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Abstract

We study scaling limits of the weakly driven Zhang and the Bak-Tang-Wiesenfeld
(BTW) model for self-organized criticality. We show that the weakly driven Zhang
model converges to a stochastic partial differential equation (PDE) with singular-
degenerate diffusion. In addition, the deterministic BTW model is shown to
converge to a singular-degenerate PDE. Alternatively, the proof of the scaling limit
can be understood as a convergence proof of a finite-difference discretization for
singular-degenerate stochastic PDEs. This extends recent work on finite difference
approximation of (deterministic) quasilinear diffusion equations to discontinuous
diffusion coefficients and stochastic PDEs. In addition, we perform numerical
simulations illustrating key features of the considered models and the convergence
to stochastic PDEs in spatial dimension d = 1, 2.
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1 Introduction

The concept of self-organized criticality (SOC) was introduced by Bak, Tang and
Wiesenfeld in the seminal articles [2, 3] by means of the paradigmatic “sandpile
model”. This particle model serves as a guiding example of a non-equilibrium
system reaching criticality without apparent external tuning of model parameters,
thus exemplifying the concept of SOC. The field of SOC has since received strong
interest in physics and alternative particle models like the Zhang model have
been introduced, see for example [83], [75], 36l 71, ’7, [48] 67, 1, 24, B33]. Despite
their apparent simplicity, the analysis of the dynamics of these sandpile models
is challenging and the microscopic models contain several arbitrary degrees of
freedom, such as the structure of the underlying grid and its size. Consequently,
already shortly after the introduction of the concept of SOC, continuum models
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mimicking the discrete systems have been introduced in the physics literature, see
e.g. [38 B4, 23] [75], [76, B, 37, 25, 69, (7, 20, 22, (8, [77, 49]. Informally, these
are thought to correspond to continuum limits of the discrete systems , ,
leading to singular-degenerate stochastic partial differential equations (SPDEs) of
the type

dX () = AGX®)dt + BX®))AW (@) on (0,T] x (0,1). (1.1)

Motivated by this development, a large number of mathematical contributions
have been devoted to the analysis of such (stochastic) PDEs, see, for example,
[7, 6l 17, (8 B 11 @ 10k 16, [12) 15, [13) 14) 28, 27, 80, 1], 53, 5I]. However, despite
the ongoing interest in continuum models for SOC, so far their rigorous justification
in terms of scaling limits of the discrete systems remained an open problem. As a
consequence, also the question in which scaling regimes these continuum models
apply remained unanswered.

The goal of the present work is to address the aforementioned open problems:
We identify scaling regimes for the model parameters D and o2 in for which
the rescaled weakly driven Zhang model converges to the solution of a singular
stochastic PDE of the type . The proof of this fact is challenging due to the
interplay of the irregularity of the random forcing, which converges to space-time
white noise, with the degeneracy of the diffusion. For this reason, a proof based
on distribution spaces taking the place of more classic function spaces has to be
developed. In addition, we prove that the pure diffusion part of the BTW model
converges to a deterministic, singular-degenerate PDE. In this case, an additional
difficulty arises due to the non-reflexivity of the corresponding energy space. This is
overcome in the present work by devising an SVI approach for this setting.

The “sandpile model”, also called BTW model in the following, specifies the
evolution of the height (X"’j)nzova;jeA C R of a number of particles on a d-
dimensional grid j € A = {0,...,Z}? of length Z € Nx in discrete time n €
{0,1,...,N}, N € N. The dynamics of the height are induced by a competition of
energy input and dissipation: As long as a critical height K is not exceeded, that is
| X™ ]lo < K, energy is added to the system. If the critical height K is exceeded,
the dissipation mechanism, a so-called toppling event, is invoked redistributing
energy throughout the system. Without loss of generality, K can be set to 1 by a
scaling argument. This leads to the definition of the dynamics via

X = XD 5T (ST = GO0 ) 4+ ez (1.2)
J'~j
for j € A" ={1,...,Z — 1}%, where the sum reaches over direct neighboring cells ;'

of j, D € (0, 2], ¢ = ¢1 with
$1(2) = L(1,00)(@) = L(—o0,-1)(@), (1.3)
and &7 = fdjs,, i > 0, are random variables with s, ~ Uni(A’) independently

identically distributed. By fixing the height to zero on A\ A’, energy can be dissipated
via toppling.
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Subsequently, several modifications of the original BTW model have been intro-
duced, for example, the Zhang model for which the diffusion ¢ = ¢9 takes the form

bo(x) = |2] (L1 00)(®) — L(00,—1)(T)) (1.4)

among many more, see, for example [71} [44]. Both models share the properties to
be slowly driven by energy input with rapid relaxation, that have been identified in
[36, Section III.1] as characteristics of systems displaying SOC.

Following [36], Section II1.2], we introduce the weakly driven BTW /Zhang models

XM = XM 4 DY (X = X)) + €7, (15)

3~

where now (™7 In=0,...,N;jeA’ are independent random variables identically distributed
with positive mean E€™7 = fi > 0 and finite variance Var (¢"9) = 0% < co. We call
these models weakly driven, since the totally asymmetric noise in , which only
takes non-negative values, is replaced by a weakly asymmetric noise which still has
positive mean, but may also take negative values.

Starting from the zero initial condition, energy builds up in the system until
toppling events appear. These can induce chain reactions, that is, cause subsequent
topplings. A series of m toppling events is called an avalanche of size m. A key
observation in SOC is that the systems described above reach criticality, in the sense
that the statistics of the sizes of avalanches show a power law behavior (see e.g. [3]).
The numerical simulations presented in Section below demonstrate that this
behavior is still present in the weakly asymmetric case .

More precisely, with the space-time rescaling h = %, T= %, model becomes

Xt = X T A (X ) + &, forn =0, N =1, L
Xf[L),T = x?w

with zero boundary condition, where the random variables (é;?:i)je A are assumed
to be R-valued, independent identically distributed with mean u7, variance ;7 and
finite sixth moments. This scaling means that the constants D, ji and ¢? in
are replaced by ;5 = TTZQ, T = % and ;5 = TTZd, respectively. Furthermore, Ay
denotes the discrete Dirichlet Laplacian. Recall that on the level of the discrete
model, D encodes the share of the quantity on the critical site being redistributed
during one toppling event, and i encodes the average quantity added in each time
step.

In the following, we identify grid functions on the lattice hA’ with their prolon-
gations chosen to be piecewise affine in time and piecewise constant in space.

Theorem 1.1 (See Theorem below). Let d = 1. Consider the rescaled weakly
driven Zhang model (1.6)) with diffusion nonlinearity ¢2 and initial condition x}ol €
RZ~1. Assume that that the (strong) CFL condition

T

ﬁ—>0 for ,h — 0 (1.7)
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1s satisfied and that :cg — x9 € L?([0,1]) for h — 0. Then,
Xnr = X in L*([0,T); L*([0,1]) and L®([0,T); H )
for 7, h — 0 in distribution, where X is the unique weak solution to

dX(t) = Ado(X () dt + pdt + dW(t)  on (0,T] x (0,1),

X(0) = o, ()

with initial state xo € L*(0,1]) and W is a cylindrical 1d-Wiener process on
L2([0,1]).

While the Zhang model and the BTW model share the difficulty of a discontinuous
and locally degenerate diffusion, the diffusivity of the BTW model also degenerates
for large values. This complicates the mathematical analysis. In this case, the
convergence of the purely diffusive part can still be obtained.

Theorem 1.2 (See Theorem |3.3| below). Consider the BTW model without external
forcing and let d = 1. Assume that (1.7)) is satisfied and that 332 — x0 in L*([0,1])
for h — 0. Then,

Xpr — X weakly* in L0, T1; H™')
for T,h — 0, where X is the unique EVI solution to

dX(t) = Ad1(X(@®)dt  on (0,T] x (0, 1),

X(0) = =, (1.9)

with initial state zo € L*([0, 1]).

The above two main results can be reinterpreted in terms of the convergence
of time explicit finite difference schemes for singular-degenerate (stochastic) PDE.
From this viewpoint, the results presented in this work partially extend those of
the recent contribution [32]. More precisely, the results of [32] in particular imply
the convergence of explicit finite difference schemes of singular-degenerate PDE of
the type with B = 0 and Lipschitz continuous nonlinearities ¢. Due to the
discontinuous nature of the diffusion coefficients ([L.3)), the results of [32] are not
applicable in the present setting. In addition, the arguments developed in [43], 32]
rely on compactness arguments in L', and, therefore, require at least L' regularity
for the forcing. In the context of stochastic PDE considered here, these methods are
not applicable, since (1+1)-dimensional space-time white noise has spatial regularity
only c 3. Therefore, arguments applicable in spaces of distributions have to be
developed, which is done in the present work by establishing an H ~'-based approach
rather than working in L.

In the language of numerical analysis, the first main result obtained in this work
and, analogously, the second one can be re-formulated as follows.

Corollary 1.3. Let d = 1. Consider a rectangular grid covering [0,T] x [0,1]
with grid size h and time step size T and assume that 1s satisfied. Then, the
solutions of the explicit finite difference discretization of the stochastic PDE ,
i.e., with ¢ = ¢a, converge for T,h — 0 to the unique weak solution of n

the same sense as in Theorem [1.1].
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Remark 1.4. The proof in [32] relies on a comparison principle on the level of the
discrete scheme, which is closely connected to the CFL-type condition

T 1
B —
h? ~ 2dLip

where Lipj is the Lipschitz constant of the nonlinearity b (see [32, p. 2272]). Due
to the discontinuous nature of the nonlinearities in ((1.3) and ([1.4)) such a condition
can only be satisfied in a limiting sense, thus motivating (1.7]).

In Section [ numerical simulations are included going beyond the above setup for
which rigorous results are obtained, by investigating rates of convergence, convergence
in stronger topologies, and relaxed assumptions. For example, numerical simulations
for d = 2 are included indicating the existence of a non-trivial limit for the Zhang and
BTW model . Notably, in higher spatial dimension d > 2, the regularity of space-
time white noise and, thus, of solutions to becomes worse and renormalization
may become necessary.

We conclude the introduction with some brief comments on the method of proof:
The proof of convergence is based on a compactness argument and thus fundamentally
relies on establishing uniform energy estimates on the discrete solutions. In order
to establish these estimates, we introduce discrete analogs of the continuous H~*
norm, where the continuous Laplacian A is replaced by its discrete counterpart Ay.
This allows to reproduce the known continuous energy estimates on the discrete
level, but leads to discretization dependent norms and spaces. The discrete stability
estimates are then carefully transferred to spatially continuous interpolants of the
discrete solutions. The derived estimates provide the basis for the subsequent
compactness arguments based on the “weak convergence approach” inspired by
[46]. The identification of the resulting limit as a probabilistically weak solution
to the stochastic PDE driven by space-time white noise is challenging, due to its
multivalued nature, but can be resolved by monotonicity techniques, as long as the
corresponding energy space is reflexive. This finishes the proof for the Zhang model.
The monotonicity approach fails in the case of the BTW nonlinearity, since weak
convergence can only be obtained in weaker topologies due to the non-reflexivity
of the energy space. At this point the solution concept of stochastic variational
inequalities (SVI solutions) proves crucial as it does not rely on reflexivity. This
approach allows to conclude the convergence of the discrete BTW model in the
deterministic setting.

The structure of this paper is as follows: We first give an overview on the
mathematical and physical literature in Section [I.I] and introduce some general
notational conventions in Section The continuum limits of the weakly driven
Zhang and BTW model are then treated in Section [2] and Section [3] respectively.
Numerical experiments are included in Section [4]

1.1 Mathematical literature

We first mention previous attempts to approach SOC in a continuous setting. Related
to the scaling limit approach, one strategy consists in considering cellular automata
resulting from a reformulation and modification of the original sandpile models, as
proceeded in [24], in order to obtain a problem which is more accessible for analysis.
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For one of these models, a hydrodynamic limit PDE has been rigorously obtained
n [25]. Scaling limits of the SOC models introduced above have been asserted in
[38, 134, [75], 6], [7, 22]. For the existence of a scaling limit for deterministic sandpiles
started from specific initial configurations, we refer to [74]. In [78] 20, [57], systems
of PDEs are analyzed as ad-hoc models for natural processes displaying power-law
statistics.

The analysis of the scaling behavior of SOC particle models leads to questions
also arising in the analysis of explicit finite difference discretizations of (generalized)
porous media equations. The latter has been subject to a lively research activity
in numerical mathematics, advancing from the classical power functions (e. g. [35])
via differentiable nonlinearities ([43]) to merely Lipschitz nonlinearities ([32]). As
related results, we mention convergence results for implicit finite difference schemes
of degenerate porous media equations ([42, [32]) and a finite-difference discretization
of a fractional porous medium equation ([31]).

Regarding the numerical approximation of probabilistically weak solutions of
nonlinear SPDEs we refer to the overview paper [72] and the references therein.
For discretizations of stochastic porous media equations, we refer to [54], where
an L? based finite element approach is applied in order to construct and analyze
solutions for sufficiently smooth noise as well as to the recent work [19] that employs
an H~! based finite element approach which also covers the case of space-time white
noise for d = 1. In [50, 6], linear SPDEs with multiplicative noise are discretized
using finite difference approximations in space, while [68] considers space-time finite
difference approximations of linear parabolic SPDEs with additive noise. To the best
of the authors’ knowledge, the present work is the first time that finite difference
approximations of stochastic porous media equations are rigorously analyzed.

Concerning the underlying techniques the main arguments of this article rely
on, we mention the following sources of theory and inspiration. For Yamada-
Watanabe type results, we refer to [85] for the foundational work and to [63] [79] for
applications to SPDEs. The meanwhile classical weak convergence approach has
been used previously, e.g., by [45, 2], 52} 29], relying on a Skorohod-type result by
Jakubowski [60]. For the identification of the limit of the discrete approximations
as a solution, we use the theory of maximal monotone operators given e.g.in [4] in
a similar way as [66], and a generalized Donsker-type invariance principle given in
[40].

1.2 Notation

Let O Cc R%, d € N, be an open and bounded set. For k > 0, let C*(0) (C*(0)) be
the space of k times continuously differentiable real-valued functions (with compact
support), where the index k& = 0 will be omitted. Similarly, for a Banach space V,
C*([0,T); V) denotes be the space of k times continuously differentiable curves in
V parametrized by t € [0,7]. Let L? := L?(O) be the Lebesgue space of square
integrable functions, endowed with the norm [|-|| ;2. Let H{ := H}(O) be the Sobolev
space of weakly differentiable functions with zero trace, endowed with the norm
||“HH3 = ||Vul| 2, and let H~! be its topological dual space. For two separable
Hilbert spaces Hi, Hs, we write Lo(Hq, Hs) for the space of all Hilbert-Schmidt
operators from Hp to Hs.



INTRODUCTION 7

We now turn to the finite-dimensional structures which we will use to formulate
numerical convergence results. From now on, we fix

O=[0,1]CR.

Consider an equidistant grid on the unit interval with grid points (aci)iZ:O with
h = %,Z € Nand z; =th. Fori =0,...,Z2 —1let y; = (z‘—i—%)h, Consider the
sets of intervals (K;)i—o,...z and (J;)i=o,...,z—1 given by

Ko = [z0,90), Kz = [yz—1,27], Ki = yi—1,y) fori=1,...,2 —1, (1.10)
Ji:[ZEi,l‘iJrl)fOI"i:O,...,Z—l. )
We consider the space of grid functions on (HTi)iZ:o with zero boundary conditions,
which is isomorphic to RZ~1. We write 1 = (1,...,1) € RZ~!. We define the

following prolongations.

Definition 1.5. Let u, = (up,1,...,upz-1) € RZ~!. We then define the piecewise

linear prolongation with respect to the grid (x;);—o,... z with zero-boundary conditions
by

Z—1
pIx | mZ—1 1 plx | _
YR e Hy, up e ouf =)

=0

Up,i+1 — Uhi
AL )| 1,

Up i +
using the convention uy g = up,z = 0, and the piecewise constant prolongation by
Z-1
¥R s L2 gy = uP™ =) il
=1

The image of I,Izcx, i. e. the space of piecewise constant functions on the partition
(K;)Z, with zero Dirichlet boundary conditions, will be denoted by SP. The
L?-orthogonal projection to this space will be denoted by Hzcx. Note that I ECX :
RZ=1 — SP s bijective.

Let (-,-) := (-,-);2 denote the inner product arising from the Euclidean norm
[l :== ||]lz on RZ7L. For a matrix A € RZ=DX(Z=D || 4]| denotes the matrix
norm induced by |-||. Let A;, € RZ=DX(Z=D he the matrix corresponding to the

finite difference Laplacian on grid functions on (ﬂ%)iZ:o with zero Dirichlet boundary
conditions, i.e.

2 —1
1 2 -1 0
Ah:—% b . (1.11)
.. .o —1
0 12 1
1 2

Recall that —Ay is symmetric and positive definite (for a formal argument, see
Lemma below). Hence, the following definition is admissible.
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Definition 1.6. On RZ~!, we define the inner products (-,-),, (-,-); and (-,)_; by

<u’ U>0 =h <u7 U> )
(u,v); = (—Apu,v),

(wv)_y = (A0 v
for u,v € RZ~1. The induced norms are denoted by |||, |||, and ||-||_;.

Remark 1.7. The norm ||-||, in Definition corresponds to the L? norm on O by
the fact that
B (R o) = (SRS 11 2)

is an isometry, i.e.
(u,v)g = (IF"u, [} v),, for u,v € RZ71,

Furthermore, Definition suggests to view |[-||; and [|-||_; as discrete analogs of
the H} and H~! norms on O, respectively. These connections are more subtle and
will be made more precise in Lemma [B.4] Lemma and Proposition [B.6] below.

Next, we consider a lattice for the time interval [0,T], T > 0. For 7 > 0 such
that T' = N7, N € N, consider the equidistant grid (0,7,27,..., N7). We then
define the following prolongations of grid functions.

Definition 1.8. Let v = (vk){c\;o C R be a grid function on the previously described
grid of length 7 and let ¢, := 7 [ £]. Then we define the piecewise linear prolongation
VP! 1 [0, 7] — R, the left-sided piecewise constant prolongation vP* : [0,7] — R
and the right-sided piecewise constant prolongation vP<** : [0,T] — R by

t—t tr4+71—t )

SV 1+ —Vlt/7)> PV = 0y, VPR = V)

P (t) =
-

For space-time grid functions (uk:l)k:O,...,N;lzl,...7Z—1 C R, we define the space-
time prolongations uP!tPeX yPet-pex gpct+pex hy extending both in space and time.

Note that it does not matter whether one first carries out the space or the time
prolongation.

2 Continuum limit for the weakly driven Zhang model

For the first main result, let ¢o : R — 2® be the maximal monotone extension of
P2 R x> 21y (), (2.1)

which is a special case of the Zhang nonlinearity in (1.4)). We consider the singular-
degenerate stochastic partial differential inclusion

dX (@) € A(g2(X (D)) + pdt + dW (@),

X(0) = o, 22)

on the interval (0,1) C R with zero Dirichlet boundary conditions, where x> 0 and
xo € L? := L?((0,1)). In this setting, W is a cylindrical Id-Wiener process in L2.
We set the stage for the following analysis by defining a notion of solution to
in a probabilistically weak sense.
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Definition 2.1. A triple ((Q, 7, (Fepor, B), X, W), where (2, 7, (Fiiciom, P) is
a complete probability space endowed with a normal filtration,

X e L (Qx (0,73 L%) N L? (0 L®(0, T H ™))

is an (.7:}),56[OVT]—progressively measurable process and Wis a cylindrical Id-Wiener
process with respect to (Fy)iepo.ry in L, is a weak solution to (2.2)), if there exists
an (F¢)ieqo,1)-progressively measurable process Y € L?(Q x [0,T7; L?) such that

- t -
X@:m+m+AAﬂﬂw+W® (2.3)

is satisfied in L2(Q x [0,T7; (L?)), and
Y(t) € ¢o(X (1)) (dt ® dz)-almost everywhere P-almost surely. (2.4)

It will be shown in Section [A] that the processes (X, W) of every weak solution
to have the same law with respect to the Borel g-algebra of L2([0,T]; L?) x
C(0, T H™).

We make the following central assumption for the rest of this article.

Assumption 2.2. Let T' > 0. We choose sequences (Z,)meN, (Vm)meny C N such
that, for hpm = 2=, Tm = x— (m € N),

hy, — 0 for m — oo

and -
—;n—>0 for m — oo (CFL)
hm

is satisfied, which presents a strengthened Courant-Friedrichs-Lewy-type condition.

Motivated by the discrete Zhang model, we construct a family of time-discrete evo-
lution processes on R%"~1 as follows. For each m € N, we define (X% Inefo1,..Nm+1} C
R%m~1 iteratively by

Xpth = X+ 1 D, (X ) + 1T + /Zﬂgﬁm, for n=0,..., N,

o _ .0
Xhm = th7

(2.5)

where (ac%m)meN C R?m~1guch that (w%m)pcx — 29in L?, and (5}7:;,1)n=0,...,Nm;l=1,...7Zm—1
are centered independent random variables identically distributed on a probability
triple (2, F,P). We assume that I[E(&’,?’ll)2 =1 and that ]E(§2’11)6 is finite.

Recall the extensions of grid functions to functions defined in Definition [I.8] We
then have the following main result, which will be proved at the end of Section [2.1

Theorem 2.3. Recall the notation from Section[1.9, let Assumption [2.9 be satisfied
and, for m € N, consider the process (X}, 7]1\[;"0 given by (2.5). Then, for m — oo,

X ,’;f:p “" converges in distribution to the unique weak solution to ([2.2)) with respect to
the weak topology on L*([0,T1; L?) and the weak* topology on L>®([0,T]; H™1).
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2.1 A priori estimates and transfer to extensions

For the rest of this section, we write ¢ = @2 and ¢ = @9, and we drop the index m
of the discretization sequences

(him)menN, (Zm)meN, (Tm)meN, (Nm)men,

writing instead (h)n~g etc. Moreover, the convergence of sequences and usually
nonrelabeled subsequences indexed by m for m — oo will be denoted by h — 0.
Expressions like “for h > 0” have to be understood in the sense “for all elements
of (hy)men” or “for all elements of the subsequence at hand”. For h > 0, we set
(f}?)flvzo, Fj C F, to be the filtration generated by (52),];7:0, i.e.

Fp=o(g:ke{0,...,n-1}) forne{0,... N} (2.6)
We have the following bounds on the discrete process X defined in (2.5]).

Lemma 2.4. Let 7,h > 0,7, N € N as in Assumption|2.2, where we choose h small
enough for T <1 and ;7 < 1—12 to be satisfied. Then, the discrete process in (2.5)
satisfies

5002+ S < o8]+ 5 (27 (xket) 7
k=0

(2.7)
+2r3h7E (MudOXD) + L gh) 4+ et )
and )
E||IXp|2, +ESu <E[af|” +nrTr-azh +nrC (2.8)
forallm € {1,...,N + 1}, where
n—1 B n—1 ~ 9 n—1 9
Sone {52 (xt Bexb), o 5 [0 S [k o}
k=0 k=0 k=0
Moreover, we have forn € {1,..., N}
1
ARG, = Tr(=A (2.9)
and
n—1
EXRI, +27E 3 (XF.60xh)
k=0
n—1
< IEH:U%HZ +nTTI'(—A}:1)+2,u,TEZ <X,]f,1>_1 (2.10)
k=0

+ ;”7; (E af] + T Te-arh + c) .
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Proof. For n € {0,...,N}, we compute

e, = HXZZ + ARG + \/:&? sprt|

= | X712, + 27 (X7 And(XR))

—1

-1

+2pr (X7, 1) 47 HAhq?(X,’Z)Hz_l + 27 (Bnd(XD, 1) (2.11)
+ 2\/: (X2, €0 _y +273h73 <Ah95(X;;) + p, 5;;>71

+ 5 IR, + 27 L,

Towards the first claim, we aim to absorb the terms of the third line of (2.11)) up to
stably-scaled constants into the term

r(XE AndXD) | = 7 (XA, = e
To this end, using Lemma in the second step, we compute
2pr (X, 1)y <207 [ XR( g 11l -y < 27C ([ XRlo 11l
3 1 "2 | T}
<or (20 +2 X ||0) <30+ oo s
further, by

P |adap|” | < ar o] < S fdea|; (2.12)

and
2pr? (ARd(XP), 1) | <2072 ($(XjH, 1) <37%C + 1o H<Z>(X”)H2 (2.13)
1% h h/s 1l = h/y 0= 3 h 0. .
Furthermore, note that by the definition of ¢, we have for all z € RZ~1

N -2
(2,6@), =@, - (2.14)
Applying these estimates to (2.11)) yields (2.7) with the first choice for S, ; by

induction.

Now taking the expectation in , we treat the remaining non-constant terms
as follows. Recall the definition of the filtration (f,?),]jzo in and note that
Xj! is Fj-measurable, while &} is independent of F}'. Hence, the two mixed terms
on the right-hand side of vanish, using the tower property of the conditional
expectation. For the second-to-last term, we notice that

T nn2 T —1sn n “1en en _
EE 1€ 117, = EE <_Ah1£h7h£h> = TE<_Ah1£h7£h> =7Tr(-A Y,  (2.15)

since for any family (fi)iZ:_ll of random variables with E(§;€;) = 6;; and for any
matrix A € RE=DX(Z=D e have

Z-1 Z-1 Z-1
E(ALE) =E Y A& = > AgEE&) = Y Aijbij = Tr(A). (2.16)

4,j=1 1,j=1 4,j=1
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In particular, (2.9)) follows. Collecting all estimates, we conclude by induction that

E | X7, + TnilE (xt, qE(X,gL)>O <E Hx?,,H: T Te(—A; Y +nrC (2.17)
k=0

for n € {0,..., N + 1}, which proves (_2.8)) for the first choice of S, . In view of
(2.14)), this immediately yields (2.7) and (2.8) for the second choice of S, ;. The

-2
relation ‘gb(m)’ > |x]2 — 1 extends these statements to the last choice of S,, ;. Using

the estimates (2.12)) and ([2.13)) without absorbing the respective terms, taking
expectation and summing up, we obtain from (2.11)

n—1
E X712, +2rE Y (X5, SXh),
k=0

<B ] orrtreaih e (k)
k=0

=+ (;1;72— =+ ;) TE:Z_: H(;E(X}]f)Hz + mn71C.

Finally, using that A < 1 by assumption and ({2.8]), (2.10) follows. O

Lemma 2.5. Let 7,h >0 and N,Z € N as in Assumption and let (X}L‘)fj:o be
constructed as in (2.5). Then

E X%, <C
ni%?_}fNH rllZy <C,

where C' is independent of h.

Proof. This follows as an application of the Burkholder-Davis-Gundy inequality in
the form of [30, Theorem 1] to the discrete martingales in (2.7)). O

Lemma 2.6. Let 7,h > 0 as in Assumption |2.9. Then, there exists a constant
C > 0 which only depends on T and x%, such that the discrete process in ([2.5))
satisfies

EHX}’;”'H - X;ZH: < C% for alln € {0,...,N —1}.

Proof. We compute
n+1 n 2 Trymn T en 2
B[ X+t = Xp|_, = E |[r2ndCXR) + |/ 2k + 7l

1
- 2 T
= E[randxp)||_, + EIEH, + 7202 11117, (2.18)
+2E<7Ah</3(Xﬁ)+w1,\/:££> + 2720 E (And(X), 1)
-1

As in the proof of Lemma [2.4] we have that

B (TG0 + 7, \/:52>_1 ~0 (2.19)
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by the independence of &}’ of F}', where (]-“,?)27:0 is given as in (2.6]). In view of (2.9))
and Lemma one may choose C' independent of h satisfying

TE[ér2, < 7C. (2.20)
Finally, using and , we have
TQEHA é(X”)Hz 4 972 IE<A XD 1> < CT2EH$(X”)H2+CTQ
h R\ _4 K h R) ) = h2 I )
such that we can use Lemma and Lemma to finish by
n+1 n 2 T2 al Ty k 2
Bl - X3, < oz B[] + e
k=0
2
<C <IE 5], + TTe=arh + 0) <0,
as required. ]

The estimates proved above in the discrete setting can be transferred to the
extensions to functions, exploiting Lemma

Corollary 2.7. Let 7,h > 0, N, Z € N as in Assumption[2.3, with h small enough
Jor 75 < % to be satisfied, and let X, be constructed as in (2.5)). Then, there exists
C > 0 only depending on T (in particular, independent of h), such that

T plt,pcx 2
max | E HXh L2dt, < C,
0

(2.21)

2 T . 2 T "
dt, E/ HX};;C peal|® 4 E/ HX};ZC +pex
L2 0 L2 0

2
dt < C,
L2
(2.22)

E /OT H(;E(X}Izd_pcx)

2
and [Eesssup HX,Z;lt’pcw
te[0,T1] H=

e
(2.23)

Furthermore,

2 2
sup E HX}zl)lt,pc:E(t) . X}I;Ct_pm(t)H . sup E HX}zl)lt,pc:E(t) . X}zl)ctv‘-pcx(t)H ) < C%
tel0,T1 H™1 " ye0,1) H- h

2.2 Extraction of convergent subsequences

Definition 2.8. Let (X)), and (¢))_, be defined as in (2.5). We then define
random variables Yy, W}, : Q@ — RE-DWV+D 1y

N n—I1 N+1
Y= (8(Xp) _ and Wh:<z ;,’z) .

Furthermore, we define F}, : @ — C([0,T] x [0, 1]) to be the spatial antiderivative of
RIRe o

X
Fi(t, z) = / WPEP (2 27) da. (2.24)
0
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Remark 2.9. Note that F}, is continuous in time by the continuity of the piecewise lin-
ear prolongation, and absolutely continuous in space, since W,Il) lt’pCX(t, -) is Lebesgue
integrable at any time ¢ € [0,T7].

Lemma 2.10. The distributions of (Fp)n>o are tight with respect to the strong
topology ¢ of C([0,T1] x [0,1]) and converge to the distribution of the Brownian
sheet (for a Definition, see [61), p. 1]) in C([0,T] x [0, 1]).

Proof. If we had defined the spatial extension to be piecewise constant between the
lattice points, this statement would have followed immediately from [40, Theorem
7.6]. Indeed, the process considered there could be identified with F},. In order to
transfer these results to the extension which is piecewise constant around the lattice
points, as used in the present work, we exploit the explicit connection between these
two extensions. In particular, the uniform continuity used to prove tightness carries
over from one extension to the other, and the convergence in law then follows from
the convergence of the finite-dimensional distributions of the process in [40] and the
fact that the finite-dimensional distributions of the difference of the two extensions
converge stochastically to zero. O

Corollary [2.7| implies tightness of the distributions of (X}flt’pcx)hw with respect
to the weak* topology 7./ of L>([0,T]; H~!) by the Banach-Alaoglu theorem, and
tightness of the distributions of all processes in Corollary [2.7 with respect to the weak
topology 7, of L?([0,T]; L?) by separability, reflexivity and the Eberlein-Smulian
theorem. As a consequence, we have tightness of the distributions of the family

plt,pcx plt,pcx pct-pex pct+pex pct-pex
((Xh , XPltwex ypet-pex yp Y} ,Fh))h>0 (2.25)

with respect to the product topology of (7., Tw, Tw, Tw, Tw, Tc'), Which is a key ingre-
dient to prove the following.

Lemma 2.11. Let (Xp)n>0, Ya)rso and Wr)nso be defined as in and Def-
inition . respectively. Then, there is a probability space (Q,F, ]P’), stochastic
processes

X € LXQ; L2((0, T1 H~ 1) 0 LA LA([0, T; L?),
Y e LAQ LX(0,T1; L),
W e LX;C(0, T HH),
where W is a cylindrical 1d- Wiener process in L?, a nonrelabeled subsequence h — 0

such that for each h in this subsequence, there are random variables X, Y, Wy, -
Q — RNVHDE=D - gych that for each h in this subsequence,

L ((Xh, Vi, Wh)) = L ((Xn, Yn, Wh)), (2.26)
r ((Xplt,pcx Xplt,pcz cht—pcx cht+pca: i}pct—pcw Wplt,pcz)>

=L ((Xplt ,pCT X;Dlt pcx cht pcx cht+pc:p cht pex Wplt pcx)) (2.27)



CONTINUUM LIMIT FOR THE WEAKLY DRIVEN ZHANG MODEL 15

with respect to the product topology of (T, Tw, Tw, Tw, Tw, 7C), and P-almost surely,
for h — 0,

*

Xphrer 5 X in L(10,T); H Y,
Xﬁlt,pcm N X’X}I;ct-pcz N X’Xiict+pcz N X’Y/}f}ct-pcm N Y/ in L2([0,T];L2),
and  WPP W in C([0, T]; HY).

Proof of Lemma[2.11. Since this type of result is classical in the framework of the
so-called weak convergence approach (see e. g. [46, [45] 2], 29]), we only mention the
main steps. First, one applies the Skorohod-type result by Jakubowski (|60, Theorem
2]) to the six-tuple , which uses the abovementioned tightness. Having obtained
corresponding almost surely converging processes (X ,I:lt’p >0 etc. on a different
probability space, we transfer the estimates in Corollary to these processes and
obtain the suitable integrability of the limits by the Fatou lemma and weak(*)
lower-semicontinuity of the norms. Next, we identify the 7,-limits of (X}l)lt’pcx)h,
(X,E)Ct'pcx)h and ()N(ECHP ), using the last part of Corollary and we identify this
limit with the 7, -limit of (X}flt’pcx)h by embedding the respective spaces into the
common superspace L2([0,T]; H~'). Passing to the distributional spatial derivative
of (Fy)p, and its limit (F) provides (W}IL) lt’pCX) and W, where the latter is identified
as a cylindrical Id-Wiener process in L? by the fact that F is a Brownian sheet.
Finally, one identifies the newly-constructed processes as images of the respective
extension operator, using that the projection to the respective finite-dimensional
subspace is continuous, and constructs pre-images by applying this projection. [J

Remark 2.12. Expected values with respect to P will be denoted by E.

2.3 Identification of the limit as a solution and proof of Theorem

We now turn to show that the limit processes belong to a weak solution. As a
stochastic basis, we choose (€2, F,P) endowed with the augmented filtration (F3)ep0,1]
of (F{)teqo,], where

t/ =0 (X’Qx[o,t]7y|fl><[0,t]’ W’Qx[o,t]) : (2.28)

As typical of the weak convergence approach, we obtain that W is a Wiener
process with respect to this basis in the sense of [79, Definition 2.1.12], which is a
consequence of the independence of external increments in the discrete dynamics and
the continuity of the paths of W. We continue by showing that (X, Y, W) satisfy

equation (2.3)).
Lemma 2.13. Let (Xp, Yy, W3) be the processes from Lemma|2.11. Then,

~ t - .
XMt = ) + / ARYPC () dr + WP + ptl (2.29)
0
in L2([0, T]; RZ~Y), P-almost surely, and the limits in Lemma satisfy
~ t .
X)) = w0+ / AY (rydr + W (t) + ut (2.30)
0

in L2([0,T1; (L?)), P-almost surely.
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Proof. Step 1: We first prove (2.29). We note that by construction of the prolonga-
tions in use here, (2.29)) is equivalent to

n—1
Xp=ap+71y ALYF + WP+ nrpd
k=0

for all n € {0,...,N}, P-almost surely, which is verified by the construction of
(Xp, Yn, Wp) in (2.5)) and Deﬁnitior} and by the equality of laws in 2.26: .
Step 2: We need to show that P-almost surely, for every ¢ € L?([0,T1; L?),

/O ! <X(t), C(t)>(L2)le2 dt = /0 ! <x0 + /0 t AY (rydr + W) + put, C(t)> dt,

(LQ)/XLQ
(2.31)

where (u,v) 12y, 2 = (=A7'u,v) .. In this step, we first show (2.31) for a test
function ¢ of the type

¢ =00, (2.32)

where n € L? and 6 € L>([0,T]). By considering (2.29) and using an approximation
nn € R~ such that nhe* = in L? for h — 0, we obtain

T , _ T t . -
/ <X,§“(t),9(t)77h> dt= / <x2 + / ARYPC(rdr + WP ) + utl,H(t)nh> dt
0 - 0 0

(2.33)
P-almost surely. Lemma and Proposition then allow to pass to the limit
obtaining , using dominated convergence for the term including V3.

Step 3: By linearity, is also true for linear combinations of test functions
¢ of type and thus for every polynomial. Thus, we obtain a P-zero set outside
of which is satisfied for any polynomial. Using the density of polynomials in
L2([0,T]x[0, 1]) given by the Stone-Weierstrass theorem, outside this zero set the full
statement (2.31)) is satisfied by passing to the limit of approximating sequences. [

Lemma 2.14. Let Y and W be constructed as in Lemma and define the
continuous (L?) -valued process

~ t ~ ~
Z(t) =20 + /0 AY (r)dt + W(t) + ut

fort € [0,T]. Then, we have

te[0,7T']

. -2
IE( sup HZ(t)HH_1> < 0
and

S 12 ~ [t -
IEHZ(t)HHil—i—2E/O (Z,Ym) dtr .
= ol + 1 gz ) + 2B [ (Z0),, o

where I' : L? < H~' is the canonical embedding (cf. Lemma .
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Proof. By Lemma we have that X and Z are in the same P ® dt-equivalence
class, and by the construction in Lemma we know that X € L2(Q x [0, T]; L?).
Moreover, Y € L%(; L2([0,T]; L?)) and progressively measurable with respect to
(Fiiero.r) by construction. Thus, Itd’s formula from [79, Theorem 4.2.5] applies,
which yields both claims. O

Remark 2.15. By (2.30) and the definition of Z above, we have Z = X in L%(§) x
[0, T'1; (L?)). Furthermore, we have X € L*(Q x [0, T1; L?), such that the injectivity
of the embedding L? < H~! < (L?), which carries over to an embedding

L2 x [0, T1; L?) < L*Q x [0, T1; (L%),

implies that Z € L2 x [0,T]; L?) and Z = X in L% x [0, T; L?).

In view of ., it remains to inspect the relation of X and Y. To this end, we
aim to use ) for Z replaced by X. Since this is only possible dt-almost surely,
we need to use an integrated version of ([2.34 - The resulting double integral in the

second term leads to the following definition, which will be useful in the proof of
Lemma 2.18 below.

Definition 2.16. We define the measure p on [0,77] as the measure with density
[0, T]>t—T—t

with respect to dt, and we vgrite [0,T'], for the measure space ([0,77], ). Let
A C LA x [0,T],; L% x L*(Q x [0, T1,; L?) be a multivalued operator (which we
identify with its graph by a slight abuse of notation) defined by

(X, Y)e A ifand only if Y € ¢(X) for almost every (0,t,x) € Qx[0,T]%[0,1].
(2.35)

Remark 2.17. Similarly to the proof of Lemma [A.3] we obtain that the operator A
is maximal monotone.

Lemma 2.18. Let h > 0, (X}fd_pcz)hw,(Y,fd_pcm)hw,f(,? be as in Lemma .
Then

lim sup E (T— ) <ch’5 Per(t), YO p“(t)> dt < / T(T — 1) <X(t) Y(t)> dt.
h—0 0 — Jo ’ L2

Proof. We notice that for f € L'([0,T];R) or measurable f > 0, we have by Fubini’s
(resp. Tonelli’s) theorem

/OT /Ot frydrdt = /OT /0 ! L0.4(r) f(r)drdt

T T T (2.36)
= / fr) / 1y m(Hdtdr = / (T —r)f(r)dr.
0 0 0

Since, due to Lemma [2.11] . (XpCHpCX);DO is bounded in L%(Q; L%([0,T]; L?)) uni-
formly in h, and X PP\ X Palmost surely in L2([0, T]; L?), we have

XPUPx v X in L2(Q; L2([0, T1; L%)
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for h — 0. Hence,we have by weak lower-semicontinuity of the norm that

_IE/OTH)Z(t)HQ dt > limsup (_E/OTHXECHpCX(t)Hzl dt). (2.37)

h—0

Furthermore, by the same arguments as in the proof of Proposition [B.6] we obtain
pc
(—A;laz%)) . —A7'zy in L? for h — 0,
which allows to compute

tim [[af = tim (<7109, 49) = im (A7 AP @) 2.55)

= <—A_ $07930>L2 = Jlzoll3-1 -

For each h > 0 in the subsequence of Lemma consider X}, and Y}, as constructed
in Lemma m Then, by (2.36) and Remark m we obtain

limsup E (T — 1) <X PebPexX(py, cht pcx(t)>
h—0 0

:limsup/ I~E/ <)~(,E’Ct'pcx(r),Yh(r)p‘:t'pcx> drdt
h—0 JO 0 L2

T _ rt, . .
— lim sup / E / <X;;Ct‘(s), Y,fCt'(s)> dsdt. (2.39)

h—0 JO 0 0
Writing ¢, = |¢t/7] 7 and using the definition of the left-sided piecewise constant
embedding embedding, the positive sign of < Xpet ,Y,f Ct'>0 P ® dt-almost everywhere
and Lemma [2.4] we continue by

Lt/7]

nz:% T<X}Z,?}?>O . /ttrJr < pct (8) cht (8)> dt

T
(12.39) = limsup/ E
h—0 0

1 T
< = lim sup —/ E
2 hso 0

H: dt) + lim TIE WZTJ T <X}f, 1>71 dt

h—0.Jo =0
1 T o2 I 1 (2.40)
ig% Ha:hH dt+§}lg%/0 (ty + 7) Tr(—A; V) dt
1 -1
2}111;% > (EHth +TTH(-A;, )+C’>.

For the second term on the right hand side, we compute

T _ LY/ N T T
}lLli% A ERX%T,LL<X;L, > dt—flg% ; ,uIE<ZTXh,1>_1dt

n=0
. T T
= lim | ME/O (X (s),1]1[07tT+T](3)>_1dsdt.

We first show that the expected value converges dt-almost everywhere. To this end,
note that for h — 0

(AL, 4P — Loy in L*([0,T1; L?)
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and
XPUP X in L*([0,TT; L?) P-almost surely

by Lemma, Hence, Proposition yields
T T
o N
/0 (XP (), Mo, 4m1(9)  ds — /0 (X&) 1), ds

P-almost surely. Furthermore,

o T v pct- ’ = (T v Pct- 2 2
IE|/O (P Mosin(@) | ds| <B [ 850 112, ds

< CE /0 ' | &g as (2.41)
< CE / ! HXP“'PCX(S)HQ ds < C
> 0 h 12 >0,

where the last step is due to Corollary Hence, for h — 0,

= (7T &pet- o
E /0 (XP (), 1104, ri(s))  ds = E /0 (X, 1pa), , ds

dt-almost everywhere. The calculation ([2.41]) also justifies using the dominated
convergence theorem for the outer integral. Using these considerations, the definition
of the right-sided piecewise constant embedding, (2.38)), Lemma and Lemma

B5 we obtain
BA0) = - limsu —/TEHXPCt+(t)H2 dt +/T]E/t (Xs).p),  dsat
— 2 ha()p 0 h -1 0 0 P
1 /T 1 (T 2
+ 5/0 H»’L“O”?{fl dt + 5/0 t ||I/||L2(L2,H*1)dt
< lim su —/TIEHXPCHPCX@)HQ dt +/TE/t (X(),p),  dsdt
= 0, 0 h H-1 0 0 )
1T 1T
+ 5/0 o[- dt + 5/0 t HI/HLQ(LQ,H*I)dt'

Using (2.37)), Lemma Remark and the integrability from Lemma we

obtain

(2.42)

1 T _ . - 2 T t,
@.42) < —5/0 IEHX(t)HH_Idt—i—/D IE/O <X(s),u>H_1 dsdt
1 T 2 1 T 1112
5 | lwolfadt+ 5 [T g sy
T t ~ ~ ~ T _ _
:/0 E/O <X(s),Y(r)>L2 dsdt:[E/O (T—t)<X(t),Y(t)>L2 dt,

which finishes the proof. O
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Proof of Theorem[2.3. By Lemma we have that a (nonrelabeled) subsequence of

(X}zlt’pcx) o COTVErges to X weakly in L2([0, T]; L?) and weakly* in L°°([0, T'); H™ 1),

P-almost surely, which implies by the Slutsky theorem (cf. [62, Theorem 13.18]) that
c (X,g’“’p“‘) = LX)

with respect to the weak topology in L?([0,7T]; L?) and the weak* topology in
L>([0,T); H™1). Since we also have by Lemma|2.11|that £ ()N(Elt’pcx) =L (X}I;lt’pcx)

in both spaces, these convergence results transfer to £ (X,I;lt’pcx>.

We next show that ((Q,]:", (ﬁt)te[O,T]a If”), X, W) as constructed in Lemma [2.11
and -, is a weak solution t in the sense of Definition belonging to
the process Y given in Lemma Considering the definition of the filtration
(.7-}),56[0 T], progressive measurablhty of X and Y is clear by construction, and W
is a cylindrical Id-Wiener process in L? with respect to (]:t)tg[()j“] Equality (2
is~pr~oved in Lemma Hence, it only remains to show , or, equivalently,
(X,Y) € A, which, according to [4, Corollary 2.4], can be done by proving

(X;j“‘pcx, ?;Ct'PCX) €A forall he(01], (2.43)

~ t-pex lad . e
{X}FL)C PX v X in LQ(Q X [O,T]H;LQ)’ (244)

VPP ¥ in L2(Q x [0, T,; L2),
and  lim supE (T - t) < Pct pcx Y}f)ct pcx> dt < E/ (T — t) < > 9 dt.
h—0
(2.45)

Ad (2.43]): We notice that by Lemma and Definition we have P-almost
surely . o
Yy = o(Xn),
and hence
Y}f)ct—pcx _ (5 (cht pcx) € ( pct pcx) (246)

P-almost surely in L2([0, T]; L?). By~[39, Korollar V.1.6], this implies that (2.46) is
satisfied for almost every (w,t,z) € Q x [0,T] x [0, 1], which is equivalent to

Ad : By Lemma we have
XPUPX L X and VPP v in L(Q; L2([0,T1; L) (2.47)
for h — 0. Furthermore, for { € L2 x [0, T ; L?), we note that
- [T _ T
E [ I —0¢faat <TE [ @ =0C1E 8t = TIC s umgom, o
which yields that (T — t)¢ € L2(Q x [0,T7]; L?). Thus, for h — 0, we have

B[ (P 0,cn),, man =B [ (X, - oco),,a

SB[ (X0 - oco),, @ =5 [ (%0.60),,
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as required. For Y, an analogous calculation applies.

Ad (2.45)): This is proved in Lemma m

The same course of arguments also applies to any subsequence of (h,;,)men, Which
means that each subsequence of (X,‘;lt’pcx)hw contains a subsubsequence converging
in law to a weak solution of . Since every weak solution to is distributed
according to the same law by Theorem each of these subsubsequences converges
in law to the same limit, which implies convergence in law of the whole sequence.

This completes the proof. O

3 Continuum limit for the deterministic BTW model

Towards the second main result, we still use Assumption 2.2} For each m € N, we
then define (uj; Jneqo,. . N +1) C R%m~1 jteratively by

uptt = w4 T A, 1(u ) forn=0,..., Ny, (3.1)
i = i |

where (uj, Jmen C R%m~1 such that (up, P — wp in L? for m — oo for some
ug € L?. The process in then is the deterministic part of the one-dimensional
version of the BTW model as introduced above. Its scaling limit candidate is the
singular-degenerate partial differential equation

Fyu(®) € A(pr(u(d)),

u(0) = ug, (3:2)

on a bounded interval (0,1) C R with zero Dirichlet boundary conditions, where
¢1 : R — 2R is the maximal monotone extension of ¢; (see (I.3))). Furthermore, let

wRﬁMmemzfawwzmwmmmvm (3.3)

and ¢ : H~1 — [0, 00),

(3.4)
o, else,

Yy,  fue MNHT,
o {u [
where the precise definition of the convex functional of a measure is given in [70].
We then define the following notion of solution, which is a special case of a stochastic
variational inequality (SVI) solution (cf. [70] for a more detailed analysis). In the
spirit of Clément [26], we will refer to this as an EVI (evolution variational inequality)
solution.

Definition 3.1 (EVIsolution). Let ug € H~1, T > 0. We say that u € C([0,T]; H 1)
is an EVT solution to (3.2)) if the following conditions are satisfied:

(i) (Regularity)
@(X) € LY([0,T7).
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(ii) (Variational inequality) For each G € L?([0,T]; H~Y), and Z € L%([0,T]; L*)N
C([0,T7; H~ 1) solving the equation

t
Z(t)— Z(0) = / G(s)ds forallte[0,T7],
0
we have

t
u(t) — Z@®)||57-1 + 2 / o(u(r))dr
0
t
< Jluo = ZO) -+ +2 | o(Zar (3.5)

t
-2 / (G(r),u(r) — Z(r)) -1 dr,
0
for almost all ¢ € [0,T7].

Remark 3.2. The existence and uniqueness of solutions to in this sense is shown
in [70] with noise coefficient chosen to be zero. Furthermore, note that the previous
definition contains a slight abuse of notation. In closer analogy to [26], a solution in
this sense would be called an integral solution to the EVI .

Then, we have the following result, which will be proved at the end of Section [3]

Theorem 3.3. Recall the notation from Section and let Assumption be
satisfied. Then, the process uifi’pw obtained from (3.1)) converges weakly* to the EVI
solution of (3.2)) in L>([0,T); H~1) for m — oc.

3.1 A priori estimates and transfer to extensions

As in the previous section, we keep the convention of dropping the index m of the
discretization sequences

(hm)mENa (Zm)meNa (Tm)men, (Nm)mEN7

writing instead (h)p>q etc. Moreover, convergence of sequences and usually nonrela-
beled subsequences indexed by h,, for m — oo will be denoted by A — 0. Finally,
we will drop the index in ¢1, hence ¢ denotes the BTW nonlinearity given in
and ¢ its maximal monotone extension.

In oder to obtain convergent subsequences by compactness arguments, we use a
very similar strategy as in Section Hence, we will often refer to the proofs of
the corresponding lemmas.

Lemma 3.4. Let 7,h >0 and Z, N € N as in Assumption|2.4, where we choose h
small enough for 75 < % to be satisfied. Let (up)p>0 be the discrete process defined
in (3.1). Then,
max u?|*, < |k, .
oI < )
The proof of Lemma is conducted by the same arguments as the proof of
Lemma [2.4] using

<x,<5(a:)>0 > HqS(x)Hz for z € RZ!
instead of .

We have the following stronger version of Lemma [2.6] due to the boundedness of
the BTW nonlinearity.
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Lemma 3.5. Let 7,h > 0 as in Assumption . Then, the discrete process in
satisfies

7.2

2
n+1 nH
U —u <4
H h hilZy = “p2

for alln € {0,...,N —1}.

Proof. Using Lemma we compute for n € {0,...,N — 1}

2

il = asdcap], <1 sl < 177

using the boundedness of ¢ in the last step. O

Again, the previous estimates can be transfered to the continuous setting by

Lemma [B.5

Corollary 3.6. Let 7,h > 0 and Z, N € N as in Assumption|2.9, where we choose
h small enough for 75 < i to be satisfied. Let (up)p>0 be the discrete process defined
in (3.1). Then, there exists a positive constant C' independent of h, such that

2 2
max < esssup Huzlt’pm(t)H |, €sssup Huﬁd_pcx(t)H Sl £C (3.6)
te[0,17] H= " teq0,17 H=

for h > 0. Moreover,

2

2 T

plt,pcx pct-pex
esssupHu ) —u (t)H <C—
teror) I " h H-! h?

for h > 0.

3.2 Extraction of convergent subsequences

Lemma 3.7. Let 7,h > 0 and Z, N € N as in Assumption 2.3, and let (up)p>o be
the discrete process defined in (3.1)). Then, there exists u € L*°([0,T]; H') and a
nonrelabeled subsequence such that

uﬁlt,pcw N u  and uzct—pcm N u
for h — 0.
Proof. The existence of u € H~! and a nonrelabeled subsequence such that ufblt’pcx A

u for h — 0 follows by the Banach-Alaoglu theorem and the fact that convergence
with respect to the weak™ topology on the dual of a normed space is equivalent
to weak* convergence (cf. [47, Proposition A.51]). From this subsequence, the
same argument allows to extract another subsequence such that quCt'pCX A 4 for
some % € L*>([0,T]; H~!). Using , one shows that v = 4, which finishes the

proof. O
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3.3 Identification of the limit as a solution and proof of Theorem

Definition 3.8. Let h > 0 and Z € N as in Assumption We then define the
functional ¢y, : R~ [0, o0) by

Z—1
enwp) = Y hp(wpy),
=1

where 09 = ¢ as defined in (3.3]).

Remark 3.9. We note that @p(wy) = p(wp™), where ¢ is defined as in (3.4). Fur-
thermore, using that ¢ € 0, one can verify that

—And(wp) € O_1pp(wp), (3-8)
where 0_1 denotes the subdifferential with respect to the inner product (-,-) ;.

Lemma 3.10. Let h > 0 and Z € N as in Assumption . Let vy, € C([0,T]; R~ 1)
be almost everywhere differentiable, Oyvy, € L*([0, T1; RZ~1) and wuy, be defined as in
(3.1). For allt € [0,T], we then have

H plt 2 (2 ¢ ¢ pct-
on® = 'O < Jon©) — w2 +2 | onnendr =2 | @dr
t it
+2 [ (o) = a0, 0000))_ ar (3.9)
; _
t ct- It 7 ct-
+2/0 (up () = (), —Dnup () dr.
Proof. This follows by the construction of uy, the chain rule and ({3.8)). O
Proposition 3.11. Let
ve W0, T; L2, H™Y) := {v € LA(0, T1; LY)|9pw € L2(0, T]; H™ Y},

and u € L>([0,T]; H™) be the limit process of (up)p>o as in Lemma . Then

t t
o) = w@l s+ 2 [ otutrdr <o) — a1 +2 [ ptotrar
0 0 (3.10)

t
+ 2/0 (v(r) — w(r), Opv(r)) -1 dr

for almost all t € [0,T7].

Proof. Step 1: We first show the statement for v € C1([0, T']; L?). Let Assumption
be satisfied. To show , we aim to pass to the limit in for a subsequence h —
0 realizing the convergence in Lemma using a sequence (vp)p>o C C([0,T7; RZ-1)
such that for all A > 0, vy is differentialble in time almost everywhere and

b — v and  (Qp)P™ — G in L2([0,T]; L?). (3.11)

Such a sequence can be constructed by using the density of C2([0,T] x [0,1]) in
L%([0,T]; L?) and the fact that each compact set in [0, 1] is included in supp(Sy ™)



CONTINUUM LIMIT FOR THE DETERMINISTIC BTW MODEL 25

for h small enough. Note that Lemma applies to vy, since (3.11]) implies that
(Oyvp)P* is bounded in L?([0, T; L?) and hence

T T
| 1aienla = [ i@ de < oo

by the isometry in Remark Then, integrating (3.9) against v € L*°([0,T]) yields

/0 "o o~ ul,';“(t)H: dt +2 /0 "o /0 " on @) dr dt

T T t
< / () on(0) — |2, dE + 2 / () / on(on(r)) dr dt
0 0 0 (3.12)

T t
+ 2/0 7(75)/0 <vh(7°) - uzlt(r),&gvh(r)>_1 drdt
T t
+2 /0 () /0 (upt () = up (), —And () drdt.

We treat each term in separately. For the first term, we use the lower-
semicontinuity of the norm, the convergence from Lemma [3.7] and the construction
of vy,. For the second term, we use the lower-semicontinuity of ¢, as proven in [70,
Proposition 3.1], in a weighted space arising from Fubini’s theorem similar to (2.36]).
The third term can be treated as in . For the fourth term, we exploit that v
and vy, are L' functions, which allows to use the formula

1
o(v) = /0 Do) da.

The Lipschitz continuity of ¢ then allows to pass to the limit. The fifth term can be
treated by the dominated convergence theorem in the outer integral and Proposition
for the inner integral.

In order to treat the last term, we use Estimate , Lemma and the
boundedness of ¢ to obtain

T t B
‘ | [ (e = o, ~dndedon) | arar

T plt pct- r 70, pct- (3 13)
< fy 20w g [io- o] [ l-séertof o6

</T (t)dtQT/T2Hg5( pet-( ))H d </T ) dt4T L = 0
=) 7 N N Py A h2
for h — 0. Hence, taking liminf,_,o in (3.12), we obtain
T T t
| vl = ulprat+2 [ 5 [ oy arar
T T t
g/o (@) [[v(0) — w(0)]| -1 dt+2/0 ’y(t)/o p((r))drdt (3.14)

T t
+ 2/0 ’Y(t)/o (v(r) — w(r), Opv(r)) -1 drdt,
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and since v € L*([0,T1]), v > 0, was chosen arbitrarily, follows for v €
CH[0,T); L.

Step 2: In order to extend the statement to Sobolev functions v, recall that
CY([0,T7; L?) is dense in W12(0,T; L?, H~') with respect to the norm

2 2 2
Hu||W172(O,T;L2,H*1) = HUHL?([O,T];L?) + ||atu||L2([O,T];H*1)
according to [65, Theorem 2.1}, and that the embedding
W0, T; L, H™Y) = C([0, T, H )

is continuous by [65, Theorem 3.1]. Thus, we obtain the full statement by an
approximaion agument. O

Proof of Theorem [3.3. For each sequence (hy,)men satisfying Assumption[2.2] Lemma
provides a subsequence denoted by h — 0 and w € L>®([0,T]; H~1), such that
up = u in L>([0,T); H™1) for h — 0. Proposition then implies that u satisfies
the variational inequality in Definition [3.1] Revisiting the uniqueness argument in
[70], we see that the continuity of the solution is not needed by using an almost-
everywhere version of Gronwall’s inequality (see e.g. [84, Theorem 1.1]), such that
u can be identified as a dt version of the EVI solution to (3.2). By a standard
contradiction argument, we obtain that the whole sequence (up,, )men converges to
this solution, which finishes the proof. O

4 Numerical experiments

In this section we perform numerical simulations to illustrate the features of the two
discrete (stochastic) models in one and two spatial dimensions, as well as the
convergence to the limiting SPDEs. We strive here for simulations going beyond
the setting of the results proven in the previous sections, by (a) estimating a rate
of convergence, (b) investigating the convergence under more general assumptions,
for example by relaxing the strong CFL condition, and (c¢) by considering higher
spatial dimension. In addition, we verify the validity of the fundamental power law
scaling of avalanche sizes (see, e.g. [3]) for the weakly driven BTW /Zhang model
considered in this work.

More precisely, recall that in the proof of the convergence of the discrete Zhang
dynamics to the solutions of the corresponding SPDE, the strong CFL condition (|1.7])
was assumed in the sense that 7 = o(h?). In this section, we relax this assumption by
choosing 7 = h? in all simulations below, and still empirically observe convergence
(with rates).

For a given mesh size h > 0 (note 7 = h?) throughout this section, we let
X' = X} be the discrete solution at time n (cf. (L.6)), (2.5)), and in order to
simplify the presentation, with a slight abuse of notation, we interpret the numerical
solution as a grid function writing X}'(z;) = X, for z; = jh, whenever the meaning
becomes clear from the context.

The simulations below are performed for a slightly more general discrete model
than , by introducing the free parameters D and ¢ in front of the diffusion
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Ap, and the noise in (2.5)) respectively. More precisely, for h = ﬁ, T = h?, we set

N =T/7, X =29 and compute
XP = X'+ 7DALd (X;;—l) T+ a\/;;;, forn=1,...,N, (4.1)

with zero boundary conditions X,?’O = X,ZL’M =0, for all n > 0. In what follows, we
consider both the case ¢ = ¢, (BTW model) and the case ¢ = ¢2 (Zhang model).

The random variables & = (£ )jj\il in are chosen to be either i.i.d.
N(0, 1)-distributed or i.i.d. Bernoulli distributed with values {—1,1} attained with
equal probability % Since, in most simulations below, the choice of the noise had
only minor effect on the results, we only mention the concrete choice of the noise
where relevant.

The discrete model can be regarded as an approximation of the SPDE

dX (t) = DAG(X (1)) + pdt + odW (t), (4.2)
X(0) = xo.

4.1 Rate of convergence

In this section, we present numerical simulations for the rate of convergence of the
discrete approximation to the stochastic Zhang and the stochastic BTW PDE
with space-time white noise, that is, in spatial dimension d = 1. Since we use
T = h2, the experimental results go beyond the strong CFL condition .

For the following numerical simulations, we consider the initial data

1 for z € [0.2,0.4] U[0.6,0.8],
zo(2) =

0 otherwise,

and choose the remaining parameters in as K =1, D = 0.01, p = 0.1; the
choice of ¢ will be specified below.

We measure the pathwise convergence of the error in the (discrete) H ' and L2
norms as defined below, evaluated at the final time T" = 0.1. Since no explicit solution
is known in the stochastic setting, we examine the error with respect to a reference
solution which is computed on a fine mesh with mesh size b = 1/M for M = 12800
(and 7 = h?). To construct realizations of the noise consistently for all discretization
levels we consider realizations of the random variable &; = {5;3’]' }%Z;ll’Mz
space-time grid. The noise on the coarser levels is constructed as follows. The random
variables £; on the fine grid can be interpreted as (unscaled) Wiener increments of a
discrete (piecewise constant in time and space over the fine space-time partition with

steps-sizes h, 7) space-time Brownian sheet f(;" f(fj dW; (s, 2) = S0y Zgzl % %ﬁfg’e,
cf. ([2-24). Hence, on the coarse grid with h = 1/M = L/M, L > 1 we construct the

increments of the space-time white noise as

) 1 L%n Lj _ 1 tn 2 ~
\Fé;’f’” == > > VERg = —/ /] dWi(s,2).  (4.3)
h h h th—1 v 251

k=L2(n—1)+14¢=L(j—-1)+1

on the fine

We observe that E\/%ﬁs’j =0and E (ﬁﬁg’jf =I.
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For a mesh with mesh size h we let X}, be the piecewise linear interpolant of the
corresponding numerical solution. For two numerical solutions Xj, X}, computed
over partitions with mesh sizes h, h > h, the error in the L? norm is evaluated as
|1 X; — XhH%2 = ﬁzj]‘io (X5(2) — Xh(zj))z, zj = jh. The experimental order of
convergence is computed as || Xj — Xh||2_ﬁ, where || Xp|_j, = IV(=A;) "' Xy |2 is
a discrete approximation of the H~! norm || X||—1 = [|[V(=A)"' X}, | 2. Here, Ay
denotes the finite difference Laplacian with h = h, and, with a slight abuse of
notation, the discrete inverse Laplacian Z; = (—A;L)*IX p is defined as the solution
of

_AﬁZE(Zj) = Xh(Zj) Zj :jil, j = 1, .. .,M — 1,

with homogeneous Dirichlet boundary conditions Zj(z0) = Zj,(zy;) = 0.

We simulate the discrete system for a sequence of nested meshes with
h=1/M, M = 100,400, 1600, 3200, 6400 over the time interval [0,7] with 7" = 0.1.
In Figure [1] we display the order of convergence in the discrete H~!- and L? norms
at the final time for the stochastic Zhang- and BTW model with Bernoulli noise
with intensity o = 0.03. The error is computed pathwise and averaged over 100
different realizations of the noise & (wy), & = 1,...,100, that is, I[‘EHX;JLM2 —X,]LV[2 |5 ~
ﬁ S0 HX%LV[Q(wk) — X,]l\/f2 (wg)||_7 and analogically for the L? norm. The conver-
gence plots for the Zhang and the BTW models are graphically indistinguishable.
We observe a linear convergence rate w.r.t. the mesh size h in the H~! norm. In
the L? norm there is no observable convergence rate for coarse mesh sizes, while for
small mesh sizes the convergence rate approaches the order 1/4.

0.010000

1

0.001000 |-

0.000100 -

L 041 L
1000 100 1000

0.000010
100

Figure 1: Experimental convergence of the error in the H~! norm for M =
100, 400, 1600, 3200, 6400 at time 7' = 0.1 for the Zhang and BTW model with
o = 0.03 (left) and the corresponding error measured in the L? norm (right).

This improved convergence behavior for smaller mesh size can be explained by
an interplay of the noise intensity with the dissipative effect of the diffusion: Since
the variance of the noise scales with %, the smaller the mesh size, the larger the
fluctuations of the noise. Since the diffusion is active only on supercritical sites
(|Xn| > K) and absent on subcritical sites (|X;,| < K), the regularizing effect of
the diffusion becomes more pronounced when the values of the solutions are driven
towards larger values by an exploding variance of the noise.

This intuitive explanation suggests that an increase of the noise intensity o
should lead to an improved convergence behavior in the L? norm. This motivates
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the following simulations: In Figure[2]we display the order of convergence for stronger
noise o = 0.17, the results are again averaged over 100 realizations of the noise. We
observe a linear convergence rate in the H~! norm and a convergence rate of order
1/4 in the L? norm.

0.010000 T 1

0.001000 |-

0.000100 -

0.000010 L 01 L
100 1000 100 1000

Figure 2: Experimental convergence of the error in the H~! norm for M =
100, 400, 1600, 3200, 6400 at time T° = 0.1 for the Zhang and BTW model with
o = 0.17 (left) and the corresponding error measured in the L? norm (right).

In particular, the convergence of the L? norm improves over the one observed for
o = 0.03, in the sense that the rate of convergence becomes visible also at coarser
mesh sizes. This improved behavior is consistent with the above explanation of the
improved convergence for smaller mesh sizes.

The numerical solution averaged over 100 realizations of the noise at the final
time T = 0.1, with M = 100, 400, 1600, 3200, 6400, 12800 and ¢ = 0.03, is displayed
in Figure [3] The solutions of the Zhang and BTW models are graphically indistin-
guishable. The numerical solutions averaged over 100 realizations of the noise at

o Mo12800 Ty TR T 12500 —

V=400 ! M=400
08| N=100 1 08 | M=100

e

|
&

- :“MW\‘ W ava»w‘““ |
}P M MW» MMW WM)W N AMW,‘.W

04 L L L L 04 L L L L
0 02 04 06 08 1 0 02 04 06 08 1

==

Figure 3: Numerical solution X} of the Zhang model (left) and the BTW model
(right) at time 7' = 0.1 for o = 0.03 averaged over 100 realizations of the noise.

the final time T'= 0.1, with M = 100, 400, 1600, 3200, 6400, 12800 and the stronger
noise o = 0.17, is displayed in Figure [d The simulations of the Zhang and BTW
models are similar but there are noticeable differences in the regions where X ~ K
due to the different effects of the respective nonlinearities.

Numerical solutions of the Zhang model for a single realization of the noise for
o = 0.03,0.17 are displayed in Figure[5] Again, we observe the improved ”smoothing”
effect for stronger noise intensity o = 0.17.
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i

L L L L L L L L
0 02 0.4 06 08 1 0 02 04 06 08 1

Figure 4: Numerical solution X} of the Zhang model (left) and the BTW model
(right) at time 7' = 0.1 for o = 0.17 averaged over 100 realizations of the noise.

Jmm | | | Mmm i ‘ Rt |

0 02 0.4 06 08 1 0 0.2 04 06

Figure 5: Single realization of the numerical solution X} of the Zhang model for
o =0.03 (left) and o = 0.17 (right) at time 7" = 0.1 for different mesh size.
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4.2 Power law scaling

A fundamental property of the original BTW model is the observation of power law
scalings without explicit tuning of parameters to critical values, see [3]. In particular,
it is observed that the size/duration of avalanches shows a power law scaling. In
this section, we investigate the validity of such power law scalings for the weakly
driven BTW /Zhang model and their dependency on the grid size.

More precisely, we consider the discrete model in spatial dimension d = 2
and, if not mentioned otherwise, we set K = 10, D = 0.25 and = 1074, o = 0.01.
The spatial domain is taken to be a unit square, that is covered by a uniform grid
zij = (th,jh) with mesh size h = 1/M. The discrete two-dimensional Laplace
operator is defined as

1
ApX(z5) = ﬁ( —4X (2 ) + X(zi—1,5) + X(zig1,5) + X(z55-1) + X(Zi,j+1)).

In all simulations below, the initial condition is chosen randomly and subcritical,
that is, max; |X2(zj)| < K. This is realized by sampling a random initial condition
and subsequently simulating only the deterministic dynamics without forcing until
a subcritical state is attained. This state is then taken as the initial condition for
the subsequent simulations.

The duration and size of avalanches is defined as follows: Starting from a
“subcritical” point in time ng > 0, that is, ng such that all sites are subcritical
in the sense that max;|X;°(z;)| < K, we say that an avalanche occurs at time
point n, > ng if max; | X}'(z;)| < K for ng < n < n, and max; | X, (z;)| > K. The
duration of this avalanche is then defined as the number of time-steps until the
numerical solution reaches a subcritical level again, that is, until max; ]X}f* (zj))| < K
is reached for some n* > n,. The avalanche size is defined as #{z; : |X}'(z;)| >
K for some n € [n.,n*]}.

Note that in dimension d = 2 the existence and regularity of solutions of the
SPDE , as well as the convergence of the numerical approximation are
open problems. Nevertheless, the numerical results reported in this section reveal
power-law characteristics which appear to be preserved for decreasing mesh size.

Figure [6] displays log-scale plots of avalanche sizes and durations depending on
different values of the parameters. We observe that, up to a certain threshold, the
values of u have a negligible effect on the statistics of the avalanches. Furthermore,
we observe that the noise intensity ¢ mainly influences the lower range of the size
and duration of the avalanches, i.e.larger noise variance increases the frequency of
smaller avalanches.

Next, we examine the dependence of the avalanche statistics on the mesh size.
In Figure [7] we display the log-scale plot of the avalanche size and duration for
M = 15,30,60. We observe that the power-law distributions for decreasing mesh
size exhibit a similar shape.

We compare the scaling for the BTW model and the Zhang model in Figure
The scaling appears to be qualitatively similar with the difference that the frequency
of smaller avalanches is higher in the BTW model.
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Figure 6: Log-scale plot of the frequency of avalanche sizes (left) and the duration
of the avalanches (right).
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Figure 7: Log-scale plot of the the frequency of avalanche sizes (left) and the duration
of the avalanches (right) for M = 15, 30, 60.
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Figure 8: Log-scale plot of the the frequency of avalanche sizes (left) and the duration
of the avalanches (right): comparison of BTW and Zhang models for M = 15, 30, 60.
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4.3 Scaling with totally asymmetric noise

The original BTW model introduced in [3] enforces a strict separation of time scales
between the random forcing of the system and its relaxation into subcritical states
by diffusion. This is realized by stopping the forcing during an avalanche until a
subcritical state is reached. In addition, in [3] the noise is totally asymmetric, in
the sense that energy is only added. In contrast, in the discrete model both
dynamics are active simultaneously, and energy is randomly added or subtracted,
with positive average. The relative speed of driving by random forcing and diffusion
can be steered by varying their relative intensities D, u, 0.

In this section, we compare the power-law scaling of the discrete model in two
spatial dimensions with weakly asymmetric noise (i.e., noise also taking negative
values) to the same model with a totally asymmetric noise instead (i.e., noise which
only takes positive values). We consider the same parameters as in the previous
section except for 1 = 0, o = 1073 and the random variables (52’3 ) are chosen to have
an i.i.d. Bernoulli distribution with values {0, 1} achieved with equal probability %

In view of [3], we compare the avalanche statistics of simulations with strict
scale separation to those with simultaneous forcing. In the first regime, the random
forcing is switched off during an avalanche until the system reaches a subcritical
state, while in the latter regime, the forcing remains active during avalanches.

In Figure [9] we display the the log-scale plots of avalanche sizes and durations.
We observe that the avalanche distribution for the model with simultaneous forcing
and diffusion and with larger mesh size M = 30 and o = 103 obeys a power
law. For larger intensity of the asymmetric noise o = 4 - 1072 the power law is no
longer preserved and the distribution is biased towards avalanches with larger size
and duration. A similar situation occurs in the simulation with smaller mesh size
M =60, 0 = 1073, In contrast, enforcing the strict scale separation of driving force
and diffusion as in [3], the avalanche distribution obeys a power law even in the case
M = 60.

An explanation for these observations is that the effect of “overlapping avalanches”
becomes dominant for large noise intensities: In systems near criticality, multiple
simultaneous avalanches may occur, which, due to the global character of the
avalanche definition, are counted as one large event. As a result, large avalanches
would be overrepresented in the simulation. This effect is avoided when the strict
separation of forcing and relaxation scale is enforced.

4.4 Simulations and scaling limits in 2D

In this section we investigate the existence of scaling limits of the discrete dynamics
in spatial dimension d = 2, with a focus on the effect of the lower regularity of
the limiting space-time white noise compared to one spatial dimension.

The simulation parameters are as follows: T = 0.015625, 0 = 1, p =0, D = 0.25,
K =1, 7 = h? h = 1/128, the spatial domain is the unit square (0,1)? and the
initial condition is taken as :U?L = %1[0_2570,75]><[()72570,75].

In Figure we display the expected value of the discrete model with
Zhang nonlinearity at the final time 7" averaged over 10% realizations and with mesh
size h = 1/128. The analogous expected value of with BTW nonlinearity is
displayed in Figure (left). For better comparison the color range is restricted
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Figure 9: Log-scale plot of the frequency of avalanche sizes (left) and the duration
of the avalanches (right) for asymmetric noise.

to [0,0.5]. There are only minor overshoots of these values due to the error of
the Monte-Carlo approximation of the expected value in the stochastic case. In
Figure (right), for comparison, we display the expected value of with
¢(x) = x corresponding to the stochastic heat equation

We observe that the simulation of with Zhang nonlinearity is very similar
to the expectation of the numerical solution of the stochastic heat equation (i.e.,
the linear counterpart of ) In contrast, the simulation of with BTW
nonlinearity is closer to the initial condition, that is, the effect of the diffusion is
weaker in this case.

To offer an explanation of this observation, we note that the computed probability

E i [ XP (2 )| 2K . .
of the solution to be supercritical, i.e., [z2 #_l{z’f (3’])‘ i (not counting the grid
5]

points at the boundary) is above 0.50, and the probability increases with smaller
mesh size due to the scaling of the noise with h=!, see Figure [L0| where we display the
computed evolution of the probability for the Zhang model. Since in the supercritical
“regime”, the effect of the diffusion of the Zhang nonlinearity is identical to that of
the stochastic heat equation, this could offer an explanation of the observation above.
In contrast, the BTW nonlinearity does not equal that of the heat equation even for
supercritical values of the solution. Therefore, one expects that, even for small grid
size h, the BTW model behaves differently from the stochastic heat equation, which
is indeed observed in Figure

To illustrate the effect of the fluctuations and the resulting irregularity of the
solution we display one realization of the solution of the BTW model at the final
time in Figure [12| (right). In contrast to the 1d case (see Figures [3| and [4]) the
solution oscillates and exceeds the critical value K.

We note that in the deterministic case, for the considered parameters, the
solutions of the Zhang and BTW model are equal to the initial condition since
max; ; [ X)(z,)| < 3 < K.

Repeating the simulations with the initial condition taken to be the (unscaled)
indicator function of a square with side % placed at the center of the domain yielded
analogous results (not displayed).
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Figure 10: Evolution of for h = 1/128,1/256,1/512 for the

Zhang model.

Figure 11: Expected value of the numerical solution computed with the Zhang model
(left) and the stochastic heat equation (right) at time t = T

Figure 12: Expected value of the numerical solution computed with the BTW model
(left) and one realization of the solution of the BTW model (right) at time ¢ = T
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Appendix A Uniqueness of laws of weak solutions

In this section, we prove the following, using the main result from [63].

Theorem A.1l. The processes (X, W) of every weak solution to (2.2) have the same
law with respect to the Borel o-algebra of L*([0,T1]; L?) x C([0,T]; H™1).

We first give some preparatory results and helpful notions.

Definition A.2. We define a multivalued operator by its graph Ay C L2([0,T']; L?)x
L?([0,T1]; L?), given by

(f,9) € Ap if and only if ¢ € ¢o(f) for almost every (¢, x) € [0,T7] x [0, 1].
(A.1)

Lemma A.3. The operator Ar is maximal monotone.

Proof. By [4, Theorem 2.8], it is enough to show that A is the subdifferential of
a convex, proper and lower—semiconti}mous functional ¢ : H — [0,00] on a real
Banach space H. To this end, define v : R — [0, c0) by

V(@) = Lyjgzy(@® = 1),
which is proper, convex and continuous, and for which we have 81 = ¢o. We note

that H := L?([0,T]; L?) is a Hilbert space. Defining

T 1
pr: H—[0,00], or(u) :/0 /0 Y(u(t, x))dzdt, (A.2)

we obtain by [I8, Theorem 16.50] that o7 is convex, proper and lower-semicontinuous
and Ap = Jyr, as required. O

Lemma A.4. The graph At is a closed subset of L*([0,T]; L?) x L*([0,T]; L?) and
thus measurable with respect to the Borel o-algebra on L*([0,T1; L?).

Proof. The first statement is true for any maximal monotone operator by [4, Propo-
sition 2.1]. The measurability then follows by definition of the Borel o-algebra. [

We define two kinds of Sobolev spaces that we are going to use.
Definition A.5. Let V € H C V' a Gelfand triple and T' > 0. We define
W20, T V') i= {u € L*([0,T}; V') : ' € L*([0,T1; V')}
and W20, T]; V, H) := {u € L*([0,T1,V) : o' € L*([0,T1; V')},

where u’ is the weak derivative of u as defined e. g.in [59, Definition 2.5.1]. These
spaces are Banach spaces with the norms

N |=

2 2
HUHWLZ([O,T];V/) = <Hu||L2([0,T];V’) + ”“/HL?([O,T];V'))

2 2 3
and HUHWL?([O,T];V,H) = (HUHL?([O,T];V) + HUIHLQ([O,T];V’)) ’ )

respectively. These norms are norm-equivalent to the ones given in [59, Section
2.5.b] and [86], Proposition 23.23], respectively, where also the Banach space property
is proved.
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We have the following measurability properties.
Lemma A.6. The subset

o (u, 2) € L*([0,T; L?) x L*([0,T; (L?Y) :
b Ju e L*([0,T1; L?) such that z = Av dt-almost everywhere and (u,v) € Ap
(A.3)
is Borel-measurable. The map 0y : W12([0, T1; (L?)) — L*([0, T; (L?)) is continuous
and

My := (T3, 9,(T)) 1 (My) C L2([0, T]; L?) x WH2([0, T1; (L*) (A.4)

is Borel-measurable. The set My is also Borel-measurable as a subset of L>([0, T]; L?)x
L2([0,T; (L?Y). Pinally, let Ly, - L*([0,TT; L)xC([0, T, H~Y) < (L2([0, TT; (L))
be the canonical continuous embedding. Then, the subset

M3 := {(Ty, Ty (Ip) — Mo(Ipw)) — pt € My} € L*([0,T1; L?) x C([0, T]; H )

is Borel-measurable, where we write ut € L*([0,T1; (L?)) for the canonically embed-
ded L*([0,T1; L?) function given by

(t,x) — ut.

Proof. We notice that M is the image of the set Ap, which is Borel-measurable by
Lemma under the isometry (II;, A o Ily), and hence Borel-measurable by the
Kuratowski theorem (cf. [73, Theorem 3.9]). The operator d; : W12([0, T1; (L?)) —
L2([0, T1; (L?Y) is linear and bounded by the definition of the Sobolev space. Hence
it is continuous, which implies Borel-measurability. Thus, also (II1, dy) is continuous
and Borel-measurable, which yields measurability of Ms using the measurability of
M. The set M>, viewed as a subset of L2([0,T]; L?) x L?([0, T']; (L?))), is the image
of the canonical embedding and thus Borel-measurable by the Kuratowski theorem.
The Borel-measurability of Mz follows by the continuity of I,,,. O

The previous lemma alludes that (2.3) and (2.4 are actually distributional
properties, which motivates the following definition.

Definition A.7. We call a probability measure @ on the probability space L2([0, T]; L%)x
C([0,T); H~') endowed with its Borel o-algebra a pre-solution to (2.2)), if

where M3 is defined as in Lemma

Lemma A.8. The joint law of the processes (X, W) of each weak solution to ([2.2])
in the sense of Definition [2.1] is a pre-solution.

Proof. Let (2, F, (Fo)ieo,11, P), X, W) be a weak solution to (2.2]) and ¥V € L2 x
[0, T; L?) the corresponding drift process as in Definition Then, [59, Proposition

2.5.9], (2.3) and (2.4) yield
By (T (Lo (X, W) — To(Ly(X, W)) — ut) = AY  P-almost surely



38 UNIQUENESS OF LAWS OF WEAK SOLUTIONS

with (X,Y) € Ap. Hence, using the notation from Lemma [A76 we have
(X, 0 (I (3p(X, W) — Ho(I3o(X, W) — put)) € My  P-almost surely,

which by construction is equivalent to (X, W) € M3 P-almost surely. This finishes
the proof. O

We cite the concept of pointwise uniqueness from [63, Definition 1.4].

Definition A.9. Pointwise uniqueness holds for pre-solutions, if and only if for any
processes (X1, Xo, W) defined on the same probability space with £((X1, W)) and
L((X2,W)) being pre-solutions, X; = X5 almost surely.

Lemma A.10. Pointwise uniqueness holds for pre-solutions to (2.2)).

Proof. Let (X', X2, W) be defined on a probability space (2, F,P), such that
L(X1,W)) and L((X?,W)) are two pre-solutions to (2.2). Let Mz be defined
as in Lemma [A.6] and let

M; = (X1, W) 1 (Ms) N (X2 W)~ 1 (Ms),

which implies that P(M3) = 1 by construction. From now on, we conduct all
arguments pointwise for w € M3. We define Y € L%([0,T]; L?) for i = 1,2 by

Yi=ATN X =W — b)),
which is well-defined due to the construction of Ms. Moreover, it follows that (2.3))
and (2.4) are satisfied for (X?, Y, W) for i = 1,2, which implies
¢
Xt — X%t = / AYY(r) = Y2(r)dr in L3([0,T1; (L%). (A.6)
0

By [59, Proposition 2.5.9], implies that X' — X? is weakly differentiable with
(X' = X?Y =AY —Y?). Since X%, Y? € L%([0,T); L?) for i = 1,2 by construction,
X' — X2 ¢ Wh2([0,T]; L?, H™'). [86, Proposition 23.23] then yields that there
exists a continuous H !-valued dt-version Z of X' — X2, for which we have

t
12005 = [ (A0 - Y0, X0 - X))
0

dr
(LZ)/ x L2
t
—— [ (V' -y, x'0) - X2m) ,dr <0,
0 L?
where the last step follows from (2.4]). This implies that Z and consequently X' — X2

is zero dt-almost everywhere. Since this is true for every w € M3, X! = X2 P-almost
surely, as required. O

Corollary A.11. There exists at most one pre-solution to (2.2)).
Proof. This is part of the statement of [63, Theorem 1.5]. O

Proof of Theorem[A.]l The claim is a direct consequence of Lemma [A-8 and Corol-
lary O
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Appendix B Properties of discrete spaces and prolongations

We state some properties on the discrete spaces used above and their interplay to
the corresponding function spaces by via prolongations. For the sake of brevity, we
omit details which can be considered classical.

Lemma B.1. Let A, € RZ=D*XZ=D pe defined as in (T.11). Then, —Ay, is positive
definite and

4
N E=3

Proof. From [64, Equation (2.23)], we obtain that the eigenvalues of —Ay, are

2 , 4 .
)\j:ﬁ(l—cos(]ﬂh))é (O’h2>’ Jj=1...,Z2-1,

which implies that —Ay, is positive definite. Equation (2.77) in [82] then yields the
second claim. ]

Corollary B.2. For u € R~ Lemma yields
1ARullZy = [{=Anu, u)g| = b [(=Apu, )]

4
< hll=Apul full < [|=Aull b ull® < 25 [lull-

Lemma B.3. Let h > 0 as in Assumptz’on and let I' - L?> — H™' be the
canonical embedding. Then, I' € Lo(L?, H™Y) and

. - — 1 1 2
T80 =D s = § = Wl (B-2)
k=1

Recall the partitions (Ki)l-Zz0 and (tfz-)iZ:_O1 and the grids (xi)iZ:O and (yi)Z-Z:_O1 as
given in , and the definition of prolongations of functions on these grids as
given in Definition [I.5] and Definition [I.8] Then, the following statements can be
verified by direct computations.

Lemma B.4. Let u = (Uz‘)iZ:_ll e R and v = (fui)iZ:_O1 € R? and recall the
convention ug = uz = 0. Define the piecewise linear prolongation with zero-Neumann
boundary conditions with respect to the grid (y;)i—o,..z-1 by

Z—1
Vi — Uj—
Igly ‘RZ > Hl,v — UQ]lKO + Z Vi—1 + lTZl( —x;) ]lKi —f—vZ,l]lKZ.
=1

and the piecewise constant prolongation by I,Izcy ‘R 5 L2 v ZiZ:_Ol vily,. Then,

[0, < 112 ol 2 < 3|12 o]

1 1
/ Izlyv dx :/ Iﬁcyv dx,
0 0

Iglyvfazlzly(vfa) and IECyvfa:IECy(vfa) for all a € R,

r2’
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Z—1
O} v =" 00, (v — vi-1),

=1

. Z—1
(]
Oy I,I;ly (Z huj) =I"u,
=0

=0
ull; = || plx U
1 h

Lemma B.5. Let u = (Uz), 1 € RZ~1, where Z is defined as in (1.10). Then

HY'

Z-1

Z E(_ui—l + 2u; — Ujy1)0g;
—1

1=

(‘93635([,};1x u)HH =

H-1

1l g < el g < 327wl

Proof. Let v = (vl)Z 01 € RZ be defined by v; = ZJ ohu;. Then, using the
convention (Aglu)o = (Ah u)Z = 0 and Lemma we have

= ||y ( / Yy dz)

Z 0z, hu;

17 ull - =

"y / "y dx

=l ol =

1
< Igcy (v—/o I,gcyv da:) L

=1 H-1
S i) =[Sk (- (), r2(a), - (art) )H
S " H-1 = "'h b i h b H1
= o At = [ it = Al =l

which yields the first inequality. The same calculation yields the second inequality
if we start with 3|1} u|| ;. and replace the third step by

1 1
I,Sly <v — / Izly v da:) Igcy (U — / Iﬁcy v da:)
0 0

3

Lz 2

O]

Proposition B.6. Let h > 0 denote a sequence converging to 0, uw € L*([0,T]; H™1),
n € L*(0,T1;L?), and for all h in this sequence, t € [0,T], let up(t), nh(t) €
RZ-1 such that uﬁcz € L*([0,T); H™ ) with upcx —wu in L*([0,T]; H ) and npcm S
L%([0,T); L?) with n}" — n in L*([0,T; L?). Then for h — 0,

T T
[ om@, )y at = [ o, uw)yat
0 0

Proof. After deriving a Poincaré inequality for the discrete norms, i. e. HUH(Q) < C|v|?
for v € RZ71, the uniform bound of u}™ in L*([0,T]; H!) implies a uniform
bound of (—Agluh)pcx in L2([0,T1; L?). This allows to extract a weakly converging
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nonrelabeled subsequence with limit f € L2([0,T];L?). In order to show that
f = —Au, it is key to realize that

£t 2)(~ Apun®)P™@) = —&t, ) (D Dfwp™ (1)) (@) for almost all ¢ € [0,T],z €

(B.3)
for a test function £ € C°([0,T'] x [0, 1]), where D?L[ are the h-difference quotients to
the left resp. right. Hence, conducting a discrete integration by parts and considering
that £ has compact support, we compute

T ch . T -1 pex

/0 (u, &) - Lx H} dt = hm/ ’€>L2 dt:,lllﬂ%/o <(AhAh uh) ’ 6>L2 di
T

L ot Al pex
= fim J, (oD (-atw) " €

. r -1, \P -+ !
= tim [ (<7 )" =D DfE) Lat = [ (n-ag) at

(B.4)

using the strong convergence of the second-order difference quotient of ¢ to its
second derivative. By a density argument, one concludes that f = —Auw di-almost
everywhere. The proof can then be finished by computing

T T T
_ Al _ A1 P& pex
/0 (uhﬂ?h)th—/o < JAVS Uhﬂ?h> dt—/o <( JAVS Uh) Th >L2dt
T
%/ ~A7! un ,dt :/ (u,m) -1 dt.
0
O

Lemma B.7. Recall Definitions and and let u € RZ~1. Then there exists a
constant C independent of h such that

2 2
[ullZy < Clullg -

Proof. Note that since —A}, is symmetric and positive definite, one may define its
symmetric and positive definite sqare root operator Ay, which satisfies A, Ap, = —Ap,
|lully = [|Apul|, and |lul|_; = HA,;luHO. Furthermore, we have a Poincaré inequality
for the discrete norms by

2 2 1x||2 2 2
lunly = [[ef™ 72 < € |||, L =Clul?  (BS)

<C HVUI,DLIX

for C' independent of h, where the first inequality can be obtained by connecting [41]
Propositions 3.1 and 3.2], and the last equality is the sixth statement in Lemma
B.4] We then compute

hll?y = [ Anai ]| = 4] < €l

[0, 1]
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