
STRONG SOLUTIONS TO SUBMODULAR MEAN FIELD GAMES WITH
COMMON NOISE AND RELATED MCKEAN-VLASOV FBSDES

JODI DIANETTI

Abstract. This paper studies multidimensional mean field games with common noise and
the related system of McKean-Vlasov forward-backward stochastic differential equations de-
riving from the stochastic maximum principle. We first propose some structural conditions
which are related to the submodularity of the underlying mean field game and are a sort of
opposite version of the well known Lasry-Lions monotonicity. By reformulating the represen-
tative player minimization problem via the stochastic maximum principle, the submodularity
conditions allow to prove comparison principles for the forward-backward system, which cor-
respond to the monotonicity of the best reply map. Building on this property, existence of
strong solutions is shown via Tarski’s fixed point theorem, both for the mean field game and
for the related McKean-Vlasov forward-backward system. In both cases, the set of solutions
enjoys a lattice structure, with minimal and maximal solutions which can be constructed by
iterating the best reply map or via the fictitious play algorithm.
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1. Introduction

Mean field games (MFGs, in short) have been proposed independently by [31] and [34],
and arise as limit models for non-cooperative symmetric N -player games with interaction of
mean field type as the number of players N tends to infinity. When the choice of the players
is influenced by noises which are correlated, a common noise appears in the limiting MFG.
While an extensive literature was developed around this topic (see, e.g., the two-volume book
[15] and the references therein), a general understanding of the nature of the solutions to
MFGs with common noise remains a central open problem in MFG theory. In particular, the
existence of strong solutions (i.e., solutions which are adapted to the common noise) is known
mainly under conditions which imply their uniqueness (see [2, 3, 16, 22, 32, 47]).

Crucially, despite mathematically very desirable, uniqueness in game theory represents an
exceptional situation and multiple equilibria may arise. Hence, the main motivation of this
paper is to (partially) overcome this limitation. This is done by proposing structural conditions
and developing a theory which allows to study the existence and the approximation of strong
solutions to MFGs with common noise, under lack of uniqueness.

The results. Consider independent Brownian motions W and B, which are independent
from an initial condition ξ. For any B-adapted stochastic flow of probability measures µ, a
representative player minimizes, by choosing an admissible control α, the cost functional

J(α, µ) = E
[ ∫ T

0
h(t,Xt, µt, αt)dt+ g(XT , µT )

]
,(1.1)

subject to dXt = b(t,Xt, µt, αt)dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ.
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A strong MFG equilibrium (or solution) is a process µ which coincides with the flow of con-
ditional probabilities (PXµt |B)t with respect to the common noise B of a trajectory Xµ, with
Xµ being optimal when optimizing against µ itself. By enforcing some additional conditions,
one can reformulate the representative player minimization problem (parametrized by µ) via
the stochastic maximum principle (SMP, in short). Doing so, any optimal trajectory Xµ for
µ corresponds to the forward component X of a solution (X,Y, Z, Z◦) of the fully coupled
forward-backward stochastic differential equation (FBSDE, in short)

dXt = b(t,Xt, µt, α̂(t,Xt, µt, Yt))dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ,(1.2)
dYt = −DxH(t,Xt, µt, Yt, α̂(t,Xt, µt, Yt))dt+ ZtdWt + Z◦t dBt, YT = Dxg(XT , µT ),

where α̂(t, x, ν, y) := arg mina∈AH(t, x, ν, y, a) is the (unique, under suitable assumptions)
minimizer of the Hamiltonian H(t, x, ν, y, a) := b(t, x, ν, a)y + h(t, x, ν, a). In this spirit, one
wishes to relate any strong MFG equilibrium µ to a solution (X,Y, Z, Z◦) to the conditional
McKean-Vlasov (MKV, in short) FBSDE

dXt = b(t,Xt,PXt|B, α̂(t,Xt,PXt|B, Yt))dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ,

dYt = −DxH(t,Xt,PXt|B, Yt, α̂(t,Xt,PXt|B, Yt))dt+ ZtdWt + Z◦t dBt, YT = Dxg(XT ,PXT |B).

This paper addresses the problems above by assuming some structural conditions which
are related to the submodularity of the underlying mean field game. It is crucial to underline
that (see [23] or Remark 2.10 below) the submodularity property represents in MFGs a sort
of antithetic version of the well known Lasry-Lions monotonicity condition, which is typically
related to the uniqueness of the equilibria (see [15]). Indeed, the submodularity conditions
appears (implicitly) in a number of linear-quadratic models (see, e.g., [6]) and in many works
discussing multiple equilibria in MFGs (see, e.g., [5, 18, 22]), although this property is not
exploited therein.

One of the starting points of this work was to investigate whether the submodularity of the
game could be related to a comparison principle, in the parameter µ, of the related family
of multidimensional FBSDEs (1.2). When the state process is 1-dimensional, this idea can be
easily motivated in the following example. Take h(t, x, ν, a) = f(t, x, ν) + l(t, x, a) such that,
for φ ∈ {f(t, ·, ·), g}, φ is C1 in x and φx(x, ν̄) ¬ φx(x, ν), for ν ¬ ν̄ (in a suitable sense). If b
and α̂ do not depend on the measure ν, then it follows that

Hx(t, x, ν̄, y, α̂(t, x, y)) ¬ Hx(t, x, ν, y, α̂(t, x, y)) and gx(x, ν̄) ¬ gx(x, ν), for ν ¬ ν̄.

The latter inequality suggests to investigate a suitable comparison principle for the FBSDE
(1.2) which allows to conclude that Xµ ¬ X µ̄ when µ ¬ µ̄. Such a comparison principle is
clearly related to the monotonicity of the best reply map µ 7→ (PXµt |B)t.

In the sequel, two classes of structural conditions are proposed, for either separable or
nonseparable Hamiltonians. For separable Hamiltonians, the monotonicity of the best reply
map is proved, from which a new comparison principle for multidimensional FBSDEs follows.
When the Hamiltonians are nonseparable, we instead employ the comparison principle in [19]
in order to show that the best reply map is increasing.

Building on the monotonicity of the best reply map, the main results of this paper are the
following:

(1) Existence of strong solutions to the MFG problem and to the related MKV FBSDE
is shown via Tarski’s fixed point theorem (see [46]). Moreover, both sets of solutions
enjoy a lattice structure, and there exist minimal and maximal solutions.

(2) The algorithm which consists in iterating the best reply map (equivalently, in solv-
ing iteratively the FBSDE (1.2)) converges either to the minimal or to the maximal
solution, when suitably initialized.
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(3) The fictitious play algorithm (which consists in solving a sequence of control problems,
at each iteration solving the representative player minimization problem parametrized
by an arithmetic average of the optimal distributions computed in the previous steps)
converges either to the minimal or to the maximal solution, when suitably initialized.

The approach presented in this paper focuses on the reformulation of the representative
player minimization problem via the SMP, and one might investigate similar results in terms
of the –so called– master equation or of the MFG system (see, e.g., [15]). These questions are
left for future research.

Related literature. We now discuss the relations between the results described above and
the ones known in the literature.

Strong solutions to MFGs with common noise. A probabilistic formulation of MFGs with
common noise was presented in [16], together with several notions of equilibrium. There, the
definition of a weak solution was introduced, where (in line with the theory of stochastic
differential equations) the equilibrium measure flow is not necessarily adapted to the filtration
generated by the common noise, but only conditionally independent to it. In [16], the existence
of weak solutions is established in a very general setting, while the existence of a strong
solution is deduced (in a similar spirit of the Yamada-Watanabe theory) under the Lasry-
Lions monotonicity condition, which automatically implies the uniqueness of the equilibrium.

Along with [16], several methods and structural conditions have been proposed in order to
study the existence of (strong) solutions. The MKV FBSDE deriving from the SMP was first
used in [13] in order to solve linear-convex MFGs with no common noise. Later, strong solutions
to MFGs with common noise have been studied via the MKV FBSDE in [2], for a model with
terminal cost satisfying convexity and weak monotonicity properties. A similar approach was
used in [3, 32] for more general models, while linear-quadratic models were solved in [22, 47].
Furthermore, one can study MFGs by using MKV FBSDEs in which the backward component
represents the minimal cost of the optimization problem at equilibrium. This method was first
used in [17] for MFGs with no common noise, and later employed in [8] in order to show
the existence of a weak solution to MFGs with absorbing boundary conditions and common
noise. MFGs with common noise are also studied via partial differential equations (PDEs, in
short) (see, e.g., the recent [11]) and through the master equation (see, e.g., [7, 9, 15, 27, 39]).
In particular, the recent [39] provides a well posedness theory for the master equation related
MFGs with common noise by introducing some anti-monotonicity conditions. These conditions
seem to be related to the sobmodularity conditions proposed in this paper, though none of
the two sets of assumptions includes the other. Existence of strong solutions is also discussed
in some examples in [23, 24] for submodular MFGs.

In relation to the previous works, this paper presents a theory establishing the existence of
strong solutions without relying on uniqueness. Moreover, coefficients which may be discontin-
uous in the measure as well as degenerate settings are allowed: In particular, first order MFGs
with (see, e.g., [11]) and without common noise can be treated.

Approximation of strong solutions. The problem of providing algorithms able to approximate
MFG solutions was first addressed in [10], where the authors studied, through PDE methods,
the convergence of the fictitious play in potential MFGs with no common noise. This algorithm
was further studied for MFGs of stopping and with absorbing boundary conditions in [25] and,
with the help of machine learning techniques, in [26, 44, 53]. Another learning procedure able
to approximate MFG equilibria is the one studied, for submodular MFGs, in [23, 24]. This
algorithm consists in iterating the best reply map, and it seems to be quite promising when
combined with reinforcement learning methods, as shown in the recent [28, 35].
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In this work, both the learning procedure which consists in iterating the best reply map and
the fictitious play are further developed for MFGs with common noise and for conditional MKV
FBSDEs, and their convergence is studied by using stability results for BSDEs. It is worth
underlining that, in contrast with the papers mentioned above (but [35]), these convergence
results hold under lack of uniqueness of the equilibria.

FBSDEs, MKV FBSDEs and comparison principles for FBSDEs. Solvability of coupled FB-
SDEs was first discussed in [4] and soon has become a relevant topic in (applied) probability
theory (see [21, 30, 36, 42] and the monograph [38], among many others). An important use
of FBSDEs in stochastic control theory comes from the SMP (see [43] or the monograph [15]).
This approach allows to characterize (under suitable linear-convex assumptions) the optimal
control in terms of the minimizer of the Hamiltonian of the control problem and of the solution
of the system. Building on the SMP, MKV FBSDEs were introduced in [12, 13, 14] in order
to study control problems involving also the distribution of the controlled dynamics.

While comparison principles are classical for stochastic differential equations (see, e.g., [45])
and for backward stochastic differential equations (see, e.g., [55] and the references therein),
they are known to fail for FBSDEs (see, e.g., [20] or Example 6.2 at p. 22 in [38]). When the
backward component is one dimensional, two types of comparison principles are known. One is
the comparison principle proved in [20, 37], which allows to compare the decoupling fields of the
systems (a function which allows to express the backward component in terms of the forward
one). Such results typically hinge on comparison principles for a suitable parabolic partial
differential equation, which is solved by the decoupling field. The second type of comparison
principles allows to compare both the forward and the backward component (see [52]). In
multidimensional cases, comparison principles are even more difficult to obtain, and strong
monotonicity assumptions are required. To the best of the author’s knowledge, such results
were obtained, in multidimensional settings, only in [19, 52] for the forward and the backward
components.

In this paper, a comparison principle is obtained for multidimensional parameter-dependent-
FBSDEs corresponding (via the SMP) to minimization problems which are submodular in the
parameter (for further details, see Corollary 2.12 and Remark 2.13 below). Moreover, existence
of minimal and maximal strong solutions to the conditional MKV FBSDE is established by
lattice theoretical methods. This approach does not require the time horizon to be small and the
Lipschitz continuity in the measure flow (see [15]), or to enforce the –so called– monotonicity
conditions (see [2, 3, 32]).

Submodular games and MFGs. In game theory, the submodularity property was first intro-
duced by Topkis [48] for static N -player games and describes games in which players minimize
cost functions which are submodular in the vector of strategies chosen by all the players. Such
a class of games plays an important role in economical applications (see the monograph [50]
and the references in it). In MFGs, the submodularity has already been used in [1] for a class
of stationary discrete time games, in [51] for a class of finite state MFGs with exit, in [16] for
optimal timing MFGs and in [23] for MFGs involving one-dimensional Itô-diffusions. As shown
in the recent [24], the submodularity property allows to treat qualitatively different formula-
tions of MFGs (such as MFGs with singular controls, optimal stopping, reflecting boundary
conditions and finite-state problems).

In terms of methodology, the closest contribution to the present work is [23] and a detailed
comparison is, at this point, necessary. First of all, this paper provides a theory for MFGs
with common noise and interprets the submodularity property from the FBSDE point of
view, while [23] does not. In particular, extra technical care is needed in order to deal with
stochastic flows of measures and the approximation result is proved using stability of backward
stochastic differential equations. Furthermore, this paper also establishes the convergence of
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the fictitious play, which was not studied in [23]. Secondly, while the state space in [23] must
be one-dimensional, here multidimensional settings are considered. This important issue is
overcome by formulating the fixed point problem on a lattice of state processes (see Remark
2.23 below). Moreover, in the present paper, structural conditions are presented for which
the drift of the state process can depend on the measure and in which the Hamiltonian is
nonseparable, while the setting in [23] excludes this possibility (apart very specific examples).
Finally, differently to [23], this paper also allows to treat problems where the volatility of the
state process is state dependent.

Outline of the paper. The rest of the paper is organized as follows. Section 2 presents
the FBSDE-approach to submodular MFGs, by introducing the submodularity conditions and
by stating both some intermediate results and the main results. The intermediate results are
proved in Section 3, while the main results are proved in Section 4. Examples are discussed in
Section 5, while an auxiliary lemma is proved in Appendix A.

General notation. Set N0 := N \ {0}. For d ∈ N0 and x, y ∈ Rd, denote by xy the scalar
product in Rd, as well as by | · | the Euclidean norm in Rd. For x ∈ Rd, x> indicates the
transpose of x. For x, y ∈ Rd and c ∈ R, set x ¬ y if xi ¬ yi for each i = 1, ..., d, as well
as x ¬ c if xi ¬ c for each i = 1, ..., d. Moreover, define x ∧ y := (x1 ∧ y1, ..., xd ∧ yd) and
x ∨ y := (x1 ∨ y1, ..., xd ∨ yd), where xi ∧ yi := min{xi, yi} and xi ∨ yi := max{xi, yi} for each
i = 1, ..., d. For a separable metric space (E, `), P(E) denotes the set of probability measures
on the Borel sets of E. For p > 0, Pp(E) is the set of ν ∈ P(E) such that

∫
E `

p(y, y0)dν(y) <∞
for some (and thus for all) y0 ∈ E. The p-Wassertein distance on Pp(E) is defined as

(1.3) `E,p(ν̄, ν) := inf
{(∫

E×E
`p(x, y)dN(x, y)

)1/p ∣∣∣N ∈ Π(ν̄, ν)
}
, for ν̄, ν ∈ Pp(E),

where Π(ν̄, ν) denotes the set of probability measures on E × E with marginals ν̄ and ν. For
d ∈ N0, p > 0 and µ ∈ P(Rd), set ‖µ‖p :=

∫
Rd |y|pdµ(y). Unless otherwise stated, C indicates

a generic positive constant, which may change from line to line.

2. Problem formulation and main results

2.1. MFG problem and related MKV FBSDE. Take d, d1, d2, k ∈ N0, a d1-dimensional
Brownian motionW = (W 1, ...,W d1) and a d2-dimensional Brownian motionB = (B1, ..., Bd2)
on a complete probability space (Ω,F ,P). Assume the processes W and B to be independent,
and independent from a d-dimensional square integrable random variable ξ = (ξ1, ..., ξd). De-
note by F := (Ft)t∈[0,T ] (resp. FB := (FBt )t∈[0,T ]) the right continuous extension of the filtration
generated by (W,B, ξ) (resp. (B, ξ)), augmented by P-null sets.

Consider a set A ⊂ Rk, A = A1 × ...× Ak for closed intervals Ai ⊂ R, i = 1, ..., k. The set
of admissible (open loop) controls A is defined as

A := {α : Ω× [0, T ]→ A| α = (α1, ..., αk) is square integrable F-progressively measurable}.

On the set P2(Rd), consider the 2-Wasserstein distance `Rd,2. The coefficients of the problem
are given through (deterministic) measurable functions

(b, h) : [0, T ]× Rd × P2(Rd)×A→ Rd × R, b := (b1, ..., bd),

(σ, σ◦) : [0, T ]× Rd → Rd×d1 × Rd×d2 , σ := (σij)
i = 1, ..., d
j = 1, ..., d1 , σ

◦ := (σi,◦j )i = 1, ..., d
j = 1, ..., d2 ,

g :Rd × P2(Rd)→ R,

which will be subject to the assumptions below (see Assumptions 2.2, 2.4, 2.7, 2.8 and 2.14).
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Introduce the finite measure π := δ0 + dt+ δT on the Borel σ-algebra of the interval [0, T ],
where δ0 and δT denote the Dirac measures at time 0 and T , respectively. The set of possible
(stochastic) distributions of players is denoted by

M2
B :=

{
µ : Ω× [0, T ]→P2(Rd)

∣∣ µ is FB-progr. meas. and E
[∫ T

0 ‖µt‖22dπ(t)
]
<∞

}
,

while any controlled state processes will be an element of the set

H2 :=
{
M : Ω× [0, T ]→ Rd

∣∣M is F-progr. meas. and E
[∫ T

0 |Mt|2dπ(t)
]
<∞

}
.

The setsM2
B and H2 are actually sets of equivalence classes of processes; that is, elements of

M2
B (and of H2) are identified if they coincide P⊗π-a.e. in Ω×[0, T ]. Also, for technical reasons,

the processes in M2
B and in H2 are not assumed to be continuous. For an F-progressively

measurable process M (taking values in any Polish space), similarly to Remark 1 in [47] one
can show that the conditional law P[Mt ∈ · |FBt ] of Mt given the filtration FBt is such that
P[Mt ∈ · |FBt ] = P[Mt ∈ · |FBT ] P-a.s., for any t ∈ [0, T ]. Therefore, in the sequel, P[Mt ∈ · |FBt ]
will be simply denoted by PMt|B.

2.1.1. The MFG problem. Consider a mean field game (MFG, in short) in which, for any
µ ∈M2

B, the representative player minimizes the cost functional

J(α, µ) := E
[ ∫ T

0
h(t,Xt, µt, αt)dt+ g(XT , µT )

]
, α ∈ A,

where the processX = (X1, ..., Xd) denotes the solution to the controlled stochastic differential
equation (SDE(α,µ), in short)

(2.1) dXt = b(t,Xt, µt, αt)dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, t ∈ [0, T ], X0 = ξ.

For the moment, just assume that, for any α ∈ A and µ ∈M2
B, the SDE(α,µ) admits a unique

strong solution and the integrals in the cost functional J(α, µ) are well defined, possibly equal
to +∞. For µ ∈ M2

B, a control αµ ∈ A is said to be optimal for µ if J(αµ, µ) ¬ J(α, µ) for
any other α ∈ A. When such a control exists, one refers to the solution Xµ to the SDE(αµ,µ)
(2.1) as to optimal trajectory, and to the couple (Xµ, αµ) as to optimal pair.

The focus of this paper is on the following notion of equilibrium.

Definition 2.1. A (strong) MFG equilibrium is a process µ ∈M2
B such that

µt = PXµt |B, for any t ∈ [0, T ],

for some optimal trajectory Xµ.

Since PXµt |B = P[Xµ
t ∈ · |FBt ], any equilibrium µ as in Definition 2.1 is actually strong (see

[16]), in the sense that it is adapted to the filtration generated by the common noise B.

2.1.2. The related FBSDEs. We next introduce the forward-backward stochastic differential
equation (FBSDE, in short) related to the MFG problem with common noise. Define the
Hamiltonians of the minimization problems by

H(t, x, µ, y, a) = b(t, x, µ, a)y + h(t, x, µ, a), (t, x, µ, y, a) ∈ [0, T ]× Rd × P2(Rd)× Rd ×A,

and assume for the moment that the function a 7→ H(t, x, µ, y, a) admits a unique minimizer
α̂(t, x, µ, y) (see Assumption 2.2 and Remark 2.3 below). Namely, set

α̂(t, x, µ, y) := arg min
a∈A

H(t, x, µ, y, a) ∈ A, (t, x, µ, y) ∈ [0, T ]× Rd × P2(Rd)× Rd.
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For any µ ∈M2
B, following the stochastic maximum principle approach, one can characterize

the optimal pair for µ in terms of the solution (X,Y, Z, Z◦) to the FBSDEµ
dXt = b(t,Xt, µt, α̂(t,Xt, µt, Yt))dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt,(2.2)
dYt = −DxH(t,Xt, µt, Yt, α̂(t,Xt, µt, Yt))dt+ ZtdWt + Z◦t dBt,

with boundary conditionsX0 = ξ and YT = Dxg(XT , µT ). Recall that such a solution is defined
as a F-progressively measurable process (X,Y, Z, Z◦) : Ω× [0, T ]→ Rd ×Rd ×Rd×d1 ×Rd×d2

such that

(2.3) E
[

sup
t∈[0,T ]

(|Xt|2 + |Yt|2) +
∫ T

0
(|Zt|2 + |Z◦t |2)dt

]
<∞,

and such that system (2.2) and the boundary conditions hold. Also, for future reference, it is
convenient to introduce the notation

b̂(t, x, µ, y) := b(t, x, µ, α̂(t, x, µ, y)),(2.4)

ĥ(t, x, µ, y) := DxH(t, x, µ, y, α̂(t, x, µ, y)),

ĝ(x, µ) := Dxg(x, µ),

which allows to rewrite the system (2.2) in the more compact form

dXt = b̂(t,Xt, µt, Yt)dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ,

dYt = −ĥ(t,Xt, µt, Yt)dt+ ZtdWt + Z◦t dBt, YT = ĝ(XT , µT ).

In this spirit, one wishes to relate any (strong) equilibrium µ of the MFG problem with a
(strong) solution (X,Y, Z, Z◦) of the following the McKean-Vlasov FBSDE (MKV FBSDE, in
short)

dXt = b̂(t,Xt,PXt|B, Yt)dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ,(2.5)

dYt = −ĥ(t,Xt,PXt|B, Yt)dt+ ZtdWt + Z◦t dBt, YT = ĝ(XT ,PXT |B).

A solution of the MKV FBSDE is a solution (X,Y, Z, Z◦) of the FBSDEµ (2.2) with µ =
(PXt|B)t∈[0,T ].

2.2. Optimal controls, FBSDEs and best reply maps. In order to reformulate the rep-
resentative player control problem in terms of the the FBSDEµ, it is natural to work under
some regularity conditions.

Assumption 2.2. For constants K,κ, λ > 0 and fixed (ν0, a0) ∈ P2(Rd)×A, assume that:
(1) b(t, x, µ, a) = b1(t, x, µ) + b2(t)a with b1 continuous, h(t, x, µ, ·) is convex in a, h is

lower semi-continuous in (x, µ, a) and g is lower semi-continuous in (x, µ).
(2) The functions b1, σ, σ◦ are C1 w.r.t. x, and

|b2(t)|+ |b1(t, 0, ν0)|+ |σ(t, 0)|+ |σ◦(t, 0)| ¬ K,
|Dxb1(t, x, µ)|+ |Dxσ(t, x)|+ |Dxσ

◦(t, x)| ¬ K,

for any (t, x, µ) ∈ [0, T ]× Rd × P2(Rd).
(3) The function h(t, ·, µ, ·) is C1 in (x, a), the function g(·, µ) is C1 in x and

κ(|a|2 − 1) ¬ h(t, x, µ, a) ¬ K(1 + |x|2 + ‖µ‖22 + |a|2),

− κ ¬ g(x, µ) ¬ K(1 + |x|2 + ‖µ‖22 + |a|2),

|Dxh(t, x, µ, a)|+ |Dah(t, x, µ, a)|+ |Dxg(x, µ)| ¬ K(1 + |x|+ ‖µ‖1 + |a|),

for any (t, x, µ, a) ∈ [0, T ] × Rd × P2(Rd) × A. Moreover, the functions Dxh(t, ·, µ, ·),
Dah(t, ·, µ, ·) and Dxg(·, µ) are Lipschitz continuous in (x, a), uniformly in (t, µ).



8 DIANETTI

(4) The function h is λ-convex in a; i.e.,

h(t, x, µ, ā)− h(t, x, µ, a)−Dah(t, x, µ, a)(ā− a)  λ|ā− a|2,

for any ā, a ∈ A and (t, x, µ) ∈ [0, T ]× Rd × P2(Rd).

In particular, these conditions ensure some regularity of the feedback α̂.

Remark 2.3. According to Lemma 3.3 at p. 137 Vol. I in [15] , α̂(t, x, µ, y) is a singleton,
and the function (t, x, µ, y) 7→ α̂(t, x, µ, y) is measurable, locally bounded and such that

|α̂(t, x̄, µ, ȳ)− α̂(t, x, µ, y)| ¬ L(|x̄− x|+ |ȳ − y|),
|α̂(t, x, µ, y)| ¬ L(1 + |x|+ ‖µ‖1 + |y|),

for a constant L > 0, for any x̄, x, ȳ, y ∈ Rd and (t, µ) ∈ [0, T ]× P2(Rd).

For µ ∈M2
B, since the process µ is adapted the noise B, system FBSDEµ (2.2) can be seen

as an FBSDE with deterministic coefficients. Then, referring to Definition 1.8 at p. 16 in Vol.
II of [15], we enforce the following requirement, which is satisfied in linear-convex models or
under some nondegeneracy of the diffusion terms (see the discussion in Subsection 5.1).

Assumption 2.4. For any µ ∈M2
B, the strong uniqueness holds for the FBSDEµ (2.2).

The previous condition, together with Remark 2.3, ensures the existence of optimal con-
trols in strong formulation; that is, controls which are adapted to the noises and to the initial
condition, and that can be realized on the underlying (fixed) filtered probability space. This
result is stated in the following lemma. Its proof, which exploits the –so called– compactifica-
tion method and the stochastic maximum principle, is difficult to refer and it is provided in
Appendix A.

Lemma 2.5 (Existence and characterization of optimal controls). Under Assumptions 2.2,
2.4, for any µ ∈ M2

B, there exists a unique optimal control αµ. Moreover, such a control is
determined by αµ = (α̂(t,Xt, µt, Yt))t∈[0,T ], where (X,Y, Z, Z◦) is the unique solution to the
FBSDEµ (2.2).

Thanks to the previous lemma, one can define the best reply maps Γ, R and R as

Γ(µ) := Xµ, R(µ) := (PXµt |B)t∈[0,T ], µ ∈M2
B,(2.6)

R(M) := Γ((PMt|B)t∈[0,T ]), M ∈ H2,

where Xµ denotes the optimal trajectory for µ. In this framework, MFG equilibria coincide
with fixed points of the best reply map R; namely,

µ ∈M2
B is a MFG equilibrium if and only if µ = R(µ).

Remark 2.6 (Characterization of MFG equilibria). Define the projection map p : H2 →M2
B,

p(M) := (PMt|B)t∈[0,T ]. and observe that, in this notation, we have

R(M) = Γ ◦ p(M), for any M ∈ H2, and R(µ) = p ◦ Γ(µ), for any µ ∈M2
B.

It follows that, if µ ∈ M2
B is a fixed point of R, then Γ(µ) is a fixed point of R. Analogously,

if M ∈ H2 is a fixed point of R, then the flow p(M) is a fixed point of the map R. In other
words, the function p is a bijection (with inverse Γ) between the sets

(2.7) {Fixed points of R} p−→ {Fixed points of R} = {MFG equilibria}.
Moreover, Lemma 2.5 has a relevant immediate consequence: The process µ ∈ M2

B is a MFG
equilibrium if and only if µ = (PXt|B)t∈[0,T ] with (X,Y, Z, Z◦) solution to the MKV FBSDE
(2.5). Also, the process (X,Y, Z, Z◦) is a solution to the MKV FBSDE (2.5) if and only if
R(X) = X.
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2.3. Submodularity and monotonicity of the best reply maps. On the set P2(Rd),
introduce the first order stochastic dominance ¬st, which is defined, for µ, µ̄ ∈ P2(Rd), as

µ ¬st µ̄ if and only if
∫
Rd
ϕ(x)dµ(x) ¬

∫
Rd
ϕ(x)dµ̄(x) for any ϕ ∈ Φ.

Here Φ is the set of measurable functions ϕ : Rd → R which are nondecreasing (i.e., ϕ(x) ¬
ϕ(x̄) if x ¬ x̄). The relation¬st is actually an order relation on the set P2(Rd), and (P2(Rd),¬st

) is a partially ordered set. We also observe that, for two square integrable random variables
ζ, ζ̄, we have

(2.8) Pζ|B ¬st Pζ̄|B P-a.s. if ζ ¬ ζ̄ P-a.s.

The following two classes of assumptions are the key structural conditions which will allow
to employ a lattice theoretical approach.

Assumption 2.7 (Separable Hamiltonian and mean field independent dynamics).
(1) (Separability) k = d and, for i = 1, ..., d, one has

(a) bi(t, x, µ, a) = bi1(t, xi) + bi2(t)ai for functions bi1 : [0, T ]×R→ R, bi2 : [0, T ]→ R;
(b) σi = (σij)j=1,...,d1 and σi,◦ = (σi,◦j )j=1,...,d2 only depend on xi;
(c) h(t, x, µ, a) = f(t, x, µ) +

∑d
i=1 l

i(t, xi, ai) for functions li : [0, T ] × R × Ai → R,
f : [0, T ]× Rd × P2(Rd)→ R.

(2) (Submodularity conditions) For dt a.a. t ∈ [0, T ], for φ ∈ {f(t, ·, ·), g}, we have
(a) φ(x ∧ x̄, µ) + φ(x ∨ x̄, µ) ¬ φ(x, µ) + φ(x̄, µ) for all x, x̄ ∈ Rd and µ ∈ P2(Rd);
(b) φ(x̄, µ̄) − φ(x, µ̄) ¬ φ(x̄, µ) − φ(x, µ) for all x, x̄ ∈ Rd and µ, µ̄ ∈ P2(Rd) with

x ¬ x̄ and µ ¬st µ̄.

Assumption 2.8 (Nonseparable Hamiltonian, affine drift and costs concave in the state).
(1) The coefficients of the SDE have the following structure

(a) b(t, x, µ, a) = b0(t, µ) + b̄1(t)x+ b2(t)a for functions

b0 : [0, T ]× P2(Rd)→ Rd,
b̄1 : [0, T ]→ Rd×d, b̄1(t) = ((b̄1(t))ij)

i = 1, ..., d
j = 1, ..., d,

b2 : [0, T ]→ Rd×k, b2(t) = ((b2(t))i`)
i = 1, ..., d
` = 1, ..., k;

(b) For dt a.a. t ∈ [0, T ], one has b0(t, µ) ¬ b0(t, µ̄) for any µ, µ̄ ∈ P2(Rd) with
µ ¬st µ̄ and (b̄1(t))ij , (b2(t))i`  0 for any i, j = 1, ..., d, ` = 1, ..., k;

(c) σi = (σij)j=1,...,d1 and σi,◦ = (σi,◦j )j=1,...,d2 only depend on xi.
(2) (Growth conditions) |Dxh(t, x, µ, a)|+ |Dxg(x, µ)| ¬ K(1+‖µ‖1), for any (t, x, µ, a) ∈

[0, T ]× Rd × P2(Rd)×A.
(3) (Submodularity conditions) For dt a.a. t ∈ [0, T ], we have

(a) h(t, x, µ, a ∧ ā) + h(t, x, µ, a ∨ ā) ¬ h(t, x, µ, a) + h(t, x, µ, ā) for all x ∈ Rd,
µ ∈ P2(Rd) and a, ā ∈ A;

(b) h(t, x̄, µ̄, ā)− h(t, x̄, µ̄, a) ¬ h(t, x, µ, ā) + h(t, x, µ, a) for all x, x̄ ∈ Rd with x ¬ x̄,
µ, µ̄ ∈ P2(Rd) with µ ¬st µ̄ and a, ā ∈ A with a ¬ ā;

(c) Dxh(t, x̄, µ̄, ā) ¬ Dxh(t, x, µ, a) and Dxg(x̄, µ̄) ¬ Dxg(x, µ) for all x, x̄ ∈ Rd with
x ¬ x̄, µ, µ̄ ∈ P2(Rd) with µ ¬st µ̄ and a, ā ∈ A with a ¬ ā.

A function φ satisfying Condition 2a in Assumption 2.7 is said to be sumbodular in x, while
a function φ satisfying Condition 2b in Assumption 2.7 is said to have decreasing differences
in x and µ. Using this terminology, Condition 3a in Assumption 2.8 means that the function
h(t, x, µ, ·) is submodular in a, while Condition 3b that the function h(t, ·, ·, ·) have decreasing
differences in a and (x, µ).
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The conditions above are particularly easy to check for mean-field interactions of scalar type
and mean-field interactions of order-1. Examples are discussed in Subsection 5.2.

Remark 2.9. Conditions 2.7 and 2.8 represent a natural counterpart, for stochastic differen-
tial MFGs, of the submodularity conditions introduced in [48] for static N -player games. For
this reason, when either Condition 2.7 or 2.8 is satisfied, we say the MFG to be submodular.
Similar (but less general) conditions have been used in [23] (see also [1, 16, 24]).

Remark 2.10 (Submodularity and Lasry-Lions monotonicity condition). A well known struc-
tural condition which ensures uniqueness of equilibria in MFGs is the –so called– Lasry-Lions
monotonicity condition, which is typically required for separable Hamiltonians. In the notation
of Condition 2 in Assumption 1, the Lasry-Lions monotonicity condition is satisfied if

(2.9)
∫
Rd

(φ(x, µ̄)− φ(x, µ))d(µ̄− µ)(x)  0, for any µ, µ̄ ∈ P2(Rd).

Instead, when Condition 2 in Assumption 1 is verified, then the map φ(·, µ̄) − φ(·, µ) is
nonincreasing for µ, µ̄ ∈ P2(Rd) with µ ¬st µ̄, and we obtain∫

Rd
(φ(x, µ̄)− φ(x, µ))d(µ̄− µ)(x) ¬ 0, for any µ, µ̄ ∈ P2(Rd) with µ ¬st µ̄.

The latter represents, roughly speaking, an opposite version of condition (2.9).

Either of the previous sets of conditions implies the monotonicity of the best reply maps.
This property is formalized in the following proposition, which is proved in Subsections 3.1
and 3.2.

Proposition 2.11 (Monotonicity of best reply maps). Under Assumptions 2.2, 2.4 and either
Assumption 2.7 or 2.8, the following monotonicity properties hold true:

(1) The map Γ is increasing; i.e., Γ(µ) ¬ Γ(µ̄) for any µ, µ̄ ∈M2
B with µ ¬st µ̄;

(2) The map R is increasing; i.e., R(µ) ¬st R(µ̄) for any µ, µ̄ ∈M2
B with µ ¬st µ̄;

(3) The map R is increasing; i.e., R(M) ¬ R(M̄) for any M, M̄ ∈ H2 with M ¬ M̄ .

We observe that, in light of Lemma 2.5, Proposition 2.11 can be restated in terms of a
comparison principle for the forward component of the solution of the FBSDE (2.2).

Corollary 2.12 (Comparison principle). Under Assumptions 2.2, 2.4 and either Assumption
2.7 or 2.8, let µ, µ̄ ∈ M2

B and let (X,Y, Z, Z◦), (X̄, Ȳ , Z̄, Z̄◦) be the solutions to the FBSDE
(2.2) with µ, µ̄, respectively. If µ ¬st µ̄, then X ¬ X̄.

Remark 2.13. While the previous result is known under Assumption 2.8, it is genuinely
new under Assumption 2.7. Indeed, under Assumption 2.8, Corollary 2.12 follows from a
comparison principle for FBSDEs (Theorem 2.2 in [19]), and such a result will actually be used
in order to prove Proposition 2.11 (see Subsection 3.2). On the other hand, under Assumption
2.7, Corollary 2.12 covers relevant cases not covered by Theorem 2.2 in [19], as, for example,
the cases in which h and g are convex in x (notice indeed that some monotonicity assumptions
in [19] need to be inverted to be employed the present context).

Comparison principles for multidimensional FBSDEs are difficult to obtain. Indeed, the cor-
responding decoupling field is the solution of a parabolic system, for which comparison principles
fail in general (see, e.g., [20] or Example 6.2 at p. 22 in [38]). Corollary 2.12 offers instead a
new natural point of view on this problem, and it connects a comparison principle to properties
of the underlying optimization problem. Roughly speaking, for parameter-dependent-FBSDEs
corresponding (via the stochastic maximum principle) to a minimization problem which is sub-
modular in the parameter, a comparison principle for the forward component holds.
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2.4. Lattice of processes and a priori estimates. Given processes M, M̄ ∈ H2, set

M ¬ M̄ if and only if Mt ¬ M̄t P⊗ π-a.e. in Ω× [0, T ],

and define a lattice structure on H2 by setting

(2.10) (M ∧ M̄)t := Mt ∧ M̄t and (M ∨ M̄)t := Mt ∨ M̄t, P⊗ π-a.e. in Ω× [0, T ].

The set (H2,¬) is a partially ordered set, and the operations ∧, ∨ provide a lattice structure
on H2, which is compatible with the order relation ¬. Similarly, for processes µ, µ̄ ∈M2

B, set

µ ¬st µ̄ if and only if µt ¬st µt P⊗ π-a.e. in Ω× [0, T ].

The set (M2
B,¬st) is a partially ordered set, but it does not have a lattice structure when d > 1

(see Remark 2.23 below). Moreover, from (2.8), we have that the projection map p : H2 →M2
B

(see Remark 2.6) is incresing; that is

(2.11) p(M) ¬st p(M̄) if M ¬ M̄, for any M,M̄ ∈ H2.

Taking ess inf and ess sup with respect to the measure P⊗ π, define the processes

(2.12) Γ := ess inf{R(M)|M ∈ H2} and Γ := ess sup{R(M)|M ∈ H2}.

In order to ensure the square integrability of the processes Γ and Γ, we impose the following
requirements.

Assumption 2.14. The drift b1 satisfies b1(t, x, µ) ¬ K(1 + |x|) for any (t, x, µ) ∈ [0, T ] ×
Rd × P2(Rd), and either of the following conditions is satisfied:

(1) A is compact;
(2) For K as in Assumption 2.2, the functions h, g satisfy

g(x, µ) ¬ K(1 + |x|2),

h(t, x, µ, a) ¬ K(1 + |x|2 + |a|2),

for any (t, x, µ, a) ∈ [0, T ]× Rd × P2(Rd)×A.

From Assumption 2.14 and Proposition 2.11 we obtain the following result, which is proved
in Subsection 3.3.

Lemma 2.15 (A priori estimates). Under Assumptions 2.2, 2.4, 2.14 and either Assumption
2.7 or 2.8, we have

(2.13) sup
µ∈M2

B

E
[

sup
t∈[0,T ]

|Xµ
t |2
]
<∞.

Moreover, Γ,Γ ∈ H2.

In particular, it is worth underlining that the fact that Γ,Γ ∈ H2 is a consequence of the
monotonicity of the best reply map (see Proposition 2.11).

2.5. Main results: Existence and approximation of solutions. We are now ready to
discuss the main results of this paper.
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2.5.1. Solutions to the MKV FBSDE. Define inductively two sequences of processes as follows:
(1) Set X0 := Γ and, for n  1, define (Xn, Y n, Zn, Z◦,n) as the solution to the FBSDE

dXn
t = b̂(t,Xn

t ,PXn−1t
|B, Y

n
t )dt+ σ(t,Xn

t )dWt + σ◦(t,Xn
t )dBt, Xn

0 = ξ,

dY n
t = −ĥ(t,Xn

t ,PXn−1t |B, Y
n
t )dt+ Znt dWt + Z◦,nt dBt, Y n

T = ĝ(Xn
T ,PXn−1

T
|B);

(2) Set X0 := Γ and, for n  1, define (Xn
, Y

n
, Z

n
, Z
◦,n) as the solution to the FBSDE

dX
n
t = b̂(t,Xn

t ,PXn−1t |B, Y
n
t )dt+ σ(t,Xn

t )dWt + σ◦(t,Xn
t )dBt, X

n
0 = ξ,

dY
n
t = −ĥ(t,Xn

t ,PXn−1t |B, Y
n
t )dt+ Z

n
t dWt + Z

◦,n
t dBt, Y

n
T = ĝ(Xn

T ,PXn−1T |B).

In particular, notice that, in light of Lemma 2.5 and of (2.6), the sequences (Xn)n and (Xn)n
are obtained by iterating the best reply map R; that is,

(2.14) X0 = Γ, Xn+1 = R(Xn), n ∈ N and X
0 = Γ, Xn+1 = R(Xn), n ∈ N.

The convergence of the sequences (Xn, Y n, Zn, Z◦,n)n, (Xn
, , Y

n
, Z

n
, Z
◦,n)n is subject to

the following continuity condition.

Assumption 2.16. The functions h(t, ·, ·, ·), Dxh(t, ·, ·, ·), g, and Dxg are jointly continuous
in (x, µ, a) on Rd × P2(Rd)×A, where on P2(Rd) we consider the `Rd,2 Wasserstein distance
(see (1.3)).

Remark 2.17 (Continuity of α̂). Following the discussion before equation (3.57) at p. 209 in
Vol. II of [15], it is possible to show that, under Assumption 2.2 and 2.16, the feedback α̂ is
continuous in (x, µ, y), for any t ∈ [0, T ].

Introduce an order relation on the set of the solutions of the MKV FBSDE. Given two
solutions (X,Y, Z, Z◦) and (X̄, Ȳ , Z̄, Z̄◦), if X ¬ X̄, set (X,Y, Z, Z◦) ¬ (X̄, Ȳ , Z̄, Z̄◦). With
such an order relation, the set of solutions of the MKV FBSDE is a partially ordered set.

The following theorem is the first main result of this paper and it is proved in Subsection
4.1.

Theorem 2.18. Under Assumptions 2.2, 2.4, 2.14 and either Assumption 2.7 or 2.8, the
following statements hold true:

(1) The set of solutions to the MKV FBSDE (2.5) is a nonempty complete lattice (compati-
ble with the order relation ¬): in particular, there exist minimal and maximal solutions
(X,Y , Z, Z◦) and (X,Y , Z, Z◦), respectively.

(2) If the additional Assumption 2.16 holds, then:
(a) The sequence (Xn)n is monotone increasing, it converges to X, π ⊗ P-a.e., and

lim
n

E
[

sup
t∈[0,T ]

(|Xn
t −Xt|2 + |Y n

t − Y t|2) +
∫ T

0
(|Znt − Zt|2 + |Z◦,nt − Z◦t |2)dt

]
= 0;

(b) The sequence (Xn)n is monotone decreasing, it converges to X, π ⊗ P-a.e., and

lim
n

E
[

sup
t∈[0,T ]

(|Xn
t −Xt|2 + |Y n

t − Y t|2) +
∫ T

0
(|Znt − Zt|2 + |Z◦,nt − Z

◦
t |2)dt

]
= 0.

2.5.2. MFG equilibria. We next interpret Theorem 2.18 in terms of the MFG problem. Set

µMin := (PΓt|B)t∈[0,T ] and µMax := (PΓt|B)t∈[0,T ],

and define inductively two sequences of processes (µn)n, (µn)n ⊂M2
B as follows:

(2.15) µ0 := µMin, µn+1 := R(µn), n ∈ N and µ0 := µMax, µn+1 := R(µn), n ∈ N.
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Notice that µn = (PXn
t
|B)t∈[0,T ] and µn = (PXnt |B)t∈[0,T ]. In order to discuss the convergence

of the sequences (µn)n, (µn)n, introduce the set Cd of continuous functions ϕ : [0, T ] → Rd,
equipped with the sup norm. On P2(Cd), consider the 2-Wasserstein distance `Cd,2 (see (1.3)).

The following theorem is the second main result of this paper. Its proof is given in Subsection
4.2.

Theorem 2.19. Under Assumptions 2.2, 2.4, 2.14 and either Assumption 2.7 or 2.8, the
following statements hold true:

(1) The set of MFG equilibria is a nonempty complete lattice (compatible with the or-
der relation ¬st): in particular, there exist minimal and maximal solutions µ and µ,
respectively.

(2) If the additional Assumption 2.16 holds, then:
(a) The sequence (µn)n is such that µn ¬st µn+1 for any n ∈ N and

lim
n
`Cd,2(µn, µ) = 0, P-a.s., and lim

n
E[`2Cd,2(µn, µ)] = 0;

(b) The sequence (µn)n is such that µn+1 ¬st µn for any n ∈ N and

lim
n
`Cd,2(µn, µ) = 0, P-a.s., and lim

n
E[`2Cd,2(µn, µ)] = 0.

2.5.3. Convergence of the fictitious play. We now study the convergence of the learning pro-
cedure introduced (in the context of MFGs) in [10]. Take X̂1 ∈ H2, µ̂1 = (PX̂1t |B)t∈[0,T ] and,
for n > 1, define (X̂n, Ŷ n, Ẑn, Ẑ◦,n) as the solution to the FBSDE

dX̂n
t = b̂(t, X̂n

t , µ̂
n−1
t , Ŷ n

t )dt+ σ(t, X̂n
t )dWt + σ◦(t, X̂n

t )dBt, X̂n
0 = ξ,

dŶ n
t = −ĥ(t, X̂n

t , µ̂
n−1
t , Ŷ n

t )dt+ Ẑnt dWt + Ẑ◦,nt dBt, Ŷ n
T = ĝ(X̂n

T , µ̂
n−1
T ),

where µ̂n is defined by

µ̂nt :=
1
n

n∑
k=1

PX̂kt |B.

Notice that, in light of Lemma 2.5 and of (2.6), the sequences (X̂n)n and (µ̂n)n ca be written
in terms of the best reply maps Γ and R; that is,

(2.16) X̂n+1 = Γ(µ̂n), n ∈ N0 and µ̂n+1 =
1

n+ 1
(R(µ̂n) + nµ̂n), n ∈ N0.

The sequence (µ̂n)n is referred to as fictitious play.
With (X,Y , Z, Z◦) and µ as in Theorems 2.18 and 2.19, we have the following convergence

result. Its proof follows arguments similar to those in the proof of Theorems 2.18 and 2.19 (see
Section 4), and it is therefore only sketched in Subsection 4.3.

Theorem 2.20. Under Assumptions 2.2, 2.4, 2.14, 2.16 and either Assumption 2.7 or 2.8, if
X̂1 = Γ, then the following statements hold true:

(1) The sequence (X̂n)n is monotone increasing, it converges to X, π ⊗ P-a.e., and

lim
n

E
[

sup
t∈[0,T ]

(|X̂n
t −Xt|2 + |Ŷ n

t − Y t|2) +
∫ T

0
(|Ẑnt − Zt|2 + |Ẑ◦,nt − Z◦t |2)dt

]
= 0;

(2) The sequence (µ̂n)n is such that µ̂n ¬st µ̂n+1 for any n ∈ N0 and

lim
n
`Cd,2(µ̂n, µ) = 0, P-a.s., and lim

n
E[`2Cd,2(µ̂n, µ)] = 0.

Clearly, analogous convergence results to the maximal solutions (X,Y , Z, Z◦) and µ hold if
X̂0 = Γ.
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2.5.4. Some remarks. This subsection collects some observations on Theorems 2.18, 2.19 and
2.20.

Remark 2.21 (Discontinuity in the measure µ). It is worth observing that Claim 1 in Theo-
rem 2.18 establishes the existence of minimal and maximal strong solutions to the conditional
MKV FBSDE (2.5) through a lattice theoretical fixed point theorem (see Subsection 4.1). This
approach is very different from the ones already used in the literature. In particular, it does
not require the time horizon to be small and the Lipschitz continuity in the measure flow (see
[15]), or the use of the –so called– monotonicity conditions (see [2, 3, 32]).

Remark 2.22 (Explicit initialization of the algorithms). The initialization of the sequences
in (2.14), (2.15) and in (2.16) can be made more explicit if the control set A is assumed to be
compact.

For example, by the monotonicity of the best reply maps, the conclusions of Claim 2a in
Theorem 2.18 can be obtain for any sequence (Mn)n of type M0 ∈ H2, Mn+1 := R(Mn) for
n ∈ N, whenever M0 verifies M0 ¬ Γ. In particular, when the assumptions of Theorem 2.18
are satisfied and the control set A is compact, one can choose M0 as the solution of the SDE

dM0
t = (b̃1(t,M0

t ) + b̃2(t))dt+ σ(t,M0
t )dWt + σ◦(t,M0

t )dBt, t ∈ [0, T ], M0
0 = ξ,

where
b̃1(t, x) := inf

µ∈M2
B

b1(t, x, µt) and b̃2(t) := inf
a∈A

b2(t)a.

By the comparison principle for SDEs (see, e.g., [45]), one obtains M0 ¬ Xα,µ, for any α ∈ A
and µ ∈M2

B, where Xα,µ denotes the solution of (2.1). Hence, by the definition of Γ in (2.12),
one has M0 ¬ Γ, so that the convergence of Mn to X holds.

Obviously, analogous considerations can be made also for the initialization of the sequences
(Xn)n and X̂n.

Remark 2.23. In comparison with [23], the approach used in this paper allows to treat multidi-
mensional settings. In particular, the fixed point problem in [23] was formulated on the lattice
related to the partially ordered set (P(R),¬st). However, although the first order stochastic
dominance induces a lattice structure on P(R), it does not induce a lattice order on P(Rd) for
d > 1 (cf. [33] and [40]). Thus, Tarski’s fixed point theorem (see [46]) can not be employed on
the set (P(Rd),¬st). This technical limitation is overcome in the present work by formulating
the fixed point problem on the lattice of processes related to the partially ordered set (H2,¬).
Indeed, while the set P(Rd) has good compactness properties and is a natural choice in order
to use topological fixed point theorems, the set H2 has a more natural lattice structure and
represents a better choice when using Tarski’s fixed point theorem.

3. Proofs of Proposition 2.11 and of Lemma 2.15

3.1. Proof of Proposition 2.11 under Assumption 2.7. We recall that under Assumption
2.7 the drift b1 does not depend on the measure argument ν. In this subsection, for α ∈ A, we
denote by Xα the solution to the SDEα (2.1).

3.1.1. A preliminary lemma. We first prove that the set of controlled trajectories is a lattice.

Lemma 3.1. For α, ᾱ ∈ A, the controls α∧, α∨ ∈ A defined by

αi,∧t := αit1{Xi,α
t <Xi,ᾱ

t }
+ ᾱit1{Xi,α

t X
i,ᾱ
t }

and αi,∨t := ᾱit1{Xi,α
t <Xi,ᾱ

t }
+ αit1{Xi,α

t X
i,ᾱ
t }

,

are such that Xα ∧X ᾱ = Xα∧ and Xα ∨X ᾱ = Xα∨.
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Proof. Take α, ᾱ ∈ A and set X := Xα, X̄ := X ᾱ. The controls α∧, α∨ are clearly admissi-
ble. For any i = 1, ..., d, by the Meyer-Itô formula for continuous semimartingales (see, e.g.,
Theorem 68 at p. 216 in [45]), one has

Xi
t ∧ X̄i

t = Xi
t + 0 ∧ (X̄i

t −Xi
t)

= Xi
t +

∫ t

0
1{X̄i

s−Xi
s¬0}d(X̄i −Xi)s −

1
2
L0
t (X̄

i −Xi)

= ξi +
∫ t

0

(
1{Xi

s<X̄
i
s}

(
bi1(s,Xi

s) + bi2(s)αis
)

+ 1{Xi
sX̄i

s}

(
bi1(s, X̄i

s) + bi2(s)ᾱis
))
ds

+
∫ t

0

(
1{Xi

s<X̄
i
s}σ

i(s,Xi
s) + 1{Xi

sX̄i
s}σ

i(s, X̄i
s)
)
dWs

+
∫ t

0

(
1{Xi

s<X̄
i
s}σ

i,◦(s,Xi
s) + 1{Xi

sX̄i
s}σ

i,◦(s, X̄i
s)
)
dBs

− 1
2
L0
t (X̄

i −Xi),

where L0
t (X̄

i−Xi) is the local time of the process X̄i−Xi at 0 (see, e.g., Chapter IV in [45]).
Denote by [X̄i −Xi, X̄i −Xi] the quadratic variation of the process X̄i −Xi (see, e.g., p. 66
in [45]). Using the characterization of local times (see, e.g., Corollary 3 at p. 230 in [45]), we
obtain

L0
t (X̄

i −Xi) = lim
ε→0

1
ε

∫ t

0
1{0¬X̄i

s−Xi
s¬ε}d[X̄i −Xi, X̄i −Xi]s

= lim
ε→0

1
ε

∫ t

0
1{0¬X̄i

s−Xi
s¬ε}|σ

i(s, X̄i
s)− σi(s,Xi

s)|2ds

+ lim
ε→0

1
ε

∫ t

0
1{0¬X̄i

s−Xi
s¬ε}|σ

i,◦(s, X̄i
s)− σi,◦(s,Xi

s)|2ds

¬ 2K2 lim
ε→0

1
ε

∫ t

0
1{0¬X̄i

s−Xi
s¬ε}|X̄

i
s −Xi

s|2ds

¬ 2K2 lim
ε→0

1
ε

∫ t

0
1{0¬X̄i

s−Xi
s¬ε}ε

2ds = 0.

Combining together the latter two equalities and using the definition of α∧, we conclude that

Xi
t∧X̄i

t = ξi+
∫ t

0

(
bi1(s,Xi

s∧X̄i
s)+bi2(s)αi,∧s

)
ds+

∫ t

0
σi(s,Xi

s∧X̄i
s)dWs+

∫ t

0
σi,◦(s,Xi

s∧X̄i
s)dBs.

Since the index i is generic, this proves that X ∧ X̄ = Xα∧ .
In the same way, the process X ∨ X̄ = X̄ + 0 ∨ (X − X̄) solves the SDE controlled by α∨,

completing the proof of the lemma. �

3.1.2. Proof of Proposition 2.11. By monotonicity of the map p (see (2.11)), it is sufficient to
prove Claim 1.

Take µ, µ̄ ∈ M2
B with µ ¬st µ̄ and let (X̄, ᾱ) and (X,α) be the optimal pairs related to µ̄

and µ, respectively.
By the admissibility of α∨ and the optimality of ᾱ, thanks to Lemma 3.1 we can write

0 ¬ J(α∨, µ̄)− J(ᾱ, µ̄) =E
[ ∫ T

0

(
f(t,Xt ∨ X̄t, µ̄t)− f(t, X̄t, µ̄t)

)
dt

]
(3.1)

+ E
[ ∫ T

0

d∑
i=1

(
li(t,Xi

t ∨ X̄i
t , α

i,∨
t )− li(t, X̄i

t , ᾱ
i
t)
)
dt

]
+ E

[
g(XT ∨ X̄T , µ̄T )− g(X̄T , µ̄T )

]
.
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Next, from Condition 2 in Assumption 2.7 we have

E
[ ∫ T

0

(
f(t,Xt ∨ X̄t, µ̄t)− f(t, X̄t, µ̄t)

)
dt

]
¬ E

[ ∫ T

0

(
f(t,Xt, µ̄t)− f(t,Xt ∧ X̄t, µ̄t)

)
dt

]
¬ E

[ ∫ T

0

(
f(t,Xt, µt)− f(t,Xt ∧ X̄t, µt)

)
dt

]
,

as well as

E
[
g(XT ∨ X̄T , µ̄T )− g(X̄T , µ̄T )

]
¬ E

[
g(XT , µ̄T )− g(XT ∧ X̄T , µ̄T )

]
¬ E

[
g(XT , µT )− g(XT ∧ X̄T , µT )

]
.

Moreover, by the definition of α∨ and α∧, we see that

E
[ ∫ T

0

(
li(t,Xi

t ∨ X̄i
t , α

i,∨
t )− li(t, X̄i

t , ᾱ
i
t)
)
dt

]
= E

[ ∫ T

0
1{Xi

tX̄i
t}

(
li(t,Xi

t , α
i
t)− li(t, X̄i

t , α
i,∧
t )
)
dt

]
= E

[ ∫ T

0

(
li(t,Xi

t , α
i
t)− li(t,Xi

t ∧ X̄i
t , α

i,∧
t )
)
dt

]
.

Finally, the latter three inequalities allow to estimate (3.1), thus obtaining

0 ¬ J(α∨, µ̄)− J(ᾱ, µ̄) ¬ E
[ ∫ T

0

(
f(t,Xt, µt)− f(t,Xt ∧ X̄t, µt)

)
dt

]

+ E
[ ∫ T

0

d∑
i=1

(
li(t,Xi

t , α
i
t)− li(t,Xi

t ∧ X̄i
t , α

i,∧
t )
)
dt

]
+ E

[
g(XT , µT )− g(XT ∧ X̄T , µT )

]
,

which, thanks to Lemma 3.1, can be written as

(3.2) 0 ¬ J(α∨, µ̄)− J(ᾱ, µ̄) ¬ J(α, µ)− J(α∧, µ).

Hence, by optimality of α, the control α∧ is also a minimizer for J(·, µ), and, by uniqueness
of optimal controls (see Lemma 2.5), we conclude that α = α∧. Therefore, by Lemma 3.1 we
obtain X ∧ X̄ = X; that is, X ¬ X̄, completing the proof.

3.2. Proof of Proposition 2.11 under Assumption 2.8. Again, by monotonicity of the
map p (see (2.11)), it is sufficient to prove only Claim 1.

The proof is divided in two steps.
Step 1. In this step we prove the monotonicity of the feedback function α̂ providing the
optimal controls (see Lemma 2.5). In particular, we show that, for any (t, x, µ, y), (t, x̄, µ̄, ȳ) ∈
[0, T ]× Rd × P2(Rd)× Rd,
(3.3) if x ¬ x̄, ȳ ¬ y, µ ¬st µ̄, then α̂(t, x, µ, y) ¬ α̂(t, x̄, µ̄, ȳ).

Fix (t, x, µ, y), (t, x̄, µ̄, ȳ) ∈ [0, T ]× Rd × P2(Rd)× Rd with x ¬ x̄, ȳ ¬ y, µ ¬st µ̄. Set α :=
α̂(t, x, µ, y) and ᾱ := α̂(t, x̄, µ̄, ȳ). Since ᾱ minimizes the function a 7→ yb2(t)a + h(t, x̄, µ̄, a),
we have

0 ¬ ȳb2(t)α ∨ ᾱ+ h(t, x̄, µ̄, α ∨ ᾱ)− ȳb2(t)ᾱ+ h(t, x̄, µ̄, ᾱ),

so that, by using Condition 3a in Assumption 2.8 and the linearity of the map a 7→ yb2(t)a,
we obtain

0 ¬ ȳb2(t)α ∨ ᾱ+ h(t, x̄, µ̄, α ∨ ᾱ)− ȳb2(t)ᾱ+ h(t, x̄, µ̄, ᾱ)

¬ ȳb2(t)α+ h(t, x̄, µ̄, α)− ȳb2(t)α ∧ ᾱ+ h(t, x̄, µ̄, α ∧ ᾱ).
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From the latter inequality, we can use Condition 3b in Assumption 2.8, together with the fact
that the map y 7→ yb2(t)(α−α∧ ᾱ) is nonincreasing (by Condition 1b in Assumption 2.8), in
order to obtain

0 ¬ ȳb2(t)α+ h(t, x̄, µ̄, α)− ȳb2(t)α ∧ ᾱ+ h(t, x̄, µ̄, α ∧ ᾱ)

¬ yb2(t)α+ h(t, x, µ, α)− yb2(t)α ∧ ᾱ+ h(t, x, µ, α ∧ ᾱ).

This implies that α∧ ᾱ minimizes the function a 7→ yb2(t)a+h(t, x, µ, a). Therefore, since the
minimizer α is unique by Remark 2.3, we obtain that α ∧ ᾱ = α, so that (3.3) is proved.
Step 2. Take µ, µ̄ ∈M2

B with µ ¬st µ̄ and let (X̄, ᾱ) and (X,α) be the optimal pairs related to
µ̄ and µ, respectively. By Lemma 2.5, X and X̄ are given by the unique solutions (X,Y, Z, Z◦)
and (X̄, Ȳ , Z̄, Z̄◦) to the FBSDEs depending on µ and µ̄, respectively.

We now aim at using the monotonicity of α̂ proved in Step 1 (see (3.3)) and Assumption
2.8 to employ a comparison theorem for FBSDEs (see Theorem 2.2 in [19]) in order to show
that

(3.4) X ¬ X̄.
First, observe that Assumptions A 1−A 4 in [19] (with the extra growth in µ and µ̄) clearly
follow from our Assumptions 2.2 and 2.8, together with the Lipschitz continuity and the growth
of α̂ (see Remark 2.3). In particular, we underline that, (with minimal adjustment) the results
in [19] cover also our case, in which the growth conditions in Assumptions A 1 − A 4 in [19]
are replaced with

|b̂(t, x, ν, y)| ¬ C(1 + |x|+ ‖ν‖1 + |y|), |ĥ(t, x, ν, y)|+ |ĝ(x, ν)| ¬ C(1 + ‖ν‖1 + |y|),

for any (t, x, ν, y) ∈ [0, T ] × Rd × P2(Rd) × Rd. We remain to check the conditions in [19] on
the monotonicity of (b̂, ĥ, ĝ). To do so, take (t, x, ν, y), (t, x̄, ν̄, ȳ) ∈ [0, T ]× Rd × P2(Rd)× Rd
with x ¬ x̄, ȳ ¬ y, ν ¬st ν̄. From the monotonicity α̂ (see (3.3)) and from Condition 1b in
Assumption 2.8 we obtain:

(3.5) b̂(t, x, ν, y) ¬ b̂(t, x̄, ν̄, ȳ).

From Conditions 1b and 3c in Assumption 2.8, and from the monotonicity α̂ we have:

(3.6) ĥ(t, x̄, ν̄, ȳ) ¬ ĥ(t, x, ν, y) and ĝ(x̄, ν̄) ¬ ĝ(x, ν).

The conditions (3.5) and (3.6) are a slightly different version of Assumptions A 5−A 7 and of
the conditions in the statement of Theorem 2.2 in [19]. In particular, the inequalities in (3.6)
have opposite direction with respect to the conditions in [19], and the monotonicity in y in
(3.5) is inverted as well. This implies that we can employ a slightly different version of Theorem
2.2 in [19], which gives X ¬ X̄ and Ȳ ¬ Y . This completes the proof of the proposition.

3.3. Proof of Lemma 2.15. We begin by proving the uniform a priori estimate (2.13) on
the moments of the optimally controlled state processes. For α ∈ A and µ ∈ M2

B, let Xα,µ

denotes the solution to the SDE(α,µ) (2.1). By boundedness of b1 in µ, classical estimates give

(3.7) E
[

sup
t∈[0,T ]

|Xα,µ
t |2

]
¬ C

(
1 + E[|ξ|2] + E

[ ∫ T

0
|αt|2dt

])
.

If now A is compact, the estimate (2.13) is obvious. Suppose instead that Condition 2 in
Assumption 2.14 holds. Denote by αµ the optimal control for µ (by Lemma 2.5 such a control
exists unique) and let ᾱ ∈ A be the control constantly equal to a0 (see Assumption 2.2). By
using Condition 3 in Assumption 2.2 and the optimality of αµ, we obtain

κ

(
E
[ ∫ T

0
|αµt |2dt

]
− T − 1

)
¬ J(αµ, µ) ¬ J(ᾱ, µ) ¬ C

(
1 + E

[
sup
t∈[0,T ]

|X ᾱ,µ
t |2 +

∫ T

0
|ᾱt|2dt

])
,
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so that, by (3.7), we deduce that

E
[ ∫ T

0
|αµt |2dt

]
¬ C

(
1 + E

[ ∫ T

0
|ᾱt|2dt

])
= C(1 + a0T ),

for a constant C which does not depend on µ. From the latter estimate, we can again employ
(3.7) in order to conclude that

E
[

sup
t∈[0,T ]

|Xµ
t |2
]
¬ C,

which (since the generic constant C does not depend on µ) implies the uniform estimate (2.13).
We next prove that Γ ∈ H2. In doing so, the monotonicity of the best reply map R (see

Proposition 2.11) will play an essential role. First, observe that there exists a sequence (Nn)n ⊂
H2 such that

Γ = sup
n
R(Nn), P⊗ π-a.e. in Ω× [0, T ].

Recalling the notation introduced in (2.10), construct the sequences

N∧,n := Nn ∧ ... ∧N0 and N∨,n := Nn ∨ ... ∨N0, n ∈ N.
Clearly, we have

E
[ ∫ T

0
(|N∧,nt |2 + |N∨,nt |2)dπ(t)

]
¬ 2

n∑
j=1

E
[ ∫ T

0
|N j

t |2dπ(t)
]
,

so that the processes N∧,n and N∨,n are square integrable; that is,

(3.8) N∧,n, N∨,n ∈ H2.

Observe next that, since N∧,n ¬ Nn ¬ N∨,n, by Proposition 2.11 we have R(N∧,n) ¬
R(Nn) ¬ R(N∨,n), so that

(3.9) R(N∧,n) ∧ 0 ¬ R(Nn) ∧ 0 ¬ R(Nn) ∨ 0 ¬ R(N∨,n) ∨ 0.

Also, since the sequences (N∧,n)n and (N∨,n)n are monotone, again by Proposition 2.11 we
have that (R(N∧,n))n is decreasing and that (R(N∨,n))n is increasing. Therefore, the sequences

(3.10) (|R(N∧,n) ∧ 0|2)n and (|R(N∨,n) ∨ 0|2)n are increasing.

We can now estimate |Γ|2. Using (3.9) we find

|Γ|2 =
∣∣∣ sup
n
R(Nn)

∣∣∣2 =
∣∣∣ sup
n

(R(Nn) ∧ 0 +R(Nn) ∨ 0)
∣∣∣2

¬ sup
n
|R(Nn) ∧ 0|2 + sup

n
|R(Nn) ∨ 0|2

¬ sup
n
|R(N∧,n) ∧ 0|2 + sup

n
|R(N∨,n) ∨ 0|2.

Hence, by the monotonicity in (3.10), we obtain

|Γ|2 ¬ lim
n

(
|R(N∧,n) ∧ 0|2 + |R(N∨,n) ∨ 0|2

)
.

The latter allows to use Fatou’s lemma in order to find

E
[ ∫ T

0
|Γt|2dπ(t)

]
¬ E

[ ∫ T

0
lim
n

(
|R(N∧,n)t ∧ 0|2 + |R(N∨,n)t ∨ 0|2

)
dπ(t)

]
¬ lim inf

n
E
[ ∫ T

0

(
|R(N∧,n)t ∧ 0|2 + |R(N∨,n)t ∨ 0|2

)
dπ(t)

]
¬ lim inf

n
E
[ ∫ T

0

(
|R(N∧,n)t|2 + |R(N∨,n)t|2

)
dπ(t)

]
<∞,

where the last inequality follows from (2.13) and from (3.8). Hence we have Γ ∈ H2.
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In the same way, it is possible to show that Γ ∈ H2, completing the proof of the lemma.

4. Proof of Theorems 2.18, 2.19 and 2.20

4.1. Proof of Theorem 2.18. We prove the two claims separately.

4.1.1. Proof of Claim 1: the fixed point argument. Define the set

L := {M ∈ H2|Γ ¬M ¬ Γ}.

The partially ordered set (L,¬) is a complete lattice (see (2.10)), and, by the definition of
Γ and Γ (see (2.12)), we have R(M) ∈ L for any M ∈ H2. Moreover, by Proposition 2.11,
the best reply map R is increasing from L into itself. We can therefore employ Tarski’s fixed
point theorem (see [46]) in order to deduce that the set of fixed points of the map R : L→ L
is a nonempty complete lattice. In light of Remark 2.6, the set of fixed points of the map R
coincides with the set of (forward components of the) solutions to the MKV FBSDE (2.5),
completing the proof of Claim 1.

4.1.2. Proof of Claim 2: convergence of the algorithm. It is sufficient to prove Claim 2a, as the
proof of Claim 2b follows by similar arguments. The proof is divided in four steps.
Step 1. We begin by observing that, by the definition of Γ (see (2.12)) and by the monotonicity
of R (see Proposition 2.11), one has

X0 = Γ ¬ R(Γ) = X1,

so that, iterating the map R, the monotonicity of R gives

(4.1) Xn ¬ Xn+1, n ∈ N.

Therefore, one can define the process

(4.2) X := sup
n
Xn = lim

n
Xn, P⊗ π-a.e. in Ω× [0, T ].

Obviously, since Γ ¬ Xn ¬ Γ for every n ∈ N, we have

(4.3) |Xt|2, |Xn
t |2 ¬ |Γt|2 + |Γt|2 for any n ∈ N, P⊗ π-a.e. in Ω× [0, T ],

so that, by integrability of Γ and of Γ (see Lemma 2.15) and by the dominated convergence
theorem one obtains

(4.4) lim
n

E
[ ∫ T

0
|Xn

t −Xt|2dπ(t)
]

= 0.

Moreover, consider the stochastic flows µn, µ ∈M2
B given by

(4.5) µn = (PXn
t
|B)t∈[0,T ], n ∈ N, µ := (PX

t
|B)t∈[0,T ].

Notice that the processes µn are those defined in (2.15). From (4.1) and (4.2), we have that
the sequence |Xn

t −Xt|2 is decreasing and it converges to 0. Moreover, by (4.3) and by Lemma
2.15, we have E[|X0

t−Xt|2] ¬ 4E[|Γt|2+|Γt|2|] <∞ for π-a.a t ∈ [0, T ]. Thus, by the monotone
convergence theorem for the conditional expectation, together with elementary properties of
the 2-Wasserstein distance `Rd,2 on Rd (see (1.3)), we obtain

lim
n
`2Rd,2(µn

t
, µ

t
) ¬ lim

n
E
[
|Xn

t −Xt|2|B
]

= 0, P-a.s., for π-a.a. t ∈ [0, T ],

Furthermore, by (4.1) and the monotonicity of the projection map p (see (2.11)), the latter
limit is monotonic w.r.t. ¬st; that is,

(4.6) µn ¬st µn+1 ¬st µ, and `Rd,2(µn
t
, µ

t
)→ 0 as n→∞, P-a.s., for π-a.a. t ∈ [0, T ].
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By the definition of (Xn, Y n, Zn, Z◦,n) and µn, the process (Xn, Y n, Zn, Z◦,n) solves the
system

dXn
t = b̂(t,Xn

t , µ
n−1
t

, Y n
t )dt+ σ(t,Xn

t )dWt + σ◦(t,Xn
t )dBt, Xn

0 = ξ,(4.7)

dY n
t = −ĥ(t,Xn

t , µ
n−1
t

, Y n
t )dt+ Znt dWt + Z◦,nt dBt, Y n

T = ĝ(Xn
T , µ

n−1
T

).

for any n ∈ N with n  1. The idea of the proof is now to take (monotonic) limits in the
system above in order to approximate the minimal solution of the MKV FBSDE (2.5). This
will be done in the subsequent two steps.
Step 2. In this step we will prove that the process (Y n, Zn, Z◦,n) converges to the unique strong
solution (Y , Z, Z◦) of the backward stochastic differential equation (BSDE, in short)

(4.8) dY t = −ĥ(t,Xt, µt, Y t)dt+ ZtdWt + Z◦tdBt, Y T = ĝ(XT , µT ).

Recall that a solution of such a BSDE is defined as a process (Y , Z, Z◦) such that

(4.9) E
[

sup
t∈[0,T ]

|Y t|2 +
∫ T

0
(|Zt|2 + |Z◦t |2)dt

]
<∞,

and such that the equation (4.8) is satisfied.
By (4.7), the processes (Y n, Zn, Z◦,n) solve the BSDEs

dY n
t = −ĥ(t,Xn

t , µ
n−1
t

, Y n
t )dt+ Znt dWt + Z◦,nt dBt, Y n

T = ĝ(Xn
T , µ

n−1
T

).

Therefore, by stability properties for BSDEs (see, e.g., Theorem 4.2.3 at p. 84 in [55]) we
obtain a first estimate

E
[

sup
t∈[0,T ]

|Y n
t − Y t|2 +

∫ T

0
(|Znt − Zt|2 + |Z◦,nt − Z◦t |2)dt

]
(4.10)

¬ CE
[
|ĝ(Xn

T , µ
n−1
T

)− ĝ(XT , µT )|2 +
∫ T

0
|ĥ(t,Xn

t , µ
n−1
t

, Y t)− ĥ(t,Xt, µt, Y t)|2dt
]
,

for a suitable constant C which does not depend on n. Hence, we proceed by estimating the
right hand side in (4.10).

We begin by studying the convergence of the terms with ĝ. Write

E
[
|ĝ(Xn

T , µ
n−1
T

)− ĝ(XT , µT )|2
]
¬2E

[
|Dxg(Xn

T , µ
n−1
T

)−Dxg(XT , µ
n−1
T

)|2
]

(4.11)

+ 2E
[
|Dxg(XT , µ

n−1
T

)−Dxg(XT , µT )|2
]
.

From the monotonicity of the sequence (µn)n in (4.6) and the submodularity assumptions (in
particular, either Condition 2 in Assumption 2.7 or Condition 3 in Assumption 2.8), we have

Dxg(XT , µ
n
T

)−Dxg(XT , µT )  Dxg(XT , µ
n+1
T

)−Dxg(XT , µT )  0,

so that
|Dxg(XT , µ

n
T

)−Dxg(XT , µT )|2  |Dxg(XT , µ
n+1
T

)−Dxg(XT , µT )|2.

Also, by the growth condition on Dxg (from Condition 3 in Assumption 2.2), from (4.3) we
obtain

E[|Dxg(XT , µ
0
T

)−Dxg(XT , µT )|2] ¬ CE[1 + |XT |2 + ‖µ0
T
‖21 + ‖µ

T
‖21]

¬ CE
[
1 + |ΓT |2 + |ΓT |2 + ‖PΓ

T
|B‖21 + ‖PX

T
|B‖21

]
¬ CE[1 + |ΓT |2 + |ΓT |2] <∞,
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where the latter estimates follows from Lemma 2.15. Therefore, by the limits in (4.6) and the
continuity of Dxg (from Assumption 2.16), we can use the monotone convergence theorem and
obtain

(4.12) lim
n

E
[
|Dxg(XT , µ

n
T

)−Dxg(XT , µT )|2
]

= 0.

Finally, by using the uniform Lipschitz continuity of Dxg (from Condition 3 in Assumption
2.2) and the limits in (4.4), we obtain

(4.13) lim
n

E
[
|Dxg(Xn

T , µ
n−1
T

)−Dxg(XT , µ
n−1
T

)|2
]
¬ C lim

n
E[|Xn

T −XT |2] = 0,

so that, combining (4.12) and (4.13) into (4.11), we conclude that

(4.14) lim
n

E
[
|ĝ(Xn

T , µ
n−1
T

)− ĝ(XT , µT )|2
]

= 0.

We next study the convergence of the terms with ĥ in (4.10). We write

E
[ ∫ T

0
|ĥ(t,Xn

t , µ
n−1
t

, Y t)− ĥ(t,Xt, µt, Y t)|2dt
]

(4.15)

¬ 2E
[ ∫ T

0
|ĥ(t,Xn

t , µ
n−1
t

, Y t)− ĥ(t,Xt, µ
n−1
t

, Y t)|2dt
]

+ 2E
[ ∫ T

0
|ĥ(t,Xt, µ

n−1
t

, Y t)− ĥ(t,Xt, µt, Y t)|2dt
]

=: 2E
[ ∫ T

0
(|Ĥ1,n

t |2 + |Ĥ2,n
t |2)dt

]
,

and we proceed by estimating separately the two terms in the right hand side of (4.15).
We begin with the term involving Ĥ1,n. By the Lipschitz continuity of Dxh in (x, a) (from

Condition 3 in Assumption 2.2) we obtain

|Ĥ1,n
t |2 ¬C

(
|Xn

t −Xt|2 + |α̂(t,Xn
t , µ

n−1
t

, Y t)− α̂(t,Xt, µ
n−1
t

, Y t)|2

+ |(Dxb1(t,Xn
t , µ

n−1
t

)−Dxb1(t,Xt, µ
n−1
t

))Y t|2
)
,

so that, using the Lipschitz continuity of α̂ in x (see Remark 2.3) we find

|Ĥ1,n
t |2 ¬ C

(
|Xn

t −Xt|2 + |(Dxb1(t,Xn
t , µ

n−1
t

)−Dxb1(t,Xt, µ
n−1
t

))Y t|2
)
.(4.16)

Moreover, by continuity of Dxb1 in x (indeed, under either Assumption 2.7 or 2.8, Dxb1 does
not depend on the measure) and the limits in (4.2), we get

|(Dxb1(t,Xn
t , µ

n−1
t

)−Dxb1(t,Xt, µ
n−1
t

))Y t|2 → 0, as n→∞,

and, by boundedness of Dxb1 we have

|(Dxb1(t,Xn
t , µ

n−1
t

)−Dxb1(t,Xt, µ
n−1
t

))Y t|2 ¬ C|Y t|2.

Since the left hand side in the latter inequality is integrable (by (4.9)), by the dominated
convergence theorem, we obtain

lim
n

E
[ ∫ T

0
|(Dxb1(t,Xn

t , µ
n−1
t

)−Dxb1(t,Xt, µ
n−1
t

))Y t|2dt
]

= 0.

The latter equality, together with (4.16) and (4.4), allows to conclude that

(4.17) lim
n

E
[ ∫ T

0
|Ĥ1,n

t |2dt
]

= 0.
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We continue by estimating the term in (4.15) involving Ĥ2,n. Observe that, under both
Assumptions 2.7 or 2.8, we have Dxb1(t,Xt, µ

n−1
t

) = Dxb1(t,Xt, µt), so that

Ĥ2,n
t = Dxh(t,Xt, µ

n−1
t

, α̂(t,Xt, µ
n−1
t

, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t)).(4.18)

Now, under Assumption 2.8, we have shown in the proof of Proposition 2.11 (see (3.3)) that α̂
is monotone in the measure ν. On the other hand, under Assumption 2.7, α̂ does not depend
on the measure. In both cases, from the monotonicity of the sequence (µn)n in (4.6) and the
submodularity assumptions (i.e., either Assumption 2.7 or 2.8), we have

Dxh(t,Xt, µ
n
t
, α̂(t,Xt, µ

n
t
, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))

 Dxh(t,Xt, µ
n+1
t

, α̂(t,Xt, µ
n+1
t

, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))  0,

so that

|Dxh(t,Xt, µ
n
t
, α̂(t,Xt, µ

n
t
, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))|2

 |Dxh(t,Xt, µ
n+1
t

, α̂(t,Xt, µ
n+1
t

, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))|2.

Also, by the growth conditions on Dxh (from Condition 3 in Assumption 2.2) and on α̂ (from
Remarks 2.3), from (4.3) we obtain

E
[ ∫ T

0
|Dxh(t,Xt, µ

0
t
, α̂(t,Xt, µ

0
t
, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))|2dt

]
(4.19)

¬ CE
[ ∫ T

0

(
1 + |ΓT |2 + |ΓT |2 + |Y t|2

)
dt

]
<∞,

where the latter estimates follows from Lemma 2.15 and from (4.9). Moreover, in case of
Assumption 2.7 we have that α̂ does not depend on the measure ν, while under Assumption
2.8, we have that the function α̂ is continuous in ν (see Remark 2.17). Hence, in both cases
we have

(4.20) lim
n
|Dxh(t,Xt, µ

n
t
, α̂(t,Xt, µ

n
t
, Y t))−Dxh(t,Xt, µt, α̂(t,Xt, µt, Y t))|2 = 0.

Therefore, by using (4.18), from the limits in (4.20) and the estimates in (4.19), we can invoke
the monotone convergence theorem in order to obtain

(4.21) lim
n

E
[ ∫ T

0
|Ĥ2,n

t |2dt
]

= 0.

Finally, combining together (4.17) and (4.21) into (4.15), we obtain

lim
n

E
[ ∫ T

0
|ĥ(t,Xn

t , µ
n−1
t

, Y t)− ĥ(t,Xt, µt, Y t)|2dt
]

= 0.

The latter can be plugged, together with (4.14), into the first estimate (4.10), so to conclude
that

(4.22) lim
n

E
[

sup
t∈[0,T ]

|Y n
t − Y t|2 +

∫ T

0
(|Znt − Zt|2 + |Z◦,nt − Z◦t |2)dt

]
= 0,

which completes the proof of the convergence of (Y n, Zn, Z◦,n).
Step 3. In this step we will prove that the process X is the unique strong solution to the SDE
(2.1) controlled by the feedback α̂(t, ·, µ

t
, Y t).

Indeed, by Lipschitz continuity of the data b1, σ, σ◦ and of the feedback α̂ (see Remark 2.3),
there exists a unique strong solution X to the SDE

(4.23) dXt = b̂(t,Xt, µt, Y t)dt+ σ(t,Xt)dWt + σ◦(t,Xt)dBt, X0 = ξ.
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By (4.7), the process Xn solves the SDE

dXn
t = b̂(t,Xn

t , µ
n−1
t

, Y n
t )dt+ σ(t,Xn

t )dWt + σ◦(t,Xn
t )dBt, Xn

0 = ξ.

Therefore, by standard stability results for SDEs, we obtain

E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

]
¬ C

(
E
[ ∫ T

0
|b1(t,Xt, µ

n−1
t

)− b1(t,Xt, µt)|
2dt

]
(4.24)

+ E
[ ∫ T

0
|α̂(t,Xt, µ

n−1
t

, Y n
t )− α(t,Xt, µt, Y t)|2dt

])
.

We proceed by estimating separately the two terms in the right-hand side of (4.24).
Under Assumption 2.7, the drift b1 does not depend on the measure ν, so that

b1(t,Xt, µ
n−1
t

) = b1(t,Xt, µt).

On the other hand, under Assumption 2.8, one has

b1(t,Xt, µ
n−1
t

)− b1(t,Xt, µt) = b0(t, µn−1
t

)− b0(t, µ
t
),

with b0 continuous and bounded (from Assumption 2.14). Hence, thanks tot the limits in (4.6),
by the dominated convergence theorem and we obtain

(4.25) lim
n

E
[ ∫ T

0
|b1(t,Xt, µ

n−1
t

)− b1(t,Xt, µt)|
2dt

]
= 0.

We next estimate the term with α̂. By Lipschitz coninuity of α̂ (see Remark 2.3) and by
the convergence established in (4.22) we have
(4.26)

lim
n

E
[ ∫ T

0
|α̂(t,Xt, µ

n−1
t

, Y n
t )− α(t,Xt, µ

n−1
t

, Y t)|2dt
]
¬ C lim

n
E
[ ∫ T

0
|Y n

t − Y t|2dt
]

= 0.

Moreover, under Assumption 2.7, α̂ does not depend on the measure ν, so that

α̂(t,Xt, µ
n−1
t

, Y t) = α̂(t,Xt, µt, Y t).

On the other hand, under Assumption 2.8, we have shown in the proof of Proposition 2.11
(see (3.3)) that α̂ is monotone in the measure ν, therefore

α̂(t,Xt, µt, Y t)− α̂(t,Xt, µ
n
t
, Y t)  α̂(t,Xt, µt, Y t)− α̂(t,Xt, µ

n+1
t

, Y t)  0,

and

|α̂(t,Xt, µt, Y t)− α̂(t,Xt, µ
n
t
, Y t)|2  |α̂(t,Xt, µt, Y t)− α̂(t,Xt, µ

n+1
t

, Y t)|2  0.

Also, by the growth conditions of α̂ (see Remark 2.3), from (4.3) we can estimate

E
[ ∫ T

0
|α̂(t,Xt, µt, Y t)− α̂(t,Xt, µ

0
t
, Y t)|2dt

]
¬ CE

[ ∫ T

0
(1 + |Xt|2 + |Y t|2 + |Γt|2 + |Γt|2)dt

]
<∞,

where the latter integrability follows from Lemma 2.15, (4.9) and from the fact that X is the
solution of the SDE (4.23). Therefore, by continuity of α̂ in the measure (see Remark 2.17),
we can invoke the monotone convergence theorem in order to obtain

(4.27) lim
n

E
[ ∫ T

0
|α̂(t,Xt, µ

n−1
t

, Y t)− α(t,Xt, µt, Y t)|2dt
]

= 0.

Finally, combining (4.25), (4.26) and (4.27) into (4.24), we get

lim
n

E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

]
= 0.
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By uniqueness of the limit and by (4.4), we conclude that X = X, which in turn implies that
X is the unique strong solution to the SDE (4.23). Moreover, by the previous limits, we obtain
a stronger convergence with respect to (4.4); that is,

(4.28) lim
n

E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

]
= 0.

Step 4. Combining together (4.5) form Step 1, (4.8) from Step 2 and the fact that X is the
solution to (4.23) as seen in Step 3, we have that the process (X,Y , Z, Z◦) is a solution to the
MKV FBSDE (2.5). Moreover, from (4.22) and (4.28) we obtain

E
[

sup
t∈[0,T ]

(|Xn
t −Xt|2 + |Y n

t − Y t|2) +
∫ T

0
(|Znt − Zt|2 + |Z◦,nt − Z◦t |2)dt

]
= 0,

proving the claimed convergence.
We finally prove that (X,Y , Z, Z◦) is the minimal solution to the MKV FBSDE. Let

(X,Y, Z, Z◦) be another solution to the MKV FBSDE, set µ := (PXt|B)t∈[0,T ]. Since (X,Y, Z, Z◦)
is a solution, as in Remark 2.6 we have X = R(X), so that, by the definition of Γ (see (2.12)),
we have X0 = Γ ¬ R(X) = X. By monotonicity of R (see Proposition 2.11) we obtain
X1 = R(X0) ¬ R(X) = X. Therefore, by iterating the map R we deduce that Xn ¬ X for
any n ∈ N, and, taking limits as in (4.2), we conclude that X ¬ X. Thus, (X,Y , Z, Z◦) is the
minimal solution to the MKV FBSDE (2.5), which completes the proof of the theorem.

4.2. Proof of Theorem 2.19. We first prove Claim 1. Thanks to Remark 2.6, from Claim 1
in Theorem 2.18 we deduce that the set of MFG equilibriaM is nonempty.

We now show the lattice property ofM. Let F be the set of solutions to the MKV FBSDE
(2.5). By Claim 1 in Theorem 2.18, the set F is a complete lattice. This means that, given two
solutions Σ = (X,Y, Z, Z◦) and Σ̄ = (X̄, Ȳ , Z̄, Z̄◦) of (2.5), there exist two (unique) solutions

Σ ∧F Σ̄ = (X∧, Y ∧, Z∧, Z◦,∧) and Σ ∨F Σ̄ = (X∨, Y ∨, Z∨, Z◦,∨)

of the MKV FBSDE (2.5) which verify the conditions:
(1) X∧ ¬ X, X̄;
(2) X̃ ¬ X∧ for any other solution (X̃, Ỹ , Z̃, Z̃◦) of (2.5) with X̃ ¬ X, X̄;
(3) X, X̄ ¬ X∨;
(4) X∨ ¬ X̂ for any other solution (X̂, Ŷ , Ẑ, Ẑ◦) of (2.5) with X, X̄ ¬ X̂.

Next, recall that the projection map p : F →M is a bijection with inverse Γ (see Remark 2.6).
Given µ, µ̄ ∈M, we can define the flows µ∧M µ̄ := p(Γ(µ)∧F Γ(µ̄)) and µ∨M µ̄ := p(Γ(µ)∨F
Γ(µ̄)). Since Γ(µ) ∧F Γ(µ̄) ¬ Γ(µ),Γ(µ̄), by monotonicity of the projection map p (see (2.11))
we have µ∧Mµ̄ ¬st µ, µ̄. Moreover, if ν ∈M with ν ¬st µ, µ̄, then, by Proposition 2.11, we have
Γ(ν) ¬ Γ(µ),Γ(µ̄), so that Γ(ν) ¬ Γ(µ)∧F Γ(µ̄) and ν = p◦Γ(ν) ¬st p(Γ(µ)∧F Γ(µ̄)) = µ∧M µ̄.
This proves that µ∧M µ̄ is the biggest element ν ofM (w.r.t. the order relation ¬st) such that
ν ¬st µ, µ̄. Analogously, one can see that the stochastic flow µ∨M µ̄ := p(Γ(µ)∨F Γ(µ̄)) is the
smallest element ν of M such that µ, µ̄ ¬st ν. Therefore, the set M has a lattice structure
compatible with the binary relation ¬st. In particular, this argument shows that there exist
minimal and maximal elements ofM, which are respectively given by

(PXt|B)t∈[0,T ] and (PXt|B)t∈[0,T ],

where X and X are the forward components of the minimal and the maximal solutions to the
MKV FBSDE (2.5) (see Claim 1 in Theorem 2.18).

The proof of the Claim 2 in Theorem 2.19 hinges on the proof of Claim 2 in Theorem 2.18.
It is sufficient to prove the Claim 2a, as the proof of Claim 2b follows by similar arguments.
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Recalling (4.6), we directly have

µn ¬st µn+1, n ∈ N.

Moreover, by elementary properties of the 2-Wasserstein distance, we have

(4.29) `2Cd,2(µn, µ) ¬ E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

∣∣∣B], n ∈ N.

By (4.1), (4.2), and (4.28), we know that

lim
n

sup
t∈[0,T ]

|Xn
t −Xt|2 = 0, P-a.s.

Moreover, by (4.1) we have

sup
t∈[0,T ]

|Xn
t −Xt|2 ¬ sup

t∈[0,T ]
|X1

t −Xt|2, for n  1,

and, since X1 and X are both solutions to SDEs, we also have

E
[

sup
t∈[0,T ]

|X1
t −Xt|2

]
¬ 2

(
E
[

sup
t∈[0,T ]

|X1
t |2
]

+ E
[

sup
t∈[0,T ]

|Xt|2
])

<∞.

Therefore, by the monotone convergence theorem for conditional expectations, we can take
limits in (4.29) in order to deduce that

lim
n
`Cd,2(µn, µ) ¬ lim

n

(
E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

∣∣∣B])1/2

= 0, P-a.s.

Similarly, taking limits in expectation in (4.29), by the monotone convergence theorem we
conclude that

lim
n

E[`2Cd,2(µn, µ)] ¬ lim
n

E
[

sup
t∈[0,T ]

|Xn
t −Xt|2

]
= 0,

which completes the proof of the theorem.

4.3. Sketch of the proof of Theorem 2.20. In light of the analysis of Subsections 4.1 and
4.2, we limit our self to prove the monotonicity of the sequences (X̂n)n and (µ̂n)n, as well as
their convergence to limit points X̂ ∈ H2 and µ̂ ∈M2

B such that (PX̂t|B)t∈[0,T ] = µ̂.
We prove this monotonicity by induction. Clearly, since X̂1 = Γ, by the definition of Γ (see

(2.12)) we obtain X̂1 ¬ X̂2. Therefore, we have µ̂1 = (PX̂1t |B)t∈[0,T ] ¬st (PX̂2t |B)t∈[0,T ], so to
obtain

µ̂1 ¬st 1
2

(
(PX̂2t |B)t∈[0,T ] + µ̂1

)
= µ̂2.

Assume now that X̂n−1 ¬ X̂n and µ̂n−1 ¬st µ̂n for some n ∈ N0. By the definition of X̂n+1

(see (2.16)) and the monotonicity of the best reply map Γ (see Lemma 2.11), we have

X̂n = Γ(µ̂n−1) ¬ Γ(µ̂n) = X̂n+1.

Therefore, using again (2.16) and the monotonicity of the best reply map R, we deduce that

µ̂n =
1

n+ 1
(nµ̂n + µ̂n)

¬st 1
n+ 1

(R(µ̂n−1) + (n− 1)µ̂n−1 + µ̂n)

=
1

n+ 1
(R(µ̂n) + (n− 1)µ̂n + µ̂n) = µ̂n+1.

Thus, the sequences (X̂n)n and (µ̂n)n are increasing.
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By monotonicity, one can define the limit processes

X̂ := sup
n
X̂n = lim

n
X̂n and µ̂ := sup

n
µ̂n = lim

n
µ̂n, P⊗ π-a.e. in Ω× [0, T ].

In particular, we have PX̂nt |B → PX̂t|B weakly as n→∞, so that

µ̂nt :=
1
n

n∑
k=1

PX̂kt |B → PX̂t|B, weakly as n→∞.

Hence, by uniqueness of the limit, we have (PX̂t|B)t∈[0,T ] = µ̂.
The rest of the proof (i.e., the characterization of X̂ and µ̂ as the minimal MFG solutions

as well as the improved convergence in H2 and in the 2-Wasserstein distances) can now be
recovered following the same lines as in the proof of Theorems 2.18 and 2.19 (see Subsections
4.1 and 4.2).

5. Examples

In this section, we provide some examples meeting the assumptions made in Section 2.

5.1. Sufficient conditions for strong uniqueness for FBSDEs. In the following, we
provide two natural set-ups in which Assumption 2.4 is satisfied.

5.1.1. Linear-convex models. Let b, σ, σ◦, h, g satisfy Assumptions 2.2 and 2.14. Assume more-
over that:

b(t, x, µ, a) = b0(t, µ) + b̄1(t)x+ b2(t)a(5.1)

σi(t, xi) = pi(t) + qi(t)xi

σi,◦(t, xi) = pi,◦(t) + qi,◦(t)xi

h, g are convex in (x, a).

Under the additional condition (5.1), the existence of an optimal control (for any µ ∈M2
B)

can be shown as in Theorem 5.2 at p. 68 in [54], while uniqueness follows from the strict
convexity of h in a (see Assumption 2.2). In this case, the necessary and sufficient conditions
of the stochastic maximum principle are fulfilled (see, e.g., [15]), so that any solution of the
FBSDE (2.2) provides an optimal control. Therefore, by uniqueness of the optimal control, the
solution of FBSDEµ (2.2) is unique (on any stochastic basis) and Assumption 2.4 is satisfied.

It is also worth underlining that, when Condition (5.1) holds, the continuity assumptions
in the measure (see Assumption 2.2) are not needed for the existence of the optimal controls
(see Lemma 2.5).

5.1.2. Nondegenerate case. A second relevant example in which Assumption 2.4 is satisfied is
when A is compact and the effect of the noises is nondegenerate. For example, for b, σ, σ◦, h, g
which satisfy Assumption 2.2, we can enforce the additional requirements:

(1) A is compact;
(2) d = d1 and the matrix σ(t, x) is invertible with inverse σ(t, x)−1 such that σ(t, x)−1 ¬

K̄ for any (t, x) ∈ [0, T ]× Rd and some K̄ > 0.
In this case, following the same rational as in the proof of Lemma 4.1 in [41], one can use a
Girsanov transformation in order to prove that, for any µ ∈M2

B, the FBSDEµ (2.2) admits a
unique strong solution, so that Assumption 2.4 is fulfilled. Clearly, the same conclusion can be
obtained by requiring the same nondegeneracy condition on the matrix (σ, σ◦) : [0, T ]×Rd →
Rd×d1 × Rd×d2 .
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5.2. Checking the submodularity conditions. In the following, we illustrate how to check
the submodularity conditions and we provide some examples.

For m ∈ N, consider a measurable function γ : Rd × Rm → R. The function γ is said to
have decreasing differences in x and y if

γ(x̄, ȳ)− γ(x, ȳ) ¬ γ(x̄, y)− γ(x, y), for any x, x̄ ∈ Rd, ȳ, y ∈ Rm with x ¬ x̄ and y ¬ ȳ.
Observe that, if γ ∈ C2(Rd × Rm), then γ has decreasing differences in x and y if and only if

(5.2)
∂2γ

∂xi∂yj
(x, y) ¬ 0, for each (x, y) ∈ Rd × Rm, i = 1, ..., d, j = 1, ...,m.

Moreover, γ is said to be submodular in x if

γ(x ∧ x̄, y) + γ(x ∨ x̄, y) ¬ γ(x, y) + γ(x̄, y), for any x, x̄ ∈ Rd, y ∈ Rm.
This condition is always satisfied in the case d = 1. If d  2 and γ(·, y) is twice-differentiable
in x, then γ is submodular in x if and only if, for each fixed y, for any i = 1, ..., d the function
γ(·, y) has decreasing differences in xi and (xj)j 6=i (see Theorem 2.6.1 and Corollary 2.6.1 at
p. 44 in [49]). Hence, in the case of twice-differentiable cost functions γ, the submodularity in
x corresponds to having

(5.3)
∂2γ

∂xi∂xj
(x, y) ¬ 0, for each (x, y) ∈ Rd×Rm, i = 1, ..., d and j = 1, ..., d with j 6= i.

For n,m ∈ N0 and a measurable function ϕ = (ϕ1, ..., ϕm) : Rn → Rm, ϕ is said to be
nondecreasing (resp. nonincreasing) if ϕ(x) ¬ ϕ(x̄) for every x, x̄ ∈ Rn with x ¬ x̄ (resp.
x̄ ¬ x). Define the set

(5.4) Φn;m
2 := {measurable nondecreasing ϕ : Rn → Rm with φ(x) ¬ C(1 + |x|2), C > 0},

and, for ϕ ∈ Φd;m
2 and µ ∈ P2(Rd), set

〈ϕ, µ〉 := (〈ϕ1, µ〉, ..., 〈ϕm, µ〉)> :=
(∫

Rd ϕ
1(x)dµ(x), ...,

∫
Rd ϕ

m(x)dµ(x)
)>
.

It is straightforward to observe that, for two Rd-valued square integrable r.v.’s ζ and ζ̄, if
ζ ¬ ζ̄ P-a.s., then 〈ϕ,Pζ〉 ¬ 〈ϕ,Pζ̄〉 for any ϕ ∈ Φd;m

2 .
All the considerations above easily allows to construct functions φ : Rd×P2(Rd)→ R which

are submodular in x and have decreasing differences in x and µ.

Example 5.1 (Mean-field interaction of scalar type). Consider a mean-field interaction of
scalar type; that is, φ(x, µ) = γ(x, 〈ϕ, µ〉) for given measurable maps γ : Rd × Rm → R and
ϕ : Rd → Rm, m ∈ N0. If ϕ ∈ Φd;m

2 and the function γ has decreasing differences in x and y
and it is submodular in x, then the function φ has decreasing differences in x and µ and it is
submodular in x.

Example 5.2 (Mean-field interactions of order-1). Another example is provided by the inter-
actions of order-1, i.e. when φ is of the form φ(x, µ) =

∫
Rd γ(x, y)dµ(y). It is easy to check

that, if the function γ has decreasing differences in x and y and it is submodular in x, then
the function φ has decreasing differences in x and µ and it is submodular in x.

For the sake of illustration, we present two explicit examples which verify either Condition
2 in Assumption 2.7 or Condition 3 in Assumption 2.8.

Example 5.3. For a function ϕ ∈ Φd;m
2 , m ∈ N0, Condition 2 in Assumption 2.7 holds in the

following two cases:
(1) (Convex costs) d = m and φ(x, µ) = γ(x− 〈ϕ, µ〉) or φ(x, µ) =

∫
Rd γ(x− ϕ(y))dµ(y),

for a convex function γ ∈ C2(Rd), when either d = 1 or γ verifies the condition
∂γ/∂xi∂xj = 0 for i 6= j (this holds, e.g., for γ(x) = |x|2);



28 DIANETTI

(2) (Multiplicative costs) φ(x, µ) = γ1(x)γ2(〈ϕ, µ〉), for a nonincreasing (resp. nonde-
creasing) function γ1 ∈ C2(Rd) and a nondecreasing (resp. nonincreasing) function
γ2 ∈ C1(Rm), such that either d = 1 or γ2  0 and γ1 verifies (5.3).

Example 5.4. Consider, for t ∈ [0, T ] and m ∈ N0, functions ϕt ∈ Φd;m
2 and ψt ∈ Φd;k

2 , as
well as functions γ1 ∈ C1([0, T ]×Rd) and γ2 ∈ C([0, T ]×Rm). Take costs h and g of the form

h(t, x, µ, a) = γ1(t, x)γ2(t, 〈ϕt, µ〉) + l(a, µ),

g(x, µ) = γ1(T, x)γ2(T, 〈ϕT , µ〉).
Assume that the function Dxγ1(t, x)γ2(t, y) is nonincreasing in (x, y) for any t ∈ [0, T ]. Then,
Condition 3 in Assumption 2.8 is satisfied in the following two cases:

(1) (Convex costs) l(a, µ) = γ3(a − 〈ψt, µ〉) or l(a, µ) =
∫
Rd γ3(a − ψt(y))dµ(y), for a

convex function γ3 ∈ C2(Rk), when either k = 1 or γ3 verifies ∂γ3/∂a
i∂aj for i 6= j

(this holds, e.g., for γ3(a) = |a|2);
(2) (Multiplicative costs) l(a, µ) = γ3(a)γ4(〈ψt, µ〉), for a nonincreasing (resp. nonde-

creasing) function γ3 ∈ C2(Rk) and a nondecreasing (resp. nonincreasing) function
γ4 : Rm → R, such that k = 1 or γ4  0 and γ3 verifies (5.3) in a.

5.3. Linear-quadratic submodular MFGs. Building on the discussion of Subsections 5.1
and 5.2, we now provide some more explicit examples of linear-quadratic MFGs that can be
treated with the approach presented in Section 2.

Take b, σ, σ◦ as in (5.1). Consider, for t ∈ [0, T ] and m ∈ N0, functions ϕt ∈ Φd;d
2 and

ψt ∈ Φd;k
2 , symmetric nonnegative semi-definite matrices Pt and Rt and a matrix Qt.

Example 5.5. If b0 does not depend on µ, take k = d and

h(t, x, µ, a) = xPtx+ (x− 〈ϕt, µ〉)Qt(x− 〈ϕt, µ〉) + aRta,

g(x, µ) = xPTx+ (x− 〈ϕT , µ〉)QT (x− 〈ϕT , µ〉).
All the assumptions of Theorems 2.18 and Theorem 2.19 (in particular, Assumption 2.7) are
fulfilled if

(1) (Pt)ij + (Qt)ij ¬ 0, for i, j = 1, ..., d with i 6= j;
(2) Qt is symmetric nonnegative semi-definite and (Qt)ij  0, for i, j = 1, ..., d;
(3) either |ϕt(x)| ¬ K for any (t, x) ∈ [0, T ]× Rd or A is compact.

Example 5.6. If b0 depends on µ, assume that b0, b̄1 and b2 satisfy Condition 1b in Assumption
2.8 and take

h(t, x, µ, a) = 〈ϕt, µ〉Qtx+ aRta+ (a− 〈ψt, µ〉)Pt(a− 〈ψt, µ〉)
g(x, µ) = 〈ϕT , µ〉QTx.

All the assumptions of Theorems 2.18 and Theorem 2.19 (in particular, Assumption 2.8) are
fulfilled if

(1) (Rt)ij + (Pt)ij ¬ 0, for i, j = 1, ..., d with i 6= j;
(2) (Pt)ij  0, for i, j = 1, ..., d;
(3) (Qt)ij ¬ 0, for i, j = 1, ..., d;
(4) Either |ϕt(x)|+ |ψt(x)| ¬ K for any (t, x) ∈ [0, T ]× Rd or A is compact.

In this case, we point out that the conditions κ(|a|2 − 1) ¬ h(t, x, µ, a) and −κ ¬ g(x, µ) in
Assumption 2.2 are not satisfied, but Lemma 2.5 can be recovered via the sufficient conditions
of the stochastic maximum principle (see Subsection 5.1.1).

In both the previous examples, the additional continuity requirement of Assumption 2.16
is satisfied, e.g., if ϕt and ψt are bounded and continuous.
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Appendix A. Proof of Lemma 2.5

Recall that the process µ is fixed. The proof is divided in three steps.
Step 1. We introduce a weak formulation of the control problem and we use the results of [29]
to have a first existence result for optimal controls.

A tuple ρ = (Ωρ,Fρ,Fρ,Pρ, ξρ,W ρ, Bρ, µρ, αρ) is said to be an admissible weak control if
(1) (Ωρ,Fρ,Fρ,Pρ), Fρ = (Fρt )t∈[0,T ], is a filtered probability space satisfying the usual

conditions;
(2) ξρ : Ωρ → Rd is an Fρ0 -measurable square integrable random variable;
(3) (W ρ, Bρ) : Ωρ × [0, T ]→ Rd1 × Rd2 is an (Ωρ,Fρ,Fρ,Pρ)-Brownian motion;
(4) µρ : Ωρ × [0, T ]→ P2(Rd) is an Fρ-progressively measurable process;
(5) Pρ ◦ (ξρ,W ρ, Bρ, µρ)−1 = P ◦ (ξ,W,B, µ)−1;
(6) αρ : Ωρ × [0, T ]→ A is square integrable Fρ-progressively measurable process.

LetAw denotes the set of admissible weak controls. Given ρ ∈ Aw, we define the cost functional

Jw(ρ) := Eρ
[ ∫ T

0
h(t,Xρ

t , µ
ρ
t , α

ρ
t )dt+ g(Xρ

T , µ
ρ
T )
]
,

where Eρ denotes the expectation under the probability measure Pρ and the process Xρ =
(X1,ρ, ..., Xd,ρ) denotes the solution to the controlled SDE

dXρ
t = (b1(t,Xρ

t , µ
ρ
t ) + b2(t)αρt )dt+ σ(t,Xρ

t )dW ρ
t + σ◦(t,Xρ

t )dBρ
t , t ∈ [0, T ], Xρ

0 = ξρ.

By Assumption 2.2, such a solution Xρ exists unique on the stochastic basis (Ωρ,Fρ,Fρ,Pρ)
and it is Fρ-adapted. A weak control ρ̄ ∈ Aw is said to be optimal if Jw(ρ̄) ¬ Jw(ρ) for any
ρ ∈ Aw.

In light of Assumption 2.2, Corollary 4.8 in [29] (slightly adapted to our setting, in order
to deal with the extra stochastic term µ) ensures the existence of a weak control

(A.1) ρ̄ = (Ω̄, F̄ , F̄, P̄, ξ̄, W̄ , B̄, µ̄, ᾱ) ∈ Aw,

which minimizes the cost functional Jw over Aw. Clearly, for any α ∈ A one have that
ρα = (Ω,F ,F,P, ξ,W,B, µ, α) ∈ Aw and that J(α, µ) = Jw(ρα), so that

(A.2) Jw(ρ̄) = inf
ρ∈Aw

Jw(ρ) ¬ inf
α∈A

J(α, µ).

Step 2. We now characterize the control ᾱ using the necessary conditions of the stochastic
maximum principle. In order to do so, we underline that we will work on the stochastic basis
(Ω̄, F̄ , F̄, P̄) with noises (ξ̄, W̄ , B̄, µ̄). In particular, the filtration F̄ may be larger than the
filtration generated by the noises (ξ̄, W̄ , B̄, µ̄).

To simplify the notation, set X̄ := X ρ̄. Define next the adjoint processes (Ȳ , Z̄, Z̄◦, M̄) as
the solution of the BSDE

dȲt = DxH(t, X̄t, µ̄t, Ȳt, ᾱt)dt+ Z̄tdW̄t + Z̄◦t dB̄t + dM̄t, ȲT = Dxg(X̄T , µ̄T ).

Since the control ρ̄ is optimal for Jw in the class of weak controls Aw, clearly it is optimal
also in the smaller class Aρ̄ of controls ρ = (Ωρ,Fρ,Fρ,Pρ, ξρ,W ρ, Bρ, µρ, αρ) ∈ Aw such
that (Ωρ,Fρ,Fρ,Pρ, ξρ,W ρ, Bρ, µρ) = (Ω̄, F̄ , F̄, P̄, ξ̄, W̄ , B̄, µ̄). In other words, the control ᾱ
is optimal on the stochastic basis (Ω̄, F̄ , F̄, P̄, ξ̄, W̄ , B̄, µ̄) determined by ρ̄. Therefore, by the
stochastic maximum principle (see Theorem 1.59 at p. 98 in the Vol. II of [15]) we have that

ᾱt ∈ arg min
a∈A

H(t, X̄t, µ̄t, Ȳt, a), P̄⊗ dt-a.e.,

so that, by Remark 2.3, we know that

ᾱt = α̂(t, X̄t, µ̄t, Ȳt), P̄⊗ dt-a.e.
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This implies that, for coefficients b̂, ĥ, ĝ as in (2.4), the process (X̄, Ȳ , Z̄, Z̄◦, M̄) is a solution
of the FBSDE

dX̄t = b̂(t, X̄t, µ̄t, Ȳt)dt+ σ(t, X̄t)dW̄t + σ◦(t, X̄t)dB̄t, X̄0 = ξ̄,(A.3)

dȲt = −ĥ(t, X̄t, µ̄t, Ȳt)dt+ Z̄tdW̄t + Z̄◦t dB̄t + dM̄t, ȲT = ĝ(X̄T , µ̄T ).

The system (A.3) is a FBSDE (in a random environment) with coefficients (b̂, σ, σ◦, ĥ, ĝ) and
noises (ξ̄, W̄ , B̄, µ̄) on the stochastic basis (Ω̄, F̄ , F̄, P̄) (we refer to Chapter 1 in the Vol. II of
[15] for further details on FBSDEs in a random environment).
Step 3. We finally identify the optimal control αµ by reconstructing a copy of the solution of
the FBSDE (A.3) on the original probability space.

From the definition of weak control, we have P̄ ◦ (ξ̄, W̄ , B̄, µ̄)−1 = P ◦ (ξ,W,B, µ)−1, so that
the process µ̄ is adapted to the filtration generated by B̄. This allows to use Remark 1.16
at p. 15 in Vol. II in [15] to deduce that the martingale term M̄ is null, so that the process
(X̄, Ȳ , Z̄, Z̄◦) is a solution to the FBSDE

dX̄t = b̂(t, X̄t, µ̄t, Ȳt)dt+ σ(t, X̄t)dW̄t + σ◦(t, X̄t)dB̄t, X̄0 = ξ̄,(A.4)

dȲt = −ĥ(t, X̄t, µ̄t, Ȳt)dt+ Z̄tdW̄t + Z̄◦t dB̄t, ȲT = ĝ(X̄T , µ̄T ).

Moreover, by Assumption 2.4, such a system satisfies the strong uniqueness property. There-
fore, by Theorem 1.33 at p. 34 in Vol. II of [15], there exists a solution (X,Y, Z, Z◦) of the
FBSDE with coefficients (b̂, σ, σ◦, ĥ, ĝ), and with noises (ξ,W,B, µ) on the stochastic basis
(Ω,F ,F,P). Moreover, such a solution is such that

P ◦ (X,Y, Z, Z◦, ξ,W,B, µ)−1 = P̄ ◦ (X̄, Ȳ , Z̄, Z̄◦, ξ̄, W̄ , B̄, µ̄)−1.

The latter, allows to conclude that

P ◦ (X,µ, (α̂(t,Xt, µt, Yt))t∈[0,T ])
−1 = P̄ ◦ (X̄, µ̄, (α̂(t, X̄t, µ̄t, Ȳt))t∈[0,T ])

−1,

so that, setting αµ := (α̂(t,Xt, µt, Yt))t∈[0,T ], one has J(αµ, µ) = Jw(ρ̄) and, by (A.2), we
conclude that the control αµ is optimal for the functional J(·, µ) on A.

Finally, if α̃ ∈ A is another optimal control for J(·, µ), we can use the same arguments as in
the beginning of this step in order to show that α̃ = (α̂(t, X̃t, µt, Ỹt))t∈[0,T ] with (X̃, Ỹ , Z̃, Z̃◦)
is a solution of the FBSDEµ (2.2). Again, by strong uniqueness (Assumption 2.4), we have
(X,Y, Z, Z◦) = (X̃, Ỹ , Z̃, Z̃◦) and α̃ = (α̂(t, X̃t, µt, Ỹt))t∈[0,T ] = (α̂(t,Xt, µt, Yt))t∈[0,T ] = αµ,
proving the uniqueness of the optimal control.
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