LOCAL LAWS FOR SPARSE SAMPLE COVARIANCE MATRICES
WITHOUT THE TRUNCATION CONDITION

F. GOTZE*, A. TIKHOMIROV, AND D. TIMUSHEV

ABSTRACT. We consider sparse sample covariance matrices %XX*7 where X is a

sparse matrix of order n x m with the sparse probability p,. We prove the local
Marchenko—Pastur law in some complex domain assuming that np, > logﬁ n, 5>0
and some (4 + ¢)-moment condition is fulfilled, § > 0.

1. INTRODUCTION

Sample covariance matrices are of great practical importance for problems of multi-
variate statistical analysis and such rapidly developing areas as the theory of wireless
communication and deep learning. Another significant area of application of sample
covariance matrices is graph theory. The adjacency matrix of an undirected graph is
asymmetric, so the study of its singular values leads to the sample covariance matrix.
If we assume that the probability p, of having graph edges tends to zero as the number
of vertices n increases to infinity, we get to the concept of sparse random matrices.

Sparse Wigner random matrices have been considered in a number of papers (see
[1, 2, 3, 4]) where many results have been obtained. With the symmetrization of
sample covariance matrices it is possible to apply this results in the case when the
observation matrix is square. However, when the sample size is greater than observation
dimension, the spectral limit distribution has the singularity in zero, which requires
different approaches.

The limit spectral distribution of sparse sample covariance matrices with sparsity
np, ~ n°, (¢ > 0 is arbitrary small) was studied in [5, 6]. In particular, a local
law was proved under the assumption that the matrix elements satisfy the moments
condition E | X;;|? < (Cq¢)®. In the paper [7] the case of the sparsity np, ~ log®n, for
some « > 1 was considered, assuming that the moments of the matrix elements satisty
the conditions E | X;;[*™ < C < oo, |Xji| < c1(np,)2 7, for some s > 0. Under
this assumptions the local Marchenko—Pastur law was proved in some complex domain
z € D with Imz > vy > 0, where vy is of order 10g4 n/n and the domain bound not
depend on p, while np,, > log® n.

This work is devoted to the case, when the elements Xj;, are not truncated, and only
the conditions E | X;;,[*"0 < C' < oo, np, ~ log®n, for some a > 1 are fulfilled. We
prove the local Marchenko-Pastur law in some complex domain u + v € D, with the
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real part contained in the support of the Marchenko-Pastur distribution and separated
from the support ends.

2. MAIN RESULTS

Let m = m(n), m > n. Consider independent identically distributed zero mean
random variables X, 1 < j <n, 1 <k <m with EX7, = 1 and independent of that
set independent Bernoulli random variables &z, 1 < j < n,1 <k < m with E&;;, = p,.
In addition suppose that np, — oo as n — oo.

Observe the sequence of sparse sample covariance random matrices

1
X = ——(&rXjr)1<j<n1<k<m-
\/m_pn J J > SRS
Denote by s; > - -+ > s, the singular values of X and define the symmetrized empirical
spectral distribution function (ESD) of the sample covariance matrix W = XX*:
1 n

Fu@) = 5= 3 (Hs; < ab+T{—s; < a}),

=

where I{ A} stands for the event A indicator.
Note that F),(z) is the ESD of the block matrix

0, X
V:{ X* Om}’

where Oy, is k x k& matrix with zero elements.
Denote R = R(z) the resolvent matrix of V:

R= (V-2

n

Let y = y(n) = % and Gy(z) — the symmetrized Marchenko-Pastur distribution
function with the density
1

9,() = 2my|x|

where a = 1 —/y, b =1+ ,/y. We shall assume that y < yo < 1 for n,m > 1.
Denote by S,(z) the Stieltjes transform of the distribution function G,(z) and s,(z)
the Stieltjes transform of the distribution function F, (x). We have

z

V(22 —a?) (b2 — 22) T{a? < 2? < b?},

Sy(z) = 2% ’
1l 1 =~ 1 I~ 2 1 <
5n(2) :%[; $;— 2 +z::—sj—z} - E;%—% - E;RM'
The last equality follows from Schur complement (see |7, Section 3|). Put
b(z) =z — 1=y +2yS,(2) = L + ySy(2). (2.1)
< Sy(2)
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In this paper we prove so called Marchenko—Pastur law for sparse sample covariance
matrices. Let

Ay = A (2) = s,(2) — Sy(2).
For constant § > 0 define the value » = (J) =
conditions:

—2(4‘15) and consider the following

e the condition (CO0): for some ¢y > 0 and all n > 1 we have np,, > ¢ log% n;
e the condition (C1): for some & > 0 we have jy s := E| X1 [*T < oo;
e the condition (C2): there exists a constant ¢; > 0 such that for all 1 < j < n,
1 <k <m we have | Xj;| < ¢ (npn)2~* almost surely.
Introduce the quantity vy = vo(ag) := agn™* log4 n with some positive constant ag,
and define the region

D(ag) ={z=u+iv: (1—y—v); <|u <1+ y+v,V>v>uv}

Let
_QCologn< 1@ + min {np|b( Tk \/_})
mb(z)
d M=o
)= (40 + ) + o
Put

T =I{|b(z)| > T} (dn(z)+d2(z> L a2 >

LY pp (T, L
+ﬂ{\b(z>ygrn}(<%> 4T <W+\/%)>'

In the paper [7], assuming that the conditions (C0)—(C?2) are satisfied, the next theorem
was proved:

Theorem 2.1. Assume that the conditions (C0)—(C2) are satisfied. Then for any
Q) > 1 there ezist positive constants C = C(Q, 0, fays, co,¢1), K = K(Q, 0, ta+s, Co, 1),
ag = Clo(Q, 57 Ha+s, Co, Cl) such that fOT AS D<a0)

Pr{ A > KTn} < (On @

This work is devoted to the case, when the elements Xj;, are not truncated, and only
the conditions (C0)—(C1) are fulfilled. Let

Dy={z=u+iv: 1= y+p<l|u <1+y—p V=>v>u},
for some p > 0. Note that |b(z)| are bounded in domain D,,, therefore

1 1
I, =0 logn(— + ) (2.2)
nv - np

Without assumption (C'1) we get the following result.
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Theorem 2.2. Assume that the conditions (C0)~(C1) are satisfied. Then for any
p >0 and Q > 1 there exist constants K = K(Q, 9, piars, 1), ao = ao(Q, 0, fars, 1)
depending on Q, 9, pays and p such that

Pr{|A,| < K[,} >1—-n"€,
for all z € D, and T',, defined in (2.2).

Organization. The proof of the theorem is based on papers [§] and [7]. In Section
3 we follow [7]. In our case the domain D,, is separated from the ends of the spectrum.
This makes it possible to significantly simplify the estimates obtained there and so to
prove Theorem 2.2. In Section 4, we show that the elements R;; of the resolvent are
bounded. For this, following [8], we introduce the so-called admissible and inadmissible
configurations. Assuming that the configuration is admissible, we obtain conditional
estimates for Rj;. Further, taking into account the small probability of inadmissible
configurations, we obtain the estimate for the resolvent elements. In the Section 5 we
state and prove some auxiliary results.

Notation. We use C for large universal constants which maybe different from line by
line. Sy(z) and s,(z) denote the Stieltjes transforms of the symmetrized Marchenko-
Pastur distribution and the spectral distribution function correspondingly. R(z) de-
notes the resolvent matrix. Let T = {1,...,n},J C Tand TV = {1,...,m}, K c TW.
Consider o-algebras MUK generated by the elements of X with the exception of the
rows with number from J and the columns with number from K. We will write for
brevity QJYE-J’K) instead of MIVUHE) and zml(ﬂ’ff ) instead of MIKUD) | By symbol XK
we denote the matrix X which rows with numbers in J are deleted, and which columns
with numbers in K are deleted too. In a similar way, we will denote all objects defined
via XUK) such that the resolvent matrix RUK) the ESD Stieltjes transform S%J’K),
AQ’K) and so on. The symbol E; denotes the conditional expectation with respect
to the o-algebra 9;, and E;;,, — with respect to o-algebra 9M,,. Let J¢ = T \ J,
K =T® \ K.

3. PROOF OF THEOREM 2.2

For the diagonal elements of R we can write

Rgf];’K) _ Sy(Z) (1 _ €§J’K)R§“§’K) + y/\;‘H’K)Rg’K)), (31)
for j € J¢, and
1
J,K JK) p(J,K JK
R( ) - (1 - 6l(Jrn)le(Jrn,)l+n + yAgLJ]’K) Rl(+n,;+n)7 (32>

I4+n,l4+n _z + ySy(z)
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for [ € K¢. Correction terms € ) for J € J¢ and 51 n %) for | € K¢ are defined as

5§J’K) = 5§“§’K) +- €(J K) ,
gr 1 - RUK) RUUGHE)
€1 = E Z I+nd+n — Z l4+n,l+n >
=1
1 & .
7K JU{ LK
ey = — Z<X?zfﬂ — ) REELY,
mpA3
JK (JU{j},K
F=— N X Xp&ap RS
1<l;ék<m
and
IK IK JK
8l(+n) l(+n )1 + + el(Jrn)?;?
(I.K) 1 JK) - .,HKU{H—n}
€ln1 = E Z Rjj Z R
jfl
JK J KU{l+n
l+n)2 Z lf]l - { })7
ey = Z X lezfglszR]J ot
7 mp 1<j#k<n

Summing the equation (3.1) (J =0, K = ), we get the self-consistent equation
sn(2) = Sy(2)(1 + T — yAnsn(2)),

with the error term
1 n
= E Z EjRjj-
j=1

The proof of Theorem 2.2 is based on the following theorem.

Theorem 3.1. Under the conditions of the Theorem 2.2, for any p > 0, there exist
constants C = C(9, pars, o), ao = ao(9, pars, o), such that

1 1\¢
q < (1 q
E|T,|T{Q} < C (m n np) log?
forall z € D,.

Proof. The proof repeats |7|[Theorem 3|, taking into account that 0 < ¢ < Imb(z)
for some ¢ > 0 and Imb(z), |b(z)| are bounded in domain D,. The arguments of
[7][Theorem 3] also require that the condition Pr{B} < Cn~9 be satisfied (see [7][p.
17]). But Lemma 4.1 implies Pr{B; Q} < Cn~?

Proof of Theorem 2.2. First of all, we note that |7, Lemma 8| gives the bound
[An| < CIT|
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in domain D,,. We have
Pr{|A,| > KT, } < Pr{|A,| > KT'; Q} + Pr{Q°}.
[7, Corollary 3] implies
Pr{Q} >1-Cn @,
Applying Markov inequality and combining the last inequality and Theorem 3.1, we
get

E|1n|qH{Q} —Q C'\a
Pr{|A,| > KT} 7 +Cn <—)

By choosing a sufficiently large K value and ¢ ~ logn, we obtained the proof. 0

4. ESTIMATE OF Ry,

We shall use the notations of [7].
Let sg > 1 be some positive constant depending on 4, V. For any 0 < v < V we
define k, as

ky = ky(V) :=min{l > 0: shv > V}.
For given v > 0 consider the event
Q,(v) := {|An(u +iv)| <, for all u}

and the event

For the proof of main result it is enough to estimate the entries of the resolvent
matrix. We prove the next Lemma.

Lemma 4.1. Under conditions of Theorem 2.2 there exists a constant H such that for

€D,
Pr{ max |Rj|> H;Q}< C'p—clognlogn

1<j,k<n+m

Following the work of Aggarwal (see [8]), we introduce the configuration matrix
L = (Ljx). Set events
Aji = {[Xjr| = C(np)>~}.
Define the matrix L with elements

Lji = Eul{ Ajr.}-

Note that i
445
ELj, < 2
Introduce the configuration matrix Ly:
O L

Definition. We call j and k linked (with respect to Ly), if L;;, = 1. Otherwise we
call them unlinked.
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Definition. If there exists a sequence j = j1, o, ..., Jr = k such that 7, is linked to
Ju+1 for each v € [1,r — 1], then j and k are called connected.

Definition. We call an index j deviant if there exists some index k such that j and &
are linked. Otherwise we call j typical.

Let
DL={je[l,n+m]:jisdeviant}, T, ={j€[l,n+m]:j is typical}.
Definition. We call Ly deviant-inadmissible if there exist at least \/%7 deviant in-

dices. We call Ly connected-inadmissible if there exist distinct indices 71, 72, ..., Jr,
r = [logn], that are pairwise connected. We call the configuration Ly inadmissible, if
it is either deviant-inadmissible or connected-inadmissible. Otherwise, the configura-
tion is called admissible.

Define A as the set of all admissible configurations of size n+m. Let C = C;UC, be the
event that the configuration Ly is inadmissible, C; be the event that the configuration
Ly is deviant-inadmissible, and Cy be the event that the configuration Ly is connected-
inadmissible.

Lemma 4.2. Under the conditions of Theorem 2.2 the bound
PI"{C} S On—cloglogn
15 valid.

Proof. First, we estimate Pr{C;}. The event C; implies that there are at least \/%

deviant indices, which in turn gives that there is at least \/% pairs {j,k} such that
j€ll,n], ke [l,m] and L, = 1. Hence

mer< $ (7)(5)

n

P

By Stirling’s formula, we have

(7)) = (%)

for \/% < j < n. This yields

Pr{C,} <C c \V*

I'{ 1} S \/_n_p .
The estimate Pr{Cs} almost repeats the proof of the bound for Pr{A,} in Lemma
3.11 of [8]. The event Cy implies that there exists a sequence of indices S = {iy, ia,...,i,}

such that at least » — 1 pair (i;,;) are linked. We have

= (1)) (5)
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Applying Stirling’s formula, get
Pr{Cy} < n~Cloglsn
O

Now we fix the admissible configuration Ly. Let R < % denotes the number of

the deviant indices. Consider the matrix Vi, = (V(j, k)) with entries

0, if1<jbk<norn+1<jk<n+m,

Einajp, 1 <j<nn+1<k<n+mand Lj =0,
b, F1<j<nn+1<k<n+mand Lj, =1,
ij, ifn+1<5j<n+m,1<k<n.

VL(j7 k) -

Here aj; (resp. bj; ) are independent random variables with the distributions
Pr{a;, € G} = Pr{Xj;, € G|AS}

and
Pl"{bjk € G} = PI‘{Xjk € G|.A]k}

The permutation of rows and columns gives the matrix

Vll V12
V= .
{ Via V22}

The Hermitian matrix Vi; of size R X R consists of type b elements and has the form

B, 0... 0
Vi, = 0... By ... ’
0...0... B
where B, are Hermitian matrices of order r, < r, v =1,..., L. The matrix V5 of size
R x (m +n — R) consists of type a elements and has the form
Vig = [01 Al} )

where O; is a matrix of size R X m with zero elements, the matrix A; is R X (n — R)
with elements distributed by type a. The Hermitian matrix Vg, of size (n +m — R) X
(n +m — R) has the form
On A,
Voo = , .
22 |: A2 022

Here the square matrices Oq; and Ogy have zero elements and the orders m and n — R
respectively, and the matrix A, is m x (n — R) with elements distributed by type a.
The resolvent R(z) = (V — 2I)~! can be represented as

Rll R12
R:
{ R, R?J’
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where
Ry =(Vi — 21 — V5(Vyy — 2I) 7' VE) ™
Riz =(Vi2(Vas — 2I) 7'V, — Vi + 21) 'V ip(Vay — 2I) 71,
Roy =(Voy — 2I) 7' + (Vg — 2I) 7'V,
X (Vg — 21 = Vi(Vay — 2I) 7V V5 (Vg — 21) 7L

We will be primarily interested in estimating the spectral norm of the matrix R;; since
it majorizes all elements of the matrix R;;. Note that the dimension of the matrix Rq;

is equal to R x R, where R < \/% . Introduce a random matrix
Y = V12(V22 — 21)71VT2.
Note that

nT J
Ry RY)
Given the form of the matrices V15 and Vs, we find that

Y = A\ RJA"

&) J)
RY — (Voo — 2I) 7" = [ Ry Rm] .

In these notation
R11 == (Vll — 21 — Y)_l.
In what follows we shall assume that Ly is admissible. We prove that for the
resolvent matrix R all entries are bounded conditioning by admissible Ly .

Lemma 4.3. Let Ly be admussible. Under conditions of Theorem 2.2 there exists a
constant H such that for z € D,

Pr{ max |Rjy|> H;Q} < (C'p—cloglogn_

1<j,k<n+m

Note that 7, UDy, = [1,n 4+ m|, J C [1,n + m]. We introduce the events
Ci(v, k) = ﬂ { max |R§Jl])(u + )| < Hl}
L

and

Co(v, k) = ﬂ { max \Rg)(u+iv)| < Hg}.

JjE€DL,1<I<n+m
[I|<k
The following lemma holds.
Lemma 4.4. Under the conditions of the Theorem 2.2, the inequalities
Pr {Cl(v, k—1);Ci(sv,k) NCao(sv, k)N Q} > 1 — O closlen (4.1)

and
Pr {Cg(v, k—1);Ci(sv, k) NCy(sv, k)N Q} > 1 — Cpcloslen (4.2)

are valid.
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Proof. For simplicity, we assume that & = 1. We begin by proving the inequality
(4.1). Since both indices are typical, the corresponding matrix elements in the rows
(and columns) with numbers j, k are of type a. Consider the diagonal elements. For
J € Tu N [1,n] the equality

Rj; = yS,(2) (1 + &Ry + AnRjj>

holds. For w € Q we have

1
2
Hence,
|Rj;[I{ Q) < 2v/y(1 + [e;|[Ry;)I{ Q}-
Let
€5 =€j1 T Ej2+Ej3
with
€1 = Z l+nl+n_ ZRl+nl+n7

_ § : J)
€j2 = Jlf]l l+n I4n>

€j3 = E , aalajtfjlfthHn t+n

ltl

Note that for admissible configurations
n
Di| < \/j :
p

< —.
€1 o

By [7, Lemma 1],

Next, note that

m

Z PG (50, DY Co(sv, 1) }{ Q) < H3s® + H}s?

and

- Z IR 1| THC (50, D) Y{Co(sv, 1) YI{ Q) < HYs® + H{st.

We used here the so-called multiplicative inequality: for any s > 1

|Rjj(u+iv)| < s|Rjj(u + isv)|.
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Given the above, get

Ciq3stHY N Cis9q: HY
(np)* (np)2

CiqHJs®  C1q1H{s1

E |e2|'T{C (sv, 1) }I{Ca(sv, 1) }I{Q} <

T G G
Similarly,
Cagt o Cag st H2
B sl g THC 50, Gl DHHQY S (0 () + s
ququ s 32q H2 qugqsquQZq qu2q82qH12qp
(nv)% (np)ra+l (np)Q%q+2 (np)Z%quQ

Here we used the fact that
|Rjk(u+iv)| < |Rjr(u+ )| + (s — 1)v|[R(u + iv)R(u + sv)|jx] < |Rjr(u+isv)]

+(s —1)\/Im R;; Im Ry, < sH;

|Rjk(u+iv)| < sHy

for 5,k € T, and

in the case j € Dy, or k € Dy,.
If (np)**|b(z)| > Cq?*sH; and (np)* > CqsHy, then H; and Hy can be chosen so that
E |Rjj|qH{C1(SU, 1)}]1{(:2(81}, 1)}]I{Q} S Hf

Now consider the case of deviant indices. Let j € Dy, and k be arbitrary. Consider the
matrix
Y = Vip(Vay — 21)7'Vi, = A; RS AT
We estimate the matrix Y elementwise. We start with off-diagonal elements. Consider
Y12. The equality
1 I
Yio = m_p ; A11G2¢ [Rég)]zt
holds. Note that {ay;} and {ay} are independent. We can apply the lemma 5.1 with
A= R%). By the assumption C; NC2 N Q we get

na, (z r
AP <42l T
v v
and
n 2 g H% q
ri < Hj s> n is2n
=R I EERE
Finally,
HI %g172p r
RO <2 0 oy D),
EZT\JH 22]]| — |b(2)|q_2?} (fya (Z)+nv)
1/7]
Further, we have
ug” 1) < plnp) >
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q
2

12
for ¢ > 4+ 6, and
u0 19 < ppi f(np)
for ¢ < 4. Combining all the estimates, we obtain
(g2 g 1 q
Al_q(_+ ¢ 2(1)7
n 7 (np)z=  (np)? (np)™
Cigs
Ay <—— 4
2" (np)?
qu2q

As SW'
qu% q CqHQ%‘quS?q

E |Yi,|T{C I{C,{ Q) < n(2) g ) :

[Yig|'I{C, }I{C2 }I{ Q} < (o <“ (%) (m})) (nv)2 (np)”+1b(z)|2
qu2quISq Cqﬂgsq

(np)¥<at2  |b(2)|9(np)?<a+s”

Finally we get, for np > C'logn>

Applying Chebyshev’s inequality with ¢ ~ logn, we conclude that
3
an(2) log2n log®n losl
+ + )} < Opeloslosn (43)
(np)?*|b(2)|

PrqYial 2 Clogn((5 +

Now consider the diagonal elements
Y = Zallalt[R%)]lt

Represent Y7 as
Y= Zau R22 u+ Z&llalt Rgg]lt = Y11 + Y.
14t

q

Applying the inequality for quadratic forms, obtain
E Y11 [“I{C; (sv, 1) H{Ca(sv, 1)}I{ Q} < Cq(Qq(E|a11|2)qE||R(J)||QH{CQ(SU 1} Q}
) 3

+ % 4 (Ean ) ZE Zr RS, Jul*)
>]I{Cl(sv G (sv,1)}I{ Q).

ZI

From here it is easy to get
> ¢riai(2) g7
E D/11|q]1{cl(8’0, 1)}H{C2(5U7 1)}H{Q} < (1 q + q q
( (nv)2 (nv)2 (np)1+2]b(z)|2
qu2q C1
* G T o)
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This yields

Pr{|3~/11| > C(logfnloglognaﬁ(z) log% n
Vv vV (np)=+/1b(z)]|
log®n

, —loglogn
+W)7C1(sv,1)ﬂ@(sv,l)m Q} < Op~loglogn,

Now consider 1?11. We have
> Y J J
Yiu = Z Ry + Z(a%l —Ea})RY
1 1

1—y T
=yS,(z) — — * yAn(2) + o T Z(a%l ~Ea})Ry.
!

By Rosenthal’s inequality,

g? s

E ) Z(a%z - Ea%l)Rl(EH) qH{Cl(SU, 1) H{Cs(sv, 1) HI{Q} <C1 <W

q
2

N g2 54 N 11 )
(np)?[b(2)|e ~ (np)>+2]b(z)]9/"
The obtained bounds give

e

r

Yii — (— 1—Ty + ySy(z)N > C(van(z) s

nv

logg n log% log®n

)t ()] e (E)]

Summing up the estimates for }A/H and EN/H, we conclude that

Pr{ Yy, — <ySy(z) — 1%)‘ > Gy 4+ G:Cy NCy N Q} < Cpclosn,

o+ )icine N} < opostosn,

where
gl :'}/CLH(Z),
3 3
r logzn logz n log®n
Gy =C|— + + +
+=C (s * gl * BT GO
log? nloglog naé (2) N logg n N log®n )
vnu V()= /1b(z)]  ()*[b(z)|/7
It is easy to show that if
: 1 1
b(z)| > Clo ngn(— —i——),
)| = Clognin( 4 o

then .
Pr{‘YH - (ySy(z) - —y>’ <b(2)[;CiNC N Q} < COp~clen
z
with an arbitrarily small constant v. From this and the inequality (4.3) it follows that
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1—
PT{HY N (y5y<z> - —y)IH >[b(2)[;C NG N Q} >1—Cneloen,
z
Since the matrix Vi is Hermitian (the eigenvalues are real), and

Im (z - 1% + ySy(z)> > gw@)l,

we find that

el (v

This, in particular, implies that

y(z)) ) H < |b I cmcmg} > 1 — Cpcloglogn,

Pr {\Rjk| < Hy; Ci(s0,1) N Calsv,1) N Q} >1 - Opcloglogn,
for j € D. The last statement completes the proof of the Lemma 4.4. O

Proof of Lemma 4.5. Let k = [J]. Lemma 4.4 and inequality max; [1)'(V)] < V!
imply
Pr {Cl(’l}, k — 1)’ Q} >1— C’n*CIOglogn,

Pr {Cg(v, k— 1), Q} >1— C’n—cloglogn’

for V/sg < v < V. We may repeat this procedure L(vg, Sg) times and obtain
Pr{ max |Rj(v)| > H;Q} < Cn closlen

1<j,k<n+m
for v > V/sk = . O
Proof of Lemma 4.1. We recall that Lemma 4.2 gives
Pr{Ly ¢ A} < Cn~clogloen,
It implies Lemma 4.1. ]

5. APPENDIX

Let &, ..., &, and nq, ..., n, be mutually independent random variables, A = (aij)zjzl.

Define
n
= Z Jai|*.
i=1
Note that

|A||? = Z£2
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Lemma 5.1. For any q > 2 the inequality

E| Z a;&n;l? < CU(AL||A||7 + Az(z L) + A3(Z |ai;|7))
=1 ij=1

ij=1
holds, where
Ay zq%(agq + 0-72](1)7
’ —6 q
Ao =q% (o2 + 020) 5 (1)
As IQQqMéq)M%q)~
Proof. Let A =371, ai;&im; = 31, &(32), aijn;). Applying Rosenthal’s inequality,
we get
A< 0golE (Y (Xman?)! + e B agn’)
=1 j=1 =1 j=1
=: qu%O'gAl + quq,uéq)AQ.

Using the triangle inequality, we obtain

A <23 E (ZZa?jn?)g + 27K (ZUWj(Z%Mj))g

i#j =1

i=1 j=1
= 2%<A11 + Alg).
Further,
An 2 (0 at) o+ (o0 - (o a)).
=1 j=1 j=1 i=1
Applying Rosenthal’s inequality again, we conclude that
E (D0 —o (D ad)) <ot (30 (3 ad)?) ()
j=1 =1

j=1 i=1
n

q - 2 a
+ Ot (D al)*
j=1 =1
To estimate Ajy, we use the inequality for quadratic forms from [9]. We have

Arz SC"q%UZ(Z (iailalj)z)Z + qu%qﬂiz%)gé i (Z(Z ailalj)2>?1

i =1 j=1 =1 I=1

+ 1 <qq(,u$z%))2 < Z (Zn: ailalj)%>.
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Summing up the above inequalities, we find that

itj I=1 i=1 £ =1
+ Ot 2N (Y aaay) ) + Crgbp® S (a2
i#j  1=1 j=1 =1

For A,, by Rosenthal’s inequality, we have

Ay < angq% Z L7+ quqlugq) Z lag; .

i=1 i=1

Further note that

(T () < (2 e) ™7 (apmes,
j=1 =1 i=1
n a
(X (X auay))" < jale,
i#j  1=1
n n q (g—4)
(Z (Cam)’) = (2) ™ (ar) =,
i=1 i =1 j=1
)2 (g—4)

(Zcq) gyt

For A we get the estimate

A< CYB;+...+ Bs),
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where

n q
a 34q 2(q—2)
By =of(u) g (2 1) ()=,
7=1
& = =
By =a'otof(3021) " (1)
j=1
50 g (9 5/ pg) T D e
By =gt ot o (S £1) ™ (14]7)
j=1
89 40 (D\2( N pg) 42 N\ @D
B5 :q2<75(,u77 ) Zﬁj HAH )
j=1
B~ 301
j=1
OV
j:l
Bs =¢° Ng Hn Z‘alj’q
t,j=1

Applying Young’s inequality, we obtain the bounds
3q q—2 n
By < Cq'¥ (ad(uf) " Zcq + o]l A1),
Bs < C%0 anEq + Clqalal|| A7),

7=1

5q (g) (a=2) q q
Bu < €% (02 + 2| AI + (uff) 5 (o o) Zﬁ?),

3q 2q (q76 (%
By < Cq (o2 Al" + 0" ()T
The last inequalities give

A< CUAAT+ AD L) + As() - layl?))

j=1 ij=1
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where
39, 2 2
Al =q 2 (qu + Unq)a
Ay =q> (Ué ) + Unq)m*4 <N§2 )
_2q,(9)
As =" .
Thus Lemma is proved. O
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