GLOBAL EXISTENCE AND NON-UNIQUENESS FOR 3D NAVIER-STOKES
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MARTINA HOFMANOVA, RONGCHAN ZHU, AND XIANGCHAN ZHU

ABSTRACT. We establish global-in-time existence and non-uniqueness of probabilistically strong
solutions to the three dimensional Navier—Stokes system driven by space-time white noise. In
this setting, solutions are expected to have space regularity at most —1/2 — k for any x > 0.
Consequently, the convective term is ill-defined analytically and probabilistic renormalization is
required. Up to now, only local well-posedness has been known. With the help of paracontrolled
calculus we decompose the system in a way which makes it amenable to convex integration. By
a careful analysis of the regularity of each term, we develop an iterative procedure which yields

global non-unique probabilistically strong paracontrolled solutions. Our result applies to any

divergence free initial condition in L2 U B;o%iom, Kk > 0, and implies also non-uniqueness in law.
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Thermal fluctuations are omnipresent on the molecular level of fluids. As such, fluids are not
deterministic but rather stochastic and continually changing. In order to incorporate these effects
into the description of large scale dynamics, Landau and Lifshitz [LL87] proposed a Navier—Stokes
system perturbed by stochastic flux terms. These are given by a divergence of delta correlated space-
time Gaussian random fields included in the momentum equation. Mathematically, it is extremely
challenging to make sense of such a system. Indeed, due to the irregularity of the noise combined
with the nonlinearity of the system, the equations become critical in dimension 2 and supercritical
in dimension higher in the sense of the theory of regularity structures by Hairer [Hail4]: Introducing
an ultraviolet cut-off, i.e. mollifying the noise, and trying to remove the cut-off would require an
infinite number of renormalizations. Therefore, neither the classical stochastic analysis tools nor
the pathwise theories of regularity structures [Hail4] and paracontrolled distributions by Gubinelli,
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Imkeller and Perkowski [GIP15] are applicable. Nevertheless, despite these theoretical difficulties,
the Landau-Lifshitz—Navier—Stokes system has been verified numerically for various equilibrium as
well as non-equilibrium systems (see e.g. [DVEGBI10] and references therein).

In this paper, we contribute to the rigorous mathematical understanding of microscopic pertur-
bations in fluid dynamics. To avoid the issue of criticality mentioned above, we consider the delta
correlated space-time Gaussian noise as a forcing, not as a flux. This models forcing acting on
the molecular level, which translated to the macroscopic level necessarily becomes delta correlated.
Indeed, any two points in the large scale dynamics are extremely far apart on the molecular level,
so their associated noises must be uncorrelated. Moreover, such a noise also appears in a scaling
limit of point vortex approximation and the vorticity form of the 2D Euler equations perturbed by
a certain transport type noise (cf. [FL20, FL21, LZ21]). In fact, the scaling limit is given by the
vorticity form of the 2D Navier—Stokes system driven by the curl of space-time white noise, which
in the velocity-pressure variables reads as 2D Navier—Stokes equations driven by space-time white
noise.

The corresponding gain of one derivative in comparison to the Landau-Lifshitz setting makes the
system mathematically accessible as it remains subcritical up to space dimension 3. However, even
this problem has resisted rigorous mathematical analysis for a long time due to its irregularity. More
precisely, the space-time white noise in spatial dimension d can be shown to be a random distribution
of space-time regularity —(d + 2)/2 — k under the parabolic scaling for any £ > 0. Accordingly, in
view of Schauder’s estimates a solution is expected to be two degrees of regularity better, i.e. at
most —d/2 4+ 1 — k. Hence, already in d = 2 solutions are not functions. Consequently, the product
in the convective term is analytically ill-defined and probabilistic arguments are required in order
to make sense of the equations.

We consider the three dimensional Navier—Stokes system with periodic boundary conditions driv-
en by a space-time white noise

du + div(u ® u) dt + Vpdt = Audt + dB,
divu = 0, (1.1)
u(0) = uyg,

where B is a cylindrical Wiener process on some stochastic basis (2, F, (F¢)i>0,P). The time
derivative of B is the space-time white noise. Our main results read as follows.

Theorem 1.1. For any given divergence free initial condition ug € L? UBC;{;;"”" P-a.s., k > 0, there

exist infinitely many global-in-time probabilistically strong solutions solving (1.1) in a paracontrolled
sense.

Remark 1.2. In the following we prove the result for the initial condition ug in Bgol);‘o” orug—z(0) €
L? for simplicity, where z is the stationary solution to the linear equation. If we choose z(0) = 0, a
small modification of the proof implies that the result also holds for the initial condition ug € L?.

The main ideas behind the definition of paracontrolled solution are explained in Section 1.3 and
the detailed presentation can be found in Section 4.1. Probabilistically strong solutions means
that the solutions are adapted to the normal filtration (F;)¢>0 generated by the cylindrical Wiener
process.

Corollary 1.3. Non-uniqueness in law holds for (1.1) for every given initial law supported on
divergence free vector fields in L? U B2, k> 0.

00,00 ?
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1.1. Singular SPDEs. In two space dimensions, the problem was solved locally in time in the
seminal paper by Da Prato, Debussche [DPD02]. Furthermore, using the properties of the Gaussian
invariant measure, it was possible to obtain global-in-time existence for a.e. initial condition with
respect to the invariant measure. By the strong Feller property in [Z7Z17] global-in-time existence
for every initial condition could be derived. Recently, for a related two dimensional critical problem,
tightness of approximate stationary solutions and non-triviality of the limit has been established in
a weak coupling regime by Cannizzaro and Kiedrowski [CK21].

The more irregular three dimensional setting remained open for much longer as substantially new
ideas were required. These came in a parallel development with the theory of regularity structures
by Hairer [Hail4] and with the paracontrolled distributions introduced by Gubinelli, Imkeller and
Perkowski [GIP15]. These theories permit to treat a large number of singular subcritical SPDEs
(cf. [BHZ19, CH16, BCCH21]) including the Kardar—Parisi-Zhang (KPZ) equation, the generalized
parabolic Anderson model and the stochastic quantization equations for quantum fields (see [Hail3,
CC18, GP17, CCHS20] and references therein). In particular they led to a local well-posedness
theory for the Navier—Stokes system (1.1) in three dimensions by Zhu, Zhu [ZZ15].

The question of global existence is even more challenging. Roughly speaking, in the field of
singular SPDEs the only available global existence results rely either on a strong drift present in the
system or a particular transform for certain nonlinearities or on properties of an invariant measure:

e Suitable a priori estimates have been established for the dynamical ®* stochastic quan-
tization model by Mourrat and Weber [MW17, MW17a] and Gubinelli and Hofmanova
[GH19, GH21] (see also [SSZZ22, SZZ22] for the vector valued case). All these results make
an essential use of the strong damping term —¢3.

e In [GP17, PR19, ZZZ22], a priori estimates and paracontrolled solutions to the KPZ equation
and singular Hamilton—Jacobi—Bellman equation were obtained by using Cole-Hopf’s or
Zvonkin’s transform and maximum principle.

e Moreover, using the probabilistic notion of energy solutions [GJ14, GJ13, GP18] or studying
the associated infinitesimal generator and Kolmogorov equation [GP20], it is possible to
construct global solutions to KPZ equation, but this depends on the invariant Gaussian
measure (i.e. the law of Brownian motion or spatial white noise).

e We mention that in [RWZZ20, CWZZ21] global martingale solutions were constructed for
geometric stochastic heat equations by using a Dirichlet form approach. This relies on an
integration by parts formula for the known invariant measure.

No such results are available for the 3D Navier—-Stokes system with space-time white noise:

e There is no strong drift helping to stabilize the evolution.

e Due to the appearance of the divergence free condition and the corresponding pressure term,
it is impossible to apply maximum principle or Cole-Hopf’s transform.

e The existence of an invariant measure is an open problem.

e No global energy (or other) estimates are available due to irregularity of solutions (see below
for more explanation on this point).

Furthermore, even if the regularity of the noise is increased, global existence is not known. More
precisely, consider the following regularized problem which interpolates between the case of a trace-
class noise and the space-time white noise

du + div(u ® u) dt + Vpdt = Audt + (—A)""/2dB,

1.2
dive = 0. (12)
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Here B is the cylindrical Wiener process. The case of v > 3/2 corresponds to a trace-class noise
whereas v = 0 is the space-time white noise.

For v > 3/2, global existence of probabilistically weak Leray solutions is classical (see Flandoli,
Gatarek [FG95]). Their uniqueness remains an outstanding open problem. The authors in [FG95]
also constructed stationary solutions via Krylov—Bogoliubov’s argument and energy estimates. Er-
godicity and strong Feller property was proved by Da Prato and Debussche [DPDO03] and also by
Flandoli and Romito [FR08]. A Markov transition semigroup was then constructed by Debussche,
Odasso [DOO06] and by Flandoli and Romito [FR08]. However, further structure and properties
of the invariant measure are still unclear. Recently, in [HZZ19] we established non-uniqueness in
law in a class of analytically weak (not Leray) solutions using the method of convex integration. In
[HZ723], we additionally presented non-uniqueness of Markov solutions and global-in-time existence
and non-uniqueness of probabilistically strong and analytically weak solutions.

If v < 3/2 the usual energy estimates pertinent to the notion of Leray solution are not available.
Indeed, as the noise is no longer trace-class, 1t6’s formula cannot be applied. However, for v €
(1/2,3/2] it is still possible to prove global existence of probabilistically weak solutions. Namely,
decomposing the velocity v into the sum of its stochastic part z and its nonlinear part v (as shown
also in Section 3.1 below), one can derive a global energy estimate for v. It can be then combined
with compactness and Skorokhod representation theorem to deduce global existence. Nevertheless,
since it is necessary to change the probability space in the course of the proof, these solutions are
only probabilistically weak.

Up to now, even global existence of probabilistically weak solutions was open in the case of
v < 1/2. Only local well-posedness in the spirit of Zhu, Zhu [ZZ15] seemed to be possible. The
difficulty can be seen as follows. If e.g. v = 1/2, we decompose u = v + z with z solving the linear
stochastic equation

dz + Vp*dt = Azdt + (~A)"Y4dB,  divz =0,
and v solving the nonlinear equation
0w +div((v +2) ® (v+ 2)) + Vp¥ = Av, dive = 0.

As z € C7C~", the best regularity for v is given by CrC'~*. Hence we cannot expect the energy
estimate for v since this would require the L% H'-norm of v. We may include further decomposition
like in the case of the ®* model [MW 17, MW17a, GH19, GH21], but this would lead to new nonlinear
terms which cannot be absorbed as in the ®* model. Due to this, we also cannot obtain energy
inequality and uniform estimates as in the case of a trace-class case. Consequently, we cannot
derive global solutions by a usual compactness argument. Note that it is also possible to consider
global solutions for small initial data (cf. [BR17]). However, this would destroy adaptedness of the
solutions since the initial data would depend on the whole path of the driving noise.

1.2. Convex integration. In the present paper, we focus on the case of space-time white noise,
i.e. v = 0. Simplified versions of our proofs as outlined in Section 3 also provide the results in
the more regular cases of v > 0. Our idea is to apply the method of convex integration in order
to construct global-in-time solutions. This is an iterative procedure which permits to construct
solutions explicitly scale by scale. It makes an essential use of the form of the nonlinearity which
propagates oscillations and reduces an error term, the so-called Reynolds stress, in order to approach
a solution as one proceeds through the iteration. As typical for the convex integration constructions,
the same method gives raise to infinitely many solutions.
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Convex integration was introduced into fluid dynamics by De Lellis and Székelyhidi Jr. [DLS09,
DLS10, DLS13]. This method has already led to a number of groundbreaking results concern-
ing the incompressible Euler equations, culminating in the proof of Onsager’s conjecture by Isett
[Isel8] and by Buckmaster, De Lellis, Székelyhidi Jr. and Vicol [BDLSV19]. Also the question of
well/ill-posedness of the three dimensional Navier-Stokes equations has experienced an immense
breakthrough: Buckmaster and Vicol [BV19b] established non-uniqueness of weak solutions with
finite kinetic energy, Buckmaster, Colombo and Vicol [BCV18] were able to connect two arbitrary
strong solutions via a weak solution. Burczak, Modena and Székelyhidi Jr. [BMS20] then obtained
a number of new ill-posedness results for power-law fluids and in particular also non-uniqueness of
weak solutions to the Navier-Stokes equations for every given divergence free initial condition in L2.
Sharp non-uniqueness results for the Navier—Stokes equations in dimension d > 2 were obtained by
Cheskidov and Luo [CL20, CL21]. We refer to the reviews [BV19a, BV21] for further details and
references.

All these convex integration results very much rely on the L?-setting. Namely, the constructed
solutions belong (at least) to L? and the iteration converges strongly in L?, hence one can pass
to the limit in the quadratic nonlinearity. As the energy inequality is available in this setting,
it is also understood as a natural selection criterion for physical solutions. Convex integration
yields such solutions for Euler equations (see [DLS10], and [HZZ22] for the stochastic setting), or
when the diffusion is weak, e.g. for power-law fluids with small parameter p (see [BMS20]) and
for hypodissipative Navier—Stokes equations for small « (see [CDLDR18]). However, constructing
Leray solutions by convex integration to the Navier—Stokes system seems to be out of reach at the
moment. By a different method, a first non-uniqueness result for Leray solutions was established
recently by Albritton, Brué and Colombo [ABC21] for the Navier—Stokes system with a force.

Compared to the classical uniform estimates and the compactness argument, convex integration
provides a new way of constructing solutions. This turns out to be particularly useful in the
stochastic setting as uniqueness of Leray solutions is unknown and there has been no result of
existence of global probabilistically strong solutions before. In [HZZ23], we proved such a result
for a trace-class noise by convex integration. In less regular settings, as for instance for v < 1/2
discussed above, there are no Leray solutions to compete with in the first place. Furthermore,
there are no alternative globally defined solutions whatsoever (neither probabilistically strong nor
probabilistically weak). In this paper, we use convex integration to construct global probabilistically
strong solutions in this setting when the energy inequality is out of reach. The question of how to
select physical solutions in this case remains open.

1.3. Decomposition. We introduce a decomposition of the Navier-Stokes system (1.1), which
makes also this singular setting amenable to convex integration. Recall that solutions are only
expected to have regularity —1/2 — k, k > 0, hence the quadratic term u ® u is far from being well-
defined analytically. The common idea in the field of singular SPDEs is to prescribe a particular
form of a solution u so that the nonlinearity can be made sense of. In the first step, we write

u=z+z2Y +h.
The first term z solves the stochastic heat equation
dz + Vp*dt = Azdt + dB, divz =0,

and permits to isolate the most irregular part of u, the rest being more regular. Note that by

Schauder estimates, z belongs to B;},Zﬁ " and hence the product z ® z is not well defined in the

classical sense. As z is Gaussian, we can understand z ® z as a Wick product using renormalization.
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In particular, for a suitable mollification z. of z, there are diverging constants C. € R3*3, C¥ — oo,
so that

2V = lim z, ® z. — C,
e—0

is well defined and belongs to BL'.". More details of the probabilistic constructions are included
in Section 4.1. In order to isolate the corresponding (still irregular) part of the solution u, we then
define
9,2Y + div(zv) +Vp? =AY, divzY =0,

which by Schauder estimates belongs to B

It is then seen that the remainder h is already function valued but its regularity is necessarily
limited by 1/2 — k. Even further decomposition cannot improve this regularity since products of z
with the unknown always appear in the equation. A way how to overcome this issue stems from
the work by Gubinelli, Imkeller and Perkowski [GIP15] on the parabolic Anderson model and was
applied to (1.1) by Zhu, Zhu in [ZZ15]: one postulates a paracontrolled ansatz which describes a
further structure of the solution h. It reads as

h=—Plh<IVz+0— (=Y +27).

Here, zy, 2 are additional stochastic objects constructed by renormalization, Z is the heat opera-
tor, P the Helmholtz projection and finally < denotes a paraproduct as introduced by Bony [Bon81].
This permits to cancel the two most irregular terms in the equation for A so that the remainder
becomes more regular, namely, 1 — k. Furthermore, by a commutator lemma it permits to make
sense of the analytically ill-defined product h ® z. We refer to Section 2.2 for basic definitions
of paracontrolled calculus and to Section 4.2 for more details on the notion of our paracontrolled
solution. In view of the regularity of solutions, we also see that energy inequality is impossible in
this case.

The above decomposition is sufficient to prove local well-posedness as done in [ZZ15]. However, a
much more refined analysis is indispensable to apply convex integration. Therefore, we split further
h = v' +v? where v! represents the irregular part and v? the regular one. In addition, the equation
for v! is linear whereas the one for v? contains the quadratic nonlinearity. Similarly to the above
discussion of the more regular cases (1.2) with v < 1/2, even with this decomposition into v! + v?,
it is not possible to derive global estimates via the energy method. Our idea is instead to apply
convex integration on the level of v2. However, the equation for v? is coupled with the equation
for v!. Therefore, we put forward a joint iterative procedure approximating both equations at
once. The Reynolds stress ]%q is only included in the equation for vg, where g € Ny is the iteration
parameter. Consequently, the construction of the new iteration vg 11 relies only on the previous

stress Ia%q. Here, we employ the intermittent jets by Buckmaster, Colombo and Vicol [BCV18] (see
also [BV19a] and our previous works [HZZ19, HZZ23]). As the next step, we solve the equation for
U; 41 exactly by a fixed point argument. See Figure 1 for a sketch of our procedure.

In order to make this strategy possible, it is necessary to find the decomposition of the equation
for h into the system for v! and v? and to define the corresponding equations for the iterations
v; and vg. This together with the construction of each approximate velocity vg 1 through the
intermittent jets has to be done in a way to decrease the corresponding Reynolds stress Rq+1 as
q — oco. Especially the control of éqﬂ requires a careful analysis of each of the terms appearing in
the equation for h. We have to balance various competing factors such as regularity, integrability,
blow-up as t — 0 and blow-up as ¢ — oo of various terms. The divergencies need to be compensated
by small quantities. We rely on a decomposition of each product into the two paraproducts and the
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resonant term, because each of these parts behaves differently and requires a different treatment.
Roughly speaking, irregular terms are included into v! while regular ones into v2, but the precise
splitting is delicate. Further issues and required ideas are summarized as follows:

In the first step, we aim at constructing convex integration solutions up to a stopping time.
The stopping time can be chosen arbitrarily large with arbitrarily large probability and
is used to have uniform in w bounds for the stochastic objects. The reason for this is
adaptedness: without a stopping time, the parameters would depend on the whole path and
the constructed solutions could not be adapted to the given filtration (F;);>o. Thus, they
would not be probabilistically strong.

In the second step, we overcome this limitation by extending the constructed solutions by
other convex integration solutions. To this end, it is necessary to obtain convex integration
solutions for any given divergence free initial condition in L?. Hence, we aim at starting v!
as well as v} from the given initial condition, whereas v* and v} all start from zero. This
simplifies the begin of the iterative procedure. To keep the same initial value during the
iteration, the oscillations can only be added for positive times and we approach ¢t = 0 as
q — oo.

A paracontrolled ansatz for v' and accordingly also for each v; needs to be included in order
to make sense of the resonant part of the product v' ® z and U; ®z. At each iteration step g,
the equation for v; is coupled with the equation for the corresponding remainder vg (taking
the role of ¥ above).

Since the initial value of v!, v; and vg is only in L?, they have singularity at time zero when
considered in more regular function spaces. But higher regularity is indispensable in order
to control various terms, both in the equation for v; and vg but also in the formula for éq+1'
For this reason, we work with blow-up norms in time, but this brings an extra blow-up in
the convex integration part and in particular in the estimate of Iflq_H.

We introduce additional (uniform in ¢) localizers As p + A¢p in terms of Littlewood—Paley
blocks. The part Asp is always included into v' and helps to simplify the estimates of
v; and vg as it provides an arbitrarily small constant and avoids the need for a Gronwall
lemma.

Some terms are regular and could be, in principle, included into v%, but they require regu-
larity of v; which does not hold true uniformly as ¢t — 0. While the fixed point equation for
v; can be solved using suitable blow-up norms in time to overcome the singularity at ¢ = 0,
having such blow-ups in the equation for ’ug cannot be controlled in the convex integration.
Hence, we further decompose these terms by using A5 r + A¢g and include their irregular
parts into v;.

Moreover, in order to control the blow-up of certain terms, we include ¢-dependent localizers
Agj(q) for asuitable f(q) — oo into the equation for v}. Thanks to this, we are able to add
irregularity scale by scale in a controlled way. The opposite approach, namely including the
irregular terms fully at the beginning of the iteration, does not seem to be possible.

The detailed decomposition is presented in Section 4.3. As a preparation, we explain the main
ideas on the simpler settings of (1.2) with v > 0 in Section 3.

1.4. Final remarks. Previously, convex integration has always been used to deduce non-uniqueness
of solutions in settings where energy inequality is available. It has also been used to obtain first
existence results for weak solutions in situations where compactness does not guarantee the passage
to the limit in the convective term, namely, for Euler equations (see [DL.S09, DLS10, DLS13]), and
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for power-law fluids with small parameter p (see [BMS20]). As already mentioned above, these
results even lead to infinitely many weak solutions satisfying the energy inequality.

Our result shows that convex integration can also be used to construct global solutions when
the energy inequality is out of reach, in particular in the field of singular SPDEs. We hope that
our technique could also be applied to other singular SPDEs, especially in cases where no strong
damping is at hand. We also mention that the convex integration can be applied to other PDEs like
transport and continuity equation [MS17, MS18], 3D Hall-MHD system [Dal8] and hyperviscous
Navier—Stokes equations [LT18]. Our approach may also be applied to the corresponding singular
versions of the latter two.

The nonlinearity in the Navier—Stokes system looks similarly to the one in the Langevin dynamic
for the Yang—Mills measure, i.e. stochastic quantization of the Yang—Mills field. This was considered
in [She21, CCHS20] where local-in-time solutions were constructed. However, existence of global
solutions remains open. The idea is to use the dynamics and PDE techniques to study properties
of the field. Formally, these equations have the law of the associated field as an invariant measure.
In the case of the stochastic quantization of the Euclidean ®* field theory, it was indeed possible to
use the dynamics to construct and study properties of the corresponding measure (see [GH21] and
[SZZ21a]). As global existence for the Langevin dynamic for the Yang—Mills measure is out of reach
by the classical PDE techniques, we hope that our technique can shed some light on this problem.

Finally, we point out that in the field of regularization by noise, it is believed that more noise,
in the sense of more irregular noise, in the Navier—Stokes equations may imply uniqueness. Certain
regularizing effect could indeed be proved on the level of the so-called strong Feller property estab-
lished for (1.1) by Zhu, Zhu [ZZ17]. Nevertheless, our results show that even in this case we still
have non-uniqueness. Furthermore, also a weaker notion of uniqueness, namely, uniqueness in law
is disproved.

Organization of the paper. In Section 2 we introduce our notation and present preliminary results
on Besov spaces, paraproducts and paracontrolled calculus. Section 3 is devoted to the more regular
settings of (1.2) with v > 0 and we discuss the main ideas of our decomposition. In particular, it is
shown how decreasing the parameter «y, i.e. making the problem more irregular, necessarily requires
further ideas and a more refined decomposition. In Section 4 we recall the construction of stochastic
objects and introduce the notion of paracontrolled solution. We also present a formal decomposition
of the system into the system for v! and v? as discussed above. The set-up of the iterative convex
integration procedure and proofs of our main results are shown in Section 5. We give estimates of v;
and vg in Section 6. Section 7 is devoted to the core of the convex integration construction, namely,
the iteration Proposition 5.1. Finally, in Appendix A we recall the construction of intermittent jets
and in Appendix B we prove auxiliary Schauder estimates.

2. PRELIMINARIES

Throughout the paper, we use the notation a < b if there exists a constant ¢ > 0 such that a < ¢b,
and we write a ~ b if a S band b < a.

2.1. Function spaces. Given a Banach space E with a norm || - ||g and T > 0, we write CrFE =
C(]0,T); E) for the space of continuous functions from [0,7] to F, equipped with the supremum
norm || fllep e = supsejo ) [|£ ()|l For p € [1,00] we write L. E = LP([0,T]; E) for the space of
LP-integrable functions from [0,7] to E, equipped with the usual LP-norm. We use (A;);>_1 to
denote the Littlewood—Paley blocks corresponding to a dyadic partition of unity. Besov spaces on
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the torus with general indices o € R, p,q € [1,00] are defined as the completion of C°°(T9) with
respect to the norm

1/q
lullgg, = | D 2 Auli,
j>—1
The Holder-Besov space C is given by C* = Bg, , and we also set H* = BY,, a € R. To deal

with the singularity at time zero we introduce the following blow-up norms: for @ € (0,1), p € [1, 0]

t —
lles or = sup OO + sup st IO =Sl
T 0<t<T 0<s<t<T [t — s|*

Ifller 5y = sup ¢71fO)lsg...-
For T' > 0 and a domain D C R* we denote by C’%{I and C’g’w, respectively, the space of CV-

functions on [0, 7] x T3 and on D x T3, respectively, N € Ny := NU {0}. The spaces are equipped
with the norms

Iflex. = > 10D fllegr=.  fley. = D> suplgfDfr~.
0<n+|al<N 0<n+la|<N €
neNO,aeNS nENo,aENg

Set A = (1—A)Y2 For s >0, p € [1,+o0] we use W*P? to denote the subspace of LP, consisting
of all f which can be written in the form f = A7%¢g, g € LP and the W*%P norm of f is defined to be
the LP norm of g, i.e. ||f|lwsr = ||A°f|lzr. For s <0, p € (1,00), WP is the dual space of W%
with © + ¢ =1

The following embedding results will be frequently used (we refer to e.g. [GIP15, Lemma A.2]
for the first one and to [Tri78, Theorem 4.6.1] for the second one).

Lemma 2.1.

(1) Let 1 <p; <pa<ooand 1l < g1 < g <00, and let « € R. Then Bp .. C B;?;(Z“/pl‘”pz).

(2) Let s€ R, 1 <p < oo, €>0. Then W2 = B , = H®, and B5 , C W*P C B} ,, C Byc.

2.2. Paraproducts, commutators and localizers. Paraproducts were introduced by Bony in
[Bon81] and they permit to decompose a product of two distributions into three parts which behave
differently in terms of regularity. More precisely, using the Littlewood-Paley blocks, the product fg
of two Schwartz distributions f,g € S’(T?) can be formally decomposed as

fg=F=<g+feg+f>y,
with
f=g=g=f=> > AifAjg, fog= Y AifAg
j—1i<j—1 li—j<1
Here, the paraproducts < and > are always well-defined and critical is the resonant product denoted
by o. In general, it is only well-defined provided the sum of the regularities of f and g in terms

of Besov spaces is strictly positive. Moreover, we have the following paraproduct estimates from
[Bon81] (see also [GIP15, Lemma 2.1], [MW17a, Proposition A.7]).

Lemma 2.2. Let 8 € R, p,p1,p2,q € [1,00] such that % = p% + pi?, Then it holds

If <gllgz, S Mfllzellglips s
p,q P2,4q
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and if a <0 then
< a
||f = QHB,“;ﬁB ~ ||f||Bp1,q||g||B52*‘1'

If a+ B8 > 0 then it holds
17 0 lagss <1755, Il

r1,9

We denote == o+ >, <= o+ < . The key tool of the paracontrolled calculus introduced in
[GIP15] is the following commutator lemma from [GIP15, Lemma 2.4] (see also [MW17a, Proposi-
tion A.9]).

Lemma 2.3. Assume that o € (0,1) and 8,7 € R are such that « + 5+~ >0 and f+ v <0 and
p,p1,p2 € [1,00] satisfy % = p% + p%. Then there exist a bounded trilinear operator

com(f,g,h) : B . x CP x B}, — Bytot
satisfying
lcom(f, g, h)ll gass+r S I flIBg, Ngllce Rl 5

such that for smooth functions f, g, h it holds
Com(f,g,h) = (f _<g>oh_f(goh)

We also recall the following two lemmas for the Helmholtz projection P from [ZZ15, Lemma 3.5,
Lemma 3.6].

Lemma 2.4. Assume that o € (0,1),8 € R and p € [1,00]. Then for every k,l =1,2,3
P, £ <ol gz < 115 gllos.
Lemma 2.5. Assume that « € R and p € [1,00]. Then for every k,l =1,2,3
P flle . SN fllsg..-

p,oo0 N

Analogously to the the real-valued case, we may define paraproducts for vector-valued distribu-
tions. More precisely, for two vector-valued distributions f,g € S’(T¢;R™), we use the following
tensor paraproduct notation

f@g=(fig))ili= =f_g+foeg+fey
= (fi 2 95)i=1+ (fiogj)ij=1 + (fi = 95)i=1
and note that Lemma 2.2 carries over mutatis mutandis. We also denote
=0+ &, =0+ K.

When there is no danger of confusion, we apply the simple paraproducts also within matrix-vector
multiplication, i.e. for f € &'(T4;R™*™) and g € S'(T¢;R™) we define using the Einstein summa-
tion convention

m

(f=9ii =@ <Nt =7 ¢, (Feogii=(g0Niti=(fTeod),.
Similarly to Lemma 2.3, we may also define a matrix-valued commutator as continuous extensions
of

(f,9,h) = (com(f,g,h)7s—y = (f <g)@h—f-(g@h) = (f* < g*)oh? — fF(g"* o h?),
(f,9.h) = (com*(f,g,h)){5=1 =h© (f <g)— (h@g) - f=h o (f* <g’*) — (h' 0 g’")f*,

which is well-defined for smooth functions f,h : T4 — R™, g : T4 — R™*™ and takes values in
S'(T4;R™>™). A counterpart of the bound in Lemma 2.3 holds true in this setting as well.
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Finally, we introduce localizers in terms of Littlewood—Paley expansions. Let J € Ng. For
f € 8'(T?) we define

Assf =Y Aif,  Acif =) Aif.

5>J i<t
Then it holds in particular for a < 8 < v
1As s flloe 2778 flles, A< fllor S 270D fllce- (2.1)

3. MORE REGULAR STOCHASTIC PERTURBATIONS

In our previous works [HZZ19, HZZ23] we considered the case of a trace class noise. We
proved non-uniqueness in law as well as non-uniqueness of Markov solutions and existence and non-
uniqueness of global-in-time probabilistically strong solutions. These results apply to the Navier—
Stokes system

du + div(u @ u)dt + Vpdt = Audt + (=A)"/2dB,  divu =0, (3.1)

where B = (B!, B2, B%) is a vector-valued L?-cylindrical Wiener process on some stochastic basis
(Q,F, (Ft)i=0,P) and v > 3/2. Here the filtration (F;);>o is the normal filtration generated by the
Wiener process B. As a main result of the present paper, we treat the case of space-time white noise,
i.e. v =0. But already the more regular case of v € (0,3/2] presents interesting new challenges. In
this section we want to outline some of the main ideas on examples of these more regular noises.

If the noise is not trace class, It6’s formula cannot be applied in order to obtain an energy
inequality. The case of v = 3/2 is therefore the treshold where (and below which) stochastic
counterparts of Leray solutions on the level of u no longer make sense. Furthermore, the expected
regularity of solutions depends on the regularity of the noise. This can be seen by looking at the
linear counterpart of (3.1)

dz + Vp?dt = Azdt + (=A)"7/2dB,  divz =0, (3.2)

and realizing that z € CpCY~1/2-% C%/ZJCV_?’/Q“‘S_“ P-a.s. for k,0 > 0 small. This can be
obtained by Schauder estimates from the fact that the space-time white noise dB/d¢ is a random
distribution of space-time regularity —5/2 — k for x > 0 with parabolic scaling. Thus, if v <
1/2 the solution is not even function-valued and the quadratic nonlinearity in (3.1) is not well-
defined analytically. Nevertheless, one can use probability theory and renormalization to define this
nonlinearity using Wick products.

We distinguish the following cases with an increasing level of difficulty:

(1) v € (1/2,3/2]: solutions are function-valued hence the convective term is well-defined but
the energy inequality for u cannot be obtained.

(2) v € (1/6,1/2]: solutions become distribution-valued, renormalization is needed to define
the product.

(3) v € (0,1/6]: further decomposition is required in order to make sense of all the required
products.

(4) v = 0: the case of space-time white noise, a so-called paracontrolled ansatz is required and
we present a detailed proof in subsequent sections.

We stress that while global existence of martingale (i.e. probabilistically weak) solutions in
the case v € (1/2,3/2] can be obtained by compactness and Skorokhod representation theorem,
existence of probabilistically strong solutions was unknown. For v < 1/2 even global existence of
martingale solutions was an open problem.
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In the remainder of this section, we focus on the first three regimes and explain how to make them
amenable to convex integration and hence to global-in-time existence and non-uniqueness results.

3.1. The case of v € (1/2,3/2]. Even though the energy inequality cannot be computed here, the
approach of [HZZ19, HZZ23] can be applied with minimal modifications. In particular, one uses the
decomposition v = z + v where z solves (3.2) and

Ly+div((v+2)® (v+2)) + Vp* =0, dive = 0. (3.3)

Here and in the sequel, we use the notation £ = d; — A. The convex integration scheme is then
given via the iteration system

Lug + div((vg + 24) @ (vg + 24)) + Vp? = div Ry, divw, =0,

where z; = A¢y(q)z with Ay, being a cut-off of the Littlewood-Paley expansion. With a suitable
definition of the stopping times, this permits to add noise scale by scale as one proceeds through
the iteration. Setting the convex integration up with an initial iteration vy as in [HZZ19], one can
prove that the constructed solution v is distinct from the Leray solution to (3.3) starting from the
same initial value. This implies existence of an initial value so that non-uniqueness holds for (3.1) as
well. Using the probabilistic extension of solutions from [HZZ19], non-uniqueness in law on any time
interval [0, T, T > 0, follows. Following the ideas of [HZZ23] it is also possible to construct solutions
with a prescribed L? initial condition and to obtain existence and non-uniqueness of global-in-time
probabilistically strong solutions.

3.2. The case of v € (1/6,1/2]. This case is more delicate and further decomposition is required.
More precisely, in addition to u = z + v as above, we split v into its irregular and regular part, i.e.
v = v! +v% The equation for v' contains all the irregular terms of the product (v + z) ® (v + 2),
whereas the regular ones are put in v2. Additionally, the equation for v' shall be linear so that it
can be solved by a fixed point argument. As a rule of thumb, we color the irregular terms magenta
and the regular ones blue. The decomposition can be done as follows. The product z ® z needs to
be constructed by renormalization as a Wick product denoted by 2V and it is of spatial regularity
C?(=1/2)=%_ For the moment, we ignore this fact and proceed formally. We come back to the
rigorous definition of the stochastic objects in Section 4.1.

So we have the first magenta term z ® z. Then we write with the help of paraproducts and
Littlewood—Paley projectors

W'+ )@z = (v' +0?) @ Aspz+(v' +v?) & Aspz+(v +v%) ® Agrz,

and treat the symmetric term z ® (v' + v?) the same way. Here, (= © + & and we included a
suitable cut-off R to be chosen appropriately. This eventually simplifies the fixed point argument
used to establish, for a given convex integration iteration vg, the existence and uniqueness of v;.
Finally, we let (v! +v?) ® (v! +v?). This leads to

Lot + div (z ®z4+ (V' +0?) @ Asrz + Aspz e (v + 1)2)) +Vp! =0, divel =0,
Lo* +div ((v' +0°) & Asrz+ Asgz® (01 +0°) + (v +0°) ® Acpz)
+div(Acrz ® (v' +0%) + (vF +0?) @ (v +0?)) + Vp? =0, divv? = 0.

We set up a convex integration scheme as an approximation of the above system of equations for
v! and v?. In particular, we include further Littlewood-Paley projectors and let

Ev; +div (2 @ 2 + (’U(]] + ’1)5) A (ASRZ + Agp()AsrZ © (v(]] + ’1}5)) +Vp,11 =0, div v; =0,
Evg +div ((v; + vg) & Aspz+AsgzS (v; + v?l) + (v; + vg) ® A<rz)
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+div(Acrz ® (v; + 11(3) + (v; + vg) ® (U; + vi)) + Vpg = div foiq, divvg =0.

2

; contains the

Note that the Reynolds stress f%q is only included in the equation for vg. Indeed, v
quadratic nonlinearity which is used in the convex integration to reduce the stress.
At each iteration step g+ 1, we first use the previous stress ]O%q in order to define the principle part
of the corrector wfffl, the incompressibility corrector wéfﬁl and the time corrector w((;?_l in terms
of the intermittent jets, see Appendix A. This gives the next iteration vg 11 and consequently we
obtain UéH by a fixed point argument, cf. Figure 1. The localizers A, in the equation of v(} are

used to control the blow up of a certain norm of v; as ¢ — o0.

3.3. The case of v € (0,1/6]. In this regime, also the resonant product v! ®z becomes problematic.
This can be overcome by introducing an additional stochastic object which permits to cancel the
worst term, i.e. z ® z, from the equation for v'. To be precise, let

Lz +div(z® z) + Vp™ =0, divz =0, (3.4)

and define u = z + v = z + z; +v! +v2. Recall that in the rigorous analysis z ® z needs to be
replaced by the Wick product z¥ of regularity C2(7=1/2)=%_ Consequently, z; then becomes our
second stochastic object, later denoted as zY with regularity C**—*. In addition, also the products

z1 ® z and z ® 21 need to be defined via renormalization as 2¥ and zy, respectively. We again
ignore this fact for a moment and continue with the formal decomposition. The reader is referred
to Section 4.1 below for more details on the stochastic construction.

Proceeding as above, this leads to
L' + div (Zl Rz+2Q02 +21 Q21 + (7}1 + 1)2) ARz + ARz & (1/1 + 1/2)) +Vpl =0,
dive! =0,
L% + div ((U1 +0?) & Aspz+Aspz (V' +03) + (P +0H) ® (A<rz+ zl))
+div((21 + Agrz) ® (v + %) + (vF +0?) @ (v +0?)) + Vp® =0, dive? =0,
together with the convex integration scheme
Log+div(z1®2z+2®021+21© 21+ (vh + 1))  ALp()Asrz + Agp()Asrz & (v + 7))
+Vp, =0,  divy, =0,
Evg + div ((’U; + vg) & Aspz+Asgz® (v; + vg) + (v; + vg) ® (Agrz + 21))
+div((A<rz + 21) ® (vg +v2) + (vi +v7) ® (v + 7)) + Vps = div R, dive} = 0.

With this definition, one can obtain existence of an initial condition for which there are non-unique
solutions before a stopping time. Since there are no global Leray solutions, for global existence it is
necessary to extend these solutions by other convex integration solutions. To this end, an improved
convex integration construction is needed, which gives the result for any prescribed initial condition
in L?. In particular, the term

vt e Asgz
and its symmetric counterpart appearing in the equation for v? require regularity of v'. Accord-
ingly, this introduces blow-up norms in time to overcome the singularity at ¢ = 0 into the convex
integration, which is not convenient. We therefore refine the decomposition above by writing

(U1 + 112) © Aspz=v'e Aspz+v® e Aspe
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We include these terms into the equations for v!, v?

equations for v; and vg we rewrite

accordingly respecting the colors. Then in the

(U; + US) © Aspz = 1; = A>Rz+v§ & Asgrz.

The symmetric terms are treated the same way.

4. PARACONTROLLED SOLUTIONS

It turns out that even further expansion would not help in order to treat the case of space-time
white noise, i.e. v = 0. Indeed, there would always be ill-defined products. As understood in
the field of singular SPDEs, a paracontrolled ansatz needs to be included. It postulates a partic-
ular structure of solutions and permits to make sense of the analytically ill-defined products using
probabilistic tools. In the sequel, we first introduce the stochastic objects needed for the rigorous
formulation of the Navier—Stokes system (1.1). Then we formulate the notion of paracontrolled
solution incorporating the paracontrolled ansatz. Finally, we give a formal decomposition combined
with paracontrolled ansatz in the spirit of Section 3.

4.1. Stochastic objects. Let us recall that due to Theorem 1.1 [ZZ15], the equation (3.1) with
~v = 0 is locally well-posed for initial conditions in C" for n € (—1,—1/2). The solution u belongs
to C([0,0); C") where o is a strictly positive stopping time so that

||u€ — u”cacn — 0
in probability. Here, u. denotes the solution to the regularized Navier—Stokes system
Opue + div(ue @ ue) + Vpe = Aue + (e, divu. =0,

where (. is a mollification of the space-time white noise ( = dB/dt. In particular, the stochastic
objects needed in our proof here were constructed in [ZZ15].

To summarize the main ideas, let z. be the stationary solution to
Osze + Vp*s = Az + (., divz. = 0.
Then z. — z in LP (Q; CTC”l/Q”‘) for every p € [1,00). Moreover, the renormalized product P
can be defined as a Wick product in the sense that there exist diverging constants C. € R3*3,
C¥ — o0, so that
z;, =2 Rz —C,
has a well-defined limit in L? (Q; CrC~17") for every p € [1,00). In fact, Cc = E[z. ® z.]. We also
introduce the following stochastic objects. Let
(’)tz;( — Az;( = —PdiV(Z;,)a div z;/ =0, z;((()) =0,

with P being the Leray projection operator, and define
. . 3
z? = z;f ® Ze, zsv =2 ® z;f, z}" =PZ(Vz.) © z. = (]P’I(st)”C o zg)

i k=1"
z? = IP)IdiV(Z;&); Z? = ]P’Idiv(z;é),
z;(y = z;( ® z;( — Ch (), Z? = Z? © 2c + Zj © ze — O (),

where Zf(t) = fot e(t=)A £()dr and

Crot) = Bl(=Y @ 2Y)(6,0)] = 00, Cor(t) = El(s) © 2)(t,0)] + E[(2) © 2.)(t,0)] = 00
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as € — 0.

For connecting the solutions in Section 5 we also introduce two stochastic objects Z?(T; s) and

)

z}(r; s). They are defined the same way as z& and 2 ¥ but replacing the last integration operator
Z by Ls, = f; e("=DAd] and the renormalized diverging constants Ci(r;s) are defined as the
expectation of the corresponding terms for ¢ = 1, 2.

We recall the following result from [Z7Z15].
Proposition 4.1. For every k > 0 and some 0 < & < 1/4, there exist random distributions
Z:= (z, zv, 2V, z\é, zy, z\(y, z%, zl’) (4.1)
such that if 7. is a component in

Zs = (,2872;,,2:;(,2\& Zy Z\{yvz?azf}f)

e 1%e 1”7¢e

and T 1is the corresponding component in Z then 7. — 7 in CpC N C;/QC’O‘T"S a.s. ase — 0,
where the reqularities o, are summarized in Table 1. Furthermore, for every p € [1,00)

P p <
i;%)EHTEHCTcuT + i;ISE”TEHCi/QCO‘T*5 S L

For 7.(r;s) = z}(r;s) and T:(r;8) = z?(r;s) there exist random distributions 7(r;s) = z}(r;s)
and 7(r;8) = 2 (r; s) such that

supE  sup |7e[|Ba, S 1,
e20  0<s<r<T

and

supE  sup ||7c — 7[|Ba, =0,
e20  0<s<r<T

as e — 0.

T z ZV ZV Z\é Zy ZW Z% Z}

or —%—Fa -k | —1—k —%—F& —%—I{ —K | =K | —K

TABLE 1. Regularity of stochastic objects.

The renormalization of 7(r;s) can be done by a similar argument as [ZZ15].

Remark 4.2. We emphasize that the renormalization constants C.,C;., ¢ = 1,2, only depend
on t. Hence, due to the divergence in the nonlinear term, they do not appear in the approximate
Navier—Stokes system driven by the mollified noise (.. If we modified the C.,C;., i = 1,2, by
adding a finite constant, some of the limit random distributions 7 would change. For the rest of
the paper, we fix the stochastic objects 7 and prove existence of infinitely many solutions h to (4.2)
with these fixed stochastic data.

Finally, we note that similarly to our decomposition, the local solution u obtained in Theorem 1.1
in [ZZ15] decomposes as u = z + z; + h with a suitable paracontrolled ansatz for h. In particular, by
Schauder estimates, the part h possesses a positive spatial regularity at positive times, i.e. it belongs
in particular to L2. For this reason, it is sufficient to restrict our attention to initial conditions for
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the convex integration scheme in L?. Indeed, for an initial condition in C", n € (=1, —1/2), we can
always start with the local solution from [ZZ15] and start with convex integration only at a positive
(random) time.
4.2. Notion of solution. To begin with, we write formally
u=z+v=2z+2z+h,

where z and z; solve (3.2) and (3.4), respectively. Then the equation for h reads as

Lh+div((h+2)@ (h+2)+20 (h+21)+ (h+21) ®2) + Vp' =0, (4.2)

divh =0,

which shall be further rewritten as a system for v! and v? in Section 4.3. Indeed, the multiplication
of h and z is not well-defined as the expected sum of their regularities is not strictly positive for the

resonant product h ® z to be well-defined, cf. Lemma 2.2. Collecting the terms which make A too
irregular leads to the following paracontrolled ansatz

h=-Ph=<ZIVz]+9 - ,
where Zf(t) = fg P, f(s)ds.
Then ¢ becomes more regular than A since
Y=h+ +PZlh < Vz] = P[Z,h <]Vz, (4.3)
where [Z,h <]Vz denotes the commutator between Z and h < given by
[Z,h <|Vz=1Zh < Vz] —h <IVz.

We use the same notation for other commutators as well. The second and the third terms on the
right hand side of (4.3) cancel the irregular terms in h whereas the last term has better regularity
by Lemma B.4. Using the commutator Lemma B.4, Lemma 2.3 and Lemma 2.4, we write formally
h© z as

hez=-Ph=<IVz]@z+00z— (PIdiv(z®21+21®2))© %
= —([P,h <]ZVz) ©® z — com(h,PZVz,z) — h - ( )
+790z—

The above orange terms are still ill-defined and need to be replaced by the corresponding stochastic
objects. Hence the rigorous paracontrolled ansatz and the definition of h ® z read as

h=—Ph<IV+0— (Y +2F), (4.4)

hoz:=—(P,h<|IVz)©z —com(h,PIVz,2) —h-2¥ + 9@z — z¥7 (4.5)

Let us now formulate the definition of paracontrolled solution to (4.2). To this end, we recall
that the given cylindrical Wiener process B is defined on a stochastic basis (Q, F, (F;)¢>0, P) and
this is also where all the stochastic objects in Section 4.1 are constructed.

Definition 4.3. We say that a pair of (Fi)t>0-adapted processes

(h,9) € (L2(o, 7.1 nCy0, LN LN0,T. BYS )N CTH*I) X (Ll(o, T, B n CTH’l)

P-a.s. with k > 0 is a paracontrolled solution to (4.2) provided (4.4) holds and the equation (4.2)
holds in the analytically weak sense with the resonant product h © z given by (4.5).
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Remark 4.4. (i) We note that paracontrolled solutions are probabilistically strong, that is, they
are adapted to the given filtration (F3)¢>o.

1/10
CT,1/2—H

case of irregular initial conditions, namely, divergence free initial conditions in C~**2* for x > 0.

(ii) The space with singularity at time zero is used in Definition 4.3 in order to cover the

(iii) The function spaces to which (h,®) belong together with Proposition 4.1 guarantee that all
the terms in (4.4)-(4.5) are well-defined. This in turn permits to make sense of all the terms in (4.2).

4.3. Formal decomposition. We continue with the formal decomposition of the equation in order
to find the desired paracontrolled ansatz. Moreover, in order to be able to apply convex integration,
we need to introduce a further decomposition into v', v2. In this subsection, we ignore the fact that
various products of z are not well-defined. We proceed as if these were well-defined and we replace

their values in the end by the corresponding stochastic objects constructed in Section 4.1.
Let h = v! +v?, (4.2) rewrites as
L+ o) +div((w' + 0P +2) @ (W F 0P+ 2) 42 @ (v F 0P+ 2) + (P 0P+ 2) ®2) (46)
+V@' +p?) =0,  div(v' +v?) = 0. '

The regular terms (encoded in blue) shall be put in the equation for v2, whereas the irregular ones
(in magenta) into v!, so that in the end

Lot +div(z @z + VI VYY) 4 Vpt =0, divo! =0, (4.7)
Lv% + div((vt +0H) @ (vF +0%) F V24 V) 4 Vp? =0, dive? = 0. (4.8)
Here V!* and V?*, respectively, denotes the transpose of V! and V2, respectively. First, we assign
(W' +0?)@ W +1?), 21025 +202 +2 @z
Then we decompose
(' + ) @2 = (v + 1) @ Asgzr + (v +0%) ® Acpa
= (W' +v?) @ Asgz +v' & Asgzi+v® © Aspzi+(v! +0%) ® Acrar.
These terms are included into V' and V2, whereas the symmetric counterparts
21® W +v2)=Asgz ® (v +0H) F Aspz1 Q@ V' FASR2 S v2+A<Rzl ® (vt +0?)

are in V' and V2*. Note that we colored v' & A~ zz; magenta. Indeed, it requires regularity of
v! which is not true uniformly as ¢ — 0, since the initial condition is only in L?. Hence if colored
blue, this term cannot be controlled in the convex integration scheme. This applies also to other
terms below.

In the rest of the computation we only discuss the terms in V! and V2, the symmetric terms
being included automatically. We split

W+ )@z=0w +1vH) 2+ W +0v?)© 2+ (v +v?) 0 2
=W +v") @A gz + v © Asgz+12 © Aspz+ (v + 1) (8+ ) Acrz +v* 02+ v @ 2.
For the resonant product v' ® z we shall use a paracontrolled ansatz which permits to cancel the
worst terms in V''. In particular, the multiplication of v! and z is not well-defined as the expected
sum of their regularities is not strictly positive making the resonant product v! ® z ill-defined. First

of all, there is the stochastic term div(z ® z; + 21 ® 2) which makes v! too irregular. Second of all,
it is the following paraproduct between v! and z

div (Aspz ® (v' +07%)) = (v' +0%) < AsgVz,
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which creates problems. This leads to the paracontrolled ansatz
vl = —P[(v! + %) < AsrZVz] + 0! —PZdiv(z ® 21 + 21 @ 2), dive! =0, (4.9)
where Zf(t) = f(f elt=5)A f(s)ds. Thus,
v* =0t + PZdiv(z @ 21 + 21 ® 2) + IP[(v' +v?) < AsgV2] — P|Z, (v} +v?) <][AsrVz.  (4.10)
This permits to cancel the two terms
~PZdiv(z ® 21 + 21 ® 2) — IP[(v +v*) < As V7]

. Consequently, v# has a better regularity than v' and hence, in view of the commutator
lemma, Lemma 2.3, the resonant product v' ® z can be rigorously defined. To this end, we compute

P{(v! +v?) < AsrIV2] © 2 = P[(v' +v?) < IV2] © z — P[(v! +v?) < AcrZV2] © 2
= ([P, (v +v?) <]IV2) @ 2z + [(v' +v*) < PIVz] @ 2 — P[(v! +v?) < AcrZV2] © 2
= ([P, (v' +v?) <]ZV2) @ 2 + com(v' +v* PIV2, 2)
+(! +0?) - (PL(V2) @ 2) — P[(v* +v?) < AcrIVz] © 2.

The above commutator between the Helmholtz projection and the paraproduct is understood com-
ponentwise as follows

([P, (v! 4 v?) <]|TV2)" = PY[(v! 4+ v?)F < Tp27] — (v + v*)F < PUZO, 27

and accordingly

from o'

(vr +0?) < PIV2)' = (v +v*)F < PYZo,27.
We deduce
v'ez=—P[(v' +v?) < AsrIVZ] 02+ ' @2 — (PZdiv(z ® 21 + 21 ® 2)) © 2
= —([P, (v' +v?) <]IV2) @ z — com(v' + v PIVz2,2) — (v! +0?) - (PIVz © 2)
—P[(v! +v?) < AcrIVz] @z + 0" @ 2—(PLdiv(z @ 21 + 21 @ 2)) © 2.

In order to avoid the singularity at time zero in the convex integration, we include an additional
splitting into Asr and A¢p of the remaining (uncolored) terms above as follows

—([P, (v* +v?) <]IV2) @ 2 = —([P,v! <]IVz)© Asr2
—([P,v' <]ZV2) @ Acpz—([P,v? <]IV2) © 2,
—com(v! + 02, PIVz,z) = — com(v',PIVz, AL r2)
—com(v',PIV2, Acrz)— com(v?, PIVz, z),
—('+v?) - (PIVz02) = —(v' +v?) < Asg(PIV2 0 2)—v' = Asr(PIV2© 2)
—v2 = ASp(PIVz 0 2)—(v! +0?) - Acr(PIV2z © 2),
Vezr=v0e A>Rz+vﬁ © A¢Rrz.
Finally, collecting all the terms leads us to
V= @40 +02) 2 Asrzr + 0t © Aspzr + (0 +0H) @ Asrz + 0l © Asge
—(PZdiv(z ® 21 + 21 ® 2)) © 2—([P,v" <]IV2) @ Asrz—com(v', PIVz, AL Rz2)
—(' + 1Y) < AL g(PIVz© 2)—v' = Asg(PIV2© 2) + v* © As gz,
V=02 Aspzi+(v' +0?) ® Acra
+v2 © Aspz+ (v +0?) (8 + 8) Acrz + 12 0 2
—P[(v! +0v?) < AcrIV2] © 2 — ([P,v? <]IV2) © 2—([P,v' <]IV2) © Acpz
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—com(v!,PIVz, Acrz) — com(v?, PIVz,2) —v? = Asr(PIVZz © 2)
—(v' +0?) - Acr(PIVz © 2) + v* @ Acgz.
It will be seen below, that letting
h=v'+0% 9 = v + 02 + P[(v! +v?) < AcrZV?]

satisfies the requirements of Definition 4.3. The idea then is to apply convex integration on the level
of the equation (4.8) for v2. In particular, we need to make sure that the convex integration gives
v? of the required regularity for 9.

5. CONVEX INTEGRATION SET-UP AND RESULTS

The goal of this section is to construct infinitely many probabilistically strong paracontrolled
solutions (h,?) and deduce global existence and non-uniqueness for the system (4.2). The equation
(4.2) for h splits formally into the coupled system (4.7), (4.8) for v! and v? and it remains to include
the stochastic objects. This leads to

Lot + div(zv + VIV 4+ vpt =0,
Lv* 4 div((v! +0?) @ (v' +0%) + V2 + V) + Vp? =0, (5.1)
dive! = dive? =0, v'(0) = vy, v?(0) =0,

with
V=¥ + (vl + 1)2) A2y +vl e AspzY + (vl —1—1)2) Q@ Aspz+vl S Aspz
2 f_ ([P,v' <]IVz2) © Asrz — com(v', PIVz, Asp2)
—(v! +2v?) < Aspz¥ —v' = Aspz¥ + 0! © Aspz
and

Vi=1vle AspzY + (01 +0?)® AngV
+v2© Aspz+ (v +0?) (8 + 8)Acrz + 12 0 2
—P[(v' +v?) < AcrIV2] © 2 — ([P,v? <]IV2) © z — ([P, v <]IV2) © Acrz
—com(v!, PIVz, Acpz) — com(v?, PIVz, 2) — v? = As gz ¥
—(v' +0?) - Angl’ +v* @ Agrz.

The paracontrolled ansatz for v' reads as
vl = —P[(v! + %) < AspIV2] +oF — (zY + ZY) (5.2)

These equations need to be considered together within the convex integration scheme and we put
forward a joint iterative procedure.

The convex integration iteration is indexed by a parameter ¢ € Np. It will be seen that the
Reynolds stress ]%q is only required for the approximations vg of v?, whereas the approximations v;
of v! are obtained by a fixed point argument. We consider an increasing sequence {\;}4en, C N
which diverges to oo, and a sequence {d,}q4en, C (0,1) which decreases to 0. We choose a € N,

beN, g€ (0,1) and let
q 2 _
Ag = al® ), 0q = )\16)\(1 25,
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2 2 » 2 »
/UO /RO Lll ...... T/Rq Uq[‘l/}%qul
1,0 1,0 1ot
Vp, Vg Vi, U1 Uqavq ’Uq+1,1}q+1

FIGURE 1. Iteration scheme.

where 8 will be chosen sufficiently small and a as well as b sufficiently large. At each step ¢, a triple
2

(vg, vz, }o%q) is constructed solving the following system

1 . 1 1,% 1 _
Lo, +d1v(2\{y+VZI + V") + Vp, =0,

Lo2 + div((v) +0v2) @ (v} +02) + V2 + V2*) + Vp2 = div Ry, (5.3)
div v; = div Ug =0, v; (0) = v, US(O) =0,
where
Vi =24 (0 +93) @ AgpAsr(z +2Y) + oy & BsrzY +0) © AgsAsrz
—(|P, v; <|ZVz)© Asrz — com(v;,}P’IVz, Asgz) — z?
—(v; + vg) < Agf(q)A>Rz¥f — v; = A>Rz} + ’Ug © As gz
and

Vq2 = vg e AspzY + (v; + vg) ® AngV
+v3 =) A>Rz—|—(v;+v§)(®+®)A<Rz+v§©z
—P[(vg + vg) < AcrIVz] @z — ([P, v <]IV2) © 2z — ([P,v, <]IVz) © Acrz
- com(v;, PIVz, A¢rz) — com(vg,}P’IVz7 z) — vg = A>Rz¥f
—(vg +v2) - Acpz¥ + 112 © A¢gz.
Here, V! and V? are obtained from V! and V2, respectively, by replacing v*, v?, v* by v}, vZ, v}
and adding the projector A¢y(,), where 2f(9) = )\Z, 6 = 10/21, into the second, the fourth and the
eighth term in V:Il. These projectors are used to control the blow-up of certain norms of v; and vg
and also to prove the convergence of v; as ¢ — oo. We shall therefore require the parameter a to
be a power of 22! and b € N. The parameter R is chosen in (6.7) below.
Analogously to the paracontrolled ansatz (5.2), vé, vg and vg are linked via

v = —Pl(v} +2) < T(VAspAgs(q)2)] + 0 — (Y +2F), (5.4)
Our main goal is to prove convergence of v;, vg and vg as ¢ — oo and to show that their limits

satisfy (5.1), (5.2) in order to recover a paracontrolled solution to (4.2) in the sense of Definition 4.3.
See Figure 1 for our iteration scheme. More precisely, we use 113 to determine v; and vg by Schauder

estimates. Then ]D%q is determined by U;, vg and vg. The next velocity US 11 is only determined by
]O%q via a convex integration argument.

As the next step, we define a stopping time which controls suitable norms of all the required
stochastic objects. Namely, for L > 1 we let

Ty :=TLANTPANTEANTEANTE A LY?, (5.5)
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{ 0, [|2(8) ]| 1/ Ll/Q}/\inf{ 0,112l 210 —2/20 >L1/2},
nf {t > 0,[|2Y(6)]lc-n L}/\inf{t> 0,12 | o017 }
T8 = mf{ 0, 12V (8[| o L} /\mf{t 0, 122 )l ooryor + 112Y (@)l /2 >L},

>
0, sup ||z¥(r;s)|lc» L} /\mf >0, ||Z}||Cl/10071/57,‘. > L},
t

0<s<r<t

T} := inf {t >0, sup ||zﬁ(r;s)||cfm > L} )

0<s<r<t

where we denoted by z?(r; s) and 2¥(r; s) the stochastic objects obtained the same way as zﬁ(r)
and z}(r) but replacing the last integration operator Z = Zy, by Z, , = fsr er=DAqL. Tt follows
from Proposition 4.1 that the stopping time 717, is P-a.s. strictly positive and it holds that T, 1 co
as L — oo P-a.s.

We intend to solve (5.1) for any given divergence free initial condition vy € L2UC ™" measurable
with respect to Fy. However, in the first step, we take the following additional assumption: Let
N > 1 be given and assume that P-a.s.

HUO||L2 g N. (56)

We keep this additional assumption on the initial condition throughout the convex integration
step in Proposition 5.1. In Theorem 5.4 it is relaxed to vy € L? P-a.s and, finally, Corollary 5.6
proves the result if vg € C~1T* P-a.s. We also suppose that there is a deterministic constant
Mp(N)/? > LSN + L?°. In the following we write My, instead of My (N) for simplicity.

Let « € (0,1) be a small parameter to be chosen below. By induction on ¢ we assume the

following bounds for the iterations v : if t € [0,T}] then for p = 323_27a

02l cawerss < a~2Mp2 1+ S 6Y2) <3M;Pamer,
1<r<g

(5.7)
_ 1/2 /2 —
103l 210 5/0 + 103 llcywrsmsss < a AP+ ST a?) < 3My a2
1<r<q
Later on, we use the factor a~®/? to absorb an implicit constant. Here we defined 2, ., ., :=0. In
addition, we used ) 510 1/2 <Y, >1 abP—rbs = — < 2 which boils down to the requirement
aﬁb > 2, (5.8)

which we assume from now on. We also assume that L is large enough such that the implicit
constant in (5.20) and (7.54) below can be absorbed by L. Moreover, for such L we can always
choose a large enough such that L < a®/'%. We denote

O.q:27qaq€NOU{_1}7 ’Yq:27q7q€N0\{3}’ 3 :K7

for K > 0 arbitrary. This constant will be used in order to distinguish different solutions.
The key result is the following iterative proposition, which we prove below in Section 7.

Proposition 5.1. Let N > 1 and let L > 1 sufficiently large. There exists a choice of parameters

a, a, b, B such that the following holds true: Let (vq,vq, R q) for some q¢ € Ny be an (Fy)i>o-adapted
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solution to (5.3), (5.4) satisfying (5.7) and

120022 < Mo(M}"? 5% 4 01 %)+ 3Mo(Mp(1+39))2, t € (%52 ATy, Ty,
o, t €0, 751 ATy,
(5.9)
for a universal constant M,
V2 < A2 te 0,1y, (5.10)
[Ry(®)lr1 < g1 Mr, t € (0q—1 ATL, TL], (5.11)
IRg(8)ll < Mr(1+3q), te€0,Tz]. (5.12)

Then there exists an (F;)io-adapted process (vl 1, v2, éq+1) which solves (5.3), (5.4) on the level
q+ 1 and satisfies

Mo(M;/?632 + 4272, t € (dog ATL, Ty,
log1(8) = v()llze < § Mo((ML(1+39)/2 +7,3), t€ (% ATy 4oy ATL], (5.13)
0, t e [0,%/\TL]7

O Mpb,sa, oy ATy, T,
[Rg+1(t)[[zr < § Mpdgy2 + SUDse((1—0,/2)V0.1] ”éq(s)”le 5 /\ Tp,0q NTL, (5.14)
SUPse[(t—0,/2)V0,t] [ 224(s)l[r + 3M € [0, 5 ATL].
Consequently, (vq+17}?q+1) obeys (5.7), (5.9), (5.10), (5.11) and (5.12) at the level ¢ + 1. Further-
more, for 1 <p= m, t € [0,Tr] it holds

e (
€ (%

1/2¢1/2 —
021 (8) = 02 (0) lwersn < Mp20, 5072, (5.15)
o2 = 02l oo + 0241 = 2le,wrmsn < My 20307002, (5.16)
and for t € (404 ATy, Tr] we have
V21132 = 102132 = 39g41] < TMLgs1. (5.17)

Note that no bounds on v, v}, , were included in the statement of Proposition 5.1. Indeed,
the definition of the new velocity v7,, does not require v}, . Then, having v?,, at hand, all the

necessary bounds for v; 11 vg 41 follow from Section 6 below. In particular, in Section 6 we prove
the following.

Proposition 5.2. Under the assumptions of Proposition 5.1, it holds for k > 0 and t € [0,T})
_ 1/2
1l pmtjo=ae 103l aroms o + 0gllcis S o™/ M+ N+ LY (5.18)

3/5 w T+ ||7)

q||c1/20 311/20 2r + H’UﬁHCth <a O1/8J\41/2 + L°N + L6 (519)
5/3,

[ —

_ 1/2:1/2 1/2—¢
||fu;_~_1 —U;HCth + HU;H _”3”0,3;53;5 + Hv:qL_H _U;HCQ/“*“LWB < a/2M / 5/ + M; / A, /20,

— 1/2¢1/2 1/2 0
||”2+1 - ”5”@,3/1033?;; + va+1 - ”g”Ct 2 SaPMy / 5qJ/r1 + My, / Ay /20,

Here 6 = 10/21 and the implicit constants are always universal and independent of q.
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In the following we always use x > 0 to denote a small constant.

Remark 5.3. The best regularity we can expect for v! is 1/2 — k whereas for vf it is 1 — . It
will be seen in Section 6 that their integrability is determined by v? and hence it comes from the
convex integration argument. Here, we observe a competition between regularity and integrability,
cf. (5.15) and (5.16) and their proofs in Section 7.4.3 and Section 7.4.5. For convenience, we have
chosen integrability 5/3 and space regularity 1/3 — 2« for v! and 3/5 — & for v¥. The time weights
are dictated by the desired space regularity as the initial value for v; and vg only belongs to L2.

We also note that the bounds in Proposition 5.2 do not rely on the W2/3? estimate of vg or the
difference vg 11— vg. Indeed, this is only needed to make sense of the resonant product v? ® z in
the limit and to control the corresponding part of the Reynolds stress.

We intend to start the iteration from v = 0 on [0,77]. Then (5.7), (5.9) and (5.10) hold. In
that case, Ry is the trace-free part of the matrix

vp @ vg + Vi Vg
where
Vi =05 @ AcrzY + 05 (8 4+ ) Acrz — Plvg < A<rIVz] © 2 — ([P, vg <]IV2) © Acr?
—com(vy, PIV 2, Acgz) — vg - Ang} + vg © A¢r2.

By (5.18) and (5.19), paraproduct estimates Lemma 2.2, commutator estimates Lemmas 2.3, 2.4,
we have

IRo(®)llzr S lloglz(1A<r=Y lox + | A<rz¥ llex + 1A<r2]cx) (5.20)
+ 0bl17: + [06ll2 [ Acrzllon + llvgllpl|2llo-1/e-s | Acrzl c-1/242n
< a 3Mp, + LSN? + L8 + L(a™*/3M}/? + LON + L8)2(1/2+20)F
< Mg
Here we used the value of R from (6.7) in Section 6 and the implicit constant can be absorbed by
taking a and L large enough. Thus (5.11) as well as (5.12) are satisfied on the level ¢ = 0, since
01 = 1.
1 We deduce the following result.
Theorem 5.4. There exists a P-a.s. strictly positive stopping time Ty, arbitrarily large by choosing

L large, such that for any Fo-measurable divergence free initial condition vy € L?> P-a.s. the
following holds true: There exists an (F;)i>o-adapted process (v*,v?,v*) such that for k > 0

vt e ([0, TL]; L2) N LM0, Ty; By)y 2%) N Cyl° KI5,

v? € LP(0,Tp; L?) N C([0, Ty ), W23 aw/55/3) 0 /1133,

vt € C([0,Te); L) VL0, Ty B3 ),

P-a.s. for all p € [1,00), and it is an analytically weak solution to (5.1) with v1(0) = vy, v*(0) =0
and satisfying (5.2). Furthermore, there are infinitely many such solutions and also infinitely many
paracontrolled solutions (h,¥) = (v* + v%, v + v? + P[(v! +v?) < A<rZV?2]) on [0,T1] satisfying

he C([0,T.]; L) N L' (0, Ty; B;j;w) N C;Qf/eﬁ/?’ NLP(0,Ty; L%),

9 € C([0,T); L5/3) 0 L*0, Ty,; BY°~"),

1,00

P-a.s. for all p € [1,00), where R depends on L and is chosen in (6.7) below.
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Proof Letting v = 0, we repeatedly apply Proposition 5.1 and obtain (F;);>0-adapted processes
(i 2 R 7), ¢ € N, such that

a Yo
v2=0? in O([0,Tg), W3t nwi/s5/3) n o0 L/
as a consequence of (5.15), (5.16) and (5.7). In view of Proposition 5.2, it follows that

vp = vt in C(0,Tg); L?) N L0, Ty; By)y 2% 0 Ol L7,

vi =t i C([0, T} L?) N L0, Ty; By ).

Then (v!,v?,v%) are (F;);>0-adapted. Moreover, using (5.13) we have for every p € [1, o)

T, 40'q/\TL T,
2 2 2 2 2 2
|l it [ =gl [ o = a3l
g

q/2NTL oqNTL

40q/\TL Tr
2 2 2 1/2
< / ME(My(1+ 39)2 + 703 )Pdt + /4 ME (M85 + bt

q/2/\TL O'q/\TL
— 1/2 1/2¢1/2 1/2
S ME(279((ML (1 +30) 2+ 9,307 + Tu M2y + 9, 5)7)

Thus, the sequence v?, ¢ € N, is Cauchy hence converging in LP(0,Ty; L?) for all p € [1,00).
Accordingly, vg — v? also in LP(0, Ty; L?). Furthermore, by (5.11), (5.12) we know for all p € [1, 00)

TL
/ |Bg(t)|[Badt < MESP Ty + (My(1+3g)P2°7 0, as g oc.
0

Thus, the process (v', v, v#) satisfies (5.1) and (5.2) before T}, in the analytically weak sense. Since
vy(0) = vo and v2(0) = 0 for all ¢ € Ny we deduce that v'(0) = vy and v*(0) = 0. Thus (h,?)
defined above solves (4.2) in the sense of Definition 4.3.

Next, we prove non-uniqueness of the constructed solutions. In view of (5.17), we have on
te (40’0 A TL,TL}

10?17, = 3K| <

o0
> lvzallzz = 10gl72 = 3vg11) | +3D Vet
q=0 q#2

7MLZ§q+1+3Z’Yq+1 7MLZ($q+1+3Z’Yq+1\ c,

q#2 q#2

where the constant ¢ > 0 is 1ndepcndent of K and the parameters a, . This implies non-uniqueness
by choosing different K. More precisely, for a given L > 1 sufficiently large it holds P (409 < T1,) > 0.
The parameters L, N determine M, (V) and consequently by choosing different K = K (L, N) and
K' = K'(L,N) so that 3|K — K’'| > 2c we deduce that the corresponding solutions v% and v%,
have different L?-norms on the set {409 < T;,}. We claim that the sums v} +v% and vk, +v%, are
different as well. Indeed, it is easy to see from (5.18) and (5.21) that

\/3K—C—M£/2 < ot + 03| < M£/2+\/3K+c.

Choosing K’ such that v/3K' — ¢ — Mé/z > Mi/Q + V3K + c gives different solutions.
For a general divergence free initial condition vy € L? P-a.s., we define

Qn —{N—l ||’U()||L2 <N}€.7‘-()

(5.21)
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Then the first part of this proof gives the existence of infinitely many paracontrolled solutions
(N, 9N) on each Q. Letting

hi=Y hVlgy, 9:=Y 9V,
NeN NeN

concludes the proof. Note that this also uses the fact that the stochastic objects are defined in
advance and then the rest of the construction proceeds pathwise. O

By an argument similar to [HZZ23, Theorem 1.1] we may extend the paracontrolled solutions
obtained in Theorem 5.4 by other paracontrolled solutions in order to obtain global existence and
non-uniqueness.

Theorem 5.5. Let vg € L? P-a.s. be an Fy-measurable divergence free initial condition. There
exist infinitely many paracontrolled solutions (h,¥) to (4.2) on [0,00). Moreover, it holds

he L ([0,00); L) N C([0,00), L%3) P-a.s. for all p € [1,00).

loc

Proof. By Theorem 5.4 we constructed a paracontrolled solution h = v! + v? before the stopping
time T, starting from the given initial condition h(0) = vy € L? P-a.s. Since Tr, > 0 P-a.s., we
know that for P-a.e. w there exists go(w) such that 404,y < Tr(w). By (5.13) we find

I (T)lee < D0 Mg (Te) = vy (Te)llze + D oy (Te) — 3 (TL) |z

0<g<qo >0
S Mogo(Mp (1 + o))"/ + Mo(K'/? + 1) + MoM/* < oo,

This implies that [|v*(TL)||pz < oo P-a.s. Since also v!(TL) € L? P-a.s., we can use the value
(vt +v2)(Tr) as a new initial condition for A in Theorem 5.4.

More precisely, we consider 7(0) = (v + v2)(T) and define () = z(t + T;) and similarly we
define the stochastic objects

L) =Y+ Ty, 5 @) =200t +Tr), 2@4(t) =2 (t+1Ty),
V() =2+ T), T(VE() = Tr, 1 40(V2),
PZ(V32) © 2(t) = Py, 1, 14(V2) @ 2(t + T1) = 2¥(t + Tp; T1),
PT(div(: ® 51 + 51 © 2)) © 5(£) = PTr, 7y e (div(zY + 2%)) © 2(t + T1) = 2 8(t + Ti; Ty).

Then we define stopping time Ty, similar as in (5.5) with T# and T? replaced by

T4 .= inf {t >0, Y (Tr + 6T o-r > L} A inf {t >0, 12% | gm0 oo > L} :
t+T

L
75 =it {t >0, 12 BTy + 6T o-r > L},
Then TL-{-I 2 TL+1 - TL~
Consequently, we obtain solutions
(ﬁ =o' 4620 = of + 0% + P[(0" +9%) < AgRI(Vé)})

before TL+1 adapted to Fyyr,. Here R is chosen as in (6.7) in Section 6 but in terms of L + 1

instead of L. Moreover, by Proposition 5.2 and (5.7) it holds that k(0) € B;;g - Hence, there is
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no singularity near zero of h and similarly as in Section 6 we obtain h e Cl/ 1975/3 Then we set

h(t) = (U +v )lthL =+ h(t — TL)lTL+1>t>TL- Then for p=1
h € C(10, Tyl L) VLN 0, Tras By o) VO 4 L7 0 LP(0, Ty 15 L2),

By the same argument as in the proof of [HZZ23, Theorem 1.1], h is adapted to (F;):>0 and satisfies
the equation (4.2) before [0, Tp4+1]. Indeed, we have for ¢ > Ty,

t
M) = (0 + o)1)~ F [ 2 [div(hon+ Y ohthosY +2 Y
TL

+h®z+z®h+z¥+z\4)]ds7
with the paracontrolled ansatz
h(t) = —P[h(t) < Tr, V2] + 0(t — Tp) — T, 1 (2N +27),
and for s > T7,
h© 2(s) = —P[h < Tr, sV2] © 2(s) + O(s — T1) © 2(s) — 2 ¥(s; T1)
—([P, 1 <|Zr,,sVz) © 2(s) — com(h(s), PZr, s Vz, 2(s)) = h(s) - 2% (53 T)
+19(3—TL)©Z ysTL
Now, we define
9= (v + 0% + P(v" +v%) < A<rZ(V2)]) Li<r,
+ (19@ —Tp) + P[A(t) < W TOATV(Ty)] + - TIACY 4 zV)(TL)) sty -

It is easy to see that ¥ € C([0,Tr11], L?/3) N LY(0, Ty 41, Bi’f;ﬁﬁ). Then, for ¢, s > T, it holds

h(t) = —P[h(t) < (ZV2)($)] +9(t) — (=Y +2P)(¢)

h© z(s) = — ([P, h(s) <|(TVz)(s)) ® 2(s) — com(h(s),P(IVz)(s), 2(s)) — h(s) - z¥(s)
+9(s) © 2(s) — zﬁ(s)
Here we used that from the renormalization it holds
zﬁ(s) = Zﬁ(s7 1) + e(S*TL)A(zY + zV)(TL) © 2(s)

and similarly for other terms.

Thus, (h,9) satisfies the equation (4.2), as well as (4.4) and (4.5) before Tr+1. Now, we can
iterate the above steps, i.e. starting from h(Tyr) and constructing solutions (hgi1,9x+1) before
the stopping time T74x+1. Define h = hilicr, + Z;O:l hkl{TL+k—1<t<TL+k}’ and obtain that h €

LY ([0,00); L2)NC([0, 00); L%/3), for all p € [1,00). Similarly, we define ¥ and we obtain that (h, )
is a paracontrolled solution. We emphasize that A does not blow up at any finite time 7" since for
any time T we could find ko such 7' < T4, and the infinite sum becomes a finite sum. The desired
norm of h only depends on L, k¢ and the initial data. Furthermore, as in the proof of Theorem 5.4
we obtain infinitely many such solutions by choosing different K. (I

Corollary 5.6. Let vg € L2 U C~* with k > 0 P-a.s. be a Fo-measurable divergence free initial
condition. Then there exist infinitely many paracontrolled solutions (h,d) to (4.2) on [0,00).
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Proof. If vg € C71* with k > 0, by [ZZ15] there exists a stopping time 0 < o < T, and a local
paracontrolled solution (h,9) to (4.2) in the sense of Definition 4.3. Now, h(c) € C1/27% x > 0,
and we can start from h(c) and obtain infinitely many global paracontrolled solutions by using

Theorem 5.5. Moreover, there is no singularity at h(c) and h € C’ilp/ 11?2_5115/ 3. Note that due to

singularity at zero, we only have h € L2(0,T, L) N C;/f}g_KLWS NCrH-'NLY0,T, B;//g ). O

Accordingly, Theorem 1.1 is proved.
Finally, by exactly the same argument as in [HZZ23, Corollary 1.2], Corollary 1.3 follows.

6. ESTIMATE OF v AND vg

In this section, we work under the assumptions of Proposition 5.1. The main aim is to prove the
bounds (5.18), (5.19) as well as for k > 0 and ¢ € [0, T} ]

||U;+1 - U;HC}L? + HU;JA - v;HCtB;ﬁ;f" + ||U;+1 - U;HCQ/G*“LB/S

1/24 —
Slve, — ”3||ct3;;§ A lvger = vgllgano ags + MNP, (6.1)

# #
lvg+1 = ”gnct,g/ng;g;g +llvg4 — ”gHCtP
1/2y—¢
< ||v§+1 — v?“cmi?i” + ||v3+1 — 1;§||Gt1/1oL5/3 + ML/ A, /20,

and

[0 0 et S My 2AST/10420), (6.3)

As a consequence of (5.16), this proves Proposition 5.2. Moreover, we recall that the equation for
vy is linear. Hence, for a given v7 we obtain the existence and uniqueness of solution v, to (5.3)
by a fixed point argument together with the uniform estimate derived in the sequel. Also, if vg is
(Fi)i>o0-adapted, so are (U;,vg). This in particular gives the existence of v, in Proposition 5.1,
once the new velocity vg 1 was constructed in Section 7.

In the following, we make use of the localizers A5 pr present in the equation for v; in (5.3).
Namely, by an appropriate choice of R we can always apply (2.1) to get a small constant in front
of terms which contain v;. We are therefore able to absorb them into the left hand sides of the
estimates without a Gronwall argument. Due to singularity at ¢ = 0, we use the weighted in time
norms C; ~ for several different v > 0, see Section 2 for their definition. In the following, all the

estimates are pathwise and valid before the stopping time T7,.

6.1. Estimate of v in C’t71/6B;;§’;j“ and C’tl/lﬁ/g”LE’/?’. We intend to apply Lemma B.2 and notice
that by Remark B.3 each application yields a factor L, independently of the chosen time weights in
the range 7,9 € {0,1/6,3/10}. However, we note that the difficult terms for Lemma B.2 are those

where we need to decrease the weight, i.e. v < §. For those we need to make sure that the condition
vy—d—a/24+8/24+1>0 (6.4)

from Lemma B.2 is satisfied. It will be seen below that this is always achieved since these terms do
not require such a gain in space regularity, i.e. the difference o — 8 compensates the negativity of
the difference v — 4.
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Hence, we shall bound each term appearing in Vq1 as well as 2V in appropriate (possibly time-
—2/3—k

weighted) function spaces with spatial regularity at least B, /3,00

. The terms in V:]l’* are estimated
the same way.
Recall that by the definition of the stopping time (5.5) we have

122, 0-1r2mn + 12 N0 + 12 lyom12-n + 12¥lleicmn + 1= 8lc,o-n S L.
By the paraproduct estimate Lemma 2.2 we have

||(U; + Ug) S Agf(q)A>RZ||Ct71/6B;/2;)/37
S sup, Y5 (og(8)llsss + 110z ()| oss)IA> Rzl o020
s€(0,t

S (loglie, , grors +1vglle, , jorsrs) L2~ °,

H(’U; -I—’Ug) [ Agf(q)A>RZ 1/6 s+ ||('U + v ) < Agf(q)A>RZ 1/6 K

le.som le. . em;,

S sup s (lvg(s)| pssa + ||vq(s)||L5/3)(||A>RzV||CtC,1/6,R + ||A>RZ}||thfl/67n)
se|0,
'S (||,U;||Ct,1/6L5/3 + ||U(§||CL1/GL5/3)L2_R/6,

and

lvg & AsrzYlle,, ey, . + 105 = Asrz¥llo, ,ems,  + v © Acr@A>r2llg, g1

5/3,00 5/3,00

< sup s'/6

||U;||Bl/3—2ﬁ(||A>R2V\|ctc—1/6—~ + ||A>RZ}||ctc—1/6—~r + |1As r2|lcyc-2/8-#)
s€[0,t] 5/3,00

< {11 19—R/6
Slvglle, , o pis-2e L2770
For the two commutators we use the commutator estimates, Lemma 2.4 and Lemma 2.3, to obtain

([P, vg <IZ(V2)) © Asrzllc, .68z, . + lcom(vg, PL(V2), As p2)llc, 657

5/3,00 5/3,00

1/3— 2 L2 R/G.

1
S 10}l 5

S 10}, 22185 RZl G219 2l 12+
For the last term containing vg we use the paraproduct estimate and Lemma B.2. In particular,

since vg requires a higher time weight ¢3/1°, we shall verify the condition (6.4). Tt turns out that this
is satisfied as v = 1/6, 6 = 3/10, a = 1/3 — 2k, 8 = —1+ 1/20 — 2k hence (6.4) holds. Accordingly,
we obtain

Iz div(vg © AsR2)

”C BI/S—ZH + ||Id1V(’U§ © A>RZ)||Cf1/16/;nL5/3

5 L” diV(Ug © A>RZ)||Ct 31055 /1+1/2o 2k

5 L”Ug © A>RZ”Ct,3/1OBl/2072N

5/3,00
S/L”UBIHC 33/5_"’HA>RZ”CtC—11/20—"

2 4 R/20
< LA ||C,3/1OB /5 n2 .

For the initial value part we have by Lemma B.1 and (5.6) for ¢ € (0,7}
||etA'UO||Bl/3—2m S Ll/Qt_l/G—H{N,
5/3,00
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(e — Vgl psrs S [t —s|M/67msTV/OHEN |t —s| <1, 0< s <t
Summarizing all the above estimates and using Besov embedding Lemma 2.1, we obtain

||U; ||Ct71/63;;§;§~ + ||U; HC%%“LS‘N
(6.5)

SL(L+N+L2 (), | prase + Wbl m3-e) + L2 el 1)

.3/1085)

Here, we used (5.6) and, as mentioned above, the extra factor L comes from Lemma B.2.

6.2. Estimate of vg in Ct,3/1OB§;§;f and 03,22/20351%,202_25° Let us proceed with the estimate of

vg. Here, there are no difficulties coming from changing the time weight as all the terms require
either a lower or the same weight. In view of (5.3), the paracontrolled ansatz (5.4) and since

div ((vg +v3) ® A<y Asr2) = Acs@Bsrz = V(vg +v7),
div (Acs(Asrz & (vg +07)) = (v +v7) < VA<s(q)As Rz,

we obtain
vg = v; + P[(U; + vg) < IZ(VASrA(g)2)] + (zy + ZY)
= 0} (0) = ZPdiv (= + VE 4+ V) (6.6)
—P[I7 (’U; + ’Ug) -<]<VA>RA<f(q)Z) — IP[V(U; + ’Ug) < Agf(q)A>RZ],
where

Vi = (0g + ) 8 Ay DsrzY + v 8 AspzY +v © Agp(Asr2

—([P, v; <|ZVz)© As gz — com(vé,PIsz Aspz) — Z¢
7(1); + Ug) < Agf(q)A>RZ} — ’U; = A>RZ¥>’ + ’Ug © AsRgz.
In the following we estimate each term on the right hand side of (6.6).

From the above estimate we already know that 2V as well as all the terms in Vqji except for

Ug ©® As pz are bounded in B33k

5/3.00 We also showed by paraproduct estimates Lemma 2.2 that

v © Asrz, B2 S 15l 3/5-x[|A> Rzl 0120

£,3/10 .3/10B5)
< 71/2), 4 —R/20
SL qu||ct~3/1032;§:2 .
Moreover, Lemma 2.2 also implies
PV (03 +2) < (Ao rBesinDl,, , psris

S (sup s N0d () grya-ze + L0020 i VI As Rl 001120
s€[0,t] 5/3,00 5/3,00

1 1/2 2 —R/20
S (H’U‘IHCt,l/aB;;gjﬁL +L||Uq||ct3;;;m)2 )
which can then be plugged in the Schauder estimate, Lemma B.2. Next, we note that Lemma
B.4 can be applied to the remaining term in (6.6) which also gives a factor of L. Hence, we use

interpolation to have

IPIZ, (vg +v5) <I(VA>RrAf(g)2)

3/5
5/3,00

+ H]P’[I, (U; + Ug) %](VA>RA<f(q)Z)”C1/2o gll/20-2x

t,3/10°5/3,00

||Ct,3/IOB
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S Ll iy + 102, mpss + 108l gurocr g + 12l cprio)| s rello,cmsnsoms
-R

S L22 /20<||,U;||Ct,1/6351;§;§~ + ||,U§||CtB51;;(x> + ”U;HC;/IG/ENLW?’ + ||U3||C:/10L5/3>'

Combining the above estimates and using Schauder estimate Lemma B.2 and interpolation, we have

il

S L? 4 LN + [227”/% (IIvéllct,l,(jB;;gﬁ +lle, sz

4.3/10 d;o &+ ||U ||Cl/32/010 ;}éz;)o 2K

I lpen o + Bl ernogars + Wl pajsms ) + B2 0103 e, zovs
which combined with (6.5) implies that

|| q”C /B1/3 2k + ||’U ||Cl/6 ®15/3 + || q”Ct s/10B2 /5 w + ||’UqHC,1/20 i}éiﬂ;%

2 260—R/20 (|, 1
< L?+ LN + L*2 (||vq||ct,l/63;;§:jm 1dllo, s
1 2 # 26—R/6]|, 2 .
+ quHC:ﬁG/gan/s + H’UqHCtl/wLE)/ZS + ||Uq||ct73/loB§;;_o§) + L2 quHCt)l/GLS/"'
Then we choose R such that
2ft/20 — 412, (6.7)
with C' being the implicit constant and use (5.7) to obtain

08, o232 + 08l cpror s + 5@, , | parsms + Nl prigm-ae (68)

< L2+ LN + L2a= 2 M,/
which implies the first part of (5.18) and (5.19).

6.3. Estimate of v} in C,L?. Here, most of the terms are similar as in (6.5) but we need to be
careful about the compatibility condition (6.4). As mentioned above, terms except for vg ® Aspgz
and (v + v ) 2 A¢f(q)A>rz have spatial regularity

—1/3-3k 1/3 3/10—3k
35/3,00 CB

by Lemma 2.1. Thus, the corresponding C;L? norm can be bounded by Lemma B.2 with v = 0,
§=1/6,a =k, f=—-1/3—-3/10 — 3k — 1 as follows

IZdiv(---)lle,z> S I div(--lle.ss .,

S LH dlv( .. )||Ct‘1/635¥373/1073N71

ST+ Ll , o pryaze + Lo N0Gllciners:

Here, in - -+ we collected all the terms from Vq1 + Vql’* except for the above mentioned two and P
and their symmetric counterparts.

Next, using paraproduct estimates and Lemma 2.1, the term corresponding to vg © A<z can be
3/5—k—1/2—k 3/5 1/2=2xk—3/10 _ —1/5-2x
C B, =By 4

bounded in view of the embedding B; 73,00

by Lemma B.2
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withy=0,0=3/10,a=k, 8=-1/5—-2k —1 as
|IZ div(vh © Asr2)llc,2 S T div(vl © Asr2)c,Bs
< L div(vf © Asg2)

|| —1/5—2k—1
Ci,3/10B3,5

/S LH'Ug ©) A>RZHCL3/1OB§;§:/2_%

S e o X
21,8
5 L ||Uq||ct_3/1oB§;§,;§.

—1+43/10+k

5/3,00 C H™1! to have

We also use Lemma 2.2 and embedding B
”(”t} ‘H’g) Q A<J”(<1)A>RZ||QH—1 S HU;HC,,L2||A>RZHC,C*2/3W + ||Ug||C,,L5/3”Z”CtC*l/z*“
S LY (lvglle, 22270 + w2l e, pare)-

Thus combining the above estimates and (5.7), (6.8) we obtain
lvglle, z2
SLP+ LN + L2(||”§||Ct,1/GB;;§;§n + 03l Lo + HUgHCt,Smng;) + LP||vgllc, 2275/
S LY AN +a~PLAMY? + L2 2My + L2||o) |, 227 R/
S L'+ L3N + M + Lo 1227 /5,

using the fact that L* < a®/*. Hence the last part of (5.18) follows.

6.4. Estimate of vg in C;L%. We apply the paracontrolled ansatz (5.4), the Besov embedding
Lemma 2.1, and paraproduct estimates Lemma 2.2 as well as (5.7) and (5.5) together with the

Schauder estimate to control Y and z ¥. We deduce
[v8llc,z2 S Lllvglle,r2 + [lv2 < I(VA>RA<f(q)2)||CtB§;§f’;~ + L7
< L(1vgllg, Loss + loglle,z2) + L2
< La™2M;? + L(L* + L*N + a=/*M;/?) + L*
< M} Pa=/® £ LN + LS.
The last part of (5.19) follows.

6.5. Estimate of the difference v,,, —v, in C’tB;;;’;j” and C/%~"L5/3. Most of the terms can

be estimated similarly as in (6.5). We do not have to consider the initial data as it vanishes and
therefore we can even control directly the Ci-norms without any weight. The main change comes
from the additional difference Agy(g41) —Agy(q)- First, we use Lemma 2.2 to bound the terms with
paraproducts &, < containing A r(g41) — A<f(q) by Schauder estimates as

1/2\ —
Lljvg + v2llc, o (Acsgrn) — Acs@)Dsr(z + 2o 02— S MATYS,

1/2\ —
Ll + 02l ¢, o3l (A a1y — D<) Dsrz )l g,z S My’ A8,
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The part of & containing A¢fg41) — Agy(q) can be bounded by Schauder estimates Lemma B.2
withy=0,0=1/6,a=1/3—-2k,=1/3—-2k—-11/20— K — 1 as

1/2y—0
LHU;HCt,l/GBé;gzjx||(A<f(q+1) - Agf(q))znctc—u/m—n 5 ML/ )‘q /20.

Thus, in view of (6.5) we obtain
[0g41 — U;||Ct3;//gz~ + Jlvgp — UéHcg/G—an/g

< LQQ_R/20(||U;+1 — ’U;HCtB;;;;zm + ||’U§+1 — U(?HCf,LE’/S + ||’U2+1 — ngCt,S/loBa/57N)

5/3,00
+ M0, (6.9)
where for vg part we used v =0, 6 = 3/10, a = 1/3 — 2k, f = 3/5 — k — 11/20 — 1. Therefore in

order to deduce the first part of (6.1), we shall estimate the difference vg 11— vg.

6.6. Estimate of the difference ”g+1 —vg in Ct’g,/ng;g;:. Terms in Vqlj can be bounded similarly
as above. We only concentrate on
P[Z, (’U; + 7}3) -<](VA>RA<f(q)Z), IP[V(U; + Ug) < Agf(q)A>RZ].

Similarly as before, most terms could be estimated as the estimates for vg with v, replaced by
Vg+1 — Vg We consider the terms containing A¢yg41) — Agy(q) and use
1(Agsiarn) = Des@)zllo,o-rm-n SATVPOLY2.

Thus, using (5.18) the Ct,3/1oB§;§_K—norm of these terms can be bounded by

-0
XL (0}, s + IR, pve 4 Neblano—sg + 102 gprm )
—6/20371/2
SAPOM R
Here we used Lemma B.4. Hence, we obtain

# i
qu-i-l - U‘JHCt,s/mng;

_ 1/2
S )\q Q/QOML/ + L2 (H’U;Jrl — U;IlCtB;//;;SN + ||U§+1 — U?”C}B;;;w (610)

+ ||v;+1 - ”c11||ct1/6*“L5/3 + ||v3+1 - Ur?”cj/mm/i* + ||vg+1 - vg||Ct,3/loBS/5*”)2_R/20.

5/3,00
Combining this bound with (6.9) we deduce a first part of (6.1) and (6.2) and it remains to estimate
the differences v}, — v, and vg_H — vg in C;L?.

6.7. Estimate of the difference U;H — v; and vgﬂ — vg in C;L?. By the Besov embedding
Lemma 2.1 it holds
1 1 1 1
||Uq+1 - Uq ||CtL2 5 ||Uq+1 - Uq ||OtB;;§:X2>N’

which in view of the first part of (6.1) implies the second part of (6.1). Moreover, by (5.4), the
Besov embedding Lemma 2.1, and paraproduct estimates Lemma 2.2 we have

[0y +v9) < Z(VA>r(Ags@) — Besarn)lle, gz

S Lllvglle,zsss + gl o) (A< @) — A< s 2lle,o-2rs-n
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-0
S L (Jvglle,es + 10 lle o)A */°,

which due to B;;g;j'{ C L? and (6.1) implies

va-i-l - Ug”CtL?‘
-6
S lvgar = vglleyze + 1051 = 0 lleypors + L2 (lvglle, e + llvg e, rs) A 7
1/2y—0
S 02n = 2l e+ I — 0Bl + MYA;.
This gives the remaining estimate of (6.2).
6.8. Estimate of v; in Cy 3 /8L4. This norm may a priori blow up during the iteration. We also

estimate each term separately and apply the Schauder estimate Lemma B.2 which then gives an
additional factor L. We have

IAS RA () (2 + 2Y) oy crr5en + A5 RALf(0)2 ¥ |y crrme S LALT/10T209,
Hence, by Lemma 2.2 and (5.18) we have
(v +v2) & As rAL () (2 + 2V ), gy + l(vg +05) < A>RA<f(q)z}\\ctB;gm

< g + U,?H@B;gs (||A>RA<f(q>(Z +2Y)|le,crsen + ||A>RA<f(q)Z}||thl/5+n>

S L)\((]?/10+2m)9||,v; +'U§||CtL5/3’

1
lvg © A>RA<f(q)z||ct11/GB;};“

S ||’U;||Ct71/68;i:'€HA>RA<f(q)Z||CtL°°

1/2y(1/242k)6 [, 1
S DNl e,

and
||”; @ A>RZV||CM/GB;}§*’~ + ||v; F A>RZX’H0,”1/GB4—’£*‘~

1 1
Sllvg @ A>sz||ct,l/63;;§,—£~ + [lvg = A>RZ}||Ct,1/GB;;gi~

S 19}lg, =2 (1Yo + ¥ o)
S HvéHCWGB;;ngUQ
Using Lemma B.2 and (5.19) we have
|1 Zdiv(vh © Asr2)llo, 400t S I1ZAV(0E © Asr2)|lC, 08
S L||v2 © A>RZ||Ct’3/1OB;;*'2“
S L||vg||ct13/10335§;:HA>RZ||ctcfl/2w~
By commutator estimates Lemma 2.3 we have

1 1
||([]P)7 Vg %]I(VZ)) © A>RZ||CL1/GB;;§;N + HCOID(’Uq, PI(VZ), A>RZ)||CL1/GB;;§;;M

S HU;HCL1/5B;;§;5N ”ZH%‘tc—l/z—m S ”U;HCtJ/eB;;g;ﬁNL'
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Finally, for the initial value part we apply Lemma 9 in [DV15] to obtain
w0l 4 S t73/% o[ 2.
Combining the above estimates and applying the Schauder estimate Lemma B.2, the Besov embed-

ding Lemma 2.1 as well as (5.18) and (5.19) and the definition of M}, we obtain (6.3).
Note that we only control the L*-norm instead of e.g. L because the paraproduct

Vg & Agp(gAs> Rz

1/3—-2k

only belongs to 35/3 g

7. THE MAIN ITERATION — PROOF OF PROPOSITION 5.1

7.1. Choice of parameters. In the sequel, additional parameters will be indispensable and their
value has to be carefully chosen in order to respect all the compatibility conditions appearing in the
estimations below. First, for a sufficiently small « € (0,1) to be chosen below, we let £ € (0,1) be a
small parameter satisfying

CONEKAL, T <NY, (7.1)
In particular, we define
_8a
Ci= X3 A% (7.2)

In the sequel, we use the following bounds
1
o > 2448b, 1> 168302, 35~ 33a > 2p8b, ab> 128 (7.3)

which can be obtained by choosing « small such that 3—15 — 33a > «, and choosing b € N large

enough such that ab > 128 and finally choosing 3 small such that o > 2443b, 1 > 1683b%. Various
estimates of this form are needed for the final control the new stress IquH. Hence, we shall choose
« small first and b large, then 3 small enough. The last free parameter is a which is power of 22!
and satisfies the lower bounds given through

a>4Mp + K, L <a*/'S,
Then by our condition we have
Mp(1+3q) + K < \N/2 < 072188 < N0 2P gt < g7 1/0L, (7.4)

In the sequel, we increase a in order to absorb various implicit and universal constants.
We may freely increase the value of a provided we make 8 smaller at the same time.

7.2. Mollification. We intend to replace vg by a mollified velocity field v,. To this end, we extend
2(t) = 2(0), 2Y() =2Y(0) =0, z¥(t)=0,

I(V2)(t) =0, vi(t)=vi(0), Ry(t)=R,(0) fort<O0.

As vg equals to zero near zero, 3251)3 (0) = 0, which implies by our extension that the equation holds
also for t < 0. Let {¢c}>0 be a family of standard mollifiers on R?, and let {¢.}e~o be a family of

standard mollifiers with support on R*. We define a mollification of vy, R, in space and time by
convolution as follows

Ve = (/Ug *g QS[) *t Do, ﬁ)'“@ = (15'“!1 *g ¢€) *t P,
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where ¢y = e%qﬁ(?) and @y = %gp(z). Since the mollifier ¢, is supported on RT, it is easy to see that

ze 18 (Fi)t>o0-adapted and so are v, and 10%4. Then using the equation for v2 we obtain that (vy, lo%g)

q
satisfies X
Orvy — Avg + diviN + Vpg = diV(Rg + Rcom)

7.5
divyy = 0, (7.5)
where N is the trace-free part of the following matrix
N = (v} +02)® (v +v2) + V2 + V2
and
Reom = N — N %, ¢E *t Pe.
By using (5.7) (5.10) and (7.2) we know for ¢ € [0, 77|
0 = vell gm0 s + 103 = vellguwrssm S €103 o, < €/ XgM;"” (7.6)
1
< M£/2/\;—gl < ZMI{/Z(S;-/SIG_O(/Q?
_ 1
lvg = vell,ze < flivglley, < ONGME* < MyPAZE < M6, (7.7)
and for p € [1, 0]
— 1
02 = vellewerne S 00020y, < /MM < MPPATRY < oMy am0%, (78)

where we used the fact that ab > 128 and o > 30 and we chose a large enough in order to absorb
the implicit constant. In addition,

loelley, S €N lvglley, < NFNMY? S M PN A (7.9)
holds for ¢ € [0,77] and it holds for ¢t € (% ATy, Ty]
loe(®)llz2 < [[02llcore S Mo(M + K'/2) + 3MoM;/*(1 4 3g)/2 (7.10)

with some universal implicit constant.

7.3. Construction of ”«?-s—l' Let us proceed with the construction of the perturbation wg41, which
then defines the next iteration by vg 1 =V +wgy1. To this end, we make use of the intermittent
jets [BV19a, Section 7.4], which we recall in Appendix A. In particular, the building blocks W¢) =
Wery ry 2 for € € A are defined in (A.3) and the set A is introduced in Lemma A.1. The necessary
estimates are collected in (A.7). For the intermittent jets we choose the following parameters
- 47 1[4y —1 _ \—6/T _ —1 97

A= Ag+1, T = Agtl s re=r A = A =g ry = A (7.11)
Since a is power of 22!, Ag1T1L = a®™™/T ¢ N.

Now we follow [HZZ23, Section 5.2] and introduce p as follows

. Yq+1
= 20/ 02 4+ | Ry|?
p V2 + [Re|? + 2n)’

lo()lze < 262m)*7 + 2| Re(t) | 2o + vg1. (7.12)
In view of (5.11) which holds on (204 A Tr, T and since suppy, C [0, £], we obtain for t € (4o A
Ty, Ty

which implies for p > 1

llollco S o1 ML+ vg41, (7.13)

l40g AT ,t],
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where we also used the embedding W*! C L®. Then, we deduce similarly as [HZZ23, (3.25)] for
N>1landte (40'q /\TL,TL]

Iollon S 6747NML5¢1+1 + €7N+1(€75ML5<1+1)N Y41 S éZi?Néq-HML + Yg+1-

404 ATY, ,t],2
qNTL

(7.14)
For a general ¢ € [0,71], we have by (5.12)
Ipllce, S €7 Mp(1+3q) + Y441, (7.15)
and for N > 1
||PHC,%§; SOCTNML(1439) + 9441, (7.16)
where we used M (1+ 3q) < ¢71.
Next, we define the amplitude functions
Re(w,t
aey(w,t, ) = ag gy1(w, t, ) = p(w,t, 1:)1/275 (Id — M) (277)73/47 (7.17)

where 7¢ is introduced in Lemma A.1. Since p and ]5% are (F)i>o0-adapted, we know that also ae)
is (F¢)i>0-adapted. By (A.5) we have

_3 o
(2m)72 ) afy /Tr Wig) ® Wigyde = pld — Ry, (7.18)
EeEA

By using (7.12) for t € (404 ATy, Ty]

1/2
lagy @)l < ||P(t)|\L/1 [vellco(B, s aay)
M

1/2
S BIAI(L+ 879)172 (2(27m)° + 20441 M1 + Yg41) (7.19)
M o 1/2.1/2 1/2
< M(ML 6q+1+ q+1)a

and for ¢ € [0,T}]

M 1/2 1/2
lag) (®)llc,r2 < M(ML/ (1+3)12 47112,

where M denotes the universal constant from Lemma A.1. From (7.13), (7.14) and similarly to
[HZZ23, (3.30)] we deduce for ¢ € (4o, AT, T1)

—2¢c1/2 1/2 1/2
o2l S8 AM " g

[dog AT t],2 q+1
and for m=1,..., N using K < ¢~}

5 fl_7m5;j_21Mé/2 _|_£1/2—m(,yq+1 +£_55q+1ML)m < £1_7m(5;-/|-21Mé/2 —|—’}/1/2 )

1ol e

[4anTL,t],m
This implies for N € Ny as in [HZZ23, (3.34)]
87N 51/2 7 f1/2 | _1/2
la@lloy, p. o SN EEML 4+ 0). (7.20)
For a general ¢ € [0,77,] we have for N € Ny
_s— 1/2 1/2
lage)llex, S €8N (M2 (14 39)2 +7,13), (7.21)

where we used My, (1 +3q) + K < 71,
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Let us introduce a smooth cut-off function

0, t< %,
x(t)=4€(0,1), te % Tq)s
1, t>o
Note that [|x/[|co < 29%" which has to be taken into account in the estimates of the 01/10L5/3 and

C} ;-norms in (7.39)- (7.45) below.

With these preparations in hand, we define the principal part w(p )1 of the perturbation wq41 as
wiy =" ae Wee. (7.22)
£eEA

Since the coefficients age are (Fi)i>o0-adapted and W) is a deterministic function we deduce that
w((ﬁ)l is also (F)i>0-adapted. Moreover, according to (7.18) and (A.4) it follows that

wiy @ wll + Re =Y alePao(Wiey @ Wiey) + pld, (7.23)

£eA
where we use the notation P f := f — Ff(0) = f — (27)~3/2 Jps fda.
We also define the incompressibility corrector by

éi)l = Zcurl(Va(é) X Vigy) + Vaey x curlViey + a(g)W(g), (7.24)
EeN

with W(g) and V(¢ being given in (A.6). Since a(e is (Ft)i>0-adapted and Wi, W((g)) and V() are

deterministic functions we know that w( )1 is also (Fi)i>0-adapted. By a direct computation we
deduce that
(p)l + wéi)l = Z curl curl(ae) Vig)),
EEA
hence
div(wffjr)1 + wéﬂl) =0.
We also introduce a temporal corrector

t
wely == ZW#O (a(£>¢<s>¢(£)f) (7.25)

EGA

where P is the Helmholtz projection. Similarly to above w! +)1 is (F)t>o-adapted and by similar

computation as [BV19a, (7.38)] we obtain

Ol +Y P (a(g)dlv(W(f) ® W(sﬂ)

§€A
= z% PP00; (“(s>¢<s>¢(5>§) Z Pzo (“?5)3t(¢?&)1/’<25>5 )) (7.26)
§€
=(Id-P)— Z P00, (a<5>¢<s>¢<5>5) Z Pro (8”%5) W?@ﬁs)f)) :
EEA geA

Note that the first term on the right hand side can be viewed as a pressure term.
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We define the truncated perturbations w@l, ’J)(il, (21 as follows

~ ~ ~(t t
50, =0 B = ) = wl

Define wg41 := w((ﬁr)l + wgﬁ)l + wffll and

q+1 =V W1 = Vg +w((1121 +w((121 4—11),(1J21

We note that by construction v2,; is (F;)i0 adapted.

7.4. Verification of the inductive estimates for v, ;. By (7.19) and (7.20) and similar argu-
ment as [HZZ23] we obtain for t € (404 A Tr,Tr] and some universal constant My > 1

1 1/2¢1/2 1/2 MO 1/2¢1/2 1/2
legha®lle: 32 MO0, + 0 DIWigllews < SFOL8 +950,  (727)
EEA
where we used 150 < 1 and for ¢ € (% ATy, 40 A Ty]
My 1/2
52 ()22 < (ML +30) +7,00). (7.28)

Similarly as in [HZZ23, (3.43)-(3.46)], we apply (A.7) and (7.20) for general LP-norms to deduce
fort € (doq ANTL,TL], p € (1,00)

Iy @)l S €SO0 g 20y P 7, (7.20)
1 (Dllze < €220 2552 402 e 2, (7.30)

and
[0 Ollr S € (ML8g1 +70s)r?” P20 (7.31)
g ()l + g1 (0) e S 32853 + g )P ey P, (7.32)

For a general t € (ﬁ ATy, 404 ATp] we have

[ (0)[e S 3 (ML(L+3)/2 7222 P 7l 0712, (7.33)
105 (Do S €2 ((Mp (1 + 3)) /2 + 43 )r Pry P22, (7.34)

and
103 (0)llze S 7ML (1 +39)) +vg00)r7 P20, (7.35)
1053 ()| + 057 () e S €M1+ 3q)M2 4 4 e/ P~ /7712, (7.36)

Combining (7.27), (7.30) and (7.31) we obtain for t € (404 A 11, 1]

l 2¢1/2 1/2 MO 44a—-2/7 1 2¢1/2 1/2 32a—-1/7
lwgsr ()22 < (M85 +753) (2 +ONATTT oM N ) -
3 1/2¢1/2 1/2 .
< 1 O(ML/ 6q—/',-1 +qu-/«—1)a
and for t € (G NTp, 404 ANTy]
3
gt (8)]l22 < $Mo((Me(1+39)2 +7503), (7.38)

where we used My, (1 + 3q) + K < £~! and the condition on a.
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With these bounds, we have all in hand to complete the proof of Proposition 5.1. We split the
details into several subsections.

7.4.1. Proof of (5.13). First, (7.37) together with (7.7) yields for t € (doy A T7,T1]

1/2¢1/2 1/2
021 () = 03 (D2 < lwgsa ()12 + lve(t) = 3 ()2 < Mo(M/?6,5 +7,2)-

For t € (04 ATL,40, ATyr] we use (7.38), (7.7) to obtain

021 (8) = v @)l < llwgsa ()]l 2 + lve(®) = v3 ()2 < Mo((Mr(1+39))/2 +7,13).

For t € [0, 504 ATL] it holds x(t) = 0 as well as v2(t) = 0 by (5.9) implying

0241 —villcore = llve — v} lle,L2 = 0.

Hence (5.13) follows.

7.4.2. Proof that (5.13) implies (5.9) on the level ¢ + 1. From (5.13) we find for t € [0, 204 A T7]

||U§+1Hctl‘2 < Z ||’U$+1 - U?HCth = 07

proving the second bound in (5.9) on the level ¢ + 1. For the first bound in (5.9) on the level g + 1,
we obtain in view of (5.13) for t € (1o ATy, T

loga@)llzz < Y llo7pa (t) = o)) 22

0<r<g

1/2 1/2 1/2
< Mo ML/ Z 5r-/-1 + Z (ML(l + Sr))l/Qlte("TTATLAoT/\TL] + Z ’Yr./;_l
0<r<gq 0<r<gq 0<r<gq

<My | MY SR +3(Me(1+39) 2+ S A
0<r<gq 0<r<gq

where we used the fact that by the definition of o, = 27" each t € [0,7r] only belongs to three
intervals (% A Tp,40, ATyr]. Hence (5.9) follows.

7.4.3. Proof of (5.16) and the second inequality in (5.7) on the level ¢ + 1. In this section, we see
in particular how the definition of intermittent jets determines the integrability 5/3 which we use
throughout the paper. It holds by (7.21), (A.7) and the choice of parameters in (7.3)

gyl g0 s + IBElleywrs.sro

<Y la)lley, (Wil gario s + 1Wieylowssisrs) 297
gen (7.39)

S (M4 3) "2+ g e e Pr (gm0 4 A5 )20
< M1/2)\2%ﬁ 1/35’
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g1l a0 o0 + @5 e, wavs.ors

$ 2 (llago oy, W a0/ + IWE lcawrssss)
EeA

+llaglles, (Vg llgmopss + Ve ||ctW6/5:5/3))
S (214392 + 2P (o agh) (o dgen/m) 10 + 2 )20
< M0y 00 ((TMqHu/TH)l/m + /\;/+51)
< M2 \0a-11/35

L q+1
(7.40)

~ ~(t
||w§+>1||cl/wm 18 | wss.srs
2q+1 >~ (lla s, lae ey, I 12105l 12, rors
EeEA

+llag 2o e o ld@llwirsiors lbgllE, o
+llalIZe Ié@ Lo ¢ leawirsaors dgllo, piors (7.41)

+llage) 2y, 1906 I 072 106 2010 e o)
< (ML(L+30) +7g4)0 )P TP e )
<(Tﬂq+1ﬂ/’“u)1/w + ALY+ Ogariry )1/5)2q+1
< ML)\jf_oi_G/%’
and

32a-1/35 _ 3M1/25

1/2 —
il gpnogars + egrillcmwusss S MEPNZETYS < MY 6,000 (7.42)

In the last inequality above we used (7.3). Hence, (5.16) follows from (7.6). The second inequality
in (5.7) on the level g + 1 follows as well.

7.4.4. Proof of (5.10) on the level ¢+ 1. Using (7.21) and similar as [HZZ23, Section 3.1.4] we find
for ¢ € [0,T7)

1/2 -1 _—1/2
||wq+1||c1 S 15((ML(1+3Q))1/2+’7qi1)rll ™) )\24_17 (7.43)
[ ller . S 2 ((Mo(1+3g)Y? +22)r 202, (7.44)
and
~(t)
105 ller S €2 (ML(1+3) + vg1)r ' A ES (7.45)

In particular, we see that the fact that the time derivative of x behaves like 20, L < ¢=1 does not
pose any problems as the Cp ,-norms of wéﬁ_)l, 121((]21 and 11)((1:)_1 always contain smaller powers of £~1.

Combining (7.9) and (7.43), (7.44), (7.45) with (7.1) we obtain for ¢ € [0, T}]
lvgller, <llvelle, + lwgelles
30a+22/7 58a+20/7 o 1/2
< (M (14 3) + 70412 (M0 + ONSTT 4 O 4 NS H?) < My,

where we used My, (1 + 3q) + 7441 < £~1. This implies (5.10).
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7.4.5. Proof of (5.15) and the first inequality in (5.7) on the level ¢ + 1. Similarly, we derive the
following estimates: for ¢ € [0, 7] it follows from (7.1), (7.21) and (A.7) that

||wq+1 + wq+1 leawre <Y lleurl curl(ae) Viey)lleywr e

gen
S llalles Vio leows.e (7.46)
gen
S OP(Mp(1430) 2 4 )r T T
and .
t
I lleaws < = 3 (lagllep, llalley, o I e 13, 22
Héea ’ ’
+llage gy o llz2e IV 2o llve IE, L2 (7.47)
+llage 12 ||¢(§)||%2p||V1/)(5)HctL2p||¢(f)||ctL2p>
21 1,\—-2/7
OB (M (1 +3q) +g40)ry "2 PN
We also have for p = 522 r2/r=2 ﬁ/p '<Ag, and

_ogya—1/7 1/2,60a-1/7 _ 3..1/2:1/2 _a
lwailleawis £ (Mo(1+30) + 70400 AT € MPATT < MP8 a0 (1.48)

where we used the condition for «, 5 and (7.3) in the second step, which combined with (7.8) implies
(5.15) and hence the first inequality of (5.7).

7.5. Proof of (5.17). We control the energy similarly as in [HZZ23, Section 3.1.5]. By definition,
we find
- (1)
07411172 — ||v2||%z — 31| < |0 172 = 3vqua| + gy + @i, 132
~ c ~(t
+ 2|oe (g, + gyl + 2loed s+ 20155 (s + @500 s+ llvell 2 = o311321-

Let us begin with the bound of the first term on the right hand side of (7.49). We use (7.23) and
the fact that Ry is traceless to deduce for ¢t € (404 A Tp, Ty]

- 3Vg+1
@ L,G 4[R2+ afe Pro|Wie)

7.49)

ceA
hence
5P 112, — 3 <6-(21)30 +6|R Po|W. 7.50
g ll72 = 3vga] <6+ (2m)2C+ 6l Rellpr + Y | [ ateyProlWie) |- (7.50)
ceA

Here we estimate each term separately. Using (7.2) we find

_ 1
6-(2m)°0 < 6-(2m)*A 27 < EAqffML < 4gle Mr,

which requires 28 < 3a/2 and choosing a large to absorb the constant. Using (5.11) on fiq and
suppye C [0, 4] we know for ¢t € (404 AT, Ty

6 Re(t) 1 < 66,41 My,
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For the last term in (7.50) we use similar argument as in [HZZ23, Section 3.1.5] to have since My, > 1

158a—1/7 160a—1/7 _ 1 - 1
> / afey B0 Wig[*| S N0 (M (1 +3q) + K) S NI < g N B ML = S0 My
geA

where we used My, (1+3¢)+ K < 7' < A2%; as well as 160a+ 28 < 1/7. This completes the bound
of (7.50).

Going back to (7.49), we control the remaining terms as follows. Using the estimates (7.30),
(7.31) and (7.1) we have for ¢t € (doy ATy, Ty]

e 5t 88a—4/7 6da—2/7 _ 1 |2 Og+1
lgh + @i lEe S (Mo + )X + (ME +97, )M < @Aq+fML < ig Mz,

where we use My, + Y441 < €71 to control M, + v,41. Similarly we use (7.10) together with (7.27)
to have for t € (dog A T1, 1]

~(c ~(t ~ ~(c ~(t ~(c ~(t
2l[ve (@), + ) s + 20w T (@), + B S Mo((M(1+39)% + KY2) [0l + @), |12

S Mo(M(1+3) /2 + KY/2) (M + DN+ (M + 90055 T)

_ 84t
<=\ QBM < q+ M
4g a1 LS g

where we used My (1 +3q) + K < 7! and we possibly increased a to absorb M. We use (7.1) and
(7.29) and |lveller . < H’Uchtlm to have for every x > 0

- N 1/2 _ 1/2<1/2 1/2 _k E(1=k)
20T Nlr S oell o [ BEL e S My XSS (MY 26003 + a3 rk

17a—8(1—k 1 _ (5
< (M + KA 70 < oo et My < S

For the last terms by (7.10) we have

lllvell7 = ozl 72l < loe = w7l (llvellzz + [[071]z2)
<

ML Mo(Mp (1 + 3g) + K)Y/?

1|25 dg+1
< =AM < M.
96 et E S Tgg L

which requires My (1+3¢)+ K < )\2‘;125 asin (7.4) and a large enough to absorb the extra constant.

Combining the above estimate (5.17) follows.
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7.6. Definition of the Reynolds stress }D%qH. Considering the equation for the difference vg_H -
vg, we obtain the formula for the new Reynolds stress

diVéq+1 - Vp3+1
= —Awg 1 + O (DF) +B) + div((ve + v341) © wern + wapr ® (v +v841))

div(Riin)+Vpiin

+div (@0, + @) @ wer + a8 @ (@0, + @)

div(Reor)+Vpeor

+div(@®), @ aF), + Re) + 0[], (7.51)

div(Rosc)+Vpose
+div((Vi — V) + (VA = V)

q

divRcom1+VPcom1
+ div ((ve + vg41) © (V0 + v441) — (Vg +07) ® (vg + 7))
div(Rcom2)+VPeom2

=+ diV(Rcom) — Vpy,
where, using the notation vy = v} +v7,

Vi -V
= (Uq+1 - Ug) ® AspzY + (vg+1 = vg) ® A<RZV

+ (U341 = vg) © Aspz+ (Vg1 — V) (8 + 8) Acrz + (V341 —v5) © 2

= Pl(vg+1 — vg) < A<rIV2] @z — ([P, (v}, — v7) <|IV2) © 2

— ([P, (v}yy —v}) <1TVz) © Acr2

- com(fu;+1 - 1 JPIVz, Acpz) — com(v(;_1 - vg,]P’IVz, z) — (vg_H - ’03) = Aspz ¥

— (Vg1 = vg) - A<RZ} + (vl —vh) @ Acgz.
Applying the inverse divergence operator R we define

Riin := —RAwg41 + RO (W qﬁ)l + wflil) + (ve + U;_H) @qu + Wgt1 ® (vg + ’U;_H),

c c ~(t
Reor = (0 ((;-21 + wc(ﬁ)-l) Qwgt1 + wc(g—&-)l @ (@ 51421 + wz(I—i)-l)

Rcom1 is the trace-free part of the matrix

(Vi = Vi) + (Vi = V),

q

and

Reom2 = (ve +vg1 1) ® (v +vg41) — (07 +v,) @ (v2 + vg).
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Similarly as in [HZZ23], using (7.23), (7.26), the oscillation error is given by

Rose =X Y R (Va?g>P¢o(W<s> ®@We) ) - Z R (5ta(s 1/%25)5))
gEA EeA
+ Rl 00 + (1= X)) Ry
1
=: R() + R{, + Ry

0sC

Finally we define the Reynolds stress on the level g + 1 by
Rqul = Rlin + Rcor + Rosc + Rcom + Rcoml + Rcom2~

We observe that by construction, If%q+1 is (Fi)i=0-adapted.

7.7. Verification of the inductive estimates for ID%,I_H. We shall establish the three bounds in
(5.14). As the oscillations wgy1 were fully added for ¢ € (64 AT, T1], this is the good interval where
the desired smallness of ]D%q+1 is achieved. In the middle interval ¢ € (% ATy, 04 \TyL], there is a part
of ]O%(H_l involving the cut-off 1 — x2, which can only be bounded by the previous stress ]i%q. In the
time interval ¢ € [0, % ATp], there are no oscillations which could decrease the Reynolds stress and
hence we can only prove a polynomial blow-up. Nevertheless, this eventually leads to convergence
in L? in time as this bad time interval is shrinking exponentially, cf. the proof of Theorem 5.4.
Here, it is essential that we do not use regularity of v; and vg to avoid the blow-up in time.

Case I. Let t € (0, ATy, Tr). If T, < 04 then there is nothing to estimate here, hence we assume
that o, < Tp and t € (04, Tr]. In this regime, it holds x = 1 and so the truncation does not play
any role in the estimates. We estimate each term in the definition of R4, separately. We choose
2/p—2 1/17 1 <)\

p= 32 7a > 1 so that in particular that 7’ T < Agyq. For the linear error we apply (5.10)

to obtain

1Rin(®)llz S IR Awg4allzr + RO () + wil)ller + 11(ve + v41)Ewg s + wesr@(ve + vl s

1/2
S lwgpallwss + 3 0reurl(agey Vi) oo + (M 24 + ok (8)]| o) lwgs [ /s,
£eA

where by (A.7) and (7.21)

> llosenrl(ag) Vi) le,zr < (la le,calloVig lleawrr + 10iae le.erVie le,w» )
IS I

S (Mp(1+3q) +9g41) /20750 Pry /P32 (ML (14 8g) + g q0) /20722032 /P20

Remark 7.1. For the product v}, ® wgy1 we used the L*-norm of v} instead of L? in order to
lower the required integrability of wy1. Indeed, wq41 is not small in L? for ¢ € (o, Ty, cf. (7.37),
(7.38). On the other hand, as a consequence of (6.3), increasing the integrability of v}, , leads to a
blow-up in two respects: there is a blow up as ¢ — 0 but also the time-weighted norm in C; 3 /8L4
has only a diverging bound as ¢ — co. We show below that both these divergencies are compensated
by the smallness of wq4; in L*/? and by using the fact that ¢t > oq-
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In view of (7.48), (7.33), (7.36) as well as (6.3) applied on the level g+1, we deduce for t € (o4, T}]
1 Bun®)lle S MPXETT 4 (M1 +30) +7000) 2 (72205507

+M1/2€ 3 1/2 ﬁ/4()‘3+ 73/8)\;4314—&))
S MYNSTT 4 (M (14 30 +3q.0) M A
< Mdqrs

5
Here, we have taken a sufficiently large and § sufficiently small.

The estimates of Reor and Res. are the same as the corresponding bounds in [HZZ23]. The
strongest requirement comes from the bound of R, namely, we have

1/2 49a—1 7 — 49a—1 7 ML ML
| Reor(®)llr S ((Me(1+39))"2 + 352N T <8 ATTT < SN2 < =00,

52a-1/7 ML A~ 266
q+1 g+l -
We use standard mollification estlmates in order to bound Rcom. More precisely, Rcom has to
vanish sufficiently fast in order to fulfill the first bound in (5.14). Hence, we need to use regularity
of each term in N which then by mollification estimates leads to the desired decay. To this end,
there is a number of terms which require spatial regularity of v; as well as vg. But these norms
blow up as t — 0, cf. Proposition 5.2. Thus, we make use of the fact that ¢ > o, and that the
: ~1/6 —3/10
corresponding blow-up of order o4 /" and o4

¢ due to our choice of the parameters in (7.4).

which is satisfied provided A

, respectively, can be absorbed by the smallness of

Let us now consider each term in R, separately. For I := (v +v )®A<RZV (v; —l—vg) -Ang}
we use Proposition 5.2 and (5.7) to have

|11 — In %2 de x4 el

S £1/1°(||v§||01/10L5/3 + ||U§||C1/67~]Ls/a)(||A<R2VHCI/wLoo + ||A<RZ}||01/10LOC)

+ (g llogwssers + llvgllg, pi/e- ) 18<r2Y llg,crmo + 1A<R=¥ I, m0)

a/2:4B
< £1/100;1/6(Mé/2a—a/4 + L3N+L4)L10,

where we used

HAgRZV”CtCl/lO + ”AgRZVHC}/wL 2(1/5+2R)R(”ZV||C1/1OC 15— T HZV”C C- ) 5 L'
and similarly for 2¥. The same estimate also holds for the symmetric counterpart. For [, :=
(vg +v2) @ (vy +v2) we use (5.9) and (5.18) to have

[12 — T2 %2 ¢¢ *¢ el L1

S (B3lcy, + 7MWl gpon, 1o+ EP IS ey ugiriso-se ) (10 les + 03le,s2)

< O,q—1/6£1/61<MLa—a/8 + LSN?2 +L8) + (5)\3 +U;1/6€1/61)Mé/2(M£/2(1 +3q)1/2 +K1/2)

< M2 (Mp(1+ 3g) + K)V2 (0L + 01/01 6 1/5),
where we used interpolation and Proposition 5.2 and the embedding Lemma 2.1 to have
1—90k 9 1—90k

1||10(1 9r) TO(1—9~r) T0(1—9r)

10(1 9r)
1/5 NH 3/10 ~ H qH 1/3 2~|| q” 1/6/6~L5/3

HU Hcl/51 L2 ~ ” 1||Cr 1 6 H1/30- 3»;”0
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1/2 — 1/2
<M Pam M+ AN + L < M},

provided k was chosen sufficiently small. For I3 := vg e As RZV —US = As Rz%’ we use paraproduct
estimates Lemma 2.2 and (5.10) to have

13 — I3 %2 o %4 ol L1
SRl er (12Y lleuo-x + 12 ¥ llcie-x + 1Yl a0 15 + \|2}||63/10071/57~)
1/10y4 1/2
SOON LM,
For I := (v} +v2)( & + ©)Acrz we use paraproduct estimates Lemma 2.2 and (5.10) to have
[ 14 — Ia %5 o %t el 1
SEM(lpller, + llogllgrmo prmo Y([IA<r2lgrm0w + 1Azl c,0110)
loq/2,4175/3,00 t
< (/10729 (M;”A;* + o 0@ MY 4+ LN + L4)),
where we used
|A<rz|lc, 0110 + ”A@?ZH()}“ULOO < QR(T/10+2r) 11/2 < %,
and by interpolation and Proposition 5.2
1/2 _
Ioalloze maso S Wwalle, oz + Willcpiepeso S M °a™/ 4 PN+ LL (752
For I := vg & A>Rz—|—v§ @z—i—v?l@Ang we use paraproduct estimates Lemma 2.2, Proposition 5.2
and (5.10) to have
15 — I5 *z ¢¢ *¢ el
S 51/24(\|U§Hcgw + ||Ug||c[”q/2 0B + ||7fg||c[1/2?2 t]B;%zow)(||Z||Ct1/24c_7/12-5 + 2l c,c-172-x)
s ,00 oq/2, ,00
S OALMY (N + o0y + DOV 4 19)) S O/ ML (N + 0 210).

Here we used L < a®/% by the choice of the parameters and interpolation to bound ||z || oL/
t
by

Cc-7/12—r

2llgiomrr2— + 12l gariogr 0 S L2

For I := Plvy < A<rZ(Vz)] ® z we use (5.7), (5.18) and Lemma 2.2 to have
116 — 16 *u be *¢ el L1
S 81062l gyrogss + by, 1)

% (Illcicmra-r (1A<RTV 2N, co/m5e + IARTV ] 110 a2

U2l a0 o IARTV 2l 7100 )
< 51/10L100;1/6(M£/2a7a/4 + L3N+L4) < EI/IOMLJ;1/6.
Here we used

||A<RIVZ||th7/10+2»c + HAgRIVZHCg/wcl/QJrzH 5 2R(1/5+3'€)||Z||Ct071/27~ < L.

~
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In view of the two commutator estimates, Lemma 2.3 and Lemma 2.4, the remaining terms
containing vg could be controlled by

1/2
0ogllor, 2lE, m1emr + l2llc,om1rz=sllzll cariogrio-n) S AN,
and the remaining terms containing v; could be controlled by

Er0ehllgann oo (Iloio-ve-clBenslicoramsim +2lo,covar|Acrzl grriog 1y2ian )
B

< 61/10L100(;1/6(M£/2a7a/4 + L3N + L4) < 51/10MLU;1/6.
Here we used (5.18) and (7.52) and

ARzl c,cm1r21/svan + [1A<R2] G110 61 /202

5 2R(1/5+3n)(||Z||thfl/27m + ||z‘|C}/IOC*7/1O*N) 5 Lo.

Therefore, we have that for t € (o4, T7]

HRcom(t)”Ll 5 M[1//2(£1/610_q—1/6 —‘rﬁ)\;l)(ML(l +3Q) +K)1/2 +£1/24ML)\3 +£1/24ML0_q—3/10
Mp0442
g q9
5 )

where we used the choice of ¢ in (7.2) and the conditions
a>244Bb, ab>128, (Mp(1+3q)+ K)Y2 <7188 o 1/8 < = 1/188,

which can indeed be achieved by our conditions on the parameters.

Next, by the choice of o, 8 and b we use paraproduct estimates Lemma 2.2 we can bound Rcom1

uniformly over the interval [0, ¢] for p = %2~

|Reomallces S (103 = vElleawarns + Vg1 = vl pya-2e + V1 = vilo, o) L2

< L21Mi/2(>\;1/42 + /\q—i?a/w +)\2(_)‘_oi—1/7 4 )\23:;—1/35)
ML5q+2
10
where we used (7.8) and (7.48) to control |[vZ; — vZ|c, w250, (6.1), (7.6) and (7.42) to control
lvass — U;HQB;;gzN and also (6.2), (7.6) and (7.42) to control ||112_~_1 — v¥||g, 15/3. Moreover, we

applied 1 > 16848b% and —32c + % > 23b, the condition on «, 3,b and

<

[A<rzllc,on S 2BV2029) 2| 0 e S L2 (7.53)

Furthermore, we use Proposition 5.2, (6.1), (5.9) and (7.42) to estimate also Rcome uniformly
over [0,t] to obtain

1Reomalle,r S (Mr(1+3q) + K)2(ogyr — vglle,ze + llve = vglle,r2)

< (Mp(1+3q) + K)YV2M P (0 V42 4 a0 + 2275
ML5q+2

10
Here we used a > 2448b, 1 > 1683b% and (M (1 + 3¢) + K)'/? < )\3/84 < (71183,

<
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Remark 7.2. We note that it was essential in the estimate of R¢om1 and Reome that no time weights
were required for the difference v}, — v} and vg 11— vg. Indeed, there would be no way to absorb
the weight as time approaches zero. We also note that the bounds of R.om1 and Reoms hold directly
for all t € [0, T%].

Summarizing all the above estimates we obtain

1Rgr1(8)llr < Mgy,
which is the desired bound.

Case II. Let t € (‘7‘1 ANTr, 04 NTL]. T < % then there is nothing to estimate, hence we may
assume % <Tp and t € ( ,04 ANTr]. Then we decompose Ry = lei?g +(1- )10%4. The first
part XZRg is canceled (up to the oscillation error x?Rosc) by w((ﬁ_)l ® wéJr)l = Xngi)l ® wc(ﬁ_)l and

20, qu = 8twq+1 — () w q+1. So in this case in the definition of Rq+1 most terms are similar to

Case I. and can be estimated similarly as above. Therefore, we only have to consider (1 — Xz)]ih,
and

divReus = X' () (w ) (1) + w0l (1) + () (1wl (1),
We know
1L =X Re()]r2 < sup [[Ry(s)ll 11

SE[t—L,1]

For R, we realize that the bounds (7.33) and (7.36) also hold for w((ﬁ_)l, w((121 and w((;:)-r Then we
have for £ > 0

| Reut ()| 21 < I (£)(w §T1<>+wg+1<>>|m+||< ><> @)
1

S @)l + —||wq+1< s+ —||wq+1 Ol
q

1 M
< (M +3gM)Y2 g )7 P < S,
q

where we use o, < (7 L and MI/Q( 14 3q)1/2 + ’7;421 < 071, For Reom, where the required space

regularity of vq and vg leads to a blow-up in time, we again use the fact that ¢t > o/2 and 4¢ < g,
to have a similar bound as in the first case.

Case III. For t € [0, 3 ATr] we know vg(t) = v3,,(t) = 0 and so the Reynolds stress reduces to

éq-‘rl = éﬁ + Reom1 + Reom + Reom2-

The bounds for Reom1 and Reoms hold as in Case I.. Unlike Case I. and Case II., here we cannot
use regularity of v; due to the blow-up at ¢ = 0 as t is no longer bounded away from zero. On the
other hand, we do not have to show smallness of R.oy, but only a polynomial blow-up, see (5.14).
Therefore, we do not try to use the mollification estimates. Instead, we bound || Reom (t)|| 1 directly
using Lemma 2.2 and (7.53), (5.18), (5.19) as

| Reom @Iz < lville,re(1A<rzY llese + |1A<rz ¥ e, L + | A<r2]c o)

+llvglz, 2 + gllc, Loss [ A<rzl cuom + lvglle, 212l o172« | A< r2l 0y o172
< 2My, (7.54)

where we used (7.53) and the implicit constant can be absorbed by taking a and L large enough.
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Remark 7.3. We point out that for the two commutators in R, we did not apply the commutator
estimates Lemma 2.3 and Lemma 2.4, as these would require regularity of v;. Instead, we estimated
each term by the paraproduct estimates directly.

As a result, it follows

IRyl < sup [[Ry(s)]r +3Mp,
set—4,t]

which completes the proof of (5.14) and also (5.11) and (5.12).

APPENDIX A. INTERMITTENT JETS

In this part we recall the construction of intermittent jets from [BV19a, Section 7.4]. We point
out that the construction is entirely deterministic, that is, none of the functions below depends on
w. Let us begin with the following geometric lemma which can be found in [BV19a, Lemma 6.6].

Lemma A.1. Denote by By /5(1d) the closed ball of radius 1/2 around the identity matriz 1d, in the
space of 3 x 3 symmetric matrices. There exists A C S> N Q3 such that for each & € A there exists
a C®°-function ¢ : By/2(Id) — R such that

R=) %#(R)(E®¢)
£eA
for every symmetric matriz satisfying |R —1d| < 1/2. For Cx = 8|A|(1 + 873)'/2, where |A| is the
cardinality of the set A, we define the constant

M= CASUP(||7£||CO+ > 1Dl o).
l7ISN

For each £ € A let us define A¢ € SN Q3 to be an orthogonal vector to £. Then for each & € A we
have that {&, A¢, & x A¢} € S2NQ3 form an orthonormal basis for R3. We label by n, the smallest
natural such that

{ne&,neAe,nié x Ag} C 73
for every € € A.

Let ® : R? — R be a smooth function with support in a ball of radius 1. We normalize ® such
that ¢ = —A® obeys

47'['2 / ¢2 xlva)dmlde =1 (Al)

By definition we know fRZ ¢dx = 0. Define ¥ : R — R to be a smooth, mean zero function with
support in the ball of radius 1 satisfying

%/R?/JQ(Ig)dlL'g =1. (A.2)
For parameters 71,7 > 0 such that
r << T <1,
we define the rescaled cut-off functions

QSTJ— (.731,332) = iqﬁ <x17 IQ) ) (I)m_ (.731,232) i@ < ‘T2> ) wrll (333) = %1# (IB) .

rL Ty Ty rL iy

We periodize ¢, ,®,, and ¢, so that they are viewed as periodic functions on T2, T2 and T
respectively.
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Consider a large real number A such that Ar; € N, and a large time oscillation parameter p > 0.
For every £ € A we introduce

7!](5) (tv x) = wﬁrpru,)\y#(t’ 1’) = TZ}T” (n*rl)\(:c ' 5 + Mt))
D(g)(x) := e, A (@) 1= p ) (ur LA — ag) - Ag,mar L A — ) - (€ % Ag))
P(e) (%) = Bery A(T) 1= Py (MaT LA (T — ag) - Ag, mur L AT — ag) - (§ X Ag)),

where a¢ € R3 are shifts to ensure that {®(¢) }eea have mutually disjoint support.
The intermittent jets W) : T3 x R — R? are defined as in [BV19a, Section 7.4].

W(g) (t, :L‘) = WEK’"L:T”)\’IL (t, :v) = fl/)(g)(t, x)qﬁ(g) (1‘) (A?))
By the choice of a¢ we have that
W(g) (%) W(g/) = 07 for f 75 fl S A, (A4)

and by the normalizations (A.2) we obtain

1
@7 /Ta Wie)(t, ) @ Wiy (t,2)dz = £ @ &

These facts combined with Lemma A.1 imply that

Z ’yg(R)ﬁ /]T3 W(g) (t, .T) & W(g)(t, 1’)d(£ =R, (A5)
£EA

for every symmetric matrix R satisfying |R — Id| < 1/2. Since W are not divergence free, we
introduce the corrector term

1
n2\?

W((EC)) = VI,Z)@) X Curl(é(f)f) = curl curl ‘/(5) — W(g) (AG)
with
1
Vio (t,2) 1= 53580 (1, 2) @) (2).
Thus we have
div (Wi, + W) =0
(€) ) =Y

Next, we recall the key bounds from [BV19a, Section 7.4]. For N;,M > 0 and p € [1, 0] the
following holds provided 7‘[1 < 7’11 <A

N oM < 1/p=1/2 rIA N 1A M
||v en z/’(E)”CtLPNTH T\l | >

2/p—1
IV peyll e + VY gy lle < 72/ 1AV,
M
r ¢ 2/p—1 1/p—1/2 LA
IVN M Wieylle, e +%HVN875MW((5))HC¢LT’ + X[ VNOMVig lle,or S 7P e PTHEAN (N) :
(A7)

where the implicit constants may depend on p, N and M, but are independent of \,r 7|, p.
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APPENDIX B. ESTIMATES FOR THE HEAT OPERATOR

To deal with the singularity at zero we introduce the following two norms: for a € (0,1), p €

[1,00], 7 =0
t —
Iflles 1o = sup O1FOl + sup s lLO =Gl
o 0<t<T 0<s<t<T |t — s|]@

— 8!
Ifllor, g = St IF )z .-
First, we recall the basic estimates for the heat semigroup P; := e!® from [Z7722, Lemma 2.8].
Let T > 1.

Lemma B.1. For any 6 > 0 and o € R, there is a constant C = C(a,8) > 0 such that for
p,q € [1,00] and all t € (0,T],

1Pl pgse So TO2 2| £l (B.1)
For any 0 < 0 < 2, there is a constant C' = C(0) > 0 such that for all t € [0,1],
1Pef = fllee So t2 (1 fllsg - (B.2)

Then we prove the following for Zf = fo P, ,fds.
Lemma B.2. Let a € (0,2), 5 € (a«—2,0), 7,6 €[0,1), p € [1,00] so that
y—0—a/24+53/2+1>0.
Then
T 3230+ 1T Nermg . ST Wy

p,oo "

Proof. By Lemma B.1, we have for 0 <t < T

t
PIZIOlag.. STO20 [t =020 Sl g

where

t
Tle—B)/247 / (t — 5)~(=B)/24=3qs
0

t/2 t
_ T(a—ﬂ)/2t7/ (t— 5)~(@=B)/25=3q 4 T(a—ﬂ>/2tv/ (t — 5)~(@=B)/25=3q
0 t

/2
t/2 t
< T(a—ﬂ)/%v—(a—ﬁ)/?/ s 0ds + T(a—B)/2tv—5/ (t — 5)~(@=P)/2qg
0 t/2

< mla=p)/2py=b—(a=p)/2+1 < Tfy_§+17

provided vy — 0 — (o — 8)/2+ 1 > 0.
To bound the other norm, we use Lemma B.1 again to get for 0 < s <t < T, [t —s| <1,k >0
small enough

t
sTIZF() = Zf(s)lr S 37/ 1Per f(r)| By dr + 87[|(Pes = D)Zf ()| v

t
S5 [ =) B g, (= ) T8
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For the first term, we write r = s + 2(t — s) and obtain if v > ¢

t t
s'y/ (t — )~ A/2p =0y < 57_5/ (t — )~ =B 2qp

s

1
_ 37_6(15 B 5)1_,{/2+/3/2/ (1 _ x)—(n—ﬁ)/de < T'v—5(t - 5)@/2
0

since 8/2 + 1 > «/2; whereas if v < § we get

¢
s”/ (t — )~ (=B)/2p=3y
1
= §7(t — 5)L/2HB/2 / (1—2) A2 (s 4 a(t — ) (s + 2(t — s)) Vda
0

1
< (t — 8)17H/2+ﬂ/2/ (]_ — x)f(’ifﬁ)/z(s + ZL’(t _ S))ffH"de
0

1
< (t— §)l-n/2H8/2-047 / (1 = 2)~=B)/2g =544,
0

/S (t - 8)a/27
provided —a/2+1—-d+~v+ 5/2 > 0.
For the second term we use the previous estimate. Therefore, for |t — s| < 1

SNZF(O) = Zf (e S (=) 2T flleg s -

Since By ., C L, we estimate the remaining term in the Hélder norm in time using the first estimate
above

ONTF @)z S ONZSOlsg . ST ey me.

p,o0 N

and the proof is complete. O

Remark B.3. We observe that in Section 6, we need to use Lemma B.2 for various combinations
of 7,0 € {0,1/6,3/10}. As a consequence, the power of T in the statement of Lemma B.2 is always
bounded by 2. Since due to the definition of the stopping time (5.5) we have T' < L'/? we obtain a
factor L for any application of the Schauder estimate.

Lemma B.4. Let o € (0,1), p€ [1,00], v € (0,1), B € R. Then for any x>0, T > 1
IEE. £ <ol g gzvesn +1EF <Vl pgzavan S T2 Flgzso g0+ Wfller 5 lgllcres.
Proof. We have
Z, f <lg(t) = /Ot eTIR(f(s) — f(1) < g())ds + /Ot[e(t_smvf(t) <lg(s)ds = L (t) + L ().
Then by (B.1) we have
P Ol agapri—r S OT/ [ (1= 525050 gy ol
ST oy, lgllson,

and by [CC18, Lemma A.1] (see also [MW17a])

t
2 (Ol pgtpro—r S t”/ (t =) 2Asl| ()l Nglloros S TEf e By Ngllores.
’ 0
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Moreover, for 0 < t1 < to < T satisfying |to — t1] < 1

<
L(t2) — L(t) / (=927 (s) — F(t2)) = gls)] — €21 () — (1)) < g(s)])ds
+ / e IB(F(s) — f(t2)) < g(s)]ds,

t1
which by Lemma B.1 implies that

tY"Il (t2) = Iy (tl)HB;gﬁ—ﬁM—n
5 Tl—”/2+a/2||f||6;/3LpHgHCTCB

t1 to
« tY(|t1 _ t2|a/4/ (1 — 5)~1+5/2677ds +/ (ts — S)—1+a/4+n/28—wds)
0 t1

< T1+a/2||f||0;/$Lp HgHCTC’ﬁ [t; — tg‘a/ﬁl.
Also, it holds
Ir(te) — Ix(t1)

= / el A = f(g)) <]g(8)d8+/ el IR (£(t) — £(11)) <g(s)ds
0 0

to
—|—/ [et2=9)A f(ty) <]g(s)ds = Jy + Jo + Js.

t1

Then we obtain by [CC18, Lemma A.1] (see also [MW17a])
tY”JQ + J3||Bg,/£+ﬁ+27m
S (fllgarpgrz +fllor, Bz Ilgllorcs

tl t2
% (|t1 _t2|a/4/ (tl _S)—1+R/2ds+/ (tz _S)—1+a/4+nd8)

0 t
S (I lgsrzgs + 1 ller, g Dlglloposlts = taf /7"

Since D™ ((1 — =27 (ta=t)I1*)e=2% (1 =9)IEI”) < (|, — 11]220)0e=2" (=9 for m € Ny, § € (0,1) and
¢ in an annulus, by similar argument as [CC18, Lemma A.1] (see also [MW17a]) we obtain

||[6(t2*S)A — e(t1*S)A7 f(tl) <]g($)”B;g+[3+2_n ,S |t2 — t1|04/4‘|f(t1)||3z;100(t1 - 5)*1+H/2||g(5)||cﬁ-
This implies
t1
Nl gorzessa—n S lIfller,Bg Ngloree [t *t2|a/4/ (tr —r) e 2dr
' 0
S ller, s Ngllercslts — ta]*/4T"
and the proof is complete. O
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