;) = (e,e) =1
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so that

B*ei =0 = Z (&3
keV

whence B
A_je=00% =00 =|V]e.

In particular, B
spec A_; = {|V|}.

In the case p = 0 we have
Age; = 8" e; + 00 e; = 0 e + Age; = Nge; + o,
that is, B ' '
(AUGZ’)J = (Aoei)J + 1.

Therefore, the matrix of 50 is obtained from the matrix of Ay by adding 1 to each entry. For any
u € Qo we have

Aogu = Agu + (Z uk> 0.

kev
The advantage of using the chain complex (5.24) lies in the following statements.
Lemma 5.35. [23, Lemma 5.5] Let X, Y be two digraphs. Then, for u € Q, (X) and v € Q4 (Y)
and forr = p+ q — 1 we have

A, (u*v) = (ﬁpu) * U 4 u* va, (5.25)
Theorem 5.36. Let XY be two digraphs. We have for any r > 0

spec A, (X #Y) = L] (spec Ap (X) + spec Aq (Y)) . (5.26)
{p,a>—1:p+g=r—1}

Here we denote by spec A a sequence of all the eigenvalues of the operator A counted with multiplici-
ties. The sum of two such sequences consists of all pairwise sums of the elements of the sequences, and
the disjoint union of sequences means the union of all sequences with summing up the multiplicities.
In particular, if one of the sequences is empty then its sum with another sequence is also empty.

Proof. Observe thatif u € Q, (X) and v € Q, (Y") are eigenvectors such that
ﬁpu = Au and ﬁqv = pw,

then we have by (5.25) forr =p+q — 1:

A, (uv) = (Apu) v +us A=A+ p) (u*v),

that is, v * v is the eigenvector of ET on X x Y with the eigenvalue A + p.

In each 2, (X)) there is a basis that consists of eigenvectors of ﬁp; denote by {uy} the union of all
such bases of €2, (X) across all p > —1, with the corresponding eigenvalues {\;}. Similarly, let {v;}
be a similar sequence on Y with the eigenvalues {/; } . By Theorem 2.12, we have, for any r > —1,

LXxv)= D (B )20 1),
{p,q>—1:p+q=r—1}

that is, 0, (X * Y") has a basis

{ug * vy« |ug| + |v| =r—1}.
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The elements of this basis are the eigenvectors of A, on X %Y with eigenvalues A\j + p;, whence
(5.26) follows. m

In particular, for »r = 0 we have
spec Ag (X xY) = <spec A1 (X) + spec Ag (Y)) L (spec Ao (X) +spec A, (Y))
= (11X} + spec Bo (V) ) U (spee Ao (X) + {IY]}) (5.27)
and forr =1
spec Ap (X #Y) = (specﬁ_l (X) + spec A (Y))
U (spec Ay (X) +spec Ay (V)

(
L (spec Ao (X) + spec Ag (V)

N———

that is,

spec A1 (X *Y) = ({|X|} +spec Ay (Y))
U (spec A1 (X) +{|Y[})

U (spec Ao (X) + spec Ag (Y)) . (5.28)

5.10 Spectrum of A; on digraph spheres

Consider a family {S"}>° ; of digraphs: S° = {,-} and
S — gug, S™.

For example, S' is a diamond and S? the octahedron (see also Example 2.10):

; | “

S1 is a diamond

/|
Y

52 is an octahedron

The digraph S™ can be regarded as an analogue of n-sphere. In the notation of Section 3.9, we have
gn = Dyt

Proposition 5.37. We have for alln > 0

spec Aq (S™) = {2 (n = 1) nery) 5 27 (n11), 2(n+ 1)n(n2+1) } . (5.29)
2
Example 5.38. For example, we have
spec A1(S1) = {0, 29,4}

and
spec A1(S?) = {23, 46, 63}

as we have seen above. For n = 3 we obtain from (5.29)

spec A1(53) = {467 612, 86}.
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Proof of Proposition 5.37. Let us first prove by induction that
spec Ag(S™) = {(2n),,,.(2n+2),,,}. (5.30)

For n = 0 we have _
spec Ag(S%) = {0,2}

that matches (5.30) for n = 0. For the induction step from n—1 ton, let us observe that S” = S%%xS7~1,
‘SO} = 2 and ‘S”_1| = 2n, so that we obtain by (5.27)

spec Ag(S™) = ({\SO}} + spec Eo(snfl)) L (Spec Ao(S°) + {|s"*1\})
= ({2} + spec Ro(s™™) ) U ({0,2} + {2n})
- ({2} + spec EO(S"*1)> U ({2n,2n +2}).
By the induction hypothesis we have
spec Ag(S" 1) = {(2n — 2),,,2n,}, (5.31)
whence

spec Ag(S™) = {(2n), , (2n +2), } U {2n,2n + 2}

{
{@2n), 1, 2n+2),,,},

which was to be proved.

Let us prove (5.29). For n = 0 we have
spec A1(S%) = 0,
which matches (5.29). For the induction step from n — 1 to n, we obtain by (5.28) and (5.31)

spec A1(S") = ({|SO‘} +spec A1 (S™71))
LI (spec A(S%) + {|Sn_l‘})
L (spec Ao(S°) + spec ﬁg(S"‘l))
= ({2} +spec A1(S" 1)) U ({0,2} + {(2n — 2),,, (2n),,})
= ({2} +spec A (S" M) L{(2n —2),,(2n)y, . (2n+2),}.

Using the induction hypothesis
spec Al(S”_l) = {2 (n—2) nino1) 2(n— l)n(n—l) , 2nn(n2_1) }
we obtain

spee A1 (5) = {21 Dty 2myory, 200+ Do)}
U {2(%- 1)n’(2n)2n72(n+1>n7}

= {2 (n— 1)n("2+1) ) an(n—i-l)? 2(n+ 1)”(";1) } )

which finishes the proof. ®
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