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Abstract
We consider on arbitrary Riemannian manifolds the Leibenson equation
Oru = Apul.

This equation comes from hydrodynamics where it describes filtration of a turbulent
compressible liquid in porous medium. We prove that that, under optimal restrictions on
p and ¢, weak subsolutions to this equation have finite propagation speed.
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1 Introduction

We are concerned here with a non-linear evolution equation

O = Apu? (1.1)
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wherep > 1, ¢ > 0, u = u(z, t) is an unknown non-negative function and A, is the p-Laplacian
Apv = div (|VoP72Vv) .

Equation (1.1) was introduced by L. S. Leibenson [27, 28] in order to describe filtration
of turbulent compressible fluid through a porous medium. The physical meaning of u is the
volumetric moisture content, i.e. the (infinitesimal) fraction of volume of the medium taken
by the liquid. Parameter p characterizes the turbulence of a flow while ¢ — 1 is the index
of polytropy of the liquid, which determines the relation PV9~! = const between volume V
and pressure P. The equation (1.1) is frequently referred to as a doubly non-linear parabolic
equation.

The physically interesting values of the parameters p and q are as follows: % <p<2and
g > 1. The case p = 2 corresponds to laminar flow (=absence of turbulence). In this case
(1.1) becomes a porous medium equation Jyu = Aul, if ¢ > 1, and the classical heat equation
du=Au if g=1.

However, from the mathematical point of view, the entire range p > 1,q > 0 is interesting.
For this range, G. I. Barenblatt [6] constructed spherically symmetric self-similar solutions
of (1.1) in R™, that are nowadays called Barenblatt solutions.

Assume first that ¢(p — 1) > 1. Then the Barenblatt solution is given by

u(z, t) = tnl/ﬂ (c ok @i/'ﬁ))i (1.2)

where C' > 0 is any constant, and

p—1 gp—1)—1 1
B=p+nlgp-1)-1, v=—F——, h=—""T"0 r1
glp—1)—1 Pq
The parameter 5 determines the space/time scaling and is analogous to the notion of a walk
dimension, known for diffusions on fractals.

Clearly, for the Barenblatt solution (1.2), we have

(1.3)

u(z,t) =0 whenever |z|> ct'/5,

where ¢ is a large enough constant; thus, u(-,¢) has a bounded support for any ¢ > 0. One
says in this case that u has a finite propagation speed.
Assume now that ¢(p — 1) < 1. In this case v,k < 0, and the Barenblatt solution is given

by a similar formula
P\
1 |z| \ P T

In the borderline case ¢(p — 1) = 1, the Barenblatt solution is given by

1 €T o
U(.f(},t) - Wexp <_C (tll_/!p> ) )

where ¢ = (p — 1)2p_1%1. Hence, if ¢(p — 1) < 1, then u(z,t) > 0 for all z € R™ and ¢ > 0,
that is, v has an infinite propagation speed.

In the present paper, we prove the finite propagation speed for solutions of the Leibenson
equation (1.1) on arbitrary Riemannian manifolds, under the optimal assumption

qlp—1)> 1 (1.4)



We understand solutions in a certain weak sense (see Section 2 for the definition). It
is worth mentioning that the existence results for weak solutions of (1.1) were obtained in
various settings in [5, 26, 30, 33] and in [4, 8, 9, 37].

The main result of the present paper (Theorem 5.1) is as follows. Let M be an arbitrary
Riemannian manifold. Assume that (1.4) is satisfied and let u be a bounded non-negative
solution to (1.1) in M xR with an initial function ug = u(+,0). If ug vanishes in a precompact
geodesic ball By of radius R then

1
u=0 in §BO X [O,to],

where
to = nRP|[uo| 140707,
and n > 0 depends on the intrinsic geometry of Bp. Hence, the solution u has a finite
propagation speed inside By, and the speed of propagation is determined by the geometry of
By via the constant 7.
Next, assume that K = suppug is compact. Then there exists an increasing continuous
function 7 : (0,7) — Ry for some T € (0, oo] such that

suppu(-,t) C K, forallte (0,7T)

(Corollary 5.2). The function r(t) is called the propagation rate of u. Hence, u has a finite
propagation speed up to time 7.

Let us emphasize that these results are valid for an arbitrary Riemannian manifold, and
the property of finite propagation speed depends on the local structure of the manifold.
However, in order to obtain a more detailed quantitative information about the propagation
rate r(t), one has to impose some restrictions on the global geometry of M. Indeed, we prove
that if M is geodesically complete and if the Ricci curvature of M is non-negative then one
can take 7(t) = Ct'/? for all t € (0,00) (Corollary 5.3). In particular, in this case the solution
has a finite propagation speed for all ¢t € (0, c0)

Let us recall some previous results about finite propagation speed of solutions of (1.1).
Consider first the special case ¢ = 1 when (1.1) becomes the parabolic p-Laplace equation

0w = Apu. (1.5)

In this case the condition (1.4) amounts to p > 2. The aforementioned results of Theorem
5.1 and Corollaries 5.2, 5.3 were proved for the equation (1.5) by S. Dekkers [13]. In fact,
the finite propagation speed was deduced in [13] from a certain non-linear version of the
mean value inequality for solutions. We have borrowed this approach from [13], although the
proof of the crucial mean value inequality in our case is carried out in an entirely different
way. Related results from the theory of the p-Laplace equation can be found, for instance, in
[14, 15, 16, 23, 24].

Consider now another special case p = 2 when (1.1) becomes the porous medium equation

Oru = Aul. (1.6)

The condition (1.4) amounts in this case to ¢ > 1. A finite propagation speed for solutions of
(1.6) in hyperbolic spaces was proved by Vazquez [39], and in Cartan-Hadamard manifolds
by Grillo and Muratori [20]. Some related qualitative properties of solutions of (1.6) were
proved in [11] in the setting of compact Riemannian manifolds, in [3, 7, 11] for solutions in
R™, and in [17, 38] for solutions in bounded domains in R™ with Dirichlet boundary condition.



In the general case, when p > 1 and ¢ > 0 satisfy (1.4), a finite propagation speed for
solutions of (1.1) was proved by Andreucci and Tadeev [2], under the hypothesis that the un-
derlying manifold M satisfies a certain isoperimetric inequality; for example, the latter is the
case when M is a Cartan-Hadamard manifold. However, the hypothesis about isoperimetric
inequality fails on general manifolds of non-negative Ricci curvature that are covered by our
Corollary 5.3.

See also [31, 34, 36] for other results about the asymptotic behaviour of solutions of (1.1).

The structure of the paper is as follows. In Section 2, we define the notion of a weak solu-
tion of the Leibenson equation (1.1) and introduce the time mollification, which is then used
to prove a Caccioppoli type inequality for weak subsolutions (Lemma 2.6). This inequality is
one of the ingredients of the proof of the central technical result of this paper — the mean
value inequality for subsolution that is proved in Section 4 (Lemma 4.3). Another ingredient
for the proof of the mean value inequality is introduced in Section 3 (Lemma 3.1)

Using Lemma 4.3, we prove in Section 5 our aforementioned results about finite propa-
gation speed.

Let us make some comments on the mean value inequality of the key Lemma 4.3. It says
the following. Let g(p — 1) > 1 and let u be a non-negative bounded subsolution of (1.1) in
a cylinder

Q = B x [0,1]

where B is a precompact geodesic ball in M. Assume that u (-,0) = 0 in B. Then, for the

cylinder

Q- éB % [0,4]

and for any large enough constant ¢ > 0, we have

< CSp ﬁ Q(P*al)*l
HUHLOO(Q/)f Rp(i+v) ||U||Loo(Q) HUHLU(Q)a

where C' = C (p,q,v,0). Here Sp and v are positive constants that depend on the intrinsic
geometry of the ball B, namely, on the Sobolev inequality in B (see Section 3).

Although the proof of Lemma 4.3 follows the classical Moser iteration argument [32], it
has certain peculiarities due to the non-linearity of the equation, which is worth mentioning
here. We consider a shrinking sequence of cylinders {Q},-, interpolating between Qo = Q@
and Qo = @', and first prove that

/QH1 W) < O (/Qk uﬂ) o , (1.7)

for some ¢ > 1 and v > 0, where v come from the Sobolev inequality in B and “ - -” stands for
some terms that are unimportant for the present discussion (see Corollary 4.2 for details). In
the classical Moser argument, one proves (1.7) first for o = 2 and then applies this inequality
also to u?/? with any ¢ > 2 because u?/? is also a subsolution. This allows to set in (1.7)
o =2 (1+ v)¥, reiterate (1.7) and to reach in the limit [ull oo (ry @8 b — o0

However, in our case this trick does not work as the powers of a subsolution are not
necessarily subsolutions. Hence, we need to prove (1.7) directly for any o and to compute
carefully the constant C' = C(c) in (1.7). It turns out that C' ~ ¢(>~P)" and, surprisingly
enough, this power growth of C' with o still allows to complete the iteration argument and
to obtain (1.7).

Note also that the proof of a similar mean value inequality in [13] for subsolutions of (1.5)
was carried out in an entirely different way by using instead of the powers of u the functions



(u— a)_ that are subsolutions of (1.5) for any a > 0. However, this approach does not work
for the general equation (1.1) because (u — a), is not a subsolution in this case.
For mean value inequalities in various settings see also [1, 19, 21].

2 Weak subsolutions

2.1 Definition and basic properties

We consider in what follows the following evolution equation on a Riemannian manifold M:
Oru = Apuf. (2.8)
By a subsolution of (2.8) we mean a non-negative function v satisfying
Oru < Apu (2.9)

in a certain weak sense as explained below.
We assume throughout that
p>1 and g > 0.

Set
d=(p-1qg—1

Later we will assume that ¢ > 0.

Let u denote the Riemannian measure on M. For simplicity of notation, we omit in
almost all integrations the notation of measure. All integration in M is done with respect to
dp, and in M x R — with respect to dudt, unless otherwise specified.

Definition 2.1. Let €2 be an open subset of M and set Q7 = Q x [0,7), T > 0. Then we
call a non-negative function u = u(x,t) a weak subsolution of (2.8) in Qr, if

u € Spq(Qr)=C([0,T); L*() N {u! € L}

loc

([0,T); Whr(2)) } (2.10)

and (2.9) holds weakly in Q7, which means that for all 0 < ¢; < to < T, and all non-negative
functions

b € Tpg(r) = W52 (10.7): L2() 0 1, (10,7 Wo () (2.11)
we have
to to
[/ uw] +/ / —udp) + |[Vul|P~2(Vu?, Vi) < 0. (2.12)
Q t1 t1 Q

Weak supersolutions and weak solutions of (2.8) are defined analogously. Note that the
notion of weak solutions is standard (see [15, 22]).

If u € Spq(Qr), we define

Ly 1=ag(u), u> 0
[ qtu u?), u>0,
V“'_{o, uw=0.

Remark 2.2. Note that it follows from (2.10) and (2.11) that the integrals in (2.12) are
finite. Indeed, we have by Holder’s inequality

/ [ 1wt va v < / [ it HWI |
< ([ frowanr) = ([ fwor)
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Definition 2.3. Let u = u(z,t) be a measurable function in Q7 and u(-,0) = ug. Then we
define, for h € (0,7),

1 t
ul(,t) = E/ eGPy (-, s)ds

0
and

¢
up (1) = e VMg + %/ ey (., 5)ds.
0

The properties of u” and wy, in the following Lemma are proved in Lemma 2.2 in [25] and
in Lemma B.1 and Lemma B.2 in [10].

Lemma 2.4. Let p > 1 and suppose that u € LP(Qr). Then

h
[l Lo @r) < llullrr)

and
l|unll o) < ullLo@r) + 5P |uol| Lo ),

Moreover, u"

— u and up, — u in LP(Qr) as h — 0 and
1
Opup, = %(u —up) € LP(Qp). (2.13)

Lemma 2.5. Let u = u(x,t) be a weak subsolution of (2.8) in Q. Then, for all 1 € T, o(Qr)
and T € (0,T),

/h/@mm¢+mvww4vmwxwgga (2.14)
0o JQ
Proof. Fix some s € (0,7). By (2.12) with ¢t; =0, to =7 — s and ¢ = ¥(x,t + s), we have
[/ u(x, t)(z, t + s)] +/ / —uah, 4 [Vui[P~2(Vui, Vi) < 0.
Q 0 0 Q

Multiplying both sides by h~'e~*/" and integrating over [0, 7] with respect to s, we get

1 /7 —s/h I —s/h

- e Mu(x, T — s)Y(x, T)dpds — — e Mg (x)(x, s)duds

hJo Ja hJo Ja

l e —s/h(__ . g2 Y
+h[ll.ée (—u(@,t = 8)i; + [Vu(z,t — )P (Vu(@, t — 5)7, Vi) < 0.

Noticing that

%/ ey, 1 — s)ds = ul (-, 7)

0
1 T T T
—/ / e_s/hu(~,t—s)dtds:/ ul(-,t)dt,
h 0 s 0
we deduce

+Aiée4mW@¢+Aié‘W@¢+mVWP”vmwxw»so

and



By partial integration and using uy(-,0) = ug, we have

[utenvn = [ [ wow= [ w@uwo+ [* [ @

and
Y i _ —t/h Y AR
/0 /Qe U0 [/Qe uo(x)1/1(a:,t)]0+h/0 /Qe uo(x)Y(z,t)

_ /QeT/hUO(JI)w(fU»T) _ /QUO(UCW(%O) + /Quo(a;) (% /OT et/hw(x,t)dt> )

which implies (2.14). m

2.2 Caccioppoli type inequality
Let € be an open subset of M and T > 0.

Lemma 2.6. Let v = v (z,t) be a bounded non-negative subsolution to (2.8) in a cylinder
Qp. Let n(z,t) be a locally Lipschitz non-negative bounded function in Qp such that n (-, t)
has compact support in 2 for all t € [0,T). Fix some real \ such that

A > max (2,14 q) (2.1)

and set o
oc=A+6 and a=-—. (2.2)

b

Choose 0 < t1 < to <T and set Q = Q X [t1,t2]. Then
to
{/ v)‘np] + cl/ IV (v*n)F < / [pv’\np_lﬁm + cou? VPl (2.3)
Q t1 Q Q

where c1,co are positive constants depending on p, q, A.

In particular, if  does not depend on t, then

t2
[/ v/\n”] +cl/ |V(vo‘n)|p<02/ v VP (2.4)
Q t1 Q Q

Proof. Consider the function ®,(u) = wa. Tt follows from A > 1+ q, that % > 1, whence
®,, is a Lipschitz function on [0,supv] and we obtain that v®(-,t) = ®,(v?)(-,t) € WHP(Q)
for all t € (0,7"). Also, note that 0 > 14+ ¢+ (p—1)g — 1 = pg > 0, so that all integrals in
(2.3) are well-defined. Since v is a weak subsolution of (2.8), we obtain by (2.14),

/0 ' /Q (Bon)p + ([V0 P20, V) < 0, (2.5)

for all h € (0,7), 7 € (0,T) and ¢ € T, 4(Q7).
Claim:

to
[/ v)‘np] S/ —A(\Vvq]”_2Vvq,V(vk_lnp»+pv>‘np_1('“)tn. (2.6)
Q Q

t1



Let us consider, for v < 1(t, —t1), the function

0 t <ty
Lt 1), ti<t<t;+uv,
th+v<t<ty—uv,
(tg—t), to —v <t <tg,
t >ty

0,(t) =

Ox|= x|

(cf. [29]). We want to show that, for all ¢ € [0,T),
AT DP (D0 (1) € LX) N WP (), (27)

which will make this function admissible as a test function in (2.5).

A—1
Using the function ®)_1(u) =u ¢ , A > 1+ g and the same argumentation as above, we
obtain that v*~1 € W1P(Q) and

V) =&, () V(?) = (A= g oIV () = (A - 1)0* V.

Similarly, by A > 2, we also get v»~1 € L?(Q) so that (2.7) holds. Hence, using this test
function in (2.5),

/Qatvhv)‘lnpﬂy + <[|Vvq|p72Vvq]h, V(v)‘flnp))ﬂ,, <0.
Let us write
/Q@tvhUA_lnpﬁl, = /Qﬁtvhvﬁ_lnp&, + /Q 8tvh(v’\_1 - U,’)_l)npﬁl,.
By (2.13), we see that
1
/ Ayup (M1 — v}i‘fl)npé?,, = —/ (v — wvp) (1 — v}i‘fl)npe,, >0,
Q hJq
whence we obtain
/Q&gvhv,)t‘lnpe,, + ([|[VuYP2Vvd),, V() 1P))6, < 0. (2.8)

By using

to
/\/ 8tvhv2_1np9yz/8tvﬁnp9y= U véfﬂ”@y] —p/ vﬁn”l&:n%—/ opnP o0y,
Q Q Q i Q Q

we get, since 0, (t1) = 6,(t2) =0,
—/ uﬁnpatey < / —)\<[|Vvq|p72Vvq]h,V(v)‘flnp)wy —i—pv,)z‘npflamﬁ,,. (2.9)
Q Q

We now want to let h — 0 in (2.9) and apply Lemma 2.4 and then let v — 0 to obtain
(2.6). Note that |[Vv?|P~! € L#(Q), so that by Lemma 2.4, for h — 0,

[VolP2V0f)" — Vol [P2V0?  in Li-1(Q).
Together with |V (v ~19P)|0, € LP(Q), we obtain

}Lir% —)\([\Vvq\p_ZVvq]h,V(v)‘_lnp)wy:/ M| VvP2V0?, V(02 1P)),,.
—PJQ Q



For the convergence of the remaining terms in (2.9), we will use the boundedness of v. Note
that by assumption v € L?(Q) whence Lemma 2.4 implies that vy — v in L?(Q). Since the

function u — u* is Lipschitz on [0, sup v] we get v,{L\ — o) in L?*(Q) and thus,

lim / pupnP L ome, = / pu* Pt ome,.
h—0 Q Q

The convergence

lim / AP0, = / v P00,
h—0 Q Q

follows by the same arguments. Hence,
—/ VPO, < / —M[|VulP2Vv9], V(1P )6, 4 poPnP~tom8,,.
Q Q

Sending now v — 0, we deduce (2.6).
We have
V(@A) = (A = DPo* 2V + ppP =L 1. (2.10)

Therefore, by (2.6) and (2.10), we obtain

t
{/ U/\np] ’ < / “A\ = DA 2@ DE=D e gy P AppA @D gy =1 gy Pt
Q Q

t1

+ / po P o
Q

= / —A(A = 1)oP@ NP |Tu[P 4+ ApeP @D o P P 4 pot P oy
Q

(2.11)
Then by Young’s inequality we have, for all € > 0,
oD o gt = (DS ) (0% 9)
< ¥ PO [lrp + Eipvap\vmp, (2.12)

where p’ = B, Combining this with (2.11), we deduce

[/Q v’\np] i < /Q—)\(A — 1 — pP PO PyP + E%UO"’|V7)|” + pr* P o
Also,
IV (@) = awt Vo + 0 Tal? < 2 a? [VoPreDip 4 2Ly [T
which implies that
[VlPoPle= VP > 24P P |7 (0%n)|P — a PuP |V .

Therefore,

to
[ / wﬂ < [ 0= 1-p 2 v )P
Q Q

t1



+ / A (()\ -1 —pz-:p/) a P+ %) VP |VnlP + punP Lo
Q &

= / IV ()P + ez / V| VnlP + / po 1o,
Q Q Q

where
c1=A ()\ —1—pe? ) 2l=Pq P

02:)\<</\—1—p6p/>a_p—|—€£p).

and

Hence, choosing € small enough so that ¢; > 0, that is
psp/ <A-—1,
we obtain (2.3). Finally, let us specify ¢; and ca. Let us choose € so that
o1
P==(\=-1
pef =5 (A-1),
that is
cl = )\()\— 1)2—pa—p.
It follows that
1 P
— _ _ —-p =
2 = 2)\()\ 1)« +)\6p

p

(3= /p)"
op/P pltp/p’

1
= AA-1a"+

1
= JAA-Da A

(A — 1)1)/1)’ ’
Since » »
—+1 +1=p
i p/(p—1)
we have \gp-1
_ 2P~ pP
co==-AA—-1 P4 .
2= (A—1)P!

which finishes the proof. m

(2.13)

(2.14)

Remark 2.7. For the future we need the ratio £2. It follows from (2.13) and (2.14) that

2 _op-1 4y 2
c1 A=1)PPA(A=1)2-PaP
22p—1lgp
=op-ly = 7
o

where we have used that ap = ¢. Since ¢ = A + §, we obtain

22P=L (X + 9)P

2] — op—1
C1 ()\ — 1)p
It follows that, for all A > 2,
e,
c1 — pzé’

where C), 5 depend only on p and ¢ and does not depend on A.

10



Remark 2.8. Let us obtain an upper bound of ¢y. Using

o A+6
o= - = —
p p
we obtain A ) A1y
1 —1 2P~
T30 T
As A >2and A+ 6 > p > 1, it follows that
co < CpsA*P. (2.15)

Of course, if p > 2 then ¢y is uniformly bounded by a constant C), 5 independently of A, but
if p < 2 then ¢y may grow with A as in (2.15).

Lemma 2.9. Let v = v (z,t) be a bounded non-negative subsolution to (2.8) in My, and
assume that M is complete. Then, for any v > max (2,1 + q), the function

t = v Ol o
is monotone decreasing.

Proof. Since M is complete, we have Wol’p(M) = WHP(M), so that (2.7) holds true with
n=1and Q = M, that is, we can take v?7~'6, as the test function in the proof of Lemma
2.6 when Q = M. Proceeding as in the proof of this Lemma, we obtain from (2.3), for any

0<t1 <t < T,
t2
[/ ] <o [ [9EoP,
M t1 M

for some positive constant ¢;. Therefore,

loCs el ary < oGtz gy

what was to be shown. =

3 Sobolev and Moser inequalities

Let M be a connected Riemannian manifold of dimension n. Let d be the geodesic distance
on M. For any z € M and r > 0, denote by B(x,r) the geodesic ball of radius r centered at
x, that is,

B(z,r)={ye M :d(z,y) <r}.

Let B be a precompact ball in M. The Sobolev inequality in B of order p > 1 says the
following|: for any non-negative function w € VVO1 P(B),

1/k
</ wp”> < SB/ |Vw|?, (3.16)
B B

where x > 1 is some constant and Spg is called the Sobolev constant in B. The value of k is
independent of B and can be chosen as follows:

K= if n > p,

n—p

and k is an arbitrary real number > 1 if n < p.

11



We always assume that Sp is chosen to be minimal possible. In this case the function
B+— S B

is clearly monotone increasing with respect to inclusion of balls.
Dividing (3.16) by u(B), we obtain

1/k
<][ “’p”> < u(B)¥ Spf [Vul | (3.17)
B B

where

is the Holder conjugate of k.
Denoting by r(B) the radius of B, let us define a new quantity

=i (%)

so that

_
b B )T )
and
(/L(B)I/H/SB)I/p _ 7“(B)1 ‘
t(B)»’

Hence, (3.17) can be rewritten in the form

<]é IVw\p>1/p > L(ﬁgf/ (]{3 wzm)l/pﬁ_ (3.19)

It is clear from (3.19) that the value of k can be always reduced (by modifying the value
of «(B)). It is only important that « > 1. In fact, the exact value of x does not affect the
results, although various constants do depend on x.

The constant «(B) is called the normalized Sobolev constant in B. It is known that if M
is complete and Riccips > 0 then, for all balls B, the normalized Sobolev constant ¢(B) is
bounded below by a positive constant (see [12], [18], [35]).

Let B be a precompact ball in M and @ = B x [0,T]. Assume that the Sobolev inequality
(3.19) holds in B with exponent > 1. Let £’ be its Holder conjugate. Set

Lemma 3.1. Let w € LP ([O,T]; Wol’p(B)) be a non-negative function. Then,

/pr(m) <S5 (/Q \pr> o (/B wp>y. (3.20)

Proof. By the Holder inequality, we have, for any t € [0, 7]

1/k 1/K’
/wp(Hu) :/ wPwP” < (/ wm) </ wPVH’)
B B B B
1/k v
L) ()
B B

12



1/k v
< </ wp“) sup (/ wp> ,
B teo,T] \J/B

where we have used that v’ = 1.
By the Sobolev inequality (3.16) we have

1/k
(/ wp“> < SB/ |Vwl|?.
B B
/ wPIH) < §p (/ |Vw|p> sup </ wp> .
B B t B

Integrating this inequality in ¢ € [0,T] gives (3.20). m

It follows that

4 Estimates of subsolutions

4.1 Comparison in two cylinders

Here we assume that
p>1 and d:=¢q(p—1)—1>0.

Lemma 4.1. Consider two balls B = B (z,r) and B' = B (z,r") with 0 < v’ < r, and two
cylinders
Q=Bx|0,T], Q=B x[0,T].

Assume that B is precompact. Let A be any real such that
A > max(2,1+ q). (4.21)

Set
oc=\+0.

Let v be a non-negative bounded subsolution of (2.8) in B x [0,T") for some T' > T, such
that
v(-,0)=0.

(2-p)v v
/ ,UU(H—V) < CSBU—I </ UO’) (/ v0'+(5> , (4.22)
/ (r— r/)P( +) g 0

where the constant C depends on p, 6 and v, but it is independent of o.

Then

Proof. As in Lemma 2.6, set a = %. Let 7 be a bump function of B’ in B. Recalling the
proof of Lemma 2.6, we see that v®n € LV ([0, T); Wol’p(B)>. Applying (3.20) with

loc

w = v

and using

we obtain that, for any ¢ € [0,T],

/ v ppHr) < g ( / \V(v"‘n)\p> sup ( / v"n”) :
Q Q te[o,7] \J/B

13



By (2.4) we have
[Ivwnr=2 [ vy
Q €1JQ

sup (/ vAn”) SCQ/ v” [Vl
t€[0,T] B Q

Let us use the latter in the form
sup (/ v”#”) SC’Q/ v |Vl
t€[0,T) B Q

N=c and o/ =N +6d=0+9.

an ([) < [ oo
t B Q
C 7 v
/UJ(1+V)77p(1+u) < SB_Z/ ’UU|V77’p <C,2/ o ’vnp> .
Q aJe Q

Using that n = 1 in B’ and |V7| < -1 we obtain

r—r!

/\V v
J vl < g2 ol </ ”0> </ ”UI> |
4 €1 (ry —ro)? Q Q

By Remark 2.7 we have

and

where

Then we have

It follows that

C2
=< 5
Cl_ p?’

and, by the estimate (2.15) of Remark 2.8,

2

0/2 <Cps ()\/) P Cp’(;UQ_p.

Hence, (4.22) follows. m

Corollary 4.2. Under the hypotheses of Lemma 4.1, we have

2—p)v ov v
/ (1w < CSpa® P |[v]| T o) (/ v") ” (4.23)
/ - (ry — 7,2)10(1+V) 0

where C' = C(p,0,v).

4.2 Mean value inequality

We assume here that
p>1 and §>0.

Lemma 4.3. Let the ball B = B (xg,r) be precompact and T > 0. Let u be a non-negative
bounded subsolution of (2.8) in B x [0,T) such that

u(-,0) =0 in B.

14



For0<t<T, set

Q=Bx0,1
and let o > 0 be large enough. Then, for the cylinder
, 1
Q = §B X [Ovt]a
(see Fig. 1) we have
CSp \°~ 8
lullieien < (v ) Wellmioy Nl (124)

where C' = C (p,d,v,0).

Figure 1: Cylinders @ and Q'

Proof. Consider a sequence of radii

1
T = (5 + le) R

so that ro = R and 1 \, %R as k — 00. Set
By = B(wo,71), Qr= By x|[0,1]

so that
Bo=B, Q=Q and Qu:= lim Qu=¢

(see Fig. 2).

Figure 2: Cylinders Qy

15



Set also

and
Jk :/ uak.
Qk
By (4.23) we have
2—p)v ov
Jk+1 - CSBkUI(c P) ||u”L°°(Qk) 1+v
G A
y k(2—p)v —p)v ov
< C2kp(14v) (1 4 )FC=PIV 5(2-pv g, lullze @) Jitv
< Rp(1+v) g

< Ak@_ljé_‘—y,

where
A= 2P0 (1 4 )P >

and 5
CSp ||ul| 7 g

-1 _
o7 = Rp(1+v) ’

where we have absorbed o2~P) into C.
By Lemma 6.1 (see Appendix), we conclude that

I < ((Al/"@—1>1/” Jo) (A—I/V@)l/u

+k—1  atnko1 gLk
70 JE,

g v v

1 _ _ 1
</ u0k> 7 < Al_(it;) k@_li(ljuw - </ u”) /U.
k Q

As k — oo, we obtain

(1+v)k

It follows that

A1
[ull oo @ry < Aev? O 57 [lull 1o )

1
o, (OS5 llulFeg)\ ™
A ( D) Nl

IN

Rp(1+v)

CSg \ o~ 2
Rp(+v) ||u”LOO(Q) ”uHLU(Q)a

where A was absorbed into C. m

Remark 4.4. Clearly, (4.24) implies

1
CSg \ o~ 1 1+2
lullimion < (v ) @(B)? Il g,

16
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5 Finite propagation speed

5.1 Propagation speed inside a ball

In this section we assume that M is complete. In particular, all balls are precompact. We
assume here that
p>1 and § > 0.

Theorem 5.1. Let u be a bounded non-negative subsolution of (2.8) in My with the initial
condition u (-,0) = ug. Let By = B (xo, R) be a precompact ball such that

UO:OinBQ

(see Fig. 3). Set
to = nu(Bo)R? [[uol| ;% ) A T (5.26)

where n is a sufficiently small positive constant depending only on p,d,v. Then

1
u=0 1 530 X [O,t()].

Figure 3: The support of ug

Proof. Set r = 3R and fix for a while a point € By so that B := B (z,r) C By. Fix also
some t € (0,T) and set

Qr = 277k B « [0,t] and Ji = ”UHLOO(Qk)
(see Fig. 4).

Figure 4: Cylinders Qg

Choose and fix o large enough as it is needed for Lemma 4.3. Then, by (4.25), we have
1

CSQ—kB o —k 1+g
Jk+1§<—(2—kR)P(1+V)> (tu(2 B)) J,

al=

17



1
p(1+v) CSB ov 1
<28 oy <—> (tu(B))= J, .

Rp(1+v)

Observe that, by (3.18) and % =K,

1

v p/v
() tE) = Rp“tf:(Bm )
so that
Jer1 < e <L(§;tRp>a 11+é
_ Ak@—lJ}ier’
Where 5 p(1+v)
w = p A=2"o
and

@—1 < A—l/wJO—w

By Lemma 6.1, if
then, for all £ > 0,
Jp < AR .
The condition (5.27) is equivalent to
ct \®
7 < A—l/WJ—w
() =47

that is, to
t<CYW(B)RPJ®,

where A is absorbed to C'. Since, by Lemma 2.9,

Jo = [[ull L () < lluoll Lo (ar)

(5.27)

(5.28)

(5.29)

the condition (5.29) is satisfied for ¢ = to, where ¢ is determined by (5.26) with n = C~1.

Hence, for t =ty we obtain from (5.28) that, for any k,

H“”Loo(rka[o,t})

< AT g o

For any k, we cover the ball %Bo by a countable (or even finite) sequence of balls B (mi, 2"“1")

with z; € %B(). Since for all i

1l oo (B(ar2-4r)x(0.) < AT g | oo

we obtain that

—k
il o (3 i) < A~ ol oo -

Finally, letting k& — oo, we obtain that v = 0 in %BO x [0,¢], which was to be proved. m
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5.2 Propagation speed of support

We assume here that, as above,
p>1 and § > 0.

For any set K C M and any r > 0, denote by K, a closed r-neighborhood of K.

Corollary 5.2. Let u(x,t) be a non-negative bounded subsolution of (2.8) in M x Ry with
the initial function ug = u (-,0). Assume that the support K = suppug is compact. Then
there exists T > 0 and an increasing continuous function p : (0,T) — R such that

suppu (-, t) C K

for allt € (0,T) (see Fig. 5).

Figure 5: The support of wu(-,t)

Here both T" and p (t) may depend on u. The function p(t) is called the propagation rate
of u.
Proof. Let us fix a reference point x¢g € K and define the following function for all » > 0:

Ui -6
P (1) = Tt (Blao, ) ol - (5.30)
Denote rg = diam K. Let us prove that that, for any r > rg,
t < (Br+ry) = suppu(t) C K,

that is,
u(,t) =0 in M\ K,.

Let us fix a point z € Ky, \ K, (see Fig. 6). We have
d(z,K) <2r=d(x,x9) <2r+nro.

Figure 6: A point x € Ky, \ K, and the ball B(z,r)
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It follows that
B (z,r) C B(x0,3r +19) = B(x0, R)

where
R :=3r +ry.

The condition r > r¢ implies R < 4r. Since B(z,r) C B(x, R), we have by the monotonicity
of function (3.18) that

uB(z,r)u(B(z, 1))

: L(B(zo, R))u(B(zo, R))

Rp/v

>

It follows that

p(Blao, R)) p,

P ot )
7 u(B(z,r))

uB(z,r))rP > (E

1

> WL(B(I‘O, R))Rp

Therefore, the hypothesis ¢ < ¢ (R) implies that
£ < (B, ) o7 )
Since u(+,0) = 0 in B(z,r), we conclude by Theorem 5.1 that
u(-,t) =0 in B(x,r/2).
Since this is true for any x € Ky, \ K, we obtain that
u(-,t) =0 in Ko \ K. (5.31)

Let us show that also
u(,t) =0 in M\ K,. (5.32)

Fix some s >> 2r and let n (x) be a bump function of K\ Ky, in Ky, \ K,; that is, n is the
following function of |z| := d (z, K):

||
(7 - 1)+, 2| < 2r,
n(@)=q 1L lz|€2rs],

||

2(1 %)+, 2| > s

(see Fig. 7).
1 n(x)
7 27 K 2s Ix

Figure 7: Function n
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Applying the inequality (2.4) of Lemma 2.6 with some fixed A, we obtain

t t
[/ u)‘np} < cz/ / u’ [VnlP. (5.33)
M 0 0 JM

Since u (-,0) = 0 on suppn and n = 1 on Ky \ Ky, the left hand side here is bounded below

by
/ ur(-,t).
KS\K2T

Since n =0 in K;, u(-,7) = 0 in Ko, \ K, for all 7 <t (by (5.31)), and Vi =0 in K, \ Koy,
the right hand side in (5.33) is equal to

¢
02/ / u? |Vn|P.
0 JM\K,

1

t t
/ u (-, 1) < 02/ / u’ |[VnlP < 9/ / u’.
K\ Ko 0 JM\K, sP Jo Jm\K,

The right hand side goes to 0 as s — oo, which implies that w(-,t) = 0 in M \ Ka,, thus
proving (5.32).
Now let us define in [rg, 00) a function

Since

we obtain that

1
P (r)= 5 Sup ¢ (3s+10)
ro<s<r

so that 1 (r) is monotone increasing. If ¢ < o (1) then t < ¢ (3s + 1) for some s € [rg,r],
which implies by the first part of the proof that

u(-,t) =0 in M \ K;

and, hence,
u(-,t) =0 in M\ K,.

It is unclear whether ¢ is continuous or not. As a monotone function, ¢ may have only jump
discontinuities. By subtracting all these jumps, we obtain a continuous monotone function
1 < 1) with the same property|:

t<Y(r)=u(,t) =0 in M\ K,. (5.34)

. . . ~ . ~_]‘
As a continuous monotone increasing function, ¢ has an inverse p =1  on [typ,T) where

to = ;b(ro) and T = sup z,Nb

Let us extend p(t) to t < to by setting p(t) = p(tp). Then r = p(t) implies t < @7}(7’), and by
(5.34)
u(,t) =0 in M\ K,

which was to be proved. =

21



5.3 Curvature and propagation rate

Corollary 5.3. Let M be complete, non-compact and let Riccipr > 0. Let Let u be a bounded
non-negative subsolution in M x Ry with the initial condition u (-,0) = ug. Set K = supp ug.
Then, for any t > 0,

suppu(-,t) C Keyayp

where C' depends on ||uo||, p, 9, n.

Proof. It is known that on such manifolds ¢(B) > const > 0 for all balls B C M (see [12],
[18], [35]). Let B(x, R) be a ball that is disjoint with K. By Theorem 5.1, if

t < cu(Bo) R [[uoll ;% )

then X
u(-,t) =0 B(z, §R)
Hence, if
R > Ct'/P
then ,
supp u(-,t) N B(x, §R) =0
and, hence,

supp u(-,t) C Kip,

whence the claim follows. m

6 Appendix: an auxiliary lemma

The following lemma was used in Sections 4 and 5.

Lemma 6.1. Let a sequence {Jy}re, of non-negative reals satisfies

k
i1 < %J,}f“ for all k > 0. (6.1)

where A,0,w > 0. Then, for all k >0,

1/w (1+w)* 1/w
Ji < <<A1/‘”®1) / J0> (A*’f*l/we) : (6.2)
In particular, if
0> Ay, (6.3)
then, for all k > 0,
J < A7 . (6.4)

Proof. Consider the sequence

X, = <(A1/we1)1/ ’ J0>(1+W)k (A*’f*l/we)l/ “

Then we have
Xo = (Al/w@—l)l/ "o (A‘”“@)l/ S =
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and

(14w)*t? 1+w

A_kXiiJw _ A& ((Al/‘“el)l/w Jo> (A*kfl/we> e

€|~

(Al/we)—l)l/w Jg) e Ak~ (A—k—l/w@) (A—k—l/W@)
(Al/‘”efl) 1/w Jo) (1+w)FT! -t (Afkfl/we> 1/w
(

1/w (Lw)* ! 1/w
_ ( Al/w@—l) JO) <A—(k+1)—1/w®> _ Xk+1-

Hence, by comparison we obtain Ji < X}, which was to be proved. m
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